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Relays in the Bell System 
By S. P. ~HACKLETON and H. W. PURCELL 

:\orE: Before they c,1n cunn·rs.• pcoplt• musteilher !Je hrou~ht to~t·ther 
or virtualh- ht• brou~ht intoom• anotht·r\ prcsC'tll'P by tll<' tclt·phonc .. \ny 
tclephonc sys!C'Ill nut,;t c,;tal•lish ulkilll.!" conncction,; lll'!\\('('n it,; suh,-rri lwrs, 
and tht•"c conncctiuns must lll' huilt up, >'liJll'rviscd and disronnccted wht·n 
de,;irl'd. Thi,; work i,; aC'C'omplishcd by the ""'' of rc·lays of \'arious kinds, 
and thc spec~l and a<Tur.try of sen·in· is largely dt·pemlent upon thcm. 
Tht·n· are completl'd tlaily in t h<' Hell Sy~tl'm abmtt -!1,0110,0110 tt-kphom· 
calk Thl'"' involvc thc sucrcssf11l anti accuratc OJJ<'ration of O\'('r one anti 
une-half billion C'ont.wt C'onncrt ion,; daih·. 

:\l.111y kinds of relavs are employed in.thC' Bell S~·stem, \·arying- from thl' 
,;implc elcct romag-uetic drop to t he ~cqut·twt· switch, t he t hermionie vaeuum 
tube and the panel scll'ctor. Today a circuit connc•etion bcll\'l't'll two 
~ul"crihen; "·n·cd by manual t'xt·hangl's in a largt· multi-offin· district 
in\·oln·s about 21 relavs. \Yhen I ht•st• suhsrriht·rs are sen·<'d !Jy maehine 
switching uffil'eS, thl' numhcr of relays in a JocaJ C"Oillll'Ciion 1'11ay be as 
gn·at as 1-!6. lt not infrcquently ha: o·ns that in setting up a toll con
nection more than 300 relays are en1 plc ·•'. 

In thc prcst'nt papcr the rC'iay dcw•lopments lcading- up to, and making
Jl""'ibJ... the present communic;tt ion s\·~t<·m, arl' out lined with partindar 
rdcrence to elel'tromag-netic rclays. A few typical circuit applicat ion,; arC' 
given with a discu>siun of thC' requircmcnts imposed upun rC'Iap; which 
inllul'nce thl'ir de,;ig-n. Se\·cr,\1 typ<·,; of rcbys arc illu~trated and their dis
tinct iw fcaturcs arc dcsnihcd. 

The suhjens of n·lay d<·~ign, manubct url' and maintcnance ancl alsn 
Lekgraph relays will LC' dealt with in futun· papers. 

I l'>TRO[)l"CTIO:'\ 

I ~ t hc ya,;t systcms of JH'twork,; which l·ompri::;c t hc Bell Sys
tem one of thc most important and Yaricd de,·ices nccc::;sary 

for g-i,·ing sen·in· i::; thc relay. From its usc in small numlwrs 
in tdegraph circuits and as a ''drop" in llw early magneto switch
bo;Jnl it has eonw to hc numhcrcd l>y milliotb and varics in type 
irom tlw simple electro-magnet which operate,; a singlc contact to 
thc \·acuum tuhc and the complete ,;tntcture whi('h etkct,; an cntirc 
,..t'ril',.; of ,;witching npcrat ions. 

\rhcn a ,;mall numl>cr of stations is ill\·oh·ed in a communicating
,..ystem eomplete tlexibility of connection may Iw ohtainC'd l>y means 
of ,;implc rclays controlling a ,;mall numhl·r of cont<H'lS. .\s thc 
numher of "tations increasc,; tlw tHtml>er of ,;witching opl'rations 
IJ(·con'l'S ,.,o great that thc u"e of simple relay,; which control small 
nttmher" of contacts is not economical. Thc usc of power drin·n 
... l'h:ctors and sC'qucncc ",,·itelws and dectro-magnC'ticall~· operated 
... witches for complcting :1 seri<·s of ... witching OJ>l'rat ions has tlll'rl'fon• 
l1et·ome neeessary. 
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In pre,-ent day :-.y:-.tcms thc n:lay is as essential to a tclcphnnc 
conn·rsation as thc transmittcr or rccci\·cr. Somc idca of nur dc
pcndencc on thc cle,·icc may bc had from a con~ideration of thc num
hers of ~implc rclays involvcd in a typical conncction. r\ circuit 
cstabli~hcd bcl\\·ccn two subscribers scrYcd by manual cxchange~ 

in a multi-officc cli!-otrict will invoh-c 21 rclays. \\'hen thesc sub
scribers arc serYcd by mach inc switchi ng officcs thc numbcr of n·lays 

Fig. 1-Rclays in a local mauual ol1icc 
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in\·oln'd in a local contwction may lll' ll!i. \\'hen toll connectinns 
arc invoh·ed even grcatl'r dependence is placed on relays to render 
sen·ice. i\ ::\e\\' York-San Francisco connection requires over 200 
rclays and very frequently contwctions are established which require 
morc than 300 rdays. Thc majority of these relays are twrmally 
availahle for doing- their bit to prO\·ide tdeplwne sen·ice to any one 
of a larg-e numhcr of suhserilwrs. As a matter of fact, approximately 
UO pcr cent of the milliuns of rdays in the Bdl System today are 
availahlc for and may hc called upon to serve any suhscriber or user 
of the tclephone . 

• -\ typicalmanual ollice sen·ing 10,000 lines woukl have from --!0,000 
to 6.i,OOO relays and thcir total combincd pull if applied at one point 
would he sufficient to Iift ten tons. In the )arger machine switch
ing offices there may be as many as 1--!0,000 rclays which require in 
some instances power plants capable of handling peak Ioads of --!,000 
amperes at --!S volts. 

Rderring tu Fig. I, the space required for mounting some of the 
relays in an officewill be seen. This is a picture taken in one of the 
X ew York offices which has m·er 60,000 relays and the racks shown 
contai n about 22,000 of these. The covers have been remm·ed 
from a number of the relays in the foreground. l nstead of group
ing the relays compactly as in a matmal office it is thc practicc in 
machine switching offices to mount them in close association with 
the related apparatus units. This is illustrated by the photograph 
of sender circuit relays shown in Fig. 2. 

f:\\'ENTIO)[ OF TIIE ELECTRmiAGNET 

Prior to 1820, the clectro-magnetic structure, now known as a 
relay, was an impossibility because thc scientific facts on which it 
is based had not been discovercd. In the winterofthat year, Oersted 
of Copenhagen established that a mechanical effect could he procluced 
on a magnetizcd needlc Ly a current of clectricity. Oersted dis
covered that a magnetic neccllc would be cleflected from its normal 
position when held parallel to a wire conveying an electrical current 
and that the deflection would be to the right or ldt ,_accordin g to the 
direction of current ftow. This discovery ·aroused such interest among 
scientists and philosophers that the hest minds in Europe were 
cngaged in speculation ancl experiment, so that further discoveries 
of great importance followed rapidly. r\rago in Paris and Davy in 
London, working independently, soon ohserved that, if an electric 
current passecl through a wire of copper or any othcr material, the 
wire had the power of inducing permanent magnetism in steel needles. 
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Oerstcd's di"co\·ery ,..ugge,..tcd to Schweiger that the mcchanical 
etTcct on thc magnctic ncedlc would hc increa,.,ed if thc currcnt werc 
madc to pass ,..c\·cral tillll'S around the needle. ll c madc a coil, 
clliptical in :-hape, of in,..tllatl'd wirc aml su,..fwndcd the magnetic 

needle within it. \\'hen currcnt passed throttgh thl' t·oil, the re:-;ult 
was a s he antieipated, and the dt·Yiee lw<anH· known as Sl'11weigcr's 
multiplier. 

Ampere, thc hrilliant French ~Cil'ntist. in secking anexplanation for 
Ocrsted's discm ·cry, t'\·oln·d an ingt·nious theory of tlw rdation 
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hctwt•t•n t•lectri<.·it)' and magneti,.nl. :\cconl ing to this tlwory, all 
magnetic pht·nonwna result from tlll' attral'tion or replulsion of 
elcctric cnrrcnts snppo,.cd to exi,.;t in iron at right anglcs to thc lt-ngth 
of the J,ar, a nd all tlll' pht•nomt·na of magnetism and clcctro-mag
netism an· thns refcrred to ont• prinriplc- tlll' action of l'lcctrical 
currents on onL' anotlwr. .\mong othcr things, hc proposed a plan 
for the applica tion of ckctro-magnl'tism to a systcm for transmitting 
intelligencc. This system W<b to opcratc l>y thc dcllection of a numl>cr 
of nccdks at thc receiY ing station by currents Iransmitted through long 
win·s. By complcting a circuit thc needlc was to Lc dcflected and 
wa" to rcturn to normal undcr thc inllucncc of thc attraction of the 
carth when the cirruit \Yas opened. This proposccl systcm of ,\mpcrc's 
was tw\·cr redun·d to pract icc, howe,· cr. 

, \11 thcsc cliscon·ries and rcsults werc priur to 1~2:3, and thcy 
resultcd in thc dc,·clopmcnt of nccdlc tclegraph systems , which wcrc 
at onc time cmploycd cxtcnsiYcly in Europc. Thesesystems utilizcd 
a coil of wirc around a magnctic nccdlc piYotecl in the centcr a nd \\'ith 
a poitlt er atta<hcd to thc nccdlc, which was suspcndcd o\·cr a dia l. 
Ddkctions to t hc right or lcft ,.;ign ificd ktters and were produccd 
hy sending pulsations of onc polarity , or a ltcrnatiuns of l>oth. as 
was rC'quirecl. 

In 1~2!, Sturgeon, an Englishman, disC'on•rcd that, if a current 
of clect riC'ity Ho\\"S in a coil o f wirc surrounding a bar of annealcd 
iron, thc latter bccomes a magnt>t, and whcn thc current ccascs, the 
iron loses its magnetism. Sturgcun Lcnt a n iron rocl into the form of 
a horse-sl10c and wmind a coil of coppcr \Yirc araund it loosely , with 
widc intcr\'als bct\Ycen thc turns to prc,·ent thcm from taueh ing 
cad1 other. Through thi,; coil, hc transmittcd a currcnt. The 
iron undcr the influen<c of this coil hccame magnctic and thus, thc 
first clectro-magnetiC' magnet, 110\\. knmYn simply as thc electro
magnct , was produced. This disC'O\'cry of Sturgcon's is of grcat 
intcrcst to the telephone and telegraph cnginccr, because it was the 
dircct stcp whieh madc thc in,·cntion of thc elcC'lro-magnet ic relay 
pussiLie. 

In 182S, HC"nry, in Amcrica, aftl'r repeatin g thc experiments of 
Oerst ed, .\mpC'rc, Sturgcon, ancl others and in,·cs tiga ting thc laws 
of thc dc\'elopmcnt of magnetism in soft iron hy mea ns of electrieal 
currcnts, clesigncd thc most powerful dt·C'tm-magnet that had c\·cr 
hecn made. This hc accomplishcd by associat in g SC'hwcigcr's mul
tiplier with Oerstcd's magnct. Fur this purpo:-c he wound :3.) fcct 
of silk in,.,ulatcd wire around a hcnt iron bar so as to co,·er its whole 
lcngth with sc\·eral thiC'kncsses of wirc. 
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FIRST TELEGRAPH REL.-\ YS 

ln 1824, l\lorsc utilizcd the clectro-magnetic phenomenon, rcn'alcd 
by Sturgeon, and produced a tclegraph system which was dcstincd 
to bc the basis of all modern systems of communication. The at
tenuation of the current from the scnding to thc recciving end of 
the circuit bad limited the satisfactory transmission of signals. 
l\lorse overcame this difficulty hy constructing an electro-magnet 
which would repeat or ''rclay" the transmitted signals to another 
circuit having an indcpcndcnt source of cncrgy. The first clcctro
magnct or rclay dcsigncd Ly :\Iorsc was a cumbersomc structure 
weighing about 300 pounds, but it exerted a trcmcndous influcncc 
on thc art of communication as it scrvcd as a stimulus for the dcvel
opment of the complex systcms of the present day. \\'hcn this 
relay was rcdcsigned its wcight was reduced to iO lbs., but as the 
laws of electro-magnetism hccame more generally undcrstood and 
lll"\\" materials becamc available, such grcat changes occurred that 
t he prcsent telegraph rclay weighs about 3 pounds, and one of the 
modern telephone relays of latcst design weighs but 3.6 ounces. 

TuE GENERAL PRonLmr 

Thc nccds of the prescnt day tclcphonc and telcgraph system han· 
produccd a multitudc of dc\·iccs but nonc of them is of greater im
portancc than thc relay, as it afforcb the means whereby the engim·er 
may put idcas into practice. \\"hen the limitations of availahlc 
relays prevent thc satisfactory solution of a problem, requirements 
for new relays arc outlined and their dcn•lopment is undertaken if 
a survcy indicates that thc adnmtagcs to be obtained warrant thc 
c·xpensc. 

This dol's not mean that eompromises are not madc in thc matter 
of using standanl designs, for in some instanccs, it would not hc 
l'Conomical to design a new type. Frcquently, a relay is required 
to nwct certain conditions in thc plant for which thc demand will he 
("omparativl'ly limited, and it is obviously uneconomical to spend 
time and nwncy dcvcloping a ncw type prm·ided a standard struc
turc can be adaptcd to mect thc requircmcnts with sufficicnt preci~ion. 

J ust as the art of dcfense in warfarc has matched thc art of o!Tense, 
thc arl of relay dcsign has kept pace with the dl'mands of the cir
cuit engineer. Rl'lays are now rl'qUirnl to operatc on direct, and 
pul~ating currl'nt, and also on alternating current throughont thc 
cntirc rangc of frequencies which arc uscd in communication. Thcre 
arc fast relays, ~tow rclays, polarizcd, high impcdancc, low impcdance 
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and ~o 011. Con,.;cquently, a rday dcsi~ncd for one purpo,..c may hc 
wholh· unfit fnr any othcr usc. On this account, as thc tclcphom· 
art h;s grown, IlC\\: conditions and ncw requircmcnts han· rl'sultt-cl 
in thc dcYclnpment and manufactun~ of a !arge ntunhcr of rl'lays . 
.:\t first, this undoubtcdly follmn~d prcYiously cstahlishcd prcccdcnts, 
so that nc\\· forms wcrl' brought into cxistcncc which fulfillcd im
mediate neccls, but did not rcccin· much considcration from thc 
standpoint of cconomy, standardization or consistency of dcsi~n. 

r\t thc present time, thc \Ycstcrn Elcctric Company manufactures 
for thc Bell System ahout 100 types of simple electro-magnetic n·lays. 
Thc,.;e typcs arc subdivided into about 3,500 kinds, which di!Ter in 
minor ways, such as windings ancl contact arrangements. In l!l21, 
the \\'estern Electric Company produccd over 4,800,000 of thcsc 
rclays. These figures serYe to indicatc thc cconomic importancc of 
the rclay in the present day system but do not gh·e any adequatc 
conception of the dependcncc of thc communication network on 
rclays of all types. 

From a design stanclpoint it is possihlc, as has been pointed out, 
to attain practically any clesired result in an electric circuit, subjcct 
of course to ccrtain limitations as to time, and prm·ided no Iimita
tions as to economic application are to be met. The methods and 
mcans for securing the desircd operations invoh·e the use of relays 
of \·arious types and designs, and may Iead to new deYelopmcnts 
which are obYiously not economical. The relay may be called upon 
to perform a single function, necessitating the opening or closing of 
a single contact, or it may be requirecl to effect a complicated scries 
of transfers or circuit changes. lts Operation may necessitate an 
accurate synchronizing with other circuit operations invoh·ing a 
time lag in its operation or releasc, and other requircmcnts as to 
impcdancc, power, etc., may be imposed. lt frequcntly happens 
that the conditions imposed by circuit requirements necessitate a 
choicc between new features of relay design and a complication of 
thc circuit to m·ercome limitations in existing types of relays. 

The economic considerations which govern the final application 
of circuits in the telephone systcm arc, to a !arge extcnt, dcpendl'nt 
Oll the costs and performances of thc Yarious types of aJJparatus, 
particularly the relays. Frequcntly, thcrc may be a numbcr of 
possible methods of accomplishing a giYCn result in an ckctric cir
cuit and the most economical mcthod is, of coursc, clesircd. This 
does not neccssarily indicate the least numbcr of rclays or the clwape,.;t 
but rather the most economical comhillation, taking into account 
reliability of circuit Operation and its e!Tect oll serYice, cost of cquip-
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llll'lll and t·o,.,t of •'lwration a nd maintenancc. The nwrc compli
cated circuit or thc ont· m·< ·c~,;itatinl! additional equipnll'nt may bt· 
,;uflicienty morc rdiahlc tu ju,.,tify its 11,;e. 

In con,.,idl'ring tlw application of relay,; in any tl·lcphone rircuit, 
a gin·n prohlem i,; u,;ually pre,;entcd and the Yariou,; po,.,,.;ihle mcthod,.; 
of accomplishing tlw desircd end arc con,.;idcrC"d. ThC'!'l' nwtho<b 
may inYoln· comhination,.; of rclays or oi rday parts \Yhich do not 
l'xi,;t and may c\·en itH"oln· romhination,.; \\'hich arc cntirdy imprac
ti ca l o r 11JH'Clll1omil·al of application. Any :-;implificntions which lllil\ ' 
l'l' efl-crted arc con,.;idered and in ca,.;t• tlw design o f any apparat t:,.; 
may effect a ppreciahlc ,.;;n·ing,.; in thc circuit or otherwi,.;e appca r 
ju,.;titiahlc, this may lll' undcrtaken. Such requin·mcnts on rl'lay 
de~ign are, of cour,.;e, sul>onlinated to any geJH'ral dc,;ign consider
ations. such as relay ,.;tructJire, ctc., which may be gon·rning from tlw 
standpoint of thc economic production of the relays thcmscln·s. 

;\ fcw considerations which intluencc thc sdection of relays and 
wbich arc Yery doscly associated with thc fundamental rclay dc,.,ign 
may l>c considcrcd from the standpoint of thcir ciTcct on tclcphonc 
circuits and thl·ir appl icat ion in the fielt!. I t \\'otJid, of coursc, he 
impossible within thc scopc oftbis paper to dcscrihc all thc rclay ap
plications in modcm tdt"phone practicc, hut a di,.;cus,.;inn of tlw relay 
rcquir~:mt·nts fur a ft.w typical cases will ,.,en·e to illu~trate the prin
ciples in\·oln·d. \\'hilc the first rdays used in the telcphmw sy,.;tem 
wcrc tel1·grapb relays adapl\.'d for usc in ,.,ignalinl! , the Ya~t majorit~ 
of rl'iays no\\· in USl' in thc Bell Sy~tem are designed primarily for 
tclcphonc circuit::;. Thc requiremcnts are lbually quite diiTerent, 
particularly a,.; reganl,.; tlw energy aYailaule for op1·ration, thc ::;pPed 
of operation and reliahility of l'Ontal'ts andin most t\l::;l'" thc cost. 

E .\HLY TEt.EI'ItO:\E REL\Y~ 

in thc first telcphont• "" ·itchhoard for comnwrcial ::;en·ice which 
was in,.;t a lll'd in ll"/S, tlw electro-magnetic dc,·icc,.; con~i,.;tcd of a 
tell'graph relay and an annutwiator for each suh,.;crihcr',.; linc, and a 
ca ll hell common to ;lll lines. Of tlwsc three thc telegraph n·lay \\'as 
the largest and mo,.;t l'ostly, so the dc,.;irahility of reducing the num
J,er requircd and of pro\'iding a ,.;maller ;ltld eheaper apparatu,., unit 
was apparent. Changt•,., \\'l'rl' """n madc in the magJll'to ~y,.,tcm that 
n·mo\·ed tlw n·lay from the ::;uhsrriber's linl' and a~,.,olialt'd each 
relay \\'ith a grou p of line,.; for ,.;u pen·i,.ory purposes. i n th e early 
,.;witchl)()ard, patcnted in IS/!1, fro m whirh tlw ,.;taJHbnl s\\·itrhhoanl 
was den·loped, a modified telegraph reby appt·ared ;ts a cil'aring out 
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rclay to control a cll·aring otlt drop. This nwdilied Iekgraph n·lay 
is sho" n in Fig. ;) ;111d is of particular intcrcst as repre:-enting tll<' 
lirst stq> in tlw dcn·lopnwnt of the telcphone relay. 

In the m;tgtwto systl'llls tlw indicator or drop was of tlw fir"t im
pnrtance, !->O its dl'\·elopnwnt was rapid. lt \\·as linally arranged in 
onc cxtensin·ly used systl ' lll with two coils, which wen~ known a:-

Fig. 3 Early !l'kgraph rday u,;l'<l as tclcpholiC clwp 

the linc coil and thc rcstoring coil. Thc magncto current from the 
,..ubscriber's station cncrgizcd tlw linc coil to clrop a shuttcr \\·hich 
W<h restored through tlw agcncy of thc rc:-toring coil whcn th c oper<ttor 
inserted a plug in 1 hc associated jack. The early <Je,·dopment of 
thc drop uncloubtcdly intluenred the forms of rclay structurcs which 
\\·crc dcn·lop!·d a little latcr. The analogy hctwcen thc line and 
rcstoring coils of thc magneto systcm a nd the linc anu cutofT rclays 
of thc common hattcry systcm is Ycry closc. In thc latler thc cur
rent on'r thc suhscrihcr's loop cncrgizes thc line relay which lights 
thc linc lamp. Thc insertion of thc plug in the suhscribcr's jack 
encrgizes the cutoff relay which opcns the circuit through the line 
rclay anu thu,. extinguishcs thc light. ln aduition, thc lin c and cutofT 
relays are a:;scmbled on a common mounting pbtc , forming an ap
paratus unit, although thl·y arc not parh of the same strurture as 
wen· thc corre:-ponuing coils of thc drop. 

Thc mrly tclcphonc rclays rbcml>led morc do~~·ly in cun,;truc
tion and form the early drop than tlwy <Iid tlw telcgraph rl'lay, 
although the influcncc of design work on thc tclcgraph relay a ppl'ar,; 
in thl' <ll'n·lopnwnt of later types of tel<'phonl' rebys. The l'arly 
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telcphone rday ~hown in Fig. -1 has little relation with the modified 
telegraph n'lay of Fig-. 3. It is much smaller and lighter than the 
fir~t relay and, in addition, there is a distincti\·e structural change 
in that the armatme is suspended by a rced hinge. 

At this time the limiting conditions controlling the opcration of 
either telcphone circuits or the apparatus in thcm had not been 

Fig. 4-Early tclcphonc drop rclay 

established with much precisiun, so that the requirement for a relay 
was, roughly, that it should do the work required and any arrange
ment more sensiti\·e ancl reliable than a pre\·ious arrangcmcnt was 
an impro\"emcnt. The principle of the recd hinge for an armaturc 
support was souncl, in that it prO\·idccl for a good magnetic circuit 
and an easy means for clo~e air gap adjustmcnt and it is now uscd 
extcnsivcly with rclays of thc latest clesign. 

LI::'\E, Cl" TOFF Al'\D SUPER\"ISORY RELA YS 

\\"hen thc common battcry systcm was dc\·clopcd, howc\·cr, it 
was found t hat t he rced hinge relay was not capable of mccting thc 
additional rcquircments imposed by the ncw system. Thc common 
hattcry cord circuit originally suggcsted is shown in Fig-. 5. lt is 
apparent that thc rclay shown in the diagram must indicatc positively 
to the opcrator the position of thc s\\·itch hook in thc suhstation sct 
and must respond to thc motion of the switch hook if thc suhscriber 
nH>\"L'S thc hook up and down to intcrrupt the circuit. ln addition, 
as this rclay is in thc transmission circuit it must not introdun~ 

o!Jjcctionahlc transmission losses. The rccd hinge relay conld not 
mcet thcse additional rcquirl'nlC'nts, and accordingly a rww relay 
was designed cspl'cially for the commun battcry systcm that was 
thc rnost important singlc factor in making the tlCW system possihlc. 
ln onll'r to ohtain an armature that would respond quickly to any 
change in the holding magnetic force all forms of ~upport for the 
artnature werc rcjected. The rclay cJe,·elopccJ is shown in Fig. G 
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aml wa,.; fir,.;t used in tlw common hattl·ry hoanl in:-;t,dll·d in \\"or
ce~ter, l\fa~s. , in 1~%. 

Thi,.; rl'!.ty con~i,..ts of a tuhubr ma~l1l~t with an iron di,.;c armature 
in the form uf a truncated cmw. This disc is hrou~ht to an l'd~e 

at its periphery and re,.;t,.; in an annular groovc in thc cap. \\"hl'n 
the armaturc operatcs, it closes against an insulatcd contacl stud 

G- No IS lnductoon Cool 
H ·Common t.alkonq battery. 
I - Cle>arinq-oul •oqnals. 

L-An•weronq pluq. 
M-Ciearinq plug 

Fig. 5-Early comnwn loaltcry curcl circuit 

projccting from thc corc and whcn relcascd drops away from the 
corc hy graYity and rcsts ag-ainst a stud projccting from the end of 
thc cap which proYides the adjusting nwans for n g-ulating the arma
ture air gap. As the contacts of this relay wcrc cncloscd in the casc, 
thcy wcrc protcctcd from dust and this arrangemcnt provcd so dcsir-

Fig. 6-Early linc rclay 

ahle timt it has hecn an acccptl'd fcaturc of ncarly all relay dcsign s 
that haYc followcd. This arrangenll'nt had the disach·antagc, how
c,·cr, of not providing a mcan,.; for dctcrmining the Yaluc of thc 
armatme air gap or thc contact separation. This conclition was im
prowd in the next dcsign which i,.; shown in Fig. 7 by making thc 
cap Ionger and associating the armature with the magnet structurc 
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instcad of thc cap. Thc knife cdgc armaturc hinge a nd thc gra,·ity 
control of the frce a rmaturc wcrc thc fundamental principlcs rc
taincd in thc nc\\· dc,.ign . 

Fi~. i Farly 'IIJil"l"\ isory rela~ 

Thc tulnllar shieltl for the rcturn magnetic p<tth wa" ahandoncd 
for a return pole p iccc which providcd a mcans for mounting i>oth 
tlw armaturc anJ thc air gap adju,.ting scrcw. Thc con·r prott·cted 
tlw contacts from dust but it was soon found that magnctic intl'r
fcrenn: hct\\·ccn adjaccnt rclays was respon~ihlt• fur l•oth faults in 

i 
Fig. 8- l.inc anti cutoll relay rircuit 

"pcration and cro,."talk , so thc con·r had to llH't' l tlw additional 
requircmcnt of hl'ing an l'IT!'cli\-1' "hicld. Thi,. was en·ntually accom
plislwd to lll'sl advant<tgc h~· making tlw con•r of copp!'r. 

.\ s has ht'l'll shmnt two gi' IH'ra l types of structures werc 110\\. ;1\·ail
ahlc for com n1o11 l•attery systcm rclays. In olle, tlw annature was 
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,..li~Jll'IHied hy a reed umler ten,..ion to pnn·idL· a n·~toring forcc. In 
the other. which wa,., more ,..en,..itin· hut Ic,.,,; capahle of carrying a 
lwa\·y ~pring lo,HI. the armature op<'rated in a knifc ('dge hinge and 
tlll' re~torin!-~: forcewas gradty. 

Each ,.,ubscriher's lim· requin·d a lnL' relay for lighting a lamp when 
thc suhstation reccin·r wa,; n·nwn·d from tlw hook, a cutoff relay for 
n'mm·ing tlll' line rday from thl' circuit wlwn thc op<"rator responded, 
and a supcn·i,..ory rel.ty for controlling lamp signals to inform the 

,.. _ 

-~ .· 
t .. 
...... ·. " ~' . . ...,.,. 

J~ 

Fig. 9 Linc awl ru toiT rclay,; 

opcrator \\·lwther the suh,..tation ~witch hook contacts wcrc opcn or 
do~cd. The circuit arrangenll'nt for the line and cutofT relays is 
shown ,..dll'matically in Fig. S. 

The rapid l'Xten~ion of telcphonc scrdcc IH·cessitaterl estahlishing 
standards of excelknce, and definite rcquirements for apparatus 
unit" wen· gradually formulatcd. At first, thc aYailahle rei.!ys wen! 
adaptcd as dosely as po~sible to existing conditiuns, hut as require
mcnts hecamc dcfinitcly l'stahlishcd, relays \n·rc designed specifically 
to meet thcm and cardul consideration was gin·n tu manufacturing 
costs, mounting space, maintenance expensc and all other factors of 
economic importancc. Hy 1\JIO scYcral million of tlw line and cutoff 
rclays shown in Fig. !l and thc super\'isory relay of Fig. i werc in 
scn·ice. 

Thc cutotT relay armaturc was of the reed hinge type, whilc both 
the linc and supcn·isory rclays werc as,..cmhlcd with thc morc sen
,..itivc knifc cdgc armature. Thc line relay was C\"entually wound 
with 12,000 minimum turns to a rcsistance of :2000 ohms ± ·5 pcr cent. 
and after considcrahlc scn·icc cxpcricncc rcquircments wcre formulatcd 
for a linc rclay which would hc a sati,.;factory substitutP. These 
rcquireml'nts were as follow,.;: ~ 

( I ) Batter.)· potl'ntiai._:.W 2:-._n>lt~. 
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(2) :\laximum linc rcsistancc, including subscrilx•r"s station , 
1000 ohms. 

(3 ) H.c.sistancc across linc to rcprc.scnt maximum insula ti on lcak
agc, 10.000 ohms. 

(-t ) \\"inding of relay 12,000 turns, 2000 ohms ± 5 pcr cent. 
(5) l\linimum operating amperc turns = 

Turns X :\linimum \ 'olt agc 12,000 X 20 

l\I aximum Rcsist a ncc 1000 + 2100 
iiA. 

(U) l\laximum releasing ampcrc turns = 

Turns X l\Iaximum \ 'oltagc = _1_2_,0_0_0_X_2_S_ 

Leak Resistance + .i\linimum 10,000 + HlOO 
28.2. 

Relay Rc.sistancc 

Refcrencc to the circuit will show that thc linc relay must relcasc 
on a low resistancc loop in casc thc suhscriher flashcs thc linc lamp 
to at tract the operator's attcntion. Duc to residual magnctic d
fccts, a relay docs not relcasc aftcr opcration on short loops ovcr 
which thc opcrating- current is high as quickly as it docs aftcr opcrat
in g on long loops, with a lm\·cr current in the winding. lt is , thcrc
fon>, ncccssary to spccify thc maximum amperc turns thc linc rclay 
may rccci\·c a nd adjust it to relcase immcdiatcly afterward with 
thc maximnm lcak across thc line. 

12,000 X 2S 
(7) l\laximum amperl' turn s = 

1\100 
liG.S. 

In addition: 
(a) Thc n·lay must closc onc sct of contacts ,,·hich controls a 

signallamp as shown in thc circuit. 
(h) l'ontact s must carry thc cm·rgy for lighting thc lamp with

out unduc sparkin g. sticking nr wcar. 
(c) Thc rclay must opl'rat c reliahly 011 ii .-1 amperc turns. 
(d) The rela~· nlll st releast• on 2~.2 amperc turns immcdiatcly 

af tcr operating 011 llli.S amperc turns. 
(e) As therc is a consta11t pnll'lltial betwecn \\·indings, thc coil 

nlllst hc prutt·ctl·d from corrosio11, so the matcrial.s cho.scn for thc 
construction of tlw n·lay must not contain suhstances which \end to 
cncourage or a"si"t l"lt·ct rolyt ic act ion. 

It wa" found that the line rl'lay introduccd high mai ntenance 
chargl'S herausl~ of tlw knifc cdgc armature hinge and thc closl' adjust
nwut requin:d. Thc armaturc bcing conlparatiYcly light in wcight, 
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a !'light amount of dust or corrosion in the armatme !'Iot frequently 
madc thc contact resistance in the :-;Iot so high that the line bmp would 
failto light. 

Thc !'upen·isory relay in the cord circuit also introduccs main
tenanec charges for the same reason. lt had to meet the sanw re
quirenwnts as the line relay hut, in addition, it rcquireJ a cro:-;stalk 
proof co\·er that would also adequately protL·ct the contacts from dust. 

Thc solution of this problem was very difficult because the only 
mcans of ohtaining relay:-; of increased !'cnsiti\'ity or grcater operating 
range was to make mcchanical refincments, which wouiJ increase 
manufacturing cosb quite out of proportion to the ad,·antages oh
taincd, to discm·er new magnetic materials of higher permeability 
at low llux densitics and with a lower remanence characteristic or 
to de,·elop an entircly new relay structurc. To obtain any ad,·an
tage from the df'n-lopment of a new structure built from thc same 
magnctic materials, it would be nece:-;sary to design it in such a man
ner as would cnable the engincer to obtain the proportion of copper 
and iron required for maximum efficiency, greatest cconomy, extreme 
sensiti,·ity, maximum operating Ioad or any othcr specific require
ment which was the controlling factor of a particular design. Ana
lytical sturlies had shown that smaller relays with less iron could 
be substitutcd for those in use but such a change could not be made 
without incrcasing manufacturing costs because a rednction in core 
diameters would increasc breakage during manufacture as weil as 
cntail a greater cost of handling the smaller structures. 

THE FLA T TYPE RELA \' 

.-\n analysis of the manufacturing co:-;ts had shown Iabor costs to 
bc greater than material costs in the production of relays so that 
any changes which would result in !arge sa,·ings would have to be 
of such a nature as to rcduce Iabor charges. This could be accom
plished only by changing production methods which had already 
bcen established with rcference to grcatcst economy in manufacture 
considcring the ,·olume of production. Thc dcmand for relays, 
howe\'er, was incrcasing steadily and it was e\'ident that with in
creascd production thc pre\'ailing manufacturing methods would 
not continue to hc cconomical. \\'ith other pieces of apparatus 
manufactured in !arge quantities, it had hecn found that production 
costs could be reduced to a minimum by designing a unit which could 
bc asscmbled from interchangeable parts stamped out by a punch 
press anrl formet! in bending fixtures to the desired shapes. To ac
complish this for relays, it was first ncccssary to concei,·c of an 
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cntirely new I)'Jll' of ~tructurc composcd of p.trts that C!lUid hl' made 
ca,;i)y hy the punch pn·~,; method, and it wa,; thl'n ncccs,;ary to dc
terminc the modilieation,; which mu~t hc madc in such a strueture, 
in onlc-r that thc propnrtion,; of coppcr and iron rcquirccl for any onc 
nf a numlwr of dl',;ign condition,; might be ohtaincd. ' 

Thc dl'~ign of a punched type relay wa,; fir~t attemptecl in an 
dTort to lind a lwtter n·lay than the lim· rclay, and with the intcntion, 

if the dc,;ign wcre stttTc~sful, ui L'lllplo) ·i ng tht· ~;tlllC ,.(rtlcturc with 
a dilTercnt winding a~ a ,..u),,..titute for thc eutolT rl'lay. l t will Iw 
n•membt•red that the line rL·Iay had a gra\'ity tqw armature, \dwrea,; 
the cutoll relay had a n·<"d-hingt·d armaturl' ,..o tlw l'ITort to rl'plan· 
t\\·o rclays of dilTt·n·nt con,..tnwtiun hy a singlt· ,..tnwturl' was tlll' 
)l('ginning of an attt·mpt to standanlizc ;t typl' of relay structure 
which could bl' u,..,.d ttnin·r,;ally. 

,\ftl'r somt· )'l'<tr,.. of dcn•lopnlcllt work. a commct-rial de,;ign was 
completl'd and pundwd-t ypt· n·lays wen· prodw·ed as suhst it utt·,.. 
fo r thl' lin<' a nd nllolT n·Jay,... Tlw ,..lrttcturcs \\'t'l'l' t·xactly alikl', 
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the rel.ty,.. cliiTerin~ only in windings ;llld in the nlltllher of contart
e;trrying ,..prings with which tlll'y wcrc equippl'll. Tlw dl'velopmcnt 
of these relays resulted in a priee reduction for tlll' line and cutoll 
rl'by unit of almut ::!.1 pcr n·nt. and a rcductiun in tlw lll<lllntin~ 

sp.lt'e oecupied of 10 pl'r l'l'nt. Tlll' tlat corc and the manner of 
suspcnding the armature on a reed hinge, in onler to pn·sent thc 
arm~llurc to the poll· fan', wen· the di,..tinctin· features of the ncw 

f.ig. II ;o.[,,unting platc for qrip of pnnc-hcd framc rclays 

rclay ,.,tructurc, as will hc scen hy referring to Fig. 10, in which the 
linc and cutofT relays nw~ · hc di"tingui,-hcd hceausc thcy arc <'flllipp<'d 
with a ,..inglc pair and a double pair of contacts, rcspecti,·cly. Thc 
methnd of mounting thc rclays and protccting a strip of 20 ,,·ith a 
commnn dust con:r is ,.,hown in Fig. 11 from which it will hc obsern·d 
that thc mounting platc. alt thc mounting details and thc co,·cr, arc 
prorlurh of the punch prc,.,,.;. 

\\'lwn it wa,.; "Cl'll that thc dl·\·elopmcnt of the ne\Y line and cutoiT 
relays w.t~ procc<'rling fa,·or;Jhly, dl·\·clopmcnt work \\·as al~o bcgtlll 
on a ~imilar punched-type suh,;titute for the round corc supen·isory 
relay which has pre,·iothly hcen descrihcd. l t \Yas known that the 
quantity of iron in thc ,..upen·isory reby was grcatly in l'Xccss of 
thc amount n·quired, a" thc eure ftux dcnsity was far helow Satura
tion whcn thc rl'lay opcrated lJ\'l'r the lon~cr ,.;uh,..t;ttion loops and 
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thc magnctizing ampcre turns were reducerl by thc high rc~istancc of 
thc loop. Ad\'antage was taken of silicon stecl, a ncw material at 
that t ime, which had a higher permeability than ~orway iron and 
le~s pronounced rcsid ual magnctic effects, af tcr sa t ura tion. In 
addition, it had grcater tensile strcngth and, sincc the ncw type 
rclay corc was reetangular in shape and thercfore harl thc stiffncss 
of a beam, it was po~sib l c to make a core of si licon steel of such small 
cross scction that thc llux density was much higher with a small 

Fig. 12-"!3" type rclay 

magnctizing force than it would bc with a ~orway iron corc of the 
mlmmum cross scction necessary for structural strength. A snper
,·isory rday was, thereforc, product'd which was similar in con
~truction tu thc linc and cutofT rclays and occupicd thc samc mount
ing spacc. I t was ncccssary to dc,·clop a dust protccting covcr for 
this m·w rcby which was also cross-talk-proof, in onler to prcvcnt 
thc rcproduction of co•wersation hy mutual induction betwecn 
adjacl'nt relays. Thc dcsign of this rclay was such that spring tcn
sions and contact adju~tmcnts were controllcd hy scrcws mountcd 
in a hrass pbtc at the front of thc rclay. The incrca~cd sen~iti,·ity 
of this rday o\·cr that of the round corc type permitted the Iimits 
for suhstation loop re~istancc to he increascd from l;i() to 1,000 ohm~. 
and tlw combined rC'~istancc of tlw winding~ to Iw rcduccd from 1:? 
to D.l ohm~. which dccreased tlll' transmi~sion loss in tlll' rcby ahout 
;{t) per n·nt. In addition, this lll'\\' n·lay was supcrior i·• liashing 
ahility aud abn rclea:-.cd ou a highcr numhcr of ampcrc turns. Thc 
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lll<lllllling ~pan~ was redttccd ::?3 pcr reut. Large s;tYing~ al~o rc~ultcd 
fn>m a reduction in maintenance cu~ts fr11111 approximatdy ~;i.OU 

per ,;witchl>oanl po::;ition per yt•ar to a Ill'gligihle a mount. The m·w 
relay i::; ~hown in Fig. 1:!, which ,;hows thc adjusting srn·ws in the plate 

Fig. 13-"E" type rclay 

in thc front of the relay , thc co,·cr and the co\·cr cap. By rcmoving 
thc con·r cap thc~e scrl·ws IJccomc acccs:;ihlc and the replacement 
of thc cap docs not intlut·ncc thc magnetic conditions or disturb 
estahlished adjustments. 
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.\ CE:'\ER.\L l"TILIT\" REL.\\' 

Thl· su1Tcss of the punchcd-type !im·, cutoff, and ,.;upen·isor)· 
rclays suggestcd the u,.;c of this typ\' for a gc-nl'ral utility relay which 
would carry a Ioad of eithl'r one pair or ,.,e,·cral pairs of springs aml 
permit an almost unlimit\'d numlll'r of contact spring comhinations 
to bc made. This was accomplislwd hy increasing; the cross section 
of thc core and armaturc of the line relay as the incn·asc in iron rross 
scction pro\'idcd maximum flux with !arge magnl'lizing forn•s. This 
rclay is shown in Fig. 1:) and is r10w manufactured in !arge quantitics 
with allout :3,000 varictics of windings and spring arrangenwnts . 
• -\hout twenty million such rclays are alreacly in sen·in· and tlw 
numher is incrcasing constantly. !lad it not llCl'll for tlll' dl'n·lop
mcnt of this punchcd-type relay, it would han· hl·en m·ces--ary to 
grcatly incrcasc thc manufarturing facilities oYcr those now prm·idl'd 
hecause of thc magnitude of the manufacturing operation on thc 
old ha:-is. 

l'ERT.\1 :\ IÜ:L.\ \ (; ROl I'S 

Having outlined the dl·\·c-lopnwnt of the most comnmnly known 
relays and gi\'en t Iw reasons responsihle for major design changl'S, 
it will Iw intl·resting to considcr USl'S of simple n·bys in the full nll'chan
ieal system. ln this system the n·mm·al of a suhstation switc·hhook 
causes a line relay in the central ofllcl' to operate and associate a line 
lind<"r with the calling line, after which a cutoll relay n·nwn's thc 
lim· n·lay from the 1·ircuit as is donc in manual practicc. ~\ sender 
is associated with the calling line and the circuit is complctl'd through 
the suhs!a!ion sei dial and a reb)· in the sender, known as the pulse 
relay, hecause it reproduccs thc- dial pulscs. 

A schematic for illustrating tlw principle of this circuit is sho\\·n 
in Fig. 11. Referring- to thi,., lig-lm'. it will hc sc<·n that the opera
tion of the pulse rclay prm·ides a ground for a slow rdl'ase rc-lay which 
in turn e..xtcnds thc circuit of thc ,.,tepping switch to the hack contact 
of thc pulse rclay. Suppo~c that the digit () i~ dialerl. Tlwn tlw 
rcsulting current intcrruptions eon,._i,.,t, as "hown in Fig. 1-l. of ten 
hreak periods and ll'n make perio(J,." tlw tinal make period hcing
permanent and tllC' remaining ninc· con,._i,..ting of approxim;ttl·ly one
thinl of thc total time of- a "ingh· pul'l'. Tlw lirst hreak of tlw dial 
opcns the cin·uit through the pulse reby, which n·leases and OJll'll~ 

the circuit of thc- slow-releasl' relay, hut thc bttn rcmain~ op<'ratc-d 
throughout tlll' hrl'ak periml. Tlw pul"l' rel.1y wlwn n·lclsed, pro
,·idcs a ground from ih hal"k n111tal"t. for tlw magnl"l of the sll'pping 
switch, through the makl' contart of thc ~lo\\" rell'a>'l' n-by. Th c-
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,..tepping :-11 itch m.q.,:net operatt·:- tlw ,..witc-lt anuatur<· and holds it 
in d po,;ition to ;uh.tiH'e the ,;witdt a :-ingle ,;lep \\'hen lhe magncl is 
rde.t,.ed. \\'ht'll the di.tl <'OIItl<t<'h do:-e llw circuit again th<· pul:-c 
rel.ty n·-opt'r.tte,;, rl'h•<t,;ing tlw ,;lt'ppi ng :-witch. which ad\·atH'<',; one 
,..tep. <llld n·t·:-lahli:-hing tlw rircuit for the :-low-relea,..<· n·Lt~ ·. Thi,; 
cyd!' j,; rqw.lled for each hrl'ak and make pul,;t• period in ordt'r lo 
<l<l\'.t!H'<' the ,;tepping :-\\·itch o\Tr the numl•er of t!'rminals cot-r<·spond
ing to the digit dialed. 

Tlll' ;adju,..tment oi :-ul>,..lation dial:- i,.. such that pul,;<·c. arc sl·nt at 
a ratt· oi "Pl'l'd of not k,.;,.; than eight. or mon· than 1\\'eh-e puls<•s pcr 
,.econd. Tlw hn·ak period of indi\·idua! pub<•,.; may ,·ary from .IJ.I."l 

Fig. 14 -Cun-c sho11 in~ pulsing impulses 

to . 100 :-econd and t he makl' period may \·ary from .02;) to .0:)0 
second. Tlw magnet of t he :-tepping s\\·itch must. therefore. com
pll'te tlw mm·<·nwnt of the artnature in a minimum of .11-L) second 
and the s\\'itch mu,.;l a<kance a single step in a minimum of .02;) 
,;econd. In addition, the slo\\'-r!'leasl' rclay mu,;l remain operatl'<l 
for .1 maximum of .1011 stTond; for if il releas!'s during lhe break-pulse 
period, the circuit to the stepping switch will he opened. ThLsC 
time ,·ahte,; a:-sunw that tlw pulse rday accurately reproduccs the 
dial pul:-es and it i,; c\·ident that to accompli,;h this, its time of opera
tion and release must he independent of the hattery potential, he
tween the \·oltage Iimit,; pn·:-erihcd for lhe battery, and must also 
be independent oi t he diffl'rences bet\\'cl'll the clectrical constants 
of different lcngths of substation loops. These arc difficull rf'quirc
ment:- and a punched-type J.!l:lll'ral utility relay. :<hown in Fig. 1:~. 

wa", u,;ed for the purpose as il appl.'<Ht·d to bc the mo::.t suilahle a\·ail-
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ablc relay. lts time COJht ant, howen:r, is influenced by the clcctrical 
constants of the loop with which it is associated; so that the length 
of the loop effects the spee<l a t which the arma ture opt•ra tes and releases 
and thus causes the relay to introduce some pulse distortion. 

AN ACCURATELY .t\DJUSTABLE FLAT TYPE R ELAY 

In order to decrease this distortion a new punched-type rday was 
dcsigncd which reproduces dial pulses with much greater accuracy. 
I t will hc secn frum the picture of this relay shuwn in Fig-. I 3 that 
the armatme is light, that the air gaps can ue adjusted closcly and 
with grmt precision, and that thc reduction in the inertia of the 
armatme was olJtaincd hy changing the po,.;ition of the supporting 

Fig. 15- "1." type pulsing rclay 

rcccl hinge. The corc of thi" rl'lay is of smalleross sec tion, so that a 
cundition of nw.gnctic saturation is ohtaincd with small current 
values. \\ 'ith maximum llux on long- loops, thc incrcasc in current 
as thc lcngth of thc subst ation loop dccreascs produccs \·cry littlc 
changL· in thc total tiux. :\l so, changcs in the armaturc air gap as 
thc armature approachcs the core do not reduce thc rcluctancc of 
the magnctic circuit apprccialJiy. so that thc armatme operates and 
relcases with littlc time \ 'ariation irrespecth·c of changcs in thc elec
trical constan ts of t hc loop. 

The slow-releasc rday, in Fig. 1·1, is a rouml-enn· relay with a reed 
hinge armature , similar in gcncral constructinn to thc cutoll rclay 
prl·,·iously described in connection with the carly manual system. It is 
prm·ided with a copper slecvc on thc corc which acts as a shorl circuited 
sccondary Iransformer winding of \Try low rc,.;istancc. 
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For anot her in tere,;t ing examplc uf the importancc of rl'la)' opera
tion in maehine switehing circuits asstune that it is dcsircd to sclect 
The fourth tl'rmin . .I in a particular group of a final sclcctor bank as this 
tl'rminal reprcsl'nts a suhscri!Jcr's linc which has bt:>cn calll·d from 
;nmther station. ;\ schematic illustrating thc principlc of the funda
mental circuit for selecting this terminal is shown in Fig. lti. The 
calling subscriber, hy dialing thc num!Jcr of thc callcd station, has 

I 

I 
I 

~---------------------

Fig. 16-Schcmatic of selecting circuit 

estahlished thc circuit cond ition shown in this ligure through the 
medium of the scndcr, so that both the line relay on the final frame 
in the callcd office and the stepping relay in thc calling office a re 
opt:>rated. The circuit is also closed through the up-drive magnet 
of the final frarne, and the selector multiple brush is advancing toward 
the bank tt:>rminal to he chosen. As the selector is driven upward, 
the commutator brush making contact with the first commutator 
segmf'nt, of the particular group dcsircd, places ground on thc inter
oftice trunk in the called otnce \Yhich shuntsdown the stepping relay 
in the calling oftice. This relt:>ases thc stepping rclay, which had 
cstablished a circuit when operatcd through the lowcr rclay of the 
fourth pair of counting rclays and had shunted the uppcr rclay of 
the pair so it would not opcrate. The release of the stepping relay 
rL·mo\·ed this shunt and permittcd the uppt:>r relay to operatc, lr>eking 
both relays through the make contact of the lowcr rclay and trans-
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fcrring tlw :-.t;art Iead to tht· lo\\·t·r rt·by of the third group which 
opl'rall'!'i wlwn tlll' ~tart ll'ad i:-; again grounded through tlw m;tkt· 
colltart of the :-;tc:pping rt·lay. Thi:-; cyde is repeatt·d for ~·ach seg-
11\l'lll which thc commutator hru~h pa~:--es on·r until tlw uppl'r relay 
of the fourth or zero group of coullting rebys oper;ttes and olwns tlw 
fundanll'lllal :--l'll'cting circuit, thus allowing the line relay in the tinal 
frame to n·ll'asc when thc commutator hrush agaill renwn·s the :,.hulll. 
Thl' line relay, oll releasing, opens thc up-drin· cirruit alld the >odt·ctor 
stop,; with thc multiple l1rw .. h resting on the partindar terminal 
de~ired. 

Thert· are thn·t· different types of relay,; in thi:-; cirntit. Tlw line 
rela~· oll thc hllal framc is the general utility punched-typ<' n·lay of 
Fig. 1:~ with tlw nmtact :--pring a:-.~cmhly and nwchanical adjustnH·nb 
rt·quired hy the :--pecific circuit condition. I t i:-; e\·idt·nt th;H thi:-; 
rday mu:-;t rl'leasc qu ickly t• nough to ena!JIL· the up-drin' clutch 
magnet to rdeasc hcforc tlw ~e l ector is drin·n heyond tlw desired 
terminal or a fal~c hank terminal selection IYill he madl'. .\n l'Xam
illation of somc of tlw factors intlut·ncing the n·lcasc time of the linc 
rday will thcrdore he of inten·~t. 

\\ 'hen tlw <·ommutator brush made collt;tct with the comnHtlator 
~q;mcnt hoth ends of tlw inter-oflice trunk \H'l'l' groulldt·d hut IJL•fore 
thc !Jru~h ldt this segnll'nt tlll' cotHienser charge un thc tnmk ll'ads 
was di~"ip;tt<·d and tlw di"tant t' tHl of the trunk \\·as OJll'twd !Jy tlll' 
operation of the uppn counting rl'by of thc zeru group. t >n kaYing 
the fourth commut<ttor "<'gnwnt tlw hrush opened the circuit oi the 
line relay which could not relea~e instantaneously because of ih <J\\'11 
time constant, thc transil'nt current thrnugh its 1Yinclings for charg
ing tlw trullk cap;wity, and the ll'ak current in it~ \\·indings re,-ulting 
from trunk lcak<tgl'. 

Tlw time colbtant i:-; dcterminecl hy thl' eleetrical and m<tgnetic 
eon~tants of the rela~ · a nd ior <1 gin·n \\·inding is inhl'rl'llt to its struc
tu n·. Ii tlw time eonstant j,.. ~uch that ;uljustnH'IIls, for annaturt· 
air ga p. spring ll-n :--ion and <·onLict ~ep<tration, l'<tllllOl lll' madl' which 
will cnahle a relay to l111 '1't all tlH' circuit requirenwnts, <1 ditTerl'lll 
t)'pl' of rl'l<ty sll'll!'llll'l' ha1·ing ;( lllllfl' fa1·orahle tillll' \Oll:-.talll 11111~( 

1)(' u~ed. 
Tlw tuagnitude of the ch<trging <'urrent for tlll' trunk is dctcrmined 

h y thc trunk C<lpacity and is in direct proportion to tiH·Iength of tlw 
trunk which is limited to 1:? milt·~ corre~ponding to a lll<tximum 
c, tp<l<"ity of aiHHil ll.SI mf. Tlw limiting o1W1t ein·uit rcsi~t<IIH'<' of 
tlll' trunk is :W,Otlll ohms ;md tlll' ,..tandard of m;tintcnann· is such 
th;tl thL· in,..ulation resistancl' i,; ttot a11owt·d to drop hl'lo\\ this 1·a lue. 
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ln .1dditiol1 th.- 111.1'\i11111111 n·-.i,..t.111l'l' .. r tlw lnlllk i,.. J:wo ohnh. l'hl' 
lint· rl'1.1\· mu-.t tht·rdon· II(' .11ljlbll'tl 111 oJ>l'r.lll' o\Tr thi,.. n·,..i,..Llnn· 
.nd in -..·rit•,.. \\ith tht· :-ll')l)ling n·la~ \\ht·n tlw k11tny potl'nti.d j,.. 

a minimum of ·1·1 \·olt-.. I t 11111,..1 al-.o Iw adju-.tt'cl to rl'll'a,..l' quickly 
t•nough to in-.url' tlw po-.iti\·t· ,.. •. ll'ction of a partindar ll'rminal wlwn 
tht• l•atlt'ry pnll'llli.d i-. .1 m.l'\ill111111 of .i'2 \·olt:-. and hoth tlw tn1nk 
c.ql.JCit~ .111d trunk 1.-..k.q.:l' an· ma:>.i11111111. Tlw ... l' arc \·L·ry ,..l·n·rl' 
rl'quin·nH·nt,.. to lll' na·l hy a n·l.1y which i,.; pmduccd n•mnH·rci~dly in 
l<~rgl' qu.111 ti 1 i •. ,.. a t ~~ ,..m~dl co:-t; and morl' ..... , L'rL· cnnd i tions ,.;uch a,.; 
\\oulcl n·--ult. ior l':\,IJ11)lh·. from increa,..ing tlw length oi thc trunk 
•·ould not hl· impo,..l'cl on thi ... p.1rtindar rl'lay unll',.;..-; thc iron :-<truc
tun· \\Tre madl' irc 111 ,.. li~H· 11l'\\ mat•·rial ha\·ing mon• fa,·orahlc 
magnl'lic COJhtanh. 

The rcquirl'nwnh ior tlw ,..ll'pping relay. hmn·n·r, arl' morc :-<c\·crc 
th.111 tlw,..e for the line rl'lay, for thl' ,..tepping rcla~· mu"t continually 
operate and n·ll'a,..•· a,.; the commut;~tor hru,..h alternately grounds 
and frcL'" thc trunk in tlwdi:-tant oftice .. \l ... o thc in,.;ulation rc:-<istancc 
and capacity oi the trunk l'\.erl a :-:mwwhat diiTerent intluencc on thc 
iunctioning oi thc ><ll·pping rda~ than on thc fnnctioning of thc linc 
relay. Thc trunk leakage current n•,..ulting from low in:;ulatinn 
re,_i,..tance intcrferes with thc opt·ration of the ,.;tepping relay. instcad 
of it,.; relea,..e . ..;o it mu~t hc adju ,..red to operatc on a minimum hattcry 
)Yitential oi I I \olt,.. and a minimum r'runk i1bulation rc,..i,;tancc oi 
:W,tltlll ohnl". Thc trunk capacity intl'rflTl'" mon· :;eriou,.;ly with 
thc relea,;c oi thc ,..tcpping relay than with tlw rclca><l' of thc linc relay. 
\\'lwn thc ground i,.. n·mm·ed from the lattt'r the trunk is at zcrn 
potential and the charging current through tlw rclay winding,.; i,.; 
maintained ior a n·ry hrief pcriod oi timl' hut wht'n thc incoming end 
oi thc trunk i,; groundcd to n·lease thl' ,..tcpping relay in thc di,..tant 
oftice. thc trunk capacity i,; fully charged ancl thl· di,-charging currcnt 
i,.. ,.;u,..taincd for a much Ionger time intcn·al. 

TIIE STt·:t'Pt::-:(; REL\Y 

Tht• time co1btant of thc line relay i,- ,.;uch that it cannot be gin·n 
adjlbtllll'llh which will enable it to nll'l't thc more ,.;l'n·re require
llll'lll,.. of the ,..tepping reby, and co1h'equently an cntirl'ly diiTl'rcnl 
I) pl' nf ,..tructure, a,; ,.hown in Fig. Ii, i,.. ll,.l·d for a ,..tepping rl'by. 
Thi,.. dl·,..ign is of partictdar intcrc,.,t btT<II1"l' it i~ not u,. .. d for anr 
othl·r purpo,-c and is thc only reby of ir,.. type in the tclephonl' plant. 
:\l.my atlempb h~Jn' lll'en madc to repla<l' it with some :-;ort of punched 
type ,..tructure that i,.. more adaptahle to the c:-tahli:;hed manufactur-
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ing methods but they ha,·e !Jeen ineiTectual as yet, for the equi,·alent 
comhination of sensiti,·ity and relia!Jility and a delicate means of ad
ju,.;tnwnt is difficult to attain. In order to satisfy the ,_enre circuit 
conditions the ,.;ll'pping relay is adjusted to operate on lO mil-amperes 
and not to operatc on tl mil-amperes, a diiTl·rcncc of only 10 per cent. 
in the operate and non-operate adjustments. 

The stepping relay must rcproducc the pulsations of current orig
inated by the commutator bmsh with sufficicnt accuracy to insure 

Fig. 17- Stepping relay 

tlw positi,·e operation of the counting relays, for any failurc of the 
lattcr will result in false sclection. The stepping relay must there
fon· maintain a circuit through its make contact for a sutlicient time 
to enahle tlw lower relay of any counting pair to operatc and must 
opl·n the circuit through the samc contact long enough to permit the 
uppl·r rclay of thc pair to lock up in series with the lower relay. 
Since tlw stepping relay docs not always rcproduce the commutator 
pubes perfcctly and sincc any pubc distortion must JHTessarily 
r<'diiC<' tlw operating time margin for one of the relays of a counting 
pair, it is evident that rapid operation and reliahility of opcration 
are essential characterist ics for t he coun t ing relays. :\ punchcd 
type relay similar to the line relay cannot operatc with sufficient 
spced. The sll'ppiug relay would qualify fnr :-peed, but a complete 
set would require considerahlc space and would he inconn·nient 
to mount. 
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Ttt t-: Cou :-.. fl:\(, lü:u \" 

Tlw rday de>-igned fpr .1 counting rday is shown in Fig. IS and 
has tlw qu.tlitil's of "Jlt't·d and n·liahility th.tt are rl"quircd. I t is 
equipped with .1 light .trtn.ttun·, on .1 pinJt suspt'tbion, that opcralt-s 

Fig. IR-Counting rclay 

through a small air gap. The contacts are mounted on rigid ~prings 
that cannot be adjusted readily. but which maintain a given adjust
ment. without change. for a long time. This rclay, likc the stepping 

Polar.-l l'lelay 
(-Pul~) 

Fig. 19- Call in<licator circuit 

relay, is uniquc, in that, it is not used for any other purpose in the 
telephonc sy::;tem, anJ in addition all attemph to design a punehed 
type relay that is a satisfactory ,;uhstitute have, so far, lw('n un
successful. 

CERTAI~ :\IARt.I:\.-\L A~D PuL.\RtZED REL.\Ys 

.-\nother interesting and unu~ual use of relays is the arrangement 
at tlw terminating end of a call indicator trunk from a fullmechanical 
to a manual oftice. This arrangenwnt con,;i,.ts of three relays in 
series in the manual oftice, as shown in Fig. l!.J. üne of them is a 
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marginal relay adjusted to opcratc on any current greater than a par
tintlar vaiUL'. The other two are polarized relays, om• heing adjttslt·d 
to re:-pond to m·gatin• pulses only, while the other responds only 
to positi\'e pulsL'S. 

Each digit of any numLer Iransmitted oYcr thc trunk to the manual 
oliice consi:-.ts of four pulscs. The second and fourth of these pulses an· 
always negatiYe, but eilher or hoth of them may he a light or heaYy 
negatiYe. Thc tirst and third pulses may either he positin· or 
zero, a zero pulse representing a 110 currcnt interYal. This com

hination of pulscs is shm\·n in the folhming taLJe: 

1 

+ 
() 

3 

+ 
u 

.\s each pulse inll'rYal may consist of eilher of two kinds of pulscs, 
therc are sixtcen romJ,inations which rau he Iransmitted hut si:x of 
them arenot uscd, as only tcn an: required. 

The marginal relay is adjusted to operatc on heaYy pulscs only 
and as all thc positin· pnlsL'S are light, it docs not rcspond to any 
positin· pul:-.es or the light negative pulscs. The ncgatin· polarizcd 
relay re:-.ponds to both light and lll'aYy negative pulses and tlll' positin· 
polarized relay responds to all positiYe pulscs. During a zero pubL· 
period all of thc relays remain utwperated. For the :-.ccond and fourth 
pul:-.c pcriods thc negative polarized relay will he operall'd and the 
margin;il relay may or may not he opcratcd. I >uring thc lirst and 
thinl pubL· periods the positiw· polarized rclay may hc opcrated or 
all the relays may n·main unopcratl'd. From the opcration of thc:-e 
rl'lay:- an arrangement of rcgistcr relays i:- :-ol'l up which lights ))('forc 
tlw manual operator tlw lamp,.; corre,..ponding to the digits tran:-
mit ted. Tlw marginal relay u,.cd is a rount ing relay of thc typt· shown 
in Fig. IS, as this rday ha,.. thc qualities of ,.;cnsitin·ncs,.;, st;thility 
;tnd plTillallL'IICe oi adjustnwnt that arl' l':-sL'Illial for satisfactory 
operation. Thc otlwr l\\·o n·lays are n·ry sensitin· polarizcd rdays 
with microml'ter ;uljusllllL'lll ,..cre\\·s and arc n·pn·sL'Illatin· of thc 
best :-tandanls of d1·,.;ign for relays of tlwir type. Thi,.; type of rela~· is 
:-hmnt in Fig. 20 . 

.:\I o:-1 of t Iw rdays previously descrihed wetT designed to meet 
:-pecilic requirements of unusual seYerity which limited the design 
to individual structures ha\"ing tlwir armaturcs in clo:-e associatinn 



J<L:L/1\ IX 1111: /IU.I.Sl.\T/·.11 

with thl· nml.tt"t t·arn·ing :-pring:-. \lau~- of the :-witching opt·ra
tions required for rd.tying .t circuit from point to point througlt an 
olrwe can l>e Jll'rfornwd undt·r conditiot~:- allowing grcater latitudl' in 
relay de"ign \\hich h.b lt-d to tlw dl'\elopnwnt of :-l'\'eral inten·"ting 
.md unu--u.d form-- of mnlti-contact relays in which the <trmatun·s 

Fic::. 20---Call inclicalt~r ('nlar relay 

indirectly coutrol group,; of conuct carrying springs. In the den·lop
ment oi the rnachine switching sy,;tem t lw work of establish iug cir
cuits perfornwu by human relays was transferred to mccha nica l 
relays and it soon bccamc e\·ident that thc numlwr of indi\' idual 
rclay structures of thc conn·ntional type requirecl for such a suh
stitution woukl hc so great and thc circuit arrangernents would he 
so complicated that the cost woulrl he prohibitin·. 

The ~- 1 cam sequcncc switch shown in Fig. 21 is an interesting
example of the remote contact control multi-contact rclay that not 
only performs the function,; of a mnltitude of indi,·iclual rclays hut 
artually repl<we,.; entire circuits which would requirc !arge nurnhcr:
of relays to control thc partintlar relays that tran,;fcrred thc circuit 
from point to point. The relay sequencc switch shown in thc ligure 
i,.; a":-emhled with a !'haft that ma~· hc rotated into any onc of lS 
positions which are stampecl on an inrlex wheel and arc indicatcd hy 
the positinn of thl' wheel with rderence to .1 pointt·r tixed to the framc 
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of the switch . Each of the circuit switching cams is a~sociated with 
four Lmshes and it i~ po~~iblc to so arrange the contacl carrying 
segments an these cams tl.J.al GG2-I ~itTei:ent circuit combinations can 
hL' established hy ach·ancing- ~hc switch su<;cessin·ly into each of th<> 
IS positions. 

The switch is propdled Ly a driving- disc mounted on apower dri,·cn 
shaft that rc\·oiH's constantly at a speccl of :3() r.p.m. The dri,·en 
disc on the ~witch in association with the rlri\'ing disc constitutes a 

Fig. 21-24 cam scqucncc ~witch 

friction clutch under the control of an electro-magnet which deftects 
the drin~n disc tobring it into rclation with the driving disc when it 
is <h·sired to ad,·ann· the s\\·itch. The clcctro-magnet corresponds 
to thl' winding of an indi,·idual rclay structurc and the dri\·cn disc 
is tlw armature, the comhin;ttion of the winding and armature simply 
s<·rYing as a nwans for eontrolling the contact relations of a mul
tiplicity of :-prings. 

TJtE I'O\YER DRt\"El' SELECTOR 

Tlll' pmn:r driwn selcctor shown in Fig. 22 is another example of 
an entirdy different form of multi-contact rel.ly fm transferring the 
three contacts of any one of ;j()() circnits tn the contact springs of a 
brush that will relay that circuit to any desired pnint. These 500 
circuits are assemiJied in tin: groups of lOO each in ti,·c hanks that are 
mounted on a frame as shown in thc tigure. Fivc hrushc~, otw for 
l'ad1 bank, are asscmhled on ;t n-rtical rod in such rebtion to the 
hanks that tlte mechani<·al tripping or rcll'a:-e, of any hmsh bring-s 
its springs in contact with the termin;tfs of thl' hank with which it 
is associated. The corresponding spri ngs of each uf the fin• hmshcs 
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an· conrtt•cll"d in llllllliple ~o that in rda) ing .1 circuit it j,.. m·n·~".1ry to 
trip nrtly th.1t hru,.;h whieh i,; prt•,;cnkd to thl' hank in whid1 thc 
termin.d:- <lppcar. Briuging the hru,.;h "pring,; in cont.wt with .1 par-

Fig. 22-Power drinn sclcctor 

tietliar group of tcrminals is rcfcrrcd to ;.1,; a proce'"s of sckction and 
is accompli;;hcd by dri,·ing thc brush rod upward until thc dc,-ircd 
terminals arc reachcd. \\"hcn thc circuit arrangcment is no longl'r 
desircd the brush rod j, drin·n downward to a normal po:-ition whl·rc 
thc trippl-d hrush is ;li,;o rc,.;torc'(l nwchanically to its original con
dition. 
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The power for ele\·ating- and re,.;toring tlw },rw .. h rod i,.; proYickd 
by continuow;l~· reYoh·ing mntor drin·n ,.;ll'l'l rolb l'OYl'rl'd with cork 
and nwunted at tlw ha,.;e nf tlw frame. Tlw driYing of tlw hru,;h rocl, 
the tripping of tlw de,;ircd hru,;h, the ,;topping of tlw rod and it,.; 
re,.;toration to normal an· all controlled hy a ,;crie,.; of eleclro-magnet,.; 
as,;l•IJl!Jb} in a singll' ,..tructure l';tlled a clutch \\·hich is al,.;o mounted 
at the ha,.,l' of tlw fr;tnw dirvctly in front of tlw rolk \\'hen a hru,.;h 
rod is dri\'en vither up or down, a dutch artnature l'Stahlislws a fric
tion contact hl·I\H'l·n a flat strip of pho,..phor bronZ!' fa:-ll"ned to tlw 
IO\nT end of tlw hru,..h rod and tlw cork on tlll' ren>ldng- rolls. This 
clutch i,; comparahlc to an indi,·idu;tl rday ,.;tructurc with a mul
tiplicity of winding-,.; and armature,; that are ,;o rclated that each 
;mnature will op1·rate only wlwn it,; a:-,;ociated winding i,; l'Ill'rgized. 
The dutch thu:- dcw,; thc \York of either an exn·edingly intrieall" 
indi\'idual relay or a whole group of h·,;s complicall"d reby,;. Tlw 
elutch windin gs an· in effect, relay winding,; that mntrol the po,.;i
tio tb of renlOt e nmtact ,;prings through the operation of armature,; 
"·hich a,;,;ociate or disassoriale electro-magnetic and mechanical 
l'IH"rgy a,.; is desirecl. 

T11 E S TEl'-BY-STt-:1' St-:J.EC n IR 

.-\notlwr type of multi-nmtact relay in gl'neral 11:-1· that di!Ters in 
form from hoth the sequenCl' :-witch and the power dri\·en sckctor 
i,.; t he s ll'p-hy-s tep ,.;e lector :-lwwn in Fig. 2:L lt nm,.;ists of six ,.;emi
circular con tact len•l,.; a,.;,.;l' mldecl in a l•;mk and an eil'ctro-magnet 
which drin·,; a sei of ,;ix, double l'IHil'd, rotary lmtshc:- m·er tlll' ter

minal arc hy llll';IIts of a clri\'ing pawl ;tnd ratdll't whecl. Each tinw 
tlw magnl'l i,.. vnergized and rl'lea,.;l'd the dri,·ing pawl engage,.; tlw 
m·xt tooth oll the ratclwt wlwel which rotall'S to ad\·anee th1• }Jru,;lll's 
a singll' stl'p so that they mak1· cont ;wt with tlw IH'Xl ,.;et of ll'rminak 
l n .J I ,..\1\Tl's,.;in· sll'Jb tlw !"ix hruslH·s Illll\'l' throu gh a l'011Ipil'k rc\·olu 
tion hut a,; tlwy are dou],}v-l·ndl'd all tlw po,..,.;il•le cirntil comhin;t
tioih are "~'' up in tlll' lir,..t 2:.! stl·ps and are then rvpe;tted. 

l n t his ,.;l'IL'l'lor I he \Yinding of the vkct ro-m;tglll'l corre:-ponds to 
thl' winding of an indh·iclual rl'l.ty . T lw armaturv in operating 
elongall'S a spring tltat is :-hown in Fig . :,!:{ a nd thv l'lll'rgy :-lon·d in 
this spring re,.;ton·s the a rm;tlure to norm ;d and mh;tnn·,.. th1· six 
l·ontact making hru ,.. h1· ,.; to thl' IH"XI :-1·1 of cont;ll· t ll'rmin ;tl s . Thu,.. 
t lw n·b y windin g a nd ;trmatun· control tiH· po,.. ition o f tlw nJntact 
spring:- through tlw ; 1 gl'Ill'~ · of ;1 th·xihll· IlllTh;tnica l link . Thl· relay 
winding may }Jl' alll'matl'ly l'Ill'rg iz1·d and rl'll' ;t,.;ed l>y l'liiTl'lll intl·r
ntption s front an ouhid1• ,..oiiiTl ' or tlw ann;ttun· ntay lll' arrangvd to 
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interrupt thc: t·ireuit through tlw windin~ hy opl·lling .t p.1ir of nm
t.tcts in the opl·ratl'd po:-ition to <~<h·.lllre tlw sl'lertor hy ~l'lf iut(·r
ruptiuns. 

REL.\Y"i t:'\ Tnt.L CIR< t·tp; 

Supen j,;ion on all of tlw Ionger toll circuits and on mo,.;t of the 
shortl'r ont·s j,; prm·ided on wh.1t is known as a ringd own hasis. This 

Fi!! . .?3-~lcp-l>y-slcp rolary S \\ i1ch 

u,;ually im·oln·s a ringup rl'lay at each end of thc: linc:, ,,·hich operate,., 
in respon:-e to ?0-cycfl· ,;ignaling impubl'"· Tlll':-e impulses may hl· 
transmittl·d on·r the tim· from one offin· to tlw other or thcy may 
originate in the ,.,amt· offin· as thl• n·by ancl he impn·:-,.,l'd on thl· line 
hy the operation of a ,;o-calll'd c-ompo,.,ite ringtT in rl'sponsl' to signal,; 
of a di!Ten·nt frequcney. T he ringup or drop relay provieles thc 
signal in the toll ,..witchboanl. I t i:- u:-uaily rc:mon·cl from tlw cir
cuit wlll'n the line is taken up by thc operator and thc supcn·ision 
i,; then tralbferred to the toll cord. 

Thc toll mnl ,;upen·i,.,ory circuit is shown in Fig. ?-1 and illustratcs 
.t typical condition which ha,.. impo~·d p;trticular requin·mt·nh on 
the rd.tys inYolq·cf. The ,.,ignal rnTi,·ing n·Lty .-1 may hl' hridgeJ 
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directly aeross the line eonduetor,.;, in whirh case it,.; winding must 
Le of such high impedance that it does not materially :tfTeet the 
efficiency of the Iaiking cireuit. Experiencc has indil·ated that with 
lhe windings commonly u,.;ed oll rclays 1 here is somc ehallce of suffi
cient short circuilcd lurns to matvriallv rcduce the inductance of 
the wimling. This may oec·ur in a rclay. which would uthcrwise gi,·e 
satisfactory operation, the slwrt circuitl·d turns mcrely rcducing 

Fig. 2-t- T oll conl supcrvisory circuil 

slighlly the low frequency ur dircct-current elliciency. For this 
reason, the relay winding has Leen di,·ided illto two parts, Oll separate 
cores, eilher one of which has sufficient illductallce lo safeguard the 
telephone transmissioll. 

The incomillg 20-cycle signaling currellt may be of small ,·aluc and 
the portion through thc relalin·ly high impedallCC of the relay will 
be :::. till smaller so that this rl'lay must he extremely scllsitin~. The 
relay has small muving parts and a cnmparatin·ly light :-;pring ten
sion. These factors contrihnte to :-;cllsiti\·c operation hut a l,.;o permit 
the oprning of thc colltact oll impulscs other than those intrmkd for 
sigllaling. Such impul~cs are usually of short duration and thc othcr 
relays of thc circuit han· beeil desiglled to Iimit their e!Tect to pre,·cnt 
fal se sigllals. 

Both relays '' 13" and '' C" are of the same type, dcsigne:l to operatc 
with a slight time lag so that other thillgs l>eillg equ:tl tlwy would hc 
C'XJWCted to operatc at thc same time wlwll the circuit is dost:d at 
.\' alld y. Relay "B," IHJ\\'C \ "l'l", recein·s. nilder tlw worst collditioll, 
}.j() per cent. of it s rated operatillg currellt, while rday "C" receives 
lO.i per n·llt. This will t<·lld to 111ake rl'lay "B" quicker in opera
tion than rday "C." sr1 that whl'n thl' l1attery a nd ground arc 
conlll'l:t<-d to thl• circuit, relay "H" will oper.tll' lirst and open the 
willdin~ uf rl'l ay "('.'' Thi,.; is therdnre the normal condition of thc 
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circuit .tnd i ... furth!'r in-.un·d l•y the f.wt that tll!' opening of tlll' wind
in~ of .. c·· OlTUr:-; .lt .l hack ('ontact of n·l.t~· .. H .. while tlw Iewking 
of "(''' occur,.. onh- .tftcr tlll' r!'by h.t,; pulll'd up to clo,;e its front 
cont.lC't. 

The -...·qllt'lll'e of clperaticlll and rdt•a..;e rl'sulting from this scric·-. 
of rl'l.ty opt·r,ttions aiTonb prot!'Ctie~n ag-aiJbl false signab since rday 
".1" mu·;t op..:r.th~ continu:)Jhly until '' n" has released and "C" has 
opl'ratcd hcfore the lamp circuit is clc,,.;ed. Relay "B," in addition 
to ht•ing slow in clJll'ration, is also slcm· to rck-asc, so that the time 
intt·n·al thus introduccd tends to hridge o\·cr any transicnt impulse,; 
that may tcnd to operate the signal. 

The ,..low operation of rcl.tys is stTllred hy nwans of a coppcr slee\·e 
o\-er the relay corc. Slow opcration rcsults from the transicnt condi
tinn cxisting during the time hl'IW!'!'n the application of voltagc to 
thc relay winding and tlw huilding up of the magnl'tic fiele! to a 
,.;tcady state. Slow relca,;e rcsults from thc tran,;ient condition 
l'Xi,..ting during the time lll'tWL"cn the rcmm·al of the n1ltage from the 
n:I.Jy winding and the dccay of the magnctic licld until thc magncto
moti\·e force falb below tlw armature rcstoring force. These cnndi
tions are more easily "!'l'll whC"n thc rl'l.ty winding is considcred as the 
prim.Hy of a transfornwr and tlw C'Oppcr sleeYe as a short-circuited 
secondary winding consisting of a singlc turn ha,·ing a \Try low 
rC'sistance. Thc opcrating currcnt, hdore it rcachcs its stcady \·alue, 
may hc cnnsidcred as an altC"rnating narren! of onc-quarter of a cycle, 
starting from zero and huilding up tn a maximum \·aluc. .Siow oper
ation of thc armaturc results from oppo,..ing the building up of thc 
llux in thc corc. Slow rckasc is duc to retarding the dccay of thc 
llux in thc core. Thc spced at which thc armaturc operaks or rc
lcascs is not changcd hut in the lirst casc thc application of the magneto
motin: forcc requircd to mo\·e thc armaturc is ddayed, aml in the 
secund ca,;e thc remm·al of the magncto-moti,·c forcc holding thc 
armature in thc opcrakd position is al,;o delaycd. \\'hen a \'oltagc 
is lirst applicd to the ll'rminals of thc winding, the ntrrent tcnds to 
huild up and cstahlish thc magnctic tlux at its maximum Yaluc in thc 
relay core. Thc instant thc llux thrcads the coppcr slecn•, a \·oltagc 
is induccd in thc lattcr, causing a currcnl to tlow in it. This current 
in the copper ".kc\·c sds up a tlux in the same magnctic path which 
oppo~cs the tlux huilding up from thc currcnt in thc relay winding. 
Duc to kakag<', thc winding llux is grcater than thc opposing llux 
set up hy thc skc\T and thc rcsultant llux continucs to build up until 
it reachcs a maximum \·altJc. This npposition of thc wimling tlux 
and thc llux produrcd_ hy thc indun·d currcnt in thc coppcr skc,·c 
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incrca!'es thc time for thc !Juikling up of the magnctic forcc neecs
sary to mo,·c thc armature from tbc normal position. I t also in
crcascs thc time for such a rcduction in the magnctic forcc as will 
permit thc armaturc to relcasc. 

Thc slow rdeasc fcattlrc is furtlwr secured by omitting thc stop 
pins ,,·hich are usually prO\·idcd het\n~en thc armaturc and thc pole 

Fig. 25- Scctional vicw nf No. 162 type rclay, a slow eopcrating rclay 

piccc. This tends to dday thc dcclinc in tlux through the magnetic 
circuit whcn thc current is intcrruptcd. Fig. 2;i illustrates diagr;un
matically thc structurc of thcsc rclays. 

RELAYS OF TIIE Cmti'OSITE Rt:-\GER 

A somcwhat similar usc of rclays is tn hc scen in t hc compositc 
ringl·r circuit 111l'lltionl'd al1m·c. The reby circuit nf surh a ringl'r 
is shown in Fig. :2ti, in ,.,impliticd form. This eircuit is dcsigned tn 
recei\·1' 20-cycll· signals from thc ,.,witchho,ml and tran,:mit out on 
thc linc signals of a highcr fn·qm·twy and to ren·in• thc higlwr frc
(jlll'llC)' impulsL's and in turn trathmit :20 cycll's to thc switchhoanl. 
In this casc, thc 20-c~·ell· relay ".I" does not nwet thc requiremcnt 
for high impctbtll'l~ sincl~ protl·etion to thc tL·kphntH~ circnit is af
fordcd hy coil "C." .\ singll' l'llrL' is tlwrdorc satisfactory and a 
positiYc makc-conLtct n·lay is ttsc I. ln thi,; ca,;e, tlw chid requirc
mcnl istbat n:Lty "13" should !Je slow in opcrating. 
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Tlll' dt.1in of rel.tys OJlt'rating from tht~ high frcquency signals 
consi"ts of rt·l.tys /), J·: .tnd F. Rt•lay "/)" ntust hc a n·ry scnsitiY<' 
"tructun· in thi,. t-;t,.t' .utd ,1 pol.trized relay with a Yil1rating contact 
h.ts Ctlll\11\llltly llt'ell u,.,ed. Tlw circuit rcquiremcnts arc such that 
tht· energy .n.til.thle for the opt·ration of this reby is seldom more 
th.tn .1 ft'\\ hundn·d minow.ttts and may hc much ll'ss. Tlw cir-

Fig. 2f>-Compositc ringcr circuit 

ntits arc lJl'ing ,Jt..,igned on the hasis of giYing n·liahlt· opcration on 
~0 microwatt,.. Tlw opcration of rcby "/)" rclcascs rclay "E" 
whieh in turn opcratcs relay F. 

\\"hcrc such a circuit dcpcnds on tlw operatimt of a Yibrating con
tact rel.ly, tlw ntrrt·nt through this contact is of ,·ital importancc. 
\\"hcncn·r the contact i,. dosed, currcnt tcnds to tlow through the 
winding of n-l.ty "K" Fig. 27 illustrates tlw dTcct of Yery weak 
,.ignaling currcnts and of currents ".u(ficicnt to gin· proper opcrat ion. 
The current Yalue" through the Yihrating relay winding and through 
the winding of thc sceondary rt'lay arc ,.hown for two different typical 
conditions. .\lso, tlw aYcrage or dTcctiYc Yaluc in winding "E" 
is ,.hown . 

. \ circuit featurc whieh has ren·ntly bccn introducctl to increase 
thc ,.t·n,.itiYity oi reby "D" and to impron~ the opt·ration of thc 
secondary reby cotbists in the introduction of a condcnser and the 
operation of the Yihrating contact as a normally open contact. Thc 
do,.ing of tlw contact chargt•" a comlenscr which tcnds to opcratc 
thc ,.ccondary rclay hy its dischargc as soon as thc contact opcns. 
By thi,., comhination, thc cffcct noted in Fig. ~~ is climinatcd and 
p<hitin· opcr.ttion of the sccondary rclay is secun·d as soon as the 
arm.ltttre Yibratcs ,.u(ficicntly to makc contact. Thc local circuit 
cmbodying this ft.ature is shown in Fig. ~S. Rderring to this figurc 
and to Fig. ~ti, n·l.1ys "/)" and "/~" repre,.ent the alternating currcnt 
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n:lay and the sccondary rday in cach casc. In thc one casc, howcYcr, 
rclay E' Operating when rday "])" opcratcs gin•s positin: rdeasc 
of rl'lay "/~" instead of introducing an unccrtain rl·sistance in its 
circui t. 

This circuit cmuodics se\·cral fcatures which arc not common in 
rclay systcms. The Operation of rclay E' is depcndcnt on thc Yalucs 

CURRENT IN A .C.StGNALING RELAY 
~~:cur.rent t':,~~1~oct 

Fig. 2i- Cun-c ~hmdng signal impulscs in a.c. signaling rclay 
.\.\ ', currcnt in win<ling 

nn•, currcnt through contact 

Ar R' _M-\.~~urns T- w 

~-c~··· -! 
Fig. 2X Cirruit for a make contacl 135 cyclc rclay 

sclectecl for rcsistann·s I<.' and 1<.2 and for condt•nsl'r K. These Yalucs 
nutst he such that the cutTl'nt in the n·by windin~ is maintain1·d 
dming the opl·ning of tiH• contact of n·lay "D" by tm~ans of th1' dis
chargc cmrl·nt from tll!' condl'nser. On thc other hand 1\. ancl R: 
nlltsl },p proportioned to Iimit the arcing of tlw contact of "D" at 
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tlll' fn·qu<'IHT oi tht• "ign.ding impulst•s. Thc nll'thod of rl'ic.t,..ing 
rclay "I~" h~· "hort-cireuiting its \\inding h.1s .ld\·;lllt.lges on·r opcn
ing tlw cirnlit ior tlw purp"'"''' undcr l'Pn,..ideration. Tht• arcing at 
the nmt.ll'l oi reb~· I~' is 1,.,...., ,..,·n·r•· than would IJL' tiiL' l\I,..P if an 
induetin· circuit wen· hrukcn . 

. \n add,·d ft'.llurc \\ hich h.1,.; lll'cn incorporat<·d in thc nll'ehanical 
de-.ign oi rel.ty "J)" .111cl which h.b an imp:lrt.lllt be.tring on it;, per
formal!<'<' l'leetrie.tJJy, i,.; .tn adjti"IIIIL'IIt Jimiting the armatme tran·J. 
Thi,.; Iimitation of mon•tm•nt prL·n·nts a widc detlcction whcn thc 
rcl.iy rcccin•,.; exees,..in~ currcnt. :-:.uch detkction would tcnd to 
Sl'l thc .lrm.lturc intu \·ibration and would result in a suft1cicnt num
ber of impubL·,.; to opcratc rel.1~· E' aml cau,.;c false ,.;ignab. 

Tu..: \'.\lTL\t Tl'BE 

The \·,1eunm tuhe i,.. used for the rclaying of cnergy in a numher 
nf w.tys. I t may bc connected in circnit to amplify the reccivcd 
impuJ,..,." in which ca:-<c it sends out energy from a local source with 
thc ,..amc Wa\·c ,;hape as that of thc rccein·d current. i n this casc 
the tubc :-<erves tn rd.ty the impul,;es with as little di,.;tortion as pos
,..iblc. In tlll' case of a tuhc U:-<ed <lS a modul.1tor or a dcmodul.ttor 
it i,.; required to comhine or s<'paratc impulscs of diiT<'rent characll'r, 
thc two opt·rating together to pre~crYe thc samc impul:-<t·s at thc out
pul oi the demodulator tuhe as is recein·d at thc input of thc modu-
1.\tor. Thc impulscs which arc transmitkd bctwcen thc two tuhes 
h,l\l' .111 entin·ly ditTen·nt wa\·c form and may be amplificd any num
hcr of times by llll'<lll:' of ampliticr tubcs without atTecting thc action 
of thc modul.ttor <llld demodulator. 

Thc \·acuum tube may also be used as a rectifier to convert alter
nating current to direct or pubating current or it may he used as an 
oscill.ttor to produn· altcrnating current from a local sourec of direct 
current. ln all of the:-<e applications of \·acuum tubcs, the tubes serve 
.ts relays to introduce a fresh supply of energy or a desired wa\·c 
form or a combination of the two to sen·e their purposes in the com
munication :;y,.;tem. 

RELA YS FOR TELEGRAPH CIRCUITS 

Thc use of relays for Iekgraph circuits prescnts an entirely dif
ferent !'Ct of problcms than tho!'e usually encountered in thc con
"idcr.ttion of telt-phone circuits. :\lost telegraph relays are used for 
repeating signals from one circuit to anothcr rather tban for switch
ing local circuits. \\'hile some marginal operating conditions are 
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imposed on telephone rclays there is not thc widc rangc of opcrat· 
ing conditions to be mct undcr which most tclcgraph rclays arc rc
quircd to opcratc. Thc numbcrs im·oh·cd arc usually much lcss so 
that cconomies in production play a somcwhat lcss important role 
and the co;;t is not quitc such an important item. Similarly the 
mcthods of assembly and mounting afford a somcwhat wider latitude 
than can be permitted whcrc many thousands of rclays must bc 
mountcd in comparatinly small space. 

Bccausc of thc exacting rcquircmcnts imposed on telegraph relays 
and to insure continuity of sen·ice as far as possiblc, thcy arc usually 
made interchangeablc tu a much grcater degree than telcphone relays. 
Thcy may bc connccted by mcans of screws instcad of soklcrcd con 
lll'Ctions or they may IJe inscrtcd in the circuit by mcans of spring 
clips in a connecting block. 

In a tclegraph system spced of operation and reliability are thc 
most important rcquirements and are vcry !arge factors in detennin
ing thc mechanical design of the rclays. The rclay must operatc 
quickly and accuratdy so as to causc as litth· distortion as possiblc 
to thc signals. In acldition it must bc extremcly ruggcd and main
tain its adjustment weil throughout long continued opcration. A 
Yery onlinary day's work for a telegraph relay requires the rdiahle 
opcration of its cnntacts sen·ral hundred thousand times and it may 
bc called upon to opcn and close its contacts a million times a day. 
\\'hcre a telephom· relay might hesitate and still pul! up and perform 
its function propl'rly or might makc uncertain contact at lirst, such 
lwhaviur on the part of a telegraph n·lay would result in fabl· 
impulscs and would quickly ('all for a readjustment or a change of 
rclays. 

\\' ith thc cxception of some of thc alternating currcnt signaling 
rclays in tclephone circuits thc energy a\·ailablc in tekgraph rclays 
is usually less than that a\'ailablc fur telcphone rclays. Tbc morc 
scnsitin~ relays are called upon to opcratc frum linc current which 
has occn attenuatcd by lcakagc or hy parallel paths aml which may 
havc bccn limited at the distant station. Systems operating ovcr 
opcn wirc lines arc usually restricted to ahuut .Oi;) ampcrc at the 
scnding end and in caolc the normal currcnt is about .OO.i ampcre. 
This diffcrcncc is not as grcat in actual opcra tion as would appear 
since thc opcn wirc systcm operatcs on a ground to ground basis and 
thc cahle on a metallic hasis. ln opera t ing from ground a t onc 
station to ground a t anothl'r dillcrences in ground poll'ntial and 
lcakagcs occur which require a greatcr margin than is Jll'cessary with 
t hc metallic systcm. 
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Ii .... tti~f.u·tory tt·k~r.tph ~t·n in· is tu l•t: n·ndcrcd. partind.trly on 
long circ11its ill\·uh·ing a nun1hcr of rclaying pninh, it is t·~st•ntial 

that tlw tckgr.tph rd.tys ('lllploycd h.tn~ s11ch opt·rating char.!Cll'r
istics that tht•y introduce as lit tlt• di~tortion to thc ~ign.ds as po~,;ihk. 
I t has been found th.ll tlll' polarizt·d type of rclay f11llill,.; this con
ditioll to .1 grl'all'r cxtent than tlw neutral type of rclay which is 
used in ln•·al circuit,.; and in somt• ll'iegraph circuits whcn• extreme 
acc11racy is not rcquired. Tht• polar rd.ty pcrmits arrangcmcllts of 
circnits which minimize thc l'lkt·t of pom wan· shapc and linc lcak
age. lt also is mnrc t'<lsily <Hlapted to \·ariations in c11rrent ::.trength 
and rnay bl· adjusted to gin· rnort• accuratc rcpl'lition of thc signal:; 
under all conditions . 

. ·\ numlwr of important dcn·lopnll'nts in tck·graph rcbys han· 
led up to the relay ~hown in Fig. ~\1. This rclay gin:s rcliahk opcra
tion with ·l-amperc turns in tlw winding and il)' cardul adjustmclll 
may he m.uil' to operatc oll a snwll fractioll of that. 

Fig. 29-- Phot.,gra(•h of tclegraph type relay 

\\'hile thc ll'lcgraph rl'i.ty may lll' callcd 11pon to opcralt· Oll n·ry 
small energy. ih contact m11st he capahle of handling much larger 
quanltltes. I>uc to the "Pt'l'd of opcration dt·,..in·d <IIHI to the de
pcnuence on accuratc trall,.,mittal of l'adl imp11lse thc contacts must 
opcratc without chath·r or ,-ihration. \.n·at can· has ilc<"n taken in 
thc dc::.ign of the rel.tys anu th(' circllih to protect the contacts and 
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insure good op!.'ration. Chattcr ran !Je largely diminateu by carcful 
merhanical design and tlw e!Tect of thc arc set up when thc contact 
is calkd upon to l1reak thc currcnt in a ci rcuit carrying se\·cral watts 
can he minimizcd sonwwhat by mcans of. so-calbl, spark killen;. 
' I hese umsist of conden:-ers and resistanccs so proportioned as to 
ah;:orb the forcc of t he arc in thc charging of the condenser when thc 
contact opens. They can !Je utili zcd still further in modifying the 
shape of thc transmitll'd \\'<1\"l' uy thc charging of thc condcnser \\'lll'n 
thc contact is openL·d . 

Tdcgraph rclays and thcir applications havc hcl·n rcferrcu to in this 
paper only in thc most gencra l tcrms bccause of thc \'ariety of their 
forms and uses. It is planncd to CO\'l'r this as \H' II as othcr subjects 
pcrtaining to relays in a scries of latcr papcrs. 



Some Applica tions of Sta tistica l Methods to the 
Analysis of Physical a nd Engineering Da ta 

By W. A. SHEWH ART 

~\ '"1':'1:<: \\"Ia lll'\ er '"' lllt'.hllre an.\ 1·h~ ,iral quantily wc cus
tornarily ol•tain a' man~· .JitTcrcnt \ .du,·s as thnc arc ohscn ati11ns. 
Fn•rn a cnnsidcration oi tla·,c na·asnn·nH·nb \\"C must dctnminc thc 
m•>sl tr,•I><JI>l,· ~·,1/11<; \\ c m11st li11d tollt fr,,,,. 111 u.-!1 an ol>scn-ati~>n may 
hc cxpcctcd tn vary in•m tlus must pn•hahlc• \ ahll'; a11d \\T must lcarn 
as much as possiblc of the n·aso11s ~.-hy it \arics in thc partindar way 
that it d .. ,.,_ ln othcr \\llr<ls, tlw n:al valuc oi physical nwas11rcmcnts 
Ji,·s in thc iact that fr .. m thcm it i,; possihlc to ddcrminc s~>mcthing oi 
the Bature oi thc rcsults tn l>c cxpcctcd if thc snics oi ol•scnations 
is rcpeatcd. Thc bcq use rau hc madc oi thc data ii wc can lind from 
thcm thc most prohahlc frcqucncy or occurrcncc oi any ohscn·cd 
magnitudc oi thc physical quantity or, in othcr \n,rds, thc most prob
ahlc law of distrihution. 

lt is customary practicc in conncction with physical and cnginccring 
mcasurcrncnts to a.;sumc that thc arithmctic mcan of the obscrvations 
is thc most probable valuc an <I that thc i rcqncncy of occurrcncc of 
dcviations from this mcan is in accord \\ ith thc (;;lllssian or normal 
law of crror which lies at thc ioundatinn oi thc thcon· of crrors. Iu 
most oi thosc cascs whcrc thc obscn-cd distrihutions o( dcviations ha,·c 
hcen cornparcd with thc tlworctiral om·s basl·d on thc as.;umption of this 
law, it has hccn fonnd highly improJ.ahlc that thc gronps of ohscrva
tions could havc ariscn from sntcrns of caUSl'S consistcnt with thc 
normal law. Furthcrmorc, cven ·upon an a priori hasis thc normal law 
is a vcry limitcd casc of a morc gcncralizcd onc. 

Thcreforc, in ordcr to find thc prol•ahility oi thc occurrcncc of a 
dc,·iatil•n of a givcn magnitudc, it is ncccssary in nwst instanccs to lind 
thc thcorctical distribution which is morc proJ.ahlc than that givcn hy 
thc normal law. The prcscnt papcr dcals with thc application of clc
mentary statistical mcthods ior linding this b,·st ircqucncy distrihution 
oi thc dcviatinns. ln othcr words, thc prcscnt papcr points out some 
of thc limitatiuns of thc thcory of crrors, loascd upon thc normal law, 
in thc analysis of phy;.ical and cnginccring .-lata; it suggcsts mcthods 
for ovcrcl•ming thcsc dit icultics l>y l•asing thc analysis upon a morc 
g-cncralizcd law of crrur; it rc\ icws thc mcthods for tinding thc hcst 
thcorctical distribution and cluscs with a disntssion nf thc magnitudc 
ni thc advantagcs to Iot· gaincd hy cithcr thc physirist or tht• cnginccr 
irom an application oi thc methnds rc,·icwc·d hcn·in. 

I ;:\TIWIJL'CTIO:\ 

\
\ JE onlin,tril\' think of tlll' phy,;ical and cnginC'ering seil:'tH'l'S as 
1

\ l1l'ing l'X,IC;. In .t m.tjority of phy-.ical ml'asttrl'mcnh this i,; 
practi•·ally true. lt i,; po-.-.iJ,Ie to control thc cau:<es of \'ari~ttion so 
th,tt the n·sttlt,mt dn-i.ttions of tiH' ol>sl'rYation:< from their arithnll'tic 
mc.tn are ,;mall in comp.tri"on tlwrl'with. ln the thl'ory of llll'asttre
mcnt,; Wl' often rder to thc "fruc t•t!luc" of a physical qttantity: oh
st·rn·d dl'\ i,llions arc con-.i<krcd to hl' prodttcl'd hy crrors exi,;ting in 
the nwthod of making thC' nwa-.ttrcments . 

. IJ 
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\\'ith thc introu uction of the molccubr theory and thc thcory 
of quanta, it has becn nccessary to modify somc of our oldcr con
ccpt ions. Thus, morc and morc we arc led to considcr thc problcm 
of measuring- any physical quantity as that of e:-tablishing its most 
probable value. \\'c are lcd to com·t·in· of thc physico-ehcmical 
laws as a statistical dt' terminism to \\·hieh "thc law of grcat num
hers" 1 impart s thc appearanec of infinite prcci:-ion. In order to 
obtai n a more comprchcnsivc unrlerstanding of the laws of nature 
it is hccoming morc ncccssary tn considcr not only tlw an·ragc \·aluc 
but a lso the \·ariations of thc scparatt• ohscn·atiüns therdrom. As 
a rcsult, thc applicatinn of thc tlwury of prohahilities is rcrei\·ing 
rcncwcd impetus in thc fields of physics and physical chemistry . 

• S!alistical l\'ature of Cer/ai11 Physical Problems. :\s typical of thc 
ncwer type of physical prohlem, \\·e may rder to eertain data g-iven hy 
l'rof. Ruthcrford and 11. Geiger.2 In this experinwnt tlw numher of 
alpha particles striking, within a gin·n intcn·al. a screen subtcnding a 
lixccl solid angle was countcd. T\\·o tlwusand six hundred and cight 
oiJscrvations of this lllllllher were made. Thc first column of Tablt• I 
records thc numbcr of al pha particlt·s stri king this scn·t·n within a 
gi ven intcn·al. Thc sccond column gin·s the freqtlt'IH"Y of occurn·nn· 
corresponding- to thc different JllJillllers in thc first column. 

:\o. of .·\lpha 
l'artick~ 

(I 

i 
1\ 
<) 

tu 
II 
12 
13 
I~ 

T:\BLE I 
Ohsen·cd Frcquetwy 

of Ocrurr!'net• 
$7 

203 
.1:-U 
525 
532 
-tOS 
27.~ 
13') 

-tS 
2i 
10 
-t 

lt i:- ohviously impo:-sihle from tlw nature of the cxperiment to at
trihute tlw \·ariations in the obst•JTl'd IIIJilllwrs to crrors of ohserYa
tion. lnstl'ad , tlw Y<Jriations arl' inhcrc-nt in the s tatistical n<Jtnre 
.,f t hc phl·nonwnnn und('r ol lSl'rva t ion. 

' Each class uf cvcnl C\'Cillllally occurs in an ;tpparcntly definite proportioll 
nf cascs. Thc consta ncy of 1his proporlion incrcas•·s as 1hc llllmhcr of cascs 
inrrcascs. 

'l'hilosothi,.,l/ Moya:ill•', Octol"::r, 1910. 
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The qucstinns whid1 must he answcred from a consideration of tlw-.•· 
d.1t.1 arc typic.d. For cx,11nplc, wc .trc interestcd to knnw hm\ a 
sccond scries of ohscr\'ations may hc l'Xpectl'd to diiTer if thc sanw 
cxperimcnt werc repcated. The largest ohsf'rved frl'quency corn·
spnnds to fpur alpha p.trtides, althnngh what assurancc is then· that 
this is the mnst prohahle numher? \\'hat is the prohahility that any 
gi\'en numhcr of alpha partirles will strike the sneen in the same 
interval of timt·? l )r again, what is the maximum numhcr of alpha 
p<lrtides that m.1y lll' expected to strikc the screen? All of these 
question,.; n,Jtur.dl~· can l•t• answered pro,·iding wc can determinc 
the mo:-t proh;tble fn·queiH')' distrihution. 

Slalislit"al .\'atun· of C'ertai1z Tclt•plzonc Problems. Thc charactl'r
i:-tics of some teleplwnc t•quipment cannot he controlled within 
n.trrow Iimits much better than tlw distrihution of alpha particlcs 
could hc controllcd in the ahm·c experiment. \\'c shall confine nur 
attention primarily to a singk piece of equipmcnt. The carhon znicro
phone. For many reasons it is nccessary to attain a picturc of thc 
way in which a microphone operates. I t is neccs,.;ary to find out 
why carhon is t he hest known microphonic material. In ordcr to 
do this wc must measurc certain phy~ical and chcmical charactcristics 
of the c.1rbon and compare thcse with its microphonic propcrtics 
when uscd undcr commercial conditions. ln thc sccond plaec it 
bccomes nccessary to establish mcthorls for in:-pccting manufactmcd 
product in orcler to takc account of any inhercnt ,·ariahility, and 
yct not to overlook any cviclcncc of a "trencl" in t hc proccss of znanu
farturc toward thc production of a poor quality of apparatus. ln 
thc third placc it so happcns that the commcrcial measure of the 
dcgrec of control cxhihitcd in the manufacture of thc apparatus 
must bc interpreted ultimatcly in terms of sensation mcasures gi,·cn 
hy thc human car. That is, thc first phase uf t he prol>lem is purcly 
physical; thc sccond is onc of manufacturing control anti inspcction 
and thc thinl in\"olvcs thc study of a \"ariable quantity hy mcans 
of a mcthod nf measurement which in itsclf introduc('s !arge ,·ariations 
in thc obsl'n·ations. 

In one of thc mo:-t widdy uscd types of microphones therc are 
.1pproximatcly ;iO,OOU grantdes of carhon pcr instrument. Each of 
thcsc granulcs is irregular in contour, porous and of approximatcly 
the size nf thc hcad of a pin. lf such a group of granulcs is placed 
in a cylindrical la,·itc chaml•cr ahout ~-inch in diamctcr and closed 
.1t eithcr end with gold-platcd clcctrodes; if this ehamber i,.; tlwn 
pi.Lced on a ,.,u,.,pcnsion irec from all ltuildin~ Yihrations and carcfully 
in,.,ulatcd from ~ouml di:-turhanees; if automatieally cuntrollecl 
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rncchanical mcans an: pro\·idL'Il for rolling this chamhcr at a ny dcsircd 
specd; if all of the air and sorbed gases arc remo\'cd frnm thc carhon 
chaml,er and pure nitrogl'n is suhstitutcd; if thc mean tempcratun· is 
kcpt constant wit hin 2° C; and if mcans an: prm·idcd for mcasuring t hc 
rcsistance of the gramlies when ~t rcst hy ol>scrYing t he \·ol tage 
across the two clcctrodcs whilc currcnt is allowcd to tiow for a period 
lcss than 1 200 of a sccond, i t is found t hat the rcsistance ~for nwst 
samplcs of carhon) may l>c ddermincd within a fraction of 011e pl'r 

Fig. 

ccnt. lf, howL"n·r, tlll' lllltton j,_ rotated (t'\l'n as ,_}o\\ I~ · as po"siblc) 
and tlwn h~ought to resl, the resistancc may diiTt•r sl'n~ral ohms from 
its first \'alue. lf a largc lllllllher uf ohsen·ations arc madc aflcr 
this fashion, \\'C may expcct to find for certain samplcs of carlmn a 
set of \'alues such as gin•n in Fig. 1. TIH• 210 ohsen·ations of re
si,.tan('e reprnduced 'n this figure \n•n• madc on a sample of carhon 
at 11 :! \'olts undl'r cnnditions quite similar to thosc outlinl'd ahm·c. 
The oi,sen·cd \'ariation is from approximately 2Li to 2i'll ohms. 
The upper cun·e is that of tlll' resistance \·s. thc scrial lllllllhl'r of 
thc rcadings. Therc is 110 apparl'nt trend in the change of rl'sistance 
from onc rl'atling to anothl'r. Thc lowcr curn· in this ligurc shows 
thc frvqtiL'ncy histogram of the rcsults. ;\ttcntion is dircctt·d to tht· 
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widc vari.ttion in tht• oh~t·n·ation~. and to tlw f.trt that thc· frcqll<'ll<'" 
histogram <IJIIX"ars to bt• himod.d. 3 :\h·thods of dt'alin;.: with ..,twh 
di-.trihution~ will he con-.idercd. 

S.unples of carhon h,l\·ing dillcrent nwkcnlar smbcc· ,..tnwtun·.., 
han~ dith·n·nt rc,.;i:;t<HlCt'"· To pul it in a ..,till mon· pr.tctical w;1y, 
if tlw m.ultlf,wturing pron•s,; is not controlll'd within \'C'f)' narrow 
Iimit:;, widc Variations arc produn·d in thc moll'rul.tr propcrtic·.., ol 
thc carbon. Thc microphonic properties of thcsc carhons an' thc·re
forc ditTercnt. Onc of thc prohkms with which we ha\·c ht·cn con
ccrncd is to dctcrminc thc rclation~hip l';..;isting lwtWl'l'll tlw phy..,ical 
and chemic·;d characteri~tics of tht' carhon and thc rc~i,;tann· of thc 
matcri.tl whcn mca..,urcd under dillcrC'nl conditions. \\' t> are ob,·i
ously dcaling in thi,; ca~c with prohkm~ invoh·ing thc lliC'astm•mt·ut 
of phy:;ical quantities whirh cannot bc controlled t'\'Cil in thc lahora-

Cv"'"r I - ,.., • • .",,...,,., •-~ ,.,,".,., 
c".,.,, z- .... " •• ",. 

,q ••. , ., ~ ·~1.61 , . ... ~ -·-··· •••••• 

/' 
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Fig. 2 

1 If cuncs ''hich tuuch 1hc axis al + :» and · :» ha,·c morc than onc valuc 
oi the variahle iur ''hich thc dcri,ati\-c of thc irequency in rcspect to thc 
variable is eqnal to zero--thc point~ hein~ other than that for which the frc
qncncr is zcrn-thc~c cnryes arc rcfcrrcd to as him(}(lal, trimodal, elc. Thc 
mo<lal \'alue is the most prohahlc (olle and is oi partiettlar intcrcst in uni
modal curns. 
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tory. lf wc remm·c thc air and mcasurc tlH' rcsistancc at ditTerent 
,·oltage~. wc may expect to find changcs in thc rcsistance similar 
to those indicatcd in Fig. 2. Cun·es 1 and 2 wcrc taken for increasing 
,·oltages. Thc rcturn cun·es were takcn with dccreasing ,·oltagc. 
Remm·al of the air from this partictllar sample of carbon produccs 
comparativcly !arge changes in tlw re~istance. Tlw resistance at J1 2 

, ·olts is sc\·eral timcs that at -!S volts. These cun·cs were taken 
under conditions wherein all of the other factors wcrc controlled. .-\ 
sufficient numbcr nf ohsen·ations was madc in cach case in order to 
cstablish thc probable crrors of tlw poinh as indicated hy tlw radii of 

Fig. 3-I'os>iblc Types of Dreathing of Granular Ca rhon :'llicrophonc. 

thc circles. lf this sanw experimcnt wcrc carricd on at a ditTerent 
temperaturc, radically different results would bc obtained. 

l f, instcad of allowing tlw eurrent to llow fnr a shorl inten·al of 
time, a continuous rcconl is made of th<> rcsistancc of the carbon 
while practically const a nt currcnt tlm,·s through tlw carhon, thc 
n·~istann· will Iw found to , ·ary. The maximum rcsistance readwd 
in n·rtain instances may anwunt to ~l·veral times tlw minimum ,·ahw. 
In general, this plwnomenon is attrilnttcd to the ctlects of gas sorhcd 
on the surface of thc material. Transmitters cannot hc madc of 
lavite so that the expansions and contractions of thc piccc parts 
thereof augnwnt the changcs in rcsistance. This phenomcnon, 
termcd " hreathing,' ' may hc. hut ~ddom is, regtdar or pcriodic. .An 
exceptional ca"e of hreathin g is "hown in Fig. :t This \\·as ohtained 
with a spccial ty)w of car!Hlll in a commerci;d structun·. The cun·cs 
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th~·msdn':' reprcscnt thc currcnt through tht· transmitter and, thcre
fore. arc invcrsdy proportional to tlw rcsistancc. :\II tl,·c curves 
wcrc ohtained with thc s..1.mc carhon in the samc chambPr hy varying
mcrcly thc confi~uratinn of thc granules hy slightly tappin~ thc carhon 
chambcr . 

.-\11 of thcsc c!Tccts can bc modifiNI tu a !arge cxtcnt l>y varying
thc proccss of manufacturc of thc g-ranular matt-rial. ln practicc it 
is ncn~sary to know why slight ch,mgcs in tlw manufacturing proccss 
causc l.ugc variations in thc rc"istanee characteristics of thc carhon. 
Thc samc process that imprm·cs onc mirrophonic propcrty may pro,·c 
a dctrimcnt to another. lt is in thc sollttimt of somc uf thesc pruhlcms 
that statistical n1cthods ha,·c hccn found tn l>c of g-reat ,·aluc in the 
intcrprctatinn nf thc rcsults. 

\Yhcn'as thc physici,.;t ordinarily wurks in thc lal>t>ratory undcr 
cuntrollcd comlitiuns, the cnginet·r must work untlcr conltuercial 
conditions where it is oftcn impractical tu scrurc thc samc ucgrce of 
control. ;\Iore than 1,500,000 transmittcrs arc manufacturecl c,·cry 
ycar by the Bell System. Causcs of variation othcr than thosc intro
duccd by thc carbon hclp to control thc transmittl'r. Fnr cxamplc, 
variations may bc introduccd by thc process of asscmhly, or hy 
ditTerencc,:; in thc piccl' parts of thc assemhlcd instrument. Thc 
mcasurc of thc faithfulness and ctliciency of rcproduction dcpcnd,:; 
fundamcntally upon thc human car. Qb,·iously all transmittcrs 
cannot b(' testcd. lnstcad, wc must choose a numher of in::;trumcnt,:; 
and from ob,;cn·ations madc on thcsc dctcrminc whethcr or not thcrc 
is any trcnd in thc manufacturcd procluct. :\aturally wc may cxpcct 
to find ccrtain Yariations in thc rcsults according to thc rulcs of chancc. 
To takc thc simplcst illustration, wc may flip a coin 6 timcs. Evcn 
if it is symmctrical we may cxpcct occasionally to find all hcads and 
occasionally all tails. although thc most probable cornbination is 
that of 3 hcads and 3 tails. \\'c must, thcreforc, dctcrminc fir,:;t of all 
whcthcr or not thc ob~cn·cd variations arc consistent with thosc duc 
to sampling according to the laws of chancc. lf therc is an apparcnt 
trend in pnKiuct, thC' data should hc analyzcd in onkr to dctc-rminc. 
if possible. wh(•thcr it is duc to Iack of control in thc manufacturc 
of carhon or to somc othcr sct of causcs such as mcntioncd abo,·c. 
Bccausc of cconomic rc~bons wc must kcep thc numbcr of obscn·ations 
at a rninimum consi:-:.tent with a satisfactory control of the product. 
Hcrc again it has been found that thc application of statistical mcthnds 
is ncccs....;ary to thc solution of thc problems involwd. 

Bcforc con,..idcring thc prohlcm of thc mcasurcmcnt of c-fficil'ney 
and quality of thc transmittcr, Iet us considcr thc sehcmatic diagram 
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of the telephone system as shown in Fig. -!. Essentially this consists 
of the transmittcr, the line and the recci\'er. The oldcst method 
of measuremcnt is to comparc one transmitter against a standard 
in the following way . An ohsen·er calls first in the standard and 
then in thc test transmitter, while anothcr ohser\'er at the receiving 
end judges the faithfulness of rcproduction. The pressure wave 
!-triking the transmitter diaphragm varies with the ohserver and also 
with the degree of mechanical coupling bet ween the sound source 

Fig. 4 

and the cliaphragm of the instrument. Tlw judgmcnt of thc oh,.;l·n·er 
at the recei\'ing end in influcnccd by physiological and p,.;ychological 
causes. Ohviously it is desirahle that such a method hc supplantcd 
hy a machinc test which will eliminate thc variahilitics in the sound 
source and in the human ear. Pp to the pn·sent time the nature of 
spcech and thc characteristics of the human ear are not known suffi
cicntly weil to estahlish either an idml sound somcc or an electrical 
mctcr to rcplaee thc human \·oicc and car respcctively. Thc hcst that 
can bc donc is to approximate this condition. En:n though the 
metcr rcadings may !Je the same, the simultaneous observations 
made with thc car in gencral will hc different. r\ calihration of the 
machinc must, thcreforc, dcpend 11pon a study of thc dcgrce of correla
tion hetwl'l"n thc average measurc given hy the machine and that 
gi\'cn hy the older mcthod of test. 

Thus, we sec hm\· spccial prol>lems a risc in the fields of lmth physics 
and cngincering whcrcin it is impossible to control the variations. 
In what way , if any, arc thesc prohlcms related, or is it neccssary to 
attack cach onc in a different manner? \Yc shall sec that all of 
thcsc prohlcms are in a way fundamentally tlw same ancl that the 
samc mcthod of sol ution ca n hc applied to a ll of thcm. This is truc 
because it is nccessary to clctermine in en·ry instancc the law of 
distrilllltion of thc variable ahout somc nwan ,·aluc. 
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In .111 of tlw .1hon· prohll'm,.. ;~,.. in l'\Tr~· phy,..ic.d and l'nginl'crin).! 
olll', ccrtain typic,d tjltl'"lion,; ari,.;t• which can hl' alb\\'t•n·d nnly if wt· 
know the l.1w of di,..lril•ulion y =f(x) of 1lw oiN·r\'ation,.; where y 
l'l'JII'l'"'.'llts 1he freqltl'lll'\" of tltTurn·nn• of 1lw dt·,·iations .\· frcm1 ,;omt· 
llll\lll ,·,due. .\ t le;ht lhn•t• of lhe,..t• que,.;lion,.; are 1hc ,..;um· for hoth 
lil'Jd-; of in\'e,..ligation.' 

l.t·t tl" colbidl'r lhl· phy,..ical prohll'lll. From a group of 11 ohsen·a
lion,.; of the m.1gni1ude of a phy-.il-.d qu.111tity. Wl' ohtain in gt'IH'ral 11 

di,..tint·t ,-alm•,.; which can hl· rl'pre-.cnted hy .\"" .\' 2 , ••• .\".,. F rom 
a ,;tudy of the-.e we mtbl an-.wer the following qut•,..lion,..: 

l. \\"h.tt i,; the llltbl prol>.1hk· ,·alue? 
:.?. \ \ 'hat i,.. the frequency of nccurren•c of ,·alul',.. within any two 

limi t:-? 
3. I,; tlw ,.;l'l of olhl'l'\'ation,; con,..i,..tent with tlw a,;,;umption of a 

random ,..y,;tem of l'au,;e,;? 

The albwer,; to tlll'se question,; arc ncre,..sary for the interprctation 
of P rof. Rutherford's data refl·rred to almn~: T lwy arc required in 
onkr to intcrprl'l tlll' data pre,;cnted in Fig. 1 which are typil'al o f 
phy,..ical and clll'miral prohll'nh ari,..ing in carhon ,;tudy; tht·,..e ,..,tmt• 
an-.wcr,; are fundamcntally requirl'd in thc analy,..j,.. of all phy,.;ical data. 
Thl·,;e que,..tiolb ean he an,..wered from a ,;tudy of thc frC"qucncy di,.;
tribution. l f thi,.; bC" truc, it i,.. nhYion,.; that tlw ,..tati,..tical mcthod ,.; 
oi finding thC" be,;t di,..tril>ution an· of intere,;t to thc physicist. 

Let u,.. ne:xt con,..idcr thc C"nginel'ring prohlC"m whcrc wc shall ,..cc 
that the ,;anw question,.. rl'cur. .\ ,;,..uming that manufacturing 
mcthmb are C",..tahli,;Jwd tn produn· a definite numht·r of in,;tnlnH·nt,.; 
within a fixcd period. om· or morc of the characteri,..tics of thC"~C' 

in..;tnlnH·nt,.; mu,;t hc nmtrolled. \ \ '(' may rcprl',;ent any onc of 
the-.c ch;•ractl'ri,.;tic,.; hy thc ,..ymhol .\". T he total number of ilhtru
llll'llh that will lw manufactured i,.; u,.;ually ,·cry indefinitt·. l t i,.., 
howl'n·r, alway,; finitl'. En·n \\'ilh cxtrl'me can· seHne ,·ariation,.; 
in the mcthllC(,.; of manufacture may hc e:xpccted which will producc 

'ln onlcr to cahl.ratc thc rnachim· rd .. rrcd 111 in a prcceding paragraph 
and also lo dctcrrninc llll' rclation<hit·~ hl'I\H't·n th<· physict~-chcmiGd aml rnicro
l•hnnic propl'rllcs oi carlocon, it \\as ncn·"arv tn slwlv lhc corrclation hciWl'l'll 
1\\n or mon· \arialolcs, l•tll in cach ca'<' i1 \\·as ncn·s,arv tn ddl'rmint· tirq thl' 
Ia\\ c i di,lril.utinn ior earh 'arialok in orclt:r lco illl<'rt;r<"l thc J•hysical signiti
cancc oi thl' mt·a~un·o; oi t·nrrcbtinn l•t·cau-<" 1his ckpl'ncls upon lhl' law,; 1 i 
cli>lnlom~t~n. Thc n·a~on ior tlns is ncol di,nl,st·•l in 1hc prl'"'nl paper, for 
allt'llllon i> hcre continecl lo tlll' nwthocl coi l'Sial.lishing 1lw l•est llu·oretical 
ircqucncy dislrihution clniH<I irom a 'lncl) oi 1he oloS<·nalions. 
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variations from instrument to instrument in the quantity .\. After 
the manufacturing methods have Leen e:-.tablished, the first problem 
is to ohtain ans\\·ers to the follmdng qucstions: 

1. \\'hat is the most probable \·aluc of X? 
2. \\'hat is the percentagc of instrumcnh having- valucs of .Y 

bctwecn any two Iimits? 
3. Are thc causcs controlling the produet random, or arc thcv 

eorrclated? • 

In this practical casc we must decidc to dwose a ccrtain numbcr 
of instruments in ordcr to obtain the ans\\·crs to thesc quc~tions; 
that is, to obtain thc most probable frequcncy distribution. \\'c 
must, howcver, go onc stcp further. \\'e must dwose a c.crtain 
numbcr of instrumcnts at statc>d pcriods in order to dctc>rminc \\·hctlwr 
or not thc product is changing. How hig a samplc shall wc chnosc 
in the first placc, and how !arge ~hall tlw pc>riodic samplt-s he? 01)\·i
ously it is of great cconomic importancc to kccp the samplc numhcr 
in any casc at a minimum requircd to c>stablish ,,·ithin the rcquircd 
dcgrec of prceision the answcrs to the qucstions raised. 

Thc closc similarity betwc>c>n thc physical and cnginccring prohlcms 
must bc obvious. .\faturally, then, we nced not confinc our:<eln·s 
in the present discussion to a considcration of only the problcms 
arising in connection with the study of those microphonic propcrtics 
of carbon whieh gavc rise to thc present invcstigation. Scn·ral 
examplcs are thcrcfore chosen from ficlds other than earbon stucly. 
Howcver only those points \\·hich ha,·c Leen found of practical ad
\'antagc in connection with the analysis of morc than liOO,OOO ohst·n·a
tions \\·ill be considercd. 

Tlw type of inspcction problcm may ))t' illustratcd by thc data 
given in Tahle I I. 

Thc symhol X rdc·rs to the cflicicney of transmittt·rs as dctC'rmined 
in thc proccss of inspt·ction: X reprcscnts thc numhcr of instrumcnts 
mcasurcd in onler to obtain thc an•rage va luc .\. Thc lirst four 
rows of data rcprcscnt tlw rcsults ohtaincd hy four inspection groups 
G1, c~ . Ga a nd G1• Thc rcsult s given arc for the ~ame peri()(l of time. 
The ncxt threc rows are thosc for diiTcrcnt machincs .lft • .\!2 and .lla. 
The last row givcs thc rcsul ts of single tcsts on tiS,."J0:2 transmit tcrs, a 
part of which was mcasured on each of thc threc machincs. Thc third 
column in thc tablc gi,·cs tlw sta ndard cleviations. I t will bc ul>sern·d 

• Thc signifiranrc of th is qut·'tion will ht•t'omc mon: cd dcnt in the conrsc o f 
thc paper. \\ 'e shall lind thal, ii thc cau"·s an· such as to hc lechni cal ly termetl 
random, \\'t' can a nswt·r a ll prart ical q ncstions wi th a far grcatcr ck grcc of 
prccis ion than wc can if th c camcs arc not randum. 
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that comparati\'cly I.1r~c diiTl·n·ncl'S cxist hctwel'n tlw a\'cragcs 
ohtaincd for diiTcrcnt ~roups of transmitters by di1Tl'rl'n1 groups of 
obscr\'crs. Similarly, comparatiwly largc ,-ariations exist in thcsc 
a\'cragcs c\·cn when takcn by thc machincs (thc largc diiTercncc 
bctwcen the scnsatiun and machinc mcasurcs is duc to a diiTC'rencc 
in thc standard uscd. corrcctions for which arc not madc in this table) . 

.-\rc thcsc di!Tcrcnccs significant? Is product changing? That is, 
arc thc manufacturing mcthods bcing adcquatcly controllcd? Are 
thc:-c rcsults consistcnt with a random variation in thc causcs Con
trolling manufacturc? These arl' thc qucstions that w<·n· raiscd in 
conncction with thc intcrpretation of thcse data. Thc ord inary 
thcory of crrors gi\'es us the following answcr. I t will hc rccallcd 
that the standard dc\'iation (or thc root mcan squarc dc\'iation) of the 

(1 

an'ragc u;,: is cqual to '-. .\~ · Also, from the tablc of thc normal 

prubability integral wc find that thc fractional parts of the arca 
within ccrtain rang(..,; arc as follows: For thc rangcs X ±u, X ±2o-, 
and X ±3u, wc ha\'c thc pcrccntagcs GS.2GS, U.).450, and !10.730 
rcspcrtin-ly. Oh,·iously, it is highly improbablc that thc diiTerencc 
bctwccn a,·cragcs should bc grcater than thrcc timcs the standard 
dc\'iation of thc avcragc, pro\'iding we assume that all of thc samplcs 
wcrc drawn from thc samc univcrsc: In othcr wonls. that all of thc 
,;amplcs wen· manufacturccl undcr thc same random conditions. 
Thc fourth C'ulumn, thcn, indicatcs practiC'al Iimits to thc \'ariations 
in thc a\'cragc,;. I t is ob\'ious, thcrdorc, that thc di!Tcrcnccs betwccn 
thL• a\'cragcs are largl·r than could ha\'c bccn expcctcd, i( thc samc 
,;y,..tcm of cau~s cuntrolled thc diiTcrcnt group,; of obscr\'ations. In 
o1hcr words thc diiTcrcnces arc significant and must bc cxplaincd. 
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\\ 'hy do thC"sc va riations c:-.;ist? \\'c shall ,.,how in the coursc of 
tlw discussion that the normal law is not sufficicnt to answer thcse 
questions. \\'c shall show also that the \'ariations noted are larg-cly 
tlw re~ult of thl' nwthod of sampling used at that time. Thc sig
nificancc of the othcr factors gin!n in this tablc is discusscd latcr. 

\\'uy b TIIE .API'LIL.ATIO:-> oF TIIE ;\oR~IAL LAw Ln11nm? 

\\'hy can we not asstnne that the de,·iations follow thc normal law 
of crror? This is 

( l) 

,~ vr2 

where a is thc root mcan square crror \ -:~; - and y is thc frcqucncy 

of occurrence of thc dcviation x from thc arithmetic mcan and 11 is 
thc numbcr of obsen·ations? lf thcy do, the answcrs to a\1 of the 
questions raised in thc prcn' ding paragraphs can bc easily answcrcd 
in a way which is familiar to all acquaintcd with the ordinary theory 
of crrors and t hc mct hod of least squarcs. This is an old and much 
dl'hatcd qucstion in thc rcalm of statistics. Let us rcvicw brielly 
some of thc a postcriori and a priori reasons why thc normal bw has 
gaincd such favor and yct why it is one of thc most limitcd, instead 
of t he most general, of t hc possil>le laws. 

A Posteriori Rcaso11s. The original rncthod of explaining thc 
normal law rests upon thc assumption that thc arithmetic nwan 
\'aluc of the ohservations is always thc most prohahlc. Sincc cxpc
ricncc shows that thc ohsen·cd arithnwtic mean selclom satisfics tlw 
condition of hcing thc mosl probable we may jtbtly qut•stion the 
law based upon an apparcntly unjustitit·d assumption. 

Causs lirst cnunciatcd t his bw which is oftcn called hy his name. 
Thc fact that so grl'at a mathcmatician proposed it kd many to 
accept it. lle a~stlllH'S that tlw frcquency of occurr\'llC'C of a givcn 
nror is a function of tlw 1·rror. The prnhahility that a gin·n sct of 
11 ohscn·ations will occur is thc product of tlll' prohahilitie~ of the 11 

indl'pendent l'\'l'llts. lle tlwn ass\1111!'" that thc arithnwtie nwan i~ 
tlw most prohahh· and finds the equation of tlw normal law. Thus 
he assumes the answer to tlw first question; that is, Iw assumcs that 
thc most probable \·a lne is always th!' arithnwtic nll'an. In most 
physic.tl and engilll'l'rin g nwa,.,uremcnts the dl'\ 'iations from thc 
a rithnll.'til' llll'<lll are sma\1, and thc numher of ol•scn·a tions is not 
sufliciently !arge to dl'tl'rmine whetlwr or not thl'Y arc consistl'lll 
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with tlw a,..,.,umption of tlw normal Ia\\. l'ndcr tlw,.,e conditions this 
law i,., Jll'rh.qb ,,,., gond .111 appro,im.ttion "" any. 

Thc fund.tnH·nt,tl ,,,....,nnlptioJh undl'rlying tlw original ,.,pl.utation 
werc l.ttt•r l>rought into qut·,.,tion. \\'hat .1 priori n·ason is there for 
,,,.,,.,uming that tlw .trithnu·tic mean i,., tlw mo,.,t prol,ahle \'ahu·? \\'hy 
not rhoo,.,t• ""llll' other llll'.tn! 6 Thth if W<' """111111' that thc median 7 

\'alue is tlw mo,.,t prohahlt•, \\"l' oht.tin '"' a :-.pt•t·ial ca,.,t• the law of 
t•rror rcprt•st·ntt•d hy thl' following equation: 

(2) 

wlwrc y rcprt•st·nts thc frt·qut·ncr of oecurrenre of thc de,·iation x frorn 
thc rnedi.111 \'alue and e is thc :\apl'rian hasc of logarithms. Both 
.-1 and Jz arc l'<JIIstants. lf, howc\'cr, wc assurnc that thc gcornctric 
rncan is thc most prohahle, wc han· as a special casc the law of crror 
rcprc:-.cnted hr the following cquation: 

Y = A 1,-h2 (log X -log 11)7 

wlwre in thi,.. c;tst• y i,; the frequcncy oi occurrcnce of an ol,scr\'ation 
of rnag:nitudt• .\, "a" is the true \·alue, and .I and II arc constants.s 

Enough has ht·en ::.aid to indicatc tlw signilieancc of the assumption 
th;Jt thc arithmctir nwan is thc most prohaJ,le value, hut, why choosc 
this instead of s<Hnt· other nwan? :\o satisfactory answ~:r is a\'ailablc. 
So Llr a,.. the author has ht•t·n ahle to di,;cmTr, nodistrihution reprcsent
ing phy,..ir.t! data h;Js t·n·n lll'en found which approaclws the median 
law. Sen·ral t•,amplt•,., han· been founcl in thc study of carhon 
whieh conform to the law of crror dcri\·cd upon thc assumption that 
the gcoml'!ric nwan is the most probable. 1f thc arithmctic mcan 
Wl'rc ohsen·cd to hc thc most prohahlc in a majority of cascs, wc 
might considcr this an a po::.tcriori reason for acccpting thc normal 
Llw. \Yc find tlw contrary tobe thc casc. 

Furthcrrnor<.:, w<.: find in gcneral that the distrihution of crrors is 
non-symnwtrical abuut the mcan \'alue. ln fact, most of thc distri
hutions which arc gi\·cn in tcxthooks dcaling with thc thcory of 
l'rrors and thc rnethod of least squar~:s to illustratc th<.: uni\·crsality 

'.-\n avcra~-:•· or nu·an \aluc may bc ddincd a~ a quanlity dcri\'cd irom a 
!o!iH·n sct of ob~crvatious by a prncl'~~ suc:h that i i thc: ohscn·ations becamc all 
cqual, Jhc avcraL:c will coincitlc wilh tht· ohst·n ations, and if thc obscr\'alions 
arc not all cqual, Jhc an·ragc is grcalcr than rht• Jea,t arul le~s than thc grcatcsl. 

'I i a scrics of n ohscn ations arc arraugctl in asC<·ndiug nnlcr oi magnitlHIC, 
thc median valuc is rhar corrcspomling- lo thc uhs<'r\'aJion occurring- midway 
hetwcc:n thc two t•nds oi Jhc sc:rics. 

'.\ vcry intcrcsriug discussion oi thc various Ia\\ ~ that may bc ohtained !.y 
assuming dillereut mcan valucs is ginn in J. ).1. 1-:c:yncs' ".\ Tn·aJi<c on thc 
Theory oi l'rubal•ility." 
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uf the law arc, them:,.eh·cs, inconsistcnt with the assumption of such 
a law. Prof. Pcarson was onc of the first to pointout this fact. He 
considcrs among othcrs an examplc originally givcn hy l\lerriman 9 

in which thc obsen·c<l distribution is that nf 1,000 :-;hots fin:•d at a 
targ<'t. Thc thcoretical normal is thc solid linc in Fig. 5 and thc 

Fig. 5 

observed frcqucncics arc thc small cirdcs. \\"hcn rcprescntcd in this 
way thcrc appcars to bc a wide di\·crgcncc bctwccn thcory and ex
pcrience. Of coursc, somc divergcnce may always hc cx(WC.tcd as 
a result of Yariations duc to sampling; an<l , too, wc mu::;t always 
question a judgment hased entirely upon visttal ohscrvation 10 of a 
graphical rcprescntation of this charactcr. Prof. Pcarson uscs his 
method- which will bc discusscd latcr for mcasuring thc goodncss 
of fit bctwccn thc thcorctical and obscn·cd clistrihutions. He 11 

finds that a fit as had or worse than that ohscrn•d could havc bccn 
expcctcd to occur on an awragc of only 15 to 1H timcs in tcn million. 
\\'c must conclude, thcrcforc, that thcsc data arc not consistent 
with thc assumption of a universal normal law. 

A Priori Reasons. From thc physicist's Yicwpoint thc origin of 
thc Gaussian law may bc cxplaincd upon a nwtl' !'atisfactory basis. 

'"l\lethod of Least Squa~cs," Eighth Edition-Page 14. 
•• This point will he crnpha sized latcr :-fint, hy ~howing that thcsc data 

llf'f'car con~istent with a normal law wht·n plotted on prohabi lity paper, and 
sccond, by showing that somc frcqucncy di~trihntion~ appcar normal whcn 
plotted even though they are not. The othcr data in this table will J.c re
icrrcd lo 1:\ter. 

"Rcfercncc to the original article aml a qnutation thtrefrom given in the 
clevcnth edition of thc b•cJd"tc·din Brilauuita on thc anicle "l'robability." 
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lt i~ that \\ hich was originally ~uggl',.,tt·d hy La Placc. lf, hoWl'\'t•r , 
we accl'pt thi~ explanation, we mu~t ancpt tlw bct that tlw normal 
law i:; tlw exccption and not thc rule. Let us cnnsidcr why this i~ 

truc.l 2 

Thi~ nwthod of cxplanation rcst~ upon the as~tunption that tlw 
normal l.t\\ i~ tlw tir~t approximation to thc frcqut·ncics with which 
di!Tcrcnt ,·ahws will lll' assunwd hy a ,·ariahle quantity \\·ho~l' Varia
tions arc cnntrollcd hy a largt• numhcr of independt•nt causcs acting 
in random fashinn. Letus as~umc that: 

a. Thc rcsultant ,·ari<ttion is produccd hy n cau~cs. 
h. Thc probability p that a single cau~e will producc an c!Tcct ~ x 

is thc same for all of the causes. 
c. The e!Tect ~ x is thc same for all of thc causes. 
d. Thc causes opcrate indcpcndcntly one of the other. 

l' nder thesc a~sumptions thc f rcqucncy distrihu t ion of dl'\·ia t ions of 
0, 1, 2 ... 11 positive incremcnts can he rcprc~cntcd by thc succcssi,·c 
tcrms of thc point hinumial .\'(q+ p)" wherc .\' reprl'scnts thc total 
num!Jl'r of Observations. 

l'ndcr thesc conditions if p=q aml II="', the onlinatcs of thc 
binominal cxpansion can bc clo::-dy approximatcd hy a normal c11n·c 
ha,·ing thc same standanl dc,·iation. These restrictions are indccd 
narrow. ln practicc it is prohahlc that p is nc,·cr cqual to q, and it 
is ccrtain that 11 is m·,·cr infinite. Thcrdorc, thc normal distrihution 
should bc the cxccption and not thc rulc. 

Therc is a morc fundamental rcason, ho\\·c,·cr, \\·hy wc should 
scldom cxpect to lind an ol>scn·ed distrilmtion \\·hich is consistcnt 
with thc normal law. ln what has prcccded wc han• assumcd that 
cach cause produced thc samc l'ITcct ~ x, and that the total cffcct in 
any instancc is proportional to thc n11mhcr of succcsscs. 

Let us assumc that thc rcsultant cffcct is, in gcncral, a function of 
thc numbcr 11 of causcs producing positi,·e cffccts, that is, Iet X =c/>(11). 
Thth wc asstune that thc frequcncy distributions nf the numhcr of 
causcs and of thc occurrcncc of a magnitudc .\" arc rcspccti,·cly 

y=j(ll) 
and 

y,=f, (.\") 

for two Yaluf•s of 11, ~ay 11 and n+dn, thl'rc will hc two \·alucs of .\", 
say .\" and .\" +dX. Thc numher of ohser\'ations within this intcr\'al 
of 11 must bc thc samcasthat within thc corrcsponding inter\'al of .\". 

"ßowley "Elements of Statistics," Part I I. 
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lf the distrihution in .\ is normal such that \\"C havc 

thcn 

(4) 

where a is thc arithmctic mcan \'alue , thcreforc , thc distribution 
of t hc causcs nccd not bc normal; conversely if thc causcs are uis
tributcd normally, thc ohscrvations will not in gcncral bc normal. 

This idca is of great importance in the intcrprctation of ooserYcd 
distributions of physical data.13 To illustra te, Iet us asst11ne that thc 
natural causes which affcct the growth of applcs on a given trcc 
produce anormal variation in the diamctcrs of thc a pplcs. O!J,·iously, 
the distribution of either the cross-scctional a reas or thc volumcs 
will not oe nonnal. 14 • lf thc uistribution of the diamctcrs is normal 
as supposed, thc arithmctic means of thcsc diamctcrs is thc most 
probaole value. ( )oviously, howcYcr, ncithcr thc arithmctic mcan 
a rea nor the a rithmetie mea n volumc will !Je tlw most probable, 
bccause in gcneral 

1 ~f(.\ )-:j=J( I ~X ) 
II II ' 

As a lready indica ted, thc deviations dealt with in thc prcscnt invcsti
gation werc not smal l. Thc form of thc ob;ervcd distrihution may 
be cxpected, therefore, to dcpend upon thc functional relationship 
bctwccn thc obscn·cd quantity and thc numbcr of causcs. \\'c shall 

"Kaptcyn, ]. C.- Skcw Fn·qucnry Cun·cs-Groniugcn, 1903. 
" ln thc thcory uf t•rrors this fart is takcu mto arronut hy assnmi ug that 

thc variations arc alwavs smull. Thus, if thc variahlc .\' can hc rcprcscntcd as 
a functiou F of rcrtaiti othn ,·ariahlcs l '., l':, ... l 1rn so that wc ha\·c 

.\ = F([",, l':, ... l'm), 

wc onlinarily assnmc that wc t·an writc this cxpn•ssiou in thc followiug form 

X = F(u, + u,, a,+ u,, ... a", + u", ). 

:\ further assumptiou is ma<lc that tlw u's arc small so that 2nd and highcr 
powcrs atul prodnrts of tlll'sc cau hc ncglcctt•d. l 1ndcr thcsc ronditions thc 
<listrihution of .\' is normal an< I has a 'taudard dcviation gi\ <'11 hy thc following 
exprcssion: 

- I ( ?J I· ) • ( (1 F) 2 ( ?J F ) • 
"s - \ "l'•a L', + u,'i[L', +. . . "t·~ El'm . 

llut, tim,, wc arc led to m-c rlook tlw signitiraiiC(' of tlw form of F, partintlarly 
in thos<: practical cast·s such as ar(' of intl'n·,t iu th(' J•tTS('ll! papcr wlwrc thc 
quantitics u,, u,, . . . u •n arc 11<>1 small. 
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illu,.,tr.tlt' thc "ignitic.tnn· llf tlll"..,l' ide.b ,(..; olll .ticl in tlw intl'rpret.ttion 
of d.tt.L hy rl'fl'rt'IH't' to tlll' rt·..,ult" of onr :-tndy of tht• law of l'rror of 
tht· hn111.111 t'.lr in Jll!',t..,uriH).! tlu· 1'11it·iency nf tr.tn,.;mittl'r:-;. 

l.l't lb t'olbidl'r tlw prohlcm of clt•ll'rlllining tlll' minimum audihh· 
suund intt·JJ>.ity. 1.1'1 u" ,J,.."llllll' th.tt tlwn· an· 11 phy,.;iological and 
p,;)Thulogic.il l'olll"l'" controllin).! thi,; :-t·n:-.ttion llll'<t,;nrc, and that thc 
proh.thilitit·:-; of tlw c,m..,e,.. prculucing II, I, ::! ... 11 l'ITl't'l,.; are di,.;-

r!"tMl'(C ... f!!··~~!:t!:~ 
!"':Ar,!) {CRf!?::"!!, /"•""'f"'1'C'AtPt!.C 

Yo/IYDII't!{,(S'?(Y 

... ~4 C'l .. ...._·~~-#._., •• .,..l"'lr~ ... 
q-. ·~ 

"'l/C.., 
I'J•.S,." 

~- '~f'3 
c; • (I~D< 

er. .. (),, 
<;., - ... 

Fig. 6 

trilnlted norm;illy. Bl'c.w:-e of the:-e difference:-; in human ear:-; 
di!Tl'rent amount,; of ,;ound t•ncrgy are required to produn· minimum 
audihle :--l'n:--ation,.;. \\ 'h;Jt i:-; thc di,.;trihution of elll'rgit·"? 

The d.tta are gin·n in Fig. Ii. Thc:-c ha\'e becn pre,·iou,;ly reported 
hy Fleteher and \\"cgt·l of this lahoratory.l5 Thc mcthod of making 
the,;c mea..,urcmcnb wa,; de,;cribcd in thcir original papl'r,.;. l t i:-
,.;ufficicnt to recall that the re,.;ult,.; an· gin•n in tl'rm:-- of prc:--,.;un·" in 
dynes pcr ,.;qu.Jre centinwtcr. St·\·cn hundred and tcn ob:-;en·ation,; 
cuYering thc fn·qucncy rang1• of from ti() to S,OOO cycle:-; an· incltrded. 
Thc data include n·..,ult,.; for l•oth ear,.; of I t womcn ;utd 20 men, and 
OIH' e.tr only for two wonH·n ancl two nwn. Only e;tr:-; that had lwcn 
nwdically in"pc,·ted a" heing phy:--iologieally norm;LI werc :-;electccl. 
Thesl' result,.., tlwrdore. indwle Yariatiorh in tlw oh,en·ation:- of a 
:--ingle ob"t·rYer with tho"t• of di!Tt·n·nt ol•"ern•r,.;. 

Th(• natur;tl logarithnh of tlw interbitie,.; wen· addt·d and thc 
an:rage of tht•,..e wa.., ohtainecl. Tlw cli"trihution of tlw natnral 

"Fll'trhn, II :uul \\t·l.!d, R L.- l'rncn·<lin~s ni tlw :\ali .. nal \c:ulcmy oi 
~cit·nn· \"ol. \'111, J•('. ,; (), lanlliH\', 1922. 

l'hyoml J<,·;·i,·:,. \ .,J. \.1.\, ·1'1'· ;;;;ü S<''J. 1'122. 
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logarithms of the intcnsities is given in the second column uf thc 
tabk in Fig. ü. The smooth line is the normal cun·e ba~cd upon the 
ousen·ed Yalue of Standard de\·iation. The distribution of the 
logarithms of the intensities is normal. 16 The arithmetic mean of 
the logarithms is thc must probable. Thercfore, the distribution 
of intensities is dccidcdly skew, and the geometric mean intcn~ity is 
the most probable. Here, then, is an excellent examplc in which 
it is highly probable that the distrihutiou of the cau,;cs i,; random 
and normal, but in which the resultant etTect is not a linear function 
of the number of causes. 17 

CAx \\'E EvER ExPECT TO Fn:o A .:'\o~niAL DISTRIBUTIOX 

IN NATURE? 

The an::.wcr is affirmative. If the rcsultant effect of the inde
pendent causes is proportional to their numlwr, the distrihution 
rapidly approache,; normality a,; the numbcr of causes i~ increased 
even though P=Fq. 

To show this, Iet us assume that the Yariation in a physical quan
tity is produced hy 100 causes, and that each causc produces the 
same effect 11x. Also, Iet us assume the probahility p to !Je 0.1 , that 
each cause produces a positive effect. The distrilmtion of 0, I,~ •... 11 

successes in 1000 trials is gin'n by the terms of the expansion 1000 
(. !l +.l) 100• Ohviously such a distrihution is skew, p is certainly 
not equal to q, and 11 is far from b(•ing infinite. lf the normal law 

•• In fact this is an exceptionally cluse approximation to the normal law. 
This will be more evident aflcr wc have considered thc methods for measuring 
the goodness of fit as indicatcd hy thc othcr calculations gi,·en in this figure. 
For the present it is sufficient to know that approximately 75 times out of 100 
\\'C must expect to get a system of ohservations which dilTer as nmch or morc 
from the theoretical distribution calculated from the normal law than the ob
served distribution differs therefrom in this case. Thc fact that thc secoud 
approximation does not fit thc obscn-cd distribntion as weil as thc nomlal
i.c. thc measurc of probability of fit r is less-indicates th.>t the obscrved valuc 
of thc skcwness k is not signifi<'ant. 

"These results arc of particular intcrest to tclcphone enginccrs. Thc fact 
that thc distribution of the logarithms of the intensities is normal i5 consistent 
with thc assumption of Fcehm:r's law which states that the seusation is pro
portional to thc logarithm oi thc stimulus. 111c rangc of variatiun (!hat is, 
X ""' 3 a) in difTcrcnt observcrs' cstimatcs of thc sound intcnsity rcquircd to 
producc the minimum au<liblc scnsation is approximately 20 milcs. Thc rangc 
of error of estimate <kpcnd~ upon tl1e intensity of sound aml decreascs as the 
souud euergy Ievel increascs. Thus for thc averagc IC\·el whieh prevails for 
Iransmission over the prescnt form oi t.:lcphonc systt·m in a thrce mile loop 
common Lattery circuit it is less than 9 milcs. E,·en at Lhis intensity, however, 
it is ohvious that although scan:ely any obscrvers will difT.:r in their estimates 
Ly more than 9 milcs, 50% of thcm will dilTcr by at least 2 miles. These 
results also furnish experimental basis fnr thc statement made in thc Leginning 
of tl1is paper: that is, thc variations intruduced in thc method of mcasurement 
of tran,mitlcr efficieucics are !arge in comparbon with the average efliciency. 
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wcre fittcd to ~uch a distrihution, would it hc po~sihle to ddcct ca,;ily 
any grcat difTen·nn· het\H'L'll tlll'ory and ohsen·ation? 

Let us compare the two distrihutions. Tbc data are gin·n in 
Table 111 . F irst, the an·ragc Yaluc must bc thc most prohahle in 
ordcr tobe eon:<istL·nt with tlll' l1!lflllalla"·· I t is, l>ceau,;e thc l>bscrYed 
mo:-;t probable Yalue corresponds to 10 SlllTL's'·.cs, and the an·ragc of 

Fig. 

the hypothctically oh:<('rwd distrihution is D.!I!IS. This under onli
nary eirnnnstances would he con~idl'red a dosecheck hetWl'l'll theory 
and practicc. 

T hc normal distrilmtion is gin·n in the thinl column of the tahlc. 
En·n though thcre is a diiTerencc hetwcen thc frequcneies gin~n in 
t lw seeond and thinl columns, wou ld the aYeragc ohsern•r bc apt to 
condudc that tlw hypothetieally ohscrYcd distrihution is othcr than 
normal? H e would prohahly hase his answer upon a graphical 
comparison such as gin·n in Fig. 7. The solid line represents the 
normal curn·; whl'reas the fn"quencies giYen in the ~eeond cohJmn 
of Tahle II ! are repreH·nted h~· circks. lt is oln·ious that tlll' normal 
law appears to l>c a Yery dose approximation to the terms of the 
binomial expansion. 

Thus WL' see that for l'YL'Il a ~mall numlwr of cau,;es tlw diiT('rence 
hctweL'Il p and q may l>l' quitL' !arge, and yet tiH• diiTen·nn· l>e\Wl'l'll 
thc distrilmtions gin·n hy tht· l>inomial expan:-;ion and that gin·n hy 
thc normal law i~ apparently ~mall and not ea~ily to I>L' dl'tectcd hy 
ordinary nwthods. .\~ 11 innPasL·s tlw do:-l'lll'S" of fit does likewise. 
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lf p is cqu.d to q. tlw numher of c.tll,.,l",., mu-.t h1• ,·,·r~· sm.dl indt·l'd 
bdon• \\"l' arc ahle to detcct tlw dillen·nn· hetWI't'!l thc term ... of thc 
binomial l''P·'n,.,ion .111d tho,.,e gin·n l•y the norm.ll Ia\\. Tn ,.,how 
th:-~t this is tnw I han· ch<hl'n a """(' corn·,.,poJHiing to .1 phy,.,ical 
condition where tlwre an· only !Ii caust•s and wherc p is cqual to q. 
The data are gin·n in Tahlt• 1\'. 

T.\BI.E 1\' 

~orrnal l.aw 
Su(TC'~ ... ts 5 + .=\ Iu; wilh saml' u 

r f, 

(( li\IOOt5.~ 111100()(11) 
t 0002-1-lt 111)0-l-36.~ 

IIOIS.\1 t .11\122151) 
li\IS5-I-l9 OO~il>-lt 
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() . t!101'25 . t 201)853 
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10 t 2lOS25 t20'll'53 
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l.l 0085-1-11) .00Si6-lt 
t-1 IIOIS.H t 0022t51) 
t5 !IIK12-I-I t .1100-1363 
tö OOOOt5.~ 0000661) 

( lh\·iou..,ly. therdorc, thc Iimitation,; imposcd by the as..;umptions 
<1'-' to thc m1mher of causcs and the cquality of p and q are not as 
impurtant as thcy might at first appcar. lt is probable that this is 
onc of thc reasuns why wc find approximatcly normal distributions. 
lf. howcn·r. p is sufficicntly small, thc ditTercncc bctwcen thc ohscn·cd 
di.;tribntion and that consistcnt with thc normal law can easily be 
dctcctl·l. \\'c s11all show in a latcr s~:.-ti'm tlnt this is truc for Ruthcr
ford':. data. 1' 

b TttERE .\ (':\1\'ERS.\L L\\\' OF ERROR? 

Ohviously frorn what has alrcady IJccn said, the normal law is not a 
universal law of nature. lt is probable that no such law cxists. \\'c 
do, howcver. ha\·c rertain laws which arc more gencral than thc 
normal. \\'e shall considcr hrietly sornc of these typesinan c!Tort to 
indieatc thc ad\"antagc:. that can be gained hy an applit·ation nf them 
to phy,.,iral data. 

"Loc. eil. 
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Biuomial Expansion (p+q)". \ \ 'c ha,·c already ~ecn that thc 
distribution is approximatcly normal whcn p =q and 11 =,.,. Following 
Edgcworth 19 , ß owlcy 20 shows that if p-=foq bttt 11 = x: thc frcqucncy 
y of thc occurrcnce of a dcviation of magnitudc x is givcn hy the 
following cxprcssion whcrc k reprcscnts thc skewness 21 of thc 
distributiun : 

1 ( x
2 

) [ k ( x xa ) J y = ; ;- cxp. - •J 2 I - ·J - 3-a . 
U '\ 211" -U - (T (T 

(ü) 

This will bc rcfcrrcd to as tlw scro11d approximatiou. 
If p is vcry small, but p11 = >- is finit e, wc ha\·c thc so-called law of 

smallnumbcrs 22 which was first dcri,·ed l>y Poisson. The succe>'sivc 

. ( ;\2 >-a . 
tcrms of the sencs e- X I+;\+-+ - + ... ) represcnt the chanecs ol 

') ., 
- ,J 

0, 1, :2 ••• 11 successcs. Thcorctically , if wc arc dealing with a dis
trihution of at trihutes ,23 it is always possiblc to calculatc thc values uf 

1° Camhridgc l'hilosophical Transactions, Yol. XX, 190-i, pp. 36-65 and 113-141. 
"' Loc. cit. 
" In stati stical \\·ork thc practicc is followcd of using thc nwmt·nts of thc 

distribution for dctcrmining thc pa ranwtcrs of th c frequcucy curH'. Thc i th 
momcnt JJ, of a frcq ucncy distributiou about th c arithmctic mcan is by dcfinition 

Iu calculating such momcuts it is uen:ssan· to considcr thc ohser\'a tiuns as 
gruupcd ahout thc mid-point of th c dass iinenal and unlcs' this iutcr\'al is 
1 cry small ccrtain crrors arc intro<luccd " hich can I>C partially eliminatcd J.y 
applyiug Shcppanl's corrcctions as giH·n by him iu lliomctrika, \'ol. 111, pagcs 
30R scq. If :.x bc takcn as unity, \\'C ha 1·c 

JJ •= U 

J.l, = pqn=a' 

JJ.•= Pqn(q-p) 

JJ.• = 3 (pqn )2+ pnq( l -tipq ) 

q-p 
ßa'=k= --

' pqn 

ß. = 3+ 1- ti pq 
• pqn 

Ii aiHI if /' is approximately c·qual to q aud 11 is !arge \\C h;l\c' ak = \ .\ ' and 

:.n 
"p, = \ .\'' 

" I t is of intcre~t tu notc. that sncral im c>tigaturs h;11 ,. dcrin·d this law 
inclcpcndcntly. Thus II. llatcman clcril't'S this cxprcssion in an appcndix tu 
the articlc of l'rof. J{uthcrford and H. Geiger prel'iously rdcrrcd to. This 
is, in a way, an illustration of thc apparent ncccl of a broa<lcr clisscmination of 
informatiou rclating tu thc application of statistical mcthocls of analysis to 
engineering ancl physiral clata. 11 is abo of intcr•·st to notc that this law has 
loeen uscd tu aclvanta~c in thc discussion of tC'Icphonc truukiug prohkms. 

=• I f thc classification is hasecl upou thc pre><·un· or ab"·ncc of a singlt
charactnistic, this characlcrbtic is oftcn relurccl t" as an altrihutc. 
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p, q .111d 11 from the monwnts of tlw di,;trilmtion.2~ E\'Cil when p, 
q .wd n .1n• known, tiH' arithnwtic in\'oln'<l in calculating the terms of 
tht• uinomi,lf j-. ofteil prohi!Jitin•, and, tJwrl'fore, it is lll'l'\'SS;tr}' tn 
oht.1in n·rt.1in approxim.1tions corresponding to thc thn·c laws of 
l'rror; th.tt i", normal, second apprnxim;Jtion, aml thc law of small 
lllllllht•rs. T .• hll-" for the norm.d 1.1w and for thc bw of smallnumbers 
.1rc re.Hiily .1\",til.ihlt• in m.llly plan•,;, whill' those for the second ap
prnxim;ltion an· gin•n hy Bowley.2~ 

En·n under eonditions wlwre thl' hinomial cxp;111sion does not hold, 
Edgeworth h.IS shown tlut it is po:-sihh· to obtain the following generat 
.1pproximation: 

, _ 1 _ ( . . _ x2 
) [ _ k (.\" _ -~) k2 

( _ ;) .'ix2 
_ 5x~ x8 

) >- ·) cxp. •J • 1 ,1 ., 3 +" ., + 2 ., .+ n 8 11 \ -lr _ q- - 11 ul1 o v 11 ulr OJI1 

+ (~-:- 3,u2) ( 1_ 2.:2 + x4) J 
::;11~ 11- 311~ • (7) 

This hnlds pro\·iding thc obsen·ations arc influcnccd by a !arge numbcr 
of causcs, cach of which Yaries according to somc law of crror but 
not ncccssarily to thc normal law. 

Gram-Charlia Scries. Gram, according to Fishcr,26 was the first 
to show that thc normal law is a spccial casc of a more gcneralizcd 
systcm of skew frcqucncy cun·cs. He showcd that thc arbitrary 
frc'lucncy function F(X) can bc rcprcscntcd by a scrics of terms in 
which thc normal law is thc gcncrating function cp (X). Thus 

(8) 

whcrc co. c •. c2, etc., arc constants which may bc determincd from thc 
monwnts of thc obscn·ed data. This sC"ries is similar to that al rcady 
mcntioned in the aboYc cquation (7) which Edgcworth has obtaincd 
in sc\"cral ditTcrcnt ways. This law is of intcrcst from thc Yicwpoint 
of cithcr a physicist or an cngincer in so far as it gi\·cs him a picturc 
of thc casual conditions consistent with an acccptcd thcorctical 
cun·c. Thus, if cithcr thc causes of \"ariation arc within a ccrtain 
dcgrec not cntircly indcpendent, or thc errors arc not lincarly ag
grq~atcd, thc ubscn·cd frcf]IICncy distrihutions may hc cxpccted to 
conform to an Cf]Uation such as ~- This cquation has bccn found to 
fit a mu<'h !arger group of oh:;cn·cd distributions than thc normal law 

"Sec footnotc 26. 
"'!'cc for cxamplc Pcarsnn, K.-Tablcs for Biometridans and Statisticians

Camloridgc Univcrsity Press. 
"'Fishcr, :\rnc-Thcory of Probal•ilities-page 182. 



66 BELL SYSTEM TECI-INICAL JOURNAL 

and t hc publication of thc ncccssary tablcs by Fisher ~• a n <I Glover 28 

makcs thc stwly of such a curvc more fcasiblc. Tbc author finds, for 
cxample, that this scrics furnishcs a much closcr fit to the distribu
t ion of shots, Fig. 5, rcfcrrcd to ahovc than a ny other that he has 
tricd. 

Thcorctica lly wc should bc ablc to imprm·c thc approximation by 
taking a large numher of tcrms of thc scrics. Such a procedurc, 
hmvc,·cr, il1\·oh-cs the u~c of momcnts highcr than the first four, 
and thc crrors in thcsc momcnts are so !arge as to make their usc 
impractical. 

In ~pitc of thc un ccrtainty a ttachcd to thc intcrprctation of thc 
physical f'ignificancc of fitting a ny of thcsc cun·cs to data, onc ,·cry 
practical ohsen·ation has lJccn madc: that is , if a n obscn ·ed serics of 
frcqucncics could not hc fittcd hy a theorctical curvc in any of thc 
ways alrcady mcntioncd, carcful considcration of thc possiblc rcasons 
for the observcd poor fit havc in practically c\·cry insta ncc suggcstcd 
thc causc or causcs thcrcof. \\'c shall rcfcr to only onc practical 
cxamplc. 

The data havc alrcady bccn gin·n ahoYc in T a l )Je II . I t has bcen 
notcd that in this instancc the \·ariations in the a \·crag<•s of groups 
of scvcral thousand oh~crvat ions showed that th t• ditTcrcnccs werc 
significant. 1f the ohscrved distrilmtions had been normal, it would 
ha,·c bccn neccssary to asstune cither that thc mcthods of makin g 
thc measurcmcnt s \YCrc different fm thc diffen•nt gToups of observcrs , 
a nd for thc different machincs, or that the manufacturing methods 
werc cxpcricncing a trcnd . c\lthou gh thc ohst'rn•d frequcncy curves 
for thc different groups wcrc found to he snwoth, thc obscn·cd fre
quC'ncics could not bc rcadily lit ted hy any curn· pre,·iously dc
scrihed. This nat ura lly \ed to a scarch for tlll' exi~ten cc of any onc 
of a numhcr of causcs a tTcct ing thc ohscn·ations 11·hieh mig-h t produce 
such a clivcrgcncc hctwccn theory ancl practicc . One hy onc thcsc 
causcs wcrc founcl and climina tcd a ncl as thcy wcrc thc clcgrec of fit 
hctwccn thc rcsults of theory and practice incrcased. For cxamplc, 
it was found that somc of tlw groups of ohscrYations werc for trans
mittcrs asscmblccl front only t11·o or three lots of carhon. Trans
mitters asscmlJlccl from onc Iot of carbon had a diiTerent a\·cragt· 
eflicicncy from tho,.c assemhlcd from anotlwr Iot. 1'\aturally thc 

"Fisher, :\rm·- Lor. eiL .\s notecl hy ~Ir. Fishcr, pag-c 214, thc valucs of 
rp (x) an•l ils firsl (> <kri,ati\l·s I<> i <kcim:JI plan·s for 1alucs of .r up to 4 
ancl progrcssing loy inlen·als of 0.01 11crc gilt"ll J,y J(irgcnst·n in his "FrekiTilS
llarkr og Korrelation." 

" ( ;(.,1-cr, J. \\ '.-Ta!.ks of C~onq•<>IIIHI lntcrcst, Fnnctions, l'tl'. 1923 Edition 
pulolishccl hy Gcnrgc \\ 'ahr, 1\nn t\r!.or, l\ lichigan. 



..ti'I'UC.I"I /0.\' OF ST.-1 fi\"TIC.·II •• \/ET/10/>S 67 

rcsult.lllt distrihution w.t,.. .1 compound of .1 fcw scp.tratc but similar 
distrihutions .du>ut ditTercnt an-rages. \\'hen thc distributions of 
thc l'llicit·ncies of tlw di!Tcrcnt lots of carhon wcrc dctcrmincd ~cpar
.ttdy they were found to ht• Cfltbi-..tl'nt with thc sccond approxirnation. 

Thus, .1lthough it 111.1~· he impossible to concludc that thc a priori 
,b,..Utllptions undcrlying .1 gin·n l.1w of distrihution an· fultillcd hccause 
tlw ol>ser\'ations .Ht' found to l>e consistcnt tlwrewith, ncvcrthclcss, 
tlw i.tct th.lt the oh"'·rn·d and the thcorctical distributions do not 
.1gree suggesh t ht• nt•ce-..-..i t y of seeking for certain typical causcs 
\\ hieh may he l':Xpected to introduce such discrepancics. This point 
i-.. of "peci.1l impnrt.tnn· in connection with thc stmly of ways of 
,..,1111pling product in order to dctermine whether or not thc manu
f.lcturing proce:-s i,.. :-uhject to trends. Thus, if a product is samplcd 
.11 two pcriods. and tlw distril>utions of both groups o( ohscr\'ations 
.trL' iound to Iw r.mdonl al>out ditTcrcnt an·ragcs, it is highly probaule 
th.lt the ditTcrenre indic.ttcs a trend in thc rnanufacturing rncthods, 
prfl\ iding the ditTerenn· IJt•lween tlw an·rages is greatcr than 3 times 
thc "t<llHI.ird dt·\·i.ltion of the an·rage. \\'hcn, however, the two 
di-..trihutions an· found to he inconsistent with a random systcm of 
c.ttbt's, it is quitc prohahlc that thc condition o( sampling has not been 
c.trdully controlled. 

llyprrr.,rometric Series. l'earson has shown sc\·eral ways in which 
.1 frcquency distribution may !Je reprcsented by a hypergcometric 
series. Thus the chances of gt·tting r, r-1, ... 0 bad transmitters 
frnm a Iot containing pn had and q11 goml <tnd whcre r in~truments 
.tn• drawn at a time may bc rcprcscnted by the terms of such a serics. 
\Iore important, htlWC\Tr, is l'carson's solutiun 29 of what he calls 
thc fundamental prohlem of siLiti,..tics. .He shows, following the line 
of rcasoning similar to that originally suggestcd by Baycs, that if in 
.1 -..ample of k, =I m+n) tri.1ls, an 1'\·ent has bcen ohscn·cd to on·ur m 
timl'-.. and to fail 11 times, in a serond group of k2 trials thc chanccs 
of thc en·nt occurring r times and failing s times arc givcn by the 
~ucres,..i\'c terms of a hypergcomctric series. \\'c cannot consider 
hl're the qucstions undl'rlying thc justitication o( this mcthod of 
s•Jiution, for, as is well-known, thc application n( Baycs' theorem is 
qllt"'lioned by many stati,..tit·i;tns. \\'c can protit, howe\·er, hy thc 
hroad e:xpericnce of l'rof. Pcarson, for he has apparcntly accumulatcd 
an ahundancc of data which are consistent with thc thcory. 

The answer to this problem s of spcrial importanre in connection 
\\ ith thc inspcction of product whid1 in many instanccs runs into 
million-.. yc.1rly. \\'e mu,..t keep the cost of in;-;pcrtion at a minimum, 

'"Pcarson, K. lliomclrika, Octobcr, 1920--pp. 1·16. 
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which means tlnt thc sample numbers must be small, and yet wc see 
from the solution derived from Pcarson the significance of the sizes of 
both the original and the second sample. Thus, he 30 shows that the 
standard deviation u is given by the equation 

Jlullimodal Distributio11s. These occur frequently in engineering 
work and particularly in connection with the inspcction of )arge 
CJUantities of apparatus. One such instancc has already been rcferred 
to in the discussion of the data given in Taille 11, and another is 
illustrated by the data given in Fig. 1. Prof. Pearson 31 has developed 
a method for determining analytically whether or not thc observed 
distribution is such as may be expected to have arisen from the com
bination of two normal components, the mean values of which are 
different. The method involves the solution of a ninth degree equa
tion. As a rcsult, the arithmetic work is in many cases prohibitive. 
This method cannot be applied to the data given in Fig. 1 primarily 
because the number of observations is not sufficiently great. 

Pearson's Closed Type Cun•es. 32 One of the best known statistical 
methods for graduating data isthat developed by Prof. Pearson. His 
system of closed type curves arises from the solution of the differ
ential CCJUation deri,·ed upon the assumption that the distribution 
is uni-modal and touches the axis when y=O. In the hands of Pcarson 
and his school grcat success has been attained in graduating data 
collected from widely different fields, although primarily from these 
of biology, psychology, and economics. The choice of cun·e to 
represcnt a givcn distribution rests primarily upon a consideration 

of a criterion involving two constants, ßt= V
1k and ß2, hoth of which 

have been definecl previously in footnotc 21. 
In the early study of thc distributions of efficiencies of product 

transmitters an attempt was madc to apply this system of cun·es. 
For examplc, the Pcarson types are indicatcd in Tahle II. In no 
instance, howevcr, was it possihle to obtain a Vl'ry satisfactory fit 
betwcen thc ohsen·cd and the theoretical distributions. Furthcr
morc, the arithmctical work required to cakulate a theon~tical dis
trihution in this way ·is !'xcessiw•. \\\· must also consider what 
physical significance can he attadwd to the diffL·n·nt typcs of curvcs. 
Thc answer is not definite. LTnder eertain conditions the gencralized 

•• Pcarson, K.-I'hilosophical .llagaduc- !907, pp. 365-378. 
"Pcarson, K.- I'Izilosop ldcal .llaga=inc-\'ol. I, 1901, pp. 115-119. 
"Eldcrton- Frcqucncy Cnn·cs and Corrclation. 
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t•qu.ltion pf Pe.tr,.;on bn·,,k,.; down to tlw norm;tl law and the sccond 
.tpprnxim.ttion. The,.;e, oi eoursc, can be expl.tined as pn·Yiou:-.ly. 
Tlw fund.tmt•nt.tl equ,ttion, howen·r, ,.;t•rn•,.; to eon·r thc condition 
whcre thc c.lll,.;e~ .trc correl.ttcd. Thus, hecause of thc Iack of a 
de.tr eonn·ption of the physical signitic.111ee of the ohserYed Yaria
tions in the type of curn•,.; indieatcd in Tahle II, it was not possihle 
L',tsily tn ,.;et up e:'l.perimt·nt,.; to lind the causc,.; of t hcsc Yariations. 
For this rt'·'""'n prderence has !wen giYen to thc use of frcCJucncy 
di,.;trihution,.; dcrin·d 11pon a less C'mpirical basis following thc original 
lincs l.tid down by !..1 Placc, Edgcworth. Kaptcyn. and othcrs prcYi
nusly rcferrL'(I to. :\notlwr n·ry practical rC"ason fnr chnosing tlw 
latter type of curYc i,.; that it inYoln·s for the most part thc usc of 
nnly the fir,.;t threc momcnts nf the di:;tributinn instcad of thc first 
four rcquired for ditTcrcnti.lting bctwccn thc Pearson typcs. In 
thosc cases where thc intcrest is less of physical interprl'lation than 
of graduating an obscrYed sct of data, preferencc may go to the mon· 
gcneralizcd systcm of l'carson. 

How CA.:-< \YE CHoosE TIIE BEsT THEORETtCAL FREQUENCY 

ÜISTRIBt:TIO.:-<? 

\\'c haYc alrcady briefly rc,·icwed some of thc different method,; 
for obtaining a thcoretical frcquC"ncy di,;tribution from a considcr
ation of thc momcnts of thc ol.JscrYcd frcCJuencies. \\'c haYe secn in 
T.tble !II that by using- diffC"rcnt mcthmls wc obtain different dcgrccs 
of approximation to thc hyputhetically ohscr\"cd distrihution which 
in t his Ca:'o(' corrc,.;pond:; to thc tcrms of thc binomial cxpansion 
1000(.1 +.fl) 100• ~imilarly from Fig. 5 it is :;cen that the Gram
Charlier scric" i,- a much closcr approximation to thc oh,;crYcd di,;
tributinn than that dcriYcd upon thc a,;sumption of thc normal law. 
ln any giYcn casc wc arc naturally confrontcd with thc CJUCstion: 
\\'hat is thc bcst thcorctical distrihution? \Yc shall considcr four 
mcthod" for ohtaining an answcr. 

Thc olrlc,..t, simplcst, and in many in,.tances thc most practical, 
is that of comparing graphically or in tahular form thL· thcorctical 
distribution with thc onc obscrn·d. Thi,; rnethod is, howcYcr, 
inaccurate and qualitati,·c. lt does not furni,.;h u,.; with a quantitatiYc 
mcthod of mcasuring thc eJo..,cne,.;s of fit hct wecn theory and pract icc. 
and in ccrtain irbtarwe,; it i,.; ah,.;olutely mi,.;lcadin~. lt i,.; of intcrest 
to sec how all of the,.;c things can he truly ,.;.tid of one and thc s<tmc 
mctho(l. The tir,..t two characteri:-.tic,.;, that j,.., oldc,..t and simples!, 
are pcrhaps rcadily grantcd. lt remains to bc 1)0inted out morc 
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dcfinitcly whcrcin thc mcthud is sadly dcficient as a quantitatin~ 

mcasurc, and thcreforc uftcn mi~lcading: whercas in ccrtain instanccs 
it may !Je, ncn·rthdcss, thc only practical mcthod that can be uscd. 

Graplzical .\letlwd. Thc graphical method ibclf may be subdi\'idcd 
into two parts. Let us considcr first thc plot of thc obsen·cd and 
theoretical frcqucncies. :\s an cxamplc of thc unsatisfactory nature 
of this form of comparison, it is of intcrcst to considcr ccrtain data 

4 .:1 .s 7 tJ 9 
'rvl'•78e~ or Sbccc:ssL""!> 

Fig. S 

gi,·cn !Jy Yule 33 in which 12 dicc arc thrown -1,096 timcs, a throw of 
..J, ;), or (j points lwing rcckonctl a succcss. I f the dice arc symmetrical 
P=q= ~1 and thc thcorctical distrihution if gi\'en by -!,OUli U/:.?+ h )12

, 

thc tcrms of which as gi\'cll 1Jy Yule arc prcscntcd in thc third column 
uf Fig. 8. lt is suggcstcd that thc rcadcr, befurc going furthcr, 
considcr thc graphical and tabltlar rcprcsentation of thcse data . 
Thc smooth curvc is thc thcorctical distributiun -1,0%(Y2+ ~:.!) 12 • 

I t ha:-; bccn thc author's cxperiencc to lind that in prartically cn:ry 
instancc in whkh this CUITL' has lwen shown to an indi,·idual for thc 
lirst time that thc imprcssion is that which Yulc c\·idcntly dcsircs 
lo producc by thc illustratiun: that is thcre i!' a \'cry good f1t bctwccn 
thcory and practice. This distril>ution is. hmn·n·r, not ,.;ymnwtrical: 
it is skcw. Tlw din· uscd in this cxpl'rinwnt \\l'rc not symmctrical: 
that is, p=j=q. I low do wc know that thcse statcmcnts arc tmc? 

Let us considcr thc normal and sccond approximation a,.; gin·n 

11 Yulc- "lntroduction to thc Thcory of ~t;1 :istics. " 
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in tlw fourth, lifth, .111d -.i:-.th t•ohlllllb. 31 ( Jll\·iou~ly thc degrcc of 
lit i-. do,.,e-.t for tlll' ,.;l'CIIJHI approximation, although that Lt!lwecn 
t Iw norm.tl di,.;t riLu t io11 ancl tlw oh..;l•rn·d f fL'C]lll'llcics i,.; clo;;cr than 
th.lt lll'tWl'Pn the terms of tlw l•inomial expan,.;ion and the oiN.:rYed 
in·quencie,.;. To Iu• :-.un•, tlw normal law is only an approximation 
to tlll' point hinomi.tl \\ hcn p =q ancl 11 = ~. Tlw normal di;;tribu
tiOJt, hm\cn•r, i,.; cakulatl·d ahout tlw ohst•n·ecl a\·cragc ti.l :~\ 1 , instcad 
of ;thout thc theoretieal aver.tgc Ii. lf thc dicc arc non-symmctrical, 
the an·ragc willnot he Ii, and, thcrcfore, thc center of thc distrihution 
will Le :-.hiflt'd after thc fashion ohs1·rvcd. The impron·mcnt in lit 
corrc,.;ponding to thc normal di,.;trihution is thercforc primarily 
;tttrihut.lhk to that introdun'll by shifting thc ccntcr of thc dis
trihution indicatin~ that p=f=q. llowcwr, if p=f=q, thc sccond ap
proxim.ttion should impro\·c the lit and for cithcr valuc of k this is 
found lD L1· thc C<ISl'. Thus en·n though wc cannot rncasurc quanti
t.ttin·ly the imprm·cmcnt of lit, tiH· qualitati\·c eYidcncc prc,.,cnted 
in this tigurc is su(ticicnt to warrant tlw condusion that the dicc wcrc 
non-symmctrieal, ancl tlwreforc, that tlw smooth I'Un·c is an unsati,.,
factory gr.tcluation of tlll' data. ln fact, hy using a quantitati\·c 
mcthod for mea;;uring the goodncss of lit to bc di,.,cu;;,.;cd in a suc
n·cding paragraph. it follows that only J.) timcs out uf lii,Oilll can 
\H' expect a divcrgencc from thcory a,.; !arge or largt·r than that ex
hihitcd Ly thc frl'lJllencic,., corre,;ponding to thc point hinomial. 

\\'c ha\·e al,;o prcYiou,;ly callcd attention to the fact that in Fig. 'i 
thc l')'C docs not sen·e to dillcrcntiatc satisfactorily bctwccn thc dis
trihution calculated upon thc assumption oi thc normallaw and that 
gin·n Ly thc hinomin.tl cxpansion whcn thc conditions undcr
l~·ing thc normal law arc far frnm hcing sati..;ticd. 

R.t·ganlless of the,.;c niticisms, such graphical mcthmls l'annot be 
l'lltirely di,.,pensed with. Thus the graphical reprl',.;entation of thc 
d .• t.t gi\·cn in Fig. l ,.,ho\\·s n·ry dcarly that tlw distrihution i,; prob
.thly bimodal, although with rw morc oh,;en·ation,; than are m·ailahlc 
it i,., practically imp,.,.,sihlc to show that thi,., is truc in any other way. 

ln,.;te.ul oi plotting thc frequcncy _v of occurrcnce of a \'ariahlc of 
magnitude x a..; onlinatl', and x as ah..;cis,;a, the practicc is oftcn 
followed of plotting a,.; ordinatl' thc perccntage nf thc total ntJmher .\' 
of ohsen·ation,., ha\'ing magnitudcs of x or lcs,.,. 3.; 

.-\ny eurH· <:. (_v, x) =0 may hc rl'placcd _by a straight linc. 36 ln 

"Two 1aluc,; of k 11nc cakulah:cl as indicalell iu Jhc lo11cr right haml corncr 
oi thc lignrc. 

» llciiHIIhorTer, K anti ~j,i,all, II. En<lurancc Tcsl Dala and Jhl·ir lnlcrprc
laliou .\d1 ancc paper prcsnlled at lhc .\lccJin~ oi lhc :\mcrican Snciely uf 
.\lt·chaniral 1·n~mccrs, .\lonlreal, Canada, .\lay .?S Jo 31, 19..?3. 

,.Runge, 1'. (;rathi.-al Mt'lhods, p. 53. 
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this way we can transform the integral cun·e into a straight line hy 
choosing an x-scalc proportional to the intc>gral from 0 to x of the 
probability curve. 37 \\'hen plotted in thi;, way, anormal distribution 
appears as a straight line on such paper. .-\t first it may appear \·cry 
simple to determine whether or not the data conform to a straight 
linc, but in practice this is not always so ea~y. Thus, wc ha\·e seen 
that the distribution of shots presented in Fig. 5 is not normal, but 

• ,.,, ......... ~.oc c• 
• • l- .. , ., ~o••(.o·• • .,.,.,. .... ·c• •ao...,~·~•'' 

Fig. 9 

whcn these results are plottcd on probability paper we haYe the 
cun·c gi\·cn in Fig. fl. The reader shoulcl be cautioned that in such 
a casc thcrc is a temptati~n to considcr that the obsen·ccl points are 
approximatcly W<'ll fitt<'d by the straight line, although this is not 
the casc. 

Probability papcr could bc rulcd for difi'ercnt theorctical distrihu
tions, but in its prescnt form it scn·es only to lktcrmine whcthN or 
not the distrihution is approximatcly normal. Its u~e lea\·cs much 
to he desired in thc way of a quantitati\·c mcasure of the degrcc of 
fit J,ctwccn thc thcorctical and obsl·rvcd distrihutions. 

CalculaJion oj u, ß1 = \''k, and ß2• Let us consider what informa
tion can Iw oJ,t.tincd as to thc lwst theorC'tical distrihution from unly 
a con~idcr.1tion of thc first four mnnwnts of thc obsen·cd frcqucncics. 
L('t us cunsidcr thc values of k and p2 presC'nted in Tablc \ '. These 
ha\·c hl'<'ll calculatcd for the point hinomial (p+qt whcre p, q and 1t 

ha\·c hecn gi\'en di!Tcrcnt vahll'S. For thc normal law corrcsponcling 
to p=q and 11 = <:», we han: k=O and ß2=3, Thus, if in a practical 

"\\'hipplc, G. l".- Thc Elements of Chance in Sanilation-Fraukliu lustilulc 
J ourual, \'ül. 1::\2, July, Dcccmt.cr, 1916---pp. 37-59 and 205-227. 
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ca~t· wc lind an ob~crvcJ Jistribution for which k = 0 and ß2 =3, it 
is highly probable that thc distribution is approximatcly normal. I t 
is tn1c, howcn·r, that in sampling from a univcrsc in which p=q aml 
11 = oc. , t hc ohscrn:d , ·alucs of k and ßz will scldom bc cxactly equal to 
0 and :3 rcs(wcti,·cly. Thcn wc must ask what rangc of Yalucs may bc 
I'Xpccted in thcsc two factors for distrihutions which arc practically 
normal. For such cascs thc ,·ariations in k and ßz arc practically 

- f0 - / 24 normal 38 and ha,·c standanl dc,·iations Uk- \ X and rrß,- \ y 

whcrc X is thc numhcr of ol!scrvations. Thu~. thcorctically any 
scrics of obscrvations for which thc calculatcd valucs of k and ßz fall 
within thc rangcs 0±3rrk and :3±:3rrß, may havc ariscn from anormal 

unin·rsc. Sincc, howc,·cr, the crrors Uk and uß, of sampling arc so 
!arge, this mcthod docs not furnish a ,·cry practical tcst for distribu
t ion consi:,ting of only a fcw ohscrvations. This is particularly 
truc sincc, cvcn for ,·cry skcw di,;tributions, thc \·alucs of k and ß2 

do not dificr much from 0 aml :1 rcspccti,·cly (sec Tahlc \'). If, how
l'\·cr, thc numbcr of obscn·ations is !arge, thc , ·alucs of k and ßz in 
thcm>.t:lvcs oftcn inJicatc vcry dcfinitely that thc obscrvcd frcqucncics 
arc not consistcnt with thc normal law. For cxamplc thc cakulated 
\'ah1cs of !t and ß2 gi,·cn for thc inspcction data in Tablc II show 
condusin·ly timt in practically c\·cry in:-;tancc the obscrvctl data 
could not ha,·e ari,;t•n from a normal univcr,.;c. So long as wc do not 
u,.;c l'carson's systcm of curvcs, all that thcse two factors indicatc 
is that the oh,.;ctTcd data do or do not conform to thc normal law 
aml in thi,.; rcspcct thcir usc is limitcd as is that of thc prohability 
papcr mcntioned ahovc. 

ln onler to ,.;\ww that tlll' iactor ß2 is not in itsdf a ,·cry scnsitin· 
nll'asun· of thc variahility from thc normal law, I ha,·c considcrcd 
tlw followin~ special cast'. Lt•t us ,\ssumc that thc obscn·cd dis
trihutions ctn Iw groupcd into !wo parts depl'nding upnn whcthcr 
or not thc oh,;l'rvation~ cltl:-ill'r ahotlt tlw an·rage .'( 1 or ~\ 2 mcasurcd 
from a puint which is the arithmetic mean of the t•ntirc distribution 
taken ahotlt a common origin. This corrcsponds to the practical 
case such as that indica tl'd hy Fig. I which as alrcady pointcu out 
oftcn occurs in pra('til'e. 

"For a cr itica l study oi thc cuuditiuu s tuukr \\ hic:h thc probable crn>rs of 
thcsc cow;tants h:l\ c a r,·al sig-uifi(;lllt"l', rd creii(C shoul cl hc madc to a Jiscus
sion of th is proL!t·m hy l ssl'rlis in th ,· 1 ' rocc.-clings u f thc Royal Socit-ty, scrics 
.\ , \"ol. 92, JlJI. 2J scq.- 1~1 5. ()] ,, iomly l"H"ll fur thc unr mal <listrihution all of 
th c momcnts will J,c skcw. This iollo\\ s frnm a cunsidc ration of cqnation 4. 
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Tlw '.dl!l' of ß~ for th•· •·nlin• di,.;trihution j,.; thl'n givcn J,y thc 
following 1'\.Jlrl'-,-.ion: 

+ ~r~ IJ.l3 2:.v,+.\\ 2J..tJ 2:.v2)+(aJ..tl .!.v1 2J..11 .!.v2) 

~ 2:YI+ 2:Y2)J..t~2 • 

wlwre IJ.l• and 2J..t, rcfer to the adjusted ith momcnt,.; of the ~~,.;c~ati~1s 

.tbout thcir n~pcctin· nwan \'alue,.;. Let us as.-.umc that .\"=.\"1=.\"2; 
k1=k~=O: 1d~=2)32=:~; IJ.lo=2J..to: ~)'1= ~)'2; and u1=u2 where 

2:Ya and 2:.\'2 rcprc,.;ent tlw total IHI: hl'rs ;,[' ohservations in the first 

.md -.t·cond groups rc-.pcctin·ly. [t may he shown hy suh-.titution in 
thi,., cquation that, if .\" = 1u1i. P2=2 .. i. whcrcas, if ,Xl=~IOu,l, P2=l, 
.tpproximatdy. Thus, if thl· !HIIIIbcrs of observations in each of thc 
two sub-groups arc thc same aml the component cun·es arc normal, 
thc ,·alue of p2 for the entire cli,.;tribution ahout the mean of thc two 
will, in gencral, dcne<bC as 'XI becomes !arge in comparison with 
u1 • DitTercnees in p2 of this magnitude are difficult to cstahlish. 
Furthermore thc skewne,.,,.; is zero, and thcrcfore docs not indicatc 
the bi-mod.tl eharacter of the distrilmtion. 

Let 11-- cnn-.idcr thc ca-.e where a .\" 1 = -~2; k1 = k2 =0; 1ß2 = 2.J2 =3; 
~)'1 =a 2: )'2; 1J..1i = 2J.Ii· [f, a = 10 and ;x 1, = !u,l thcn P2 = S+ whereas 

if .\" 1 = 10u 1,. then P2 = 100, approximatcly. 3~ Thus, for compara
tin·ly wide ditTcrences in thc aver.1gcs. it requircs a large number of 
oh,.,cn·ations in orcler to increase thc precision of ß2 to such an cxtcnt 
as to pron· the significance of dc\·iations in this fac-tor nf thc magnitmles 
noted abo\·e. 

Thc ,.,kewness in this case is not zcro and its signiticance could bc 
e,.,tahli-.hed with a comparatiYcly small llllmber of mcasurements. In 
any of the abo,·c ca~s a carefully constructcd plot woulll scr\'C to 
indicate thc bimodal characteri,.;ti•· of the cun·c hctter than the ,.,tucly 
of t hc factor P2· 

Pcarso11's Crilcrio11 of Good11css of Fit. .\ mueh more powcrful 

,. llcrc again it slwulrl loc 11<>l<:d that thc valncs of ß, are inJcpcndcnt of thc 
actual frcqucncics oi cach oi thc twu groups anJ dcpcncl only upon thc ratiu 
uf thcsc frettucncics and upon thc ratio of .\", to rr,. 
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c-ritcrion has bcen dc,·elopcd by Prof. Pearson 40 in a serics of articles 
in thc Philosophical ...lfaga:i11e. lt is truc that this tcst for goodncss 
of fit cannot bc uscd indiscriminatcly. In fact the application of this 
c-ritcrion is subjcct to numcrotts limitations clcarly sct forth in thc 
original papcrs by Pcarson aml in more recent articles on the mathe
mat ics of statistics. In the use of the mcthod it is neccssary that 
thesc be kcpt in minu by the indi,·idual making thc original analysis 
of the data. lrrcspccti\·e of these facts, howewr, the method itsclf is 
one of thc most usdul tools available for measuring in a quantitati\'c 
way the "goodness of fit" betwecn two distributions. T he significancc 
of thc \'alues of P given in Figs. 5, ü, and 8 110\\' bccomc e\'idcnt. 

E11 gi11 eerillg Judgme11t. Thc fourth vcry practical aml one of the 
most usdul mcthods of comparing thc thcoretical with thc ohser\'ed 
distrilmtion isthat of applying common sense or enginccring judgment. 
To quotc from a rcccnt article of Prof. \\'ilson 41 we han·: ".And as 
the usc of thc statistical methau spreads wc must and shall appreciatc 
thc fact that it, likc other mcthods, is not a substitutc for, but a 
humble aid to thc formation of a scientific judgmcnt." EYcn with thc 
usc of all thc statistical methods known to the art, it rcmains im
possible to dctcrminc the truc nature of the complex of causcs which 
contrul a set of obser\'ations. \\'e can present plausible cxplanations, 
hut wc can ne\'cr bc surc that they are right. Sometimcs wc can 
prcscnt two plausible explanations and then we must fall back on 
cnginccring judgment or common sense to dccide bctwccn them. .-\ 
striking illustration of this fact is presentcd in the following paragraph. 

Prof. l'carson 42 has rcccntly prcsentcd measurcmcnts of the cephalic 
index of a ccrtain group of skulls. Thc objcct of the inwstigation 
was to dcterminc if Yariation had gonc on to such an extent as to 
indicatc thc sun·i\'al of thc l1ttcr insidc a homogenC'ntls population, 
or the sun·i,·al of t\\"!J raccs !Joth of which wen· in existcnce many agcs 
in thc past. Pl·arson shows that, by a solution of a nonic equation, 

' '' lf wc div idc th c cntirc ra ngc o f \·ariation into s cqual intcn·als for which 
the uuservcd frcquencics arc f,, f,, .... f s and thc corrcsponding thcorctical 
irequcncil'S arc f,', f,', ... .. .. f,' , l'earson calculat cs thc function 

• "" (j'-fl= 
x·- ~-J-,-

frum \1 hielt hc is :~blc to ;kt<•rminc thc probabil ity that a scr ics of dcviations 
as !arge as, or !arger than, that f oun<l to cxiq could h;l\ c ari st·n a s a rcsult 
of ra11<lom sampli ng. T ablcs have loecn prcpare<l \\ hirh g-i vc thc prohahility of 
fit in ll'rms of lhc mnnlocr of intenals into 11hich the l' nt irc ra ngc has hccn 
divi<led an<l of thc valuc of x. 

"\\"ilson, E. ll. Thc ~tatistical ~ignificaJll"C of Ex perimental Data -sc:icncc 
-:'\cw Scries, Yol. SR, 141JJ, Uctohcr 10, 1923, pp. 93- 100. 

" l 'hilosothica/ Maga::iuc, Vol. I, 1901 pp. 110-124. 
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hc j., ahh· lo lind two t:olllpont·nt tli .. trihutiotb which wltt·n .tdtlt·d 
logetlll'r .tpproxim.ltt· n·ry do,.wly lo the ol•,.,t·rvl'd fn·qllt'tll"ie.;. The 
oh,.,t·rn·d dat.l arc gi,·cn in tlw st•t..:nnd column of Tahle \ ' 1 and tlw 
ireqllt'ncies of P rof Pear,.;on's compo11ntl curn· arl' gin·n in the third 
column nf tlw t.thll'. Tlw prohahility of fit l~ei\\Tl'll tht'>'l' two clis
trihutions i,; St'l'll to lw approxim;t!t•ly .!lti, which is indt•t•d n·ry 

T.\111.1·: \"1 

C('ph.1lic 
lndt'x 

Ohs..·rv('d -~ Compound 
I> ist ribntion Pistribution 

f f, 

.?nd .\pproxi
mation 

f· 
6i 
61-\ 
6CJ 
itl 
il u 
i2 tJ 
'·' 33 
; 4 36 
iS 49 
i6 SCJ 
ii (>CJ 
iX ill 
i9 54 
so 58 
~I 40 
112 31 
S.\ 25 
S-t 28 
i\5 21 
~t> 20 
Si 9 
~8 10 
gC) 6 
90 10 
91 
92 
9.l 
94 I 
95 0 

- 6i5 
l'rohahility of fit P 

Ave. =x = iS. 846 
tr = -l 612 
k= .521 

i 
II 
IX 
lX 
.VI 
50 
59 
65 
(>{) 
(>0 

51 
·B 
35 
28 
23 
20 
I i 
14 
II 
s 
6 
-l 

I 
I 
0 

6i5 

1 
-! 
X 

1-! 
12 
30 
.~9 
-tx 
$$ 
51) 

hll 
5S 
5.\ 
46 
31) 
32 
26 
21 
16 
u 
10 
i 

I 
I 
I 

6i6 

.hc. =ß,=3.1~1 
u,= .liS 

tr = 
tr 

.126 

• Phil. :\bg., \'ol. I, 1901, pp. 115-119. 
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1.00 
. so 

1 .00 
0 
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0 
50 
25 
() 

Oi 
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30 
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01 

. 2'1 
l.h') 
I 67 

.28 

.·H 

. iS 
1.64 
1.53 

.15 
() 

1.00 
1.13 

() 

.l l 
5 ()() 

.J3 

. 511 
I.OU 

0 
l.llO 

23. iS 
694 

high, mcaning, of cour:;c, that Vli timcs out of 100 wc may cxpcct 
to find a systcm of dc,·iations as \arge or largt·r th.111 that actually 
found. Thc author finds, however, that thc thcoretical di:>tribution 
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(column 4) Lascd upon the assumption of t he :<econd approximation is 
also a very close lit to the ohsen-cd frequencics, the probaLility of fit 
being in this case .69. ·As a result of thc:<e calculations shall wc con
clude that the distrihution is composcd of two normal components a~ 
indicated in Fig. 10, urshall wc conclude that the distrilmtion is homo
geneous? ln other words, do thc sknlls helong to t\\·o or to only 

Fi~. 10 

o11e race? The nwasure gi,·en hy thc probahility of fit is, of cour:<c. 
in fan>r of thc lirst alternatin·. I t is highly prohahk, howt·\·er, that 
if wc had Ileen gi,·cn the ohserYed distrihution withnut any discu~sion 
of what it nwant WL' woulcl han~ dcrided that it prohahly was con
sistcnt with thc assumption of the randc>Ill systl'm of causcs such a,., 
might undcrlic tlw seconcl approximation. 

In other wonls, if wc had ht•t·n gin·n nwrely thc ahm·c sct of skull 
nwasurenll'nts, it is n·asonahle to suppo~t· Wl' might havc conduded 
that thc distrihution was homogl'neous. llowcvcr, when our judgnwnt 
is colored hy the fact:< which cannot l>e prescnted in thc array of 
ohscrn:d frequenciL·s \\"l' must condndc that it is highly prohahle 
that tlw ohsern·d data ha\·e arisen from a non-homngcncous pop
ulation. 

Statistical llll'thods alont• clo not answl'r all of the questions that 
a1c raiscd in thi~ prohlem nor do they answer them in many otlwrs. 
Thcre is almost always room for judgment to enter. 

Thus, analyzing a group of mcasuremcnts of some charactcristic 
of a !arge numher of transmitters, it oftt·n hccomes ncccssary to 
dctcrminc whcther or not tlwy can l>c sul>dividcd into normal com-
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pont·nt,; ilS in tht• .d•un• prohlt'lll. l n our t".tst· tlw ,;uhgroup-. corrt·
spond tu ditTerent kinds of l'.trhon. lll're .• ts in the d.tt.t giwn hy 
Pc.trson, it oftt·n ha,; het'll fottnd nen~s-..try to h.ist· onr tinal condn-.inn 
partly upon f.u·ts not rt'\t•;ded hy the d.tl.t tht•mseln· ..... 

T hc intt·gral t'llr\'l'" corre:-p1111ding to tlw 1111rlll.tl and ol•-.t·r,..-d 
di..;trihution-. ,m· gin·n in Fig. 10 in ordt·r to sho\v th;tt thv\· do 11111 

.·1· ;?. QW GlaFIVt SKULLS 

~L · l:l.J'T g• "t'UT ... o;, r e. LI;i..JU''II~T 
.--.,; - .. .;..- ;:-.. . -·.., ..... 

Fi!!. 11 

sern· to inclicate tlw ditTerence lwtwl'en thc ohsern ·d and theorctical 
distrilllltiotb nearly as weil ib tlw .tctu.d irL·qUt't1l'~- <urn·s ;tlso gin·n 
in this figure. Fig. II pn·--t·nt:- tlw rl'slllt on probability papcr. In 
thi,; libl' tlw prohahility curn•s an· as good as the freqnt·ncy cnrn·s 
for slwwing the din·rgence hetwet·n theory and oh,.,t·rYation. I t will 
he recalled that thi,; j,., not tntl' for thl' :-imilar cune-; gin·n in Fig. !l. 

St ~nt.\RY S T.\TUIL:\T oF !->n;t.I·.sno :\ILT!Itlll Ttl HE Foi.I.o\n:o I:\ 

TIIE .\:'1:.\LY,;)-. llF E:'l:t;J:'\EERI:'\t; ,\:'\ll I'! I\ -.IC.\1. I ).\T.\ 

\\"c haYC hrietly n·,·iewed tht• difft·n·nt nwtlwcls for determining 
thc ht·st theoretir:al di,..trihution to represcnt oh,.;ern·d data. Tlw 
following four ,.,tep..; indicatc thc onlinitry procedun·: 

I. Ohtain the tir,..t four corn:cted momt•nt,.;. 

~- Cakulate the a\'eragt•, st.tncl.ml deYiati11n, k and ~~. and thcir 
standanl dl'Yi.ttions. 

3. Calcul.tte thc theoretil'al distrilmti"n oi di-.trihutior~,; 11 .trranted 
hy the t·ircumstanct-... 
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·L Apply onc or morc of thc four mcthocls of comparing thc thcorcti
cal and obscrYccl distributions to dctcrmine which onc is 
thcorcticallr thc hcst.43 

:\n illttstration of t hc mct hod of applying this form of analysis to 
inspcction data on transmittcrs is inclicatccl in thc schcmatic chart 
Fig. 12. Thc objcct of thc inspC'ction of apparatus in thc proccss 

P~lliG~t ", Z'lMA 

,..,.,.~ 

No 1'\o.""'l.._,..,, .. ......lJ,._ 

---o~,_rocJ 

ft'C-4 ... 11'11:)' 
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h''""'"'' '· 

Ar•r•••-- tr __ _ 
"·--
IT,--

,., ___ tr•.--

L, lz. 

Tctlc• --Jf=.__ 

,.,. __ 

I -, 
', 
·~\ 

. \, 
~\ 
·;\ 

~\ 
~~ ...... 

,.. .. ,,. •f 1".,."....... ttc.-.u" L. ,". L, ~:::::~'::..::== 

Fig. 12 

of manufacturc is oi>Yiously to dctcnninc thc most prol>a!JIC law of 
distri!Jiltion, and fnlln this to dcterminc whcthcr or not thcrc is any 
indication of a trcnd in thc quality nf thc product. ln thc light of 
what has lw('n said, it is obYious that a complctc rcport of this char
acl!·r should contain thc itcms callcd for in Fig. 12. Thc cnrrcctc>cl 

"lf thc oloscr\'cd di~trilouticon could not h;wc ariscn from a random systcm 
of causcs, it may hc advi,alolc to attempt to transform it into an approximatcly 
randcom l>llc, such as was donc in cunncction with thc data in Fig. 6. 
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mc•nH·ut:-; .md the f.ll'tors, suC'h as thc ;-1\'<'rag<', standard d<·,·i .ltiou, 
k ancl ß: shoulcl l•e given. Tlwse bctors pro,·icle us will1 nwasnn·s of 
tllt' l.tek of symnwtry, ancl can })(' u,.ecl as pointecl out in thP prcYion-; 
scctions of this paper. Rec·onling- this amnunt of d.tta makc·s it 
po,;siblt• for anyouc intPn·stl'd, either to clwck tlw calculations of tlw 
theorNical frcqucncies and thc c"nclusions dcrivcd tlwrdrom, or to 
c.tkulatc .1 ditTc·n·nt tlwnrctical distrihntion bascd upon fnncl.tnwnt.tlly 
ditTercnt hypothl',;t•s in a W<IY such as has })('Cl\ illnstrated alrc·acly 
in thc di,;cussion of thc distrihution nf 111L"asurcments of tlw n·phalic· 
indcx, a,; gin•n in Fig. 11. 

l n mo,;t instanct·s, howe\·cr, it is highly probable that tlw man \\ho 
originally prepares the chart is chargcd with thc r('sponsibility of 
chno,.ing thc lwst distrihution, and, thcrdorc, thc chicf intcn·st of 
tho,.;c rca<ling thc report is <'cntcrcd upon thc conclusions indicatcd 
therc·in. Thc graphical rcprcscntation of thc ohscn·cd distribntion 
by nll'.111s of thc histogram is hopdul. Thc comparison of this with 
thc thcoretical curvc reprcscntccl hy a solid linc shows qualitatiwly 
whcthcr or not thc product is changing. Tbc probability of fit givcs 
a qu.111tit.1ti\'c mcasurc of thc dcgrcc of fit. Thc sct of curvrs givcn 
in Fig. 1~ is clrawn to illustratc a condition which may somctimes 
happen whcn. for cxamplc, thc standards uscd in thc machincs ha,·c 
bccn changcd. This is only typical of thc rcsults which may bc 
cxpcctcd. Üb\'inusly, thc form of such rcports dcsigncd to mcct 
spccific conditions will vary. That prcscntcd abovc is only typical 
of onc which has bccn found to uc nf valuc in prcscnting thc analysis 
of thc rcsults of inspcction of certain typcs of apparatus. 

So:.m Ao\'A~TAGEs OERI\'ED FRO~I A CmrrARATI\.ELY Co:.tPLETE 

STATISTICAL A~.\LYSIS 

lt has bccn pointcd out that thc value of eithcr a physical or an 
cnginrl'ring intcrprctation of data dcpends upon the succcss attained 
in deri,·ing thc bcst thcorctical di:-;trilmtinn. T his is the cquation 
which fits thc obscn·cd poinb bcst, and which, if po~:-;iiJic, can bc 
interprctt'd phy~ically. Thc prc\'ious di,;cussiun indicates the war 
in which diff1·rcnt causal rclationships tt'n<l to produC'l' typical frc
qut'ncy di-;tributions, and abo thc way in which stati,.,tical mrthocls 
may bt• usrd in finding a thcorctical distrihution which yil'lds a 
phy-.ical interprl'tation. 

Thi-. point h.h hl'l'll illu-.tratecl hy ~·,·cral cxamples. I t has hren 
shown that hy a proper ch11icc of thron·tical curn' a n·ry clo~c ap
proxim.ltinn to an nlt,.,crn·d distrihution can hc ohtainf'tl. Thi~ 
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h.t .... dre.!th I wen indit-.tlt•d in T.thle II I. To etnph.t"ize this point. 
howt•n•r, II'! u ... c·on..,jd,·r otll'l' ntore the di ... trihntion of .dpha p.trticlt·s 
gin·n in T.thle I. TIJ,.",. d.tt.t Iogether with \'.trions tlll'oretical u 
tli ... trihution" .m· gin·n in Tahle \ 'I I . 

l.et us cotbidt·r tlll' d.tta gi\·c·n in Taltle I l•y following tlw prn
redun· of an.d~·"is outlinl'll in the prt·\·ious "ertion. T he factor ... ~· 

.tnd 11~ when comp.tred \\ ith tlwir t•rrors slwuld indicate whl'thl'r or 
not tlll' distriltution i ... normal. .\ -. :-.hown in T al, le \ ' II, k and pz 
dilTer front II .llld :~ rt'"l"'cti\·t·ly. hy mon• than :~ t imes their respt·rti\·c· 
"t,lJld.ml tlt·\·i.llions. .\s h.1s aln·ady l>l'cn pointcd out, th is is sufli
dent t'\·jd,•tH'C to indicatt• that tht· di·arihution is not normal. l n 
order to "lww, howe\·t·r, that ii we follow tht• next step anti caknlatc· 
theoretic.d distriltutiotb h;hed npon the as:-.umption of the different 
l.tw,;; th.tt i .... in this t·a,..c. norm;tl. .... ·c•nd apprnximation, and tht· 
l.tw of :-;mall numlwrs. \H' are n.ttnrall~ led to the clwice of the l)('st 
distrihution. T hi,; dwice i:-> materi.tlly inllnt·nced I·~· the measurt• 
of the proh.dtilit~· of fit "" reconled in tlw tal•le. T ht• law of sm.dl 
nutJJiwrs is oh\·iou,.,l~· a \'l!ry t·lo,..e approximation to the oh,;t•rn•d 
frequencies. 

One of the ol)\·ious things to do in this prnhlem, !tut otw that ha" 
JJot heen dune pre\·iously, is to l'akubte the \'alues of p. q and 11, and 
front them the tcrms of the hinomial expansion ::?t illS!p+q)". Thc 
prohahility oi lit between the terms of thi,. t•xpan:-.io n and tlw oh,..t·n·ed 
frt·qtwncic" is the highe,..t gin·n in the tahle. T his itH'rt•a,..c:-. the 
,.,·idt·nce that the distrilmtion is random. lt also doe:- nore. l t 
",.n·t·s to e,..t.tbli:-.h thc facts that the pwhahility p that an alph;t 
p.trtielc will strikt· thc screen is .Olf i. anti that t he maximum numher 
of .tlpha partides which may l'H'r he cxpcctcd to stri ke the scn·en 
is of thc onler of magnitude of SL Crantcd tht·n that wc can always 
tind thc most prohahlc thcorctical frequcncy di,;trihution, Iet u..; 
considcr next the influencc that tlw rcsult may ha\'c in our dctermina
tion of the mo:-.t prohahlc \'ahte, the numher of oltscr\'ations bctween 
.llly t\\o Iimits and the casual n-lationships goYerning thc distrihution. 

Let tb rotbidt·r fir,..t tht· dt·pt·ndt·nce of thl' mo:-.t prohahle \·alue upon 
the typt· of distrihution. In our pre,;Pnt work in thc study of carhon 
tht• rl':-tdtant di,..trilllttiotb han· lwt·n in mn~t instances eithcr randt•m 
or "uch that through a propl'r tratbformation tlwy could ht· reduced 
tn .;uch. For .tny di,..triltution cothi"tent with the second approxima-

.. Thc ~ourcc oi all di,triJ.utions prc1 iou,)y calculatcrl arc indicatcd. Thc 
l'oisson-Charlin <cric< i< ~irnilar to thc ( orarn-Charlicr scric~. cxccpt that thc 
l.tw ni small 11111nhcrs i~ thc ~~·ncratiru.: iunrtion. lt st·n·cs as an aclmirable 
mcthorl oi ~o:raduating ccnain da<scs oi ,kt·w .Ji,trilontion as iiJu,tratt·d l•y thi> 
c><:amplc and J.y that givcn in Tahlc III 
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tion thc mostprobable value is at a distancc -~ from thc arithmctic 
2 

mcan. :\Iany distributions haYc hccn found for which k lies bctwccn 
.5 ancl unity, and, thereforc, this diffcrcnce is from IJ' to },~ of the 
standard deviation. Thus, the efficicncies of certain stanclard typcs 
uf transmitters are found to conform to such a law, ancl the clifTcrence 
betwcen the modal and a\·erage ,·alues is of the order of magnitude of 
0.4 mile. 

ObYiously thc geomctric mcan of thc sound intensitics (Fig. G) 
and not thcir arithmetic mean is thc most probable. The difTercnce 
bctwecn thc two is quitc )arge. The diffcrcncc between thc arithmetic 
mean ancl the modal \'alue for groups of data such as giwn in Fig. 1, 
Tablcs II and VI are quitc )arge. To use again the illustration ot 
the alpha particlcs the obserYecl most probable nttmber is 4; whcreas, 
thc obsen·cd aYeragc 45 is 3.87. Juclging from the best theoretical 
clistribution the mostprobable numhcr of alpha particlcs is 3. Choos
ing thc numher 3 it is seen that cithcr of the other two numbers difTcr 
from this by approximatcly ~1 the standarcl de,·iation. Such rcsults 
arc, howc\'cr, not confincd to the work of thc prcscnt investigation 
nor to the cxamples pre,·iously citcd as is cvidencccl by thc clata givcn 
in thc last column of Table \'I II. 

N=Numbcr of 
Observations 

1000 
251 

9154 
2162 
368 

Source of 
Data 

E •54 
E 66 
E 10 
E 79 
E 84 

675 Tabte \"t ......... 
:\'ormal Law ...... 

TABLE \"111 

Percentage Pcrccntagc Percentagc :\veragc 
\\"ithin \\'ithin \\"ithin - :\I odat 
X±a X±2a X±3a 

66.6 97.2 99.6 .803 
78. I 94.8 97.6 1.0·!2 
67.7 95.5 99.6 .031 
70.1 95.1 99.3 -.311 
73.4 94.6 97.0 .422 
68.7 94. t 99.6 . 247 
64.26 95.H 99.73 0 

• Eiderion "Frequency Curvcs and Correlation," publishcd by C. & E. Layton, 
l.onrlon, 1906. 

\\"c should not lea\·e this phase of thc discussion, howeYcr, without 
pointing out that in a large number of purcly physical cxperimcnts a 
sufficient number of ol>sen·ations has not becn takcn to makc it pos
sihlc to choosc thc bcst theorctical distrihution. In gcneralmorc than 

"Of coursc, such an a\·cragc has no significancc, cxccpt for a continuous 
distribution. 
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1110 ol•,.t•n .ttions .tn• n·quired. Tln!:i, in l'rof. :\lillik.lll 's 48 d.-tl'rmiua
tiun of tlw electron charge r only ;)S ohsn\',ltions Wl'rt' m.ulc. Tlu· 
,-,dllt·..; of u, k, and ß2 for thi,. distribution ,m• .12S units, -.1\Hi and 
2.:~;)~. 1·:, l'n though tlw ob,.l'rn·d distribution is consistcnt with a 
normal ,.~·stem of c.lllses, ,-,dues of k .utd P2 may hL' cxpcckd to oet·ur 
which ditTer from 0 and :~ n•,.Jwctin·ly, as much as thesc obscr\'cU 
\'alues do. ln this cast' en·n if k is re;1l and not a rl'sult of random 
s..unpling, the corrcction tn bc addcd tu the a\'cragc in ordcr to obtain 
the most probable ,·aluc is insignificantly small. 

:\cxt Iet us considcr thc prohlcm of detcrmining thc numbcr uf 
obser\'ations bctwecn any two Iimits. The physicist is ordinarily 
conccrned with thc probable crror: that is, the crror such that ~1 of 
thc obscn·ations lic within th1• range .Y ± probable crror. I ts mag
nitudc for the normal distribution is .lii-l.iu, and thc errors arc dis
trihutc I symmctrically on ci thcr sidc of t hc a n·ragc. I t is in tcrcsting 
to note that thc magnitudc of tlw probable crror is also .tii -t5u for 
thc sccond approximation, but that thc crrors arc not distributcd 
symmctrically on cithcr sidc of thc a\'cragc. 

:\nothcr important pair of Iimits is that including the majority 
uf thc uhscn·ations. For the normal law ~1\t.i:~S( of thc obscr\'ations 
arc includcd within the rangc X ±3u which, thcrcforc, is oftcn callcd 
thc rangc. :\ot a singlc cxample has hecn found, howe\'cr, of a 
distribution for which thc ohscn·cd numhcr of obscr\'ations within 
this rangc is )es...; than ~t.;r~ c\·cn though thc distribution is dccidcdly 
skew. ln fact it is scldom lcss than ~~s~·~. lf, howe\'cr, wc ha\·c a 
c.1se such as that rcprcscntcd in Tal•le I I wherc groups of ohser\'a
tinm. ha\·c bcen taken in what is technically known as di!Tcrcnt 
uni\'erses, and then an·ragcd togcther, the an·ragc rcsult is not thc 
most probable, and thc standard dc\'iation of thc a\'crage is not 
im·crsely proportional to thc Sf]Uarc root of thc number of obscr\'a
tions. Sincc this point is of r.onsidcrablc importance, it is perhaps 
weil to state it in a slightly ditTercnt way. Tlllls, Iet us assumc that 
we han· a thousand samples of granular carbon which posscss inherent 
microphonic efficiencies difTering by comparati\'CI)' )arge magnitudc. 
Tran,.;mitters asscmhlcd from any onc of the groups of carhon CO\'C'r a 
range of eftiriL"ncies. If wc choosc a :-x"lmplc of 10,000 instrumcnts, 
5,000 from cach of two lots of carhnn which do not posscss thc sanw 
inhcrent efficicncy, we cannot cxpcct, for rc::1sons already pointed 
out, that the obsen·ed distrihution will hc normal. The an·rage of 
thl'sc obscn·Lttions will not in g-cnl'ral hc thc most prohahll' \·alue, 
and the standard de\'iation of the a\·cragt· will not he ef]u.tl to the 

.. ~!illikan, R. A.-Thc Elcclron-L'ui•·cr.ri/y of Cllicago Pr.-ss. 
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uhsl'rn·d standanl dedation di,·ided hy tlll' ~quare root of the numher 
of ubsen·ations, in this ca"c 10,000 . 

\\'c han· already "l'l'll, huwen·r, that it is po":--i!Jie to detect such 
errors of sampling, since in gencral the distribution cannot !Je fi t tcd 
by the st·cond approximat ion or Cram-Charlier scrics. lf thc t heo
rctical distrihutiun is eithcr normal, secund approximation. or the 
law of small numlJl·rs, thc num!Jer of olJst·r\'ations to bc expcctcd 
lll't\\"t'l'n any two Iimits can Iw readily detcrmincd from thc tablcs. 
Experil·nn· has sho\\·n that in e\'ery in,;tance wlwre it has bccn possiblc 
to rcprt'Sl'llt tlll' oiJser\'ed distribution in any of thcse three \Yays, thc 
data oh tained in futttrl' samplings han~ always hecn cotbi~tcnt wit h 
the rcsults to ]Je l'XfWCtl'd from tlw t lll'ory underlying thesc threc laws. 
lt will !Je of intcre~l to note the data gin·n in mlumns :3, 4, aml 5 of 
Tahlc \ ' II I and to eompare thc thcoretiral percentages (last row) for 
the different Iimits with thosc obser\'ed. 

l n do,;ing it is of interest to point out further thc signilicancc of 
some of the results discussed in this paper in connection with thc 
inspcction of equipmcnt. ll crc \\"C must dccide upon a magnitudc 
of tlw sample tobe mcasurcd in ordcr to detcrminc thc truc pcrccn tagc 
of defecti\·e instrumcnts in the product. lf p is thc pcrccntagc 
dcfccti,·e, and q that not dcfccti,·c, tlwn the standanl dcdation about 
thc a\'crage mtmher found in a samplc of 11 cho~en from X instrumcnts 
is 

., (I II) cr=Pqll - .\' . 

l n practicc, lwwen·r, \H' nc\·er know the true Yalue of p unless \\"l' 

nwasure all of the apparatu,;, and thi,; is impractical. l n our calcula
tiotb we mu"t therdore lhl' "omc corrccted \·alue. \ \ 'c lind, though, 
that the a\'crag1· ,·alue of p i,; in mo"t itbtances the one that mu,;t be 
n,.,ed. ,\s"uming that we choo"e a \'alue of p, the distribution of 
dcfecti\'es in X' samplt~s of 11 in numher will !Je reprc,;cntecl hy tlw 
distrihution of .\" (p+q )". lf one of the samples is found to con ta in 
a pt·tTl'lltagl' of ddectin·s, which i" itH'Othi"·l-l'lll, that is, which i,; 
highly improhahle as determitwd from the distrilnllion of .V'(p+q)", 
it indicates that thl' product i,; changing. 

l f, ho\\"l'\'L'r, \Ye take lnto an·ount tlw !'IT!'I'I of the ,.,izl' of the lirst 
~ample in re~JH'CI to tlw "l'l'llltd a" indicatl'd IJy l'l'ar~on,~7 we Sl'l' that 
the di"trilnttion of .\'' ~tmpll·s m;ty lll' diiTerl'llt from that gi n ·n by 
the binomial expan"ion. l n acconbnce with thi~ tlwory, if in a li rst 
sample of lflO, 10'·; of the samplt· is found to P"~"I'S" a gin·n attri hu te, 

" Pcarson, K. Lc •C. cit. Foot nute 30. 



l/'/1/l I /<1\ II/ \1.11/\1/( 1/. \1//1/<J/>\' 

tlw cli-.trilllltiou t•f tht· pt·rt't'lll.q.:t·.., tu Iw '''Jll't'lt·d in 1.11110 ..,w·h 
-..1111plt•., i ... il1di.:.llt•d h~ tht• l.l-.( ('1111111111 of in·qlll'lll:ie .. in r.d.h· II I. 
Iu orclt·r 111 ... h"" gr.1phic.dl~ h"" thi., di ... trihuti"l1 difln ... fr11111 th.lt 

0~~ 

Fig. 13 

Or IOQO S "'M•lU 

A Hy"•lllO"lTIIfteStlltiU 

a B.1 .. o" .u-'t•~r~ 

corrt·sponding to thl' hint1111i.d l':\JXmsinn thl'Sl' twn sds nf ir<"qli<'IH'ie,.. 
an· n·prodlll'l'd in Fig-. 1:~. Tlw dil'fl·rL"nre het\\'l'<'ll them is a .. triking 
illu,.tratinn of the .. ignilic,l!H'l' of thc sizc of the sampks ll"<'d in con
ll('l'tion \\ith tlw in .. pertion 11f l'fJUipmrnt, prodding we acn'pt P t·ar
son's re ... ult..;. 



Devia tion of R andern Sampies from Average 
Conditions and Significance to Traffic Men 

By E. C. MOLI NA and R . P. CROWELL 

T HE traffic executi,·c ucals with qucstions which Iead him into 
the cunsideration of problcms of wiucly diiTcring naturcs. At 

al most cn·ry turn hc is confrontcd by the fact that his decisions and 
programs in relation to thesc diiTcrent phascs of the work must be 
based on rccorus which are seiliom continuous and in most cases are 
mcrcly "samplcs." These sample rccords are assumed to measurc 
thc characteristics of thc cntire volumc of facts or data of which thcy 
arc takcn tu be rt>prcscntativc. In the use and analysis of thesc 
rccords thcrc are a numbcr of perplcxing qucstions which comc to 
bis miiJ(I if hc al low,; him,;clf the luxury of a lit tlc thcoretical spcculation. 

l 'ractically all of his information regarding thc cfficicncy with 
which his officc is run and on which he must basc his pbns for con
tinued cfficicncy is obtained from thc peg counts. These peg counts 
arc rccorJs of the numbcr of calls handled and arc takcn on two or 
thrcc uays out of cach month. At thc same time that the calls arc 
countcu, thc number of employcc hours useu in thc hanc11ing of thc 
traffic is counteu. Thc results of thcsc peg counts are useu to reprc
scnt the pcrfonnancc ofthat ofticc for thc month. \Yhcn the inquiring 
traffic man meditates a littlc on thc subjcct of these pcg counts hc 
soon begins to wonuer how ncarly rcprescntati,·c thcy are of his c\·ery 
day pcrformance. He can - anJ somctimcs docs-think up a number 
of things which will cxplain any poor rcsults which show up. 

Onc of thc means takcn to insurc thc accuracy of thc pcg count is 
to observc the counting of 2.'J to 50 ca lls cach by as many of thc oper
ators as possible, with thc idca of dctcrmining how accuratcly thc 
opcrators count. In this way from 1,500 to 3,000 ohscrvations arc 
madc on thc accuracy of thc opcrators' counting, in a period of two 
or th rcc days. Thc traflic man occasiona1ly qucstions whcther he 
can rely on thc rcsults of this comparatiwly small numher of chccking 
obscn·ations to givc him an indication of thc accuracy of thc count 
as a wholc. 

ln ordcr that comparisons may bc madc of the pcrformancc of 
diiTcrcnt offi('cs and thc cost of handling diiTerent kimls of calls, it 
is thc practicc to tran~latc all thc work Junc into terms of traflic units 
(rcprc~cnting thc rclation nf thc Iabor , ·aluc of thc diiTcrcnt opcra
tiuns to a lixcd , ·aluc arl1itrarily sclectl'd). In ordcr to do this, a t 
Ionger intcrvals than thc rq;ular pcg counts, thc traflic is cou ntcd in 

88 
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nwre dl't.til. From n·rt.tin cl.ts,.,ilicalions ;tnd suiJdiYisions of these 
,.,upplcment.try l'OIIllts, nll'tliril'nts or equ.tting f.1ctors are devdopl'd 
which are .tpplied lo lhc rcgul.tr counts to dcYelop units. The specu
l.ttiYe tr;tl)ic 111.111 ponders o\'cr thcse .tnd wondcrs how rcpresent.ltivc 
tlw snpplcnwnt.try counts are of the eYcry d.ty distriiJution of traftic. 

This spccul.ttion Ieads him also lo question the l.thor values which 
h,t\'e hcen assigned to the ditlerent operations and which have heen 
iurni,.,hed him for thc purpost• of equating bis traffic. ll e knows that 
Leeause of the impossiiJility of making continuous stop watch oiJscr
, .• ,tions on his operators, he has to accept the results of such oiJsen•a
tions made on a consideraiJic number of calls handlcd in a similar 
manner at some time in the past and proiJaiJiy in some other place, 
as being representatin of thc work involved in handling those types 
of calls at the prescnt time in bis office . 

.-\fter thus puzzling bimself o\·er peg counts and similar records. 
the tral1ic man may turn his altcntion to somc of thc service proiJiems 
and begins to scrutinize with con,.,idC'rable skepticism the rcconls 
which arc maintained of this fcature of his work. Among the most 
,·aluaiJle records of the way in which the service at his oflice is Leing 
handlt'tl, are tllC' rccords devclopcd as a part of the central ot1ice 
instruction routincs. These are oiJserYations taken on ten calls 
hanc.llcJ Ly each of the operators on the force, periodically. He Iooks 
m·er thc latcst detail shccts and oiJscrYes that the results of thcse tests 
on two partintlar operators show that th<~ one he considcred a very 
cardul and methodical girl has made a high proportion of mistakc~ 
while the operator whom he thinks is the more carclcss shows an 
ab,.,olutely perfect test. Because of his other knowledge he suspects 
tlwse reconls and decides to check them up by examining the sum
maries of similar tests taken for some months past. T hese sum
maries show ligures which bear out hisoriginal estimate of the ability 
of the two operators, which relien:s bis mind but lea\"Cs him still 
puzzled as lo why the awraging of a series of figures which are not 
reprt·,.,entati,·e, makes the summary more nearly representative. 

There is anothcr sct of figun·s which the traflic man consults in 
cnnncction with the quality of thc scrvice and which causes him a 
good dl'al of worry. These are the tigures ohtained from central 
office speed of answer tcsts, tt·sts of t he speed of an,.,wer to recall 
signals, ctc. Tbc !'peed of answer te"ts, for examplc, arC' marle by 
an employee in thc ct·ntral oftice who caU!->t'S signals to appear and with 
a stop watch ddermines how long it takcs the operators to answer 
each signal. Thc signals u,.,ed in making the!->e ll',.,ts an: distriiJuted 
in all parts of the switchboard and the numiJcr of tests maue in each 
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hour is roughly pruportional to thc amount of traftie handkd. Thc 
rc,.,ult~ of tlw:-.c te,.,ts are ,.,ummarized in "twh a manneras to slww thc 
percentagc of tc,.,~:o; which arC' not an,.,wl·red within .\ 10 and 20 sccon<.b. 
The traflic man whu gin·" this matter thought, is concerncd to know 
lww much reliance hc can placc on thc rc:-.ults of tlwse tests as heing 
rl'prcscntatin· of thc percl!ntage of slow answers applying to all thc 
calls handled in thc oflire. 

The :-.peculatin· traflic man hy this time is in a framc of mim! 
which either Ieads him to douht all figures or to fcel that there must 
!Je :-.omething in tlw ligurC',., which hc cannot e:xplain hut which make~ 
rertain of thcm quitt• n·presentati,·e, although there arc certain 
other:-. allout which Iw <Iews not fl'cl tlw sanll' way. lle is surc that 
"omc of them arc repre:-;cntatin· hecause dccisions and programs 
!Ja,.,ed on thl·m prnduec thc results dcsircd. I [c is also surc that 
:-.ome of them arenot rcprl'"cntati,·c hecausc thcy imply things which 
hc knows an· nut :-.n, as a rl':-.Ult of ohsen·ation. Just ho\\· far he can 
rcly llJlllll thc ligures which he is using, and whcrc to draw the line 
is a question which nnly long e:xpcrience or an understamling of the 
rl'asons whirh lie hchind the taking of thcse recnrds can soln·. lt 
will proJ,ahly he of intnest to discu,.,s, from the pure!~· theoretical 
angle, n·rtain ,.,imple traftic data with the idt•a of noticing how tlw 
application of a rertain matlwmatical procedun· can aid in dra\\·ing 
accur,lh' concltt-.ioJb fnlln tlwm. 

Tlw typt· of traftic prohlem which will hl· con,.,idcred may he "ta ted 
as follo\\ :-.: 

;\ group of .ill,OOO calls originated in ant·:xchange area. .·\n unknown 
numhn of them wen· delayed more than 10 secomls. Ohser\'a
tion:-. \\l'l'l' madeoll ;{()() of tlll' t·alls and of tlll'sl' !1, or :{ per cent., wen• 
delayed mure than 10 ,.,t·conds. \\'ith thi~ information is it a safe het 
that thl' unknown perrl'ntagl' for the entire .-lO,OOO c.:alls is helow ;i? 

Or J,etter yet, are Wl' ju"tilied in hl'tting !l~l in 100 that the unknown 
Jll'ITt·ntagl' for the ;iO,IHIO call:-. is l>l'low ;i? Ur ag;tin, may \\'l' hC't 
:-.; in 10 that the unknown percentagt· i:-. hetwet·n O.t> and ;j? l t i~ 

takl'n for gr;tnted that tlw olN·rn·r is justitied in helie,·ing that thc 
l·alls undl·r eonsideration fullill the conditions ·of random ,.,;unpling 
'-twh as that (•ach call i" indq>l'ndent of l'n·ry other call, or that an 
appn·l·ial>ll· num!Jt•r of tlw calls i~ not dut• to tlw on·urn·nn· of some 
unusual t•n·nt, tlw op(·ning .,f tlll' lir,.,t ganH' of tlw world s<.·ries, 
for l'Xampk . 

• h:-.uming that tlw reader is unfamiliar with tlw theory of prol>a
!Ji!ity , a digre~:-.ion l>t·conw-. m·ce:-.sar~· andinorderthat he may cnter 
in to t he spiri t of t he t henry t he rcader is requt•sted to forgct for the 
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prl'..,t'lll thc tdl'phollt' prol•h·111. t lf cour ... l', ouly .1 hinl' ... -1')'1' ,·iew 
oi thl' thcory will hc gi\ l'll lwrl'. S1·n·r.tl l.1nlll.t' will l•t• l'lll'OIIllll'rl'd: 
thc lilling in of .IIIY 11111' of tht·tn would c.tll for .1 \·olunw oi not n·ry 
... lllall dintcn ... inn .... 

I Yfi{IJ(Jl't'Titl:'\ TO TIIE TtiFOI{\' OF "•\ l' t>"TERIORI" 

I'R<>II.\IIll.IT\' 

The proulem to hedealt with helongs to thc dass of proulcms whirh 
ga\'c risc tuthat branch of thc T hcory of Prohauility which is known 
.1s ":\ l'ostcriori l' robahility" or " Prohal•ility of Call»l's." l t is 
irl'f)lll'lltly rdcrrcd to as thc T hcory of Sampling. 

To uring out certain of the idcas in\'l>h-cd it will be hclpful to 
('onsidcr what may appear as a n·ry l'XtremL" examplc from tlw traftic 
man's point of \'il'w, hut which is nen·rthl'll'ss typical of thc type oi 
prol•lem in which a consideration of a postl'riori prohahility l'llll'rs. 
\\'e are told that at a »tudcnt gathering a partindar young man won 
i out of 1.1 times . Our informant rdusl'S to dintlgc what is going 
on at the gathcring. \ \'hat prohahilitil's ,.,hould we assign to thl' 
following hypothl'»l'S! 

I. ll c thrcw lwads i times out oi J.i thnm·,., with a l·oin. 
2. llc thrcw i an·s out of 1.-> throws with a u fael' die. 
a. He \\'Oll Oll points i rounds in a lifteeil round hout. 
-t. Thc aggrcgatc of all other hypothcsl's . 

. -\ littlc cardul consideration will make it ckar that with rdercnce 
to l'ach hypothc»is (ur aggrcgate of hypotlwses) two essential ques
tions must be answereil hdore we can ddl'rmine thc a postcriori 
prohaLility. Con~ider thc six faec die hypotlw ... is; \W llllht know: 

bt \ \'hat is thc relatiYe frequency or prohahility with which 
gambling with a u facc die is indulged in at stuuent gathcrings? 

2nd-GiYcn a six face die, what is thc probahility of throwing an 
acc i timcs in J;j throw ... ? 

Q uoting :\ Ir. :\rnc Fisher 1 we may re ... tate thesc two qucstions as 
follows: 

Ist -\\"hat i ... the a priori exislena prohability in b\·or of tlll' Ii 

facc die hypothesis! 
2nd -\\ 'hat is the productir•e prohahility for tlll' o)J,.,ern·d t'\'t'lll 

givcn by thc hypothcsis of a tj facc die! 
1 Arne Fisher-The :\lalhematical Thcory of Prot..abilitie~-2nd Edition-Art. -II. 
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In most prol>lems of this type the determination of the productit•c 
proba!Jility for each hypothesis is a question of pure mathematics. 
But when we proceecl to e\·aluate the a priori e.ristence prol>ability 
for each hypothesis or cause, common sense and guessing must fre
quently !Je resorted to. The history of the applications of a posteriori 
probability is so full of paradoxes resulting from appeals to common 
sense that to some high authorities the whole thcory is a fallacy. 
Prof. George Chrystal 2 closes a severe attack on Laplace's Theorie 
Analytique with the statement-"The indiscretions of great men 
should be quietly allowed to be forgotten ." Nenrtheless, the writers 
will assume the Laplacian vicw of the subject, especially as it has been 
defended by such authorities as Kar! Pearson and E. T. \\'hittaker. 

The abo,·e typical prohlcm has bccn introduccd because its mere 
statemcnt Ieads us immcdiately to the conceptions of existence and 
produclive probabilities "·ith rcference to different possible hypotheses. 
But, it is not our intention to bring any notoriety on the young man 
by ans\\·ering the questions raised. l\ JoreoYer, the hypotheses made, 
differ qualitativcly, whereas, our telephone problem involves ,·arious 
hypotheses which differ onl) quantitatinly. "'e, thercfore, proceed 
to another typical problem, a solution of which will give us at once 
the solution of the telephone problem. 

A !Jag contains 1,000 balls; an unknown number of these arc whitc 
ancl the rest not white. Of 100 balls drawn 7 are found tobe white. 
\\'hat light docs this information throw on the value of the unknown 
numher of white balls? \\'hat is the probability that there are 70 
whitc? Js it a safe hct that the number of white balls lies between 
GO and SO? 

Two cascs of this problem may be considered: 

Casc I. After a ball is drawn it is replaced and the bag is shaken 
thoroughly l>cfore the next drawing is made. 

Casc 2. A drawn ball is not replaced bcfore another ball is drawn. 

These two cascs !Jecomc cssentially idcntical if the total number 
of halls in the bag is very !arge compared with the number drawn. 3 

In the following discussion Case 1 is assumed. 

Theinformation at hand isthat 100 drawings resulted in 7 whites. 
Olwiously the bag contains at least one white, but wc are frce to 
chonse l>ct \\"l'Cil U!l!l pnssiblc hypotheses. 

, Transactions of lhc Acturial Society of Edinl>urgh-\'ol. II, No. 13-Qn Somc 
Fundamenta l l'rinciples in thc Thcory of l'rouauilitics. 

, For the applicatiun to practiee herein conlemplatcc.l it is thought that thc number 
of ualb in thc uag shoulc.J uc at least tcn timcs thc numucr c.Jrawn. 
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1-Tiw h;1~ contains 1 whitc and 000 not whitt'. 
'2-Thc ba~ cnntains 2 whitc and 00S not white . 
• > Thc ba~ cnntains 3 whitc and 007 not whitc. 

K-Thc ha~ contains K whitc and (1,000-K) not white. 

007- Thc ba~ contains 007 whitc and ~ not whitc. 
D%-Thc ha~ contains !lOS whitc and 2 not whitc. 
UDO-Thc La~ contains 000 whitc and 1 not whitc. 

QJ 

Let lr(K) bc thc cxi~tcncc prohahility fnr thc K'th hypothcsis. 
B~· ''cxistencc probability" is mcant thc lih·lihood that thc Lag 
cnntains cxactly K whitc halls whcn thc circumstanccs of thc drawing, 
hutnot thc actual rcsults of thc drawin~. arc fully taken into account. 
lts cxaet ,-aluc may oftcn hc in doubt cithcr bccausc \\'C do not ha,·c 
complete knowlcdgc of the circumstanccs prcccding the drawing 
or hecausc wc arc not ablc to dcducc its cxact value from this knowl
cdge. ft is ob,·inus, howL'\·cr, that thcrc must bc somc such \'aluc 
and we must, thercforc, introduce a symbol to represcnt it. 

Let B(7,100,K) =producti,·c prohability for the K'th hypothcsis; 
hy thi~ is mcant thc prohability of ohtaining thc obsen·cd e\·cnt (i 
whitc in 100 drawin~s) if thc bag contains K whitc b;JIIs and 1,000-K 
that arc not whitc. 

Then thc a po~tl'riori probability in fa,·or of thc K'th hypothesis 
(meanin~ therchy thc prohahility in fa\·or of thc K'th hypothcsis 
after thc 7 white halb wcrc drawn) is 4 

Jl'(K)B(i,lOO, K) 
pk •-999 (I) 

z J!'(S)B(7,100, S) 
•-1 

~ow to say that the bag with a total of 1,000 balls contains K whitc 
balls is cquivalcnt to saying that thc ratio of whitc to total balls is 

and that the ratio of not whitc to total balls is 

q~r. = 1- P~: = (1000-K)/1000. 

• This is thc celebratcd Laplacian generalizal ion of Bayes' formula. ~o attcmpt 
to demonstrate it will hc ma<le here. The subject is dealt wil h at len~th by Laplace 
in the Th<·orie Analyti<]ue des Probabilites and by Poisson in thc Recherehes Sur 
L:1 Probabilite des Jugcments. A bc.1utiful and relativcly short dcmonstration 
is given by Poincare in his Calcul des Probabilites. 
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\\"e may, thcreforc, rcwrite ( 1) as folluws: 

P _ Jr' (Pk) B'(7,100, Pk) 
k- s-999 ' (2) 

~ ll'' (p.) B' (7,100, Ps) 
s= l 

where IJ'', B' arc thc forms assumcd by the functions ll', B, rcspcc
tivcly, wlwn the ratio Pk is used instead of thc nnmbcr K. 

Thc intcrprctation of thc tcrms of thc cxpansion of thc b inomial 
(p+q) 100 teils l!S that 

whcrc ( 
1 ~0) is a symbol for thc numher of combinations of 100 

things 7 at a time. 
Substitutingin (2) anti canceling from numcratur and dcnominator 

the COI11!11011 factor (1~0) Rin·s 

TJ'' (pk)Pk7
( I- Pk)93 

999 

~ w'cp.)p/( 1- p.r·3 

1 

From ( :~) we ohtain for tlw a posteriori prol>ahility that the ratio of 

white halls does not <·xcccd I\ 2 I ,000, 

K t 

PU.: J> K 2) = "2.Pk. 
I 

Likcwisc, the a postl'riori prubal>ility that the ratio is not lcss than 
K 1/ 1,000 is 

999 

P(J\ <1: K 1) = '1, Pk. 
Ka 

Finally, thc a postcriori prol>al>i lity that tlw ratio is not less than 
Kt / 1,000 or grcall'r than K 2

11,000 is 

K t 

Kt '1, Jl'' (ps)P/( 1 - Ps)93 

P(K, ~ K $ K2) = '1, Pk = ;,;~c.-:-~------- (·l) 
Ka 2: JJ''(p_.)p/( 1 _ Ps)93 

1 
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Oll\ iou,..ly tlll' !l'lt·phont· prohlt·m is .lll.do~ous to tlw prolJh·m of tlw 
h.1g ront.1ining ;II\ unknown r.llio of whitt· h;tlk Tlw corn·,..ponding 
clcmcnts in tlw two prohlcms ma~· hc t.dnll.ltcd ,,,., follows: 

Ist 1,000 h.dl,.. in Iug n·r,.,u-. ;itl,O(}() calls origin.L tcd. 
~nd 1011 h.dl..; dr.1wn n·r,..tb :wo c,\11,., oh-.nn·d. 
:kd i whill' h.tll..; dr.1wn n·rsus !I c.11ls dcl,,~·l'd 1\lflrt' than 10 

:-lTOIHb 1 i.1'., ddcctin· with rdcrcnce to ;1 particulo~r cho~r

actl'risticl. 
·lth To tht• !1!1!1 po,.,-.it,lc hypotht•st·,., \\ith ref<'n·ncc to tlw unknown 

lll'r n·nt. of white halls corrc-.pond 1!1,!1!1!1 fHh-.il,il' hypoth
l':->l'S with rdt·rt·nn· t•• the unknown JWr n·nt. of c;dl-; 
dclayl'd morc t han \() stTomls. 

The prol,lcms tlilTer in that a hall drawn from tlll' 11,1g is rcturncd 
l•dore anothcr drawing is made, wl\l'no;ls an ohsl'rn·d call i,., con•
parahlt· to a h.dl lll'ing tlr.Lwn and not rl'turnctl. \\'ith tlw numhcrs 
in\'t>ln·d, howt·Yer, the discrcpancy may he ignorcd. 

:\ formub of the sanw form as (-t) will, tlll'reforc, gin· the an:-wt·r 
to our qul'stion. \\\· may, howcn·r, suh;..titutl' ddinitt• intcgr.ds 
in plan• of the tinitc summations sinn· tlll' diiTercnn· hctwcen any 
two consccuti,·c po=-sihlc \·alucs for tht· unknown ratio is \'t•ry ,mall. 
Thc intcgrals togctlwr with :'tli\\C tlt-sirahlc tra nsformatiolh of tlwm 
will ht· found in thc appt·ndix to this artick. \\ 't· will nll'ntion here, 
howl·\·cr, that the trarbformation,.. madl' in,·oh-c an arhitrary a,..,..ump
tion '"' to how thc a priori exisll•nre prohahility for the diiTl't't'nt 
hypothc,..l's \·arics .• ·\,.; :-tated ahm·c in conm·ction with Prof. Chry:-tal\ 
\'icws, this is the pha:-.c oi thc suhjcct which lcmb itsclf to con:-.ider
ahlc ditTcrencc of opinion. Thc rcadcr who contcmplall's using thc 
curYes cmhodicd in this articlc should read thc appcndix with :-pccial 
rdl'renrc to thc a;..sumptions madc. 

Thc attadwd run·cs Fig. l show graphically thc condusions tn bt' 
drawn from thc mathematical analysis. .\ glancc at thc right hand 
end of thl' cunTs will :-.how that tlwy arc associatl·d in pairs. Tht' 
uppl·r curn· of a pair slopl'" downward from ldt to right whilc ih 
rnate slopc,., upwanl. 

Considcr the pair of cun·cs marked .O:L For the al>,.,ci,.,s.l :~110 

thcy gin· as ordinall'" thc Yaluc,., .Of i2."i and .Oll. Thc intcrprl'tatinn 
of thcse tigurcs j..; as fnllows: if :300 ohsl·n·ations ga\'e ~ pcr ccnt. of 
call~ th·l.lyt·d then wc may hct 

Ist !1!1 in 1011 that thc unknown pt·rn·ntagc oi e.dl..; tld.lyl'd is 110/ 

grealer than G.2:>. 



96 BELL SYSTE.U TECIINICAL JOURNAL 

2nd-!J9 in 100 that it is 110t less than 1.4 per cent. 
3rcl- 9S in 100 that it lies betwecn 1.4 per ccnt. and G.25 per ccnt. 

Likcwise, considcring- thc cun·es marked .OG if 1,000 obscn·ations 
gavc G pcr ccnt. of c..1.lls delayed, thcn wc may bet 

lst- !J!J in 100 that thc unknown perccntagc of calls dclayecl is not 
grcater than S.O;j. 

2nd - 9!J in 100 that it is not lcss than 4.·1 per ccnt. 
3rd- 98 in 100 that it lies betwecn 4..! pcr ccnt. and 8.05 per cent. 

I t is oll\'ious from thc shape of thc curves that a fcw hunclrccl obscr-
, ·ations do not gi,·e morc than a ,·ague iclea as to thc unknown per 
cent. of cal ls delaycd. On thc othcr hancl, thc gain in accuracy 
obtaincd by making morc than 10,000 obsen·ations would hardly 
justify the expensc involvccl. Thc numbcr of obsen·ations which 
safcty requircs in any particular problcm must bc determined by thc 
conditions of the problern itsclf. lf wc are willing to take a chance 
of 9 in 10 or 8 in 10 instcad of ()!) in 100 or ns in 100, respectivcly, 
the curvcs of Fig. 2 will give us an idea of the rangc within which 
thc unknown perccntagc of defcctivcs lies. 

APPEi'\DIX 

CAsE Xo. 1- I KFI:\'ITE Son~n; OF SA:'-!PLES 

An inspection of n samplcs has gi,·en c defecti,·es. Thc obsen·cd 
frcqucncy is then c/ n. Let p bc thc unknown truc frcqucncy and p 1 

the frcquency of delaycd calls which has becn arbitrarily choscn as 
being thc maxi rnum permissiblc. 

Tbcaposteriori probability that P> p, is 

[
P• 

0 

ll"(x)x'(l- x )n -c dx 

P = ' .t JJ"(x)x' (l - :r)n -c dx 

(I) 

where II' (x) is thc a priori cxistcncc probability that P = x. This 
formula is unmanageahlc if thc form of II ' (x) is unknown. 

AsstllllC first that rv (x) is a constant b for o< x<g, whcre g>h· 
Then 
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:\11\\ ·'""lllllt' that 

.t Jl'(xl \.'( 1 - ,·)" 'dx , b . . 

is nq;~ligihlc comp.1red with 

.[\ '(1 - x )" 'dx , 

.uHI .d"o ,IS:illlllt' that g, c and (n -c) arc surh that approximatl'ly 

Thcn, tinally. 

(
,, 
· X'( l-x)" 

P= ' O 
( x'( l-x)" 

• 0 

<d~: 
· (n+l ) ! j'r• = , 1 x'( l - x )" 'dx , 

'dx c .(n-c) . • 0 

This weil knnwn formula might haYc lwcn ohtaincd hy as~uming 
ab initio that W (x) is indepcndcnt of x. lt should hc particularly 
noted that this indepcndcncc is not idcntiral with thc assumptions 
made ahon·. In thc applications which arc hcre rontcmplatcd thc 
valucs of p1, c and 11 arc such that g nccd lw hut a small fraction of 
thc range o to l. 

In thc "Tht'·oric .:\nalytiquc" Laplarc tralbfnrms (:~ ) so that it 
can hc c\·aluatcd in ll"rms of thc Laplarc-Bcnwulli integral 

') l k -.:::: - e-"d I, 
\ " 0 

whcrc k is a funrtion of p,, c and 11-. This Iransformation is most 
\·aluahlc whcn p1 is in thc ncighborhood of 1 12. Fnr "mall valucs of 
p1 thc Iransformation which con\·crts thc hinomial cxpansion to 
l'oi"son's cxponcntial binomial Iimit is morc appropria tc a nd givcs, 
writing ( 11 p 1) =a 1, 



Photomicrography a nd Technical Microscopy in 
Its Application to Telephone Apparatus 

By FRANCIS F. LUCAS 

:'\OTE Thr following paper may be considered as introductory to thc 
suhject of photominography. Douhtless c\"cryone is casually familiar 
with photomicrographs of thc crystalline structurc of \"arious mctals. 
The appli(·ation of this branch of thc optical art to thc study of metals 
is \"t'ry important in thc design and manuf;wturc of telephonc apparatus 
hut its importancc in telt·phony is more far-reaching t h;lll in thc st udy of 
ml'lals alortc. \'ariou~ of thesc applications arc suggcsted hy the illus
trations rcproduced in thc .-\ppendix of this artid('.- Editor. 

I :\TRODH' TIO:\ 

By photomicrography is meant the adaptation of photography 
to microscopy, or thc art of photographing a magnified image. 

T he scope of the art cmbraces the reproduction of images ranging 
from natural size up to magnifications of se\·eral thousand timcs, 
the degree of magnification bcing expres~ed in terms of diameters. 
l t will he sccn that the image is not always magnified but in some 
instances may bc a t a 1 :1 rat io or when ]arge suhjects are bei ng 
photographeJ, at an actual reduction in size. Such !mY-power work 
is often spoken uf as gross photography but so far as the equipment 
and technique of treatmcnt is conccrned it is low-power work. 

Low-power work may be considered as trcating with magnitudes 
from 1 to about 30 diameters. ::\Iedium-power work dcals with 
magnifications from about 30 to allout 500 diamcters, and high-power 
work cxtends from 500 diameters upward. The Iimit of uscful 
magnification is a much di~puted question. It is sometimcs contemied 
that 1,500 diamcters represents ahout all that is worth whi le, but 
the fact that \'Cr~· fc\\' picturcs are publi~hed which cxceed 1,;i00 
diamcters in magnification would Iead to thc conclu:;ion that citlwr 
thc Iimit is from 1.000 to 1 ,;j00 or d~c the art has not Ileen dc,·cloped 
to thc :;tate wherc substantial gains result by going highcr. T his 
matter will uc considcred at greater lcngth bdow. 

CE:\ER.\L DI~CT~~IO:\ OF .·\PP.\R.\Tl'<; 

T hc rca~on that photomicrog-raph~- is gruuped undcr threc classifi
cations accorcling- to magnification, is hccausc the apparatus uscd in 
each ca~c is quitc difTcrcnt and lwcathl' thc preparation of thc suhjcct 
and its trcatment also difTcr. ln fact for low-powcr work the micro
scupe uftcn may ],c di:;pen~cd with cntirely, thc k•tJ:i l>cing- ;,t•ctmd 
dirl·ctly to thl· canwra; in othl-r cascs, t hc microscopl' ~l'r\'CS only as a 

100 
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l"l>ll\Tilil·nt support for .1 Ieus. In tlll' tre.ltllll'llt of 1111>-.t tr.lns
ll.lrt'llt lllllllllts .111 illumin.1ting dl·,·in· ternwcl .1 "u!Jst.lgl' l."oncletbtT i-. 
lll'l"t'-.-.,Jry, tlw mino"copt' thl'll forms .1 \·ery IH'Cl'-.",tr~ acljnnrt to 
low-po\\ er \\ ork. 

\ll'dium-power work .tl\\a~" reqnircs thl' ll"l' of .1 minusl·opt•, .tllcl 
ber.111"t' rigidity in lllllllllting .111d .HTur.H·y in ;uljustnwnt are n·rr 
nl·n·-.-..try to correct n·ndl-ring of tht• image, some sort of .t st.md i-; 
prm·icleJ on \\ hich tlll' microsl·ope and a suitahk illuminating train 
.lrl' mounted. Psu.tlly this st.111d takcs tlw form of a narruw wooden 
or met.tl tahle "uppnrtecl by :-tlhstanti.d met;d kgs. The tabk 
carril·" an optic.tl henrh which in practice is a nwt;tl h;1r or r.til of 
"peci.tl .md ruggl'll construction upon which the uptical parts, thc 
illuminant and thc canwr.t are mounted anti are capahle of acljust
nwnt so that they ma~· bc aligned optically. The description nect•s
s..trily, meets gl·ncralizcd conditiuns. Tlwrc is, howen·r, a great 
similarity in the product of ditTerent mahs of equipmcnt and they all 
follow the same corn·entional lines, impro\Tments in onc make quite 
often bcing ml't by simibr changes on the part of othcr makers. 

Thcre is no \"Cry weil Jdined line betwcen medium-power and high
power apparatus so far as the stands are concerned, but when it 
comes to real precision apparatus the choice in equipment is limited 
to possibly two or three makes. The ditTerence is to be found in the 
quality of thc optical partsandin the generat stability of the assembly . 
. \ skillcd technician may producc remarkable medium-power resnlts 
with quitc ordinary apparatus but no amount of training and skill 
c.tn make good in high-puwer work for thc actual shortcumings uf an 
ohjecti,·e. Gin·n a really good objl'Ctiw the skilled operator may 
u~· an inferior type of stand and st·curc \Try fine rcsults, hut he will 
he working umlt-r a cunsitlerahle handicap and his work will not he 
con,;i:-tcntly goud lwcausc Iack of the right sort of apparatus is apt 
to introduce \·ariations in illumination, focu-.ing, or adjustments 
\\ hirh will prm·e ruinous to good definition. 

Thu,; Lu consideration has Ileen gi,·en to apparatu,.; capable of 
yielding a magnified image nf some tangihle sort of a specimen, hut 
thcre is an entirely ditTerent form of microscopic equipment which 
rc\·eals the presence of particles heyond reach hy all ot lll'r kn.,wn 
means of microscopic \"ision; rderencc i,- macle to t hc ul tra-micro"copl'. 
This instrument is not onlin;~rily pro\"ided with photographic ap
paratus although with certain classes of work and under f.l\·or;thle 
conditions it i.., possiblc to reproduce the image plwtographic.tlly. 
Both liquids and solids may he stucliecl hy this mcans hut in each 
c.bc the specimen must be capablc of transmitting light. 
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lt is oL\·ious that a complctc tcdmical di:.cu~sion of the instrumcnt 
and lquipmcnt u~cd in photomicrography is not within the scope of 
th:s paper nor would it l>c of intcrest to many rcadcrs. In onlcr to 
appn·ciate tlll' possihilitie,., of tcchnical micro"copy as an aid in the 

Rl'ollmOI[~ 

lffl'f"'rltd 

Fig 1-0ptical Diagram ol lhc Compound :\Ii< ro"c:opc. 

soluti"n .,f definite cngineering problems n:lating 111 telephonc ap
paratus it is m·ce~~1ry, lwwcn·r, to C!lnsidcr more in detail the cquip
nll'l1t used. 

Thc 11ptical sy~tem "f the compound microscope is shown diag:ram
lllatically in Fig. I. and in Figs. 2 and :3 are pictured two modern 
rcprl'~ent.lti\·c re,.,l·arch type micwscopl's. In the diagram threc 
parallel pencils of li ght arc ,.,lwwn rl'lll·ctl·d upwanl into the COIHil'n~cr 
which i>y proper fun.,.,ing is caused to illuminatc a transparent objcct 
(suitably prl'pared and mounted as dcscrihcd later) placed in posi
tion ou tlw minoscope st~age. 1\s shown thc ohjectin· would form 
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.111 ill\ntcd rc,d im.tg!' of tlw ohject 0 1 at 0~ l•nt the r.tys .tn· inler
n·pted hy thc lowcr lens of tla: eycpicrc l•cfore the n·al im.agc j.., 

fornwd. Th!' lowcr eycpi!'n· lens in rumuination wi1h the "flpt·r 

Fig. l-Research type of micro
,..._·opc by Zeiss. !.arge h.trrel for 
photo- microgr..tphy; re\'ol\'ing 
nwchanical stage, and sliding oh-

jcctivc ch.wger>. 

Fig. 3- Research typt· of micro
scopc by Spencer l.en~ t ·o. l.argc 
harre) for pholo-microg-raphy: a 
)arge re\'olving slage with grad
uated circle, and a n·mo\·ahlc 

mechanical stagc. 

eyepiccc kn,., form,.; a magnitierl \·irtual image o~ of the real image 02. 
There arc two magnifications of the ouject and the rcsulting final 
magnification is the product of the magnifying puwers of the objecti,·e 
and the eyepiece. 

\t shuu\d !Je noted that the oujecti\·e produn·s an enlarged imagc 
of the oujcct and that the cyepiece further magnilies this image; 
from this it is evident that if detail is lacking or if the imagc is not a 
good likencss of the ohject, the eycpiecc will not makc up for thc 
,.,ltortcomings of the ohjecti,·c. Thc ohjcctin·, then, hccomt•s pcrhaps 
the most important part of the wholc nuttit. ~n one ohjcctin· will 
scn·c for a\1 purposcs bccausc of thc limited rangc throughout which 
cach partindar ohjcctin· is most usdul: hencc it is nc·ct·,.,,.,ary to han: 
a whole hatte!)· availaule :><• that thc ohjectin: may IJL· '-t'IL'l'tt·d to 
suit thc rcquircments of the work. 
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Objecti\"l'!' an: Ji,·idl'd intu four gcnl'ral das:<cs: achromatic, semi
apochromatic, apochromatic and nwnochromatic for usc \Yith ultrn
violet light. These ohjcctin·s do not consist of singlc lcnses but are 
composed of t\\·o or more len~es n~ry accuratcly Ct'nterl·d and perma
nently mounted in a meta! holder. Tbc compunent parts of tlw len~ 
system arc chosen with regard tu thcir ability to currect or compcnsatl' 

Fi~. 4-:\ lmttcry of low-powcr lcnses. These lt·nscs are use<l without eyepit"l·cs. 
Each Jens is equippc<l with a diaphragm for stopping the apcrture. 

for ccrtain errors which are always characteri~tic of a simple lens. 
Thc value of an objccti,·c dcpcnJs on thc degrec to which thc~c im
perfections ha,·e been overcome. 

The Jifference in quality betwecn the first thrcc classcs of oh
jecti,·cs is primarily a matter of correction for chromatic anJ sphcrical 
auerrations. Chromatic auerration is the inability of a lcns to focus 
sharply at thc samc point the different colors which go to makc up thc 
inciJcnt light anJ the inahility tobring two rays of incidcnt light of 
the samc color tu thc same focus is tcrmcd sphcrical aucrration. 

Thc achromatic uujcctives ha,·c thc chicf optical ddccts corrcctcd 
in a suflicil'nt degrcc fur the physiologically most c!Tcctin.> rays (yello\\·
grccn) of tlw ,-i~iblc ~pectrum, "·hilc in thc casc of the apnchromatic 
objcctivcs thc correction of the image ddects cxtcnJs approximately 
cn·nly on:r thc cntirc rangc of thc ,·isiblc spcctrum from thc red 
to t hc ,·iolct rcgions. 

ln thc achromatic lenses tlw fu~ion of thc chromatic rays Lccomcs 
IL"ss and lcs.-; complcte for rays betonging to thc extremes of thc visible 
spcctrttlll undcr tlll' ordinary conditions of illumination with whitc 
light, and this impcrfection l>ccomes morc apparcnt whcn highly 
magnifying cyepicccs arc· u~cd. Thcrc arc also residual impcrfcc
tions in thc fusion of thc rays ~o that thc colors of ohjects are not 
rendl'red with ah:-.olutc prerision in thcir Iiner shades. In thc apo
rhrumatic ol>jl'etin·s thc fusion of the rays is so perfcct that thcy may 
l>c uscd in conjnnctiun \\·ith high-power eycpieces, anJ becau~c of 
this pl'rfl'cl fusion thc natural colors uf thc objcct arc rcnJcrcJ with 



rl/OfO.\/ICROG/\.11'/Ir .1.\'/1 /It'II.\'/C./1 . .\1/C/\0\·l·U/'l' Jo.i 

.:r(\lt pn·n,.,lotl. Tlw ,.,l'llli-.lpochrom.lli~· ol>jt-clin·,.; cont.tin llunrit(' 
t'll'lllt'llb .wd tlw~· ohjt·ctiu·,., ocn1py .1 po,.,ition in qn.dity intn
mt·di.ltt.• ht•twt•t•n tht• .whrom.llic and .lpodunm.Jtic typt•..,, 

tlhjt·l'tin·,.; are da,.,,.,ilil'd .111d li,.,tt·d acn•nling to thl'ir optit·.d ch.Jr
ilCteri,.,tic,.; ,.;uch a:-; prim.ny magnilit-;Jtion, lllllllerical ;qwrtun· and 
focal lcngth .111d ,,,., tu whl'!IH'r tlwy helong to thl' "dry" or thl' "im-

ljf 

1lf 

Fig. 5-.-\ IJ.Ittcry of medium ancl high-power ohje.:tin,; .md (·yepiccc~ 

mcrsion" ,.;crit·s. Thc tcrm "dry" signifies that the ohjccti\·c wlu·n 
propcrly u,..ed i,.; st·paratcd from tlw spt•cimcn hy a ,.;tratum of air. 
ln the ca,.,c of thc immer,.;ion ohjectin.'s some one tluid for which 
medium thc ohjt·ctivc h;ts lwcn computed, ,.;uch as w.ller. glyccrine, 
ccdarwood oil. t.·tc., is u,:.ed to conJwct tlw front len,; of thc ohjectin: 
with thc spt•cimt.·n. Tht• fundarnt·nt.II di!Tt.·rcncc Oct\\Tl'll thc dry 
and thc immer,.;ion objt.·ctivcs is ont• of rt""olutinn, wht·r(· hy re.o;olutinn 
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is mcant thc ahility to »t'<' separate and distinct lines as indi,·idual 
units whcn these lines are :-paccd vcry clo,;c togcthcr. Rcsoh·ing 
power or the number of lim·s per inch rcsoh·ed is expressed numerically 
hy the equation 

in which N is thc numiJcr of lincs per inch, X.A. is thc numerical 
apcrture (defined ueluw) and >.. is the wave-length in inches. An 
ohjectivc of high resuh·ing power when correctly uscd will resoh-e 

;'/.1'. ";/ 

Sur:foc~ oj IM rondrns~r' 

Fig. 6--Diagram illustrating numerical apcrture and thc supcrior light gathcring 
powers of an oil immersion objcctive. 

lines spaccd 100,000 to the inch, whereas an objective of inferior 
resolving power under the same condition will not be able to dis
tinguish the lines as distinct units. 

As will !Je seen from Fig. U, an immersion lcns has greater light 
gathering power than a dry lens of corresponding focalll'ngth. This 
light gathering power is cxpressed as numerical apcrture which term 
in reality supplil's a nwasure nf all of thc essential qualitics of the 
ohjectin·. The magnitude of the nHmcriral apcrture is cxprcssed by 
thc equation 

x ... l. = ll sin u, 
11 bcing the rdracti,·c index uf the medium containcd l'ctwccn the 
co\·cr-glass and t llt' front lt·ns of tllt' ohject in·, and U thc scmi-apcrtu~ .. 
angle of the systt·m. 

Fnr a gi,·en magnilication and under <'Oillparahlc conditions tlw 
rcsoh·ing power is dircctly proportional I• thc numt•rical apcrture. 
The brightness of the image is proportional tu thc square of thc 
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llll!11l'rit'.d ,q)('rture. .:\s thl' lllllllt'rit·.tl ,q)('rture incre.1ses the dl'pth of 
pt·netr,ttion (i.t'., the power of thl' oltjtTtiw to rcsoln' det.til simul
t.tneously at ditTerent dcpths or distanrcs from tlw obj<·cti\'e), and 
thl' llatlll'S.." of the lil'ld hoth dl'crease, hut usu.tlly wlwn high resolution 
is dcsircd tl.1tncss of fielt! and pt·m·tration are not of grcat nmcern. 
The \·,due of tlw numeric,d apcrturc \·;nies frnm ahout 0.10 in the 
n'ry low-pnwl'r achrolllatic ol'jl'rtives to 1.·10 for thc oil immcrsion 
.1pochroma ts. 

The eyepil'ces for u;;c with the achromatic ohjecti\'CS are generally 
of the Huygt·ns type hut thosc for usc with apochromals are ternwd 
nm1pcnsating hl'cauSt· of certain correctivc measures which they 
apply to the bcha\'ior of this type objccli\·c. High-puwer achromatic 
ohjcctin·s and thc semi-apochromats may also be used to advant;1ge 
with the compl'nsating eycpicces. The magnifying power of eye
pieces ranges from about ·I timcs to 20 timcs although another dass 
tcrmed orthoscopic eyepieces may bc procurcd with a magnifying 
power of 2S. These latter eyepicces are generally used with low
power objertins only. .:\ special type of cyepiece known as a pro
jection eyepiecc of low m;1gnifying power is uscd for certain classe" 
of work when photographing with a long bellows extcnsion. Thl'sl' 
eyepieces ha\'e correction collars which must be set to correspond 
with the bellows extension used. 

JI.I.DIIX.\TIOX 

The color of the light usecl ancl thc illumination of the specimen 
plo~y a mnst important part in photomicrography anti thc beha\'ior 
of the tinest objectin will appear nry orclinary unlcss critical il
lumination of thc specimen is attained. Thc illuminant is usually 
,;ome form of arc lamp or meta! filament, gas-filled lamp. Both 
types have their acl\·antages ancl while many statemcnts may bc 
found derngatory to the use of arc lamps, as a real source nf light, 
the author has found that a smoothly operating automatic arc lamp 
equipped with suitablc carbons is capable of yielding results of thc 
highest onlcr. \\'hat is necded especially for medium and high
power work is a point sourcc of light (or approximatdy so) of grcat 
brilliancy; capahle of hcing smnothly and uniformly cuntrollcd so 
that the luminous end of thc positive carbon will not tluctuall' hark
ward and forward within wide Iimits. :\lost automatic arc l.nnps 
arc designed for a certain clircct currcnt \·alue, u.-u,tlly ,tbnut tin· 
ampcres and unle::.s the current rating is clo"...-ly adhcred to in pr<~ctin· 
the operation is apt tobe irregular. Spultering and irrcgular fecding 
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of thl· carLon:- are duc to Iack of proper adjustment of apparatus or of 
currcnt and n>ltage or to tlw u:-c of an unsatisfactory grade of carLons. 
I I may lll' of interesl to know that the type of automatic arc lamps 
Uscd in thc Hell s,·:-tem LaiJOratnry are ,;o ~tead\' and uniform in 
thl'ir opcration tha.t tlwy occasion ;10 couccrn ex~ept for the usual 
maintl'llalH'l'. Sincc H'ry small diamcter carbons must Le used to 
approximatc the point source of light condition, thc,;e lamps will 
opcrate rontinuotbly with one ~et of carbuns for alJout thirty minutes 

Fig. i - Cundens.: rs a nd illuminators useJ in mkrus~opy 

only. Frcquently exposurl·s are madc at high powl'rs (G,OOO to !l,OOO 
dianll'tcrs) Iasting from ·L) scconds to 3 minutcs, during which time 
thc carhons may fl'cd scn-ral timcs and no ill e!Tl'cts result, so perfcct 
is thc operation. 

Critiral illumination is nothing more than bringing thc rays of 
light from the sourcc of illtunination to a state of propl'r focus and 
optical alignnll'nt ;..u that tlll' surfacc of thc spcl'iml'll undcr exami
nation will Iw uniformly and hrilliantly illuminatcd. This matter 
of securing uniform illuminatinn is hy no mcans thc simple operation 
that tlw dl·;..ignation impliC's sinrc nsually ;m optical train consisting 
of thc light ,;ourcc, condethl'l", diaphragms and an ohjcct illuminating 
dt·,·ice of ,;omc ,;ort nlltst all hc hrought into cxaC't optical alignrncnt 
with thl' optical sy:-ll'lll ur thl' microscope. 

For n·ry low-pO\H·r "ork or for grn"s phntography of specimens, 
a gas- lilled, nwtal tilanwnl l.tmp with a snitablc conden,.er and mounted 
on a portable pl·de:-tal "hich m;ty l>t' adjt~;..ted to all angles is ,·ery 
ttsdttl. In thi:- caSL· thl· <•ptical train is clispcn,.ccl with and the light 
thmwn at thc proper angle on the :-pecimcn tu IJc phutographcd. 
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Crl'.Lt hrilli.tnc~ is not rcquirl'd for thi~ work hut r.Ltht·r .1 diiTn"Pd 
light. oht.Linl'cl hy Jllt',JII,; of intcrpo,;ing ,1 ground gl.t..;s :-nt't'll in lht· 
illumin.Ltillg ht·.Lnl. 

The ohjt'Cl in photominogr.tph~· is to rcconl as clearl~· aJI(I a;. 

f.tithfully ,b po;.-<ihle the :-tructur.d ch.tracll'ri;.tirs of the ;.pt·cintt·n. 
Thi,.. i,.. .Lccontplished hy a rcndcri11g of rolltra;.t l•t·twt't'll tlw ;.tructmal 
l'lt'lllt'llts of thc spccintt•n .1ncl hy intt•t~;.if) in~ or dimini:-hing this 
contrast to suit thc p.trticul.tr eh.Lr.trtcri,.,tics which ':trc to ht· re
pwducccl to l•t·,..t ad\·,lllt.tge. Thi,.. couti·t.•l of contr.J;.t j" ohtaincd 
hy control of thl' color of thc light u,;cd for illumination . 

. \ spt·rtro..;copic .m.dysi,; of the light of tlll' .m: ,..hmb a continuous 
:-pt·t·tntm consisti11g of thrt•t• dominant color portions, bluc-\·iolet, 
grcen .lnd red whirh p.tss hy gr.ubtion to cach othcr; thc ultlt'-\"iolt'l 
p;b:-t•s hy hlue and blue-grt·t·n tu grt·t·n, and the grcen hy yt·llow and 
or.Lngt• to red. 

lf an objcct ah,;orbs sonw constitucnt of tlw \\·hitc light blling 
on it then the rl'lkcted li~ht will ht· ddicil'nt in this color and as a 
n·;.ult the eye will expl'rience thc sensation of color. 

Thc l'ITect on tlw color of thc residuallight by ulockin~ out a 11arrow 
hand .tt ditTt-rC'nt positions in thc ~pcctrum is ;.hown in Fig. ia. 

F1g. S lJi.tgram rcprcscnting thc spcctrum of arc liJ::ht di,·ided roughly into thrcc 
dominant h.wds . 

• -\ simple diagrammatic rcprl',.,t'ntation of thc Yisible spectrum is 
shown in Fig. '-', in which the tri-color di,·ision i,.; uroadly mape as 
follows: 

Bluc-\'iolet ...... . 
\.reen .. ...... . 
R(·d ........ . 

.. -t,OOO to 5,000 A.U. 
. . _;),()()() to 6,000 " 

ti,OOtl to /,IHlO " 

. \n ohjcct which appl'ars red to the cye wlll'n illuminatctl uy whitl' 
light i,; ;tb,;orbing the hltlt'-Yioll'l a11d tht· ~rl'en light, anti the bulk of 
wh.tt it rl'lkcts or tran,..mits is rl'd. Simil.trly, an ohjcrt appears 
c;rl'en bt·cau~e it is rl'llt-cting nr tran,.;mitting tht· grtTII constitul'nts 
of the spt·ctrum .1nd ab-<urhin~ thc rl'd anti tlll' hlue-\·i.,ll'l ray!". Thc,..c 
arc simple ca~cs assuming :-harp ah~orptions and idt"al conditions, 
hut in the practicc of thc art of photomicrography Wt' are dc;tling 
with gradation in· color and oftentimes thl' ::-tructural ch.Iractcristics 
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of thc spccimen show little contrast, either within the specimen itself, 
or bet wcen t hc specimen . and t hc backgrnund. Thcrefore, to re
proclnce an objec-t faithfully or to acccntuate faintly revealed char
acteri~tics, careful consideration must bc gi,·en to thc color of thc 
light uscd when photographing thc spl'cimen. For thc purpose of 
separating whitc light into weil rld1ned bands, light filters are uscd 
and their function is to filtcr out rays m hands of rays of ccrtain 
given wavc-lengths. These filtcrs eonsi:-;t of colared gelatinc films 
mountcd between llat pieces of glass nr of liquicls appropria tely 
colared and contained in rl'ctangular ,·essels of glass with llat and 

Fi~. <) llilgcr wavc-ku~th ~pectromcter. Thc camer.1 is interchangeahly mountcd 
with a reading tele~cope. 

paralh-1 sidl' walls. Tlw " \\ 'ratll'n .:\1 " sl'ril's of gt·latine and glass 
liltcrs is prol•ahl~· the hest ktH•wn and most widl'ly nsl'd. The selee
tion of a light filtl·r for a gin·n spl'cinwn is u:-;nally hy experimental 
methods. Successin· filters are inscrted in tlw illuminating lwam a nd 
t Iw n·stllt ing im<tge st udied for rl"ndning a nd <kfinit ion. llowcvcr, two 
si mple rult·s apply getwr.tlly; if a color is to Iw rendered as hlack as 
possil•ll", tlwn it 11111'--( Iw photograplwd h~· light of wa,·e-leng-ths within 
tlw al•sorption I und of thc specimen; wlll'n contra-.;t is desircd within 
tlw specinwn itsl'lf, the ohjt·ct should Iw photographed by light of a 
wave-ll'ngth whid1 it transmit s. Tlw fir"t rulc is of use when it is 
dl'sin·d tn Sl'Cllrl' nllltrast lwtwt·t·n tlw ol•jl'ct and the hackground; and 
thl' seeond for l•ettn n·n<kring of dl'tail within the ohject. 

Spl·ct n•nll'tl'rs arc <l \'<tiLthk for dl'!t·rtuining t he characterist ics 
of filters; for ddvrmining the transmis-.;ion spl'drttm of a micro-



CHART ~HOW ING RI:.SIOUALS 

FiJ.:. ia T hc ctTcct nn thl· r!'~i<lua l color n i arc liJ,: ht loy hlock ing- out narruw 
l•an<ls at <litTc:rcllt positions in thl· spcctrum. 

FlJ.:. 10 I lircct colur ph .. tog-raphy oi thc 'Jlcctrum oi arc hg-111 a111l \\ ith thl 
\\'rattcn A, l.l, C a nd D filters rcspcctivcly intcrpo>cd in thc locam. 
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~copi1· tnollnt, .111cl for :;t11dying tlw l'ITl'ct of d) t•s or st.tin..; on n·rt.tin 
t yp1·~ of t r.lll~p.tr,·n t mo11n t~. For t 111' purp""'' of liltn ~I wli('..; t Iw 
llilgl'r \\,tn·-kugth ~pcctronll'tl'r Ctllhtitllll'~ .1 n-ry 11"1'f11l an·l·,....o.;ory. 

rhi,.. in"tmnwnt i" illtbtr.ttl·cl in Fig. !1, .uul iu Fig. 111 i~ """''n hy 
dirl'ct col11r ph••lography tlw n·"iclll.d light fn•tn ;111 arc lamp ;tft!'r 
p.b-.ing through ,·ariou" liltl'r". Thl· :-pcctrotm•tt·r is ;ul.lph·cl for 
eit her dirl'rl yj,.i••n \H•rk or ph .. togr;tphy, a canll·ra and tdl'~l·opl' 

l•l'ing intcrch.utg('ahk. ln~truntt·nts for ••l•"l·n·ati••n with SJliTtro
,.copically dt·compo"."·cl light c•·n:-titutc \\hat are known as sptTtro
"'·opil· l')cpitTc-. and arl' \'l'ry u"dul for Cl'rtain da~~es of wnrk, ,..incc 
tlwy n·pi.H'I' tlll' 11~11al ntit-rn~copic l'yl'pin'l' ancl may he uscd with 
any ohjtTtin·. Prn·i"ion ithlrtlllll'lll:- of thi:- typl' an· capahll' of 
uwa:-uring tlll' tr.tn~mi"-<ion or ah:-orpti••n "Jll'l'trum of n·ry minutl' 

I· i~. I I .\ ,,,..,·tro,copic eyepien: by Zeiss. Thi~ instrument replan·" the u,;u.d 
eycpiecc of the micro"'OJIC when it is desircrl ttJ make ohserv.ttiuns with spcctro
s•:opic.dly rlccornposedli~ht. lt yields an ima~e of thc Iransmission spectrum of the 
ohject with a sup<:rirnpo,erl .\n~strom sc.de aml if desirerl 1 hc transmis,ion speetrum 
uf the stainin,: re.t~t·nt may a!"' l>e hrou~:ht inln 1 h•· field of vision. The stainin,; 

re;t~•·nts are placl'd in ~:l.t,s vials. 

l>odie,., such for exampll', as a sing!P t.lood corpusck, which st:-tll' of 
perfection i-; ,.,aid to lw attaincd hy thc Zl'iss instrunwnt, illu;;trated 
in Fig. II. 

Thc wan·-length of tlw light tbl'd in photomicrography al,.,o ha,., 
otht'r us.:ful functions to pt·rfnnn and for sollll' clas,.,cs of work theS{' 
t;Jkc pr('ced('nn·. ~if'ntion ha-. hl'('ll m.ldt• .,f thl' n>rr('ction of ohjec
tin's for aherrations which an· inht•f('lll in thl· simple ll'ns. \\'hen 
an ohjl'etin·, not fully corrl'cll'd, is ll"t'd for photomicrograph~· at 
thc highl·r magnihCiltion-<, color di-.tortiono.; ;~,..-.ert tht'lll"t'l\·t·-. and 
rPsult in faulty performancc of tlll' ohjectin: unll'-;o.; lilt1-r,., .lrt' 11:-ed 
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to exclude light of wave-lengths other than that for which the objectiw 
has been computed. 

In high-power photomicrography of metallurgical specimens, the 
purpose, of course, is to attain the maximum of resolution and here 
the wave-length of the light used plays an important part. As 
mentioned ahO\·e the rc~oh-ing power of an objcctin· may bc increased 
by decreasing the \\·aw-length of the light used. .Assuming that a 
\\'ratten "F" filter is uscd who~e transmission baml is from G,IOO A.U. 
to the red end of the spectrum, then an objccth·e of 1.4 .:\.:\. should 
resoh·e ahout 100,000 lines per inch. If a "C" filter is used whose 
spectral transmi~sion is from 4,000 . .:\.U. to 5,100 .A.U., the S..'1me 
objective should resolw al.Jout 158,000 lines pcr inch. In other 
wonls, by using the shorter wan~-length light, 1 it is possiblc to eflect 
a thC'Orctical imprownwnt of about 45% in the resolution. In 
practice, these theorctical values are not fully obtained becausc of 
otlwr complications entering into tlw problem. 

PoLARIZED LIGHT 

Polarized light is oftcntinws a wry uscful aid in the study of trans
parent object~. By combination with suitable selenite plates color 
combinations are den·lopcd in the specimcn and between the specimen 
and the background which facilitate identification of substances, 
compari~on of known and unknown suhstanccs, ancl the study of 
tlwir structurc. ln thc fi(']d of crystal stutlics, polarized light is 
indispensable and it furnishcs cYidcnc(' of a very substantial nature 
in the field of micro-dl('mistry. The prohlem has been prcsented on 
occasions to irkntify the natllrl' of snme substance, rcsulting from 
the corrosion of somt· small tch·phonc part. Thc e\'idence in these 
ca~es could easily be placcd on the lwad of a pin but by the use of 
polarized light in conjunction with micro-chcmical methods, it has 
J,t·cn pos~iblc to form some sort of a qualitatiYc estimate of the nature 
of tlw substancc. Polarizcd light is obtained by means of a nicol 
prism contained in a suitahle mount which is clampcd in a ring beneath 
the sub-~tagc condt"nser. Tlw illuminating bcam from the microscopc 
mirrar is thus pobrized bdorc it rcaclws the condcnser. :\ second 
nicol prism called the analyscr is eitlwr containcd within a special 
eyepiccc or the analy~t·r takcs tlw form of a mnunt which may be 
placcd alu1\·c thc usual cycpit·n·. Roth polarizer and analyser arc 

1 R!'ganling the u'c of ultra-\'iolt·l light ,,.,. lligh-l'ower Photomicrography of 
:\l ctallurgica l Spcc inwns, F. F. Lucas, Trans. Am. Soc, for Steel Trcating; \'ol. 1\', 
p. tlll, 1'123. 
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mounted so th.1t tht·y m.1y he rc\·ol\"<.'d. Extinction ;111gl<'s arc 
re;nl frorn .1 suit.thly gr,l(luatl'd cirde IISil.llly forming a part of 
thc analy1ing t•yepien·. 

PRFI'.\R.\TIO~ OF SPECIMENS 

Sperimen,., to he inn-stigated or slltdit•d by microscopic mcthmls 
mlbl h.1n· a prep.1ratory trl·atment in all cases cxccpt, perhaps, for 
n·ry low-power work. :\ l.my samples require thc preparation of 
tr.lllsp.Ln·nt st·ctions: that is, a specinwn of thc ohjert a fl'W thou
s.mdth" ,,f a milliml'lt•r in thickness so that it is transparent or at 
least tr.mslucenl: st11dies uf woods, porcelains, papers, tihers, ti,.sucs, 
insulating- conlpnllnds,l'lc., an· us11ally made with transparl·nt sections. 

Fif,":". 11-.-\ sliding microtome for cutting microscopic scctions. Thc work is hcld in 
a damp and a vcry hca'v")' section razor, tiat an one side and hollow ground an thc 
other is operared backward and forward an a slidc raits. Thc rclurn movcmcnt of 
thc razor opcratcs thc e)c,·ating mcchanism to which the work is attachcd so that 

the lattcr may bc raiscd to cutting position by prcdctermincd incrcmcnts. 

llard specimens such as porcclain are prepared by grinding, sofll'r 
materialssuch as wood sections are first prepared by suitable softening 
proccsses and then arc cu t in an instrumen t called a microtome, a 
form of which is shown in Fig. 1:2. 

Dclicate structures requirc strengthcning bcfore they can be cut; 
thcse arc ernhedded in paraftin, celloidin or glycerinc gum. For 
successful results gradual aml thnrough imprcgnation nf the parh 
is required and this operation may takc sc,·cral wccks. After thc 
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sl·ctions are cut , thc \' mu"t l1e further pn:pared Ly Leing stained, 
deh\'(lrated and clea-recl aftn which thcv arc tinally mountcd in 
Ca;ada Balsam or simibr mounting nH:dit;m Lctwcen a glass micro
scopc !'Iide and a CCJ\'l'r g]a,.,s. :\lounts of this kind are permanent, 
hut wlwn it is not dcsirrcl to retain thc mountcd spccinlC'n for rcconl 
or fut urc exa mination, temporary mounts are oftl'll made in which 
the mounting medium is srlll1l' liquid such as water or glycerine, or 

F ig. I~ Equipment for the preparation and prl'liminary examination of opaque 
~Jll'Cillll'llS. 

in sonw ca,.,cs , mar hc thc staining medium itsclf. .An enlarged , ·iew 
cJf a pcrman<'ntly mountcd transH·rsc radial and tangt·ntial s<"ctions 
of Doughs Fir wood is illustrated in Fig. J:t 

The prcparation of nwtallurgical spccimcns is accrllnplislwd hy 
diffcr<'nt nwthods and if :1 specinwn is to hc examined at extrl'mcly 
high powNs, the utmm.t in skill and rctinemcnt of mt'lhods is IH'Cl's
sary. The usual mcthod of procl'dure is first to filc a Hat surfarl' 
on tlw specimcn, aft c r which the surfacc is gradually hrought to a 
sl'mi-polishcd condition l>y ruhhing thc specinwn on a shl'l't of Frl'nch 
cmcry papcr, plarcd on a plane surfan' . .\ conrsc grade of pnper 
is firs t cmploy<'d a nd l1y gradual sll'ps, finer and lin<'r grark· papcrs 
are used, tlw ruhhin g on cach succl's,.,i\·l' paper l>cing in a dircction 
at right a nglcs to tlw preccdin g papcr and continucd until thc scratchcs 



h~.:. IJ .\n cnlarg•·•l ,ic\\ oi a sp•·c•m•·ll l'rc·parc·o l lor mt<r<•'C"I'" e>.alllltl<i\1< • 
Thc cmcr gla~< ~hown hy t h~ circlc mcasun·s ·h inch in <hamctcr. Th•· m~omt\ ' 
arc tran~vcr~c. radi;.l an< I tan!'cntial "·ctioth oi a woo<l spccimcn ;tn<l "crc 
-tainc<l tu makc thcir ,tructure 'j,jJ.lc nn•lcr tlu· micro><.:o('C. Thc a(')•cara1H • 
oi a tran>vcrsc ~cction oi 1 loug)a, Fir at II MI .Jiamct..rs i< o;hown 111 th< 

\o\\cr ,l\u,tratio11. 
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of tlll' pren·diu!-: opcr.Ltiou 11,1\<" .dl hn·u fl'lllt•\Td .llld Ülll'l' on,·-. 
l',_t.tb)j-.hnl i11 thl· lll'\\' direl'tiou. J'l1i,., i,., l'CIIltilllll'd to tlll' ()()() ('•lJll'f, 

.Litt·r which thc "'P<'l'illl<'ll i,., furthc·r poli-.hed on .1 polishing III.Lc him· 
h .• ,·ing .1 hrnadcluth l'o\Trcd l.1p cap.thk of hl'in~ revoln·d .tt \',Lrying 
"(wcd-. to .1hout I.~Otl rp111. Thi,.; l.1p is kt·pt moistened with w.Ltc·r 
.u1cl lint· aluncluul j,.; u"cd ;~,.; the al•r.J:-;in·. This op<·r.Ltion gin·-. .1 

Fi~. t5--Gcneral view o[ lhe Lahoratory for Technical :\licroscopy. 

,.,,·mi-poli,.,h and whcn properly carried out, lca\·es the specimen with 
numero1b n-ry linc -.natches. Thc final operation is carried out on 
.tnotlwr lap CO\Tn·d \\ith \'Cf}' linc broaddoth and with an l'XC'el·d
ingly tinc al•rJ.,..in· ,.,urh as thc filll~st jcwcler's rouge or magnc..;ium 
oxidc. For high-power work magnc,;ium oxidc is the ouly poli..;hing 
medium which ha~ lrn·n found to yicld a sati,.,factory ,;urf.1rc. Thl· 
tcchnique for thC' dl'n·lupment of ,.,urfan:s at high po,n·r,.; h.t-. hl·cn 
work{'d out iu nur lahoratory ,.,o that it is rww pos,.,ihle to qudy meta! 
,.,tructurC'<> with grl'at dearnc,.,s at high powC'rs. Equipnwnt fnr 
grinding and poli,.,hing ,.,pecimens j,., shown in Fi~. 1-l. 

:\ IC'tab, af!l'r po)i,.,hing, as a rule, rlo not show tlll'ir ,.,tructural 
charactcri,;tic-., hut mu"t he trcatcd in ""111c war to etch the Jl"li,..hed 
surf.wc. Thi-. etrhing op,•ratinn i,.; a !'-imple matter for lo\\·-power 
work, hut a..; the m.1gnilication j" rarried higher and highC'r. thc 
prob!C'm hccomcs increa;;ingly difficult. 



116 BELL SYSTEM TECIINICAL JOUR.\'.-IL 

BELL SYSTE:II P!loTmliCROGRAPIIIC LABOR.\TORY 

A gencral vicw of the Labaratory situatcd on thc fifth tloor of the 
building at -!63 West Strcet, .l\cw York City, is shown in Fig. 15. 
Somc of the equipmcnt is morc fully illustrated in dctail vicws. 

It consists of two mctallurgical cquipmcnts, one of which is the 
)arge Zeiss mctallographic outfit shown in thc forcground of Fig. 15. 
This cquipment is of prccision quality aml is uscd for all classcs of 

Fig. l6- Thc :\lartcns stand of the )arge metallographic outfit. The \'ertical illum
inator is shown between_the barre] of the microscope and thc objccti,•e. 

work im·oh·ing opaque spccimcns. The optical parts consist of a 
full complcrncnt of Zciss apochromatic objccti\·cs ancl compensating 
eycpicccs for medium ancl high-power work. For low-powcr work 
a full sct of Zciss micro-planar lcnscs and a Tcssar lcns arc uscd. 
The maximum bcllows extcnsion of thc camcra is 155 centimctcrs 
and thc platc holdcrs arc clcsigncd for 2-l x 30 ccntimctcr plates ancl 
all smallcr sizcs hy cmploying snitablc kits. Thc illuminating train 
consists of an automatic arc lamp, a conclcnsing systcm, and cooling 
cclls, mnuntccl on an opl ical hcnch and capablc of acljustmcnt to 
mcct thc conditions of thc work. 

Illuminators of com·cntional typcs, for wrtical and oblique light 
may hc asscmbled on the l\lartens type stand. This stand is a 
dcparl urc from thc constmction of thc usual form of microscopc 
stand. I t is much morc rugged ;111cl is arrangcd for usc in a horizontal 
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positiun onl~. ln prt·cisiun work a st.111d must bc st.thk .lltd :-uh
:-t.lllti.tl and the n)(lstruction througlwut h;ts l•t"l'll arr.tnged with this 
thought in mitlll. Tht· micro,..copc is t•quippt·d with a mm·.thlt· ,..t.tgc 
ior rough fucusing and this is tittl-d with a rcn•h-ing mech.tnic.tl st.tgt• 
:->~> th.tt tht· spl'cinwn whik undcr t'X,IIllin.ltion may bc nwn·d .thout 
.1t will fur thc purposc uf :.tmly or cxplor.ttiun. To facilitatc focu,.ing, 

Fi;:. li.-A \'Crtical photomiaographic camera ror tr.tnsparent sp..-cimt"ns. 

gear is providcd ~o that the operator may sit at the ground glas,; 
scrccn and by mcans of a wooden handle, focus the microscope. .\ 
ground gla~,; scrccn for dcwing and for rnugh focusing and a dt·.tr 
gb~,; sc:rccn for fine focusing with a magniticr are providcd to hc 
intt'rchangeably nwuntcd with pl.tte holdcrs nn thc camcr.t back. 

A sct·ond mctallurgical outfit of 13ausch and Lomb manufacturc 
sho\\ n in Fig. H. is uscd for preliminary examination of sp~cimcn,; 
while in thc course of preparation and for photogr,tphing ~ornc ml't,tl
lurgical ~pecimens at medium powers. This outfit is al,.;o arrangcd 
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for photomicrography and has a .i x 7 C'anwra of rather short hellows 
extension. Tlll' ol>jectin· ("quipnwnt is of the achromatic type. 

For transparent work a Zeiss n·rtical camera outli t, Fig. 17, t.>quippcd 
with thC" cnn\·t·ntional Zei~~ res<:"arch type minoscopc is uscd. Thc 
camera has a IJellows <:"xtension of SO centimeters and uses ;) x i nr 
smaller plates. l t is fittcd \\·ith ground and clear glass focusing 
!'creens similar tothelarge Zl'iss metallurgical outlit. The illuminant 
is a ;iOO watt metal filament nitrogen filled hulh with thc filamcnt 
mounted so that a largc circular area of illumination is presentl'd, or 
if desirC"d, the filament assemhly may be tunwd sidC"ways and a ,.,ingle 

Fig. IS ."'. SOUwatt meta! filamcnt, gas-fillcd !amp for usc in photomicrography. 

filament straud is thus presentcd tu thc optical train. In medium 
and high powers, this approxi matl's a point source and for the lower 
pmn•rs the brge circular arrangcnwnt nf tlw lilanlt'nt prm·ides a 
relatin·ly largl· area of illumination whieh is quill' dt·sirablc. The 
lamp is illustrated in Fig. 18. The illuminating train consists of 
conden~ing and cooling units adjustahly lliOUlllC'cl on a suhstantial 
optical bench as in the casc of thc metallographic outfit. Tbc ob
jecti,·cs consist of a full sct of apochromals and also ~c\·eral achromats 
of low po\\Tr. Thc micro-planars arealso used with this equipnwnt. 

TIIE ULTRA-l\IICROSCOI'E 

Tbc ultra-microscopc is an instrumcnt for rcYealing the presencc 
of n·ry minutc budics present as colloids in transparent solid s ur 
liquids. The presencc of thcse partides is made apparent by thc 
light rays whieh thcy intcrcept and diffract upwanl into thc micro
srope uhjecti\'C. I t is a matt<:"r of common ohsen·ation that dust 
particles are sl'l'll in an intense heam of light such as sunlight but 
o therwise their presencc remains concealed. This principlc uf il
luminatiun is made use of in thc ultra-micro~copc a:-. dc~nibed below 
aml acconlingly dilTers considerably frum thc cnn\'l'lltional arrange
Jil('llt of colnpound micruscopc and illuminant. 

The appearance of ultra-micro~cupic particles in fluids and trans
parent solids as sccn by mcans of thc ultra-microscopc is, without a 



doul•t, Olll' uf thc tllo,..l f.t,..cin.ttin:o.: .111d "tJtTI,lt'lll.tr cit-tllt1lhtr.tti"th 
within th\' ,..copc o( ll'chnic.tl mino-.copy. .\ bt-.tkl'r cout.tinin~o: 

\\,tll'r \\ ith .1 drop "r two oi glut• or ,...,,tp, or cont,tining llt'lll.ol "itlt .t 
ft·w drop~ of <1 rul•llt'r ,.. .. tution !'lirrt'd into it, or t'\"l'll :-;onw r.ttlwr dirty 
l<H•kim: oil which ha:-; "''l'll ,..,.n in· in ,..,lllll' mad1im·. do not t·on,;litutc· 

Fi;:. 1'>- \ small photomicro):raphic camera dcn·loped hy the writer and u".,d 
cxtcnsin:ly in the lahorator) for phutographing on film, or on pl.ttc~. ll b ibt:rl 

when a l.ugt• numhcr of small spccimens are tu bc n:producerl ur when a bn.:c lickl 
is unnccc~ry. 

intl·n·"ting cxhibits a~ dcwl'd in thc hcakt·r,;, hut plan:cl in ~nitaiJle 
ccllo; for ultra-micro!'copic l'Xamination, tltt·-.c liquid,.. eomt· to lifc and 
di,..play tlw colloidal partidt'"' coming inlo ,.i,..ion a!'i tiny illuminatcd 
p.trtid,·-., only to hur,..t intn rings of light anti p;t"" aW,t}' int11 tlll' d.trk 
h.tckgrouncl. Thl' ron,-tant irn·gular motion j..; tht· Browni.tn 1110\l'

nll'llt and tlw smallcr thc particlc tlll' morl·lin·ly it mon:,;. Conglorn-
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cratc mas:-;es of particlcs mercly tloat through thc ficld of vision and, 
comparcd with thc indh·idual particles, appcar cxcccdingly sluggish. 

Fig. 20 gin·s a gcneral vicw of thc Zeiss ultra-microscope as originally 
de,·iscd by Siedentopf and Zsigmondy. Thc cquipment has bcen 
supcrsedcd to some cxtcnt by the later Siedentopf cardioid ultra
microscopc. Thc latter is a vcry powerful light-conccntrating dcvicc 

Fig. 20-Thc Slit ultra-microscopc for transparent soli(l or liquid spccimcns. 

and for this reason it is primarily adapted for thc cxamination of finc 
colloidal solutions and dilute prccipitatc~ as weil as for thc obscr\'a
t ion of micro-chcmical aml photo rcactions. For transparent solids 
and for thc prccurwry cxamination of liquids and for rapidly pa!'sing 
in rc\'icw scvcral fluids in succcssion, thc original arrangcmcnt rctains 
markcd advantagcs. Thc cardioid ultra-microscupe will bc describcd 
morc fully latcr on. 

Fig. 21 shows diagrammatically thc path of the rays within thc 
prcparation in the prc~cncc of ultra-microscopic particlcs and will 
sern' to makc l'lcarcr what is tu follow. In thc original form of ultra
minoscope (Fig. 20) thc horizontal incidcnt rays which go to furnish 
thc illumination do not cnt<·r thc microscopc, thc lattcr being sct up 
n·rt ically and hcncc thc ·background appcars dark. Thc only rays 
to entcr thc objccti,·c of thc ,·icwing microscopc arC' thc diffracted 
rays which comc within thc apcrturc of thc oLjccti,·c. 

,\t one end of thc ba~c Loanl is an ;mtomatic arc bmp mountcd 
on slide rails so that it may )Je brought in linc with cithcr of two 
illuminating trains nwunted on optical hcnches. 
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One of tlw"e illumill.ttin~ tr.tins fundiuns with a minoscopc whil-h 
h.1s mountcd oll its ubjl·rtin~ a d.unping dn·in· for holding Bilt.t. 
n·lls in which the liquids are placed for l'X.unination. Tlll' otlwr 
train sern•s anothcr microscopc oll the ,.t.tgc of which is mountcd a 
spt•ci.d objcct st.tgc c.tp.tbk· of bcillg raiscd .llld ID\n·rcd aml pruvidcd 
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Fig. 21-lllus!rating <liffral"lion of light impinging upon an ul!ra-microscopic p.utide. 
llluminatint: r.1ys repre~cnted by solid lines and diiTrac!ed rays by do!!ed lines. 

with a platc at thc top to rcccivc the spccimcn to bc cxamincd. In 
this casc thc spccimcn, if a hard solid, has bccn previou,.;ly prcp.ucd 
to h;tvc two ground and polished surfaccs in planes at right angles to 
each other and is mountcd so that one faccs thc illuminating train 
and thc other the ohjcctive of the viewing microscopc. l' l.tstic 
sub~tanccs or ccrtain liquids not suited to thc use of the Biltz cclls 
are pl.wcd in a special glass ccll hadng a dcep cylindrical rcces" 
fan•d with a quartz window towanl thc illuminating tr;tin. \ "arious 
cells for ultra-microscopic examinations arc shown in Fig. 22 . 

Pl.tccd next to the arc lamp is a fixcd diaphragm and th<"n a small 
projertion lcns whirh is corrected chromatically and spherically and 
Lrings the image of the positi\·e carbon of the arc bmp to a focus on 
the adjustahlc slit. Thc ~lit is prm·idcd with a drum bt·aring a scalc. 
Thc divisions nf thc scal<' cmbrace .)0 parts and a comple!t• rc\·olution 
of the drum opcns thc slit ,t; 111111. so th:-11 e.tch di,-i,..ion of thc scalc 
ad,·ances the slit 1;100 mm. The slit is fitted with two j.1ws at right 
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angles to thc principal f'lit, onc l>eing adjustable hy a millcd ::;erew head. 
Thc function of the~c jaw:-; i~ to Iimit the length of tlw slit. Thc slit 
hcad may Lc giYen a quarkr turn so that it may l>e ~l'l horizontally ur 
Yertically, which is necessary in ordcr to calibrate thc instrumcnt as 
cxplained latcr. .A projection lens ncxt in onlcr towanl thc micrn
scope projccts thc imagc uf thc slit into the imagc plane of a hori· 
zontally mounted objcctiYc which is mounted on a stand with cross 

Fig. 22-Cclls uscd for thc t•xaminatiun of llujd, wil h Lhe ultra-microsropc. 

slides so that thc ohjeetiYc which scn·es as an illuminatur may be 
moYed horizontally in t\\·o directions, at right angles to each otlwr. 
Thc mm·cment of the cross :;Iides is controllcd hy serew adjustment 
Lut for coarse adjustment in thc dircction of the illuminating train a 
sliding slecYc adjustment is made. By this mcan:; thc illuminating 
objccti\·e can Le ccntl'rcd with rc~pcct to tlw ohscn·ing mieroscopt· 
ubjective. ln the corrcct position the front Jens uf the illuminating 
objectivc is ahout 1 111111. from the mnunt of the obsen·ing objecti\'e. 

Thc Biltz el'll has a reetangular cross st•ction which pcrmits oi 
accurately adjusting the n·ll in position. i\ thist!l' funncl at one 
end is for thc reeeptiun of the liquids; thc othcr end is pro\'ided 
with a piecc of ruhher tuhing which has a pineheoek to pre\'cnt the 
cscape of thc l1uid. The rl'etangular Sl'ction of tlw cell has two quartz 
windows, om· of which normally fan·s thc illuminating objecti\·c and 
the other thc ob~t·n·ing ohjeetin·. Thc ccll is attached to thc obscr\'
ing ohjccti\'c hy llll'alb ofthc clamp mcntioned and the rell is focused 
in the proper position in the lwam of light by raeking the micruscope 
draw-tul>c upwanl or downward in the usual mamwr hy thc coarsc 
an<l line adjustnwnts. The oh~l·n·ing ohjecti\·e is a speeial water 
immersion objective which nwkes contact with the upper window 
of thc Biltz cl'll thruugh tlw medium of a drop of distilled watcr. 
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IJu.antitatin· ime,..tig.llinl1.; ;art· 111.11k ),,. l"<Hinlin~ tht· 'i,..iblt· 
p.arlidt·~ in .1 gi' t'll ,·olunw of tlw lluid .111d tiH' nl.tllllt"r in \\ hich ,.,., 
nun~l a11 inn·-.tig.ltinn ca11 l•l' at•t·nmpli-.IH'd hy optical nwa1h ,lwuld 
pron• oi gcnl'r.d intcn·,..t. I lnl.' 111l'lhml t'lllhi"ts in the ll"l' of the 
l')'l')lil'l'l' mirrometcr which i" "uh-.titutcd fnr tlll' orclinary eyepien· 
oi the ob-.cn·ing micro-.rcopt·. T he l')"t'pil·n· minnllll'ler is ruk·d into 
-.qu.1n·s and thl' dillll'lbinlh of thl'"l' arc fnund hy calihrat ion with a 
..,tage minomcter. Tlll' dl'pth of tlw "tr.Jtlllll i,.. llll'asurl'd hy tmning 
thl' -.lit lll'ad throu~h a right angh· and thLh a solid i,.. hlnrkl'd out in 
tht· p;ath of thc light ra~·s, whose lt·ngth and hrmdth an· dcliJll·d h~· 

tlw rel·t.lll!,;lllar arl'a oi thc minoJllt'ltT l'y<·pin"l' anti wht~"l' dcpth is 

Fig . .?3 -lllustrating thc a(l.lptation of micrometry to the ultra-microscopl' lor tlll' 
purpo>e of countin~ particlcs pcr unit ,·olurne. 

that of thc light IJeam a11d may be rcad irom the knuwn dimcnsiu11s 
uf tlw l')'l'pil't"l' micmmcter. Fig. :!:~ slwws the cross mling of thc 
cyepiere aml the pencil .,f light which tran'l'"l'~ the licld. T he lcngth 
of the side of each squarc as secn throt1gh thc wall'r immer~ion ohjcc
tiYc with a tllbl' length of lüO mm. has an approximate ,·alue of !1 J.1 

as rcferrcd tu thc ohjl'rt, which ,·aluc i-. sufticicntly accuratc for 
orc..linary measuremenb. \\ 'here morc cxact mea,;urcments an· 
requircd, thc ruling is calil.Jrated f.,r thc eyepicce anti ohjecti,·c by 
rneans of a stagc micrometer in the manner to IJl' dc,;rribcd umler 
thc sul.Jject of micromctry. 

For studying the behaYior of partirles in polarizcd light thc cyepiecc 
is fittcd with an analy,;cr. In a mc;burc, as thc part iclcs dccrea~e 
in sizc they l.Jecomc more strongly polarized in degn'l' towanls thc 
plane which pas:-.es through the axis of thc illuminating and dillractcc..l 
rays, i.e., thc principal plane of dillraction. The analyser also Sl'r\'cs 
to c..listinguish unpolarized from polarizcd light. 

Thc apparatus for cxaminatinn of solids is idcntical in Sll far as 
the illuminating train is ronrernl·d with thc apparatus for liquids 
just dcscril.Jcd. l t di!Ters only in tlw rharacter of the specimcn or 
of the Cl'll uscd and, while rlc,..ignl'd primarily for transpan·nt solids. 
it may !Je uscd with a suitablt: rcll for liquids also. \\'hcn liquids 
are being cxamincd, thcrc is no nccd for scarching thc spcrimen sincc 
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the particlcs are in constant motion, but whcn solids or scmi-solids 
arc l.Jcing examincd it may bc dcsirablc to do so. Thc mcchanical 
stagc of the microscopc on which is mountcd the adjustal.Jie spccimen 
stagc allows any laycr in thc spccimcn to bc brought into accuratc 
focus and hence various strata of the spccimcn can l.Jc examincd onc 

Fig:2-l-CanlioiJ uhra-microscope. 

aftcr thc othcr. As pr<"\·iously stated, thc spccimcn must be pro
vided with two polishcd surfacl:'s at right anglcs to cach othcr to 
corrcspond to thc quartz windows of thc Biltz cell. 

Since thc obscn·ation of ultra-microscopic particlcs in polarizcd 
li~ht supplics uscful information rcspccting thcir form and color, a 
polarizl'r is provided with a hingcd stand so that it may bc swung out 
of the optical train. Thc analyscr, as pre,·iously mcntioned, is 
litted 0\'l·r thc eyepicce of thc microscopc. 

Thc cardioid ultra-microscopc illustrated in Fig. 2-1 diffcrs only 
in two important fcaturcs from thc ordinary form of microscopc. 
Thc illumination of thc fluid under cxamination is obtaincd by a 
dark-ground condenscr motmted in thc sul.J-stagc condenscr collar 
and to which Zciss has givcn thc distinctivc namc "cardioid con
dl'nscr." A diagram of thc condcnscr an<l the paths takcn l.Jy thc 
rays is illustrate<l in Fig. 25. Sincc thc apcrturc of thc rays brought 
to a focus l.Jy thc condenser cxcecds 1.0, it follows that no light can 
cmcrgc from thc Condcnscr if thcrc hc a Stratum of air aOO\'C the 
condcnscr. It is thercforc nccessary to conncct thc objcct slidc 
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or ccll ckunhcr and the top of thc condcnser hy astrattun of immersinn 
tluid frec from air buhbk·s. Cedar oit or pure watcr is used for thio; 
purposc. The ch.unher for the cardioid condl'I1S~.'r is ittustratcd in 
Fig. ~~- The rharnher is m.tde of quartz gtass and consists of a 
circut.tr disc ha\·ing on onc side a circul.tr groo\'C and an optically 
plain centrat portinn within thc groo,·e about 2 J.l bl'iow thc plane 
outside thc grom·c. .-\ drop of the tluid to be examincd is ptarcd 
on this dcpresS~.."d centrat portion and a co\·cr glass of CjUartz placed 
on·r it. The cxccss tluid is cxpellcd to the annular grom·c and a 
stratum about 2 J.l in thicknc,.;s is retained in the centrat portion of 
the chambcr for microscopic examination. Thc ccll is as,.;cmblcd 
in the rnetatmount which has a clamping ring and a rcccssed mcmhcr 

Fig. 25-Diagram or the rays in a cardioid condenscr. 

to rccei\'e it. The \'Cry brilliant illumination resutting from the 
cardioid condcnser woutd cause gtass to tluoresce and for this reason 
a CjUartz ccll is used. :\lorco\'er, gtass is morc tiabte to bc affcctcd 
by corroding agents than is quartz. 

The utmost care must bc takcn to preparc thc cell charnbcr. This 
inchlltcs washing with alcohot and watcr; dipping in boiting sutphuric 
and chromic acid solution; washing in tap watcr; rinsing in distilled 
watcr and thcn in rcdistillcd alcohol; drying in a hot air currcnt and 
tinally cooling undcr a bell jar; all of which is neccssary to insurc 
absolute clcantiness. 

An automatic arc lamp is uscd as a source of illumination and the 
imagc of the cratcr is projccted by a projcction ll'ns onto thc mir
ror of the micro,.;copl' from which thc ray:-- are rctkcted upward intu 
the rardioid con1kn,;cr. 
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Thc objccti,·c uscd with thc canlioid co!Hit·Jbl'r is a spccial apochro
mat 3 mm. 0.~.) ~ .~\. glycerinc immersinn Jens which constitutes a 
homogpneous immersion lcns for co\·er glasscs of fuscd quartz. Thi!' 
type of objcctive is neccssary hecausc the succc!'s of the ohscrvation 
is then largely indepcndcnt of impuritics and slight hlcmishes on thc 
upper surface of thc co\·er glass, morcovcr, thc lcns confcrs a grcatcr 
immunity from the cffccts of \·arying nwcr-glass thickness and thc 
immersion fluid precludcs tlw entrann• nf dust which would gradually 
cloud the image. 

Slit ultra-microscopes an· not arranged for photography Lecause 
in the casc of liquids tlw particles are in a rapid sta te of mot ion and 
the illuminatinn is insufficient. Sinn· in transparl'nt solids the 
particles an· stationary, tlll' imagc st.·en in tlw slit ultra-microscopc 
may bc rcproduced hy making a ll'ngthy exposure. \\'ith a small 
photomil'rographic canll'ra dcn·lopcd l1y the \\Titer the imag-c scL·n 
in tlw slit ultra-microscopc for solids has hevn rl'produced and, Ly 
instantaneous photography, tlll' mm·ing particles in liquids as sct.·n 
in the canlioid instrUIHent. Exccpt for purposl'S of e\·idl'nce or n•conl. 
therc is little to Ul' gained hy phutographing with thl' ultra-microscope. 

I ).\RK-CtWl'::\11 ILI.DII::\.\TIO:'\ 

Thc dark -ground illuminator constitutcs anothcr aid to micro
scopic investigation. This, in reality, is a sort of ultra-mirroscope, 
since thc ohjcrts arc vicwcd Ly diffracted light much in thc sanl<' 
way as in the cardioid type of equipment. This mcthod uf illumina
tion is accomplishcd l1y stopping out the axial rays and allnwing 
those of grcater aperturc to strike the spccinwn at an angle. The 
usual form of cnndcnser may Le made to yield dark-ground illumina
tion uy thc simple expedient of inserting a central stop in the path 
of the light rays just helow the suh-stagc condenser in a ring prm·idcd 
for such purpo!'c. Bet ll'r results arc at taincd hy usc of dark-grnund 
illuminators which are spccial condensers clesigned with this ohj<"ct 
in mind. Dark-ground illumination furnishcs \·aluahlc means for 
hringing into ,·iew ohjects which arc smaiiL·r than allout 1 p.. Exampl\':
of such ohjerts an· furnished Ly fihcrs, finc crystalline nccdles, fissures , 
<'dgcs, rnds, hac teria, ct c. l'nd<"r dark-ground illumination met hods, 
thcse objPct~ are ('asily sl'l'n and studied. whl'reas with transmitted 
light, they ran bc Sl'Cn with difliculty unlcss rendcred distinguishabll' 
hy staining. Cntain hodil's with laminar markings arealso suitahle 
suhjccts for dark-ground studies and in this cas<' tlll' markings are 
distinguishahle !Hore hy rcason of dissimilarities in rdraction th.111 
U)' differCilC!:'S in co\oring. 
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:\II! 1<11\1 F [I<\" 

.:\linonll'try pl.ty,.. .111 import.1nt p.trt in technic.d micnN·.,py 
b1·cause tlw dinwn,..iorh of ruino-constitUl'llt,.. in a ,..pecinwn art· helpful 
for purpost•..; of iden t ilic.t t ion or for foreca:-.ting physic;d propt·rtic.,. 
In mct,\llogr.tphy t he nw;tsllfl'llH'Ill of gr;tin size is assuming importann· 
for cert.rin .dloys .111d irr sonw cases, ,..pecitieations are so drafted ;t..; 
to definc thi,.. char.tcll'ri,..tic. 

For mea,..uring ol>jech urukr thc micro,.;copl', the cyt·pil·ee contains 
.1 gJ,,,..,.. di,..c on \\ hidr lirw diYi,..ions h;tn· hcen ruled. ln ~me casc,.., 
these ruling,.. t;tke tlw form of a cross-section composed of ,..mall 
squares or rectangle,.;. Tlll' reading of each di,·ision of the l'~·cpicce 
micrometer i,.. calihrated for cach ohj1·ctiYc l>y comparison with a 
,..t.tntl.inlized ,..(,tge micronwtn. These ,..tage' mieromett·rs are gla,..,.. 
lllit·rosn'Jll' "Iide., on \\hich knm\1\ units of lt·ngth han· !wen an·ur
.ttel~ ruled, "uch a,; I 111111. diYided into ont• hundred parts or :~ mm. 
di\ idcd into tenths and 41lll'-tenth di,·ided in hundredths of a mm., 
l'!c. The :<tage mieronwter is fonr,..ed in the samt· w;1y as a micro
,..copic "pt·rimcn and adju,..tt·d into position :-o that the rulings of tlll' 
eyepien· micronwtcr are superinrpo:-ed on them. I t is then possil>le to 
t•valuate thc eycpiere rulings in ll'fllh of the stanc.Janlized stage 
microrm.·tt·r. after which thc lattcr is rl·nwvccJ and thc specimen to he 
ex.unined ,.;ul>"titutt·d in its place. Tlwreafter, thc image of tlw eye· 
pi1·n· ruling,.; will bc superimpo,..t·d on the imagc of the spt•cimen and 
nreasurement can procecd. For precision work, a \Try accurately 
m.ulc t•yt·piece micronwter is ust·d, a typical form of which ha,.. a 
thin gbss pbte upon \\hich is nrled a cros,.. and a double lim:. Thi., 
is mountcd on a slide imml·diatl'ly helow a stationary microml'ter 
scale and can be mon·d by rnean,.; of micromcter .,crl'\\'. The cross 
is acnrratdy sl't by tlw micrometcr srrcw to coincidc with thc par
ticlc to he rneasurecJ, tht> double lirw sen·es to count compll'te n·volu
tions of the screw with thc aid of the :-.cale which is s1·cn in thc fil'ld 
of vision. Thc scrl'\\' carrie., a drum \\'hich has 50 di\·isions and 
cach divi-.ion corrc..;pond,., to a displacemcnt of thc cross through :1 

distance of 0.01 mm. sc• that a completc rc,·olution of thc drum di"
placcs thc cro~s o . .->0 mm. Tlll' actual rcadings of cach inten·;d of 
thc drum hcad must hc accura!l·ly calibratt·d for cach ohjl'ctive by 
mcans of a stagc micromcter. .\ group of instrumcnts fnr us1· in 
micromctry is iJiu.,tratecJ in Fig. 21i . 

• \PPt.IC.\TJo:-.;,; rw Puonn!lt'ROc~R.\1'11\' 

In closing, attcntifllt i" dircctcd to thc photomicrogr.tphs compri,..ing 
thc Appendixofthis papcr, cach of which was takcn in conncction with 
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some definite engineering problem in\"ol\"ing telephone apparatus. 
As the useful range of microscopic \"ision is extended farther and 
farther into the realm of higher magnifications, a more exact knowledge 
of materials is obtained and the effect is learned of physical and 
chemical forces acting to destroy or to build. 

lt has been conceded quite generally that about 1,500 diameters 
of magnification represents thc Iimit of uscful magnification. As 
preYiously stateJ this is a much dbputed question. Laboratory 
stutlies, painstakingly carried out onr a pcriod of senral years, ha\"e 

Fig. 26-\'arious typcs of cycpiccc and stagc micromclers uscd in conncclion wit h 
thc microscopc to obtain the dirncnsions of microscopic objects. 

accomplishcd impro\·ements in techniquc anti in pn•ctston of adjust
ment of the equipment which ha\"c shown that remarka!J)c resolution, 
depth of penetration and clearness can !Je attained in the case of 
metallurgical specinwns, at extremely high powers. There seems 
little n:ason to dou)Jt that our knowledge of metals can hc augmented 
,·ery materially hy stmlies of their structures at high powers. 
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:\lorctJn·r, it ~t·cm~ pmb;tulc that thc fim•st high-power ohjl'ctivcs 
.trc nf a qu.dity heymul our ;thility tn usc thcm to hest a•h-antag•· 
ht•t-.llbl' of our incomplctc knowll'dg-e of hnw lwst to prt'p;trt' !-(Wtinwns 
fur l'x:uninatitJn at high po\HTs. 

lt is imprt•ssin· to t•v,llu.ttc m.tgnification in terms more rcadily 
contprcht•tlllcd. For inst.llll'l', thc cro~s ~ection of tlw a\Tragt· nH·t.d
lurgic;d ~pl'cinll'll m.ty Lw con~idt•rcd as a squarl' whost• ~idc nw.tsurcs 
ont·-h,di inch. lf Wt' magnify this ~pecimen 100 times, oiJ\·iouslr 
\H' h:ne art .tre.t nwasuring 50 inches on the sidl', lmt if wc rnagnify 
it IO,IlllO timl's, thcn wc haw• thc equi,·alent of an arca about 415 
fl't't nn a sidl' or roughly, ahout four acres. .-\ n an•rage picturc at 
ti,OOI) di.tnll'ters is Ii inchcs in diametcr and thcrefnrc hy a rcvcrsc 
ordcr of rl'a~oning, thc actual arca of thc spccimen nnder obscrvation 
hn·omt•,; I ltltlll inch in diamctcr. 



Fig. A. ~lcteoric irnn eonsists of iron, uickt"l and thc othcr ell'nwnts usuallv fuuncl iu stecl' such as carl>on, sulplmr, 
phosphorus, ctc. Thc study of mctcoritcs has contrihutt'Cl much valnahlc knÖwlcdgc to thc scicnce of mctallography. 
The \\'irlmanstättcn ligun·s (shown I"· thc arrangemt•tH oi thc constitu.:nts with rcicrcnct· to crvstallographic planes) 
wcrc gcncrally consiclt·rcd charactcristlc of mcteoric irou a nd it was bclic\·ccl that thcy \\'l'fC not 'to bc fotmd in mall\1-
factttrcd iron and stcel. Later this was shown to bc an incorrect vicw. 

(a) A mctcnritc which fell at Carthagc, Tt·nu., contaiuing i<9.46';'r iron aud 7.72'/r uich-1 ancl \\ hkh shows thc 
octahcclral \\'idmanstattcu structurt. ).laguilicatH>Il 4 X. 
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Fi,. .\ 

(!.) :\letc .. ric t'n,tal-. Thc tigun·, an: ;~cti .. n< thr .. th:h au nrt.tlu·.Jrnn and 
wcrc dcn:loJ•cd l•y ... i,italoly <·td1i11~ a Juoli,hc<l 'uriarc oi thc nwtcnntc. Tla·ir 
pcrf<·ct form i~ in•licativc oi \<'ry ia\'oralolc c .. ndJtinns of grcm th '""' j, a cor· 
rolooration of thc <J<'tahcdral crv,t<tllinc iorm oi th~ mdcoritl' :\Lu.:nili•·;~tion 
3500 X. . 
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Fig-.. \ 
(c) .\ cast ~tccl of 0.5% carLun in \\hi<·h thc \\'i1lmausüttcn or clcaya,.:<' 

structure has dc\-clopcd somc\1 hat simila rly tn that ~hnwn in thc mctcorite. Tlw 
phy~ical charactcristics oi thc stecl arc d<·r•·n•knt on thc ~tructural arran)::cmcnt 
ui its con~titncnts, in this casc pcarlite (dark) a11<l frec fcrritc (light). lly 
suitahk hcat trcatmcnt this cnarsc structurc may l•c rcfinc<l aud thc physical 
propcr!ics of thc sl\~ ~·1 J.:r<:atly impron•<l. :\lagnificatiou 100 X. 



NICKEL 

IR ON 

Fi:.:. 1:. Thl' applicatiun ui high-J>Il\\'l'r photography tu the stll!ly of nicke! 
finishl's. Onc of thc charactl'ri;.tics of an impnn l'd procn' for plaiing- dnctilc 
nickcl on irc•n is thc intcrlocking ur "kcying-" oi thc nirkcl and thc iron 
~lagnificati••n. (,000 X. 
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Fig. C. Distribution of filkr partick~ in soft rul>hcr insulation as rc
\-calcd hy a transparent scctiou. Th" S<"Ction was cut in a microtomc I·~· "flash
ing" thc ruhher with liquid air which hanlcncd it just sullicil·ntly tn cut prop
crly. Thc spccimcn wa~ photugraphcd hy polariz,·d light and "ith scknitc 
platcs to sccurc cmltrast hctwecll thc particlcs and thc cml•cclding- ruhher com
pound. r-\otc agglomcration of thc particlcs into )arge mas,cs. Thl· ickal con
ditiun of distrihutiun would hc attained whcn l'ach indi,·idual particlc lS 

surroundcd by ruLhcr. ::\lagnification 720 X. 

Fig. I l, Collnidal particks a' 'Cl'll through thc ultra-microsccpc. 
(a) l'olymcrizcd particl<"s in a phcuolic rcsiu solution. Takl·n with thl· 

cardioid ultra-mirroscopc and thc Lucas l'hotomicrographic camcra. 
)n,tantane<>US cxposurc was lll'l'l'SSary hl·cause thc partidcs wer,· in 
constant motiou. ::\laguificatiun, 220 X. 

(J,) Coloriug- malln in g-lass. Thc glass was colon•d satTrani u aud was 
transpaH·ut \o thc cyc or with any otlwr nwthod of microsc<>pic dsion 
hut with tlll' ~lit ultra-nu'croscopc thc colloidal coloring matter hcconws 
\'isihlc. Also takl·n with thc Lucas phot<>micrographic camcra, a time 
cxposurc J.cing ncccssary. ::\lagnilicatiou, 100 X. 
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Fig. E l'aper tihers l.y ()j X. :\'otl' thc suriacc markings: thc gradation 
in e .. Jor arul thc appt•;rrann· 11i romuhlt·•o; l'"'"'''"cl hy somc oi the fibns. The 
photo~raph \\as Iaken \\ith a modern mnlium-powcr aporhromatic ohjccti\'c. 

:\I iaos,·opic examination oi lt·x tilc anrl papt·r til>t·rs all'nrds a mcans of 
idcntifu:ation scconrl tu none. Thc tihns 01rc rtTIIgni/L'd l·~· eharacteri,tics 
J>cculiar t•> carh anrl J,y color rcactions tu rlitTnt·nt stains. Cott1111, ior cx;nnplc, 
appcars as 01 lbt ril>l>llll-like fil>n 1\\istccl spirally; lim·n is rouncl and shows 
"joints'' and cru>s markings. Tht SJII'Cimcn ilhr,trated consi,tcrl nwstly of lint·n 
with a small proportioll nf Cotton arlrlccl. 
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Fig. F. Ekctrit·al porcelain l•y J><>lariz<'rl lil:;ht, rna~:nifieation 100 X. 
The quality of thc porcclain may hc jud~:,·d to a consirlerahle degrce Ly a 

microscopic cxaminatinn. The dcgrcc ni 'itritieatinn is inrlical<'rl J,y thc rouml
ing of the sharp corners on the quartz gr01ins; \\hcthcr or not thc po rcdain is 
homogeneaus may bc dctcrmincd i>y thc uniiormity in clistrihuti< •n oi thc un
clissolvcd particles, and fissurcs, crat·ks, or voids are rcadily sccn. All o i thcse 
factors influence thc physical charactcristics of the porcclain. 
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Fig-. G. Sca~on cracking- of aluminum bronze ratchet whccls. 
(a) Ratchet wheel at magnification 2% X. 
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Fig. G 

(b) Showing a largc crack, at magnifiration of 2J \:. 
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Fi~. c; 
(c) lnt•·rcn·stalltnt• natllrT of tlw nacks and tlH' s<'H'r"h· wo rkcd condition 

of tht· im:tal as imlicatcd J,y S<'\Tral groups of sliploa;uls tr;l\l'rsing cach 
crystal grain. 

Tlwsc ratchct whcl'!s dl'\'('lopnl radial crarks \\ hik in stora~c or in st·nicc. 
~omc of thl' cracks wen: so !arge as tn ),,. plainly yisihk tn thc unaidcd cyc and 
otlwrs wt·r•· of micro~copic dirm·nsions. Thcy rcsultcd frnm thc meta! hcing 
,n..-rl'!y colrJ-\\"rkccl at tlll' tinu· thc parts wen· machineil arul thcn lcft in a 
straiiH·d conditi .. n. TIH" intcrcrystallin,· natun· oi tiH' nackiug i,; shnwn in "c'' 
\\ hil'!r is charactcristic of season crackiug. Thi,; ilhrstration also shows th<' 
nystal g-rains t ra\TI'Sl'<l hy St'\'l'ral groups of slip bands, indicating thc SC\'crity 
of thc col<l-working. 
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Fig. II ~lanib hcmp rupe i~ u"·cl l'Xll'll>iH·Iy in tl'kphunc \\~>rk ;u11l thl' 
tiher irom ro(,( ropc is lhl'll in papn f.,r cahk insulation whieh lincls its way 
int" thc plant. 

~licr"scnpically thc tikr is i.Jentilic•l hy n·rtain chararteri>tics, prnmim·nt 
among \\hirh an· the silicitil'<l tahttlar cl'lb 1-;uo\\n as stq;:mata. Ii thc fibn is 
hurncd and tn·;tteu with dilutc aci<l thc stq:mala n·main (l(·hind, H·:,cmhliug 
~trin<:s ui (,cad~ 

~lanila h<·mp mak<·s th<· (,,.,, conlag-<· lout it is s~>mc\\ hat ditlintlt to <lis 
ting-uish thc fihcr irnm that oi si~al \\hirh produres infl'ri~>r corclagl'. Th<· 
prcsence ni the silici.,us ,1-;l'ktons oi th.: 'tq.:mata all<l thc col~>r llt thr a'h 
( <:rayish-hlark in thl' l':IS<' ni :\lanila IH'mp ar1<l "hite i11 thc ca,;c oi si,al) aid 111 

the identitication oi thc tilocr. 
(a) :\lanila lll'lnp Filoers. magnilicati~>n .'0 X. 

(!..) t\sh of :O.lanila H<'mp, mag-nilicatinn -1;0 X. 
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Fi~. I. \ iurthc:r illu~tration of low-powc:r photomirrography 111 thc: 
stllcly oi tc:kphonc parts: 

( a) lutcrnwcliat<- pinion of calling dial. Diam<'t<'r of pi\'ot .0~0 inch. 
~la~.:niticatiou, 1-1 \.. 

(b) Tbe effect of Iabaratory wear tests on small shafts. ~lagnification, -1 X. 
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l;i~ _1. (a I Faulty (•ack hard.-ninJ.! of car \\ heds fur toll tid,t·t clistril•tllill~ 
'Y'Iem. The ohjcct oi pack hankniu~ is to impart a hi~hly rarl•urill'd 
\\carim:: snrfacc tn thc othcn\ i>c snit stecl part. Thc intcrior rcmain' 
soft an<l ductilc. Lack of uniformitv in hardcnin~ or in,utlicit·nt clc-pth 
oi thc carhurizcd zonc cau<t's soft s'pots '' hich r~sult in unequa I '' c;<r 
Thc magnification is I U X. 
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-~ ~ ---. 

Fig.] 

(h) Sho\\ ing inappn·cial>lc dC(Jth of carhurizcd 70IIl', aml a !arg-e non
llll'tallic inrlusion in tlw ~tt'l'l. Tnl'iu~iun' of this ~ort <knote puor 
qnality or dirty 't<·cl. .\lagnifiration, 100 X. 

Fig. K. St<'<'l ni 1..'~; r:arhon hc-atcol tu ~2.; C. ;uul qnt·nchl'<l in oil. This 
nwolium-powcr plwt.,minog-raph at HKl X n:all) tt·ll.; \·cry liltk ahout the stccl, 
t·xcept that it posscssts a tinc strurtun·. 
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Fit.:. I-: ( C"llllllll t' d.) .-\t 21 iO X thc spccim<·n is SlTII in the pron·s~ oi l•un~o:: 
conH·rtcd to 'Phcroiclized cemcntitc. Tbc ct·mcntitc (irun-carJ.ide) \\hidt is thc 
light con-titucnt is in the pronss oi transiorminr:- from a laminatl'd ioorm too 
small glohules. Grain hou ndarics are still markcd J.v accumulatioous <•i c•·mcn· 
tite !.ut this is spheroi,Jizing. In the light patchcs siratitiratioon ui Fnrite and 
n·mmtite is just \ isilolc. 
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Fig. K. (conlillrtc·d.) l"ncln highcr magnificati<>n nne <>f thcsc patdll's shuws 
cll'arly thc rcmaining vcstigc of Iaminated structurc and thc commcnccnll'nt of 
sphcr<>idization. 1lagnification 9(l0ll X. 



h;:. 1.. l lirn·t autochromc color rq•ru•lurtion oi a 'tailll·tl 'i'<Tinwn oi 
~outhcrn Ycllow l'inc ~IHming sap-,tain fungm mycclium. 11aguiticatiun 100 X. 

This particular fungus j, harmful to thc cxtcnt that it cau~cs a discoloratim1 
of thc s:q>\\On<l, ''hich assnmcs a hluc c-nlor in placc of thc usnal straw-ycllow. 
\\"ood-dcstroymg inngi diiTcr somc\\hat in thcir appcarancc from thc onc 
illmtratcd. 

\ . 

--~ ~ 

'""'r&~_,,.. •no. \"i ,.. ' ---h,;. ~1. Dircct col<•r photomicrq.:raphy I y tlw autol"hromc J•rorcs' ot ;, 
r;trhal S<"Cil >11 ui rnaho;:anv w :.od ~la;:niticati"n 50 :\. ~laho;:an\· IS onc oi 
the lont oi cabinct woods ·and finds wi<lc apJ•Iication in thc tclcph<•OC plant 





A Clock-Controlled Tuning Fork as a Source 
of Constant Frequency 

By J. G. FE RGUSON 

\on:: The .tri uf elcctrical commtmit·ation cmploys sueh a widt· vari..ty 
of mt•th<Kis for thc tr.111smi~sion ,,f intdli>:<'ll<"l.' that it utilizt•s altcrnatin.: 
currcnts \\hosc fn·qucm·it·s con·r tlw cntir<' r.tngc hctwt·cn a fcw cyclcs p<'r 
M'l'<>nd .uul St'\'t•r.Jl million. \\'ith thc int-reasing usc of tht·sc· lllt'thods, it 
l><·t·nmt•s morc anti morc impcr.Jti,·c th.tt dctcrminations of the frt•qut·ncy 
nf ,\lly alt .. rn.ttin!! currt•nt m.ty hc m.tdc with cxtn•mc accur;tcy. In par
tintl.tr, n·n·nt den·lopmcnts in carrier curn·nt tt·lt·phony and H·lt·graphy 
m·cr "ires h,t\'t' p!.tn•d t·xt·et·dingly ri~:orous Iimits on thc frcqucn!:y adjust
nwnt of ccrt.1in IYI~S ul .tpp;tratus. lt is many t imcs ncccs,;.tr:· to hold 
sueh l'<JUipnwnt as o:;.c:ill.ttors or lihers to within lU pcr n·nt. of gi\!'11 fre
qtwncy vahte,; nndcr comnwreial opNatinJ.: conditions. This nH.:.tns that 
c.tlihr.lting dcvircs u~t·d in thc manufacturc and maint<·nance of such l'ir
cuits mu,;t I~ rdi.thll- to 0.01 per cent. and that the prima!)' standanl should 
I><• good to about lJ.tMll p<.·r cent. or onc part in 100,000. 

Thc prcscnt paper discusscs onc of thc mcthods rcccntly dcn·loped in 
t ht• fldl System L<JI><lratO!)' for ohtaining a sourcc of practically cnnst.mt 
frrqucncy with whid1 othcr frcqucncic,; may hc cornparcd. lt eonsists of 
a ck><·k-controlkd tuning fork m;tking Sll Yibrations pcr sccond and, ;ts is 
shown, thc maximum dc,·iation of its frcqucncy from thc mcan is lcss than 
one part in 50,000 . 

. ·\ study has also hccn madc of rncans for irnpro\'in.: thc const;ull'y of thc 
control dock and a ncw type of clc><·k nwchanism consisting of an l·h:!:trically 
a<·tu.tted lll'odulum, thc impulsc of which is controllcd hy a photo-cl .. ctric 
ccll, is sm:>:c,;tl'd. EDITOR. 

I :\'TRODl'CTIO:\' 

T IIE art of dock making is of such long standing that thcrc have 
bcen fcw impron·ments of note in the last fifty years tend

ing to increase accuracy. The a\·crage rate of oscillation of a gouu 
clock whcn taken m·cr a sufficiently long periou of time as, for in
stancc, a day, can bc hclu constant to about one part in 1,000,000. 
This accuracy is sufticiently high for all ordinary requircmcnts in the 
mc..1surcmcnt of time, induuing the ficld of clcctrical commttnication. 

llowcvcr, in clcctric mcasurcmcnts, thc problcms which prcscnt 
thcmsch·cs oruinarily rcquire the accurate mcasuremcnt of intcrvals 
\'Cry much shorter than a secund which is usually the smallcst intcn·al 
rcgi,;Jcreu by thc a\'Crage clock. ln solving thc:-c prohlcms, we are 
thcrefore forccd to thc altcrnati,·e cithcr of dcsigning a dock to have 
a period ,·cry much shortcr than thosc of existing clocks or of using 
::,omc form of short period oscilbtor whosc ttniformity can he con
trollcd by the sccond impubcs from a clock. 

Thc first mcthod has bccn admirahly workcd ottt as describcu by 
othcr mcmbcrs of thc staiT of this laboratory. 1 In this systcm a 

'!'aper l•y ]. \V. Horton, X. H. Ri!:kcr aml \\'. :\. ::\farri5on, pr('scntcd at thc 
annual com·cntion of thc Amcrican Institute of Elcctric Enginccrs, Junc, 19.!3. 
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hundre<.l cycle fork is kept in constant oscillation by a regenerative 
method, the conditions bcing so controlled that the mean perio<.l of 
the fork comparcs favorably with that of a goo<.l clock. 

Tbc attraction of the second method lies in the possibility of obtain
ing a sufficicntly constant standard of frequency with nothing more 
than a good clock and stan<.lard auxiliary apparatus casily capablc of 
application to any oscillating system. Such an outfit coul<.l bc maue 
availablc in c.1.scs in which the expcnsc incidcnt to thc installation 
and maintcnancc of morc daborate cquipmcnt woul<.lnot be justified. 

REQVIRE:IIE:'\TS OF A CLOCK-Cü:'\TROLLED FREQVE~C\ STA~DARD 

It is a comparativcly simple matter to control or operate a fork, or 
other oscillating system, by mcans of periodic impulses from a dock, 
so that the total number of oscillations will bc somc definite multiple 
of the nurober of impulscs from thc clock. Howenr, the prcscnt 
rcquircments are morc scvcrc than this. I t is ncccssary to haYc thc 
oscillator opcratcd so that cach oscillation will bc &ensihly cqual in 
magnitude and duration to e\·cry other oscillation. In othcr words, 
it is not sufficicnt that thc clock and the oscillator kccp in stcp ovcr a 
givcn period of time, but thc instantancous frequency of the fork must 
not dcpart apprcciably from the mcan frcqucncy. This rcquircs a 
form of control which will not be to any cxtent discontinuous, but 
which will changc uniformly in proportion to thc divergcnce of thc 
oscillator from thc clock. Such a form of control in turn requires 
that thc frequcnt-y of thc oscillator itsclf bc sufficiently constant whcn 
uncontrollcd, to rcducc all momcntary fluctuations and rapi<.l frc
quency changcs to a minimum. This requircmcnt is bcst satisfied by 
an oscillating systcm having a low dccrcment. Since a mechanical 
systcm is usually far superior to an clcctrical systcm in this respcct, 
and sincc thc most a\·ailaLie mcchanical oscillator for thc rangc of 
frcquency in qu(•stion is a fork, our choicc naturally fall" on this form 
of oscillator. 

i\ good fork maintained in continuous opcration by somc elcctrical 
mcans, such as rcgencration, or a make ancl hrcak contact and a driv
ing magnct, is a comparatiwly :-;implc systcm and is capahlc of a high 
degrcc of constancy.2 It thcrcforc satisfics alt of thc rcquircmcnts 
for our purposc, but thcrc rcmains thc <.lc,·ising of somc cnntrol which 
will hc proportional to the divcrgcncc of thc fork from thc clock con
trolling it. In ordl'r to usc any such control it is practically neces
sary to integratt: thc oscillations of thc fork so timt wc may obtain a 

1 II. ;\1. Dadouria n, l'hys. Rt·\", !J, JMgc 337, 1919, "On thc Charactcrislics of 
Elcclrically Operar ed Tuning Forks. " 
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linll' intt·n.d equ.1l to tlw numlwr of cyclcs of tlw fork \\ hich \\'!' 

d1·,...ire lo 111.1kt' \'<(U.d to the tinw inlt'n·.d lwtWl't'll ,...1ll"t't•ssin· dock 
impul,;(_•..;, This j.,. rc;1dily .I!'CPillplishccl hy 111t\111,... of a phonic wlwl'l 
or ::c-yndmlllous motor oper.1ted h~· thc fork. Thi,., 111111or m.1y II\' 
cnunt·cted to any form of gc.1r tr;1i11 in onlcr t•• gl'l thc llt'Cl'ss.try 
integr.ltion. 

Thc requiremt·nt:- so far outlipcd do not Iimit tlw freqw·ncy of the 
fork in any dq.:ree e'\rept that wc must Iw ahlc to intl'grate its pcriods, 
.111d if a nwchanical nw;ulS i,., used as outlined, this prohahly sl'ls an 
uppt•r Iimit nn the frequency at 400 ur ;)()() cycles. ll mn·\·\·r, prac
til'al considcrations will generally make tlw nwst satisfactory fre
quency con:-idcr.lhly lnwcr t han t his, sinn· 1 t 1s an \"asicr mal ter to 
comp.uc unknnwn freqiiC'lll'it"s with a low frequency standanl ratlwr 
than with onc of high frcqUC'IH'Y· 

:\I E rttoo OF TIIE C O:\TRnL oF Tll E FoRK BY TIIE CLncK 

Thc fork used in t hc systC'm dcscril.ll'd hl'low is of tlw same type as 
that tcsted by D.Hlourian. I t is operatcd by a dri,·ing magnct and 
make and hreak contact, and was originally designed for use in mul
tiplex printcr tl'lq:~raph circuits. lt can hc adjusted to opC'rate at 
50 cydes and is clesigned to d rin· a synchrnnnus cli;.triiJUtor which 
rotatcs oncc for e\'cry 10 cycles of the fork. B y mC'ans of a 5 to 2 
reduction gcar aml a contact opC'ratccl hy it, an impubc may hc 
obtaincd oncc e\'l·ry 2.j cycles of thc fork. l f thc fork Os\·illates at 
cx.1ctly 50 cycles per :-cconcl, thc time inten·al lwtween thc impulse" 
will Lc cxactly onc-half ,...emnd, ancl this time inten·al will h1• shorter 
or longl'r, according a~ the speed of the fork inrrcases or derrca~cs. 

The contrul system u~cd is dcsigned to a!Tect the frcr]ltency of the 
fork in proportion to thc differcnce hetwcen half Sl'cnnd inten·als a~ 
mcasurcd hy the clock and thc time ref)uircd by thc fork to complcte 
2.) cyclcs. Fig. 1 shows the details of this contrnl. Fig. 2 is thc 
schcmatic diagram. Rcferring to Fig. 2 thc contact markcd "Fork" 
is the contact ohtaincd e\'cry 2;-> cyclcs from thc fork aml thc con
tact markcd "Ciock" is that ohtaim·d cn·ry half sccond from tlw 
dock. Each of thcsc contact,; is adjustcd to n·main dosed for a 
pcriod of approximatcly .O.i sccond whcn opcrated. 

The control opcrates as folluws. \\'hcn thc dock contact closcs, 
the relay opcrates and lncks until the fork contact clnses and short
circuits the winding of the rclay which tlwn rdcasc~. IJuring tlw 
time that the relay is opcrated, thc conrknscr Cis chargcd through 
thc resistance r1 Ly the battery B 1• The ,·oltagP of this Lattcry is 
such that whcn applied to the grid of tlw \·acuum tubc, it willjust 
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rcducc thc spacc current to zcru. Thc cundcu~l·r C continuously 
dischargcs through thc n·~istancc r2. Thc mcan potential on the 
comlenscr is thus applied to thc grid of thc ,·acuum tubc and modifies 
the spacc currcnt, which, in turn, is passet! through thc damping coil 

~~ 

.----~~~~~ 

Fig. t ClcKk Control of 1-"ork Frcqul·ncy 

of thc fork. .A stahlc condition is reachccl wlwn thc condenscr dis
rhargc each Sl'\OJHl is cxactly equal to thc rhargc. .-\ny variation in 
thc condenser poll'IHi<ll \"aries thc cmrent through thc damping coil 
and change~ thc frcqul'ncy of thc fork. ?\ow if thc pcriod, during 
which thc rclay rcmains opcratcd, increascs, the mean potential on 
thc conclcnser will gradnally incrcasc. This will incrcasc thc mcan 
negatin· grid potential, redueing tlw mean spacc currcul through the 
tui.Jc and through thc damping winding, thus reclueing thc damping on 
th(' fork and increasing its frcqucncy. 
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This method oi colllrol is slow yl'l st•n-.itin· to n·ry slight rlungt·s 

in frcqucncy. 
Thc mcthod ~>f controlling tlw frl'qllcncy of tlw fork hy .1 dampin~ 

"indin~ w.1s fnund to l>e tlw most ~impft- and s.1tisfartory nl\'thod. 
Thc amnunt nf ,·,ui.Hiun of frcqtii'IH')' '' hich this winding will produn· 
undcr extreme conditions ~hould Iw slightly grc;lh·r than the maximum 
vari.\lion to which thc fork is subjt•ctcd in op•·r.ltinn wlll'n uncon
trollcd. This h.IS l>t•t•n fouml tn f,c about .O.i 1

(,, whcn tempcraturc 

.. , 

Fi~. 2 Clock Conlrol of Fork FrcquC"ncy. <SchC"matic Dia!:'ram) 

variations arc hcld to \Yithin a fcw dcgrccs. Thc only rcquircmcnt 
for thc coil is that thc currcnt availablc from thc \'acuum tubc must 
bc sutncicnt to producc thc ncccssary control. This requircment is 
casily mct. 1t has lll'cn found po,..siblc with thc cquipmcnt dcscribcd 
to obtain an cffc<'t at least 10 timcs grcatcr than ncccssary. 

Thc changc in fn·quency of thc fork cluc to thc currcnt in thc damp
ing winding is a combinatiun of sc\·cral ctTccts. The currcnt will 
increasc thc dccrcmcnt of the fork, duc tn thc Iosses induced in thc 
meta\ of thc fork whilc ,-ibrating- in a magnctic fidd. This will cause 
a dccrcasc in frequcney. Thc magnctie forcc acting on thc tincs of 
thc f~rk, c,·cn though it bc assunwcl to cause no los"!:s in thc fork, is 
unsymmctrical, ha,·ing a grcatcr elTcct at thc encls of thc swing of thc 
fork. This unsymmetrical forcc may also bc shown to causc a clc
crcasc in frcqucnq·. ..:\gain thcre is a rhange in frequcncy duc to thc 
change in amplitudc alonc. For the type of fork hcrc uscd this 
changc may bc an incrcasc or dc<'n·a-.t·. depcnding on thc rangc ovcr 
which thc changc occurs. 

lt is ob\'ious that whcn thc control is operating, thc \·oltagc of the 
condcn!'t'r and hencc thc spa<'c rurrent of the \·acuum tuhc, will 
tluctnatc cach half second. Sincc it is ouly thc mcan \'aluc of spacc 
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current that is uscd tu control the fork, it is important that this 
fluctuation be reduccd to a small amount. This may be done by 
using a !arge capacity C or a !arge resistance Rt. Howevcr, the 
efTcct of incrcasing the capacity or resistance is to increase the time 
rcquired for the control to change, whcn compcnsating for changes in 
the fork frcquency. Acconlingly the values chosen must be a com
prumise. lf we asstune that the control is capable of gi\'ing a max
imum changc in frequency of .1~(. and we alluw a lluctuation in this 
control of 5% cach half second, this will cause a 11uctuation in frc
quency of 57c. of .1 %, or .ÜÜ;)j~. HoweYer, the inertia of the fork 
prevents it from following such a rapid fluctuation in damping cur
rent and hence thc actual change in furk frcqucncy is nry much 
smallcr than just indicatcd. 

The fact that non-cumulative tluctuatiuns in thc control as grcat 
as 57o haYc only a ncgligible cfTcct on the fork frequency is an im
portant point. Such fluctuations are likely to arise through hunt
ing in the synchronaus motor, irrcgularities in the time of opcration 
of the rclay, etc., and since their dTects aYerage one another out, 
there is no <langer of thcir ueing transferred to the fork. 

The ratio of the charging resistance to the dischargc or grid leak 
resistancc is not a guvcrni ng factor, cxccpt that the charging resistancc 
must bc less than thc discharge rcsistance. Thc phase position of 
thc fork lo thc clock undcr normal conditions is also go,·crned by the 
rclati\'e ,·alucs uf thcsc re~istanccs. For the present circuit r1 has a 
resistancc one-half that of r2 , and these rcsistances and thc condenser 
are of such valucs that it takcs appruximatcly J;) minutcs fur the fork 
to comc into thc corrcct phase rclation with thc dock whcn started 
under tlw most unfa,·orahlc conditions. 

\\'hilc this nwthod of control will hold the furk frcquency for an 
indefinite pcriod in synchronism with thc clock, it is possihle that the 
phase relation of thc clock to thc fork m~ty changc. This changc 
may he pcriodic, that is, it lll~ty takc thc form of an oscillation ahout 
the mean pha~l' position, or tlwre nuy bc a gradual change duc to 
changcs in thc ,·arious constants of thc control occ.urring oYer 'com-

lxtratin·h- Ion~ intl'r\'als. For instance, an\' changc in thc ratiu !!, 
J - r, 

such as might occur with tcmpl'raturc, will changc thc phase rclation 
hctWl'l'll thl' fork and tlw elock. 

Chronograph rcrords ~how that thcrc arc 110 phase changes gn~ater 
than onl' cydc of thc fork O\'cr periods as )arge as S hours. To de
h·rminl' thc po~~ihility of hunting, that is, of nsrillation of thc fork 
fH·qucncy around its mcan \'alue, the phasc rclation was actually dis-



A CLOCK-CON J'ROLLED TU.V!NG FORK 151 

tmbL>tl and a chronograph n:cunl takcn of the rcadjustment. This 
will givc the rx·riod of thc oscillation, if any, and thc amount of 
d.unping. 

Fig. 3 shows onc of thcsc rcconls. The chronograph was con
nectl>tl in thc circuit as shown in Fig. I and a n·conl was takcn nver a 
pt:riod of altout 20 minutcs after starting thc fork. This reconl 
shows the length of time in cach half sccond that tlw control rday was 
oper.1tcd. At st.~rting thi,. pcriod is ahout .ll ~ccond. ,\ftcr about 
S minutes it Lwcomcs a maxinmm cqual to .~ secund and thcrc is no 
apprcciablc changc on·r the next 5 minutcs, showing a permanent 
condition has been reached. Acconlingly wc may concludc from 
this rec01d that any oscillation about thc mcan valuc of thc control 

:.ua 
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Fig. 3-Chronograph Rccord of Fork After First Starting 

is almost if not quite critically damped. Several other records 
takcn with e,·en greater phase displacemcnts bcar out this conclusion. 
This practically precludes hunting aftcr thc phase angle has been 
once adjustcd. 

Acct'RACY OF TIIE CLOCK-CoNTROLLED FORK 

The accuracy of the fork has becn chcckcd in two ways For long 
period~ of time, chronograph records have been takcn at intcrvals 
ovcr a period of S hours and the maximum variation of the fork from 
thc clock in this pcriod has bccn found to he less than .02 sccond, or 
one cycle. Smallcr periods of time cannot be mcasurcd accuratcly 
on thc chronograph used. If we are dcaling with periods of time of 
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more than 15 minutes, this giYes an accuracy as high as one part 
in 50,000. 

For small time inter\'als, an cntircly different methocl for nlC'asur
ing the constancy of the fork must be usccl. Two methods are avail
able. \\'e may either compare the high harmonics of the fork directly 
with some high frequency which can be helcl extremely constant over 
short periods of time, and observe fluctuations in the relative values 
of these frequencies, or we may compare the fundamental frequency 
of the fork with a high frequency by some means which "ill cnable 
us to measure the divergence from an c.-.:act integral multiple rcla
tion in terms of the higher frequency. 

To explain in more detail, we may pick out the one hundredth 
harmonic of the fork by means of a filter and a mplifier and compare 
it with a 5000-cycle frequency obtained from a constant frequency 
oscillator by some method of detection which will allow us to count 
the difference in cycles. By this means wc may observe variations 
in the relati,·e rate of the fork and the oscillator to an accuracy of 
about one-tenth of a cycle over a periocl of a fcw scconds, and this 
giYes us a comparison to an accuracy of 1 part in 50,000. The prin
cipal objcction to this method is the difficulty im·okcu in scparating 
the higher harmonics of any altcrnating current wa\'e obtained from 
the fork. For instance, the separation of the hundredth harmonic 
from those immediately above and below it would require a circuit 
so selective that it woulu probably be Yery Jifficult to construct and 
cumbersome to opcrate. 

If we bad means to Jetermine when some high frequency such as 
5000 cycles was an exact multiple of the 50 cycles a nd to measure the 
ditTcrcnce in terms of the ;jQQO-cycle wa,·e, we would be ablc to obtain 
the same results, and avoid the aboYe difficulty. 

A device which will allow us to do this is the low voltage cathode 
ray tube deYCiupcd by Johnson3• Tbc two frequcncies tobe cornpared 
are connectcxl to thc two pairs uf plate~ of thc tube ancl the combiua
tion of the two dellcctions causcs the luminuus spot to trace out a 
path which rcpcats itself inuefinitcly if onc frequency is an exact 
integral multiple of thc othPr, and a stationary figure is produced. 
In this way any frequcncy which is a multiple of the fundamental 
50 cyclcs may be accurately detPrminl'd. .As the mcthod of com
parison is an electro~tatic une practically 110 power is used. 

For thc type of tuhe u~cd, a dellcction of about 1 centimeter is 
ubtaineu for a potential clifference of 10 vults between plates, and 

3 J. B. Johnson, Bell Syslcm Tcclmica/ Jo11mal :\ov. 1922, "_.\ l.ow \'oltage Cathode 
Ray Oscillograph." 
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frcqucncics having ratios as high as 100 to I m.1y bc rcadily e~>lll 

parcd. For ratins of tlw ordcr of 100 to I thc lowcr frequem·y i" 
prdcr.1bly steppt'<! up to a high voltagc to givc an cquivalent ddh·c
tion of as much as :2.i ccntimetcrs, thus giving a spacing hetween 
cyclcs for thc high frequcncy of approximatcly O .• i ecntimctcr. ( >f 
coursc, thc wholc :2,j centimcter dcllcction is not shown on thc scn·en 
but this is unneccssary. The \·alue of thc ratio cannot bc at oncc 
clctermincd hy this mcans, there being uo apprcciahlc di!Tcrcnce 
bctwccn thc figure for a ratio of IOO to I and DH to I, but this rati" 
may be rcadily detcrmincd hy romparing each frcqucncy scparatcly 
with an intermediate frequcncy such as 500 cyclcs. 

Ha\"ing dctcrmined thc ratio bct\\·cen thc high and low frcqucncics, 
it is pos.o;iblc, by drawing a rcfcrencc line across the screcn, to de
tcrminc whcthcr or not they arc kccping step with onc anothcr. Thus 
for a comparison of ;)0 cydes against .)000 cycles, if wc gct a motion 
of 2 wavcs in 10 scconds, this reprcscnts a dcviation from cxact syn
chronism of 2 parts in 50,000. 

Camparisuns made in this way bctwcen the 50-cycle fork and a 
Yacuum tube oscillator gi,·ing a constant frcquency of 5000 cyclcs 
show no de\"iation in thc mcan period of thc fork grca tcr than I part 
in 50,000 for obscr\"ations cxtending ovcr scveral minutes. If de,·ia
tions greatcr than this were obscr\"ed, they might cqually bc ascribcd 
to the auxiliar)· oscillator but the fact that thcy do not occur means 
cither that the fork is constant to better than l part in 50,000 or that 
both frequcncics ,·ary in exactly the samc way which is vcry im
probable. 

Thc above rnethod of comparison does not requirc a sine wa,·c of 
currcnt from the fork. Jn fact it has bccn found advantageous to 
havc a somcwhat distortcd wavc since an unsymmctrical figurc on 
the luminous screcn of thc tubc is morc easily obsen·cd. This is 
duc to the fact that onc-half of thc figurc mO\·es across the scrccn in 
one dircction whilc thc othcr half mo\·es in the oppositc direction. 
Jn ordernot to confusc onc half with thc other, it is highly dcsirable 
that thcy be dissimilar in shapc and this is accomplished by using a 
distortcd wave as the lower frcqucncy. Sufficient distortion is 
sccun~d by mounting an ordinary tclcphonc rccciver in closc prox
imitr to one prong of thc fork as shown in Fig. I and amplifying the 
l'.m.f. thus obtaincd as much as ncccssn.ry to obtain thc tlesircd \"Oltagc. 

By means of thc simple control systcm dcscribcd abO\·c, it has 
bcen possiblc to obtain a fundamental frcquency so frcc from fluc
tuations as to bc constant ovcr short or long periods of time to ap
proximatcly onc part in IOO,OOO. 
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Acc cRACY OF THE (LOCK 

Su far wc havc not considcrcd thc possibility of error in thc clock 
as a factor. Of coursc, thc fork cannot kccp Letter time than thc 
clock which controls it. 

Tbc clock used at prcscnt was madc by L. Lcroy and Co., Paris, 
elcctrically driven and bc.1ting half seconds. Thc drive consists of 
an clcctric circuit including a single primary ccll mountcd in thc 
clock, a driving coil and a contact which is closcd by thc cscapcmcnt 
whccl for approximately .1 sccond in cach sccond. Attachcd to thc 
lowcr end of thc pcndulum is a stccl bar which movcs into thc driv
ing coil as the pcndulum oscillatcs. Tbc clcctrical impulse is so 
timcd that the driving coil givcs thc pcndulum a slight pull as it is 
entering thc coil. This impulsc is sufficicnt to kcep thc pcndulum 
oscillating. An additional contact on thc clock is uscd to furnish 
an clcctrical impulse for timing purposcs. 

Time rccords of the clock have bccn kept ovcr a pcriod of scvcral 
months and the rate has bccn found to bc constant to about one-half 
second a day, which is bctter than 1 part in 150,000. Since this 
accuracy is not vcry much greater than the prccision with which thc 
fork kceps in st<:>p, any further accuracy will rcquirc refincmcnts in 
thc clock itsclf. \Vith this objcct in vicw, an invcstigation was made 
of thc possibility of obtaining grcatcr accuracy from the cxisting 
clock. 

Errors arc of two kinds. First, if the timing contact is obtaincd 
by thc Operation of the cscapcmcnt whccl, thcrc may be a cyclic 
variation in thc lcngth of time bctwcen succcssivc impulscs cxtcnd
ing owr onc rc,·olution of thc whcel, (1 minutc) cvcn though thc 
pcndulum kccps pcrfcct time. This has bccn found to be the case 
in somc of thc bcst clocks in thc country. This error can bc ovcr
comc by taking thc contact dircct from thc pcndulum. Thc con
tact we arc using at thc prcsC'nt time is of this type obtaincd from 
thc pcndulum by mcans of a photo-clcctric ccll. 

Tbc optical systcm is shown on Fig. 4. Light from thc sourcc A 
is conccntratcd on thc mirror, which in turn rdlccts it on to thc photo
elcctric cell. \\"hcn thc pcndulum passcs through thc ccntcr of its 
strake, it momcntarily cuts off this bcam of light. This causes a 
largc incrcasc in thc rcsistancc of thc photo-C'lcctric ccll, thc changc 
taking placc almost instantancously. 

Rcfcrring to thc diagram of conncctions on Fig. ·I, thc potential 
of balt<:>ry B is dividcd almost cqually bctwccn thc photo-clcctric 
ccll and thc grid of thc tubc if thc grid lcak is madc approximatcly 
cqual to the resistancc of the ccll whcn cxposcd to thc light. This 
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~o:ivcs LI uegatin~ poll'nti.d l11 tlw grid sullicient to cut off all S(J.II'l' 

curreut, <llld the rel.!y R~ n·tn.dns IIIH>peratl'd. \ \ 'hen tlw (wndulum 
cutsotT the light to tlw photo-ell'ctric cell, tlw re~i,.;tancc uf tlw n·ll 
riSt•,; imnwdiately .uul tlw grid \·oltage drops tu .1 n·ry small \"alut•. 
Euough ,.;p.ll't' currl'lll will p.t~" nnw to opc·r.ttl' thc relay R~ and a 
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Fig. -l-Circuit for ( >utainin~ E1ectrica1 1 mpu1ses from Stanc1ard C1ock l'sing Photo
e1cctric Cell 

signal j" tran,;mittl'd of thc samC' duration as thc time thc light is cut 
off thc cell by thc pl'ndulum. Thcrc i,. no appreciaLlc time lag in 
thc photo-elcctric cdl or ,·acuum tuhc. 

T hc principal rcquiremcnt in sctting up this eircuit is to obtain 
a \·acuum tuhc having a rcsi,.;tancc bctweC'n filamcnt and grid includ
ing wiring, which is unckr all cnnclitions considcrably greater than 
the minimum re,.;istancc of thc phnto-electric ccll. l f this rcsistancc 
clrops much lowcr, thc circuit hccomC's innpcratin· e\·cn though no 
additional grid lcak is uscd. 

T hc only irregubrity introduccd in this system is in the operation 
of the rclay, and as this is a fast opcr;lting rcby this crror will bc 
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Icss than the accidcntal irrcgularities in a cuntact obtaincd from the 
escapement whecl cven excluding crrors due to eccentricity. 

This method uf obtaining an clcctrical impulse from a clock is of 
great ,·alue as it may be applied to practically any clock which may 
not have any othcr method of producing impulses. 

The second type of error is due to ,·ariations in the rate of the clock. 
Two fundamental requiremcnts in the design of an accurate dock 
are that the impulsc deli,·ercd to the penclulum be symmetrical about 
the mid-point of its swing and be not subject to irrcgularities in 
magnitude or duration, and that the pendulum be frce at all other 
parts of its swing. These requirements are fairly weil met in the 

Fig. 5 Circuit of Photo-clectric Ccll Drive of Standard Clock 

present clock. Howe,·er, thc magnitudc of thc impulse depends on 
thc constancy of the voltage of the dri,·ing cell which is a singlc 
primary cell of rather small sizc, and the duration of thc impulsc may 
bc somcwhat ,·ariahlc cluc to thc possiblc ccccntricity of thc cscapc
mcnt whcel and due to thc mcthod of opcration. Thc pendulum 
too, is not cntircly frcc from constraint at any part of its swing. 
These crrors may all bc m·oidcd or at least considcrably rcducccl by 
the usc uf the impulse obtained from a photo-clcctric ccll to drive the 
clock and hy tlw use of a morc constant sourcc of primary ,·oltagc. 

Thc usc of this type of dri,·c has accordingly hccn inwstigatcd in 
conncction with this clock. lt is ohvious, sincc thc driving impulsc 
is onc of attraction hctwccn the coil and the bar carricd by the pen
dulum, that it mu st he cxL·rted only once per sccond, that is, whcn the 
pendulum is entering the dri,·ing coil and not whcn it is rcturning. 
Thc circuit used is shown on Fig. 5 and opcrates as follows : 

\\"hcn thc rclay R 2 operates the first time in the sccond, it closes 
the circuit through thc winding 11"1 of the rclay R., aml through rclay 
Ra. This operates the relay Ra and closcs the circuit through the 
driving coil of the clock. The currcnt through the one winding of 
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R, is not ,..uftieia·nt to opl·r.lll' it. .\s sc1o11 as tlw rl'l.l)' R 2 n·ll'<l~l's, 

curn·nt \\ill p.1ss through .111 tlw \\indings on hoth nÜ)s whieh in 
turn clo"''" tlw n·l.!y R,. Thi,.. opl'lb tha· circuit through thc clriv
ing ,·oil of tlw dock. rtw impulse gin·n to tlw pcnclulum is, tlwn·
ion•, thc duratinn of the opl'ration of tlw rl'l.ly R 2, or thc timl' cluring 
"hich thc light is cutofT thl' photn-d,•ctric cl'll aluring tlw swing of 
thc pcndulum to the ldt. \\'hcn thc pl'nclulum swings to tlw right 
.111d thc relay R2 opcratl's, R3 is short-circuited anal rclea,.cs, R~ hl'ing 
hdd up hy winding Ir,. \\' hcn R 2 rekases, it relca~~·s R~ hringing 
thl' rircuit back to normal. S incc thc circuit through the driving 
l'Pil of the clock is closed only wlwn thc rclay R.J is closeal. and thc 
n·l.iy R~ is reka,.ccl, therc is only onc impulse per ~econd gin·n to 
the pcnclulum. 

Uuring a pl'riod of operatiun hy this mcthod con•ring se,·eral d.1ys 
the cloek gan· as ~lti,..factory pl'rformancc as with thc mer.hanical 
drive, Lut whilc the prescnt gear train is connectcal to it, no apprer.i
ably hetter pcrformance can Iw obtai necl than at prcsent, anal ac
cordingly it is proposcal to carry out further work along this line 
with an c:xpcrimental pendulum ha\'ing no mec-hanical connections. 
By using a goocl compen~ltcd pendulum and mounting it suitahly in 
a constant temperature hcrmctically 5ealed case, it appears probable 
that a photo-elcctric c-ell drive woulcl procluce a morc constant rate 
of oscillat ion t han the hc,.t clocks of existing typcs. The ad,·an tage 
of this type of driYC cJ\'cr other typcs is thc fact that thc pcndulum 
i,. ahsolutely frcc frum alt mechanical constrainl at alt parts of its 
,.wing. Thc problern of supplying an unintcrruptcal currcnt for the 
light anal power coulal rcadily be sol\'Ccl hy thc usc of duplicatc ap
paratus. 

The generat method outlinecl in this papcr for synchronizing a fork 
with a clock has a \'cry wide ficlcl of usdulness, ancl is not limited to 
thc particular application described. For instance, in placc of the 
duck we may substitute another fork ancl distributor, and we are 
thus enablcd to hold 2 forks with their clistrihuters in exart ~rn

chronism by means of an impubc Iransmitted at a coJbtant time 
interval of about oncc e\·ery half-sccond. 

ßy substituting thc ficld coils of a motor for thc damping wind
ing on thc fork, we arc ablc to hold thc spced of the motor in syn
chroni~m with the clock, thc only requircment bcing a ~tep down 
gcar on the molor to furnish thc desircJ contact. 

The generat principlc in\'oh-ed is not dcpcndent on the usc of a 
\'acuum tubc, and if other mcans of control bascJ on this princ-iple 
he adoptcd, YCry !arge powers may be controlted in thc samc way. 



Some Contemporary Advances in Physics- Il 
By KAR L K. D ARROW 

:\OTE: Dr. Darrow, the author of the following article, has made it a 
practice to prcparc abstracts and rc\'icws of such reccnt rescarches in 
physics as appcar to him to hc of special intcrcst. The rcsults of Dr. 
Darrow's work ha,·e hl·en aYailahlc to thc stafTs of the ßell System lab
oratorics for some time and hadng- been ,·cry weil regarded, it is thought 
that such a rc\'icw, publishcd from time to time in the TECH!'ICAL jot:R!',\L, 
might bc welcomed by its readers. 

Thc re,·iew cannot, of coursc, cowr all thc published rcsults of physical 
rcscarch. The author chooscs thosc articlcs which appear significant to 
him or instructi\·c to his rcaders, without attcmpting- to pass judgmcnt 
on thc scientific importancc of thc different papcrs publishcd. I t is not 
intendcd that thc re,·icw shall always assume thc same form; at onc time 
it may coYcr many articles, at anoihcr bc dc\·oted to only a fcw, and it 
may occasionally trcat of but a single piccc of work 

Thc prcscnt installment, which is l\ umher II, is de,·utcd wry largcly 
to the subject of atmnic structurc.-EDITOR. 

W E know quite definitely thal an atom consists of a massiYe 
positi,·ely-charged nucleus \Yith a certain num!Jer of electrons 

in its Yicinity; Gut of the arrangement of tbese electrons in the strict 
geometrical sense we know ,·ery litt lc--indccd, \Ye do not certainly 
know cn·n whether they are in motion or not. .\pparently thcre 
a re many possible arrangemcnts for each kind of atom; one of these 
isapermanent arrangcment, in the sen:-;l' that when once estahlished 
it is not changed so long as the atom is not disturbed from outside; 
the others are transient. In addition to the arrangements of the 
clectrons in the neutra l atom, there are the arrangemcnts of the 
remaining elcctrons whcn one or more of the normal quota are lack
ing. \\'hcn an atom changcs OYer from one of thcse arrangements 
to another, it must take in or gi ,·c out adefinite quantity of cnergy. 
Another way of saying this same thing is that to cach distinct ar
rangement of the electruns thcre corrcsponds a distinct ,·alue of 
the encrgy of the atom. These ,·alues of the encrgy of the atom 
are dircctly or indirectly mcasured, often with grcat precision; they 
are the data of cxperiment. The \'ery precise statt·mcnt:-;, or at 
a ll cn·nb n·ry definite statt·menb, which are fn·qucntl~· madc ahout 
tlH' "structure" of the atom, u~ually rdl'r only to the~c encrgy
values and the rl'lations l)('tween them. 

The simplest qucstion that can he askcd a l>out the arrangcment of 
the electrons is, whctlwr tlH·y all occupy identical positions hcing, 
for l'Xample, en·nly distril>uted ovcr tlw :-;urfac(' of a spherc or the 
circumfercnce of a circle, with thc nucll'tJS at its C<'ntre. 1f this is 
trtll', tlw same amount of cncrgy will !Je rl'quired to n·mo,·c any 

ISS 
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dcctron frnm thc .ltom as to rt'lllll\'t• any otlwr. ln tlw I'XIrc·nw 
oppo,..itc c;l><c tlwre would Iw as many diiTt·n·nt amounts of l'IH·r~v 
required to n·nwn· an l·lcctron from the atom as tlwre w, ... ,. elcctron,... 
~ow, "lwn r.uli.1tion of a lklinill' frequcncy " falls upon ;1 group of 
at••nh, any p.1rticular atolll will eithcr ignore the radiation, or ,.J,..c 
will .lh,..orh a d1·linitc quantity of <'1\l'rgy hv from it. (Thc lt'1t1·r II, 
as tbn.d. dt·nolt'"' Plam:k's corht.lnt, li.;i(i'IO ~7 crgs-second,. .) I t 

Fig. I 

follow,.. that if an clectron is extractcd frorn an atom hy thi,.. radi.ttion 
and the work Ir rcquircd to extract it is not exactly as grcat as thc 
arnount hv, the ditTcrcnrc will he turne~"! m·cr to the clectron as kinctiC' 
cnergy, and thc spccd <' with which it dcparts from thc atom will 
Iw gi,·cn hy thc cquation 

I 111<'~ = II" - II' 
2 

and W can bc dctcrmincd by mcasming t'. \\"c ran con,·cnicntly 
rdcr to II' as an "cxtrartion-cncrgy" or "cxtrartion-pott·nti.d." lf 
all thc clcrtrons occupy identical po~itions, Ir will bc th1· s.une for 
all, and thc cmcrging clcctrons will all haYc thc same ~pced. lf thcy 
occupy variou;; positions or ''Ievels" as is morc cnmmonly said, thcrc 
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will bc as many ditTerent elcctron-spceds reprcsented in the ernerging 
elcctron-stream as tlwrc arc lc\·els,1 ancl from thesc spccds the extrac
tion-cnergics characterizing (or inclccd defining) the Je,·els can be 
deduced. 

Thc apparattts in which thc test is maclc is of the type shown in 
Fig. 1. At S there is a long narrow rod or tube of thc material heing 
testccl, irradiatcd by X-rays proceeding from a sourcc at thc left. A 
magnctic field, dircctcd normally to thc plane of thc paper, swccps 

Fig. 2 

thc cmerging ekctrons arouncl in circular arcs, some of which pass 
through thc slit; a few such arcs a rc skctchcd. Thc slowcr thc clcctrnn, 
the morc high ly cun·ed thc path in which it travcls; and thc specd 
of thc dectron can bc dcduccd from the cun·at ure of the path. In 
Fig. 2 clcctron-paths ofthistype arc rcproduced from a photographic 
film, which was laid parallel to the plane of the paper, in the posi
tion of the reetangle markcd I in Fig. 1. Fi g. 3 shows arcs which 
appearcd on a tilm laid in thc position of the reetangle marked II. 

1 Of coursP therc may he reasons why clcctrons in particular positions cannot 
often or at all hc cxtractcd hy radiation, cvcn though thcrc is plcnty of PnPrg)' 
ava ila!JIP. 



Sll.\/1: l tJ.\ I I'.III'U/\./1\l .111/".1.\ll \ 1.\ /'111.\ll .\ II I •I 

Thl'"l' di ... tinctly-:-;l'p.tr.ttl'd arl':-; :-;ho\\ th.1t th1· l'IIIC r).!'ing l'l,·t·truJI-- l.dl 

into ~~·,·er.d di ... tinct grolqb. l';ll'h dt.ll',tt't«'ritl~l l>y .1 partind.1r "'P''~'d 
ln Fig. ·I \\l' ~l'l' the tr.ll'l'"' of thl' l'll'C'tron-. on til111-. l.tid norm.tlh t" 

\' 

l\' 

Fi!-:. 4 

tlll' plane of thc p.Lpl'r, along the top of tlll' hlcwk marked ''l'h" in 

Fig. 1. Thc appearann· of thc film.; at oJH'l' -.u;::-g;l'-.h '' line--.ptTtmm. 
The linl':-;. incleccl, are thc :-;ign.llllrt·-. of "'P'''·i;tleh·l·tn•n- ... pl'l'd,. in ... t<'<lll 
of -.pecial radiation-frc<ptt·ncie ... : hut tla· ... l' t\n> qu;tntitil' .... lwing 
inll'n·oll\'l'rtihl<·. are not ,.;n profoundly different in tlwir n.ttllrl' 01-. 
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uscd to bc supposed. Imitat ing de nroglic's tcrm "spcctrcs cor
pusculair('s" we may call tlw:-<e ''t·lectronic spectra." Bu t it must 
he rcmeml>crcd that tlwy dcpl'nd not only 011 thc propcrtics of thc 
atom. hut on the incident radiation as weil. 

:\lauricc dc Broglic has und('rtakcn an l'Xtl'nsin· stiHI~- of thl'sl' 
clcctronic ,..pectra. His nwst reccnt apparatus, "imilar in general to 
the arrang('mcnt illu:-;tralt'd in Fig. l (with thl' phntographic plate 
laid normally to thc plane of thc arcs) is impron·d in Yariou..; rc"pt•cts 
and cnlargcd to ]Wrmit of u"ing a platl' 2-! nn. wide and electron-paths 
of 21i.nn. radius. l'nfortunately , tlw irlt·al conditinn of atom" irradi
ated by radiation of a singlc frequcncy, is unattainal>le. This j,; not 
mercly IJt•cau:-<t· actual X-ray sources emit \'ery mixed radiatinns 
inten"e at :-<t·,·cral di"tinct frequencies and perceptihle at t·\·ery fre
quency on·r a wide range. This difficulty could he partly remedied 
hy approprialt' f1hers. Tlwre is anothcr ditliculty and an inl'\'itahlt' 
one; thc atom" from which elertrons are extracted hy tlw radiation 
promptly emit radiation of Ill'\\' frequcncics, which l'xtract nther 
clcctrons themsciYcs. In tlw languagc of the opening paragraph. tlw 
arrangcnwnt of electrons which results \\·hen an t•lectron is cxtractl'd 
is not a )l('rillanent one: thl' remaining ('lectrons redispose them
sel n·:-< in onc arrangt·nwnt aftl'r another. t•n•ntually arri,·ing at tlw 
permanent onc: to l'ach sUlTcssin· arrangenwnt corre:-<ponds a IH'\\' 
and lower ,-alm· of tlw energy of the atom. and the energy-diiTc.rem·(•s 
,;;.R an· snccessin·ly sent out in radiations of frcqucncies j_J~ Ir. Thus 
tlwre are "('n·ral fn·qut•ncie,.. at work L'Xtracting electron~ from tlw 
atom:-<; anti in tlw l'lectronic spL·ctmm, each l('n·l is repn·,..L·ntt·tl hy 
as many lines as t here are frequ(•ncies. 

The uppernwst spel'trlllll of Fig .. ) is sketched hy dl• Broglit• fro111 
photographs madl.' with the l'lectrons emittl'd hy siln·r atonb irradi
atl'd with th(' charactt·ri:-<tic X-rays of tung,..ll·n.2 The !'lectron-,..peeds 
(·orn·,..ponding to tlw lines inneasc from ldt to right. Tlwn· arl' 
four of these tung"tt·n ray,.., two forming tlw Ko: douhh-t, whih· tlw 
otlwr t\\'o, known as 1\ß and 1\.o, han· higlwr frl'qtwncies. Tlw fom 
lines 111arked-! and .-l in thl' l'lectronic spt·ctmm an· madt· hy electron,.. 
extracted l•y thL•,..t• four radiation" from a ,_ingh· h·,·t·l. This is tllL' 
K-len·l. the del'pl'"t or inncrmo,..t le\·d in the siln•r ato111, tlw elec
trons 1'l'l1111\'t•d from it h;,,~,-ing lost more t•nerg~· during tlw renlo\·al. 
than an~· other" olt'-l'ned, alutut :~.-!li ' IO' t•rgs apiere. Tlw two 
following douhl('h. markt·d Ii and I, arl' 111adl• hy t•lertrons l'Xtraclt·d 
l1y tht· 1\.n fn·qut·ucit•,.. from two distinn len·ls of the sih-er atom, 

• '>ona· pholo~-:r.tph, 111,1~ l•c 'l'l'll in Ih!' laumal dt• Pilysiqllt', \'olumc 2 of 1'!21. 
Tlw~· \\'t 'fl' 1.1ken 1..-fon· IIH' Iaie' ! imprmt·mt·nl ,; \\t·rc m.tde in Ilw apparalus, and 
do nol ,;how "" lllll<'h de1.1 il a' IIH' , kl'lch•·': or perh.tt" I ht· r!'prudu.-I ion' an· imp<'rf<·cl. 
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knnwn as the I. and .II len•ls respecti\ ely; tlw ekctroJJs fro111 th<'lll 
h.1n' more enNgy ldt on·r after escaping. Li111' s is du•· t11 1\p ,.,_ 
tr.u·ting clcclrons from tlw 1.-ll'n'l. The elt·ctrons l'jected iro111 th•· 
.\/-ll'n·l hy 1\ß, and tho:-.c ejectcd irom the I. and thc .1! len·ls hy 1\ö, 
.u1· presum.1bly IIIIIYing too r.1pidly to l'c recciYcd on tlw pl.ttc. .-\t 
the otlwr end oi the :-.pet"lrnm the thret• lincs I, 2, :~ arc !luc to •·kctrolh 
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Fig. 5 

expelled irom tlw L and t hc .lf leYcls I>~· two of the sccondary X-ray 
frt•qJit'IJCit•s procceding from siln·r atoms: thc Ka-doublet (not 
st·paratedl and the /\!3-line of sih-er. 3 Just Lelow this spectrum. 
wt· "~''' thl' clectronic spectrum of tin. in which the lines duc to tlw 
primary X-rays irom thc tun~sten are arranged·likc thc corrcsponding
lines in the "iln~r spcrtrum, Lut displaced towar!ls lowcr encrgics, 
sin1·e the lcY•·ls in thc tin atnms are ditTercnt from thosc in thc sih·cr 
.ltom; while the lines duc to thc secondary X-rays arc also rcpcatl'd 
irom thc ,..iln·r spectrum hut with an opposite di:-.placcnll'nt, for in 
tlw"e ca:-.t•s hoth thc le\·cls from which the ekctrons arc takcn and tlw 
eJH·rgie,., a,·ailahle for taking thcm out ha,·c hecn chan~cd. \'•·xt 
come the spectra of gold and uranium. Each of tlw~c dements h.b 
111ort· ekctron:-. per atom than thc prcYious twn (uranium has mort· 

'Frnm lhl' n.lturc of thc rcarrangcments rcsulting in thc Ka :wd Kß radiatJOns, 
it iollows that thc elc.-trons cxtractcd bv thc former from thc .1/le\'el havc thc s.•m•· 
~rcc<l~ wry ne.1rly as thosc excitcd by the latter from thc I. lt-n-1; the two frc
qucncics .lCting on thc two lc\'cls producc thrcc scparablc I im·'· 
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dcctrons, nincty-two, than any othcr clcmcnt). Thc complcxity of 
thc spectra rcsults from this richncss of clcctrons, out thc elcctrons 
cxtractcd frnrn thc Land JI lc\·cls of gold !Jy its own radiations can 
!Je idcntified. 

I t is not nccessary to prO\·ide an X-ray t uhe to supply the primary 
radiation; this can !Je supplicd from thc nuclei of radioactiYc atmns 
mingled with thc atoms !JC'ing te:-tcd, or, !Jy examining radioacti\·c 
suhstanccs, wc can disco\·cr clect ronic spcct ra l'Xcited hy radiat ions 
originating at thc nucki of the atnms them,.,l'ln·s. .-\ctually thesc 
werc thc earlicst (•lect ronic spC'etra discnn·rcd; t hc fir,.,t to be o!Jscrved 
were photographcd !Jy \"Oll lhl'yer, H ahn, and .:\leitner in HllO, ycars 
!Jdorc thc interprctation was madc (t lw frcqucncil's of thc nuclcar 
radiatiuns wcre not tlwn known ). Tlw figures 1, 2, :~ and -l, used to 
illustratc this articlc, arc takC'n from a papcr hy J. Danysz, dC'scrihing 
work performcd in 1Ul1 at thC' lahoratory of l\ladamc Curie in P aris, 
upon thc elcctrons or hC'ta-rays emC'rging from atoms of radium B and 
radiurn C. Thc grouping of thcsc elC'ctrons, as WC' now knm\·, rcsults 
from thcir Lcing extractl'd frum thc ,·arious len·ls Ly thc scvcral 
nuclear radiations and tlw inc\·itahlc sC'condary radiations which 
thcy producc in their own atoms. Thc !arge numbcr of distinct 
grou ps (Ruthcrford and Robinson distinguishcd sixtC'C'n from radimn 
B a nd forty-eight from raditun C) is wry likcly duc to scwral Co

operating causcs; thcrc are scn·ral freqtll'ncics at work, thc atoms 
haYc !arge numhcrs of clcctrons, and cxtractions probal>ly occur 
exccptiunally oftcn whcrc the radiations originatc so closc to thc 
electrons. The carliest clectronic spectra produccd from non-radio
acti\"c atoms werc cxeited !Jy nuclear rays from radioactin· suh
stanccs, and t hc carlicst rulc discon'rc<i was t hat tiH·sc spcctra Wl're 
\·ery simila r to the spectra of thc radioactivc atoms thcm~ch·cs; lwing 
indl'ed idl'ntical whcn thc excitcd atoms arc isotopl's of thc atoms 
which cmit thc cxciti;1g rays. In a completc arcount of this topic, 
many othcr namcs would J,c mcntioncd, notal>ly tho,;c of C. D. Ellis 
and R. \\'hiddington. 

:\ recently-puhlishcd and relatiYely simple casc is that of thc 
radioactivc atom, uranium X 1, of which thc clcctronic spcctrum is 
shmm in Fig. G (from an articlc hy Fr!. l\Jcitncr). This displays 
three lincs madc hy clcctrons of which thc spce<ls indicatc that thcy 
arc extracted from thc L, ..lf aud .Y lc\"cls of thc atom by a singlc 
radiation, having itsclf the frequcncy of thc natural Ka-radiation of 
thc atom. This radiation was itsclf dl'tcctl'd aud identilied hy ap
propriate mcans. Faster elcctrons which wcrc also ohscrn·d, cannot 
havc hl'('n derin·d from any such source; thcy proJ,ahly came from 
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the nudl·u,.;, .11111 ~t>llll' of tht·m l'jt·ct dectron,.; from tlw 1\-h·n·l of thc 
.1tom, tlms pn11lnein~ thc nen·,.;~ary condition for thc 1\n-r.t~liation 

.tnd .dl tiH' others to bc emittcd. Tlu·~c dcctrons from thc /{-ll·Yd 
wonld t·,c.qw with too little encrgy to l•e rcgistcn·d in tlw .lpp.tr.tlns. 
Thc que,.;tion nf the ultimatc origin of th1·~c fastl·sl elcetrons is, how
cn·r. ,.;till under dch.ttc (,~· the lt-.tding authorities on tlw :<ul•ject. 

Fig. 6 

lm.tgine now th.tt <1 he;un of X-ray,.. induding alt frequcncies is 
direcll'd ag-.tin-.t a thin ~hcet of nwtal ;ttoms, ancl that thc transmittl·d 
bcam j,.; di~per,.;ed into a ,.;pl'Cirum prnjccted against a phutographic 
pbtc in thc u~ual manner. Rays of fn·qnc.ncy " can extract elcctrons 
irom a p.uticular lcn·l wlwn lrv cxceed,.; tlw \·aluc of n· forthat lc\'cl, 
but nut othcrwi,.,c. .\!h-anring along thc spcctrum in thc dircction 
of incrm,.,ing frcqucnries, Wl' should cxpect to tind a sudden sharp 
weakcning of thc tran,.,mitted rays whcren·r tlw frequenq· hecomes 
cqtul to one of thc ,-,dues 11" k which chararterizc the ,·arious (e,·cls. 
Some of L. dc Broglic',.; dassical photograph,; arc shown in Fig. 7 
(borrowecl from .:\lillikan's book, "The Elcctron"). Thc secoml 
pictun~ from thc top represents two spectra of an X-ray heam Irans
mitted through mulybdcnum, one spectrum strl'lchin~ away to the 
right frnm thc n·ntral dark band, tlw othcr to thc left. Thc frc
quency dccrcasc,; as thc distancc from thc dark hand increases. Com
ing inw.tnb tnwanl the band, we ~~·e that the platc ,·ery suddcnly 
bccomcs whiter at a certain critiral frequency; this is the freqnency 
at which hv heromes equal to the 1J' of the K-lcn-1. Simil.!r spcctra 
of bcams transmitteil throu~h caclmium,antimony,harium and nwrcury 
arc prcscntcrl hclow thc molyhdcnum spcctrum; thc corrcsponding 
absorption-cdgc is disccrncd in eaeh, its frcqucncy rising with thc 
atomic numbcr of thl' clemcnt.~ Thi,.; is by far thc most clclicatc and 
accuratc method of detcrmining thc ,·arious cxtraction-cncrgics, 

• The topmost picture shows the spcctrum of the beam bcfore it cncounters tlw 
absorbing laycr; the various strong lines in it, and the ahsorption-e•l!-!l'S impre"c'l 
upon it by the sii\'Cr and bromine atoms in the pholü):raphic film, recur morc or lt•ss 
clearlr in the absorption-spcctra, hut have nothing to do wi1h lht· .1toms in the 
ahsorhin~ layer. 
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although hy it~clf it merely shows that partindar tran"formations of 
X-ray encrgy hcconw po~,.;illlc at partindar frequcncic,.;. T hc clcc
tronic ..;pcetra, alt hough much Je,.;,.; <LCcuratc for purpo,.;cs of mcasurc
rncnt, an' necc:lcd to ~how how thi,.; ah,.;orhcd X -ray cncrgy is u,.;cd. 

T hese ahs:lrption-spcctra show that the lcn·ls in the atom arc m uch 
more numerous than thc clcctronic spect ra with thcir lowcr "rc,.;oh-
ing power can r{'n:al; for e:xamplc, I herc arc thrce L-lcn.-ls and Ji\·c 

Fig. 7 

Jf-len·ls. Thc fin· J/-lcn·ls of thorium di~play themscln·s (not 
as dcarly a,.; migh t Iw dc~ircd) in Fig. S, which consists of ahsorpt ion
!'pcctra photographed hy P .. \. Ross at Leiam i ~tanford l 'nin·rsity. 
l·:ach sp<"ctrum extends from low frequencies at the ldt to a ma:x
imum limiting-frequency at tll<' right, the Iimit dqwnding on tlw 
\·oltagc applied to thc X-ray tulw and not on thc properlies of the 
ahsorhing atoms. .-\,.; the limiting-frequcnt·y is increased h~· increas
ing tlll' \·oltage, tlw ahsorption-edgcs rc:-;ulting from elcrtnms ht·ing
c:xtract•·d fro111 tlll' Jin· Jf-h·n·ls succc:-;sin·ly appcar. .\ long with 
l'ach lll'\\' ahsorption-cdgc thcrc appear onc or t\\·o new emi""ion
lincs, cmittcd hy tlw t.lwriunt atoms during thc rcarrangenH·nt" 
which follow upon tlw t''.traction of an elcctrnn.5 These corrc:-pond 

6 .\ctuallv tht·s•· lim·s \\l'rt' not C'lllittl'd hv thc ,,\llll' atom' a' ahsorlwd th<' X-ravs, 
hut hy tl10-rium atums in tlll' t.trgd of th;. X-ray tuhc wlll'ncc thc primary .\'-niys 
l"alllc ; tlll' pn·liminary t·lt·cl roll -<''1.1 racl iuns \\<'rl' twrfornw<l in mo~l <'a~•·s ~~~· swift 
o·lectrons. Tht·rt· is no n·ason to suppost• 1 hat tlw ngt·ncy cffl'ctinJ.: t Iw <'lt·•·t ron
l'Xtrnction hns anythinJ.: to do wi1h thl' suh~•·qm·nt n·arrangenll'nls of tlw atom. 
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111 tlw ~\'I"IIIHbry r.Jcli.ttion" of ~ihn .uul tin, which \\t' fuuncl to 
prodnn· lilll'" of tlll'ir own in the l'kctrunic· ~pt·ctr.l oi thl'"l' c·ll'llll'llt,;. 
T(lt'.,t' rt·l,ttiolh l•l'l\H't'll ,tl"..,,rption·t·clgl'" anti l'lllis,.ion-linl's m.lkt· 

Fig. 8 

it po-.-.iiJil' '" u,.,;• tht· X-r,t~ l'lllj,.,..jon-lilll·..; of atom..; to idl'ntify and 
m.q> out thl'ir le\d,... 

Thi-. di,.t·u,.;-.ion of l'kctrunic ,..pl'ctra and X -r.1y at.,.. .. rptions has 

sern·d ''' iJin,..tratt· tlw rl'mark madt· in thl' opc·ning p.1ragraph, that 
"llr knowll'clgl' .thout thv \ .Jriou-. arr.tllgl'llll'llls of tlw ch-clrt~ns 
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forming the atom con:-;i:-;ts mainly of data a!Joul tlwir cnergy-\'alucs. 
\Ye ha\'c a key to the arrangl·ments themseh·es, and this is pro
,·idcd uy the clellections uf elertrons as thcy pass through thc 
atoms. :\n clectron slwt clircc-tly at anatomwill hc dellectcd IJy thc 
comuincd actions of thc nudeus and thc atom-elcctrons; and by 
pnstulating a particular arrange~nent of thc electrons wc c-otlld, in 
princ-iple at least, calculate thc ddlection. This may bc likcncd 
tn t hc performancc uf an astronomcr who, o!Jscn·ing- a comet a1h'anC'ing 
into thc solar system from outcr spacc, cakulates thc path which 
it will follow through thc systcm undt·r thc intluen<c of thc sun and 
thc major plancts, and thc directiun along which it will depart. The 
astronomer has thc a1h'antagC's of knm,·ing cxactly where thc mem
hcrs of the solar sysll'I11 an·, and of lwing able to follow inJi,·idual 
comcts. \Yc clo 110t know wlwn· thc mcmhers of tlw l'kctron-sy:-;tcm 
arc, ancl cannot :-;hoot a singlc ~~lectron at an atom ancl disccrn its path. 

Thc lattcr disaclvantagc j,; not as serious as it may sccm. By 
projccting an enormous num!Jer of electrons in parallel dircctions 
against an atom or a layer of atoms, and mcasuring the fraction which 
arc de\·iated through a gi\'cn angle or rangc of anglcs, it is possihle 
to test a partindar atom-modd. .:\"sumc that thc atom possesscs 
sphcrical symmetry; tlll'n tlw dctlec-tion suiTered !Jy an oncoming 
clectron will depcncl only on a singlc \'ariahlc, thc minimum di,-tancc 
p from thc ccntrc of the atom to thc linc (exh'nded) along which 
thc elcctrnn approaches at fir,.;t (hcfore thc de,·iation hegins). Des
ignating hy cf> the angle hctwecn tlw initial and final direC'lions of 
motion of tlw eh·C'tron (i.1·., thc amount of the detlcction), we ha\'e 

cJ>=f(p) (1) 

thc function f dl'pcnding on the partictdar atom-modd. Supposc an 
cnornwus nllmiJCr .\' of ckctrons directeu normally against a thin 
laycr of meta\ atoms, in which (J atoms lie sidc hy :-;idc. Thc numbcr 
of clectnms which will approach tlw layer along lines passing somc 
atom-c-entn'- any atom-centn· at di,;t;Jnccs greater than a giYcn 
Yaltw p and lc,;s than a slightly grcatl'r gi,·en ,·aluc P+dp, i,; 

dX=XQ·~7rP·dp (2) 

This is likC\\·isc the numher of clcctrons which will hc dcllcctcd through 
anglcs lying betwccn cf>=J(p) and cJ>+dcJ>=f(p+dP)=f(p)+(df/ dp)dp; 
which thcrdorc may hc written as 

dN=XQ· 27rp(dp/ dj)df= F(cJ>)dcf>. (4) 
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rlw l''Jln ~-.ions for p .111d dp df .Ht' to 1,,. t.tkl'n frnm equati .. u II. 
Tlll' iunctinn 

F(<t>)=.\"(!·'!.rrpulp'd<t>) (;}) 

n·pn•st•nts the dislribuliilll-in-allr,h of the dclleetcd dcctrons. lf it is 
c.tkul.lted for .111y p.trtieul.tr atom-model and thcn dctcrminccl l•y 
c'pl'rimcnt. the t·omparison hct\n·cn calcnlation and data aiTords .1 

tc ... t .,f tht· .ttom-modcl. .\ n instrncti,·c comparison t·an l•c m.tclc
t'\t'll ii thc \.tllll' of .\'(! is nnknown. ,..incc thc form of thc F-•··rslts-Q 
t'llf\"t', .b wt·ll ;ts thc absoltttL' hl'ight of its ordinates, dl'pcnd~ upon 
thl' atom-modcl. 

For dtTtrons or othcr chargcd particks of chargc c .md m.tss 111, 

... trl'.lllling "ith uniiorm spt't'(l C <1\.:<linst a gronp of much nwrc m.t,..,..i,·c 
nnclci t'.ll'h hearing a chargc I~. thc iunctinns f and F assumc thc 
forms 

j(p) = '2 • arc cot ~~~~ c~p cE) (Ii) 

F(<t>) = SQrr(eE 'm ["!)~ cot n<t>) coscc~nct>). (i ) 

This c.t,..t', insignilicant as it ma~· appcar, sutldenlr as,..umcd thc 
~:;rc.ttc:-t importancc whcn, in Hi t:~. Ruthcrford. Geigerand :\J ar,..dcn 
cst.tblishcd that thc distribution-in-angle of alpha-particlcs (partides 
of t\\iet' thc charge and abnut 7,;}()0 timcs thc lll<tss of an clt:ctron) 
dl'lkctcd b~· meta! atmns is nf prccist:ly thc form (7). Thi,; mcans 
that ;~rouncl l'<tch atom-nnclcus tlwrc is an cmpty space so wide that 
iull-spt'<'d ;tlpha-particlcs passing clo,;c cnongh tn a nudcns tn hc 
cll'lkctcd through .i0 or morc, undergo almost thcir cntirc detlcctinn 
within it; hence, most or all of thc dcctrons surrounding thc nucll'us 
mu..;t lic bcyond this \·acant centrat reg-ion. From thc data oi tlwsc 
da,-..;ical cxpcrinwnts, Rutherford and his colbborators (kduccd that 
the radius uf thc cmpt~· n·gion cn<"ircling- thc gold nuclcus is at ka,.t 
:~Ii X 10 1 ~ cm. .\fter thc war, thc problcm was again takcn up in 
Ruthcrford"s lahoratory in Cambridgc. J . Chadwick ga,·c 11 X 10 -I~ 
cm. as a minimum ,·aluc for thl· radius of thc \'acant »pacc arouud 
thc pl.ttinum nucleus. La,;t ycar 1' . :\I . S. Blackctt madc a statistical 
study of thc dctlcctions of compar<tt i\'c)y slow alpha-particles, using 
thc C. T. R. \\'il,-.m cxpansion-mcthnd, which was dcscrihctl in thc 
last issuc nf this Journal. P<tths of somc of thcsc dctkncd p.ntid·s 
arc shown in Fig. !.l. By using thcsc ~luw-mo\·ing particlcs, "hich 
IX'gin to turn in their cour,;t:s whilc still much farthcr away from thc 
nuclcus than thc minimum distancc at which fast alpha-particlcs 
h<"gin to rcspond to its rcpulsion, ßlackctt was ahlc to s<"arch farthc·r 
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11111 for the outer houndary of the em pty ~pacc . Tbc deHl'eting atom,
wen· atonh of argon, each consisting of eightecn l'lcctron:-; surrounding 
;1 nudeus; atoms of oxygen with eight dectrons apiece, and atom>
of nitrog<·n with sen~n (thc latter two kinds of atoms not hcing dis
niminated in thc study of thc data ). Blackett conduded that the 
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Fig. 9 

<·mpt~ span· in thl· argon atom cxtl'nds out at ka,;t to a di,;tancc of 
111 9 cm. from thl· nucleus in tlH· argon atom, and to a distancc of at 
h·ast .iX 10 10 cm. in tlw nitrogl'll and oxygl'll atoms. 

\\ 'l, now pass to tlw ca,.,l' of eil'ctrons <i<-lll·Ctl·d hy ;1tonh. Sincc tlll' 
l'll'ctron is so n·r~· JIIIICh lighter than tlw alpha-p;Jrticll'. and yL'I is 
half as strongly charged. it will he much uwre :-eriou:-ly delh·c!L'd 
(,,. a nuclt•JJs th ;111 ;111 ;dpha-partidl·, approaching aloug thc sallll' 
line with thc sa ull' specd, would he. This contr;Lst i,- \ery >-trikingly 
illustratl'<l by two n ·,;ulh pul•li,.,la·d b:-t sumnH·r. l larkins and 
R~·;1n, phot ogra phing the path:- of l'ighty thou,;ancl al pha-partil'll'" 
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through .ur, fourul onl~ thn·t· in-.t.llll't',.. of dclln·tion,.; t'-'t't•cclin).: \:11 

1'. T. R. \\'il-.on, photogr.1phing tlw p.tth,.; of .·,o:~ f.r ... t t·h·t·tn•th through 
.rir. lound forty-four in"l.llltT.., of cholll'ction,.; t'Xt'l'l'cling !111°. \\'hil ... 
in l!l'ncr.ll. it would Iw h.trdh· f.tir to m.rkt• :-urh I'OtiiJMri"olb without 
allo\\ing for tlw rcl.1tin· t'IH'rgic,.; of tlw two kind..; of partich·-., thc· 
ditlt·n·nn· in onkr of nragnitude is ,.;o ";:'1'1'<11 that \H' m;1y .lt'!'t•pl it .r-. 

typic.ll. 
:\lorcon·r, tht• l'lt-ctron \\ ill Iw delkctt•d l•y thc atorn-clt·ctn•rl-. 

,,., \\eil ;-~s hy tlw nuclctb, .111d will not di".trr<~ngt• thl' atonr-t•lt·t·tron-. 

..,,. h.ull~· on it" "·'~ through the atom-,.;~·,.;tenl. Tlll''>t' dcllt·t·tion" 

Fig. 10 

will l•c ,.;upcrposcd upon thc dt'llcction prmluced hy tlw nudt•us, ancl 
will modify thc di,.;tril•ution-in-angle funrtion F from form Ci) into 
-.ome othcr form. Such moditications ha,·c lwen -.u"pt·ctt·d hy :-;t'\'t•r.d 
in\'1·-.tig.ltor-.: for cx;-~mplc, l1y Crowther ;-~nd Schonland in tl!l'ir 
... tlllly nf thc dctlt'f'ticllh oi \·cry f;bl eh'rtrnn-. hy llll'tal atom-.. lt 
h.l"' hel'll .1rgucd h~· \\'cntzl'l, howcn·r, that thP di-.trihution-in-anglt· 
furwtion ol•,.;crvcd in their t·xpcrinwnts dt'(Xtrtcd irom tht· form 1 I 1 

not hl·cau,.;c thc atom-dcctrons wt·rc interfcring "ith tlw fa-.t l'h·ctnon-.. 
hut ht·c.tlhc ,.;onw of thc ddlectl'cl f•h•ctron,; hacl lll'l'll dt·,·i.ltt·cl J,~ 
.. ,., ·r.rl llom-nuclci in "uccc ...... ion. 

1· ll,l,·i.., ... on and C. II. Kun-.man, in the lahoratorit·-. oi tht· \\ 'l'"tt·rn 
Elcctric Company, madc thc tir ... t dl'tinitt• attt·mpt to proclun· electron
dctlt...-tions undcr condition,.; in which thc di,;trihut ion-in-angle furwtion 
would disclosc thc intlucrwe of thc atom-clcctrons. To do thi,.; it 
w,t,.. dc,.,irablt• t•• lhc, not thc fa,..t electron,.. from radioal'l in· ,\l.,lll-. 

which prc\·iotb t·xperirnentcrs had t·mploycd, hut -.low dt'ctrcon-. ol 
controllablc -.peed. .\ diagram of thcir apparatlh i,.. -.hm\11 in Fig. lll 
.tnd .1 photograph in Fi~. II. Tht• dectron,.; pro!'lTd fron1 .1 hot 
fd.tment at F~o -.trikt· thc nwtal targ!'l at 1'. and ,trt• dl'lll'!·ll'd throu-:h 
v.triotr,.; an).:lt"-.; tlw "hidth·d collertor H1• -.win).:ing from orw .ltll.:lt· tco 
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anothcr, succc:-.:-.in·ly rcn·in·:-. 1 he dcctrons dellectcd thruugh thc 
\·ariuus angh·s . Thc elcclrons depart from F1 with \·cry low spccd,; 
and rcn:in· thc :-.pced U through acceleralion hy a \·oltage applied 
bctwecn F1 and thc cylinder surrounding F1 ; I hcreafler tlwy mon! 
with nmstant :-.pccd in an cquipotential region, lhrough thc \·ariot~:-. 

Fig. 11 

slits slwwn in thc diagram around C. ancl against 1lw larget .• \nwng 
tlw C'lcclrons which <'lll<'l'gl' from the target, tlwn• an• sonw which 
ha\·<· !wen clellec!Pd hy indiYidual atoms in tlw way Wl' ha\·L· heL·n 
dcscril•ing, hul \·cry many nwre which han~ eilher undcrgonc sen·ral 
dl'lkctions in succession ur eise wcrc nol in tlw inciclent !JL•am hut 
han• lwt·n dislodgt·d from tlll'ir pbn·s in tlw largct nwtal Ly tlw 
primary ekctrons. lf llll'se lattcr wen· allowcd lo n·ach thc col
lertor, the distrilllllion-in-angle function of tlw OJH'e-dctkc·tcd clcctrons 
would Iw l•lurred and coJH'C'alcd hy tlw 1111\\';llltecl Pleetrons. .\s, 
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ho\H'\·er, thcy h.n·c not so much t•ncrgy ,ts the primar~· or tlw onn.:
llclkcted clcctrons, thcy C<lll hc kept aw.ty frc>m thc colll'ctor l>y lmn:r
ing its potential to a ,·aluc such that only such clt·ctron..; as h.l\l', 
s..ty, !HI~~ of thc cncrgy of thc prim.uy elcctrons can rcach it. Tl111" 
thc lil.uncnt may hc at potential zcro, tlw targct at .iOO volh; ii tl11~ 

collcctor is also at .-,oo ,·olts, thc distribution-in-angle function oi thc 

Fig-. 12 

elcctrons it rccci,·cs has nothing in commnn with tlw iunc·tiun F 
charactcrizing- t he oncc-dcllcctcd clcctrons: hu t whcn thc collcctor 
is lowen·cl to ;jt) ,-olts, thc distribution-in-angle function which it 
rcconls assumcs a ncw and charactcristic form. 

Somc of thcsc angular distril.mtinns arc shown in Fig. I:? (for m.lg
lll'"ium) and Fig. 13 (for platinum). Thc lattcr cun·cs wcrc obtainccl 
tirst, with a platinum targct; then thc targct was ovcrlaid with a 
thin film of magncsium, formcd Ly sublimatinn without opcning 
or altering thc tubc, and thc sharply-contrastcd curvcs of Fig. 12 
rcplaccd thc othcrs. Thc distribution-in-angle of thc cnginccring 
clcctrons is plntted, naturally, in polar cnonlinatcs; thc dircction 
4> = 0°, i.c., the dircc:tion nf mntion of tlw primary elcctron..;, is indi-
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catt·d by thc arrow and thc lcttcring. Such a symbol as ''100- 10" 
indicates that thc corrcsponding cun·e was takcn down with the 
target at 100 \·olt:> and the collector at 10 volts (the filament always 
heing at zcro potential). Thc reason for this has l>ccn explaincd 
al>m·e; the family of curves in Fig. 12 illustratcs the point. 

Thc~e an: exampks of thc cun·c,; from wbich thc arrangenwnt of 
the atom-elt·ctrons is to bc inferrcd. The sinuous and ~crratcd curn~s 
for platinum, cntirdy different from thc smootbly rounded curvcs 

Fig. 13 

dcrivcd frum equation ~1), surcly owc thcir shape to the numerous 
]e,·els among which, as ,,·as shown in the fon·going- pagcs, thc clectrons 
of massi\·c and l'lectron-rich atoms arc distriiJutcd; the platintun 
atnm, ,,·ith its "l'\Tnty-cight elcctrons, ranks among the most com
plicated of all . Thc magnc~ium atoms, \\·ith tlwir thirteen clectron..; 
api<'r c, an· simpll'r ;wd yield curn·~ which arl' simpler, !tut not of 
tlw type of \'<]llation (/) . 

To intcrpret thl'se cun·cs I >avisson has calculatcd the distrilJIItion
in-anglc funrtion for clcctrons detkctcd hy an idcalized "limited
licld" atom-mtHlel, in which therc is a conccntrated charge +R at 
the centrc and a chargc -E uniformly sprcad cwcr a sphcrical sur
facc of radiu-. N.. This uniformly-chargcd sphcrc is a sort of first
approximation suhstitutc for a sphcrical smfacc on which sc\·cral 
clcctrons an: arrange1l. I t is not implicd that thc magncsium atom 
has all its clcctrons at thc samc distance from the nucleus, which 
would be most improl>al>Ie, as its X-ray spectrum ~hows at least 
two distinct Ievels; wc can supposc that H out of the 12 electrons 
are so close to the nudeus that together with it, they practically 
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form .1 ~in~le pnint-dt.tq.,:t• (1::!-n)t', ancl tlw n·mainin~ (1:.! 11) 

ekctron,.; Ii<' on thl' sphl'rical surfan·, "hich en..tn~t·,.; thl' "!'IIIJll\' 

sp.tcc" mt·ntiont'tl .tho\'l', Th1· function~ f ;nul F .ts,..ume tlll' form-; 

/(/>) :.? .trc cot p(:.?JJ- 1) 
\ K~- p! 

lti.t) 

in\\ hich J.l =1m L "!R tE; tlw symhob ha\'c thc ~llllt' nll'anings ,,,.. in 11i 1, 

ancl C;'). with which thcsc •·quations hccome identical if R is m.tdt· 

infinite. 

Thi,.. ''limitcd-ficld" di"trihution-function h.ts somt· odd char;wtcr
hllcs. .-\t ,·cry high spec.ls !arge detlections naturally are r.trc, (,ut 
as the S(K't'JI i,.; lowcrcd thcy het·omc rclati\'cly ntore frerJucnt; tht· 
1,.)00-\·olt, 1,000-\·olt and j ;,o.,·olt t·un·cs for magncsium illustrate 
thi,.;. This tendency gains rapidly as C is <h:crcased: at a ccrtain 
critical \'<tlllt~, gi\'cn by JJ= l, the dell,·ctions are uniformly distrihutt~cl 
in alt din·ction:-; 6 ; at a lower critical \'aiUl', gi\'cn hy JJ=~. alt tlll' 
clectrons arc turnl'd throuc:h (.'\11° and rcturn on th<'ir tracks. .\,.; 
thc sp1·cd is still further dccrl·a"t·<l. t he condit ion of uniformly-tlis
tributcd detlcctions is again approachcd, and wc han~ thc cxtraor
dinary fcaturc of thc a\'eragc <h:th:ction dccrca:>ing as thc cm:rgy 
of the clcl'trons ~::oc"S down.7 In tln: family of curn:s for magne~ium 
tlwrc appcars n·ry clcarly an intcrnll'diatc n·locity at which l '\11° 
detlcrtion,; arc pcculiarly frerJucnt: thc cun·c,.; sprcad outward in the 
dircction c;>= lS0° whcnce thc primary elcctrons comc, as thc cncrg~· 
of thc primaries riscs from ::! 1 to i'.) \'olts, and retran thcru,;ckl':> 
again as tht: cncrgy ris1·s bcyond 100 \'Olts. This is a particubrly 
important fcaturc of thc curn·s. 

To makc an adcquatc tcst of the nt:w cxprcssion for F, it i,.; lll'<"<'"
'-1 ry to apply ccrtain corrcctions to thc curvcs prcscn tcd, p.trt icul.trly 
.1 corrcction rcrJuircd bccausc thc distancc tra\'cllcd by thc dctll'Ct<·d 
dcctron,.; within thc tar~::ct meta! varics with cp, so that the pl'rccnta~c 
whic·h g-ocs a,.;tray, owing- to los..; of spccd or othcrwisc, ,·arics ~imi
larly. .\ cun·c cxcmpt from this rorrcction can, ho\\'l'Yc·r, I){' ob-

• :\leaning that thc nnmlo...r dctlenccl p• .. r uni! solid .111glc is in<let)(."ll•lcnt of <t>. 
which mcans thal lhe <fi,tribution-in-ang!c funcl ion is of the form co1Hl. 1111 <t> • 

'ft nuy hc rccallcd from thc la;l numt)(·r of this Journal, pagc I 10, th.tt II .. -\, 
\\'il;on u:-erlthis propcrty as an cxp!an.ttion of the .mom.dous variationo; of c!Cf'tron
mc.tn-frcc-path• with >pcc<l in \'ariow• ga,co;, 
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tained in a ccrtain manncr.3 On studying this curve, it is found that 
the critical spccd at which 180° dcllections arc mostfrequent is too low. 
This indicates that an incidcnt clectron approaching an atom is 
acccleratcd toward it, by \'irtue of the total char~e of the electrons 
on the spherical shell not quitc compensating thc nuclcar chargc; 
thc spced L' which figures in the equations is thcrcfore grcater than 
thc measured speed with which the electrons arc fircd at the target. 
(This interpretation also ser\'es to explain the lohe observed on tlw 
lowcst-speed cun·cs for magnesium, and suggests thc rcason for thc 
Iobes of thc cur,·es for platinum.) 

The cun·es arc satisfactorily cxplained, if wc build thc magncsium 
atom in this manncr: a nuclcus of chargc 12e, two clectrons so near 
it that the central charge is etTectually !Oe, and a spherical shell of six 
clect rons with a radius of 1.28'10-9 cm.; thc other four clcctrons 
much further out, pcrhaps dispersed and wandcring through thc 
meta!. The only arbitrary assumption maue is that about thc two 
rleep-seated electrons; the radius R of thc shcll and the number of 
clcctrons upon it arc prescribcd by the cun·es, once that assumption 
is made. If we assume thrce decp-scatcd dectrons, R hccomes 
1. J.'i'I0-9 cm. and thc number of clcctrons in thc shcll drops to fi\'c. 
The shcll must be thc L-lcvel, and thc dccp-scatcd clcctrons con
stitute the K-le,·cl.9 

Thc CJH'r~y rcquirC"cl tn remo,·e the looscst or outcrmost electrons 
of the atom is gcncrally dctermined, as is weil cnough known, by 
smiting the atom with an clectron instcad of with onc of thc radiation 
quanta uscd in C'xtracting thc inner elcctrons. 10 Usually thc quantity 
mcasurcd is simply thc energy which the striking clcctron must ha\'e, 
in onler to com·crt thc atom or molccttlc into a positively-charged 
ion; the ncgati\'c chargc n·mon~d from thc atom is assumed with
out proof to bc a singlc elcctron. Un thc othcr hand, J. J. Thomson 

• lmaginc an l'lcctron incidcnt at angle 0 on thc targcl surfacc, and dcllcctcd 
through angle q, (in thc plane of incidcncc) by an atorn which it mcc\s aftcr pcnc
trating a distancc d in a straight linc. Jf it continucs in a straight linc from the 
point of dl'llcction until it emergcs, it tra\'Cis a distancc x = d ( I +cos II ·sec (,P-11)), 
wlll'rc f = 1r-ll. This distance x will hc thc sarnc for any l wo \'alues f 1 and f2 of .;,, 
snch that f 1 +~ 2 =20. lnsofar as thc nnmher of dcllcc\ed ck-ctrons cmcrging with 
'Jll'ed snflicicnt to rcach the colll'clor dl'pcnds on x, it will hc thc samc for hoth 
valucs nf .;,. Thc cun·c rcpn'scnting thc ratio of thc nnmbcr of clcctrons rcaching 
thc collcc\or, for two such anglcs, plo\lcd vcrsus U, is cxcmpt from this corrcc
tion, and can bc dircctly compared with a thcorctical cun·c. 

~ Or wc could assumc that tlwrc wcrc no dccp-seatcd l'lcctrons, ancl g-i\·c scvcn 
cll'ctrons and a rac lin5 1.5-l · I o-• cm. to t hc shcll; lmt thcn wc should havc nuthing 
\o sl'C\'C as a K-lc\'l'l. 

1o C(•Ja•rally tlll' frcqucncy rcquin·d to cxtract thc onl<·rmo~t ck·ctron with a 
<jll.ill\Um lies in thc mos\ incoll\'l'llicn\ rPgion of tlw spc·c\rum for practical work. 
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.md tll.tiiY othcrs han• lllt'.l"lln·d thc ch.trl!t'" 11 of ionit.cd atoms in 
oli,..ch.tr~t··tllhcs, .111d founol tll!'m somctilllt'" ,..inglc ,uul sonl!'tintt''i 
multiple clcctron-dt.trl!t'"· hut h,,,.,. not nw.tsured t ht· ntinitnunt •·•wr~\· 
rcquin·d to produn· .1 p..rtin!l.tr kirul of ioniz.ttion. II. I>. Smyth . 
• 1! l'rinceton ;tnd l',t\•·ncli,h. w.ts tlw tir"t to cntuhint· hnth llll'thncl ... ; 
Iw ionil.t'll .ttoms hy •·lcctron-intp.tcts in ;t tuhc clcsigtll'cl ior dl'll'rmin
ing ioniz.ttion-potcnti.Jis in tlll' .tcccpll'd m.tnm·r. .tncl aftcr furtlwr 
.ttTderating tlw ions drcw tlwm through a ch;tntwl into a ,..,•concl 
tul,,· whcrc thcy wen· dl'lkcll·d in .1 magtwtic tidd so that th•·ir ch.tq.~··" 
conld he nwasured. The diflin!lty to l•c sttrntountl'cl is that in tht• 
tir,..t tuhc th•· prcs-;urC' nf th•· gas nHt:-t Iw high l'llCIUgh to yielcl a s.ttis
i.wtory llltmher of ions, ancl in tlw ,..cn>nd tuhe it must Iw low l'IIOII~h 
not tu interfere with thP arrs descrilll·d hy the ions in tlw magnctir 
tielcl. :\t lirst hc scnt a l•eam of nwrcury Yapor rushin~ trans\'ersely 
.tcro,..,., his tirst ttthc from a hoikr into a Iiquid-air trap: hy tir,..t sendinl! 
the .ltoms down a Ion~ tuhe with a system of diaphra~ms and so 
,..topping the obliqucl~·-mm·ing oncs. Iw was ahle to prt·\·cnt atoms 
from -.tr.tying out of tlw hcam in the critical zone. Latt·r Iw attacked 
.1 more clitlicult casc, that of nitrogen; tlw gas w;~s continuou;;ly fed 
into thc tir,..t ttthC' and ;~ powcrful pump drcw it out hefore it could 
ditltbc scriuu,;ly into the sccnnd tuhe. 

\\'hil,· it is inten·,..ting to ha,·c direct contirmation that the tir,..t 
.tnd ,.,t,..ic"t innization is thc cxtrartion of a single elcctron, ~myth's 
moht import,tnt rcsults rdcr to thc latcr ionizations. ;\ lcrcmy 
.ttonh that had lo,.;t two dectrons appcarcd in thc ,..cconcl tuhe wht·n 
thc homh.tnling potential attained 1!1 Yolts, ninc \·olts morc than 
t hc tir-.t iunizing-potcnt ial; a t a much highcr ,·oltagc, t riply-cha rged 
.1ton1-- \\Crc dctcctcd, or at least suspcctcd. l n nitrogen, tlw carliest 
iuni1.atiun, at about lti \·olts, docs not inYoh·e dissociation, hut at a 
potential ",·olts highcr, a doubly-ionized singlc nitrogcn. atom mak•·,., 
ih appearancc, and a little further along, Smyth dett-cts an ion which 
may bc a sin~ly-ionizcd nitrogell atom or a douhly ionized molecuiP 
the two possibilitics cannot hc discriminatcd hy this mcthod, hut 

the ... econd seems improhahlc). \'aluahle knowled~l' ahout thc rela-
tion ... between ionization and oli,..sociation- -hetwccn, that is, th•· 
n·mo\·,&1 of an clcctron from a molecull', and th•· hrcaking of the howb 
th.tt hold thc atoms of thc molcculc togl'tho·r may Iw t•xpt·ctcd iro11n 
cxpcrimcnts of this type. 
~omething morc is to bc S<tid on two of thc topic,., of the l,1,.,t .trticle 

in thi,; ..;crics. .-\. II. Compton's di,.,·m·ery th.tt !-Cat tcrcd X-r.t~·,., 

cotbi-.t of twn distinct raoli.ttiorh, otw with the fn·qttt'll«'Y of thc 

.\l'lu.1lly, the char~e-m .• ~s r .• tios. 
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primdry rays and thc othcr with a slightly lower frcqucncy, was 
mcntioned in tha l articlc; hc has sincc puhlished an accoun l of a 
scrics of mcasurcmcnts made, not on the "·a,·c-lcngth hut on the 
absorption-coefficicnt (in ,·arious suhstanccs) of thc scattcrcd rays, 
and finds it altered from that of thc primary rays in thc ~cnsc and 
morc or lcss in thc magnitude to bc expccted from thc \\'<1\'C-Icngth 
mcasuremcn ts of thc lowcr-frcquency rays. Thc largcst a ltcrations 
and thc best agrecmcnts with theory are ohtaincd with light atoms 
a nd high-frcqucncy rays. In thc frequcncy-range of thc \'isiblc 
spcctrnm, the scattercd ray of lmn·red frequcncy, sought for hy J>. A. 
Ross in light of thc wa\·c-lcngth 5-Hi!A scaltcred hy mercury \'apor, 
is altogcther lacking. The transparency of krypton and xenon atoms 
to slow elcctrons, discm·crcd by l\Iinkowski and Sponcr, has been 
confirmcd hy Ramsauer with his original (and hctter) method. Thc 
tran,;parcncy of argon atoms ha,; also hcen n·rilied by 0. \\'. Rich
ardson a nd R. 0:. Chaudhuri, hy a mcthml sutliciently different from 
the othcrs to rank as an independent test. 
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H igh F requency Amplifiers 
By H . T. FRIIS nnd A. G. JENSEN 

I :'\ thi,- p.qwr, a ,.implilit·d mathcmatieal trcatmcnt of thc tlll'ory 
of high frl·qucrH·y .tmplirier,; i,- prc,;t'llll'd, aud tlw thcory is n~rilicd 

by C'lll'rinrl'lll. Thi,; mcthnd of m.rtheuratical au;tly,;j,; prm·idcs a 

ERRATA 
ISSUE OF JANUAR Y, 1924 

On page I!J2, line 11 from bottom of page, a nd on 
page 1()3, line 4: 

read K'Y instead of Ko. 

On page 173, line 3 from bottom of page: 

read ernerging ins/ead of engineering. 

at i~:-; natural frc(]Ul'ncy, i.t·., thc transformer inductance and dis
tributcd capacity mu,;t ]Jl' in rc,;onancc. \\'c ha,·e thercforc. ncxt 
trcatl·d thc ,;impll·,;t type of rcsonancc circuit amplificr, narncly, a 
,;inglc tuncd circuit ampliticr, and it is shown that exactly thc• ::;anw 
rnethod can hc u;;cd for a ehokc coil amplilicr nr a closc couplcd 
tr,tn,.formcr amplilicr. Finally, it i,; ~hown that a loo,.cly cnuplcd 
tran,..formcr amplilicr can hc trcatcd likc two eouplcd tuncd circuits. 

Con,;idcring a low frcqucncy tran,.forrrwr-coupled ampliricr, in 
Fig. 1 (a) thcre i:; shown an ampliticr tuhc I with it,; outpul Irans
former 1 working into another tuhc I I and in Fig . 1 (hl is gin·n the 
corrc::-ponding equi,·alent eircuit. The cqui\·alcnt cirnrit is ohtained 
hy the theorcm, that thc platc circuit of a vacuum-tubc may be 
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treated as an ordinary a.c. circuit, consisting of the external impcdance 
in series with a rcsistann.· Rp, and in which thc impressed emf. is 
lle,, Rp hC"ing thc internal pl.tte impedann: of the tuhe, ll the amplifica
tion constant of the tube and l'g tlw \'oltage applie<l to the grid. 

In Fig. 1 (h) Cp is the plate to lilamcnt capacity of tuhe I, and the 
input impedance of tube II is rcprcsented by a resistance R, in parallel 
with a condenser Cg. 

The maximum amplification which can be ohtained by this amplifier 
is gi,·cn by the well-known cxprcssion 

z·- l'o -1 I R~ 
''-- eg- ~ll \ Rp' (I) 

but this maximum amplitication can only be obtaincd whcn 

wLt> >Rp, l 
wL~> >Rg, 

wL1 wLz 
Rp =R.;· 

(2) 

and 

Largc rcactanccs w L 1 and w L 2 can only hc uhtained at low fre
quencics hecause at higher frequcncics the efTects of internal tuhc 
capacities and the distrihuted capacity of thc coil hecome !arge. This 
may hest be illustratcd hy nwans of thc tahle gin·n bdow: 

Coil 
No. 

Incluctancc 
L 

T.\BLE I 

. 0025 henries 
25 41 

25 

i\at ural 
Tuning 

Fre<Jrrency 
f 

lW· c\Ties 
to• · .. 
10' " 

l{eactancc at 
llalf :'\'atural 

Tuning Frequcncy 
'lrj L 

X,tlllO ohms 
xo,ooo " 

xoo,ooo 

Thc tubc capacityplus thc distriuutcd c:Jpacit) of C"ach of thc thrC"e 
coils for which thcsc data arc gi,·en is assumcd to hc 10 llllf· Since 
Iransformcrs in order to gi,·e a llat band must work hclow their 
natural frequcncy a much highcr impedanC"e than gi,·cn hy 71' f L in the 
Table can therefore not hc obtaincd. I t is thus SC'l'll that only at 
audio frequencies is it possiblc to huild a Iransformer with an im
pcdancc which is high comparcd with thc tul1e rcsistanccs, the platc 
resistancc ueing of the order of tj,OUO ,j(I,(JIIU ohms for ordinary rc
ceiving tubes and the grid resistancc R, being :JS high as -1 X wr. ohms 
but often limited to 500,000 ohms hy an adckd resistance. 
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:\ t higiH·r fn·qul'IH'il·~ ~ul1icil·ntly high inlJll'd.utn'" <'.111 onl~· II(' 
oht;~im·d h) \\orking at thc n.Jtnral fn•qJil'IIC)' of the tr,lll"fornwr. o~nd 
to illlbtr.lll' thi,- \H' "h,JII in thl' follo\\ ing ).!i\l· ~tlllll' rt"-lllb of l'Xp..ri-
111\'!lls m.ull· with ordino~r) tlllll'd circuit dlllplilicr", chnk<· coil o~mpli
lil·rs .111d loosdy l'ouplcd tr.ln,-former amplilicrs .11 high frcqllt'JH'il'"· 

Tc~EO C'IR<TIT ,\:-.;o ('u(lf.a: Co11. ; \\ll'I.IFIERS 

l11 Fig.? there arc slltlWII to thc ldt twn diiTL·n·nt w;1ys of conaH·t·ting 
up a tuned cirruit ampliticr, and to the right an· giH·n tlw corre
sponding cqui,·,dcnt cirruits. Thl' inpnt impcd.111ce to the 111''\t 
tuhc is a,.,..umed to he a pure rc~i"t;uJn· Rg. thu,.; neglecting- tlw grid-

E.QUIVALENT CIRCUIT 

c, c 2 t z c tot= r .+c~ = cons ., a. -b = -----
"'~ .. w! c; R 1 

Wo= 2 T( ]o , f 0 = resonan t fre9uency 

Fig. 2-Schematic of TunPrl .\mplifier Circuils 

fil.tment capacity and the grid-plate cap.tcity uf this tuloe. The 
dfect of thc grid-lilamcnt capacity, howcn·r, will only hc to •ktunc 
the circuit a little and can, thcrdore, he compL·nsatcd for hy retuning 
thc condenser C (or C, and C~) and tlw clTcch uf thc coupling- thnnagh 
the grid-plate capacity of thc ~econd tuhe will l•e trcatcd spcci,ally 
latcr. 

Fig. 2 gives the well-known formulas for the equi\·all'nt scrie,; rc
sistance R' of thc circuit at rcsonance and for thc impcdanre of thc 
ci rcuit Zo-b mcasured bctween points a and bat re~onanre. 
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From this wc then get in Ca~c (A) 

Za -b Wo2(L2+Jf)2 
e; =J.J.Cg Za-b+Rp =p.eg Wo2(L2+JI)2+RpR'' 

L 
Co=e; L2+JT 

llencc, dclining the \ ·oltage amplilication K of thc tir~t ~tage a~ the 
voltagc imprcsserl upon the grid of tuhc I I divided hy thc \·nltagc 
imprcssC'd upon t he grict of t uL,c I , wc havc 

(I) 

In ordcr to find thc stcp-up ratio, which gives maximum amplifica
tion we ha\'C to solvc for L2+.li in thc cquation öK. ö(1,2+JI) =0, 
which gin·s 

and hy in~crting this in <'quation (4) \H' get 

(fi) 

From equation (;i ) it i~ seen that the condition for maximum \·oltagc 
amplitication is cxactly thc samc as thc wcll-known conclition for 
maxirnurn power ampliticatinn; namcly, that the cxternal impedancc 
Za-b inscrted in thc plate circuit mu~t l1e cqual to thc intcrnal tuhc 
irnpcdancc R p. 

By rcpeating the caktd,ttions gin-n ahllH' for Ca:--e (B) in Fig. 2, 
it will lll' found that this condition again · holds gnml, and also it will 
!Jl' found that the <''\prc~~inn for Kmax i~ the sanw. 

1\~ already nwntillned the re~i~tann· R' in the formulas ahon' 
include~ tlw equivalent serie~ re~i~tance introduced in the tunerl circuit 
Ly the impedancc of the input cireuit of tuhc I I, hut in many cascs 
this extra resistance willlll' negligihle as comparcd to thc rcsistance of 
thc coil itself, and CfJUation (ti) thu s gin·s us thc \'l'r)' intcrcsting 
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informo~tion th.lt the 111.1\illllllll .tlllplitication olll.lin.dolt· \\ ith ,, 
lllll!'d t·in·uit .1111plilier j,- proportion.d to tht· ralro 11f lhl' iududi•c 

rradtllln'/o /Iu Stfll<lfl' roolt~{lh•· rl'sisl<lllfl'. ln tiH' 1'.1,..!' of .111 onlinary 
~~'~•·cti\ t' circuit ,;uch ,,,., ,, lllllt'd loop .ullt'llll.l th!' outpul yoft.l)..:<' 
dt·n·lolwd is proportion.d to tlw ratio of tiH' indurti\ ,. n·a•·t.llln· to 
1lw firsl powa of tlrl' rt·sisi<IIICt'. This doe,; not mcan th.lt I<J\\ n·:-i,..l
ann· i,.. lt·,..,. dt·,.irahle in .unplifit·r coib 1h.111 in onlinary luned circuih 
hu1 i1 d"t'" lllt'.lll lh.tl 1he pen.diY l"\aC'Ied hy im·rt•a,..ing IIH' r!',_i,..l
anre i,; n••l a,; grt'.ll. 

In onll'r to lest 1he fnrmub,.. gin·n hy t'<Jll.ltions l·>) ;uni (Ii) a 
,;l·ril's t•f c:o..perinwnts han: l•t•t·n carril'd out. 

For mt".l,.llrL'Illt'llls of t!H' ma\imum amplilicalion of a llllll'd cirn1it 
ampli!ier a circuil "" ,.;hown in Fig. ;{ wa:< uscd.' The grid of the am-

Fig. .\lcthod of .\ft.a;urement of Tuncd .\mplilit·r 

plificr 1uhc I i,.; connecled up 10 a known re,;i,;tance. through which i,.; 
pa::;,.t·d a known currcnl, and 1hc n>ltage acro:<s thc luned circui1 is 
mcasurcd hy nwans of 1hc tube-Yoltmclcr I I. T he inductancc L 1L~ 
is made up of a single laycr solenoid do:-.ely wound wi1h }"j;{ l\lrns of 
solid wire and ils \·ahll' wa,.; l.ti:) X II) 3 hcnries. 

Keeping thc frcqucncy and 1hc input from thc osrillator con,.;lant 
lhc cin·uit i,; tllllL'd lo rl',;on;uHT hy mcans of 1he \·ariahle condt'll!"t'r 
C and the Iead from 1hc pl.llc to 1hc coil is lhen moYcd along the coi l 
un1il a poin1 i,- rcadll'rl which giYc.:,.; maximum detlcrlion of thc tuhc
,·oltrncll'L I >uring this proce:-.,.; i1 is ncccs>'ary to rclune tlw circuit 
for cach ncw point lric.:d. llaYing 1hus oh1.1incd thc right ,..1cp-11p 
for a certain frcqucncy \\l' llll'n ntl·a:-;urc thc amplification for difTl'rt'lll 
frcquencics and gc.:t thc amplilica1ion curn·s shown in lhc uppcr half 
of Fi~. -l. ( ln 1hc lnwer half of Fig. -l an: gi\ en 1he numher of turn,; 
(L!) acro,.:-. lht.: pl.Jic of the amplitier 1uhc and also 1he eap.lCity of 
the condcn,;er C for cach of 1hc four ca~cs sho\\ n. 

'l'or a more d..raikd deS<"riprinn of lhl' nlf'fhod of ntt·.t•un•nJ•·n!, sn• '"rlion l'n 
!ttled "\lt!a,urcmt·ll!o" IM·I.,w. 
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In order to calculate the maximum amplification from formula (ü) 
it is ncccssary to know the resistancc R' of thc circuit, the voltagc 
amplitication factor f.J., and thc intcrnal plate impcdance Rp of the 
ampliticr tuhc. R' was ohtainctl hy running rcsonancc curvcs for the 
circuit with thc tuhes conncctcd up as usual. hut with no filament 
currcnt in the amplificr tuhc, in which case Rp may he rcgarded as 
being infinite. 

These rcsonance cun·es arc shown in the lower part of Fig. ·l, and 
the resistancc is thcn calculatctl from the wcll-known formula 

R' = 2rr(ft-h)L, (i) 

in which ft and h arc the frcqucncies, fur \\·hieb E=Emax. '~ 
Tbc rcsistancc R' may also he ubtainetl from the amplilication 

curn·s as thcsc can he regartlcd as rcsonance curH·s fur thc tunetl 
c ircuit with thc rcsistance Rp across part of thc coil, and sincc this 

Fi~-:.-! Experimental .\mplilicat ion and R< sonanc<· Curn·s of Tunl'd Circuit :\mplifi,•r 

part of tlw coil is ehosen so as to g-i\'C Za-b=Rp, the equi\·alcnt 
seri<·s re~istaliCL' should ha\·e incrcascd to exactly twice the ,-aluc 
found in formula ('i). By_ comp;1ring thc wiclths of thc amplilication 
curves in Fig. -t with the widths of the correspon ding rcsonarwe curves 
it is S<'<'ll thal this actually was the casc. 

TIH' intcrnal plate impcdancc Rp and thc amplilication factor fJ. 

\\'ere ohtainccl from thc slupc of thc static charactcristic of the ampli
licr tuhc usccl (a \\'cstern Electric 2J.i-~\ or "peanut" tuhc). 
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The rt'..;ults of the c.tlnd.1tion~ .m.• gin·n in Tal•k II .111d tht· c.llnl
l.ltl'tl ,-,dut·s of 1\".." .1n• :<tTII 111 .1gnT n•ry \\t·ll with thc llll',l"llrl'd 
vahll'S gin·n in thl' l.1:<l cnlun111. 

T\111 1-. II 

L l.t·J X lll-' IH'nrit"'· N,, 22,11111 I oh m<, I' ft,l 

l .dnd.Jtt·d \t..,illllllll 
.\mplif1L1I ion 

I{' \lcasun·d 
Frt'ltll<'lll'\ f, _r, !.rLtf•-f: -"·"lll\11111 wf. 

K •. u= 
I' .\mplific,,lion 
!. 'R.· N' 

I; 2,tHHl l.llll II t tO.i ttU 
.l3i,2tHI !.,1311 !..!.t 13.1) H>.6 
ill-l,lllll fl,,,lll) hh.h IS.I 1~.1 

I, (IHl,lllltl lh,llllll IM IS.I I i s 

Thl' amplilication of thl' .unplilicr w.l:< al:-;o llll'<J:<nrl'd with ll\1 :<tt•p-up, 
i.e., with thl' platt• of the amplilit'r tul•e connt·•·tt'll acru:<:< tht· \\holt' 

ooc ~0 

IIIII,.E._C~C\.t~j 

Fi~. :i-.\mplification Cune of ('hokc (oil Couplcd .\mplificr 

coil and thc tuning- rondcn,..er C omittnl khoke roil amplilit"r) the 
arnplifiration cun·c shown in Fig. ;i ht'ing ohtaint'd. 

From a rcsonancc curYc the following Yalm· is obtainl'd: 

R' = '!.r.L(j,- fz) = :?r. X 1.11:3 X 111 3 X I.i,OOO = !.i~ ohms, 

and, therdore, 
R -R' wZU -)''~+ l .. ~.--.-.:3,1J01l~Xlti:3zxw-6 

,",- + Rp- - ·>· :.!:2,11110 

= 1.'):3+3320=:~.i:2:3 ohm,.;, 

whil'h irN:rtt·d in formul.1 t7) gin.-s 
. R,o, a;i:?:~ 

}! - fz = '2rrL = :.!rr X ).ti:3 X 111 a = :n.i,OUII cydt·,.; 

while tlu: .1mplitir.1tion run t· gin·:< f,- fz = :t-.11,0011 t·ydt'"· 
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.As a final check of furnwla (ü) Ly means of this tuncd circuit, the 
maximum amplification was measured at 170,000 rycles with different 
\·alues of extra resistanre, R,xt. insertcd in the circuit hetween c and d 
in l:ig. 3. The results of thesc nwasttn•ments agree very weil with 
the formula as will ue Sl'en from Taule II I. For Rrxt= HiO it was 
found necessary to cunnect the plate anoss the entire coil in order 
to get maximum amplification and thus a further increase of Rat 
beyond lliO ohms willmake it impossiule to ohtain maximum amplifi
cation with this circuit. 

T.-\BLE Ill 

f = 170,000 cycles, L = 1.63 X to-3 henries, R,, = 22,000 ohms, ll = 6.1. 

0 
10 
20 
40 
80 

160 

Total 
R' 

11.6 
21.6 
31.6 
51.6 
91.6 

171.6 

Calculate d :'llaximum 
Amplitication 

10.2 
7.8 
6.-l 
5.2 
3.95 
2.85 

:'lleasurc<l 
:'llaximum 

:\mplifical ion 

10. 7 
7. 7 
6.-l 
5 
3.7 
2.7 

The variation with frequency of the resistanre of the roil is shown 
on Fig. G. These n·:-;ist;wee \·alues are obtained from the resonanre 
rnn·es in Fig. 4, and hence indicate also the Iosses in the \ ·ariablc 
rondenser and the loss duc to the input inqwdance Rg. 

The curn· in Fig. G gives what may !Je ralled the "true" resistancc 
of the cirruit, which is to hc distinguislwd from tlw "apparent" 
resistanre of the cireuit as nwasured for instanre hy tlw well-known 
resistancc \ ·ariation nwthod. By this lat ter method, tlw resistance 
of the coil is assumeJ to he equal to such an anwunt of extra resistanre, 
as insl'rted in the eireuit will dl'l'f'l' ase the resonanre eurrent tn half 
its formcr vahtl', Lut this assumption is only trtll' wlwn tlll' distrihutcd 
capacity of the coil is negligihle as compared with the capacity of the 
variable condenser C. or when thl' resistancc is introducC'd in the 
CC'Ilter of the eoil. 

It follows from fornHtb (Ii) that for a gin·n coil the maximum 
wL 

amplifieation is proportion;tlto \ R;' and the measllH'llll'llts mentioned 

ahm·e Sl'em to indirate that the maximum of this ratio has already 
hl'en passed in thc last ca:-.l' (d, Fig. 4) when the eoil is used simply 
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.1~ a rlH>kc coil or .ulto-tran,.,fornll'r (witiH>ut any t·,tro~ <·ond,·n,.,t·r ) 
Thi~. ho\H'H'r, will dcpt'IHI upon thc kind of wirl' ll,.,l'd in mo~king tlw 
coil. Thc coil u~cd in thc mt·a~un·nH·nh aiH>\'l' \\,h madt· of :\o. :.!~ 

1% 

Fig. o EtTecl ive Rcsisl.tnce of Choke Coil 

solid wirc, hut carlicr results obtained Ly othcr in\·c~tigator:s ha\'c 
:shown that solid wirc is SLIJ)('rior to strandet! wirc at high frcqucncics, 

wL 
and thus it may Lc cxpcctcd that thc maximum of tllC' ratio~/R' for 

a gi\'cn inductanl'c will occur at a lowcr frcqucncy when thc coil is 
madc of strandcd wirc. 

For constant frcqucncy the maximum amplification is proportioncd 
L 

to thc ratio \ R' as alrcady mcntioncd. l t is thus de~irahlc to adopt 

a construction for thc coil, which will incrcasc L without incrcasing 

\ l[f proportionally. Thc highcst amplification will in gcncral be 
ohtaincd when L is as !arge as possiblc for thc frC"qncncy in quc:stion; 
in othcr words, it will bc possihlc to obtain a highcr amplitication 
when the tuning conden~cr in thc tuncd circuit amplilicr is rcduccd to 
zero, gi,·ing a simple chokc coil amplifier. 

For a tuncd circuit amplilicr with an ordinary good inductancc 
coii madc of strandcd wire and of an inductance of, for instancc, 
200 microhcnrics and a high-frcqucncy rcsi,;tancc of allout .i ohms. thc 
amplitication at ~00 kilocycles will not bc highcr than allout tl time~. 
accon1ing to formula (ti) (using the same kind of tul>cs as in thc l"\

pcrimcnts abm·c), whilc with a chokc coil an amplilication as m11d1 a,; 
18 times was ohtaincd. This mcans that in ordcr to gct high am
plification, small coils madc of fine, solid wirc and with !arge induct
ancc and small distrihutcd capal'ity should !Je u,;cd, rather than brgl' 



190 BELL SFSTEM TECHNICAL JOURNAL 

coils made of stranded win:: anJ with smallcr inductance, uut witL 
!arger Jistrihuted eapacity. 

In practice, it i~ not important to go to extremes in onler to reduce 
the Jistributed eapaeity hy one or twn Jlllf. heeausc thc coil will 
always be shunted hy thc tul>e capaeities, which are of the order of 
10 ppf. I t may he mentioned that the distrillllted capaeity of the 
cuil used in the ahm·c expcriment is :~.5 pllf. This means that the 
constructional details of such a coil :m: not n:ry important, and the 
coil may be madc as a single laycr coil or as a eoil wound in one or 
sevcral sections of reetangular or square cros~-section~. lmt in all 
ca~es it ,,·ill be found that coils of thc same inductance will han· ,·ery 
closely the samc rcsonance frequency pro\·ided that the sanll' tubes 
and Ieads are used in all ca~es. 

Some experiments made ,,·ith a choke cuil (or auto transformer) 
at about 50,000 cycles ~hm\· that the formulas gin·n abun• may be 
also used hcre. 

Thc coil used in these experiments was wound on a corc of iron 
Just and made with square cross-section. The total inductanee of 
thc coil was .33 henries anJ provisiuns were maue so tbat the plate 
of the amplificr tuue could !Je tapped across any part uf the coil. 

The circuit diagram was thc same as tbat given in Fig. 3 with thc 
exception that thc condenser C was omitteJ. The maximum amplifi
cation cun·e for this coil, used as a chokc cuil, is gin·n by Fig. 7, 
cun·c A. Thc stcp-up ratio neeessary to ohtain maximum amplilica
tion was l:IG; i.c., thc platc was connected across 1, II) of the total 
numhcr of turn~. 

Thc rcsistancc of the coil is ohtained from a resonance curn~ as 
ueforc: 

and inserting this in formula (Ii) giws: 

K." •.• = (j:l 271' X ;i-lSIHl X .:t~ = l;i 
2 \ 1:!:!,000 X :!i'OO 

while the experiment gan· -ll..i. 

On Fig . i' arealso giyen the amplilication cur,·es B, C and /) for a 
stcp-up of I : I, I: I and I : IS , respect in·ly. 

In the \wo c.tses Band C, the selecti,·ity of tlw circuit is dl'lerminC'd 
almost <·ntin:ly hy R p, the re:-i~tance of the circuit itsl'lf heing negligi
ble, while in case I> the selecti,·ity i~ pr;tctic;tlly de\t'nnin<"U hy the 
rcsistancc of the coil ibelf. 
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ft i;; !'t'l'n th<lt th1..• i1111plitic,ttton curn· ( · fnr .1 ,..lt'p-up r.ttio nf I: I 
is cxtH·nwly ll.tt ,,,.; contp.tfl·d with tlw amplilic.ltioll <"lll"\"\' ,..hown in 
Fig. ;, for a rlwke coil wnrking .tt s;,o kilocyde,.;. 

fn conncction \\ith tlw,.;c l''Jll'rim~..·nts with tutwd circuits and 
choke coils it 111.1y Iw llll'lltionl'd that in order to st•p.tr.lll' tlw DC 
pLite \"Oitage from the nc grid \"oltagl', it will ofteil Iw found nf ad-

io ~ 30- 4·o -+ so so 
_....._ ___ .....__.__.......:.;"::..:'~~~~--. --~-

Fi~. i Cur\"e Showin): rhe EtTect of Ratio of Transformation in the Char.tcll'ri~tic 
of a Choke Coil Coupll'<i :\mplifil'r 

, ·antagl' to replace thc coil hy a tran:-.formcr with \·ery rlosl' cottpling-. 
In all onr <'Xperiments, wc ha\·c found that thc amplilication curn:s 
obtaincd in thc two ca~es arc idcnti<al when thc coupling coet"ticient 
for thc two windings of the tran~formcr is ncarly unity. 

LOOSEI.\' COt'PI.EIJ TR..\X-.FOR~IER :\~ti'L!FI ER 

From thc ampliti<ation cun·e;; ohtaincd with clwke coil;;, it will h1· 
sccn that thc frcquenl'}' rangc obtainahl1· with a clwkt• coil amplili1·r 
is not as widc a;; might bc dcsirablc in ,.;om~..· ca,..l'"· Thi,.; j,., l',..J.Jecially 
truc for highcr frcqucncies h('twcen :Wll,OOIJ and J,OIJII,fii)IJ cycks, and 
whcrc a widc frequency band is dc,.;ired the,.;l' chok1· coil,.. han·. thl·r('
forc, hcen rcplaccd by tran,.;formcrs with a rather loose coupling, in 
which casc thc tran,..formers will han· the char.tctcri,.;tic,.; of twn 
ordinary couplcd circuits and give an ilmplitication curn· with two 
peaks. 

lt has hccn found hy cxpl'rimcnt that ,.;m·h tran,..forml'r,.; c.tn artu.11ly 
be treat<xJ just as ordinary coupkd cin.:uit,.; and thl' amplilil·.ttion 
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cun·es can he computed by means of thc well-known formtdas for 
currcnt and ,·oltage conditions in two couplcd circuits. 

Bcfore going into thc dctails of these cxperiments, it is worth 
while to consider hrieHy thc general relations im·oln·d as indicated 
hy thc cun·es obtained with two coupled circuits, each tuned to 
52,000 cydcs. These curves are shown in Fig. S. The coils used 
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Fig. 8- Curves Showing the EfTcct of Ccupling- Inducti,·c and Capacitiw, on 
Amplification Charactcristic of Couplcd Tuncd Circui ts 

had an inductance of 10 millihenries and were tuned by eondcnsers. 
The circui t of the apparatus employed in ohtaining thc curn·s is 
gi\·en in Fig. tl. 

Curn' A givcs thc amplification for inductive coupling alone. 

Curve Bis for capacitive coupling alonc. 

Curvc A +B is for both capacitivc and iuductivc coupliug aiding 
cach other, each coupling having the samc valuc respecti,·cly as 
in curves A and B. 

Curve A-B is with thc two coupliugs opposing cach othcr and 

Curve Cis thc same as A - B lntt with diiTerent valttc of the inductin· 
coupling. 

The curvcs haH' thc san1c shapc as thc wcll-known rcsonancc 
curn·s for two coupled circuits with thc oscillator input in scries 
with the primary circttit, whcre thc peak frequencics are given by thc 
fo llowing approximate formulas: 

I I • J' j ' ]o j" f o IH uctrn.' eoup rng: = . 
1 

, = -
1 
__ , 

v I - k "\ 1 + k 
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H.l\ ing tim,.. demcllbtrated the general ~ha pe of the amplitication 
cun·e~ for .1 two roupletl tuncd circuit amplitier, the action of a loo~dy 
coupled tran,..fornll'r amplitier for high frequencil·~ will he treah·d. 

Tlw tr.lll,..fornll'r u,;ed in thi,; e\periment wa,; madc up of two 
~imil.tr p.tnc.tkl· coil~. :!" dianll'ter, wound w ith :! 10 turn,; of ~olid 
wirc. Fig. !I ,..how~ tlll' circuit diagram. Cun·e~ ..1 anJ Bin Fig. IO.t 

05( 

Rp 

Fi~. I) \IC'thr><l of \leasurement of Loosely Ccupled TransformC'r .\mplifiC'r 

shnw thc lllC<blln·d amplification cun·e,.; for a :~ ~-> " di~Ltnce hetween 
the winding:-. The roupling condt·n,.;(•r,.; C' were omitlt'd llllt even 
thcn tlll'n· wa,.. ,;ome capacity coupling lcft due to thc di,.;trihutc<l 
Capacity hl't\H'c'll the coik The cunT~ A and ß rorre,.;pond re
~pectiH·Iy. to .tn aiding and an oppo,..ing aetion of thi,.; rapaciti\·c 
coupling. Interchanging the Iead" to eithcr coilch.lnge,.; tlw amplili
r.ttinn Cttn l' from onc type to the ntlwr. 

Th<' ,;eJf inductance and mutu.tl indtwtann· of tlw coil,., wcrc meas
ured at low frcqw:nry and inund to hl': 

L = 2.1 X I 0 3 henric,.;, .l/ = .~l.i X I 0 l henrie'. 
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The rc~istance of thc coils was measurccl as rlescrihcti hefore by 
taking rcsonance cun·cs at different frequcncics. Tlw clistributcd 
capacity of each eoil was 11 X 10 12 faracl (inclncling tuhc capacity). 
13y means of thcsc.:- \·alucs, thc curn· C was calculatccl.2 The unknown 
capacity coupling makcs it impossible to prcdict the cxact shapc of a 
transformcr couplecl amplifier from the constants of the circuits. 
Howe,·er, the calculatcd curn C (calculatcd for inducti,·e coupling 
only) will give a general idea of the shape of an experimental cu n ·e il. 

Curvcs A and B, Fig. lOb, show the amplification cun-es for thc 
casc of capacity coupling ahme. A is the experimental and B thc 
calcnlatcd cun·e and they are sccn tu givc fair agrcemcnt. Thc 
coupling capacity was 21 X I0 - 12 faracl ancl thc distributed capacity 
of thc coils was 19.3XI0 -12 faracl, the increase, as compared with thc 
casc of inductive coupling, being duc to the ground capacitics of thc 
coupling condenscr. 

In conncction with this type of amplifier it may he mentioncd that 
a higher amplification naturally can he ohtainccl if the plate of thc 
amplificr tubc is conncctcd across a part of thc primary circuit only, 
maximum amplification correspondin g to thc circuit impcdancc 
being cqual to the platc impedance. IImn·,·cr, thc samc effcct will 
takc pbcc here as was shown for the tuncd circuit amplificr, namcly, 
that the band wiclth will clccreasc with incrcase in amplilication. 
Using Iransformcrs at thcir natural frcCJUcncy instcad of couplcd 
tuned circnits with outside condcnsers will giYc hroackr hancls or 
higher amplifications corrcsponding to thc singlc tuned circuit 
amplifier. 

2 Thc following two formula s haw hC'C'Il uscd for rakulating the amplificalion of 
thc circ uit shown in Fig. CJ. 

Imluclil•C C'oupli11g: 

A l'fi . r. w.ll I I 
111p 1 ca tl on =~ = z-;:;(: J<,,( I -w'U C)+ l<'+j(wL' + J<Pl<'wC) 'JJ 

1 

( 1 ) ' wherc Z - \ 1<'+ wL -"wc , I< ' J' (l ( w.ll ) ' ) f l- l ( w.ll ) ' ( I I) ' + z- w. -w.- z- w. -;c 

1 - J> ( 1 1 •1 .+ 1C •1 .C' I wL ) ( (' ) wherc ~- ' •· ~-.w .( ~ ( 1 -·w .( (''- k'+w"'L'wC' + R I + C', 

( C) 1<1< ( C) I 
B J<N.wC .l+ C' - wC'(R'+w'L') +wL I + C' - wC'' 
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The experi111ent~ ~o f.1r han· ~hown, th.11 "ith om· ~t.1ge of .unplilic.•
tion and with the .uuplilier working into <1 clc·llTtor tiiiiC' witlwut 
grid conden~er anclll'ak, it i;; ah\.IY~ po~,..il,le to calc-ul.llt' the alllplilic.l
rion curn· from the con~to~nt;; nf thl· tuhc~ and d thl· coil;;, rC'garcllt•,..., 

Fig. 10 _-\mplilication Curves o[ a l.on,;ely Coupted Tr.l!l,;[nrrner .\rnplifi~r Sh'lw 
ing Effect of !'oupling 

of whether the connection between the amplitier and the dctt·ctor 
consists of a simple tuncd circuit, a clwkc coil. two couplt-cl circuit~ 
or a loosely couplecl tran.,fnrmer, the circuits l>eing trcated ;;imply 
as ord inary l!med circui ts. 

:\l:;o thl· experiments ha\"e shown that a highcr amplification can hl· 
obtained in the .10.000 cydes rcgion than arnuncl I ,OOO,IlllO cycle~. 

as might he expeeted from formula Ii. 
The next question is: \\'hat happcns when more t han one ,..tage of 

amplitication is used~ If, for instance, the amplif•c<Jtion for one ~tage 
is 10, will then the amplitication for two stages be 100 or, in othl·r 
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words , in a multiplc-stagc amplificr is it possible to get thc total 
amplification cun·c from the cun·c for thc amplification per stagc by 
multiplying thcm toge thcr? 

Thc answer to this qucstion is that thc total amplification of a 
multi-stagc amplificr will, in gencral, he lowcr than thc ,·alue obtained 
by multiplying thc amplification values pcr stagc, and the reason 
for this is to he found in the input impedance of thc tubes. So far, 
wc ha,·c assumcd the input impedance of the tube after the amplificr 
to hc high as compared with the impedancc of thc tuned circuit (or 
transform cr) and this is correct for a platc cun·aturc detcctor, in 
which thc impcdance of the Ioad in thc plate circuit is ncgligihlc 
at thc frcqucncy of the amplificd currcnt but if the ncxt tuhc isanother 
a mplificr it is only truc at lower frequencics. It has becn shown 3 

that the input impedance of a ,·acuum tube can readily bc cakulated 
hr mcans of the constants of the tubc and thc output impcdancc. 

For the tuhes uscd in thc foregoing expcriments we havc the fol
lowing approximate constants: 

Cg_p =Grid to plate capacity =3XI0- 12 farad 

Cg = Grid to filament capacity=5 X I0 -12 farad 

Cp = Plate filament capacity =5 X I0- 12 farad 

Rp = Pla te impcdance =20,000 ohms 

J.l. = Amplification constant = G. 

T hc out put impedancc including thc platc-filamcnt capacity will 
hc assumcd to Iw a resistancc cqual to thc platc impcdance. 

If thc inpu t impedancc is rcpresentcd hr an apparcnt rcsistance 
R', in para llel with an a pparent capacity C'g, wc gct for R'g and 
C'c thc \·alues gi,·en in Tablc I\' . 

Frl"qii<"IH"Y 

10' cvclt·s 
10' . .. 
J ()G 

to• 

T.\!IL E J\" 

c. = c.+2 C.-p ,1>~<~
2 -+-' 

W \ 11 a-p t 

1
,, 
'• 

i X 101" ohms 
i X 10' " 
i x to• 
7 5 X 101 " 

c·. 
I i X t0- 11 far,u l 
ti X t0- 12 " 

17 X tO-" " 
16 X I0- 12 " 

' I I. \\' . .:\ichols, Phys. Rrz•. , \ "ol. 13, p. 405, 19 19. John :\1. :\1 illcr, Bu reau of 
Siandards-Scien. 1'.1p . .:\o. 35 1, 1919. 
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From thi~ t.1llk it i~ :-t't'll that the etTt•ct of lht• input inqwd.lll<"t' i~ 

negligihlt• at fn·qut•ncic:- up to allout 11111,01111 cyde~. hut fnr freqllt'll<"it·s 
in tht• bro.uk.1~ting range, the input imped.IIH"l' will introtlll<"l' an 
.tpprccial>k los:- in the prt·cnling t·irnlit, which "ill re~ult in a drop 
in .lllljllilit·.ltion hl'low tlw \';thlt' ohtainl'd fnr a ,..ingle ~t.lgl' amplilit·r. 
lt i~ "t't'll th.ll the input impcd.1nce R'1 for hro;uka,..ting frt'IJlll'lll'i«·s 

t'I:P.J,...atJ,AlJQct ,,Litl'W:I!. 

o• 
,lt'fQ .iUAI.It- .l..Q:)3 t. l.."'l. C4ul'I..IQ JKAU~KVt Aft t\,jt_ 

Fi~. II .\mplification Cur\'c or Two Stage Looscly Couplcd 
Tran~rorrncr .\mplifier 

is of the "''nll' onlcr of magnitwle as thc plate impedancc Rp. '' hich 
mean' that it will bc of no ath·antagc to u;;c mtwh step-up in choke 
coil,.. or tnned circuit:; for an amplilicr with mon· than o1w ,;tage, ;;ince 
thc amplitication in no ca"e will l1c much higher than _u pt·r ~;tage, 

cxccpt for thc la,..t "tage, which is working into thc dctcctor. 
Tht• loo,..ely couplecl tran,.formcrs of thc type already di:=-cu:<"ed 

will. on the other hand, work H'ry weil in a two-stage amplilit•r, sincc 
thert· i.., no "'l'p-up u~ed in thc,..e, and the amplitication will he ,·ery 
ncarly twice the amplilicltion for a «mc-::.tagc amplilier-, a~ will hc 
seen frorn thc ampliliration run·c ::.hown in Fig. 11. Tht· wiclth 
of such an amplilication cun·e can bc incrcascd by proper arljustment 
of the tralhformer inductanccs hut thc amplilication will natur;1lly 
drop corrc,;pondingly. 
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Thc valucs of R'g and C', gi,·cn in Tablc 1\' were cakulatcd on the 
assumption of a pure resistancc Ioad R in thc plate circuit. lf thc Ioad 
in thc platc circuit is an impcdancc Z =R+j .<, it will !Je founcl that 
thc sign of thc apparcnt shunt rcsistance R', will depcncl upon the 
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Fig. 12 Total .-\mplificalion of Transfvrnwr Couplcd Rccci\'cr and EtTcct of "Feed 
Back" an Loop Rcsistance 

sign of thc rcactance x. For a capaciti,·c Ioad, thc rcsistancc R', 
will always !Je positiv<>, !Jut for an inducti,·c Ioad, R'g may in some 
cascs bccomc negative ancl wc thcn havc "fcccl hack" or regl'neration 
occurring through the tubc. Thc ncgati,·c rcsistancc introduccd in 
thc circuit hclow the resonancc frcqucncy may in ccrtain cascs bc 
so high that it more than ncutralizcs thc positive rl'sistancc of this 
circuit which means that thc sct will start to oscillatc or "sing." 
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.\s an illn,.,tr.ltion of tlw l'ITt·< t of thi"; ''fn·d l•<~ck" .wtion, tlwn· an· 
gin·n in Fi~. I~ sollll' rurn·s obtaim•d for a two-stagc high fn·qut•nry 
ampliticr with loo,.,dy coupkd tran:-forllll'r sl<lgl'S. Thc input circuit 
to thc amplifier ronsisted of ,1 loop antcnna circuit tnncd to thc frc
qucncy of thc indun•d ~ignal. 

Curvc .-1 shows thc straight high frcqucncy \·oltagc amplification 
of thc !:'et, as mcasurcd with rcsistanrc input to thc grid of thc fir!>t 
high frcqnency amplificr. (Same as curvc shown in Fig. II. ) 

Cur\'C B giYcs thc actu.ll rcsistancc of thc loop uscd with thc sct. 
Curvc C gi\·cs thc rcsistancc introdurcd in thc loop duc tu "fccd 

back" action from thc lirst stagc. 
Cun·c n gi\'CS thc n·sulting apparcnt rcsistancc of thc loop (Cun·c 

B+Cur\'C C) and 
Cun·e E shows thc "fccd hack" amplification of thc sct. (Cun·c 

B: Curvc D.) 
Cur\'C F shnws thc total amount of amplification outaincd by the 

sct which is tlll' product of the ordinary \·oltagc amplitication (Cur\'e 

(u) 

(Oll 

COIL 
(b) 

Fip:. 1.l Schl'matic d ll . .lancinp: Con<il-nscr .klion 

A) and thc "fccci back" amplitication (Curvc E) and it is thus ~l·cn 
that thc fccd hack action makcs thc total ;unplil'1cation \·ary irrcgu
larly in a \'cry undesirablc manncr, and also makcs thc sct "sing" at 
ccrtain frcquencics. 

i n order to a\·nid thi~. it is ncccssary to provirle sonw mcans of 
balancing out the dTect of the grid platc cap;JCity of thc tuhcs. and 
Fig. 13 (a) shows how this may hc donc.~ Thc tibmcnt of thc tul>e 

'Sec Patent :'\o. t,11!3,Si5 issuc<l to R. \'. L.:llo~rtlcy, and l'.!ll'nl :'\o. 1,3 H, 1 t '! 
issued to C. \\'. l<ice. 
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is conncctcd to the middlc of thc coil, thc grid to onc end and the plate 
is connccted through a small halancing condcnscr to the other end 
of thc coil. In Fig. 1a (h ) is gin·n a sdwmatic diagram of thc circuit, 
which shows that thc efTcct uf C'b upon the coil circuit is just oppositc 
thc cfTcct of C'1_p, so that the circuit can bc rcgankd as an ordinary 
bridgc circnit. lt will, therdore, always hc possil1lc hy proper ad
justmcnt of the condenser C'b to neutralize the effcct of the fccd-hack 
action as shown hy cun·e G in Fig. 12. 

Tbc samc kind of an arrangcment can be uscd bctwccn thc different 
stagcs in a multi-stagc high frcquency amplificr, and it is thus sccn 
that by proper usc of such halancing condcnsers, it will hc possihlc 
to ohtain for a multi-stage amplificr a total amplification which is 
practically cqual to the product of tlw amplifications per stage. This 
i:-; true for a multi-stage tunccl circuit couplccl amplificr but for Irans
former coupled amplifiers, wherc it is more clifficult to obtain a 180° 
phase difTcrcncc of ,·oltages, tlw ad,·antagc of thc balancing con
denscr is not so great. 

Of coursc, this fa\'orable rcsult prcsupposes that the wiring of the 
amplificr is propcrly donc and thc different stagcs shielded carefully 
from cach othcr so that no cxtcrnal coupling cxists hetween them. 

RESDIE 

\\'hat has becn said about amplif1crs in the prcceding scctions ca n 
bc summarizcd as follows: 

\\'ith a gi\'cn type of amplifier thc same general shapc of thc am
plification curve is obtained regardlcss of the frcqucncy rangc at 
which thc amplif1cr is designecl to operatc. 

Thus, a low amplification o\·er a widc frequcncy rangc will !Je 
obtainccl hy using loosely couplcd Iransformers or clwkc coils without 
any stcp-up, whilc a high amplif1cation on·r a narrow rangc of frc
qucncics can hc ohtaincd !Jy using choke coils or tunccl circuits with a 
proper stcp-up. In this last casc, it will !Je ncccssary to usc a small 
tuning condcnscr across thc coi ls in orclcr to makc the frequency 
range of thc amplifier widl•r, and thc highcr amount of amplifica
tion is, thcrdorc, ohtaincd only hy a sacrilicc of tuning facilities of 
the sct. In a multi-stagc·amplilier it may , howe,·cr, oftcn hc found of 
advantagc to u~c a comhination of Im\· amplilication stages and high 
amplilication stagcs so that, for instance, onc tuncd circuit stage with 
high stcp-up and \·ariahlc condcnser is uscd in connection with onc 
or se\·eral stages of chokc coils or looscly coupled tran~formers with 
low amplifiration and a widc frcqucncy rangc. The maximum ampliti-
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cation ob!.tinnl with .111y kind of .111 ;unplillt·r will, in J.:t'lll'ral. he 
highcr .11 thc lo\H'r frt'IJIIt'lll"il',.;, dtll' to thc lowcr lo~..; and thc highcr 
r.ttio of L on·r C ol•t.tin.thle. 

Thc \\ id th of the freqllt'lh')' h.111d for .1 dmkc coil .nnplitler will he 
sm.tller, the higlwr the frequency due to the d t•nt•;~,.;e in w [, with 
inrrea,.;ing frcqlll·ncy, .111d .11 hro;Hica,.;ting frcqucncies it \\ ill, tlwre
fon-. in gem·r.tl he iound <Hh·antap·ou,.; to usc loo~c l y ,·oupll'd trans
fornwrs r.1ther th.m chokl' coils, whent·n·r .1 wide frcquenry h111d 
is dl'sired. In additinn to gi,·ing a wider frequ l'ncy band, lower 
frcqtwncy amplilit-rs h;1n· the <Hh·ant,lgl' nf a ,.mallcr grid-platc 
feed b;11·k action. 

:h ii'LIFICA rlll:'\ :\I Eo\'>l. RE~ I E:'\TS AT II ((;J[ FREQ! 'E:'\I.IES 

In order to makc a thorough study of radio frequ<:'ncy amplifica
tion, it is necessary to ha\·e a dc pendahle method of measu rement. 
Such a method developcd in ou r la lmratory a nd used H'ry succcssfully 
will be described here. 

In order to obtain an accurate comparison hctween different types 
of amplitiers, in which any type of resonant coupling is used, it is 
essential that thcse ampliticrs he operated from a rcsistance input and 
not from an input containing a tuned circuit. \\' ith a tuned circuit 
it is not only very difficu lt to obtain an accurate measure of thc 
voltage impressed upon the amplitier but considcrable regcneration 
may occur between this input circuit and thc nutpul circuit of thc 
tirst amplitier tuhe. T herc is, naturally. also a feed-back action 
in connection with a resistance input circuit, but its etTect is ncgligihlc 
when the resistance is only a few hundred ohms. \\'hen the charac
tcristic of a radio frequency arnplifier with a rcsistance input has bcen 
accuratcly determincd, its charactcristic whcn used with a tuncd 
circuit input may he dctermined as will he dcscrihed later. 

:\ schernatic circuit diagram of the apparattt,; as u,;ed is shown in 
Fig. 3. To the ldt is slwwn thc input apparatus whieh con,;ists uf 
an oscilbtor, a sensitive thcrmocouple and a potcntiometcr. The 
drop across thc resist;mec R~ of thc potcntiomciL'r is u,;ed as the input 
to the amplitier stagc I . The outpul of the amplitier stagc i,; meas
urcd by thc tubc voltm(·tl·r I I shown to the right in Fig. :~. The tube 
n>ltmeter II may hc a low freqnency detcctor in the ca";e of ampliti
cation measurements of an actual rccei,·cr set. 

I t is ncccssary first to calihrate thc tuhe voltmetcr or dl'll'Ctor II 
which is done by disconnecting it from thc ampliticr and connecting 
it directly across the potentiumeter R~-R6 • R~ i::; then adjusted to, 
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say, 500 ohms and the current through it adjustcd to some convenient 
value, such as 1 milliampcre. This voltage of .5 voltwill bc sufficient 
with most tubcs to gi,·e a change in thc platc currcnt of 30 to 40 
microampcres. 

Thc tube ,·oltmctcr is then rcconncctcd to its normal place in the 
circuit and thc rcsistance R~ is connectcd to the input of the amplifier. 
Kceping thc currcnt constant at the valuc of 1 milliampcrc, the re
sistancc R~ is acljustcd until the changc in thc dctcctor platc currcnt 
is thc samc as bcforc. It is immediately apparcnt that thc amplilica
tion will he thc ratio of thc known valtage on the grid of thc dctcctor, 
that is .5 ,·olt, to thc voltagc on thc input of thc amplificr, a~ indi
catcd hy thc product of thc rcsistance R4 and thc currcnt through it. 
Thc current having bcen kcpt constant, the amplilication is the 
quoticnt of thc 500 ohms used when calihrating thc dctector an<l the 
resistance valuc obtaincd with the amplificr inducled. 

Considcraulc precaution mu~t IJc ohscn·ccl to makc sure that no 
cnergy is gctting into thc amplilicr circuit cxcept that which may be 
measurcd by thc voltagc drop across thc rcsistancc R~. This ncces
~itatcs thc most carcful shielding cspccially whcn thc amplification 
is more than liO timcs. 

\\'ith thc mcasuring apparatus clcscrihccl a clepcndahlc input Yolt
age assmallas 1 millivolt can bc obtainccl. Thc maximum amplilica
tion which can bc mea~urcd directly is, thcrcforc, of thc orclcr of 500 
timcs whcn thc output voltagc to thc clctector is of the orclcr of one 
half of a volt. 

For the measurcment of highcr amplilication the following indirect 
mcthod may bc usccl. 

Thc amplification is artilicially clccrcasecl in somc manncr such as 
rcducing the mtmher of stagcs in thc circuit ancl this rccluccd amplifica
tion is measurcd in thc usual manncr. Thc input currcnt is thcn 
rcduccd ancl thc input rcsistancc incrcasccl kccping thc platc currcnt 
of thc dctcctor constant, thc valtage imprcssccl on its grid being 
dctermined hy the prcvious calibration. Thc amplilication is uow 
incrcascd to its normal valuc ancl thc input rcsistancc dccrcascd until 
the detcctor platc currcnt has its original valuc. Thc ratio of den·case 
in input rcsistancc will thus givc thc incrcasc in amplilication ancl the 
total amplilication will bc thc product of this an<l thc smallcr amplilica-
tion as lirsl mcasurcd. -

Thc smallcr currcnt through thc iuput resistaucc, which is ohtained 
hy this mcthod and which will gcucrally bc lcss than can hc dctermined 
hy thc most sensitive thcrmocouplc, will rcducc thc pick-up to a 
suflicicntly low valuc to give satisfactory results. In this connec-
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ti011 it m.ty be nnted th;tt an excellent lest for tlw prc~t·nn· of undesir 
ahle pick-up i~ the cln~ing of a ~witch (S ) pl.tced at tht• input nf thc 
a111pliticr. \\'ith thi,; :-witch clo"cd there ~hould he no apprcciable 
input to the detector. 

Dircct high frequenry .11npliticatinn nwa~uremcnts rcquire input 
units made up of Yery cardully constructed attenuation hoxcs or 
potentiometers and wt·ll shielded o~cillators. Such units havc hccn 
de,·cloped in connection with tield mca~urements and are dcscrihcd 
in a papcr on " Radio Transmis~ion l\ lea:-urements," hy l\ l t·ssrs. 
Bown, Englund and Friis and "~ote on thc :\ leasurenwnts of Radio 
Sign.tls," ~ by Engluml. 

On the right in Fig. :J is shown, as mcntioncd heforc, thc circuit 
diagram of a "tuhe ,·oltmcter" such as i~ used in many high frequency 
mea~urements. Tlw tuhe ,·oltmeter is t·s:-t•ntially a platc currcnt 
cun·,tture detcctor. Tlll' grid is madc negatin· hy means of thc grid 
hattery E,, so th;tt the normal platt· current of tlw tulw is very srnall 
(of the order of .'iO microamperes or so), and this platc cmrent is 
further halanced out by means of the pott·ntioml'tcr arrangenwnt 
R 2, R 3 , so that the plate current ml'ler reads zero when the input to 
thc tuhe voltmeter is short-circuited. This arrangenwnt has thc 
adYantage of making it possible to utilize thc entirc scale of thc 
mctcr and to obtain the measurcd voltagc f rum a single reading 
instc.td of thc difTercncc of two readings. Such a tuhe voltmcter 
built with an "~" tubc will gi\'C a detlcction of 1 microampcre for an 
input voltage of ahout I 5 of a volt, and thc calibration will stay 
rcmarkably cunstant for sc,·cral months and is independent of the 
frequency at which it is calibratcd. Thc ,·alucs of the rcsistanccs in 
the rc~istance boxcs uscd at high frequencics may, thercfore, be 
chcckcd by using the boxes for calibrating a tube voltmcter first 
at 60 cycles and aftcrwards at, for instance, I ,200 kilocyclcs. If the 
two calibration cun·cs ohtaincd are cxactly identical, thcn the resist
ancc has not changcd apprcciably within this frcqucncy range. 

In measuring the arnount of "fccd-hack" amplification in a recci,·ing 
set, it is not possible to use a mcthod as direct as de.;;cribcd abO\·e. 
The "feed-back" or regcncration in a set is, as already mentioned, 
due to the coupling hctwccn the grid circuit and the platc circuit of 
the tubes through the grid-platc capacity, and will t.lepcnd upon 
both thc Ioad in the platc circuit and the nature of the input circuits. 
lf, for instancc, it is desirable to mcasure thc amount of "fecd-back" 
amplification due to thc coupling bctwecn the loop rircuit and the 

1 Proc. ln~t. R. E., \"ol. II, :"\o. I, February, 1''123. Proc. lnst. R. E., \ 'ol. 11, 
:"o. 2, April, 1923. 
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plate circuit of the first amplifier in a high frequC'ncy amplilicr set, 
it will not be po~~ihle to mcasure this with a rcsistance input to thc 
amplilicr since in this ca~c thc "fecd-back" has no apprcciahk effect. 
In order to get the correct value for thc "fC'ed-back" amplification, 
the set must be connected up to thc samc loop with which it i~ going 
to be uscd and the measuremcnts can then he made in the following 
way. 

A resistance box is inserted in the middlc of the loop and a tube 
voltmeter is connected across half of thc loop in addition to the 
receiving ~et as shown in Fig. 1-±. \ \'ith the lilamcnt circuit of the 
set open, a strong high frcqu('llC)' emf. is induced in the loop and the 
loop circuit is tuned until thc tuhe voltmctC'r reads a maximum. 

Fig. 14- :\lethod of illeasuring "Feed Back" Ampliticalion 

A "feccl-back" action in thc set will thcn produce a changc in thc 
tube voltmeter reading when the filament current is switched 011. 

lf the "feed-back" action is positive, i.e., if the resistance introducC'd 
in the loop is negative, then the tubc ,·oltmeter rcading will increasc, 
and in order tobring it back to its former value, the resistance of thc 
loop is increased by an amount R' by mcans of the resistance box. 
If, on the othcr hand, the "feed-back" action is negative, the resistanc-c 
of thc loop must be decreased in order to obtain the former value of 
the tubc voltmeter reading. 

R' rcprescnts the equi,·alent serics resistance introduced in thc 
loop circuit by the "feed-bac-k" action, and the apparcnt resistance 
of the loop is, thcrefore , R - R', whcrc R is thc actual resistance of thc 
loop. The valtage impres~ed upon thc grid of the first tube is in
vcrscly proportional to the apparent rcsi s tancc of the loop, and the 
a mount of "feed-hack" a mplilication is, thcrefore, defined as the ratio 
K' = R/(R - R') wherc R' must hc takcn with the proper sign. This 
ratio is seen to bc a direct measure of thc increase (o r dccrcasc) in 
input valtage due to thc " fced-hack" action in the set and the total 
amount of amplification in a ~ct at a certain frcquC'ncy will then 
be gi\'en by thc product of thc onlinary voltagc amplification factor 
K and the " fccd-back " amplification factor K '. 
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ln dl'terminin~ K', it i:< m·ce~sary to know tlll' actu;tl rl'~ist.tlll"l' I< 
of the loop and thi:< m.ty he con\Tlliently ohtained hy the rl'act.tnn· 
,·ariation method u:<in~ a tuhe \·oltmeter acro~:< half of tlll' loop as tlll' 
vultage indicating dl·,·in·. lt has hl'l'll found that tlll' loss introdun·d 
I.Jy such a tuhe ,.11ltmetcr is negligil>lc, a Ltct which can (,,. ea~ily 

checked by connecting two similar tuhe n>ltllll'tl'rs ;teross thl' loop 
and detcrminin~ thc maximum rcading of one of thl'lll. \\'lwn tht· 
otlwr one is then disconnectl'd and the loop cundl'llsl'r sligh t ly re
adjustl·d so as to again ~in· maximum rt·ading of the tirst tul•e volt
meter, it will hl• found, that thc two rl'adings ol>tained are t·x;wtly 
the ~allll'. 

The discu:<sion of tlll' two type,; of amplitication measurenwnts of 
high frcquency amplifiers may Le summarized as follows: 

The ordi11ary roltage ampli.fication K is defined as the ratio of tlll' 
amplitied signal voltage imprcssed on the grid of the low frequl'ncy 
dt·tector and thl· sign;d voltage impressed on the grid of the first 
amplitier tube. This amplification is measured hy using a re:-;istance 
input to the amplifier and includes the effect uf "feed-hack" action 
between the stage:< in the amplifier. This ''feed-hack" action bctween 
stages can naturally be analyzed by a method similar to the one used 
to determine the "feed-back" action between the amplitier and its 
tuned input circuit. 

The "feed-back" ampl(fication K ' is detined as the inrrt•ase (or 
denea,.;e) of :-ignal vnltage due the "ft•ed-back" artion betwecn 
amplifier and it,; tuned input rirruit. The "feed-Lark" amplification 
depends upon the selecti,·ity of the input rircuit and will only vary 
slightly from unity when the resistanre of this circuit is \·ery large, 
while large variations, as shown in Fig. 12, may he found wht·n a 
selective input circuit is used. 

The total amplification is detined as the product of the ordinary 
amplitiration K and the "feed-hack" amplitication K'. 



Design Characteristics of Electromagnets 
for Telephone Relays 

By D. D. MILLER 

.\"OTE: The electromagnets dcscribcd arc confincd to relays, although 
the principles involved apply as weil to sclector magnets, clutch magnets 
and cJc.ctrornagnets in gcncral. A trcatment from the \·iewpoint of the 
telephone engincer is givcn of the important considerations which deter
mine the dcsign of t hc magnetic parts of relays and the economics of the 
winding dimensions. A knowlcdge of thesc factors as weil as of the gencral 
considerations which are discussed is of great importance in the sclection 
and application of relays to the telephonc systcm. Thc operating and 
cconomic importance to thc Bell System of the great numbcr of rclays 
required in the operation of the plant has becn described in a prcvious paper.1 

[ :'\TRODl:CTIO:'\ 

ELECTROi\1.-\G:\"ETS or rclays as gcnerally useu in telephonc 
switchhoards arc simply switchcs which arc controllcd elcctro

magnetically. T hese switchcs may be requireu to opcn or closc a 
number of separate and distinct circuits simultancously or in a ccrtain 
scqucncc. In many cascs it is <'sscntial that thc rclay switch be 
opcncu or closcu very quickly asthistime may have a direct influencc 
on the amount of apparatus requireu and conscqucntly thc first 
cost of the plant. The Operating time of thc relays also has a uirect 
influcncc on thc time rcquircu to cstahlish a tclcphone conncction. 
The abm·e statements are particularly c\·iuent in automatic systcms 
whcrc sclector apparatus is requireu to establish a conncction bctwccn 
partics but is rcleascd uuring the convcrsation. It follows that thc 
numbcr of selcctor circuits anti relays tbcrein dcpenus upon thc 
amount of traffic and time requireu for the selectors to cstahlish the 
connection. 

To cstablish a tclephonc conncction het\\·ccn two partics in ccrtain 
automatic telephon<' systcms, rcquires t hc opl"ning and dosing of 
ahout 2,000 clcctric switches of which 1,200 are opcrated hy simpler 
types of clcctromagnctic relays. In a typical manually operatcu 
systcm a call is compiL'tl"d by thc opcning and dosing of allout 112 
switchcs of which 70 arc opcratl'ri by rvlays. It is thcrcforc ·eviden t 
that thc relay switchcs must operatL' hoth quickly and reliahly and 
maintain a high <kgrL"l' of stahility thrnughout a long period of scn·ice. 

In cuntrolling the \"arious circuits in telephone systems hy rclays, 
the charactcr uf the circuits determin<·s the construction of thc rclay 
switchcs. lf !arge currents are to Iw controlled thc relay switch 

1 Relays in thc Bell System, S. 1'. Shacklt"lon and II. \\'. l'urccll, Bell System Tulz. 
lo11rn., \ 'ol. 3, p. I, 1'>2-l. 
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construction dillcrs m.ttcri.dly in ruggcdnc~s from the construction 
whcrc rclati\·cly small currents arc to Iw controllcd. In thc opcra
tion of thc rcbys l.trgcr amounts of pmn·r, of coursc, arc requircd 
for tiiO!-iC ha\·ing thc morc ruggcd construction. lt is also evident 
that rnore power is rcquircd for fast npcration than for cnmparativcly 
slow opcration. F,tst opcratiun of rt·bys is also eiependent upon 

tr ~ z~ 

18~ 

F ig. I Spring Combinations Flat Type Relay 

circuit arrangcments whirh are efTcrti\·c in lmn·ring thc clcctrical 
"time constant" of thc circuih in which the rclays opt'rate. 

Electromagncts in tclcphnrH' systt'ms arc rlt'signcd and used for a 
grcat \'aricty of conditions. Thc more rommon IISl'S are for rclay 
Operation on direct currcnt hat(ny of 20 to 2S \·ults or -10 to -l.'i \'Oits. 
Such relays perform a grcat numlll·r of switching functions, a fcw of 
which are shown in Figs. I and 12. Ut lwr dcsigns arc uscd for opcr-
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ation on alternating currents, ranging from Hi cycles ringing fre
quency to ,·oice frequencies of 2,000 cycles pcr second. The Ioad or 
work required of these relays and electromagnets ,·aries from a fraction 
of a gram controlled through a few thousandths of an inch to 2;j pounds 
controlled through a distance of 1 

1 of an inch. Some relays are 
operated where the annual po\Ycr charges are negligiule while in other 
designs annual power charges may hc cont rolling. The technical 
considerations which dctcrmine the dcsign fcatures, therefore ,·ary 
throughout a wide range as to the propnrtioning of the magnetic 
parts and the design of the wimlings. ( hher general design character
istics that must be carcfully considered are as follows: 

1. Operating r-apahility of tlw structurc-
(a) Switching conditions or circuit control required of the relay. 
(b) Design of contacts rcquired to safely carry the energy re

quired by condition (a) throughout the estimated "life" 
requirements of the switchhoanl. 

(c) Capability of the structure with respect to the input power 
to satisfy condition (a). 

2. Determination of winding bcst suited for the circuit. 

3. Temperaturc Iimitation of the winding under extreme conditions. 

4. Ease of adjustment. 
.1. Permanence of adjustment-

(a) For a period of sen·ice operations representing the "life" 
of the relay in the switchboard. 

(b) lJnder extreme weathcr conditions. 

G. Size and mounting facilities. 
(a) \\'hen nsed for additions to old equipment where it should 

mount in the same space as the apparatus it rcplaces. 
(b) Economy of space for ncw cquipmcnts. 
(c) Stability of mounting. 

i. Terminals- arrangement and distribution for nw,;t a(h·antageous 
electrical connections. 

8. lnsulating materials . 
(a) \Vindings. 

(h) S\Yitch control of contacts. 

fl . Cover design. 
(a) Protection from dust. 
(h) EITect of cover on operation a nd proter.tion from stray llux . 

10. Speed of Operation and release. 

11. Transmission efficiency wi th respect to voice frequencics. 



1:?. \lcch.tnic-;tl design fc.ttures with ,.,pecial rdcrctH'l' tn manu
f.tct urc. 

1:t Ekctro-mechanicalctlicicncy. 

II. First cost and .tnnual rhargcs . 

• \s it i,., not within thl· scope of thc prc,;t'nt papcr to di~ru:-.s in 
det.til all of tlw ahon· char.Jctcri-,tics thc following ha,·c hccn ~l-1«'\!l'd 
,ts pcrhaps thc more important and the most interesting: 

I. Thc dcsign of thc magnctic parts for ,·;uious tdcphone switch
boanl rcquircments. 

::?. \lcthods of calculating windings and thc dctcrmination of 
tcmperaturc ch.lra\tcrist ics. 

3. Considcrations which dctcrmine thc spool dimcnsions. 

I. I )iscus,.;inn of clcsigns usccl cxtcnsin·ly in thc tdcphonc plant. 

DE:o.tG:>: OF \1.\(~:-;'ETIC P .-\RTS 

Thc fund.mtcntal requirements of an clcctromagnct or rclay are 
gcncrally the Ioad or pull, the distanrc through which thc Ioad must 
hc mm·ed and thc time Iimits of opcration. Thc last rcquircmcnt, 
of coursc, is rctlected in thc Ioad or pull rc(]uiremcnt as an acldccl pull 
or forcc of acccleration. · 

The fundamental constants of dcsign are thc tlux lcakagc coefficicnt, 
thc corc tlux dcnsity and thc llux dcnsity in thc pole face or area whcrc 
thc pull is cxertcd. lf thc dcsigncr is gi,·cn data which fix thcsc 
constants thc rcmaindcr of thc work is usually a comparatively simple 
matter of calcul.ltion. 

Thc lcakage cocfficient has bcen dctermincd cxpcrimcntally through
out a rangc of dcsigns whcre thc Ioad to bc controllcd varied from 
I ~am to .),000 grams. The rcsults show that thc lcakagc clcpcnds 
almost cntirely upon thc armaturc air-gap rcluctancc and thc ratio of 
thc corc length to thc core diamctcr. Thc lcakage tlux is dcfincd 
as that pcrccntagc of thc total \orc llux which docs not cross the 
artnature air-gap, and consc(]ucntly can not hc utilizcd for producing 
tra\tion. Thc pcr \cnt uscfulllux is thcn thc ratio of thc tlux nossing 
thc artnature air-gap to thc total tlux in thc rclay corc. The curn•,; 
in Fig. 2 for singlc spool clcctromagncts and Fig. ~ for double spool 
clcctromagnct,; ~,·c thc pcr ccnt u~cful tlux for variou,; air-gaps and 
core lcngths which arc cxprcsscd in tcrm,; of thc cnrc diametcr. ln 
cascs whcrc thc corc i,;; round and thc pole facc arca is cqual to thc 



210 BELL SYSTEM TECIINJCAL JOURN.tlL 

core section these data may he use<l dircctly. If, however, the pole 
face area ffiffen; from the core section, the air-gap uscd in looking 
up the)eakagc in Fig. 2 and Fig. 3 should bc reduced to a ,·alue which, 
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Fig. 2- CurYcs of l'crccntagc Usdul Flux vs. Lcngt h of Air Gap in Terms of Core 
Diamet er for SingleSpool lü·lays 

with a pole facc arca Cf1Ual to the core scction, would gi,·c thc samc 
air-gap reluctancc. 

The core t-lux density anci thc pole face clcnsity depen<llargely upon 
the requirement s of the particular design, but the considerations 
outlinc<l in the next four paragraphs a rc of primc importance. 

In somc cascs the annual power chargcs a re rclati,·cly unimportant, 
there hcing pll'nty of power availahlc uuring the short inten·als of 
time ref}uire<l fnr op<'ratiotl. Ohdously in this case efficiency of 
operation can bc sacrifice<l, a nd conscquently power, .in order to 
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ol•t.tin .t lnw lir~t co;;t. Rdt>rring to .\l.txwt•ll'..; fnrmul.t for traction 
or pull 

tht• pull I' is proportional to tlw ,.quarc of thc armature air-gap llux 
d<'n..;ity B, con;;<'quently tht• total llux requircd will he lcss tlw gn·atcr 

Fig. J Cunt·s of l'crccnta~c l"sdu1 F1ux vs. Lcngth of .\ir Gap in Terms of Corc 
Di.unclt•r for Dou1>1c Spool Re1ays 

thc gap dl'n,.ity. .·\ high corc tlux dl'nsity and pole farc dl'n;;ity giw~ 
a small core scction and con~equcntly a srnall and chcap magnct. 
Thc Iimit to thc dccrcase in ~ill· is thc allowablc tcmpcrature Iimit of 
the winding . 

Of cour5<', thcrc is a Iimit to thc sacrificc of ctticil'ncy to ohtain a 
low first cost. lf thc rcasoning in thc prl'ccding paragraph i,. ap
plicd to a .),000 gram clectromagnet, thc rcsnlts will show thrcc to 
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Cour pcr ccnt of the total a mpcrc t urns rcqui red to sa turate thc core 
whilc on a rday which co ntrols fi.\"c grams thc samc assumptions 
show oYcr .iO pcr C(·nt of t he to ta l a mpcrc-turns rcquircd to sa tura te 
thc corc. \\'here sma ll forccs such as fi\·c grams a rc inYolvcd , we 
a rc a lmost im·ariably conccrnccl in ma inta in ing a high cffi cicncy 
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Fig. 4· - Curn·s of Core Sl·ct ion a nd l'ole Face Flux Densi ty \'s. Pu II 

wlwrcas in designs fo r thc hl'aYier forcl'S a fcw adclitional a mpcrc
t urns rcq uire<l in thc corc a rc rl'latin•ly unimporta nt. 

T hc work donc hy an clcctromagnct is II' = ~)S() F L ergs whcrc 
F is l'X presscd in grams and J_ in centinwters. Thc cnergy in crgs 

rl'qnircd tn magnctizc thc corc is Tl"'= t/>2~'!_ ,,·here .VI reprcscuts thc 

ampcrc-turns rcquircd lo forcc thc flux cf> through thc corc. T hc 
ratio of thc corc cncrgy and thc uscful \\·ork may he takl' ll as a critcrion 
of thc efficiency of t hc corc dcsign. Appl yi ng this rcaso ning to 
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variou;; de;;igns it is found th.1t the most dlicient corc dcsign is nh
t.linl'd hy choo"in).! a corc llnx density at thc maximnm pl'rnwahility 
of thl' corl' imn. l f this n·a,.;oning is applicd lo a .'i,OOU ~ram r!'l.ty 
.1 s,l\·ing nf .lpproxim.Jtdy fa,·c pcr n·nt corc cnl'r!-!)· r!'snlts on·r 
working ;1! a high dl'n"ity hut the core Sl'Clinn is incrcased in tlll' 
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Fi.-;. 5 \urws of Corc Scction and Pole Face Flux Density \'s. Pull 

ratio of six to onc. Olwiou-;(y thc small improwml'nt in cfticicncy 
rcsults in an unrl'asonahlc incrcasc in sizc and consPqul'ntly first cost 
and is seldnm if e\·cr warranted hy thc rcquircnwnts. :\pplyin~ 
thc samc rca--.oning. howcvcr, to a fi,·c gram relay wc ohtain a rl'duc
tion in cor!' t·nl'r).!y of approximatl'ly 20 pcr ccnt and although the core 
;;cction has greatly incrcascd this incrcasc has practically 110 inlluence 
on thc sizc o r first co" t of thc ma~net. I >f coursP, a further cnn 
sidcration i.; nwchanical ,..lrl'ngth as whcrc light Ioads arc encount l' red 
thc core section, nccdcd magnctically, may bc cntir('ly too sma ll to 
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give the rcquisitc mcchanical strcngth for winding or mounting. I t 
may, thcrcforc, bc ncccssary to usc a vcry low fiux dcnsity in thcsc 
instances in thc corc dc~ign. 

Thc best flux dcnsity and arca for thc pole facc as rcgards clcctro
mcchanical cfficicncy is obtainccl by making thc air-gap rcluctancc 

1:> 

L /. f-1 . 

Fig. 6- Curves of Core Sertion and Pole Face Flux Density \ "S. Pu11. These Curves 
Assume That lhe Pole Face Area is (;realer than the Core Sect ion 

equal to thc rcluctancc of thc rcmaindcr of thc magnctic rircuit. 
Hcrc again it is found that practical considcrations mu~t hc rarcfully 
wcighccl, othcrwisc an unrcasonablc dcsign rcsults. If, for instancc, 
thc pole facc dcnsity on a .') gram rclay is takcn cqual to thc cus
tomary corc dcnsity, a vcry small pole facc arca results. To make 
thc air-gap rclucta ncc, thcn, cqual to thc reluctancc of thc rcmainder 
of thc magnctic circuit, it is found that a n air-gap of possibly .001" 
or lcss rcsults. Such a small armaturc movemcnt, of coursc, is gcncr-
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.dly of nu practic.d valnP, and coJJSc·quently, V('r)' low polt~ facc den
silies are ~encr.dly dwst•JJ. 

.-\ s a resnlt of thc abon: con,.,icll-ralions as weil as thc C)((lPrience 
~.1incd in designing a grcat numlwr and variety of rclays and electro
magnets, the cur,·es in Figs. I, 5, Ii and 7 han: been drawn which show 

C"':t' ,.~ ~ c~ ~~~ fnE ~icJ 
~ ~ l 

" 

" 
c )() 

' 
"' 
"' ,. 

l'&~ 
{~ ~ IJ 0 I lf!-

it 

" -/Al ~ 

_L 

" ~] ~~ ~ <Ef~ ~>(~ 1 

" 

F 

0 ~ .. . 14< "" • "=""' 
.5 

Fig. i Curvt's of Core Section and Pole Face Flux Density vs. Pull. The~e Curve~ 
Assurne That Bel wccn Loads of 1,000 and 10,000 Grams I he Pole Face Arca \\"ill 

bc l"s~'<l Equal to lhc Core ~ction 

reasonablc assumptions that may be made in working ont new designs. 
These cun·es are to be employed, of course, with dnc cmbideration 
of the particular requirement:-; in each case. 

From the above di";cussion it is evident that magnetic irons which 
are capable of high flux densities are particul o~.rl y dcsirablc for the 
heavier magnets. The high densities permit of a small core section 
and conscf]uently a small and low cost magnet. The magnct~ which 
control Ioads of a fcw grams, however, should bc constructcd of 
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magnetic materials which have a high permeability and a low coerch·e 
force, but not necessarily capablc of working at high densities. A 
relati,·cly high pcrmeability reduces the energy required to saturate 
the core although due to thc reluctancc of the air-gaps there is oln·i
ously a Iimit heyond \\·hich no practical gain results duc to increased 

@1 
Fig. 8 

pcrmcahilitics. The most impnrtant single requirement of a magnetic 
material for rclays controlling light Ioads, is a low coercive force. A 
low coerci,·e force rcflects the ability of the magnetic parts to rcturn 
to practically the same state of magnetization after repeated applica
tions of magnetomoti,·e forccs. Thc elTect of residual magnetism, if 
!arge, may cause sticking or hol<ling forccs of thc sanw ordcr of mag
nitude as thc Ioad requiremcnts. \'a<uum anncaled silicon steels 
of comparati,·ely high silicon content and certain nicke! stecl allnys 
which ha,·c low coerci,·e forces are of grcat valuc for clectromagnets 
which must control efficiently light Ioads of the order of one to fifty 
grams. 

\\"1:'\DI::'\G FülUIUL\E 

Bcfore discussing thc economics of t hc winding dimensions i t is 
necessary to develop and carefully consider the winding formulac 
and thc factors which dctermine thc temperature charactcristics. 

Fig. S shows t he one-half cylindrical section of a spool. Since a 
gin·n wirc occupics a similar spare in hoth .·1 and B \\"e need only to 
consider winding spacc A. I f d in Fig. ;\ o. S rcprcscnts thc diamcter 
of thc wirc ow·r thc insulation, it is evident that cach wire may occupy 
one of t\\·n po~itions with rcspect to adjaccnt wircs. ln the uniform 
layup each wire ocrupies an area d\ and with the complete inter-
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rnc,.,hiug of l.tyt·rs om· \1 in• nnonpi1'"' .111 ;m·a oSfifi d~o Iu act u;d windiug 
pr.wtin· a contl•in.tti"n of tl~t· two l,tytlps is ol•t.tincd whid1 ginoo; 
0!10 d~ ,.,qu.Jn~ indw" ,\,., th1· ,.,p.u·to lllololl(lil'd hy otw \1 ireo Thl' arl'a 
o~lll d~ nla) hl' takt·n ,,,., indicating ptorflot't winding ,.,o that if the total 
winding "ll.tn• or an·a j,., repn·,.,t·ntl'd hy .- 1 and the total turns by 
.\', \\'l' han' undcr t Iw l11o,.,t nlllditions 

..1 - 1)) J2 

.\' - .. ( ( 0 

The l'omp.tratin· nll·rit or eflieieney 11f any other winding may tiH'r('

fore he l'Xpn·""l•d as 

o\lO d2 X 100 .. 0 

- A = pcr n·nt l'lhncncyo 

y 

.-\,; cach size of wirc and insulation winds with a somewhat different 
dlicil·ncy, the variation in the \oalue ..I .Y is gcnerally determined 
I'Xperiml·ntally for mch gauge of wireo Thus 

A -K-C d2 l\ ;-- - I o 
( 1) 

Thc con>-tant C1 is often dcsignated as a space factor constant and 
may includc the insulating or interlea,·ing paper used throughout the 
windingo The following are representati,oe \oalues of K for enamd 
and silk insulated wire of \\oestern Electric C'ompany manufactureo 

\

0

o\l.{ 'E"' OF K 

ß. & S. Enamel Silk 
C..tUg~ lnsulated \\'ire lnsulatcd \\'ire 

l1 {){)()l\1)-t 00\)()36 
.?2 oooi ll' ll00i:'5 
H OIMI.:;ij 000614 
l-1 000-l.lt \HIII-I ii 
z:; .UIH)ol.li OOO]l\25 
26 (11)0280 011031-10 
li 000225 OOU2ol;i 
28 OllOII\.l 00021 iO 
21) Oll014i 00\lll<O 
30 \KI0\20 00015111 
31 ()()()()<)(> ooot2ot 
32 OOOOiSI 00010()1) 
33 0000621\ 011001'66 
34 00011516 IIOUII81;i 
35 0000-110 \MI0116iX 
36 CXJ0033X \Kitl115ii 
3i \)()1)0269 tKl00500 
38 0000221 IJ000-!2::\ 



218 BELL S l'STEM T ECII.\'ICAL JOUR.VAL 

Refcrring to Fig. S thc space or arca available for winding is 

A =L!.. (2) 

From equations 1 and 2 the total turns possible are 

(3) 

The total resistanco of the winding is the product of thc rcsistance 
of thc mean turn Rm ancl the total turns .V, 

The length of the mean turn for :l. round core, Fig. S, is 

anti if r is t he r€sistancc pcr uni t length we ha ve 

whence the total resistancc is 

or liUbstituting thc \"aluc of N from equation 3, 

R,= 1r(C2+ti)r.lL. 
K 

(4) 

Fora core of reetangular cros• section equation 3 holds for the total 
numbcr of turns ancl it will bc found that thc cquation for total 
resistance is 

(!>) 

wherc p roprcsents the periphery of tha core in inches. 

TEMPERATlTRE CUARACTERISTICS 

Thc critical circuit conditions with respect to the rl'lay winding 
!ipccify cithcr constant wattage, constant \"Oitage or constant currcnt. 
Thc constant \"oltage cirö1it is onc in which a change in resistancc 
of the rclay winding materially aiTects the current tlow. The con
stant currcnt circuit is one in which a changc in rC"sistancc of thc 
rclay wincling cloes not materially a!Tect the rurrcnt llow. An ap
proximatc constant wattagc condition is onc in which a rcsistancc 
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such a" .1 linc in ~crit·~ with thc relay is C'<Jl!al to the resistancc nf the 
rel.ty .md ''lwre thc n·~i~tanc-e external to the rclay winding docs not 
rh;111ge .tppreeiahly with temperature ,·ari.ttions. 

TIH' tcmper.tture formnlac for thc constant waltage condition are 
ckn•loped as fullows: 

L('t Q hc thc qnantity of heat in calories supplied to the winding 
per St'CUIHI, and (J dl be the anwunt snpplicd in a small increnwnt of 
tinl('. Let S he the product of the spC'eific heat and \Yl'ight of the 
total wire on thc spool expressed in calorics. Let T !Je thc tcmpcra
tur<' ditTcrencc hctwel'll thc winding and the surrounding air. S d T 
is thcn thc amount of hcat uscd in raising the tcmperaturc of the 
wire by the amount d T. Let p he the average dissipating constant 
throughout thc tcmperature range. l t dcpemls upon the radiating 
surfacc of the winding, mctal condncting parts of the structure and 
cxtrrnal cnnvcction of hcat by the air. Givcn the constant p, p T dt 
rcprcsents the calories dissipated during the intcrval dl. 

The total heat supplied during the time dl is partially used in 
raising thc temperature of thc wire, and part ia ll y dissipated, con
sequently 

(G) 

lf heat is continnously ~upplied the winding in the form of electrical 
energy, thc rate of dissipation ultimately equals thc rate of supply. 
This is true for tcmperaturcs that do not fusc thc wire or permanently 
alter its rcsistance characteristic. Ultimately 

SdT=O 

and 

lf tht' final t<'mpcraturc reached is designated as Tm thcn 

(i) 

;~nd from eqnations 6 and i 

pT'"dl =SdT+pTdl, 

p dT 
- Sdt=- T'"-T 

anci integrating give~ 

- ft=log(T,.,- T)+C. 
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Ob~crvc that whcn l=o thc ,-,duc ofT i~ al~o zero and C= -logT",. 
llcnce 

(S) 

Equation S shows that the transient relation betwccn temperature 
rise T and time is cxponcntial and ultimatcly the tcmpcrature rise 
isT= Tm. 

The final temperaturc Tm reachccl l>y thc winding may l>e deter
mincd by writing cquation I in the form 

(21) 

whcre E I reprcscnts the constant wattagc applicd to thc winding 
and 4.1SG is the Joule cqui,·alent. lf thc room tcmpcr'ature is T, 
and the ultimatc tempcraturc ri~c Tm. it is c\·iclcnt that the final 
tempcrature of the winc!ing is 

Tt= Tm+T,, 

T EI +T 
t= 4 .18tip ,. 

By introducing a ncw constant K 1 which rcprcscnts the ability of 
1 

thc structure to dissipate heat and also indudc~ thc factor :[
1
sü' 

wc have 2 

in which A 1 is thc arca of thc winding but clocs not includc thc cnds. 
Thc valuc of K 1 can bc readily dcterminPd by obtaining an experi

mental cun·c between E I and Tm· This is obtaincd hy gradually 
increasing E I but holding the waltage constant for cach value lang 
enough for thc final tempcraturc rise to take place. Thc valuc of 
Tm is cakulatcd hy obscn·ing thc change in rcsistancc of the winding. 

Thc constant current and eunstant valtage characteristics are 
dctcrmincd in a similar manner with thc important exccption that 
thc quantity of hcat Q supplicd pcr sccond is not constant but \·aries 
in accordancc with thc change in rcsistance with tcmpcrature. Thus 
for constant current conditions ·LISli Q di=P R dl and for constant 

I I. . t 1 , . Q d J~2 I I J" Ro( 2:~ L>+ T) f vo tage COJH 1t1ons · . Sti I= R (I, w 1cn• " = . , _ - or ccn-
:z.~ ... <> 

tigradc dcgrces and Ro is ta ken a t 0° C. 
1 For singlc spool rdays K 1 =50 Jo 60, anti for double spoul rclays K 1 =35 to 50. 
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tobring out ct>rtain important facts relat ing to win tling design. 
tinal tcmpcraturcs arc 

C \\" T K .EI C) o onstant attagc, 1= A t + :.O ; 

Co nstant Currcnt , T - ;iüfiO.· I • + '2:H.;"ifZRzoK 1 

J- 2.)-L .'i.·l ·- PRzoK 1 

Constant \ 'ultagc, T1=- 101 + IGOOO+ ~4.;)~]~2 

\ . ..! 1R2o 

T hc 

(10) 

( 11) 

( 12) 

Thc transicnt tcmperaturcs of constan t wattage, \·ultage and currcnt 
are all of thc cxponcntial form T=Tm (1-f - "), whilc thc cooling 
of thc winding aftcr currcnt is stopped is of the form T = Tm f_,, _ 
l n thcsc cquations c is thc constant pcrtaining to thc p;uticular 
cond ition considcrcd . 

.\n important obscr\'ation in conncct ion with thesc tempcraturc 
charactcristia; is thc grcat diiTcrcncc in tcmperaturc risc in thc thrce 
ca,..es with like iniJial co11diJions of cncrgy input. Thu,.;, it is impo r tant 
to notc that an elcctromagnet which is co rrcctlr cll',.,igned a ncl workcd 
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to its temperature Iimit in a constant voltagc circuit, would overheat 
in a constant wattagc or constant current circuit. A relay propcrly 
designecl to work at a safe temperature under a constant current 
conditiun, would Lc unnecessarily largc ancl expensive in a constant 
voltage or constant wattage circuit. It is, tben'fore, evident that 

Fig. 10- Relalion ßclwecn CoppC'r \'olumC' and PC'rcentage Loss in EITcctivc Ampere 
Terms 

exact rules can not bc giYen fur tbe correct proportioning of spool 
ancl winding climensions from a purcly clesign standpoint without 
considcration of the circuit in wbich tbe clcctromagnet is to operate. 
Some general clcsign features, bowe\·cr, can be indicated whicb will 
enable prcliminary assumptions to Le made that can Le rcfined as 
the dcsign is worked out for its particular opcrating condit ions. 

SPOOL DIMENSIONS 

Certain impnrtant fact s reganling spool dimcnsions arc indicatcd 
in Fig. 11. Thc spool dimcnsions for thc winding may bc invcsti
gatcd by assuming that a eiefinite racliating surface must bc usecl to 
dissipate the hcat, and tbcn dctcrmine the relati,·c \'alues of winding 
clepth, lengtb, aml volume in tcrms of the corc diameter. The volumc 
of wire m:ccl in tbe spool is takcn as a mcasure of t he first cost and a 
variation in the lcngtb of the coil is reflcctcd in the leakage llux which 
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in turn may bc t.rkt·n as .1 lll<'.ISllrt' of tlw l'ITectin· .unpt·n· turn!'.. The 
detcrmin.ltinn of the lcakagt· llux ill\·olvl'S re.rsonahle assumptions 
from cxpcriencc of tlw armaturc air-gap in terms of thc corc diamcter. 

lf thc clcctrom.rgnct is tu !Je oper.1tcd on a dclinitc Yoltage thc 
assumptinn of adefinite radiating :-.nrfacc to dissipate a ccrtain input 

PESitjN~· 
1 V -' ~.s cv "" L. ,c 
~ ~- zc 
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Fig. 11 

wattagc will fix thc rcsistancc of thc coil. Copper windings of electro
magncts in tclephonc systcms arc gencrally wound with wire which 
varics from Xo. 20 B. & S. to Xo. ml B. & S. gaugc. The rcsistancc 
gcnerally Yarics throughout a rangc of ~2 ohm to 2,000 ohms. Various 
gaugcs of wirc wind with different cfficicncics duc to Yariations in 
the spacc factor hnt a numucr of different gaugcs may bc assumed 
ancl thc calculations carried out which gi,·c thc relation bctween thc 
winding dcpth and thc cffecti,·c amperc-turns. \\'ith a constant 
radiating surfacc a \"ariation in thc winding dcpth canscs a Yariatir-m 
in thc length which, of eoursc, is reflceted in th<' lcakagc tlux. Thc 
rcsults of a numbcr of calculations on ,·arious windings arc shown in 
Fig. tl. fn Fig. 10 is shown thc rclation bctwccn thc Yolume of wire 
on thc spool and thc pcr ccnt loss in cfficicncy cluc to a \"ariation in 
thc dcpth of winding which, with a constant 3 radiating area, causcs 

'The radiating area is Iaken as the surface onlv of rhe coil and the abilitr ro 
dissip8le through the ends and orherwise is retlecred by the hearing conslant K,. 
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a corresponding change in the lcngth of the coil. Fig. 11 ~hows the 
relatin! dimcnsions of thrce dcsigns of spools taken from Fig,.. 9 aml10. 

Somc Ycry intl•rcsting information can bc obtained from Fig. 1 I 
in regard to tlw rclation between the volume of wire, as rcflecting 
thc first cost, and the ampcre turn operating efficiency. Design "A" 
contain~ a \"olumc of copper of :3.ß;i cuhic inches, while in design 
" B" the volume of coppcr has bcen rcduced to 2.00 cubic inches 
although the loss in effectin~ ampere-turns is only 10 per ccnt. In 
dc~ign "C" thc volumc has Leen reduced to 1.10 cubic inches with a 
lo~~ in cfficit•ncy of 30 per cent. 

Obviou~ly the de~ign "C" is thc cheape~t in first cost because of 
thc small copper volume and will also giYe the lowest annual charge 
whcre the time of operation i~ very short and the t:harge for power 
relati\·cly low. \\'here thc magnet i~ required to operatc wry often 
a nd the price of power i~ high the de"ign "A" will pro\"e the most 
economical. Design "B" may be considered as intermediate between 
designs "A" and "C". 

In the abovc considcrations of spool dimensions the examplcs 
gi,·en should not be takcn as an accuratc gencralization but simply 
as a method which, with a given sct of requircmcnts, should cnable 
rcasonablc first approximations to bc maue. Thus, if annual power 
chargPs arc Controlling, a rclativcly short and Jeep spool will give 
thc bcst rcsults, although thcrc may Le cxception~ whcrc for instance, 
thc opcrating current is rcduccd to a holdin g \"aluc and whcrc thc 
leakagc is rclati,·ely small duc to the fact that thc armature is opcr
a ted. In such a case and unlcss opcra ting cffici ency is al~o of prime 
importancc thc dcsign "A" would bc nwre cxpcnsi,·c than nccessary 
in first cost. Other case~ often arisc wherc the input wattagc is 
,·cry ~mall Lut the opcrating requirements arc \·cry exac ting so that 
thc mo~t cfficicnt winding is rcquired and the first cost is rclatinly 
unimportant. In this casc a larger volumc than "A" can Lc used to 
ad \'antagc. These cxamples may Le used as a guidc thcrcfore, in 
dctcrmining spool dimensions which arc latcr rclincd as thc dc5ign 
is complctely worked out. The illustrations of dcsigns gin·n in thc 
Ia tter part of t his paper show how accura tcly ccrtain tina I dcsign 
dimcnsions can Lc workcd out to gi,·e thc minimum annual chargc. 

I >hlTssto:s OF Dt·:sH;:ss L's tm ExTE~siYELY 

I~ TllE TEI.E l'llü:-;' E PL\~T 

Tu any onc familiar with tl"lephonc systems it is oLdous that it is 
impracticaLic to de"ign all the rclays required at maximum cllicicncy 
a nd ecunomy fur cach partictJiar condition that arises. Such a pro-



n·dure would involn· \'!Hllc~~ 1·quipment ch.rnges as wl'll as the !arge 
.urd unm·n~,...1ry m.uruf.n·turing l'X]WII;.\' of making an excr-~~ive 

numher of typ1·s of n·l.1ys. :\ludr of the rday engirwering work of 
tlw p.1,..t kw p·.1r~ h.IS th1·n·fon· h1'\'!l direel\'d towarcl thc stauclard
it.ltionof relay designswirich woulcl Le llexihk, rdiahle and cconomieal 

12 

Fig. 12 

as a whole in thc tclephone plant rather than the most cfficient in all 
respects for any specific condition. Thc flat or punched type relay 
manufacturcd hy the \\'cstern Elcctric Company represents largdy 
thc rcsult of this eiTort. 

Tbc tlat rclay is cssentially a punch press product manufactured 
yearly in )arge (jllantities and in ahout 3,000 ,·aricties of windings 
and switching or contacting arrangemcnts. The punch press method 
produccs parts which are exact duplicates and thercfore interchangc
able which is particularly ach·antagcous both for as~cmhl}· and rc
pla("(•ments or repairs. .r\11 the springs as weil as thc corc and arma
tme arc punched and formed in hending fixturcs to thc rcquired 
shapes. Thc mounting plates are also punched anti designed to 
permit of uniform and economical mounting of the rcla~·s . 

.-\ numher of these relays arc shown on a punched mounting plate 
in Fig. 12. Rcferring to the figure it will he seen that the relays are 
insulatcd from the mounting platc by phenol fiLrc insulators "A," 
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which arc sccurcly fastcncd to thc mounting platc Ly means of meta! 
cyclets. The armaturc ''H" is hinged at thc rcar hy the use of a thin, 
stccl rccd, sccurcly ri,·ctccl to thc armat urc. Thc switching arrangc
mcnts which thc armaturc contmls arc in thc form of nickl'l sih-cr 
springs "C" with thc contacts "0", at thc front and in plain \·icw. 

r 
r - T 

-========::!:::;:::!::::=::::~ ~ ~-

Fig. t3 

Fig. 14 

Thc springs 1\ nd contacts arc mountcd \"Crtically which is particularly 
cffcctivc in kccping thc contacts clean. Thc contact points arc madc 
from platintun or a rccognizcd cquivalcnt, and are designcd in thc 
form of points and discs to facilitatc alignment and adjustmcnt. 
Two dcsigns of contacts havc bccn standardized; onc sizc bcing 
used for thc customary clcctric currcnts ancl wcar comlitions cn
countered in manually opcratccl systems and a !arger sizc for thc 
somcwhat morc sc:Ycrc conclitions of wear frcqu<'.'ntly cncountcrcd in 
automatic systcms. All contacts arc clcctro-weldcd on thcir rcspccti\"C 
spring supports and the two sizcs arc shown in Fig. 13 and Fig. H, 
rcspccti \·cly. 

The springs and thcir associatcd contacts arc dcsigncd in twenty
six switching arrangcmcnts as shown in Fig. 1. ,t\ singll' rclay may 
bc proYidcd with onc of thcsc switching arrangcments or any onc of 
thcsc twcnty-six arrangcmcnts may bc paircd with any otlwr arrangc
mcnt. Thus nn a singk rclay thcre may hc chosen any onc of ~{77 
switching or mntacting coml,inations. Thc 3i7 spring comhina
tions providc a grcat fk:<ibility in circuit dcsign and permit of uniform 
and cfficicnt Pquipment Iayouts. 

ln manufacturing thc rPiays thl' spring asscmhlics arc clampcd 
Iogether unckr high comprcssion hcforc tightcning thc scrcws which 
hold thcm togt·thcr. This insurcs that tlw springs rl'!ain thcir posi
tion and adjustnwnt t hroughout a long pcriod oft inw. TIH' arrangcmcnr 
nf thc springs is such that definite stops or supports arc prO\·idcd 
for cach spring citlwr on thc front spool l1t'ad or on the armaturc. 
in tensioning or adjus ting thc n·lay springs against thcir support;;, 
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~utf1cient tcn~ion i~ ~t·t up in tlw ~prin~-; to insurc a prcssurc of at least 
Li ~r.1111~ hetween all cont.1cts at the time of closun·. 

The amount of eurrent ancl power required to opcrat1~ cach rel.ty 
i~ dependent upon tlw ll'ltsion and numhcr of ~prings th.1t mu~t he 
nwn·d and the di~t.uH·e through which this mm·emcnt takcs plan•. 
Rt·l.1ys or ckt:tromagnets operate most efficiently with the arma
tun· air-gaps ::-et at the minimum rcquired for the sati,factory opening 
and dm.ing of the contacts. Cnnsequently a mcthod has been care
fullr worked out for these relays in which the annature tra\'el is 
sct in accordance with the rcquiremcnts of the particular spring 
comhination hy thc adju~tment nf the frictinn lock nut "X" shown 
in Fig. 1::?. This sctting of the armatme insures a normal separa
tion of contacts of approximately .010 inch and at least .00;) inch 
"follow" after closure of the contacts. The "follow" allows for a 
certain amount of contact wear as well as insuring a slight wiping 
action which g;,·cs a certainty of contact closure. The electrical 
operating current requirements are 11gurcd and specified on the basis of 
oht.1ining 20 grams pressure hctween all contacts; this margin heing 
allowecl so that no undue hardship will he experienced in maintaining 
the minimum requirement of l;) grams. 

Tlw insulating materials used throughout ha\'C heen carcfully 
studicd and thc hest materials known to the pn:sent day art have 
lx·cn uscd. Thus the wire used in the winding is insulated with a 
high grade cnamcl and the in~ulating papers on the core are prac
tically inert from an clcctrolytic corrosion standpoint. The coils 
are con•rcd with a scr\'ing of cotton, trcated with unbleached shcllac 
which acts as a seal against moisturc and protccts the winding from 
ahrasion. Thc phcnol fibrc used on the spool hcads and spring insu
lators is much supcrior to hanl ruhber in regard to its ability to with
stand a widc tcmpcraturc rangc without apprcciable expansion nr 
contraction. 

For this rcason it i,.; pcrmissihle to work thcse relays at hi~hcr 

templ'raturcs without 1langcr of firc hazanl or deterioration of the 
insulation than rclays insulated with hard ruhber parts. Thr,.;t• 
highcr tcmpcrature Iimits permit a wider uscfulness of thc rclay,.; in 
circuits as well as cconomy in construction as the size of thc coil 
oftcn depends on thl' necessary arca for radiation and this area is 
tixed hy the permi,..sihlc tempcrature range. 

\\'hl'rc the relays an: to rcmain opl'rated a con"idcral>lc lcngt h of 
time throughout th1• day thc annual power chargps hcconw important 
and thc cl('sign of the winding and in somc ca~l'" tlw ~izc of tlw spool 
must he altered to gi,·e thc minimum annual chargc. Thc group of 
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cur\"es in Fig. 15 show how nearly correct these relays have been 
designed for condit ions whcre the operating amperc-turns arc 2GO 
and the relays remain opcratecl from GO to GOO minutes per day. 
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Fig. 15 

The capital cost and annual charge ligmcs should he ta kcn as rclat i,·e 
only as thc correct values will , ·ary with manufactming conditions 
a nd with the cost of power for diiTcrent localitics. 
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Otlwr dt•,.,igns of rl•l,1ys tl,.,l·d t•xtt'thivl'ly in tlw tt·ll'phonc plant 
an· tlll' rel.iys th.1t contrul thc ,.,IIJ>l'I'Yi,.,ion of a tl'lt·phont• rontH'rtion 
and tlw ,iltt:rn.lting cnrrent rcl.iys which opl'r,ltl' on ringing currC'nts 
of lti to :!tlcydl's frequt•Jw~·. 

Rebys \\ hich .1n• w~:d for snpen·isory purposcs and altt·rnating 
current rl'lays an· gl'ncrally t'Oibtrncted of silicon ,.,teel instead of 
thc cu-.tomary :\or.Y.l)' or magnetic iron. Thc ,.,jlicon steel is n·ry 

Fi~:. 16 

s.1tisf.1ctory for thcs<• rclays hecausc of its comparati,·ely high pC'rnlC'a
hility, low cocrcivc forcc and small hystcrc~is. Thc high pcrmcability 
is a<h·antageous for rclays t hat an' required to opcratc on a ,·ery small 
cnl'rgy input and thc low coerf'in• force is ,·cry cfTcctiYe for ohtaining 
a quick and po,.,itivc rcleasc of the rclay armaturc, particularly whcrc 
a lcak currC'nt exists duc to faulty line insulation. ..-\ great improvc
nwnt in many of thcse rclays can hc outaincd by thc usc of ccrtain 
nickl·l-iron alloys which ha,·c bccn rcccntly dc\·C'Iopcd and arc known 
as ''Permalloy." 

..-\ rclay for use on ringing currents is shown in Fig. lG. Thc arma
ture "A'' of this relay is attracted to the bifurcated cxtensions of thc 
core "B." One of thcse core extensions is completcly surroundC'd 
by apart of the ropper spool hcad "C." This arrangemcnt i;~ known 
a,; pole "shading" or pha~ splitting and is uscd to producc a suh
stantially steady pull on thc armature when thc rclay is energizcJ 
by singlc phasc altC'rnating currcnt. 

Rdcrring to Fig. 11 thc thcory of operation is shown by consider
ing the ..-cctor diagram in conncction with the schcmatic drawing 
of thC' rclay corc and armaturc. \\'hcn an altC'rnating currC'nt is 
applicd to tlw winding wc can asstunethat an altcrnating !lux 2 <Pm is 
gencratcd in thc cnrc. This tlux diYidcs into two approximately 
cqual parts in thc two hifurratcd cxtcnsions of thc rorc. If thcsc 
two !luxcs can be displaccd in time pha,.,c it is c\·idcnt that thc arma
turC' will be attrarted hy onc nf the bifurratcd C'X!t'lbion,; of thc cnn•, 
while thc flux, and wnscqucntly thc attraction nf the other, is passing 
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through zcro. This may hc cxplaincd by thc vector diagram in which 
E2 reprcsents thc induccd voltagc in thc short circuited copper ring 
duc to thc altcrnating tlux cPm· Thc currcnt in thc copper ring / 2 

lags bchind thc voltagc E2 as shown anti thc flux duc to this current 

Fig. 17 

is cf>,. This flux cf>r has a magnctic path through thc bifurcatcd pole 
picccs anti armatme as shown by thc arrows. Following out tlw 
arrows it will bc seen that this flux adds to thc flux cf>m in thc upper 
part and subtracts in thc lowcr part of thc two corc cxtensions. 

The vcctor addition and subtraction of thesc two fluxcs rcsults in 
two vcctors cf>m+cPr anti cf>m-cf>r, each of which rcprescnts a llux that 
crosscs an air-gap to attract thc armature. These two fluxes diiTcr 
in time phasc as reprcscntcd by thc angle "B" so that a substantially 
constant attraction rcsults on thc armaturc. The operation of thc 
relay under thesc conditions is very much the samcasthat of a dircct 
current rclay as no vihration or chattcr of the armaturc or CO!ltacts 
orcurs. Thc minimum cffecti,·e alternating current amperc-turns 
requirccl for operation are iO to 100 amperc-turns. 

Such a relay, of course, operates on direct current ;ts weil as on 
alternating current ancl in fact tlw direct currcnt SUJWITisory rclays 
are quitc similar to thcsc relays in Jlll'chanical dcsign. 
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Fi~. IS slwws thc de,..ign fc.ltures for tlw Sll(wn·isory and ringing 
fn·qut'IH'Y rel.1ys. ln this li~ure thc windin~ has lwt·n omitted so 
.1s to ,..how dc.1rly tlw Ullll ... u.dl~· ,..mall eore. This cnn,..truction is 
t'-'pl'eially ellieient in eircuib \\ hcre the rd.1y recci\·cs at times a 

-.7'~ ..,- '\ 

Fig. 18 

wry small amount of cnergy for opcration and must also rcleasc 
reli.lbly against a leak currcnt immediatcly aftcr operati011 by a com
paratin·ly large amount of cnergy. The small corc saturates mag
netically on a rclativcly small currcnt or cnergy so that cxccssi\'e 
cncrgy docs not store up additional magnctism which would rctard 
or pren·nt the rclease of the rclay. 

Rcferring further to Fig. 18 thc micrometcr scrcws "A" and "B'' 
are uscd to adjust thc back and front contacts rcspcctivcly, and to 
tix both thc unoperatcd and opcratcd positions of thc armaturc. 
Thc SC"rcw "C" is uscd to control an armaturc rcstoring spring which 
i.;; in thc form of a flat spring ri\'ctcd to the armaturc. These 
rel.iys arc gcncrally proddcd with individual co\'crs which arc cffccti\·e 
in prcn•nting cross talk of tclcphonc \·oicc frcqucneics whcn uscd 
as supen·isory rclays in telephonc switchboanJs. 



A Dynamical Study of the Vowel Sounds 
By I . B . CRAN DALL and C. F . SACIA 

bTRODUCTIOX 

T HE study of the vowcl sounds presents a problern which has 
interested scicntists and scholars in \ 'a ricd fields. A knowl

edge of their nature is of fundamental importance not only in com
munication engincering but also in acoustic sciencc, phonetics and 
vocal rnusic. From thc earlicst thcorics and the rough cxperiments 
of \\'illi s ( IS2U) ancl Helmholtz ( ISI>!J) to the latcr rneasurcrncnts 
of D. C. l\ l iller ( I UIG) steacly progress has bccn made towan l the 
accurate detcrmination of their charactcristics. 

Further progrcss in this stucly has bcen macle possible with im
proYcd facilitics now a\·ai lablc in thc tclephonc research laboratory. 
I t has bcen feit that thcrc was ncccl for more accuratc rccords of 
thc spoken sounds and thc clcvelopment of imprO\·ed transmitters, 
amplifiers and othcr de\·iccs has macle possib lc rccorcling apparatus 
of greater accuracy, rangc and power tha n any hcretoforc usecl. 

In this papcr will bc givcn thc rcsults of an analysis of spoken 
vowcl sound s bascd on a sct of accurate oscillographic recorcls. The 
rcconlin g apparat us was dcsigncd to rccord thc waYc forms of thc 
different speech souncls pract ica lly frce frorn distortion onr the 
frcquency range from 100 to 5000 cyclcs. A brief clescription of 
this apparatus is gin•n in the a ppcnclix. The cmphasis in the prcscnt 
papcr is placcd on thc composite frequency characteristics of the 
sounds as rc\·calcd hy a particular methocl of a na lyzin g the rccords so 
obtained. 

, \:-:ALYSh OF TIIE D.\T.-\ 

Thc thirtcen vowt"l sounds im·cstigatecl are shown arrangcd in 
a triangle in Fig. I. Tbc diphthongs 011, "<<', y and long i are not 
ind udl'<l. Eight records of cach sound wcrc takt"n, four hy male 
ancl four by fl'mak speakt"rs. ln speaking tlll'sl' so111His thc on ly 
constraint imposcd on thc speakcrs was that thc sound should hc 
completl'ly uttered within an inll'r\'al of orw scnmd. The recorcling 
nwchanism was so arranged that tlw whole of thc sound from hegin
ning tu end was rl'cordl'd in one continuous graph. ln practicc thc 
avcrage duration of these soUIHis was ahout o.:W second. Each 
rcconJ shows a St'<Jlll'nce of growth and cll'cay in amplitmle some
wlw.t as follows: lirst a pcriod of rapid growth in amplitucle Iasting 
ahout .0 1 sccond during which all componcn ts are fJUickly produccd 
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.111d ri,.,e nc.trly to nt.tximum <l lltplitudl' ; :-ecotul .t t11iddh· pt·riod in 
which thl' J.:l'tll'ral .tmplitudl· i~ ncarly con~t.tllt hut "it h Ltr~ in~ 

ph.t".l' rl'l.rtion~ l•t.·twt.•t•n the dilll'rl'nt t' lllllJllllll'llt~ .111d l.t~ting ;tht~ut 

II. I i "l't'ond; and Jinally ;t peri11d of gradu.d dt·t·ay l.t~ting .tl untt 
.ml :-l'l'Otlll in whidt ;dl the l'11111p"nt·nt~ di~appl'ar. :\ typical n·t·11nl 
!'\O nbtainl'd i,., :-hown in Fi).!'. :! . 

.-\ ltrid tk,.,cription of the mctht~d of llll'ehanieally analyzing st:ch 
a reconl j,., gin·n in the appt.•ndix. Thc t•s:-l'ntial poinl of tht· an.tly,.,is 
i" that thc whole rccnrcl fro111 slarl to tinish is takl'n a!'\ tlw uuit for 
analy,.,is and the data oht;tinet.l arc thcrdort• thc an·ragc t·harac
tcristies of the !'\numb throughout their duration. 

oo(pool) 

lt is usual to cxhibit the properlies of a \·owel sound in a spectrum 
diagram showing thc amplitudc of the component , ·ihration s as a 
function of thcir pitchl·,., or frequl'ncies. For cach \·owcl !'\outul thcrc 
are, in addition to fun(Lllncntal tones, ccrtain l'haracll'ristie reginns 
of rl'sonance which may ht· at high or low frequt·ncies. l t would 
be possihle frorn the rcsulls of this analysis lo present thc souncl 
spectra of cach ,·owel showing thc rclati\·e amplitudcs for thc dif
ferent frcquencics as prt.•st.·nt in the original air ,·ihration 1 ln1t this 
treatment has bcen moditied to takc into atTount tht· rl'l a tin· irn
portancc of thc various pitche". in hearing. l 'sing thl' data a \·ail.tble 

I ln (lrC\'ious puhlic..ttions (Pit _vs. R<'l'. XIX, 11)22, p. ns. Fi~. i, and 8(1/ Sysltm 
Tulwiwl lourt~al, \ 'ol. I, '\o. I, p. IH.l d<tl..t havc l:wen givcn ~howing thc aLlu..tl 
distriLut ion of t·m·r~o:y in anr<~~o;t· ~fl!'cch. Tht· tremcnclous t·onn·n1 r.ttion of cno·rgy 
in thc lowcr fre<tut·ncics is somcwhat mislcading unlt·~~ account is ab:.> t.tkcn o! 
thl' much rcdun-..1 !>t:O~iti,·ity o! thl' car in this region. 
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on thc rclati\·c !'ensitivity uf thc car at different frcqucncics~ wc 
have multipliecl the acoustic a mplitudc at each frequency by the 
corresponcling ear scnsitivity factor and the results obtaincd are 
taken to be the efTcctive amplituclc frequency relations which are 
charactcristic of thcsc sounds. 

The data from the four male recorcls and from the four fem alc 
records of each sound are separately compositecl ancl thc rcsulting 
cun·es are shown in the diagram (Fig. 3). This compositing process 
was somewhat laborious bccause the analyscs of the separate rccords 
\\'Grc madc not with refercnce to preclctcrminecl frcquency scttings, 
but rather for those critical frequencics which bcst detcrmincd the 
shape5 of the St)ectrum curws. The individual curves wcrc thcrc
fore plotted, and the average ordinates wcrc then read off for small 
intervals of pitch. These ordinates werc then anraged for each 
group of four analyses. These awrage ordinates (aftcr bcing cor
rccted for thc calibration of thc recording apparatus) wcrc then 
multiplied by the ear sensitivity factors for the corresponding fre
quencies, 1111d the curvcs so obtaincd wcrc plotted on thc mu :oical 
pitch scalc according to thc usual pract icc. The final spcctrum 
diagram thus show! the relat ive importancc of the amplitudcs of 
a ll the components of cach vowcl for male and fcmale speakcrs. 

The amplituclc units are enti rcly arbitrary; it is on ly thc shapes, 
not the sizcs of thcse curns which have any significance. Thc ordcr 
in which these curvcs a re a rrangecl is based upon the vowcl tri a ngle 
in Fig. 1. 

CHARACTERISTICS OF THE \ 'o\\'EL SoeNDS 

Tbc rci'ults .. o f the ana lyses, as giwn in Fig. 3 show thc essential 
dynamical propcrties of thcse sounds. Consider first thc sou nd!ö 
numbered I to VI, which indudc those vowcls usually dcsigna tcd 
as having si nglc rcgions o[ rcsonance. l'rogrcssing through the 
scqucncc from I to \ ' 1 this region of rcsonancc rises in a \·cragc fre
qucncy and bccomes narrowcr in rangc. The rise in avcragc frc
quency i~ of coursc a weil known charactcristic. Thcrc is also, at 
ll'ast with thc male voices, a somewhat scattcred and lcss weil dcfincd 
high frcqucn cy range . of rcsonancc, pcrhaps not essential in spcech 
but morc highly developcd in wcll-trainccl singing voiccs. 

Thc sound a (1'\o. V I) is as it wcrc the ccnkr of gravity of thc 
vowel diagram and occupies thc kcy position in thc phonetics of 

1 See this Journill Vol. II, No. 4, Octobcr, 1923. Thc papcr on audition, by II. 
Fletehershows a cut of the "Thrcshold of Audibility" cur\'e from which tbcse data 
wer• obtain~d. 
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mo,;t l.1ngu.1ges. :\ow nm,;ider thc ~equencc from this sountl to 
:\o. XIII .11 thc l'lld of the di.1gr.un; tlll'se smmds include most nf 
tlw,.e whidt an· known to h,n·l' two ch,,r;H·ll'ristir r('gion~ of rc!'onance. 
The n1.1in rq~ion of re,.;on.IIH'l' now di,·itll·:-; into two parts which 
c:r.tdu.llly n·cedl· from l'.ICh otlwr a,; Wl' follnw the diagram down
w.ud,;. l~ound X (a) j,.; dit1icult to lit into tlw diagram in an exat·t 
po:;ition. l•ut it is l·vident that it l~t.•longs in the :-;eric,; of douhly-rc,...o
nant \'0\\ek) 

Contour lines (ncarly vcrtical) havc been drawn on thc diagram 
to indicatc thc progrcssiYe changes in rcgions of rcsonancc. View
ing thc diagram as a wholc it is importanl to consider not only the 
location of thc rcsonant ranges l.Jut also thcir extcnt, and tlwir relative 
:;epar.ttion from other resOJtant rangcs in ordcr to arrivc at the essential 
ch.tracteri,...tics of thc vowel sound. Jn othcr words the individual 
vowel char.tctcristic depends not only on the al.Jsolute pitch lmt on 
thc rl·latin· pitches in case there is more than onc regiou of n:sonance. 
It is only in thi~ way that we can explain what is a matter of uni
vers.d cxperiencc in using thc phonograph; namcly that moderate 
vari.1tions from normal :-;pl'l'd in n:cording and rl'producing spccch 
kaYc the ,·owcl sound,; ,;till inll'lligiblc. 

lt j,. eXJH'Ctcd to deal in a latt·r pul.Jiication with the semi-vowel 
sounds /, 11~, 11, 111 which "t'l'lll tobe related to thc generaldiagram of 
thc vowcl ,...ounds, and on which a preliminary report has already 
l.Jecn m.Hie3. 
T~e more intcrc,;ting fcaturcs of the original records as such will 

.dso bc dt•alt with in a sub,...cqucnt puiJlication. 

AI'PE:\DIX 

Recordi11g and Analysis of l'owel Sou1uls 

RECURlli:\G APP.\R.\TL'S 

Thc apparatu", u,.cd in recording ronsistcd of a condl'nser tran",
mittC'r, an amplifier, and an oscillograph, in which important modifica
tions werc made. Thc \ ·i l.Jrator was giYcn great ,;ti!Tnl'ss and damp
ing so that the frequency rc::;pun~c of the vil.Jrator wa,; nearly uni
form up to .-.uoo cyclcs. Inslead of the usual 12 inch film, special 
film ;jl inchl·,... in kngth was u,-ed. This lll'Ce~,...itall'd a murh !arger 
film drum. Furthermore the desirl·d length of thc rl·rord was ,tbout 
four times the circumfcn:nce of the film drum, ~o the shuttl·r was 
arr.mged to stay open during fuur rc\·olutions whilc the vibrator was 

1 Ph.vs. Rro. 2.l, lfl.?.t, p. 30?-"l'reliminary Analysis oll·uur S..-mi·\'o\\t'l Sounds." 
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givcn a ~low uniform rotation about its , ·crtical axis. \\'ith the 
film un the drum, thc rccord thus had a lwlical form. In this way 
records of the rcqui~itc length were ubtained. 

Thc condenser tran:-;mitter was of the type den·loped by E. C. 
\\'ente, its charactcri:-;tics comhining with tlw~e of the amplitier and 
oscillograph \"ibrator in such a way that the combined amplitudc 
responsc for the wholc system was fairly uniform up tu 5000 cycles, 
whilc thc phasc lag was approximately a linear function of frcqucncy 
on·r thc same range. This apparatu~ was thcrcfore weil adaptcd to 
thc production of faithful reconls of the vowcl sounds. The photo
graphic equipment permitted the u~c of a time scale as great as six 
metcrs per sccond on thc record (i.c. 2 inches=O.OI sec. ) 

TRAi\SFOIUIATIO:\ OF RECORDS FOR .:\;>;AL\"Sb~ 

Thc oscillograms takcn with the abovc apparatus wcrc linc records; 
in order to analyze these wa,·e forms !Jy thc photo-mechanical mcthod 
outlined bclow, it was nccessary to transform thc line rccord into a 
!Jiack profilc. This was accomplishcd in thc following stcps: 

(I) .:\ positiYc print of thc wa\·c form on the original reconl was 
madc on motion picture tilm. 

(2) Thc cmulsion of the positive print was thcn cut through to 
thc ha~c along thc line of the wave !Jy means uf a stylus. 

(:}) Thc cntirc strip was !Jiackened (on thc cmulsiun side) with 
printer's ink. 

(-1) Thc cmulsion on one sidc of the wm·c was strippcd from thc 
basc, thus lca\·ing the prufile. 

(5) Thc bcginning aml end wcrc joinl'd to form an cndless helt. 

I'IIOTo-:\IECII.\:SIC.\L :\:S,\L\"~h OF TllE I'REI'.\RED RECDRD~4 

Thc principle of the photo-lltl'<"hanical analy~i~ is a~ follows: Thc 
molion of the strip pa~t tht• imagt• of an illuminated slit causcs Huc
tuations in a !Jcam of transmitt<'d light which in turn, producc valt
age lluctuation:-; in thc circuit containing a selenium or photo-clcctric 
cell. This n>ltagc i~ thcn analyzt'd l>y nwans of a tuned circuit, 
an amplifi<·r and a tTctilit'r. The frequency of any componcnt 
selected in this manner is deterlllined l>y the tuning frequcncy dividcd 
by tlw ratio of ~])('l'd tran"forlllation (analysis spc<'d <.liYided l>y thc 
original spt'ed of recording). Tlw nu·asun·d amplitude of thc selcctcd 

• Phys. R t'tl. 23, 192-t, p .. ~O'J II is pla nned t o publish a morc dclailcd dcsnip-
l ion of l his appa ra tus Iai er. 



jM>. 



236 BELL SYSTE.ll TEC/1.\'/CAL JOUR.\'AL 

ginn a slow uniform rotation about its \'\:rtical axis. \\'ith the 
film on thc drum, thc record thus had a helic-al form. In this way 
rcconls of the requisite length were ol,tained. 

Thc condenser transmitter was of the type dc\"clopcd by E. C. 
\\'entl', its characteristics combining with those of the amplificr and 
oscillograph viurator in such a way that the combined amplitude 
response for the whole system was fairly uniform up tu 5000 cycles, 
while the phase lag- was approximately a linear function of frequency 
O\"er the same rangc. This apparatus was thcrefore weil adapted to 
the production of faithful records of the \"owel sounds. Thc photo
graphic cquipment pcrmitted thc use of a time scalc as gn.:at as six 
meters per sccond on the record (i.e. 2 inches = O.Ol sec.) 

TR,\XSFOR~L\TIO=" OF RECO!ms FOR ANALY~rs4 

The oscillograms takcn with the auo\"c apparatus wcrc linc rccords; 
in order to analyzc these Wa\·c forms uy the photo-mcchan ical method 
ontlincd uclow, it was ncccssary to transform thc linc rccord into a 
Llack profile. This was accomplishcd in thc following steps: 

(1) A positiYc print of thc wa\"C form on thc original rccord was 
madc on motion picturc film. 

(2) The emulsion of the positi\"c print was tlwn cut through to 
the ua~e a}ong thc line of the \\"a\"C uy means of a stylus. 

0) Thc cntirc st rip was blackcncd (on thc cmulsion sidc) with 
printer's ink. 

(-! ) The emnlsion on onc sidc of thc wa\"c was stripped from the 
uase, thus lea\·ing thc profilc. 

(;'>) Thc ueginning and end \\"Cre joined to form an endless belt. 

The principle of thc photo-mcchanical analysis is as follows: Thc 
motion of the strip past the image of an illuminated slit causes lluc
tuations in a IJl·am of Iransmitted light which in turn, prounce \·olt
age lluctuations in tht· circnit containing a Sl'l<'nium or photo-elcctric 
cdl. This Yoltage is tlwn analyzl'd by means of a tuncd circuit, 
an am plifin and a rel'lil]cr. TIH' fn·qu<'ncy of any component 
sl'll·ctl'd in this manner is dctermitwd l'y thc tuning fn:qucncy dividcd 
hy thc ratio of Spl'l'd transformation (a naJp,is !-oj)l'l'd tliYidcd U)' thc 
original SJll'l'd uf recording). Thc nll'asured amplitwlc of thc sclected 

• Phys. R,·~. 23, ICJ2~. p. 309 h is planneu lo puhlish a more dt:laill'u desrrip-
1 ion of t his apparatus latcr. 



1osec. 

1.3zsec. 

Fig. 2-oo as in pool; spoken by 1!. B.-male, low pitched . Pla te No. 2 : made from film record No. 157-A. 
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component i" dt•tt·rminl'd hy thl' rt"etitier output, tht• "t•n"iti\ ity i.tctor 
of thl' "''ll'nium cell anti thl' .trt\l of the fn·qtwncy rt'"l~•n"t· ntrn· of 
the tuning .tpp.tratu". 

Sinn' the wan· form of a \"uwd ~ound i~ not a trttl' periotlie fum·
tion, it is repre~cntl'd .tn;dytically hy a Fourier Integral, not hy a 
Fourier Series. The rontinued rqwtitiou of thc motion of the wan· 
p.1st the slit, howen·r, huilds up a periodic function ronsisting of 
a futH.l.unental anti a scrics of h;trmonies. The magnitudes of thcse 
components hcar a simple rdation to tho,.,e of thc intinitesimal com
pouents of corresponding frcquencies in the Fourier Integral. l t 
is this series of harmonics which is measurl·tl hy thc al.Jo,·e methorl, 
henre the proulem of analyzing thc aperiOllic function representl·d 
in the rerord is sokcd by means of thc rclated periodic funrtion. 



H umidi ty Recorders 
By E. B. WHEELER 

D CR!i\G rccent years, the study of atmosphcric conclitions and 
their bearing on various industrial problems from the stand

point both of their efTects on human efficiency and on manufacturing 
processes, is a matter that has recciYed much attention, and the use 
of air conditioning systems, which have bcen dcYeloped in the last 
fcw years, has resultcd in greatly impro\'cd working condit ions, as 
wcll as in incrcased outputs of manufactured products of better 
quality than obtainable when airconditioningwas not employed. 

It is not so well apprcciatecl, perhaps, that atmosphcric comlitions 
ha,·c a material cffect upon the operation of intricate clectrical and 
mechanical apparat us, such as those found in telephonc systcms. 

\Vater Yapor, and both gaseous and solid impuritics in the ai r , 
hasten oxidation and corrosion of metals and also reduce the Yaluc of 
the insulation atTordcd by insulating materials. These cffects usually 
a re grcatly accelcratcd if the temperatureishigh and if the matcr ials 
are subjectcd to diffcrcnccs of clectrical potential. Tckphone ap
paratus and cquipment consist of combinations of matcrials whiLh 
are subject tu Loth of thesc cfTccts and, in gencral, the parts are small 
and the matcrials used in making them must be carefully chosen 
with rcgard to the ncccssary physical and clectrical properties rcquired 
for proper functioning of the apparatus. Thcrcfore, the scYere 
atmospheric conditions, which may bc encountercd in servicc, cither 
must be eliminatcd by thc use of air concl itioning systems or the 
apparatus must bc designcd to withstand those conditions. 

Accordingly, in orclcr that thc problem may be hanclled intelligcntly, 
accuratc information must be ava ilablc showing the character of thc 
atmosphcric conditions which exist in typical localities where tele
phone eq uipment is installecl, so that the cfTects of thcsc conditions 
on proposcd dcsigns may bc stucliccl under carefully controlhl ~imilar 
conditions in laboratory "humicl ity rooms." .An outl ine of some of 
the work which has been clone in an cfTort to obtain such information 
may thercfore bc of intcrcst. 

·i·he lirst recoursc would sccm tobe the data rccmded by thc \"arious 
stations of thc United Statcs \\'eatlwr Bu n·au. I Jowc\"cr, sincc 
these data usually rcprescnt periodic obser\"ations of outdoor con
cli 1 ions which are obtaincd primarily for nwtcorologi('al purposes, 
it was found that while thcy inclicate the gencral climatic conditions 
of different localitics, thcy can not be taken to rcprescnt typical 
conditions in ccntral oftice l>uildings, and thereforc it has becn 

238 
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neccssary to Oc\·isc mcthods hy which we might secure such 
informatit>n. 

The subjcct nf hygromNry has long J,ccn one of thc problems tu 
which ,·arious inn~stigators haYc gi,·cn attcntion and the rcsults of 
thcir work arc a matter of rccnnl. 

Thus it has bcen rceognized 1 that, hccausc of its easc of manipub
tion and its accuracy if suitahlc precantions are obscrvcd, thc n·nti
lated psyehromctcr is a :;.uitahlc instrument for use in humidity 
measurcments. 

Considcration of tht• \·arious typcs of hygromctcrs, commt•rcially 
a\·ailablc, indicatcd howe\·cr, that nonc would be suitablc if rcli,tble 
continuous recorJs wcrc lo bc sccureJ. The usc of simple wct bulh 
-dry bulb hygromctcrs would rcquire practically constant attendance 
if frequent nbscrvations werc made, anJ thc rcsults would not be 
arcuratc unlcss arrangcments werc madc to circulate thc air on·r 
thc wct bulb. A pcn rccordcr of the circular chart type to reconl 
wct and dry bulb temperaturcs had been used during one summcr 
in a telephonecentrat otlice where the humidity conditions were sc\·cre, 
Lut the results secured were not considered reliahle because of the un
s.Hisfactory method uscd to Yentilate the wet bulb, as wl'll as the 
slu~gishness of thc rccordcr clue to pcn friction on the chart. 

Considcrablc cxpcriencc in the laboratory with a recording hair 
hygromcter also had shown that, in addition to thc inaccuracies to 
which hair hygrometcrs are commonly subjcct, thc friction in the 
Iever mcchanism and bctween thc pcn and thc chart made thc instru
mcnt too crratic to be considcred of possiblc use in the work being 
undcrtakt·n. Accordingly, a study was madc to Jeterminc the 
pos:;ibility of dcn·loping apparatus \\ hich would onrcome thc troublcs 
inht·rcnt in such recorders. 

DE\"ELOI'~IE~T OF A RECORDIXG IIYGRO:\II,TER 

A promising mcthod, dewloped by D. T. ;\ lay of thc ßl'll Sy~tem 
Laboratories and opcratcd succcssfully in thc laboratory, consistcJ 
in the usc of accuralc and matchcd mcrcury thermometcrs, thc stcms 
of which werc contained in a camcra which would enable thc hl'ights 
of thc mcrcury columns to hc photographed upon a roll of scnsitized 
paper. Arrangements werc made for shifting the paper Ll'lwccn 

1 l". S. \\"eathcr ßureau l'sychrometric Tables lor Ohtainin~ lhc \'apor-Prc~~ure, 
Rclative I lumidity and Tem~lt.!ralure ol thc Dew-l'oinl lrom i{cadings ol thc \\"ct 
and Dry ßulb Thermometers, by C. S. :\bn·in. 

Proceedin~s olthe Physical Socicty ol London, Feb. 15, 1922. The :\lc.lsurcment 
ol Atmospheric Humidity, by Sir Xapier Shaw. 
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exposures, and a :-;mall exhaust biower was proviucd fur circulating 
the air o\·er thc wet bulb. Thc whole app;tratus was control led 
clectrically by a clock and was arrangcd to reconl the wl't and dry 
bulb temperatures at any desired time inten·al. \\"hen the com
plete record roll harl becn exposed it was remon•d and upon de,·clop
ment showed the thermometer readings from which the corrcsponding 
humiditics could be found in thc psychromctric tables. \\"hile this 
type of recorder would no doubt ha,·e enahlcd accurate informa
tion to be obtained, it had two inhercnt objcctions. These were, 
first, the bulkiness of the complet e equipment which had tobe placed 
at the location where the conditions were to he determined and, 

Fig. ( - Bridge Circuit of DiiTPr<·nce Recorder 

secnnd, the thcrmomcters could not bc rcad !Jccausc their stems 
were within tlw camcra box, and thcrdore, tiH.' humiditics and tcm
perat ures measurcd cou ld not Iw asecrtaincd until t hc record had 
bccn dc,·dopcd. 
t Accordingly, at this time, consideration was gi,·cn to a type of 
mechanism which would produce a visiiJie record upon a chart con
tinuously available fur obs<n·atimt hy thc operator. lt was found 
that the Leeds & :'\orthrup automatic recorder had Ileen in com
mercialuse for somc time for thc mcasurcmcnt of furnacc temperatures, 
by mcans of thermocouplcs in conjunction with an automatically 
adjusted potcntionwtcr circuit. Thc samc type of recorder abo had 
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Fi):. -~ Tt·mp,·raturc and Dill<·n·nn: Recorder 
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been used for recording temperatures and differences between two 
temperatures by means of resistance thermomctcrs and a \\"hcatstonc 
bridge arrangement. As it scemed fcasible to aclapt this instrument 
to mect our rcquircmcnts, the double \\'heatstone bridgc circuit 
shown in Fig. 1 and thc auxilial)' wind tunnel equipment with resist
ance thcrmomcters shown in Fig. 2 werc developcd. Fig. 3 is an 
illustration of the Leecis & :\'orthrup recorder used. 

This recorder was arranged to measure thc resistance of the dry 
bulb thermometer and thc difference between the resistances of thc 
dry and wet thermometers, and to record these values upon a chart. 
Rcferring to the circuit diagram Fig. 1, it may be seen that, Ly mcans 
of a relay whose operation is controlled by the commutator on the 
recorder mechanism, the two \Vheatstonc bridges, one containing the 
dry bulb thermomcter, and thc other containing both the dry and 
wet bulb thermometers, may bc balanced alternately by the recorder. 
After a sufficient interval has elapscd in each case for the bridge to 
become balanced the siphon pcn is lowcred into contact with the 
chart by a cam mechanism and the point of balance thus rccorded. 
The record thus procluccd consists of dotted curYes showing thc 
successivc indications of dry bulb tempcrature and difTcrence be
twccn dry and wct Lulb temperaturcs. 

ln order to sccure the desired accuracy and sufncient scnsitivity 
to follow thc changes in temperatnre, the resistance thcrrnomcters 
used consist of platintim wirc wound on rnica cards and cncased 
in flat nicke! sih·er tubes with hard rubher ferrules. These arc 
attachcd to a brass junction box in which is terminated the four 
conductor cahlc lcading to the recorder mechanism. 

The thcrmomctcrs are encloscd in slotted hrass tubes through which 
the air is drawn by a small biower driven Ly a uni,·ersal motor. 
1\Jounted below thcsc tuhcs is a shallow, covered water tank having 
a slot in the cm·cr bencath the wet bulb thcrmomctcr through which 
the wick projects into thc water. Thc desircd water Ievel in the 
tank is secured by an inverted watcr bottle, the neck of which projects 
into anothcr opening in the co\·er of the tank. 

Thc wind tunncl cquiprnent2 containing the resistance thcnnomctcrs 
may Lc placed at any dcsired dist;111ce frorn the rccordcr mcchanism, 
as thc rcsistanccs of thc . thcrrnometcr Ieads havc no cffcct upon thc 
measurcrncnts providcd they arc cqual. Leads consisting of a four 
conductor ruhher insulatcd Iead eo,·ered cahlc frorn 50 fcet to 100 fcct 
in length havc bccn uscd. 

~Thc wind tunnt•l and cquiprncnt is quitc similar in opcrat ion to the "dislancc 
hygrornctcr," Sei. Am. Junc ö, 1914, p. 4öli, 
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:\::> Oll\.'nf tiH· ditlinlltil',..t'II!'Pttlltt·rnl in the tl~t·nf tht· \\l't hu(J, thn
momt•ll'r ron,..i~ts in tlw gr.ulual dn~-:~-:in~-: aud drying- up uf the wirk 
duc to the accumulation pf impurities ldt in it from th<' c\·aporatiott_ 
of thc water, togl'tlwr with thc du,;t which settle,; from the air which is 
drawn ovcr it, speci.tl carc nm,;t !Je taken to guard against trouJ,le 
front thic; sourre. Thc cotton fabric uscd for thc wicks which con:r 

Fi.:. 4 \"entilatcd Psychrometer 

the wct buliJ mu,..t hc treatcd to remo\·c all traccs of grea~. wit h 
subscquent thorough washing to rc·mo,·e all traccs of corrosi,·e material. 
After this, thc wicks should bc handlcd only with thoroughly clcaned 
hands hcforc thcy are plared nn the thcrmomcters. The"e wicks 
should he rhangecl daily. Pure distillcd water must bc u,.;cd in tlw 
tanks and they mu,:t bc cleanscd occasionally lwrau~c they beromc 
contaminatcd by the impuritics washcd out of thc air as it buhhles 
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through the water. By rigid observance of such precautions 110 

difficulty ~hould be cxperienced in securing accurate records hy means 
of thi<; recorder. 

LAßORATOR\" TESTS 

Several of these reconlcr mechanisms were built and after having 
been adjusted to operate satisfactorily, each wind tunncl equipment 
connectcd to its associated recorder was placed in a Iabaratory room 
controlled by air comlitioning equipment, and gi,·en a run to test its 
operation under the range of conditions which might he expected to 
occur at the localities whcre the recorders were tobe installed. During 
this test, the readings gi,·en by the rccorder were compared with 
those ohtained with a ventilated psychrometer, Fig. 4, equipped with 
accurate wet and dry bulb thermomcters. Table I following gi,·es a 
summary of the readings ohtained in calibrating nne of the recorders, 
while Fig. ;j shows a typical 12 hour record ohtained in one of the 
Iabaratory rooms. 

TABLE I 

\"E:-;TIL.\TED Ps\TlllW~IETER LEEDS & :\ORTIIRl"P RECORDER 
Per 

Difference Relative Difference Relati\"e 
Cent 

Dry hetween Dry bctween I )iffer-
Bulh Dry aml \\"ct l l umidity ßulh Dry and \\"et llumidit\· encc 

Tcmp. F 0 

Bulb, Temp. F 0 Per Cent Tcmp. F 0 

ßulh, Tcmp. F 0 !'er Cent 

ii.9 t 1.5 5.J.O 77.8 11.1 55.5 +2.8 
7i.l 10.2 58.0 i7.0 9.9 59.5 +2.6 
i8 . .J 0.9 96.5 78.2 0.8 <Ji.O +0.5 
8.J..l 0.7 <Ji.O S.J..J 0.6 97.5 +U.5 
83.5 5.6 ii.5 83.6 5.6 ii.5 0.0 
s.u 10.8 S•J.S s.u t 0.5 60.5 +O.t 
9.'U 10.5 6.'U 98.2 10.5 65.5 O.tl 
(}8.3 I.U 57.0 98.3 I.U Si.O 0.0 
'>i..J 1.3 '>S.O 9i.il. 1.5 9.J.5 - 0.5 
'Ji.2 1.0 96.0 97.6 1.2 95.5 -0.5 

RderC'ncc to thc:;c tahulatcd , ·alues of rl'lative humiditics ohtained 
hy tlw two methods indicates that the recorder is capahle of gi,·ing 
rC'lial>k data particularly through tlw range of high humiditics whcrc 
thc C'ITC'cts on materials or apparatus C'Xposed to thc~c conditinns may 
hc largl'. DiiTiculty wa:s cxperienccd in mmparing the rcadings of 
thc two instmments duc to the scnsiti,·ity of the resistance thcr
momcters to :;light tcmpl'rature changes, and also duc to the slight 
differvnccs in tl'mperaturc betWC'('ll the two scts of thcrmomcters whid1 
IH'C'C'ssarily oC'curr('d hccausc th('y wcrc not in the samewind tunnel. 
This difficulty was l'ncountcrC'd particularly when the "humidity 
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room ," in which thc apparatus was locatcd, was undcr a thermostatic 
control which allowed a tcmperaturc variation of approximatcly 
±0.5° F. Howcvcr, thc calibration of thc rcsistancc thcrmomcters 
and thc scnsiti\·ity of thc bridges in which thcy arc placcd is such 
that tcmperaturcs and tcmpcratun· differcnccs arc rccnrdcd with an 
accuracy of ±Ho F. 

FIEI.IJ TRIALS 

In ordcr to detcrminc just what eombinations of tempcraturc and 
rclati,·c humidity prcvail in wirlely separater! localitics of thc L'nited 
Statcs, certain citics wcre sdected in which moisturc troublcs with 

~ " j. "". "" ~I r:)J~h ~ I j ~ l.. ' J ""' ""' 
~ 7D =~-. ~\ '1 '1 '·-..,.j ·.; ... 'J' .' .,, 1 '. .i ~ 1 ,~ ... ) .... \ ~ 'I ·,. ~ ..... 
- · · · •-r· 1·· , 1 1 
~ ". , 1 l I 

~ :J-+-+-+--+--+-+-+-!-I-t-+-+--t:=T.Tl'~LEPitON)Cl>.,.r!MP[lATUJ[ RlADINu>,_(IJ..R>r'-
~ lO ·····U S.W.B TEMPCRATURE REAOINGS (OUTOOOR~) 

Fig. 6 Comparison of Indoor and Outdoor Tcmpcraturcs and Rciati\'C 
I I umidit ics at Savannah, Ga. 

tclcpltotlc cquipment might hc cxpccted to occur, and at which !oral 
sta tions of tltc l'nitcd States \\"catlwr Bureau w<·rc located, so that 
comparisons might hc madc hetWL'l'll our records of indoor conditinns 
and the ohscrYations of outdoor conditions. 

Ten of thcsc instruments w1·rc installed in n·ntral ctliccs in ::-\cw 
York (:3) , Boston, SaYannah, ::-\ew Urlc;llls, t ' hicago, J\linncapolis, 
Houston and Scaltlc, from which records han· becn ohtained during 
the summer months of Hl21 and 1022. 
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From the d.1t.1 arcumulatcd in tiH•:-e ritics, comprehensi\·e infnrma
tinn has l>ccn ohtained as to thc duration of conditions of an·ragc 
and maximum st'\Trity whirh occur during- the humid months. I t i~ 
of intcrc~t to comp;Hc tlw \'alues of thc rcntral ollir.e conditions of 
tcmpcraturc and relati\'e humidity obtaincd from the recordcrs, with 
tlw corrcsponding- \\'cathcr Bureau obscr\'ations. Thc curn•s gi\'cn 
in Fig. Ii show a typical romparisoll from data ohtaincd at Sa,·annah, 
Ca., during :\I .Ly, Hl:!~. Study of thcse cur\·es shows that the indoor 
tcnqwrature a\'cragcd somcwhat higlwr than that out of doors, and 
that thc indoor rclati,·c humiditics wcrc scldom higher than 7.1~. 

although thc outdoor humidities often were highcr than ~;jf'"~ for 
considcrahle lcngths of time. Thc \\'cathcr l3 urcau data indicate 
n·ry definitely when rain sturm~ orcurrcd and a lso periods of high 
humidity, due pcrhaps to foggy weat her, although such periods ar(' 
not weil defim.'<l by the humidity curn•s showing thc indoor conditions. 

Sincc for a gi,·en absolute humidity, the relati,·e humidity \'arics 
in,·erscly with thc change in tcmperature of thc a ir, oll\'iously it 
should hc possiblc to kcep thc relati,·c humidity in a centrat officc 
building lowcr than that of thc outside air by keeping the windows 
dosed during pcriods of sudden temperature changes, and hy the use 
of heat in switchboard sections. This latter remedy for humidity 
troubles has bccn succcssfully appl ied for several years to switch
boards installed in somc localities. Also the cffects upon the indoor 
humidity and upon the performancc of central office equipment, of 
dosing the windows of centrat office rooms has been the suhject 
of considcrable inwstigation. 

In the study of this metlwd of reducing rclati\'e humidity, it is 
very dcsirable to haw records which will show continuously the dif
ferenccs cxisting hetween indoor and outdoor temperatures and 
rclati\'e humiditics, and in particular to study the efTects on the 
indoor conditions when sudden changes in atmospheric conditions 
occur such as rain storms when the relati,·e hnmidity outside reaches 
100~. lt was found that the automatic recorder dcscribcd ahove 
would !end itsclf admirably to the study of this problcm and that 
by the USl' of a simple n:lay switching mechanism on thc recordcr, 
two wind tunnel cquipments rould Iw operated with one recordcr, 
enabling tempcratures and diffcrcnces hctween dr): and wet bulb 
tempcratures to hc rl'cordcd altnnatcly on the samc chart for hoth 
indoor and outdoor condition!'. 

A recorder of this type was operated during the summcr rnonths 
of 1021 at the \\'cst Street lahoratories of thc \\'cstern Electric Co., 
lnc., to record the condition~ in a weil ,·entilated laboratory room 
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F1~: . i l<l'curd from I louhll' l<l'n>r<ll'r ( 'omparing lndoor .111d 
Uutdoor Condition~ 

I·= 



1/l'.\//IW/ }' IN.C!IHI>/:R., . 

. dHlll( :.!:1 f!'l'l ' :!j fpp( ;JIId IJ,I\ i11g (WO\\ incloWS C<ICIJ i11 tltl' (';t:-,( <tllcl 
south \\,dl.... rlll' \\incl tnnnelequipnwnt wa:-. in:-.t,dlcd at a lwight of 
:-.i:\ (,·,·t upon .1 pill.!r in tlw <·cntcr of thc ruom. ,\l•out ten JH:opl•· 
norm.lll\ \\ork in tlti:-. r«HIIIl. Th<· ontdoor conclitions w!'fe ol,t,1ined 
II\ mounting ,, wind tlllllh'lcquiptm•nt in a stan<brd \\\:ather Bureau 
in,.tntnH·nt sheltl'r plarl'd at tlw top of a towl'r, II feet high, which 
,.c,u1ds on tht· roof of .1 thn·c story huilding far t'll<lltgh away from 
".111:-. .111d ntlwr ol•st.lclt•s to permit fn·t· circulation of thc air. 

Fig-.. 7 and ::0. ..,Jww two typit·al 1:? hour n·conls npon which tlw 
indoor .111d outcloor rcl.ttin· hnmiditit·s han· lwen plottl'd from thc 
cnrn·.., of tt·tnpt·ra t ure,., ,111d tt·mpt·r.l t urt· di!Tcn·nces recordcd lty t hc 
in..,trutnt·nt. .\ study of thv:-.e rcconb indicate:-. that !arge di!Tcrcnces 
oftt'n ,.,j..,t hl'tWt·en thc indoor and outdoor nmditions and that tltc 
indoor rondition,. an· much le,.s sen·rc than might hc cxpt·ctcd wlwn 
the outdoor humidity i:-. high. This di!Ten·nn· is partit.:ularly noticc
ahlt· \\ lll'n the window" an· dosl'tl. l•ut as soon as thcy an· upcncd the 
indoor t•·mperatun· d<·cn·ast•s and tlw humidity gcncrally incrcascs 
to prani.:,dly tlll' ,..,,me ,-,dnl' as that of thc out:-.ide air. Fig. :-\ is 
of p.trtind.lr intt·n·:-.t in slwwin); tlw r;tpid dvcn·;tse in tlw outdoor 
tcmperatllrt' ancl incn•ast• in rebtin· humidity due to a thnnder
:-.torm. 

The an.tly,..i ... e~f the rccord,., olttainl'd from ;t numlwr of n.·conlers 
which n·cord tt·mpcraturl' ancl dilkrcnce bl'twl't'n dry and wct lmlh 
temper,ltnn· rl'qllirl's cothideraltlt• Iabor in ohtaining thc corrcspond
ing rcl.uin· humiditil's from tlw p,.ychromctric u:l•les öltHI. ohviously. 
periodic \·aluc:-. onl~· can he takt·n unles,; somt· rapid nwchanical 
metlltld uf doing this is Pmplop·d. Such nwthuds h;tn·lll'en dt·,·doped 
anti lht'tl stwce:-.,;fully for this purpo:-.e. 

,\ :\EW DtREI T Rt·:.\tll\l; ltDIItiiTY RECOIWER 

.-\ much morc ,;;tti-.factory type uf rccordcr is onc \\hich, in additiun 
to trat·ing- tlw tcmpcraturc cun·t•, traccs a cun·L· of the n·bti\·t· 
humidity. The only in:-.trunwnt uf any promint·twe that has 1)1'1'11 

u ... t·d in thi,., \\a~· i:-. thc renmling hair h~·grnnll'tt·r, tlw ohjt·ctionahll' 
fl'atun·,; of whidt han· alrcady llcL'Il mcntioned . 

. \n impron·d type of direct reading humidity reconler '' hidt has 
Ileen dcn·lopt·d hy E. B. \\'ood, of thc Lahoratories of thc .-\mcrican 
Tekphont· and Tdcgraph Company and thc \\'cstcrn Ekctrit· Com
pan~·. L'lllploy:-. tlll' Let•ds & :\orthrup automatic rccorder mcchanism, 
to \\ hidt has ht•t•n addcd an dectrical mcchani,.,m \\ hich will be de
,..criht·d. togl'tlwr with the principlt· upon whidt it,; opcration i,.. ha:-cd. 
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Fig. 8- R<>cord from Double Rl"corder Comparing lndoor and 
Outdoor Conditions 
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This non•l impro\"cllll'lll dq>l'IHls, for its t>peration, on tlll' o~ppn>\i
lll.lll' linc.1rity ,11\d t'OIIIIllnn inters('l'tion of the onlinary humitlity 

l'llnt·s ·'"' !-oht>\111 in Fig. !1. 3 

lt j,.,app.lrt'nt th.1t t·.wh of the hu111itlity cmn:,., i!-o int·ITl'ct a straight 
I im· and th.1t, 11 ith .111 accuracy sullicient for prartical purptN's, tlw,.,<· 
curn"'· repn'!-ol'llting- humitlities of fn>nl :w~"; to lll0 1

;, conn·rgt• at a 
point t.ll whose coonlinatt•,., are th. c). ,\..,,.,llllling that the humitlity 

HUMIOITY CHART 

~~~~--~~~-M~~~ ~~---=--~~~~--~--~~ 
•U~&TOfP[,IUT\IJI:[ · f• 

Fig. <> 

cun·p,; are !-olraight line,., passing through point (a), it is apparent 
that thc \'alue of humidity is completely dcterminl'd if thc slopt• of 
the particular cur\'c j,. known, sinn• each cun·t· reprcsents only o1w 
\·alue of humidity. lt also is apparent that the slopc is giH·n hy the 
ratio of dry hulh tcmperature minus thc ordinatc of point (a). to 
wet hulh tt•mpcratures minus the ahscis:.;;l of point (a); or in otfwr 
wortls, thc rclatin· humidity is completely determincd, if thc dry hulh 
and wet hulh tempcraturl's arc cach known. aho\'c thc datum coordi
nates (b. c) of point (a). 

lf then, a resistance b set o!T, proportionalto thc diiTerencl' hetwccn 
thc tcmpl'rature of the dry hulh and tempcraturc (h). and anothcr 
resi!-otancc is set otT proportional to thc ditTcrencc betwt·en tlll' lt.'m

pcraturc nf thc wt:t hulh and temperaturc (c), thc ratio hctween 
1 Bur. S1.:~nds. C'ir. :\o. 55, p. 116. 
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these two re~ist;mccs will intlicatc tlirect ly the relati,·e humitlity 
corresponding to thc dry and wet bu lb tempcr;1tures. Thc circui.t 
arrangement by mcans of which t his is accomplishctl is shown in 
Fig. 10, anti the mechanism of thc reconler employing it, is shown in 
Fig. 11. 

The recorder circuit contains thrce \\'heatstone bridgcs with one 
battcry and galvanometer which arc transferred in rotation from 

I I 

i 

.~ ...... 

.. ~.~r 
L.::.-----====="-' 

Fig. 10- Circuit of Dircct Rcading Recorder 

cach hridgc to thc ncxt by the com mutat or and rl'lays shmn1 in thc 
circuit. Thc three bridges arc arranged so that thcy remain at thcir 
last positinns of balance untilmechanically connectcd to thc balancing 
mechanism of thc recordcr hy the electric dutch associated with each 
bridge whosc opcratinn also is controllctl by the cnmmutator. Thc 
first of thcse britlgcs, dcsignatcd thc "dry b ulb bridgc," contains 
thc dry resistancc tlwnnometer anti mcchanically associatcd with 
its slidc wirc contact is a secnnd slidc wirc contal't opcrating upon 
a slidc wirc rcsistancc arm in thc thin l bridgc, dcsignatcd as thc 
"humidity bridgc." Thc sccontl of thcsc bridgcs, dcsignatcd as 
thc "wet hulh bridgt•," contains thc wet rcsistancc thcrmomctcr, 
anti mcchanically associ;Jted with its slidc wirc contact is a sccond 
slidc wirc contact opcrating upon a second slidc \\·irc rcsistancc arm 
of tlw "humidity hridgc." 

Thc \OilSl'CUti\'c balancing of the "dr~· lndh hridge" and "wct bulb 
bridgc" acconlingl~· ~!'(~ olT r\'sistanccs upon thc two slidc wirc rcsist
ancc anns of t hc "humidity lll·idgc'' proportional rcspcctin·ly to thc 
temp<'ratur\' diffPrcn<"('S descrilwd in thc sccond prcccding paragraph. 
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Thc h.tl.uwing of thi..; hriclgt~ .tcconlingly .tccompli~lws tlw n:sult 
.tln·.tdy dc,.,cril•t.·d of dctcrmining tlw r.ttio of thc rc-.ist.ntn·~ R, and R 2 

of tlw,.,c two ~ticlc wirc .mns. ancl con,..t'fJII«'IIII\·, thc rdatin· humidity 
corrc-.ponding tn thc dry .111cl \H't hulb tt·mpcralun·~ pn·,·iously 

Fig. t I llircrt Rt·auing Recorder 

mca'url'cl nn tlll'ir rorrcsponding- hridg'cs. In thc opcration of the 
rccordt·r. a period nf about 20 sccnnds j" allowcd hy thc commutator 
to bal.mcc carh hridg-c thus cnmplcting a r.yclc cn'ry tiO ~cconds. 

The rl'conler is l'f)uippt.'d with two rx·ns onc of which is associatcd 
with tlll' ,.Iide win· of thc "dry hulh hridgc" thus rcconling thc dry 
bulb tl'llllll'rature, whilc the othcr pl'n is associatcd with thc "humidity 
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bridgc," thus recording thc ,·alucs of humidity dircctly. lnasmuch as 
succcs~i,·e Operations of the rcconler consist in the restoration of the 
balancc of each bridgc, if diflerent from the last po:-;ition of balancc, it 
is c\·ident that the pcns will tracc continuously thc Variations of 
tempcrature and relati,·c humidity. 

A recordcr of this type with its as:-;oriatcd wind tunnel mcchanism 
has hccn u:-;ed for some tinw to rccord the conditions in a lahoratory 
"humidity room." Tbc temperaturc reconl gi,·cn by this rccordcr is 
accuratC' to ± ~:1 ° F. as in t hc case of t hC' difference rcconkr. Thc 
accuracy of thc humidity record diffcrs for various points on thc scalc, 
dcpcndingupon thcvalueschosen forn·rtain re:-;istanccsin therecordcr. 
\\'h(·n thc recorder is adjustcd for \'l'ry clusc accuracy ( ±}.·2< ~ n:latiYc 
humidity) for rclatiH· humiditics ahm·c !lO~~ , thc acc:uracy for lowcr 
valuC's of humidity (lerrca:-;cs until at ;)()I} thc maximum Variation 
from thc truc \·ahw may bc as much as 2y/,~ r<'latiYc humidity. 
lf dC'sired, thc adjustment may he madc to transfer thc point of 
greatest accuracy to any selccted lowcr value of humidity. Experi
cnce with this modcl has suggcsted changcs which should considcrahly 
improvc this accuracy m·cr the wholc range of humiditics. Fig. 12 
sh:.Jws a typical 12 hour rcconl of conditions in thc "humidity room" 
while under automatic control of an air conditioning cquipmcnt. 

This recorder also was used during the summcr months of Hl2:3 
to record outdoor conditions with thc \Yind tunnel Cf)llipmcnt installcd 
in thc \\'eather Bureau instrumcnt :-;heiter mcntioncd carlier. During 
this periml of -! months' operaticn, it n·fJuired no attention sa\·e an 
occasional oiling of t he mcchanism and main tenancc of t he wet bulb 
ef)uipmcnt, and practically continuous records \\'l're :-;l'cured. Tlw 
rcconls are of particular interc~t for oh:-;cr\'ation of tlw ,-,uiations of 
tempcraturc an<l humidity which take plan· dwing changcs in 
wcathcr conditions such as rain storms. Figs. 1:1 and 1-l an· 
reproductions of typical consl·cutiYc 1~ hour rcconls ohtaincd for 
outdoor conditions. 

Fn1111 consid<'ration of tiH' humidity rl'cording apparatus \\ hich has 
lll'en dcn·lop<'d and tll<' n·sults which han~ !wen o!Jt<titll'd with it, it may 
bc stat<'d that hoth thc di!Ten·m·c n•cordt·r and the direct n·ading 
rcconler arc sati~factor)·. instmmcnts with which accural<' <bta may 
he ohtaitwd. llowen·r, tlwy are instrttnH·nts which. in common with 
other typ<'s of app;1ratus that han· ht•t·n den·loped to nwasurc 
humidit:-·, n·quirc carcful attention of tht· wind tunncl cquipmcnt 
in ordcr to secure rdiahle re:-;ults; al:-;o t Iw rccorder mcchanism it:-;elf 
rcquircs tlw attentiotl of an operator ~killed in its mainll'nance. 
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\\'hilc thc mcchanism of thc dircct rcarling rccordcr is morc com
plicatcd than that of thc rliiTcrcncc rccordcr, it is a morc uscful instru
ment, both hccau:o.c thc humiditics may bc rcad dircctly, thus saving 
the Iabor of intcrprcta tion of thc rccords, and hccausc thc rccords arc 
morc significant. Thc dircct rcading rccorclcr, furthcrmorc, may 
bc uscd to control thc funetioning of air conditioning apparatus at 
any dcsircd conditions, at thc samc time that it is actually rccording 
thcsc conrlitions. Accordingly, it should pro\·c particularly uscful 
in maintaining proper humirlity in apparatus and opcrating rooms. 



A R eactance Theorem 
By RONALD M . FOSTER 

Sn.;ot''l'. Thc tlll'orl"m gi\'l's thc 111osl generat form of thc dri\"ill!;·point 
impcti.IIH't' of .wy nt·twork eompost•tl of a finite numl .. r of ,clf-induct,lll<"Cs, 
mutu.d indut·t.mccs, ,1ntl cap.1citics. This impctl.wn· is a pure rcactance 
with .1 numh..r of resonanl anti .u:ti-rt·son.Int frequl'ncies which altl·rnatt· 
wit h l'ill"h other. .-\ny ~u.-h irnp ... d.1ncc may hc physically rcalized (pro
,·ided n·si,t.wn·s can he matle nq:ligihly smalll hy a nl'lwork consi,ting of a 
numher of simple reson.ull .-ircuits I induct.1ncc and t",Ipaeity in scrics) in 
J>.lr.JIId or .1 numher of simple anti-rl'S<>IIillll cin·uits (indurt.Ince and c.1p.1C· 
ny in paralleil in scri .. s. Formul.1s are given for thc tlesi!;n of such net
works. Thc vari.11ion cf the rc.Ictancc with frcqucncy for sc\"cral simple 
cirenits is shm\ n by cur\"cs. Thc proof of 1 hc theorcm is hasetl upon the 
solution of thc analognus dynamiral prohlcm of thc smart os.-illations of a 
~ystem ahout .1 J><bition of l'quilihrium with no frictional forces acting. 

A'\ import;lllt thcorcm 1 gin·s tlw dri,·ing-point impedanct' 2 of 
any nctwork compo,-;ed of a linitl' numl•cr of ,..clf-indut:tanccs, 

mutual inductancc,.;, and capacities; :o;howing that it isapure r!'actance 
with ,l rwmhcr nf resonant and anti-resonant frequencies which 
.llternate with c.rch othcr; and also showing how any such impedancc 
may be physically realized hy eilher a simple parallel-serics or a 
simple ,..crics-p;lralld network of inductances and capacities, pro
,·ided rc,_.i,.,tances can be made negligihly small. Thc ohject of this 
note i,.; to gi\'l' a full ,-;tatement of the theorem, a hrief discus,.;ion of 
its phy,..ical ,.;igniticance and its applicatiun,.;, and a mathematical 
proof. 

THE TH EORE:\1 

Tlze mos/ ~eneral dri;:ing-poinl impedance S obtainable by mea11s of a 
finite resislanceless ne/u.'ork is a pure reaclance which is an odd rational 
funclion of tlze frequmcy p 211' awf u•hich is completely delermined, 
t:r:cept jor a cons/an/ fac/or l/, by assigning the resonanl and anti
rtsonall/ frequencies, subject lo tlze condition tlza/ they altenza/e and 
include botlz :ero and inji11ily. A ny such impedance may be plzysically 

1 Thc thcorcm was fir~t s1.11ed, in an equi\'alcnt form and without his proof, by 
Ceor!;c .-\. Campht.·ll, Bell System Techniw/ Journal, :\'ovcmher, 1()22, pages 23, 16, 
and 311. Hy an O\'o•rsi~ht thc theorcm on pagc Ur was marle to include unrestrictcrl 
rli,.,;ipation. Cert.1in limitations, which an· now h .. in!: in\'t"~li!;all'fl, arc ncccssary 
in the ~cnt.·ral ca,c of rli"ipation. The theon·m i, corrccl a~ it ,Iands whl'n thcrt.• is 
no dissi(xltion, tha! is, when alt the R's and G's vani,h: this is thc only casc which is 
considt.·rt'fl in the prcsenl paper. 

:\ corollary of thc thcorcm is thc mutual c•<JUi\'alt·nce nf simple rl'snnant compo
nl'nb in (XIrallel anti simple anti-r,.sor~ant compont.'nts in -.·rit·s. This coroll.1ry 
hatl I>C·cn previou..;ly anrl indcpendcmly di:-<·o,· .. rcd hy Ouo J. Zohe! as t.·arly as 
t'lt'l, and was sullS<'quently puhlisherl by him, togl·tho·r with ol ht·r reactann· tht.·orcnb, 
8~11 Syslt'm Tuhr1ica/ Journal, Janual')·, l'll.l, p.'lges 5-'l. 

1 Thc rlriving·point impedance of a nctwork is thc r,Itio of an imprcsscd clcctro
motive force a! a point in a branch of thc nctwork to thc rcsuhing currcnt at thc 
s.ame point. 

:?59 
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rolzslructed eilher by combining, in parallel, resonan/ circuits having 
impedances of the form iLp+(iCp) 1, or by combining, in series, anti
resonan/ cirwils hm•ing impedances of the for m [iCp+(iLp)-1] - 1• In 
more precise form, 

S=- 'J/M -P2
) (Pi-P2

) ••• (pi .. -I-P2
) 

l p(p~- p2) • • • (P~n -2- p2) ' 
(1) 

where /I "?::.O and 0=Po5.P15.P25. ... 5.P2n-1 5.h"= 00. 3 Tlte induct
ances and capacities for the 11 resonan/ circuits are giz•en by theformula, 

1 ( ipS ) . 
Li= Cip] = p] _ p2 P=Pi (j = 1, ~ •... , 2n- 1), (2) 

a11d the inductances and capacities of tlze n+I anti-resonan/ circuits 
are given by tlz e formula, 

1 ( ip ) Ci= LiPJ = S(p]-p2) P=P (j= O, 2, -!, ... ,2n-2, 2n), 

~vhich includes tlze limiting mlues, 

C - p~ · · · p;"_2 l - ~ C 0 L I! 
o- IIPiPi ... p;"_l' ~o- ::n, 2"= ' 2n= . 

(3) 

Formula (1) may he stated in several mutually cqui,·alent forms. 4 

This partictllar form is the driving-point impedance of the most 
general symmetrical net work in which every hranch contains a n 
inductance and a ca pacity in series, with mutual inductance be tween 
each pair of hranches. This includes as special cases the drivinf:· point 
impedances of evcry other finite resistanccless network. 

3 Sincc tb c impcdancc S is an odd flll~ction of th c frcq ucncy, rcsonancc or anti
rcsonancc for P= P implics rcsonancc or anti-rcsona ncc for P= -P. ln cnumcr
a ting thc rcsonant and anti-rc~onant frcqucnci cs it is customa ry, howcvcr, to ex
dude negative \·alucs of the fn·qucn cy. Thus, in thc prcscnt casc, wc say th.tt 
thcrc arc 11 rcsonant points (p 1, p,, . .. , p •• _,) and 11+! anti-rcsonant points 
(Po = O, p,, p,, . .. , p,. _,, p,. = oo ). 

'Thc cxpression for S ~~:i\"Cil h~· formula ( I) may hc wrillcn in thc mutually cquiv
alcnt forms, 

[ - .JJ(p~ - P') lp~-P') . .. l p~. , - p') )+1 . I [ ·up(p~ -~~·-•-P') l t1 

I p (!>"1- P'! ... ( P~ .. -.- P'! .lll< I ( p~ - P') ... < P~·-·- P') 

lf thc constant ll and ail thc p,'s of tlwsc forn111 las arc rcstrictcd to finite \'alucs 
~~:realer than zero, thc four casl'S, ohtaincd hy scpar.tting thc plus and minus cx
puncnts, arc mutually c·xclusin·, uut to~~:cthcr thc1· co\·cr thc cntirc ficld. lf p, is 
allowcd to Iw zero, eitlwr the fir,t or tlw sccond pair co\·crs thc entin· fiele!. Finally, 
if in ad<lil ion p,. _, or p," 2 is allowed lo lwcomc inlinitc, whilc llp~. 1 or ll/?..-2 is 
maintaincd finit<', any onc of thc four expressions cm·crs t hc entirc fiel <I. Somc
timcs one, somcl imt·s anot her w.ty of covcring thc ficld is thc morc com•cnient. 
Formulas (2 1 and (.l J apply to all of thcsc cxpressions for S pro\·ided the p,'s includc 
all the rcsonant points and all thc anti -rcsonant points, rcspccth·cl}'. 



A RE.·ICT.·I.\'CE TIIEOREM 261 

1'11\'SICAL DISCUSSION 

The vari,ltion of the reactance X= S,'i with frcquency is illustratcd 
by the curn~s of Fig. 1 in all the typical cases of formula (1) for n =I 
and for n = 2. For every curve the rcactance increascs with the 
frequency, 6 cxcept for the discontinuitics which carry it back from 
a positive infinite value to a negative infinite valuc at the anti-reso
nant points. Thus between every two resonant frequencies there is an 
anti-resonant frcqucncy, no matter how close togcther the two resonant 
frequencies may be. The effcct of increasing n by one unit is to add 
one resonant point, and thus to introduce one additional branch to 
thc reactance curve, this branch incrcasing from a negative infinite 
value through zero to a positi,·e infinite value. 

That formula (1) includes se,·eral familiar circuits is seen by con
sidering the most general network with one mesh, that is, an induct
ance and a capacity in scries, with the impedance iLp+(iCp)-1• 

This expression is givcn immediatcly by (I) upon setting n = 1, II =L, 
and p, = 1/ \ /[]:. Since L and C are both positive thcse constants 
s,ltisfy the cortditions stipulated undcr (1), thus verifying the theorem 
for circuits of one mc~h. This gencral onc-mesh circuit includes as 
special cases a singlc inductancc L by sctting Il=L and P 1 =0, and a 
single Capacity C hy setting Il=O and p1 =oo suchthat Ilp~=1 /C. 

In Fig. 1 the rcactances shown by the curves on the right are the 
negative reciprocals of those on the left. Fig. 1 also shows networks 
which give the several reactance curvcs, the nctworks being computed 
by means of formulas (2) and (3). The nctworks are arranged in 
pa1rs with reciprocal dri,·ing-point impedances and with the networks 
themselves reciprocally related, that is, the geometrical forms of the 
networks are conjugate,8 and inductances correspond to capacities 
of the same numerical value and vicc vcrsa. This relation is a natural 
consequence of the reciprocal relation between an inductance and a 
capacity of the same numerical value, these being thc elcments from 
which the networks are constructed. 

For rz=l, formulas (2) and (3) give identical networks, as illus
trated by the reactances A, B, A', and B' of Fig. 1, each of which is 
realized by a single nctwork. For the reactances C and C' the two 
formulas give distinct networ.ks, c1 and c2, c~ and c;, respectivcly, these 

1 This has been proved by Otto J. Zohd (loc. cit., pp. 5, 36), using the formula 
f<;"r the mcst generat driving-point impeclance given by Gcorge .-\. Campbdl (loc. 
Clt., p. 30). 

'For a further treatment of conjugate or im·erse networks, see P. :\. ~lac:\lahon, 
;:d:J;~inn, April 8, 1892, pages 601, 602, anri Otto J. Zobel, loc. cit., pages 5, 36, 



262 BELL SYSTEM TECf/NJC.-IL JOURNAL 

two being the only networks with the minimum numher of elements 
which give the ~pecified impedance. In general, howen' r, there are 
four ways of rea lizing a gi\·en impedance when 11 =2, as illustrated 
hy D and D' of Fig. 1; formulas (2) anti (:3) gi\·e only the first t wo 
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network,.;, d 1 .uul d~. d; .wd d;, rc~pl'ctin·ly. The tntalmnnll('r of pos
sihlc w.1y,.; of realizing .1 gin'n impnl.tnn· increa,.,~·,.; n·ry rapidly for 
,·ah11'" of 11 greatcr than :?: for 11 =:1, thcre are, in genl'ral, 3:! di,.;tinct 
network,.; gi,·ing a ,.,pecitied impcd.lllcc. 

Formul.t,.; (:?) and (:1) are to he u,.;ed for 1llotermining thc con~tants 
of thc circ11it,.; which han· ccrt.tin ,.,pecifie!l char.tclcri~tic~. whcrl'"" 
mn,.;t network formul.ts arc for tlll' dctl'rmination of the character
i,.;tir,; of tlw circuit from tlw gi,·cn con,.;tant,.; of thc cirruit. The ap
plication of tlw,;l' formula,.; is illu-<tratcd by thc following- lltllllerical 
prohlcm: 

To de,.ign .1 reactan('e nctwork which ,;hall he rc~onant al fre
quencies of lllOil, :3000, ;iOIJO, and 7000 ('yele,.;; ;tnti-n·sonant at 
2000, .JOOil, and tiOOtl cyde,.;, as weil as at zero and infinite frcqllcn
cics; aml h;n·«:> a rcactance of 2:>00 ohm~ at a frequency of 10,1100 
cyclc~. 

By formub (I) the rcactan('e of ,.;uch a nctwork mu:-;1 be 

\'= -I/Pf-p2) (p;-p2) (p;-1!2) (p~-p~) 
. p (Pi-pz) (p;-p~) (p~-p2) , (.J) 

where p1, pJ, Ps. and P1 arc detcrmincd by tlw resonant frequencies 
to he lOOOX:?rr. :lOOOX2r., .')OOOX~r.. and i'OOil X~r.. rc,;pectiwly; 
Pz. p,, and p6 arc dctcrmined hy thc anti-rc~onant frequencies to bc 
~OOOX~r. • .JOOOX~r.. and tiOOOX~r.. rc,;pectiwly; anti l/ mu~t be 
macle cqual to 0.0.)!1ti in onler that the reactance at P= IO,OOO X 2r. 
m.1y Iw ~;)00. The \·ariation of thc reactan('c with the frcqm·m·y 
i:-; ,;hown hy the curve of Fig. ~-

:\ network having this rcactan('c rnay he cor~:-;tructcd by ('Oill

bining "=.J ~implc resnnant circuits in parallel, or n+ 1 =;i simple anti
resonant circuit~ in ~erics. These two networks arc shown hy Fig. 2. 
The numeri('al values of thc elemcnb are dct1·rmincd as follows: 
:\pplying formula ( ~ ) we ha,·e 

L =-1-= 1/Pi-PD (p~-p;)(p!-PD= 0349 
I C,pf (p~- PD (p~- Pil. (p;- PD . ' 

L = 1 =Il(pf-pi)(p~-fJi)(Pi-PD=0323 
3 CJ/>5 (p~-PD (Pi-PiJ (p~-PD . ' 

L = I =I/Pi-PD (p~-p;) (Pi-PD =O ·)r-t 
s C;p~ (p~-PD (P!-P?.J (p~-PD .-) ' 

L- = __ 1_=//<P:- PD (Pi- PD (p?,- /J?J =O 14..,. 
' C7p~ (p~-PD (p~-p!J (p;-pi) . - · 
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and applying formula (3) we have 

p2p2p2 
Co= llp;pip~p;= O.OSSSXI0-6, L0 = oo, 

C- 1 - -p~(p;-pD(P~-PD -004Gl Io ~s 
2

- L2Pi- II(pi-PD (Pi-PD (p;-pD (Pi-PD- . X ' 

C - 1 - -p;(p~-p;) (p~- PD -oo·23Xl0-~ 
•- L.p;- II(pi-PD (Pi- PD (p~- p;) (Pi-PD- . 0 

' 

C - 1 - -p~(P~-PD <p;-pn -oo7?·x10--6 
s-LsP~-II(p;-pn(Pi-Pn(p~-PD(Pi-Pn-. - 0 

' 

Cs=O, Ls=Il=0.059G. 

These formtdas gi\·e the numerical \"alues of t he inductances in henries 
and the capacities in farads. The entire sct of numerical \·alues is 
shown in Fig. 2. lt is to !Je noted that the anti-resonant circuit 
corresponding to p0 =0 consists of a simple capacity sinc-e the induct
anc-e is infinite and thus does not appear in the network, whereas for 
p8 = oo the anti-resonant circuit consists of a simple inductance, the 
capacity being zero and thus not appearing in the network. 

I\ TATJIDIATIC"AL PROOF 

\Ve shall first prove that thc driving-point impedance S, as given 
by (1), may be physically realized by either a simple parallel-series 
or a simple series-parallel network of inductances and c-apacities, pro
vided resistances can !Je made negligibly small. 

The rational fun c- tion 1/S can !Je expanded in partial fraction s, 

_1_ = inp + _illaP + + ill2n-1P , 
S Pi- P2 Pi- P2 

• • • P~n - r- P2 

(
p] -p2) . 

Ilj = --;---ps (j = 1, 3, ... , 2n-1). 
1 P=Pj 

where 

Hence S is equal to the impedance of tlll' parallel c-omhination of the 11 

circuits ha\·ing the impedanc-es (p]- p2)/(illiP) = iiii 1p+[i(IljpF2)p) 1, 

that is, n simple resonant circ-uits in parallel, eac-h circ-uit consisting 
of an induc-tanc-e and a c-apacity in series, with the nunwric-al values 
gi\"en hy (2). Furthermore, these numeri c-al values of tlw inductan c-es 
and c-apac-ities gi \·en hy (2) are all positin·, an C\"l'll numher of nega ti\·e 
factors heing oh taim·d upon suhstituting P=f>j, si nc-e in e\-ery ca~e 
Pr::;, Pi+l· Hence the network detined hy (2) has the impeda nce S 
as gi\"en by (I) and is physically realizable. 
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l.ikl·\\ i~l'. hy t·:-..panding S in partial fractinns, it c;111 hc ~hown thal 
tlw llt'lwork dl'lined hy (:~) has the inqwdancl' S as gin·n (,y (I) aml is 
phy:-ic.dly realil.1hle. 
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Fig. 2 Reactance curve and nct works for formul.t r -l . 

The valucs o( the inductancc~ and capacitics are (in hl'nrics and microfarads 1: 

L, =O .. H'> 
L,=<UB 
L, =0.26-4 
L,=O.l-H 

C, =fl.Oi21l 
c, =0.008i l 
l"s=0.003S-I 
c, =0.00363 

1.2 =0.J.li 
'-· =0.0.l02 
l.,=O.OO<Jil 
L, =0.0596 

C0 =0.0888 
C,=0.0-!61 
c, =0.0523 
C,=O.Oi.l5 
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The electrical problem of the free oscillations of a resistanceless 
network is formally the same as the uynamical probk·m of the small 
oscillations of a system ahout a position of equilihrium with no fric
tional forces acting. Thc proof of formula (1) may Le derin·d from 
the treatmcnt of this dynamical prohlcm as gin·n, for example, by 
Routh.7 

In any nctwork thc dri\·inK-point impedance in thc qth mcsh, Sq, 
is cqual to the ratio A/Aq, whcrc .:1 is thc dctcrminant ' of the nct
work and Ag the principal minor of this determinant obtained by 
striking out the qth row and thc qth column. The dctcrminant of a 
network has thc elenwnt zjk in thc jth row and kth column, zjk 
hcing thc mutual impeuance bctwecn mcshesj and k (self-impcdance 
when j =k), thc dctcrminant induding 11 indepcndcnt meshes of the 
network. 

Hence the determinant .:I has t hc elc-ment Zik = iLikP+UCikp)-1, 

wherc Ljk is thc total inductance and cjk the total Capacity common 
to the mcshcs j and k. l ' pon taking the factor (ip)- 1 from each row 
and substituting -P2 =x, thc cxprcssion for A may be put in the 
form .A =(ip) -"D, wh erc JJ is a determinant with LjkX+ 1 Cjk as thc 
element in the jth row and the kth column. This is of cxactly the 
sa me form as the detcrminant gin?n hy Routh 9 for the solu tion of 
thc dynamical prohlcm; it is proYeU therc that this determinant, 
regarded as a polynomial, has 11 ncgati\'c real roots which arc separ
ated hy the n - 1 negatin· real roots of C\'ery lir~t principal minor 
of the dctcrminant. 

Hcncc, wc may writc 1J =E(x,+x)(x3+x) ... (x 2" 1+x), wlwre 
x,, X3, •.• , X2rr -l arc all positin· and arranged in incrcasing order of 
magnitude, anu wherc Eis also positin· since JJ must Iw positi\·c- for 
x = 0. The determinant lJq may hc cxpressed in similar manncr since 
it is of the samc form as lJ hut of lower urder. 

7 E. J. Routh, ":\tlvanccd Rigid Dynamics," sixt h ctlition, 1905, pagcs 4-l-55. 
In thc notation of thc dynamical problern as prcscntcd lwrc, the cocfficicnts A,. 
corrcspond lo thc inductanccs, J,'C,. to the capat·itics, p (il .. ) to the frcqucncy, 
and 0', q/, etc., to th\! brand! cu rrcnt s in thc clcctrica l prohlcm. 

1\ compldc proof of form.ula (I) ha~ l>t·cn workcd out for tlw clt•etrical problcm, 
without depending in any way upun thc solutiun of tlw corrcsponding dynamic.d 
prohlem. This p1oof has not lll'en puhlished herein ,·icw of thc grcat simplification 
nwdt· hy using tlw re~ulls already workcd out for thc dynamical pruhlem. 

8 A completc di~cu~~ion of tlw ~olut ion of nl"lworks by means of dclcrminants 
has bccn given hy l; .. -\. Camplwll, Transactions of thc .c\ . I. E. E., 30, 1911, pagcs 
873-90?. 

'Thc dctcrminant given by Routh (loc. cit., p. 49) has the clcmcnl .l,,p'+C, •. 
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Tlu· dri' i11~-point inql('d,1nn· is ~o:i\\'11 l•y 

wlwn· tl~x 1 ~.r~~.\·3 :$; •.. ~.\"~~ ~:$;.\·~· 1, sinn· the roots of /) arl' 

~~·p.~r.llt•d hy tlll~ rnots of /J~. l'po.~l s\lhstillll~,n~ x= -p~ and intro
dnnng tlw notat1nn II = F. ~~~ and pj, p-z .... , p-z. • =x .. x2 ..... x~. •· 
rc-.pl·ctiH·ly, \H' ~lT that fornwla (I) is cnmpll'tely n·rilicd as the 
mo~t gt·nt·ral dri,·in!-!·point imped.111n· ohtainahlc hy llll'ans of a finite 
n·:-ist.ann·le,.;,.. nt•twork. 



Some Contemporary Advances in Physics- III 
By KARL K. DARROW 

ELECTROMAGNETIC waves of every frequency from 10' to 
1020 exist; they can be genera ted and perceind; their frequencies 

in nearly every instance can be measured; their actions and reactions 
with matter can be studied. This brief statement is the synthesis 
of a great multitude of inventions, experiments and observations upon 
phenomena of extraordinary diversity and variety. \Vhen Hersehe} 
in 1800 carried a thermometer across the fan-shaped beam of colored 
light into which a sunbeam was resoked by a prism, and observed 
that the effect of the sunbeam on the mercury column did not cease 
when it passed beyend the red edge of the fan, he proved that the 
boundary of the spectrum beyond the red is imposed by the Iimita
tions of the eye and not by a deficiency of rays. Almost at the same 
time Ritter found that the power of the violet rays to affect salts of 
silver was shared by invisible rays beyond the violet edge of the beam. 
Maxwell developed the notion of electromagnetic waves from his 
theory of electricity and magnetism, and described some of the prop
erties they should have; and the light-waves and the infra-red and 
ultra-violet rays were found to have some of these properties, whi le 
the ou tstanding discordances were explained away by l\ la:xwell 's 
successors. Hertz and many others built apparatus for producing 
l\ l axwell's waves with frequencies far below those of light, and ap
paratus for detecting them, with consequences known to everyone. 
Years after X-rays and gamma-rays were disco,·ered emanating from 
discharge-tubes and disintegrating atQms, Laue proved that these too 
are waves, lying beyond the visible spectrum in the range of high 
frequencies. Radiations emerging from collapsing atoms and radia
tions diverging from wircless towers; wa\·es conveying the solar heat 
and wa\·es carrying the ,·oice; rays which disrupt atoms by extracting 
their electrons, rays which alter atoms by rearranging their electrons, 
rays which ahnost ignore atoms altogether, were successi\·cly dis
covered or created; and all these radiations were bronght into one 
class, and identified with light. 

This enormously extended electromagnetic spectrum was inter
rupted until lately by two regions unexplored. They were known 
as the gap between the X-rays and the ultra-violet, and the gap be
tween the infra-red and the l lertzian waves, according to the names by 
which the various explored regions of the spectrum commonly go; 
but to understand why they remained unclosed for so long, and what 
kinds of rays are being found within them, it is necessary to consider 
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how ccrt.tin properlies of thc w.tn·s ,.,1ry .1long thc spcrtmm. Enough 
is known .tbnut thc nrigin nf l'icctnnnagtwtic waves to ju~tify usiug 
it as a ba:-is of cl.ts:-ilir.ltion. Cbssifying tlll' rays, therdore, by 
mode of produäion, wc c.m distinguish at least four sharply-contrasted 
typcs: tirst, rays cmittcd from at01nic nuclei in proress of di::.intcgra
tion; sccond, rays cmitted from at01nic clcctron-systcms in proccss 
of rcarrangcmcnt; third, r.1ys due tu atoms vil>rating tn and fro ahout 
their positions of cquilibrium as cnnstituents of molccular groups or 
of spacc-l.ltticcs; and tinally, wa,·cs gcncrated hy oscillating elcctrical 
circuits.l Fnr cach of thcsc cl.1sscs there is a rcgion of the spcctrum 
which is particularl~·. although not exclusin~ly, its own. 

Thc rays cmittcd from disintcgrating nuclei lic at the topmostend of 
thc frcqucncy-scalc; thcy o\·erlap the rays of the second dass, but do 
not approach cithcr of the gaps. The rays rcsulting from rearrange
ments of the electron-systcms surrounding atom-nuclci extend o\·er 
an enormaus range. Thc minimum wave-length of this rangc is 
.1075.-\, the K-frequency of thc uranium atom; it is and will almost 
certainly remain the definitin Iimit, unless someone should succeed 
in disco\'cring a substance further up the periodic table than uranium, 
or in remo\'ing some of the dcepest clcctrons from the electron-system 
of somc heavy2 atom. As maximum wavc-lcngth wc might take 
that of a line 40500:\ lately rccognized by Brackett as belanging to 
atomic hydrogen; but this is certainly not the definitive Iimit. Emis
sion-bands due to atoms vibrating within molccular groups are found 
in and beyond the "near infra-red" (and indeed in the ultra-\'iolet 
around 3000A, if we inclmlc bands of "compound" origin, resulting 
from processes occurring tagether which if happening scparately 
would produce rays of thc sccond and third types, rcspecti,·cly); 
while the "residual rays," which arc ascribed to atoms \'ibrating within 
the gigantic molccular group which is a crystallattice, cxtcnd as far as 
0.152 mm. (residual rays nf thallium iodide). Bctwecn 0.1 mm. 
and 0.4 mm. rays ha,·e been disco,·crcd emanating from the mercury 

1 This classification is obviously not an exhaustive onc. Continuous spectra have 
been omitterl-lhermal emission spcctra of solit.ls, and r.ontinuous X-ray spcctra, 
which may he asnil;ed to random accel<'rations of free eiEctrons. Thc continuous 
bands in gas spcctra, of which onc has just lx·en explained by Gerlach (ZS. f. Phys., 
I!~. pp. l.l?-2-!S; 1923 and others by Bohr !Phi/ . .\laJ:. 26, p. Ii; 19131, can bc 
includcd in the sccond dass by a slight generali7..ltion; and so, probably, can some 
tluorescence and phosphorcsccnce spedra, at least if wc cxtend "atornic elcctron
systems'' to inclu<le "clcctron-syslems of groupet.l atoms." There is also 1he possi
bility of rays due to changcs in rate of rotation of molcculcs, not compounded with 
changes in oscillation or clcctron-arrangcmcnt. 

2 :\lcanin~ an atom with a !arge nuclcar charge, which would have hcavincss, or 
more propcrlr massivencss, as a sccondary ch.uacteristic. A short and simple 
adjecttve to describc wherc an atom slands in the scale of nuclear charge, i.e. in 
the periodic table, would bc very welcome. 
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arc, which probably belong to the second or third dass, but it is not 
certain which. If we gather all these dasses lugether into a single 
great class of natural rays, extencling from .02:\ or 2.10- 10 cm. to 
4,000,000:\ or 0.0-t cm., they may Iw contrasted with the arlijicial 
rays generated hy man-made electrical circuits, lying entirely beyund 
the long-wa\'e Iimit of their range. 3 

One of the two lacunae in the spectrum, {'Xtcnding from 0.-t mm. to 
7 mm., separated the range of natural rays from the range of artiticial 
rays. To dose this gap it was nen.·ssary literally to ill\·ent new rays, 
by designing oscillating clectrical circuits which would generate fre
quencies which perhaps hacl ne\'er existed before in nature. The other 
lacuna, extending from 13A to 1200.-'\, lay hy contrast in the \'ery 
ccntrc of the range of natural rays, and precisely where we expect to 
find the frcquencies resulting from certain pecttliarly interesting and 
important proces;;es in the clectron-systems of atoms. These pro
eesses, it appears, are not in all cases easy to incitt· by the usual 
methods of stimulating atoms tu radiale; hut this difficulty is only one, 
and probably the least serious one, of the three hindrances which com
hincd to Jclay the exploration of this rcgion. A seconu impediment 
come;; from the limitations of our deYiccs for measuring wan·-length, 
e\·ery one of which is una\'ailahle onor a certain ;;ector of the region, 
extencling roughly from 13A tu J;jOA (Iimits which may latcr hc forced 
somewhat doser togetlwr); hut the most conspicuous obstade is 
the extraorclinary ohstructin·ness and opacity of e\'ery kincl of matter 
to thcse rays. 

The ability of electromagnctic waws to penetrate matter \'aries 
enormously from one part of the spectrum to another. At the upper
most end of the frequency-sralc, the rays penetrate en·ry sort of 
matter with astonishing ease. r\ layer of Iead S mm. thick is rcquired 
to remon• half of the energy of a ray of wa\'elength .025:\; and e\·en 
this, it is prohahlc, is not absorbed in thc strict sense of heing con
,·ertccl from radiant energy into anothcr form, hcing nwrel~· ddlected 
or scallered out of us original direction of motion.4 \\'it h rays of 
grcall'r wa\·c-length, a trm· ah;;orption is ;;uperposed upon the scatter
ing, and inrrea;;cs \'cry rapiclly, ahout as thc third power of the wa\'e
length. The ahsorhecl cnergy is used in cxtrarting elcctrons from 

3 The distinction bctwcen natural and artificial rays is striking, hut I fear not 
quitc cxact, since lightning-dischargcs anrl thc causes of "st.1tic" oller instanc-cs of 
natural soun·(·s of radio frcquendes. Also thc sclecti\"c ahsorptious of certai n 
substances in thc llertzian range strongly sugge~t natural emission-fref)ucncies. 
Still thc distinction is not yet unsoumlenough to hc dangerous. 

'lf A. II. Compton's lhcory of .X-ray scattering is c\·entually triumphant, it will 
he nec-cssary to admit that ~ome radiant ('lH'rgy· is transformed inlo kinl·Iic cncrgy 
of moving masses wlll'n scattering occurs. 
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the dl'epcr ll·n•l,., of atomic ell'ctn•n-:-;y,.,ll'lll,.;, a,. I dt·,.,nihcd in the 
second of the,.,t• .lrtidt•,.,. Thc ;d•,.;orption in ;my partirubr ,;uh,.t.anre 
does not inne,1,.l' with .111 unintermpted 11pward ,.,wt·ep; thne are 
occ,~:->ion,d ,.,t·th.Kk,.;, earh of which twnlr,., at ,1 critic-al freqncnry 
wherl' the r,Hii.ltion cca,.,e:-> to he ahle to e•\lract clectron,.; from a par
ticul.lr len·l. Bnt though thc lower-frcquency rays cannot e'tract 
thc dl'l'Jll'r dl·t·tron,.; of thc atom,.;, they more than make up for it 
hy l''pl'lling the outer electro1b in grcater and grc<Jter ahundancl'; and 
when wa\ e-ll'ngth l:t\ i,.; rearhed, they can remm-e ~>nly thc outermo,.;t 
dectrons ur ,.,hift thcm from onc orhit to another." hut tllt'y perform 
the,;e actio1~:-> :->o often that the beam i,.; rapidly ah:->orhcd k\·cn at U.<)A, 
0.01 nun. of Iead is ,.;ullirient to ahstract half its energy). 

Beyund t:L\ therc is a rcgion of well-nigh total cclipsc. All we 
know allout it is derin·J from a few measurements hy l lolweck . 
. \cconJing to him. r,1y:-> of wan·-length -1 0.\ lcN' half thcir energy in 
tran•r,.,ing- half a millimetrc of air at atmo:->phcric- dclbity; at IIJO:\, 
tlll' ,.,anll' proportion is consunH.·d in a twcutieth of a millinwtre of air, 
or in a quartl'r of a millimetre of hydrogen, the llHbl tenuou:-> of all sub
stances; and even the:->c arc not the most ab:->orhahlc rays. A sheet 
of Cl'lluloid .. 0001 mm. thick, which ahsorbs only :-.'-~ uf thc encrgy of 
,1 beam oi wa\·c-lengt h -!0.\ and :~(;c~ at 100.\, aL,.;tracb !l I c~ of the 
cnergy at 2.ill.\. l t actually ab:-;orbs U'i.:~~ ~- of a ray of waYe-lcngth 
:w:-..-\; hut this m.1y he thc least penctrating radiation of the cntire 
:->cale, for the tran:->mi,..sion apparently is a littlc great<'r at -t Oll.\ 
(although Holweck :->ecms to di:->trust thc reliahility of thc last re:->ult ). 
lt mtbt he admittcd that thc various hcams of radiation on which 
the,;c measurements wcre made arc not monochromatic, out comprisc 
co~ch a con tinuou:; rangc of wa\·c-lcngt h:; l'XIcnding down to thc quoted 
,·,duc, which is the minimum. Sincc thc heam is in c\·ery case Iiltcrcd 
through as many absorhing-laycrs as possihlc heforc thc firral measurc
mcnt of Iransmission through thc cdluloid shcct is madc, and thosc 
remme prcfercntially thc Ionger wa\·cs, it is probable that each 
d.1tum rdcrs to a finite, yet n•mparati\·cly narre>\\", band of wa,·c
lcngths with its lo\\Cr end at the spccilicd \·aluc. 6 

l Somc of thc absorhcd cm·rgy rnay hc utilizt·d in othcr ways, hut thcrc is no 
known altcrnatin llll't:hanism. 

• The curvc of Fig. 1, t.tkcn from Holweck'~ article, shows his da!.l for thc ahsorb
ing I~J\H"r of cl'lluloid plottcd llog.trithmit·.JIIy a~ainst wavc-lcn).,'th .. \11 lhe points 
rclt·r to w;tvc-lcngths hclwet·n -tll.\ anti -100:\ L·xcept tht· one rnark<'rl "a," which 
rcfers to thc rays cmil!cd hy .:a~eous hydrogen hornhardcd by clt-ctr<Hb of encrgy 
l-..:lwccn 1.~ and 38 volts thc tro~nsmi:-•sion is thc samt· for evcry homharding volto~ge 
within this ran~e. h is probably a sort of "wci~htcd-mcan" valuc for thc v.1riot:s 
r.1diations of thc Lyman ,-eries and po~~ibly the ~~·t·ond..ry spectrum of hydrogen, 
aru/ thc \alue I HO.\ "hich llolwcck as.~igns ,15 its eiT .. nivc wavc-length is prolJ.tbly 
,15 gooJ as any. Thc straight linc on thc ldt rt·latcs to nitrogen. 
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\\'hether or not Holweck's measurements are accurate enough to fix 
the point of greatcst opacity, it is certain that somewhere between 
300:\ and 1200:\ the eclipse begins to pass off. Fluorite commences 
to transmit at about 1200A, quanz and gelatine at about 1800:\ (each 

Fig. I 

~ 

"' c 

1. ~ 

.-\usorbing power of cclluloid and of nitrogen plotted \'crsus wave-lcngth 
in the region of grcatcst opacity. (A 1111ales de Pltysique.) 

of thesc was, for reasons of experimental techniquc, long the Iimit of 
the cxplorcd region). Air begins to Iet through the light at about 
ISOOA; thc atmosphere indeed arrests tlw rays of the sun and stars 
as far along as 2!100, hut this is ascrihcd to ozonC' in the upper strata. 
Ilcncdorwarcl the ahsorption of radiant C'ncr~y in gases consists 
mainly in shifting the valence-electrons of tlw atoms from onc Jeye) 
to anothcr, or in altering the amplitude of \'ibration of atoms built in to 
molecular groups. Thc characteristics of indi\'idual atoms bccome 
stcadily lcss inlluent ial; the groupings of the atoms into molcculcs, 
crystab, liquid or solid continua determine thc amount of ahsorption. 
Thc question whcthcr a partiCl1lar solid is a cunductor or an insulator, 
entirely irreJc,·ant at high fn'quencies, C\'l'ntually bccomes the only 

y 
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qucstion that matters: and radio-frefJUencies penetrate ~reat thick
nt•sses of rock or hrick more readily than the thinncst shcet of nwtal 
foil. 

To explore the rcgion of thc :-pcetrum in which thc ab:-oriJ.in~

power of matter is at its greatest, it is necessary to makc a high 
\',Jcuum over the entire path of the rays from their source to the 
receiver (photographic plate, ionization-chamher, or clectrode for 
photoeleetric emission ) . This nccessity can he escaped only if the 
oblig.ltion of mcasurin~ wan·-lcn~ths is eYadcd, for thcn the path may 
be vcry short; the receiver may l>l' brought quitc closc to thc piece 
of solid substarJCe or the stratum of gas in which the rays are cxcited. 
lf the waYe-len~ths arc measured, it must he clone with a ruled or 
crystalline ditTraction-grating, which enforces a lengthy path (often 
as much as two metres). :\o solid windows can be intcrposed in it 
to confine a di!Tusing gas to thc region where the rays are excited (thc 
only exceptions yet dewlopcd are Holweck's .0001-mm. cclluloid 
windows, which when stretched oYer aml sustained by a finc-meshed 
gauze ;ue said to he able to support a ;i-em. prcssure-differencc hetween 
their two faccs ). The excitation mu:-t thcrdore takl' plare, wheneYcr 
possible, in neuo. This is :-implc cnough when dealing with the rays 
excited from solids by clectron-bombardment, and originating from 
displan·ments of clectrons dceper down in thc atomic system than the 
Yalence-electron; for the bombardmen t can he carried on in vacuo. 
But the arcs and sparks which are commonly used to displace the 
valence-electrons of frce atoms or molccules, and so produce the fre
fJUencies for which thcse arc responsible, are usually operated in an 
atmosphere composed of a comparatiYcly few of the atoms being 
studied, mingled with a !arge amount of air or some other permanent 
gas. Yet it has been found possible to opcrate both arc and spark 
discharges "in vacuo,". that is, without the atmosphcre of permanent 
gas; though they differ in various ways from the likc-namcd and 
familiar discharges in air, and do not dispby quite the same spectra. 

l'acrwm arcs, when once ignited, can be maintained with a moderate 
voltage hetween electrodes of ,-arious metals; the mercury Yapor 
lamp is thc familiar cxample, hut arcs of such metals as magnesium, 
aluminium, and Iead were deYcloped as early as HHl.). The name 
"vacuum arc" is, of course, a misnomer; the discharge OlTUrs in an 
atmosphere of the Yapor of the meta!, hut this eongcals as soon as it 
starts to di!Tuse away from the dischargc, and docs not impair thc 
vacuum in the light-path. The conditinn for an easily-maintained 
vacuum arc is that the vapor-prcssure of the meta! inYoh·ed be com
parativcly high. Yet arcs bctwe<"n carbon clectrodcs in Yacuo sccm 
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to be easy to maintain, though tlw \·apor pressurc of ea rhon 1s Im

mea~urahly sma ll; onc is led to suspect tlw gases inevitahly ocduded 
in thi~ elcment.7 Saundcrs procluccd wa\-cs as short as !liSA with an 
arc ip calcium vapor, and Simcon wan·s down to 3i;iA with a "carhon 
vacuum arc." 

These vacuum arcs a rc startcd eithcr by heating thc clectrodes to 
produce a momentary high vapor-dcnsity, and applying a transient 
high voltage het\\·een them; or hy touching them together and drawing 
them apart whilc the moderate voltage is applicd. If the latter 
mcthod is tried when the voltage is too low to maintain an arc, there 
is a transitory flash, the brl'akspark; its spectrum in the vi~ihle region 
has bcl·n noticed hy \'Oll \\'elshach, wh o finds the rl'lati\·e int<:nsities 
of cer tain lines strangely altered from what they arc in the ordinary 
spark; but according to l\lcLennan and Lang, it yields no rays of 
,,.a ,·e-length inferior to 2000.'\. 

The mcuu m spark or lzot spark l'mploycd hy l\Jillikan and his 
associates is an altogether different affair; it is a hrilliant spark which 
occurs hetween clectrodes a millinwtre or so apart (the Iimits 0.1 
mm. and 2 mm. have 11l'en assigned) in an extremely high vacuum, 
when a transient potcntial-diffcrence of the onler of sen·ral hundreds 
of thousa nds of , ·o lts is laid across them. This is a mysterious phenom
cnon, which has hcen studiecl hy se\·cral scicntists, without satisfactory 
conclu sion s. \\'ha tc\'er the \'acuum spark really is, thcrc is no doubt 
that it exists, and that wa\'c-lengths are found in its ~pcctrnm which 
a rc shortcr than any hithcrto obscrn·d in any spcctrum of arc or 
spark; and it is likcly that thcsc high-frcqucncy rays arc not cxcited 
at a ll in thc o rdinary electrica l dischargcs of rclativcly low voltage, 
so that thc high \·acunm pro\'ides the conclitions for stimulating as 
weil as for transmit ting thcm. Thc least wan'-IL'ngth yl'l mca~urcd 
with a n optical method (r ulcd grating), which is I:~ti :\, occurs in 
the spectra of some of the:-c :-parks. 

l\lost di!Ticult of all is ohYiously the problem of dctccting the rays 
cmitt<"d by thc atom~ or moleniics of a pcrmancnt gas, which must 
of ncccssity occupy the entirc path of the light from thc plan· wherc 
it is <'xcitcd to tlw pla<T wiH·n· it is recei n ·d. unless intcrccptcd hy 
a solid partition which would inter('(·pt tlw dcsircd wan·s also. lf 
thc disch a rg<·-t ulw containing thc luminous gas communicatcs only 
by a narnm sl it with the chamlwr containing the dilTracting and rc
ccivi ng apparatus, it is practicahle to connect a pm\'<•rful pump to 

7 Thc minimum maintaining \'olt:lf.:<' for arcs in \'acuo is gi\'C•n hy Simcon as 
follows, for eleclrodcs of the following malcrials: C 311 Jo .JO \'ohs, .\'a 30 Jo ~0 •• ·1/ SO 
lo 100, Si '15 lo 105. Thc distance hetwecn Ihc cle<"lroclcs is dcscribl'd as "slight," 
Ihl' dt>grec of \ 'acuum b(·fore arcing is not slated. 
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.1 br.tnch-tuhe otwning ne.1r tlw ~lit into tlw l.lttl'r chamh·r, and ~~~ 

maint.1in in it a con-.idcr.thly lmn'r densit~· of g.1s th.111 is required in 
the di-.d1.1rgc. llop!it·ld h.1s -.ucrn'lled in maint;1ining an atmos
plwre of one kind nf g<l>< in tlw disch;lrgc-tulw, and ;m atmo~phere of 
another .111d ,1 more tr.1nsparent kind of !-:·'" in the chamlwr; tlll' two 
g,l"l'>' ,\!"l' Jlfl'H'Iltl'd frolll mingling hy the S<lllll' J111111ping-arr;lllgl'llll'nt. 

:\s for the nteasurement of wa\·c-kngths from 1~011.\ down to ahottt 
ltlll.\, it mu;;t he madc with a conca\·c ditTraction-grating, which 
~ep.1rates rays of ditTerent wan·-lengths and itself focu;;~es them at 
diiTerent plo~ces: for tht· rays cannnt penetratc the prism of a pri"m 
"(WCtogr.lph. or tht· Jens whieh is comnHJn)y useds to focus the hcams 
ditTracted by .1 plane grating. Rowland of Johns I lopkins, thc first 
grcat m.tster of the art of making ditTraction-gratings, ruled thcm hoth 
upon plane and upon concaYe surfaccs. Thc plane grating was sn 
much tht' mnre c;t"ily ruled, that the conca\·c grating fcll in to desuetude: 
hut it hecame ill\·aluable as soon as Lyrnan hegan to work in the region 
wherc the len-.es t•xtinguish the light. ( )ne might han· anticipated that 
it would rdu,;e to diiTr.tct ray:o; the wa\'l·-lengths of which arc only one
twentieth. onL·-Iiftieth, en·n one one-hundrcdth of the sp;1cing hetwccn 
its lines: lmt as Lyman and :\l illikan advanced farthcr and farthcr 
bcyond the earlier Iimit of the ultra-Yiolct, thc conea\·c grating pron·cl 
it-.elf competent to an extent which would prohahly h<IH' astonishcd 
its inn·ntor. ln one of :\l illikan\ articles \H' may read an account of 
thc ruling of new gratings hy Pearson of Chicago; thc spacing of the 
lincs was hy no means unusually small (ahmtt ;)QO per mm.) lmt thcy 
wcrc ruled "with a n·ry light touch so a,; to leavc a portion of thc 
original surf.H'e functioning in thc produrtion nf :o;pectra"-partly 
~ that succes,.;in· rulings might bc nearly alike, hut rhiefty bccau:o;c 
if ju,;t half thc original surfare roulcl hc left intact, a largc proportinn 
of thc total radiant cncrgy would hc diffractcd intn thc tir:-;t-order 
,..pectrum (this i~ thc only usahlc nnc, hecau-.c thc highcr-ordcr image~ 
fornwd l>y the small wa\'c-length ray~ encrnach on thc lir,;t-ordt·r 
im.lgt.·s of thc r.1ys of grcater w,l\'e-length,;). Tlw arrangcmcnt nf 
apparatu,; in expcrimcnts with thc cnncan· grating has \·aricrl little 
frnm thc form which Lyman originally g;1n- it. In Fig. '2 (frnm an 
.nticlc by :\ld.ennan) onc sees thc cro~s-,;cctinn of a brge tuhular 
air-tight chamlwr, containing thc grating at L (it is mountcd on 
a carriagc Q sliding on raib U, P), thc "'lit at .<.,· and tlw photographic 

'Thcrc is no apparent reason a~.,inst usin~ conca\'c mirrors insiCJHI of lensC"s, 
uniN> thc multiple retlections nmsumt· too rnuch ol the light. l.!ll'kit"sh mcntions 
.111 inslrunwnt dt·signt"d with f<Xus,;ing mirror,; of nicke! 1-lou,ton, l'ror. Ro~·. s ••.. 
Edinh., 191!), which, howt·,·cr, wcrc lound inferior to quarlz Jenses in the rangc 
in which it was tcstcd. 
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plate at C. The rays are cxcited at thc centrc of a tubc l" communicat
ing by the slit with the grating-chambC'r. In this instancc thc sourec of 
light was a Yacuum-spark betwcen the electrodcs sketched; had it becn 
a vacuum arc or a glow-discharge in a permanent gas, the tubc might 
have been different in appearance, but woulcl ha,·e becn sealed onto 

Fig. 2-Vacuum spectrograph with conca\"e grating. (Proceedings of the Royal Sociely.) 

the chamher at the slit in the same manner. The distance SL and 
LC are each one metre, ancl the sum of them constitutes the major 
part of the light-path (Lyman has reduced the sum to -10 cm. by 
using a more cun·ed grating). 

The extension of the explored or explorablc region of the spectrum 
from 1200:\ onward to l~GA does not entirely dose the lacuna; hut 
it brings into the accessihle range e\·ery one of a certain ,·ery im
portant dass of rays-the rays emitted hy a free atom when its 
valence-elcctron has been displaced and is returning towards or to 
its normal position. The reason for distinguishing one electron of 
thc atomic electron-system ahm·e the others as the zoalenre elrctron 
(the name is chosen rather for its meaninglessness than fnr its mean
ing) lies in the existence of line-series in the spectra. l\lagnificently 
regtdar serics of rays are observed in the spcctra of thc atoms of 
hydrogen ancl of ionizcd helium, each of which has an clectron-system 
consisting of a single clcctron in thc inverse-square ficld surrounding 
the atom-nuclcus.9 Scries which rc::;cmblc thcsc, though they arenot 
arrangcd accon.Jing to so elegantly simple a numerical law, arc found 
in the spectra of thc clements of the first column of the pcriodic tahlc 
(Fig. 3) and suggcst forcihly that onc of the clectrons of the atom 
of Iithium, or soclium, or· potassium lies so much farther out than all 
thc others that it nwn·s by ihl'lf in a ficld whieh is almost identical 
with the inversc-squarc fil'ld of a nuclcus of chargc I' (t he rcsultant 
of thc ficlds of thc nudeus and thc inner clectrnns approaches such a 

0 This in\'l'rsc-squart' fit'ld seems to hc assured h) the expcriments on <letlections 
of alpha and hcta partirles hy atom-nuclei, quitc apart from thc succcSSl'S of Bohr's 
spcc1a l assumptions about atornic strurturc <ln<l r<1<li<ttion. 
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ftl'lrl ,, .... the dist.trHT fr11111 them increasc,.;). Tlw stnw argllllll'llt 
.tpphl':- to t•lclllt'lll,.; of thc slT"nd, thinl. ;md fo11rth columns. though 
with rlimini..;hing forl'l', for thc :-crit·s llt'C!lllll' more dil1icul1 10 tran• 
.111d tkp.trt grc.lll~· fmm the archetype. In thc crowded and com
plic.ttt•d :-pectra of elementssuch as nenn, argon, and iron, it is very 

Fig. 3 Pcrio<lic tahlt· of 1 he elt·mcnts ~howing t heir atornic nnmhers and ionizing
rotentials. (Cf. footnotc l S. ) 

difficult, thnugh apparently not impo,..,..ible, to arrange frt•qucncies 
into serics, ancl this i,.; in acconl with the belief (founded on evidence 
of other kincb) that in the,.;c atonls thcrc is no single outcr electron 
f.1r beyond all the others, out rather an outer slwll of scveral similarly
placed electrons. .\ny onc of the,..e might imitate thc lwhaYior of a 
,-,dencc-elect ron, howcn·r, wht·n remo\·ed to an unu:.;ua lly I arge dis
t<mce frorn the nucleu::; and frorn the re:<t. I t i,; to l1e olN·n·ed also 
that when 01toms arc brought close togcther in the liquid or solid 
stale, the line series ran no Ionger he cxcited. 

\\'hl'rt'\·er, thercfore, there arc di:-cernihle line-serics, one infer::; 
an electrnn far (•nough heyond all the othcrs to ha,·e a beh~n·ior and 
rlcsern· a title nf ih own. Ceneralizing Rohr',; wondcrfully sun·cssful 
modl'l of tlw atom,.. nf hydrogen and ionized hl'lium, wc imagine that 
this r::ketron enjoy,.. a p.lrticular :-ct of orbits, in the narrowcst and 
rlt·ept·:-t-lying of which it normally abidl':.;, whilc in any onc of the 
nthcrs it c.tn m;Jkl' only a tran,..it·nt h;dt. 10 

•• lt may not hc '"l~trtluoll> Jo complde the clc~<'ription of llohr's modtl hy s.ayin~ 
1h.1t wht•n tht• <'l<~·tron ~<~t·~ lrom ont· orhit Jo another, Jhc cliiTcrcnt'e oll.' l~t·lween 
the v.tlue' of thc ener;:y ol the ;tt~>m in the two ~l.atcs is radiatcd in a r.1y of fre
quencr .lU h. 
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X ow a ll thc linc-scrics ohscn ·cd in thc spcc tra of cxcited a toms 
a nd a ll which there is a ny rcaso n to imagine as existent bu t undis
cm·ered , lie cn ti rcl y a t wavc-lcngths grca ter tha n J:3ß:\ ; indecd most 
of thcm lie in thc a lrcady-acccssiblc rcgion beyond 1200:\ , but a 
few of the mos t important a rc in the ncwly-opened ra ngc. Hydrogen 
is cnti tled to fi rsl mention , hcing the Ieader of thc processinn of 
clemcnts as weil a~ the most completely undcrs tood of them . The 
visible spcct rum of (atomic) hydrogen consist s of thc a rche typc of 
a ll line-scrics, the Ba lmcr scries, cxtcnding from {);j():3A to ;)();jQ:\, 

thc frcqucncies of it s lincs bcing cqua lto the numhers of the scries 

(A) 

a nd so fo rth , in which R is a ccrta in con s tant (R =3 .29 · 1015). :\c
cording to Bohr 's thcory, thi s means that th e encrgy-\·a lucsll of the 
consccutive orhit s of thc \ ·alcn cc-elcctron (in this casc the only clec
tron ) a rc givcn by the num!Jcrs of thc succession 

(B) 

a nd so forth , and thc consccutin· rays of th e scries arc cmitted when 
t hc elect ron drops into thc first of thcsc orhits from tlw sccond , third, 
four th a nd consecuti\ ·e orhits . l\Iost pcoplc, on looking a t tlw suc
cession of numhers (B ), would in~tinc ti\·cly completc it hy adding a 
tenn - Rh a t thc lwginning; a nd if thcre i~ truly an orhit of which 
thc energy- \ ·a lue i~ - Rh thcrc must hc an additional linc-serics, 12 

thc frequ cncics of its lines hcin g equal to the numlwrs of the scrics 

Tbcfirst thrcc lines of thi s ;;cril•s should li e a t 1211):\, 10211:\ a nd 9i2:\ . 
They werc di scm ·ercd hy Ly man in 1!11 3 , a nd tlw serics hca rs hi s name. 

11 Th<• encrgy-value of a n orhil is the c nergy of Lhe a t o m when t he valcnce-<"l<•c tron 
is in this orl>it; the etl<"ri:'Y of t he a tom !Jeing- sd l·qual to z<·ro, wh <• n l hc \·a lcncc
('lectron is n·mo\·,·<lto intinity. lt follow~ front this la"t convcntion that t he cnergy
vaha· of an orhit, with sign n·vcrsccl, is cqual to t he cnerg-y which musl hc imparted 
to thc atom to r<"movc thc valc·nn··!' lertron compl !'tc l ~· from the a tom wh.-n it is 
initially in thc orhit in <Jll!"~tion. Thus tlw .-rw rgy-value of t he orhit whirh thc 
val .. ncc-clcctron normally inhahits is ecpral to thc· ionizing-potentia l of the atorn , 
wlwn it is cxprcssecl in appropriate units a nd its ~ign rc n •rsecl. T he practical ad · 
vantagcs o f this con\·('ntion are so g-n·at that we endurc its annoyi ng an cl con fusi ng
consNJliCIH"e of making- alltlw cnerg-y-,·ahl!·s of non-ioniz.-d atoms r11·gati ve. 

12 The ('XistcrH"c of this seri('s was anticipated long- hcforc Bohr 's intcrpret.n io n of 
the Balmer scrics, being s uggc~tcd hy thc form of thc scrics itself. 
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lldium follow:; hydrogen in the prore,.:-iOit of elt·nwnt!". I h "P<'C

trum inchuk:- :-en·ral line-,.eries. Tlll' frequt·nries of the lir,.t four 
memher:- of om· of thc"e :;erie:;, the priucipal serit·s of the "inglt·t or 
parhelium spertrum. are a~ follows (all thc ntllnher~ iu the !"llt'ct•,.;;ions 
!>. E, F. G. and /1 should he multiplied hy 10'1): 

(Dl 1.4•i7, •>.%1, 7.•ili7, s.:~oo 

Suhtracting- earh from the frcqucncy of the :-eries-limit, whirh is 
\1.1)0\l, we ohtain the :;uccession of numhers 

(E) ~\l.tiU\1-~.t.i~). (\UiO\l-:tli~~). (!UiOn-~.0· 1 ~). (!l.!i0\1-I.aO!I) 

which ;;uggc:-ts a :-uercssion of orhits, ha,·ing the following consceutiYc 
cncrgy ,·aluc:-13 : 

(F) -D.till\lh, -S. t.-~ ~~~. -3.ti2Sh, -2.0-l2h, -1.~0!11!. 

Thc const·cutiYc frcqucncics of this ;;cries are cmittecl when the ntlcnce
clcctron falls frorn the second, thinl and consecuti,·e orhits of this 
succe;;sion into the tirst one. One would supposc that the ,·alencc
electron norrnally abides in this first orhit. But if this were so the 
enl'rgy requirecl to ionize the atom would he fUJO!lh · 1014 , cquivalent to 
3.!Jt) Yolts; and waws of the frequcncies gi\"Cn hy (D) could displacc 
the <'lectron ancl Iw absorlwd thcrchy. But the ionizing-potl.:'ntial 
of the atom is ahottt ~.j ,·olts ancl the frcqucncics (E) do not appcar as 
dark lines in the ahsorption-:-;pectrurn of hclium. Thereforc therc 
mtl!'t be still another orbit much deeper down, with a rnuch highcr 
(negative) energy-,·alue, than any li:-;ted under (F). l n Hl~l ~~ 

Lyman di:-;conred (with his highly-curn·cl grating and shortcned 
light-path, and pumping arrangemcnt for keeping the prcssurc low) 
a new :-;erie:o; nf lines of wan·-lengths 5~ 1.-L\ , ;j:~ i . L\, i122.3A and 
5J.'l.i.-\. Their frcquenries are 

(G) 

whirh may he written as the succcs;;ion of numhers 

(H ) (.'lf1Afl-8.t.'l), (•ifl.·ID-:U.t), (.i!I.-HI-2.0.)), (.ifl..l!J-1.31). 

Comparing the,..e with thc ~ucces~ion (E) wc rccngnize thc same sct of 
~ubtrahends, •~ ancl accordingly identify the cnrnmon quantity •i!I.-H) ·10 1 ~ 

u lt is cu;tomary to designate the orhits hy their cnergy-value' di,·iclcd hy hc, 
or 19.Ml· to-n. 

11 lt would not he nece;s."'l")" to call attention to thi; if we could calculate r hl' 
frequency of the !'<'ries-limit, which would ~:ive the energy-value of thc new orhit 
immediately; but the four discm·ered lines arc hardly sulticient for such an exara
polation (rhere are fcurtcen Qf the other ;erie~ to usc for calculatin;:: its Iimit . 
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as -1/lz timcs the encrgy-valuc of an additional orhit. If this or!Jit 
is the permanent homc of thc valcncc-clcctron, thc cnergy rcquirctl 
to ionizc thc atom must hc +5D.·Hllz ·101

\ equivalcnt to 2·!.5 \'olts. 
\Vhcn thc ncw lines wcrc discm·ercd, thc accepted value was 2.j.3 
volts, largely becausc of a certain measurement by Franck . After 
the publication of Lyman's discovcry, Franck rc-examined his method 
and data and found thcm compatiblc with the valuc 2·!.5 volts; and 
very recently C. A. l\ l ackay has ascertaincd tbat the ionizing-potential 
of helium is H.l volts greater than that of mcrcury, which is quitc 
dcfinitclr known to he 10.1. One could hardly dcsirc a bcttcr ill us
tration of the conftucncc of mcasured valucs of the cncrgies of atoms 
and mcasurcd valucs of their radiation-frequcncies, whcn both are 
intcrprctcd according to the contcmporary thcory of radiation. 

These ncwly-discon·red wa,·cs must bc thc shnrtesl in the spcctrum 
of hclium; thc atom cannot emit a ray of wavc-length lcss than thc 
serics-limit 504A. calculated by the equation 

hv=lzc/A.=energy-\·alue of the decp-lying orbit =5!J.·Hl·l014/L 

They are much shorter than the wavcs of 1 hc Lyman series of hydrogen, 
\\·hieb Bohr's theory, tagether with thc obscrved ,·alue of ionizing
potcntial of atomic hydrogen, justify us in declaring to hc the shortcst 
waves cmittcd by that atom. Furthcrmorc, it is almost ccrtain that 
they are shorter than any wavcs for which the valencc-elect ron of 
any atom is rcsponsible; for thc ionizing-potential of helium is grcater 
than any othcr mcasurcd ionizing-potcntial, and thcrc is IHl rea::-on tu 
bclieve that any of thc yct unmcasurc>d ones excccd it. l ts nc>arcst 
rivals are the ionizing-potcntials of the inert gases which sharc the 
last column of the pcriodic tahlc. Thc expcrinwntalists have not 
agrccd vcry weil in thcir cstimatcs of thcse, alt lwugh all agrcc that 
the valucs arc comparativcly high. Hertz, thc latcst to make mcasure
ments upon ncon and argon, gives 2J.!J volts for the first and 1:i.:~ 

volts for thc sccond. Both, thcrcforc, slwuld cmit somc rays lying 
hclow 1200:\, hut almw ;i/;iA and SOll:\, rcspcctively, and rcsulting 
from lransitions of thc \·aicnce-elcetron. Dcjanlin gi,·cs 12.1 volts for 
tlw ionizing-potential of krypton and ,·cry latcly 10.!! \·olts forthat of 
xcnon. ln tlw othcr columns of the pcrimlic tahlc, thc \·alucs of 
ionizing-potential an· prc\·ailingly lower than in thc column of inert 
gascs. Tlw vahw 111.1 volts (for mcrcury) is thc highcst among 
thc metals; st·vcral of the non-metallic L'lemcnts appcar to ha\·e 
ionizing-potentials lwtwccn 12 and II volts, hut for somc of thcsc 
it is difficult to tell wll('thcr thc obscrved \·aluc pcrtains to the atom 
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or lo a mnleculc. The !'X(wrinwnt.tl m.tl1·ri.tl is ahuncbnl 15 l'nough 
lo I.! in· pr.wt ica I n•rt.1in ly I h.t 1 '\·;dt•Jw•··•·k•·l rort ray:-." lwlow 1000.\ 
occur in 1he :-.p•·clra oi only a j,.,, 1·h·m•·nts. and lwlmY ;,oo.\ in no1w. 

:'\e,·erthele,.;s, :\l illikan and Bmn·n. photographing the :-.pectra of 
.111 of 1he tirst lwenly elemenl,.; (neon and argon exclmkd, and chro
lllium .md copper addedl down lo the exlremily of the region ac
cessihle wilh lhe concan· grating, discon•red great numlll'rs nf lines, 
of which lhey a11ril>n1e dozens nr sn•res to particul.tr deml·nts (for 
l'\;;llllple. some forty lines asnilwd to potassiu111, though its ionizing
polenlial of four \·olts corresponds tc> a minimum wan•-ll'nglh exceed
ing :!:,oll.\ I. ~ollll' of lhe~e m;ty l>e lines of compound migin. rl·stdling 
frum 1wo simultaneous changl'S in lht• dectron-syslelll of 1he atom, 
ont• being a lr.m,;ilion of 1he ,·alence-eleclrnn and the olher a re
arrangement of 1he other eleclrons. (Saumkrs menlions such lines 
in 1he spt·ctra of elements of the second colu111n of the tal>le.) I >thers 
.tre due to rearrangellll'llt,; of inlernal electrons following upon a dis
pl.lcemenl nf one of lhese. :\lany uthers are attributed lo displace
nwnls of 1he \·alence-electron,; of ionized a1oms. Of this new field 
of re~earch. the ,;pectroscopy of ionized atoms. I \Hute hrietly in the 
tir,;t article of 1his series. In 1he more easily accessil>le regions of 
1he spectrum. Paschen bad di,;cm·ered rays of douhly-ionized aluminium 
anti Fm\"ler rays of lrehly-ionized silicon. 16 :\lillikan and Bowen go a 
~tep furthl'r hy identifying certain rays of quadruply-ionized phos
piHirus: indeed thl'y helie\-e I hat, under lhe ,·ioknl e:xcitalion proYided 
l>y 1heir \·acuum-spark, lhe wan·s emil led hy atoms which ha\·e lost 
all but o:w of the ekctrons from their outermost electron-shdls (the 
three just specitied are in 1his statt') ar1· especially abundant and 
inlense. 

" ln the rx·riodic· tahle of 1-"i)o:". 3 th .. ionizing-pott•ntials of thf' elemt·nts are giwn 
alon~ with tlwir .Jtornic numb·rs. I )n·rlint•d fi!-:ur .. s are Yalu .. ~ c·alcnlatl.'d irom 
st·ril·s-limih and ronfirmeu hy dir~! experiment; starred Yaluc·,; are d.Jta of experi
Oll'nt. for .. tements of which the seric·s haYe not bt·en workt·d out; the rcmaining 
Yaltll·, .1re l'akulat .. cl from ,;Nil's-limits and haYe not heen Yerified. Thc dat.t arc 
from the citt·d ,;ourn·s, frorn Foote and :\lohlcr, and from '-'aunders' :.:raphic t.Jhui.J· 
tion St·irrtcr, Yolume 50. pp. 511 .'il, January IS, 192-!;1. lntert·sting ,·.~riations 
with atornic numh,·r .JrP ob,.erYcd whkh yielcl ha"'-'S for estimat ing thc Yalues for 
still othcr t·lemcnh hy interpol.itions. 

""lt mi!-:ht I~<.· nwntioned th.tt the spectrum of silicon was first s .. l .. cll'd for in· 
n·stig.ttion on il<'l'ount of its a-trophysic·al interc·-t. Thc linl'' rt·prc•senting SIW

n·-;...;iYe ,.t,Jgc•o; of ioniz.Jtion of I his l.'lcmcnt appl'ar in st.trs whit·h tlll're is cn·ry 
rt'.J">n to IH·Iit·\·e arc at ,.ucn·ssin·lr hight·r ternper.tt llrt''· Thc compldc series
do~t.l for tht• iour SJK·c·tr.t trchly,· douhly-, onn·· and nnn·ioni/.ed atnnbl and tlw 
ioni/.Jtion·[K>It'nti.tls dc .. lucl'<l frmn them. may IH· t'Xfll.'<'lt•d to lind an irnpnrt.tnl 
application in fixin)o:" the ~--alt· of stellar temp .. ratun·-< .... \11 the scrit·s prc·dirted in 
thc·>~· iour( sfli.'I"IJ.t of silil'on; in rh .. stwclra of douhl}·, nnn··, and non-ionizcd 

.tluminum, of onn·-ioniLed Olnd nl'u! ral m;~gnc·sinm, and of neutral s<Kiiurn, h.t\'l' 
lx·en al'lually pr•Kiuced ancl han~ bet·n found tn ha\'1' the ch.tractcr and con,.lo~ntQ 
experted. "-A. FOWLER. 
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Thc ' \ ·alenre-t"lectron " rays emittcd by ionizcd atom~ :-;hould lie 
a t les:-er wan·-lengths (roughly ! .1 as grea t ) t han the , ·;dt•nrt·-elert ron 
rays of neutral atoms, an<l therdorc should bc particularly at home 
in thc region newly opened to exploration. The highe:-;t frcquencies 
cmittcd hy the ionizcd-helium atom arc perfcctly caku lahle from 
Bohr's thcory; they arc the frequencies of thc Lyman :-;erics, quad
ruplcd, and thc waYe-lengths therefore lie between 30-!A and 2:30:-\. 
Thcy ha\'e not hcen reported, but Lyman in l!ll!) ohscrn~d two lines 
in thc spcctrum of violently-exciteu helium, near the positions 121-1.9 
and lG.JO.lA calculatcd for the first and third lines of tlw rwxt helium 
scrics (ha , ·ing thc frcqucncies of the Balmer seri es, quadruplcd). The 
placc of the sccond memLer of thc series was obscured hy an alien line. 

II .. ··: 

;i ,_ lllif II ! · r111 :r · 
Fig. -l - -Spcctrurn of a vacuurn spark hetwccn carbon clcctrodes. (Aslrop!tys ica/ 

Joumal .) 

Thc on cc-ionizcd Iithium atom, judging from thc examplc of neutral 
lwlium, should display higher frequcncies than any othcr oncc-ionizcd 
atom, and they should hc arranged in recognizablc scries, somewhcre 
ncar the cxtrenw Iimit of thc cxplorablc rangc as it stamls at this 
momcnt. They han· not, howcn·r, Ileen rcported; l\1 illikan says 
that his plates show ll<l Iithium lines of any sort from liOOA down 
a t least to :~70:\, if not f<lrther. 

:\s an example of a spectrum cxtcnding far into thc newly-con
quered field, a pbte reprcsenting the SJWCtrum of a ,·acutrm spark 
hetwecn carhon electrodes is reproduced from one of l\1 illikan's 
a rticlcs as Fig . .t. The ac tual spectrum is in the middle; it is drawn 
out for hctter intelligil>ility, at thc sidl'. :\lost of the marked lincs, 
includin g tlw extrcmt' line a t :~li(J_;-n\ and thc strongcst line at 1:~:~5:\ , 

a re a ttrihutcd to ca riJon ; sonw to otlwr elenll'nts, particularlr the 
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olll' .11 1:.?1.i.7 \\hich i,; tht· lir,.,t line of tlw l.yman ,.;erit•,; of hydrogt•n. 
Tlw in terpret,\lion of ,;pectr,l likt• 1 hi,; j,.; not a ,;implt• matter of putt ing 
clt·ctrodt•,.; of tht· dt·,.,ircd ,.;uh,;t,llll'l' into the tullt' and a;-;crihing to ir 
alt thc linc,; \\hich conw out on thc pl.lle. lt appear,.; that impurities, 
t•n·n wht·n prc:-t'lll in wh.\1 might l,c con:-;idcred ,;mall proportion s. 
contrihute their own ray,.; to tlw ,.;pectrum in gre<ll ahundance and 
intt·n:-;ity. :\lillikan fonnd that alt tlw line,.; pre;-;ent in the spcctrum 
of the vacuum sp.1rk hetween m;1gne,.;ium clcctrodcs were also prc:-t·nt 
whcn aluminilllll electrodcs wcre 11::-t•d, and vicc \·ersa, and finally 
a,;:-;igncd tlwm alt to oxygt·n. Lyman found it extremcly diflicult to 
dccidc which lincs lwlong to hydrogen and which to helium, since thc 
,;pectra of glow-di,.;charge,.; in the::;e ga::;cs ha\'e so many lincs in comnwn. 
Ilclium h.1s a pronounced habit of em·ouraging excitation of thc rays 
of whatcn·r othcr gascs arc mixet! with it. sincc thc helium atoms 
requirc so much energy to displace their ,·alcncc-C'Icctrons that frce 
dectrons ,.;hot into helium gas are liahlc to hounce harmlcssly from 
onc helium atom to anothcr until they strike and excitc an atom 
of anothcr Yaricty. Even if one can he sure that a lt thc rays in a 
::-pectrum Lelong to a single elemcnt there rcmains thc pro!Jiem of 
as,;ig-ning them to neutral or Yariou,;ly-ionized atoms. lt is clear 
that the completion of thc spectroscopist's ta:<k is ddcrrcd Ly this 
exten,;ion of it to what the Gcrman,; c;d l the unforc,;eeahle time. 

\\'e return to the con,;idcration of thc lacuna in the spcctrum, which 
extcnds from 1:3:\ up to a hnunclary which hy thc use of high Yacua, 
cnncan· gratings, ;md violent cxcitations, ha,; lll'cn forccd from 1200:\ 
down to 1:3H.\. This wa\'c-length 1:3li:\ ,;Iands for the momcnl as 
the lowest which has cn·r hccn actually mcasurcd with the rulcd 
grating; and in spite of the uncxpected and fortunate adequacy of 
thc instrumcnt down c\·en to this point, little morc can he demanded 
from it. T he rcason is, that the suhstance on which the rulings arc 
made must e\'entually ce;1se to reAcct thc rays on account of its own 
loo:<cne:=.s of texturc. Rcing a congcries uf atoms themseh·e,; separatcd 
hy tinite distanres, thc meta! will not bcha,·e as a cuntinuum towards 
wa\·es of a lcngth not \'ery !arge comparcd to ib own almnie spacing. 
Below 1:3;\ wa,·cs arc not retlected. Little is known of the rate at 
whirh the rl'llccting-power dwindlcs away to zcro hctwecn 1:3fl.c\ and 
1:L\ and thi" littlc we owe again to I lolweck. He directcd a heam of 
radiatinn (it wa" a mixcd hcam, a" was pre,·iou,;ly madc clear, and thc 
wa\·e-lt·ngth-\·alut· i,.. nll'rdy the minimum wavc-lt:ngth in it) against a 
poli::-hed bronze mirror at the nry ollliquc incidence of i:3. 0 8; the 
rcAectcd bcam had onc-thirc..l the intcnsity uf the inridt·nt heam at 
waw-length 1:.?:3.\ (prartically the t·xtrt·mc wan·-Jength of :\lillikan's 
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cxperimcnts), but only 107o at GO:\ and only 3% at 40A. The per
formancc was much bcttcr at a still moreoblique incidcncc; on the 
uther hand Holweck thinks that it gcts rapidly worse as thc incidence 
is madc morc ncarly normal, an<l if this is truc the outlook for the 
concave grating, with its con<lition of almost normally-incident light, 
is most unpromising. 

Below the houndary JaA, thc at01nic constitution of solid sub
stances turns from a hin<lrancc into an adYantagc, and crystals scrvc 
as natural diiTraction-gratings of incomparahle fitH:nc~,; too fine, 
indeed, for our conn~nience in this part uf the spectrum, ~ince the 
houndary is fixed by the smallness of thc distance d betwcen suc
cessiYe layers of atoms in thc diffraction-grating. Rocksalt, one of the 
standanl crystab, for which d = 2.S I-l 1\ , has l>ccn uscd successfully 
up at least to -tA (by Fricke) and thc rcst of the way to J:t-\ has becn 
cxplorcd wit h crystals of gypsum (d = i.;iS.-\ ) or sugar (d = 10.5üA); 
in this rcgion it was tH·cessary to cvacuatc thc light-path, preciscly 
as in thc rcgion hcyon<l 136:\ . Tbc only possihility of a llC\\' ad,·ance 
dcpends on the utilization of crystals of still grcater inter-atomic 
spacings. Hoh\·cck mcntions a crystal with a formidable namc, for 
\\·hich d=Hl:\, an<l de Broglie an<l Friede) found that the oleatcs uf 
smlium, potassium an<l amnwnium prcsl'nted spacings of the onlcr of 
-10.-\ hctween consecutiH· molecuh·-laycrs. l f tlwst• suhstanccs can lw 
adapted for use in crystal spcctographs, thc houndary of thc explored 
region may hc pushe1l far heyon<l its prcsent placc. lt may he found, 
hm\·eycr, that I he crystal al>sorbs the rays heforc thcy go <lel'ply 
enough to hc <lilTractcd. 

As for the rcgion bet\\·cen 1:3:\ and 13GA, no onc has e\·er measurcd 
thc wavc-length of a ra<liation lying within it; hut there is a method 
which indicates thc existcnce and something ahout the wan·-kngths 
of rays which almost certainly belong in it. In applying this method 
thc photographic plate is replacc<l hy a meta) clcctro<le (usua lly uf 
platinum ) which, wlwn irradiated by rays of any wan·-lcngth (lcss 
than a ccrtain critical one which always lies far abon• this r;mgc) 
emits !'lt·ctrons. For this reason it is oftl'll known as the j)//0/oclcr/rir 
mclhod, altlwugh tht• suhstitution of nnt• kind of rccl'in·r fnr another 
is not its most distinctin· charactni,.tic. .\ targcl malle nf the suh
statH'(' to Iw studicd is ,.l'all'd into a tulw, oppo,.ite a soutTc of ekrtrons 
(gencrally a libmcnt for tht·rmiunic emis:-.ion ) ; the photosl'nsiti,·e 
electrodc is pl.tcl'd sonwwherl' in thl' tull!' whl'rl' whaiL'\Tr rays are 
excitcd at thl' surfan· of the target will fall directly upon it. Jt is all
important to prot!·ct this electrodc from electrons and ions, ncgati\'e 
ur positin·, pronTding from target, lilaml'nt, or anywhcre eise. 
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l':;nally tlw t"lt"ctrodl· j" ,.;nl'l'lled by .1 f.1111ily of go~llt:l'"• with their 
poh'nti.d,- .nlju ... tl·d ,,,. j.., indit·atl·d in Fi!-:. ;) (with tlll' path" of intrudin~ 
ions of hoth "j!-!11", induding tho,.c l'Xcitl'd from thc olltl'r ~auzcs 
thl·m"ciH·,.;, rn.tppnl out to ,.lmw how thcy ;trc n:hutTcJ). .l\aturally 

A 

V 

Fig'. 5 .md h llorlon's apparatus for dctermining excital ion-potentials by t hc 
"phot•><·lectric fllt'l hod." (Philosoplllwl .\la.~azi11e.) 

thc arrangl'llll·nt of potcnti,JI,- in front of th1· ell·t·trudc mnst hc such 
th;ll thl' cmittcd l'icctron,.; <rrc all drawn away irorn it, not drin'n 
back onto it. Thc r.ttt.' of cmis"ion of l'll'l'tron,.;, tlw photoelectric 
crtrre~r/, may l,c rncasurcd with an elcetrornl'ter t·onnl·ctt•d either to thc 
Sl·nsitiH· ck<"trode or to a gauzc so plan·J as to gather in all thc 
elt-ctrons emittcd from it. Figs .. ) and ti, thc bttcr of which shows a 
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completely equipped tuhe with lilament at F, a row of targets which 
can !Je mm·ed con~ecutively into place at T, and the photosensitive 
electrode at A with it~ gauze ~hields in front of it, come from the work 
of Horton, Andrewes and D<H"il::-;. A tube de~igned and used by 
E. H. Kurth i:-; shown in Fi g. i; the lilament is seen in perspective at 
C, the target at T, and the sensiti,·c di~c at D; the family of di,·erging 
straight lines n:prc~cnts a ~et of meta! laminae, which being charged 

o ~.u, 

/I 
Leab 7i (~f'CHI 

r. , ...... .t f ... 

Fig. i - Kurth 's apparatus for dctermining excilation-potent ials. (Physica/ Rrt>it•ur.) 

alternately to potentials 0 and + ];~;) volts gatlwr in any ions which 
s tart up towanls the di~c. The mt'lhod can also ill' adaptcd to gases, 
and this a pplication has an intcrc~ting and important hi~tory; hut 
as ncarly all thc data respccting ga:-;es rdcr to wave-lengths superior 
to 1200:\ , thcy fall out of tht· prm·inn· of this discoursc. Foote and 
.i\lohler, howt·n·r, pt·nctr;~tcd to 2HA with thc apparatus of Fig. 8, 
lillcd with oxygt·n. Tht• lilament i~ at .·1; the dcctron-accelerating 
voltagt· V is applil'd ht·twt·en A and the gauze B, so that the target 
is essentially a thin bycr of gas envcloping B; thc photosensitive 
eiertrode is tlw gauze C. the photol'lectric curn:nt from which is 
gathercd in hy the platt·/) (scrt•t•ncd against positi\"l' ions hy its high 
pot<-ntial). 
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The art o( dl'tl·t·ting radi.lliuns hy this nwthod ron:-i:-h in gi\'ing 
,.,,rions \',dm·s to tht· " IJCliHh;mling Yolt;~gl'" I" loL'IWl'l'll target ;md 
lilanwnt. \\hich i" thc mca:-urc of tlll' l'lll"rgy of tiH' L·lectrons impinginJ:: 
on tlw target; nwasnring tlw photoelertrit· cmrcnt i. whieh is tlll' 
measme of tlll' intcnsity of tlw r;1ys; plotting i (or lwtll·r tlw ratio uf i 
to tlw emrent of homhanling l'lectrons) ,·cr,;us 1·; and L'Xamining tlll' 
curn· to Sl'l' "hl'ther it displ;1y::. ~udden L·hange,; of ,;lope. lf it doc,;, 

I r I 
I I 

I I I 
I I I 

d D IE: Bi A !e D 
I : o ;1'v -V, I . v, 

: I ... _J 

Fig. 8-:\lohlcr a nd Foote 's app..uatus for determining cxcitation-potentials of 
g""'-'' and vapours. (Bulleiill of Ihr B11reoJ11 of SloJI!doJrds.) 

one infers that at the corre:-ponding ,·oltagcs llL'W radiatiuns suddenly 
!Jur~t forth. Thc mcthod thcrcforc cnn~ists in finding- critical !Jom
barding-\·oltagcs, that is. critical ciL·ctron cnergiL·s which just suffice 
to excitc partintlar :-orts of radiation; it is a method for discm·ering 
rxcitation-potenlials. Thrcc cxrdlcnt instann:s of such :1hrupt change" 
in ~Jopc, Or breaks a,; t hey are f rC(jlll'll I Jy cai!L•d, appear in the (i, l") 
cur\'c determincd with an aluminiurn targct hy Horton and his a s
S(Kiates ( Fig . H). \·cry many such curq:s appl·<~r in the litcrature , 
with more or lc,;" conspicuo us brcaks; sOillL' an: as striking as these 
in the figurcs, some require a good dcal nf care and expericn ce to loca te 
thcm propcrly, and some, onc is dri\'cn to conclmlc. a re , ·isiblc onl~· 

to the ep• o f f.1ith. But it is hardly possihle to douht tha t such a 
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l·orner as thc three herc reprod uccd marks the entree en sd:ne of a 
new ray or sct of rays. 17 

But a detcrmination of an excitation-potential is not a measurement 
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Fig. 9- Brcaks in a p hotodcctric-c urrc nt cun·e indica ling excitalion-potcntials· 
(Philosophical Jlagazi11e.) 

of thc wan·-lengt hs of tlw excikd rays: and while it is supposcd that 
cxcitation-potentials IJCl\H'l' ll 1000 \'Olts a nd 100 \·olt s a re associatcd 
with rays of wan·-kngths bl"lwevn 12.\ and 12:L\, this is merely a 
supposit ion .1s \\\· rl'quirc a thc:orctical relation hctwecn excitation-

17 I I is clcar from I hi s armnot 1 hat l he pholos<·nsit ivc disc mig hl he replaccd by a 
photographi<· platt•, on whid1 thc opacit~· due to the rays produr Pd hy ronsccutive 
valllt'S of l' rould 1 ... mt· • .snred: or hv an ioni/.ation-chamher, in which 1 he ionizal io n
curn·nls c·ould !Je measured . lt i's equall~· clt>ar l h.1t neillll: r methocl would be 
so ~uita!JJ,. for dt·tc.-t in~-: slight disr onl innilies in rate of incn·asc of radianl cnC'rgy 
wilh incn·.J-.· of 1'. llm\<'\'er. bolh melhocls .trt• usc<l al hight•r freqncnciC's, whC're 
h~ - di~JII'rs ion of th .. \\';1\TS a disnmlinnil~· in tl11 · inl<'nsily al a ";ingle wan·-k-ngth i~ 
madc IIIOH' <'c>llspinwus. 

18 This is the hesl plan· to rcmark that l'icctrons of voltagc l ' i}()lllharding a solid, 
in adclition lo •·xci ling (if l ' is hish enoug-h l ra~-s characlerbtic o( thc hombardcd 
aloms, l'Xcite also a t·onl inuons spcctrum of r.1ys of all frcqucncics up to a maximum 

·re 
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pntt·nti.d,.. .111d e\citt·d frequc•ncit·s. Thl' qlll·stion is of hi).!h import
·•nn·, not simply l•t•c;n~:-e Wt' .lrl' irltt'rl',.tcd to knnw wlwtlwr ~onH· of 
tht• t'\l'ited r.1~·s re.llly lic in tht· hitherto unpcnl'tratcd rangc, l•ut 
primarily ht·c·au"c t'\citation and emission an· amung thc fundamcnt.tl 
qualitit•s nf atoms. E\citation-pntentials l'\Cecding 100() n•lts 
gencrall~· prcxlucc r.1ys of which tlll' wavc-lt•ngths arc lc~s than 1:!.\ 
.1nd can Iw mcasurcd with the rrystal spt'ctrograph , so that a rulc or 
(,\\\' can Iw deducetl from thc two scls of mcasurcments. E\citatinn
potcntials inft·rior to :!.) \·oft,.. gcncrally produce rays of which thc 
wan·-length:- an· gn·alt•r than iiOII.\ and can l•e mt·asun·d with optical 
app.1ratus, .md <lgain .1 law C\111 he dt·dun·d from thc twn sets of data. 
But the L1w is not thc :-.lllll' in the two cast·s; this is ilt'cause c·\cita
tion. in the formcr ca~c. consist~ in displacing a dcep-l~·ing ckctron, 
whilc in the iattl'r casl' it consish in a displaccmcnt of tlw valem·c·
clt•rtron. \Ye are forccd to the disconn·rting condusions that c\ciLt
tinn-potcntials lwtwt·Pn 1000 \·olts and 2.'1 volt,; involn· clcctrons of 
an intermediate typt•, and that the still-unverifiahlt• law connet·ting 
thcm with the fn·quencies of thl'ir c·\citcd rays is not id t·ntit·al with 
eithcr of tlw laws in tlw accessihk rcgions nf tlw spt•t·trum. 

Thc (,\\\' for e\citation-potentials invoh·ing displaccnwnts of thc 
\'alcnce-electron is twofold. Each atnm has at least two such t•wita
tion-potential,;. One of them is its ionizing-potential. \\ 'ht•n the 
accclcrating-\·oltage of an t•lectron-strmm playing against a multi
tudc of fret• atoms forming a gas is rai:-f'd just past thc value 1·, at 
which an indi\·idual electron h<JS ju,;t enough etwrgy to remo\·e the 
\·alcnce-ekctron of an atnm, thcre j,. an outhur,;t of r.Hiiation. This 
compri,;t•,; r.1y,.. of many fn·qucncic·,.. prohal•ly alt tho,;c which Wl' 

havc called \·<dencc-clectron rays and thcy arc cmitted as the 
valenre-dt·ctrons de,..cend stcp-hy-,;tt·p alnng their Iadtiers of orbits. 
:\II t hcse f rcq uencics cnn form I o I hc rcl.ll ion 

(l) lzv<d·;. 

The nther e\citation-potcntial is the resollaiiCt' pot!'ntial of thc atom 
(there may be more than one of thes(• 19). \\'hen the aecell'rating-

C(jllal to t'i' II. The hetero~eneous hcams userl hv llolwcck in lhe experimt·nls 
pre\'iou,)y cited consisled ch•ctlv, if not <·ntircl\', of th.is continuous spl•ctrum .. \11\hc 
t·xcilo~tion-potentidls rncntioncd in thesc pages, hmwn~r. relate to individu.d rays or 
groups of individual rav- ch.trac\pri,tic of a\oms . 
. "This qut·,tion is still incnmplt•lt·ly soln·d. in spite of llllll"h Iabor. .\t one time 
ll w.ts sup(><l'><.'d t h.tl the v.denn··decl ron coulcl Iw r.Ji,ed eil her alto..:t·l her ou\ of the 
a\om, or el'l' \o the det·pt•sl-h·in~o: nf tht' tran,ient->ojourn orhit' lor to eilht·r of the 
two deep<·'l-lying orhits, if thert· .1re two complclt· f.uuilit·s of orhits such a-; the 
nlt'rcnry .ltom po,.,.·--cs : hut not lo .1nv of the olhc·r lransit·nt ""'journ or "virlual" 
orbits. This restriclion would apply Önly to di,pi.Kements caused by impinging 
electrons; quanta of appropriale frequencies can Iift thc valcnce-elcctron to any of 



290 BELL SYSTEM TECl!NICAL JOURNAL 

voltage of the electron-stream is raised just past tlw , -a lue 1', at ert 

which the individual electron has just enough encrgy to raise the 
valence-electron from its normal to onc of its transient-sojourn orbits, ~u 

thcrc is an outhurst of radiation . This comprises rays of a single ·ne 

frcqucncy, emitted when the valence-electrons return in single leaps cas 

from thc orhits to which they were momentarily raised to the orbits of pla, 

their normal habitation. This frequency conforms to the rclation: 1!b 

(2) ltv=el',. 
._, 

elf! 
The law for excitation-potentials im·olving displacenwnts of de<'p- wnt 

lying electrons hears a certain resemhlance to the first of the fore- alo 

going laws. \\'hcn the accelerating-voltage of an clcctron-stream ] 
playing against a multitude of atoms assemhlcd in a solid or liquid rurr 
is raised just past the value l'e at which an indiddual clectron has r.a~ 

just enough cnergy to cxtract a certain deep-lying electron, say a .t 1 
K-electron, there is an outhurst of radiation comprising many fre- c~e 

quencies, all conforming to a relation rescmhling (!), to wit: ~ti 

(3) lzv<el"e· 

But it would Iw misleading to assunw that tlw proccsses rcsulting 
in (I) andin (3) are identical. In the first place, it is not certain that 
the deep-lying electron need be completely extracted. Suppose it 
posscsscd a set of transient-sojourn orbits in the otthkirts of the 
atom, their energy-values differing from one a11other and frorn that 
of the "orhit at intinity" (the state in which the electron is quite 
detached) hy amounts less tha11 the 2;j volts which is thc maximum 
difference hetween the energy-,·alues of any valence-electron. Then 
there might he several excitation-potentials, difTering from o11c another 
hy 2.1 volts at most; hut this difiere11ce would he so inconsiderable a 
fraction of the ,·alue of the extractio11-potential 1"., which ranges 
from more than 100,000 ,·olts for the K-electrons of ura11ium to ahout 
1100 volts for tlwsl' of 11l'OI1, that they would be dillicult to dis
tinguish. Indications of multiple excitation-pntentials have, how-

an inmwnsc numhcr of orhits of a ccrtain s<'l, hut not to transicnt -sojourn orhits 
of certain oth<"r sets. Lately it has hcen atlirnwd that impinging- dt·ctrons of the 
riJ;:ht cncrJ;:y can Iift thc \'alence-ek•ctron to any onc at all ol its transicnt-sojourn 
orhits, l'\'l'n thos(' to which ir cannot hc lift<'<l hy quanta; but this rufe, if it is thc 
true onc, has not yct hccn illu~tral<"d hy any extcn~i\'c set of experimental dat.1, 
thouJ;:h llcrt7 ha< btcly intimatcd in a hricf notc that hc has asscmhkd such a sct 
hy cxperimcnts on lwlium. Franck anrl l.::nippin).: dl'tcrtcd cxcitation-potcntials 
corresponding to thc Iifting of thc \'alcncc-clcctron of hdium from its normal orhit 
to SC\'cral dist:nct P-orbits; but I gatlwr from a latcr papcr by Franck that nobody 
has ()('eil ahlc to reproduce thc rcsult. Olmslead and Campton disccrncd excitation
potentials corrcsponding to thc liftin~ of thc clcctron of hydrogen from its nornJJ.I 
orhit to cach of thc ncxt six transtcnt-sojourn orbits. 
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cver, ht•t.•n di:-;t·crncd in thc "tint• :-;tructurt.·" of tlll' K .th:-;orption-edgt·s 
of thc lightt·r ckmcnt:-; (not.thl~· the t.•kmt.•nt,.- front :-;odittnt to po!.ts
sium). ln thc :-;ccond plan•, thc pron·:-;:-; of enti:-;:-ion is ditlt·rent in 
tht• two c.t,.;t.•s <k:-;l-riht•d h~· l'qllation,.; (I) and (:{). ln thc formcr 
ca:-;e, tht' rays \H'rt' t•mittt·d a,.; the ,·,tlencc-electron (or ;111other rc
pl.ll'illR it, whidt entllt's to the :-.tmc thin).:") rt·dt.·:-;n•mled its laddt·r of 
orhits; hut whcn a tkep-lyinR clcctron is extracted, the resnlting 
rays arc cmittcd lwcau:-c of rcarr;lllgl'llll'llls of thc other intcrnal 
electmns of thc atnmic ckctron-s~·:-tl'lll, which occur irrcspecti,·c nf 
whether thc lkpartcd ekctmn quickly returns to the atom, or n·m.tins 
a long- timt• away. 

I will now ri,.;k thc making of a di:-;tinction which may en·ntually 
turn nut not to hc thc mo:-;t natural or practical, hy rcscn·ing thc 
n.11nc dtt·p-lying dtclrons for tho:-;c ckctrons whidt lic cntin:ly within 
at least onc cnmplctt·d cll·etron-si1L'Il of an atom, and dc:-;ignating 
the othcrs (exclusi,·c of tlw \'alcnce-clectron, which has already hccn 
sct apart from thc rcst) as the slwllm<.•-/ying e/cclrons. I t follow,; from 
this dcfinition that thc first nine atoms of thc periodic tahlc, up to 
tluorinc (inclusin·) posscss only shallow-lying- L'lcctron,.;; thc next 
cig-ht (Xe to Cl) haw onc sct of decp-lying clectron,.;, the K set; thc 
m·xt eig-htt•t•n (.·1 to Br) ha,·c at lt:;tst four sets of dcep-lying dcctrons, 
thc K st•t anrl thn·c 1.-sds (the last thrt.·c can hc groupcd as onc). I t 
follow,.; abo that C\'cry instancc in which an excitation-potcntial has 
hct·n mcasurcd, and thc wan·-kngths of thc excitcd rays have also 
St'paratdy ht·t·n mcasurcd, j,.; an in,.;tancc in which a dt•cp-lying- ciL·ctnm 
is im·olved. For cxamplc, tht• cxcitation-potcntials in\'oh·ing- cxtrac
tion of tht· K-clcctron,.; ha,·c bcen me;tsurcd from thc top of thc 
pcriodic tahlt· down tu tht· twelfth elcment (J/g), m·er whieh range 
thcy dedine frorn 115,000 ,·olts to 1100 Yolt~; thc cxcitccl wa,·cs 
ha,·e bccn rncasurcd m·cr the !'~trnc rangc and down to thc elc,·cnth 
clcmcnt (Sa), OH'r which rangc they ri,.;t.• (fnr tlw principal ray) from 
.10.-\ to II .. "S.-\. At thi,- point, and just hdorc tlw K-elcctron:; pa:-s on:·r 
into thc c-ategory of shallow-lying electrons at the ninth l'lcnwnt, thc 
wavc-lt-ngth,.; cnter into thc in;H·ce:-;,;iblc range. Thc waw·-lcngths of 
thc ray,.; cxcited when om· of thc L dt·L·tror~,.; i,.; di,.;pbn·d ha\'l' becn 
measurcd from thc top of the tablc down to tht· twcnty-ninth elcmcnt 
(Cu) where, arri\'ing at 1:~.~.\. tlwy too pa!'s into thc immca,.;urablc 
class. 

Thc gl·neral con,.;cqucnce of all thi:- i". that the cxcitation-potenti.tl,.. 
in\'olving shallow-lying clcctron,.. mu,.;t lw l>elow 1000 ,·olts; that, 
conversely, the cxcitation-potcntial,.; oh:-l·n·ed lwtwccn 2:1 ,·olts and 
1000 volts are chicfly tho~c of cxcitations which con,;ist in cJi,.plan·-
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ments of shallow-lying clcctrons; and finally, that the wa,·c-lcngths of 
the excited rays lic below 13A, many of them in the inaccessible range, 
some in thc range ncwly opcncd to exploration. This is a most un
fortunatc coincidence, for instead of being able to apply laws which 
prevail in other ranges to compcnsate for our inability to measurc 
wa,·e-lengths in this range, we ha,·e to cxpcct distinct laws within 
it. l\lust shallow lying electrons be extracted altogether from the 
atom if they are to bc displaced at all or haYe thcy certain transient 
sojourn orhits to some or all of which they may be raised by electron
impacts? Do the emittcd rays rcsult from a slep-by-stcp return 
of the displacecl elcctron? or from a rcturn in a single leap? or from 
a rcarrangcmcnt of the rcmaining clcctrons? or from a compounding 
of changes of the two latter typcs? So long as the emitted wa\·e
lengths are not measured, these questions cannot be answered with 
confidence. 

Some little can be infcrre<l from numerical rclations among excita
tion-potentials. :\lcLennan and Clark, for cxample, obserYed threc 
excitation-potentials of Iithium, at 3/.0, 31.8 and 12.0 Yolts. The 
first two of thesc yoJtages stand nearly in thc ratio of the first two 
frequencies of the Lyman series in the hydrogen spectrum, which 
suggestcd to the discoYerers that thc processcs im·oh-ed in the excita
tions were the raising of a K -elect ron to thc first ancl second of a 
pair of transient-sojourn orbits, standing in the same relation to the 
normal orbit of thc K-electron as the orbits of energy-valucs -Rh. -1 
and -Rh/ 9 stand to the normal orhit of cnergy-Yalue -Rh in the 
hydrogen atom. That is to say, they concciYe thcse excitation
potentials to he comparahlc to resonance-potentials, and the K
electron of Iithium to bchaYe like a Yalence-elcctron. Thcy also 
foun<l excitation-polentials of beryllium at 20.:~ ancl IG.O, and of 
boron at 2i.\J2 and 2:3.45. The ratio of each pair of numhcrs is ahmtt 
equal tn the ratio of the lirst two frequcncies of the Balmcr-serics, 
suggcsting that these are resonance-potentials of an L-clcctron: the 
dctails of the analogy may he left tn the rea<ler to work out. Each 
of the latter elenwnt s displaycd additional highcr potentials, to he 
associatl'd with the K-electrons. Rolldson lately discovcrcd seven 
cxcitation-potcntials of iron in the range Getwcen J(JO and 2G4 , ·olts, 
expressihle by a formula (a-b '11 2) if the integer valucs 5, (i, i, s, n, 10 
and 12 are successin·ly giYen to 11. If thcse scn·n potendals corre
spond to eleYations of a certain shallow-lying electrnn to scYen tran
sicnt-sojourn or!Jits, the L'Xtraction-potl'ntial for this electron can he 
calculated by an L'Xtrapolation (so also in the cascs cited from l\ l c
Lennan and Clark ) . Rolldson interprets certain other cxcitation-
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poll'nti.tls ,1,.. n•rn•,.ponding to l'lt•\'ations of n·rt.tin d1'1'p-lying ~·h-c

tn>tb to tr.uhit·nt-,ojourn orl>its. 
Some .• ._,..j,..f,lll<"l' in idl'ntiiying tlw l''t'itation-potentials of tlll' light 

.tlollb e.111 Iw ol>t.tilll'd ll\ plotling tlw rl'cognizl'd c'\cit;ttion-potentials 
of thl' hl'<l\itT .ttont-., and al,.o tlw irl'<Jlll'tll'il's of tlw rays l''l.l'ited; 
plntting curn·.., n·pn·,.l'nting them .ts futwtions of atomic numl>er; 
.tnd ,.,tr.tpol.lling tlll' ntrn•s into the rangl' of low atomic numl>ers. 
The lwst pwn·dun· is to plot tlw :-quare roots of tlw excitation-po
tl'nti.tls .llld the t•mi,.,.ion-frequeneies, as tlwn the curn·s are nearly 
str.tight lines ( \ lo:-;l'll'y's law). Some of these lines are !<lwwn in 

Fig. 10-C'uncs reprc,cnting squarc rools of emission-frcqucndcs of hcavicr atoms 
as functions of atomic numbcr. (Physica/ Rel'it:<L'.) 

Fig. 10 (from Kurth). SitH'l' the almnie numher:-; an· laid off (eontrary 
to usage) along the axi:- of ordinates, thc lowe:-;t-lying lint: represent:-; 
thc highe,.,t recognized L·mis,..ion-frequencit·s (the 1\p aml 1\-y fn·
quencics, which actually are slightly diiTerent, hut are not indicated 
scparatt:ly upon the graph). Tlw next lim·, marked 1\a, represents 
another partindar L·rnis,.;ion-frequency. Exeitation i:-; the samc for 
every ray of thi,.; e;roup, and con,.;i,q,.. in extracting one of thc deqw,.,t
lying or 1\ ekctrons of thc atom; and the cxcitation-potential for thc 
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entire group, thc K excitation-potential, is also representcd hy a 
straight linc, thc K linc, which may be taken as coincidcnt with thc 
lowcst-lying linc in thc graph. prm·ided that we translatc frC'qucncics 
into potcntials by the rclation l '= hv/e (hoth frcqucncies and 
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Fig. 11-Excitation-potcntials of light clcmcnts, corrclatctl with displacc mcnts 
o f K clectrons. (C f. foot note 20.) 

potcntials arc laid off a long thc axis of ahscissac). This K linc, it 
must hc rcaliznl, cxtends thc whnlc way from atomic numhcr fl2 

to at01nic numhcr 12. 
Thc cirdes upon the graph reprc~ent cxcitation-potC'ntials inferior 

to 1000 ,·olts, ohse rn·cl l1y 1\:nrth. Threc o f thcsC' lit' n·ry close to 
thc downward prolongat io n of thc K linc; thc al!nost incvital>lc 
infcrcncc is, that in thcsc thrcc cases thc cxcitation consists in thc 
extract ion of onc of thc clcctrons nea rcst thc nucleus. Thc othcrs 
lic so much ahm·e thc cxtendcd K-linc that thC'y must hclong to a 
di stinct dass. 1\ la ny additional nwasurcmcnt s ha,·e bccn madc 
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sincc this graphwas puhli:-;hed, andin Fig. II I h.l\'l' scl down all thc 

cxpcrimcnt;JI \·alucs known lto llll' which ha,·c l>ccn givcn for c:xcita

tinn-polcnti.lls of thc lirst cight elcmcnts, omitting- tho~l' which are 

so sm.1ll th.1t thcy oll\·iously do not belong to thc K cbss.20 Thc 
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Fi.:. 1.?-Emission-frequcncies of hcavier and excitation-potentials o( liJ.:htcr clemcnts, 
correlated with L clcctrons. (Proceedi11g5 nf the Rnyal Soril"ly.) 

10 The data arc from various sources, as follows. The dots for hvdrogen and 
helium represent thc ohserved ionization and rcsonancc potentials of ·thcsc atorns. 
The dots for Be, B, C. ,\' and 0 arc at values of excitation-potentials g-iven hy ~lohler 
and Footc from experiments on .:aseous compounds of thesc atoms. :\11 the other 
data except I lolweck's arc vah1es of excitation-potcntials for solids. Thc cro~ses 
for Li aml B~ stand for the cxcitation-potentials ohs!'rn-d hy :\lcLennan, the circles 
Tor the extraction-polentials of thc K electrons whirh 1hev infer from these d.1ta. 
Thc cross for B reprr•sents three values lyin.: so close to.:l"lh.er as to hc indistinguish
able (lrom ~ld.ennan, I lu.:hes, and lloltsmark) ;-rnd th•• cross for C also three 
coincident values (Kurth, l<ichardson and lbuoni, Holwcck'. Thc cirrlc for B 
is at thc potential correspondin.: to a discontinuity in absorption, ohscrved by 
Holwcck. The trian.:le for Cis a valuc oh,.en·ed hv llughes, and thc cross for 0 a 
value from Kurth (ohtained with oxidized copper). · :\o data (or F or .Yr are avail
able. :\t .\"11 measurements on thc wave-length of Ka and al .\lg me;Jsurenwnts 
on the K ahsorption-ed.:c cornm!'nce. 
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lower of the continuous straight lines coming downwarn from thc right 
is the prolon gat ion of thc K line from thc heavicr e:ements rlownward; 
the uppcr is thc prolongation of thc Ko: line. The fact that these inter
sec! pron·s that linear cxtrapolation from the range of hea,·ier atoms 
is unjustifiable. 

Re,·erting to the graph in Fig. 10, the prohlem of properly extra-

10 50 eo 70 60 iO 100 

Fi~:. U Ex,·itation-potcntia ls m rrcbted with .ll elcctrons. (Philosophical 
.1/agazinr.) 

p~J iating the Land Jl cun·es is clearly not so simple as it was for thc 
K cun·e; sincc they extend O\·cr shorter segnwnts and do not comc so 
far down into the ran~e nf light elements. In Fig. 12 (from l\ lcLennan 
and Clark) the circles for the elements frorn numher 3 to number 17 
represent ohsen·ed cxcitation-potentials which they a ttribute to 
di~placemcnt s of L electrons; those for the ell'nwnts from number 30 
to numhcr G!J represent thc highcs t and thc luwcst recordcd cmission-
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frequt·lwie~ of the 1.-~eril'~ for thl':-t• elemt•nt~. frequenry l1eing Irans
bted into t•qui\';dl'nt \·olt,lgt· hy thc same rd.ltion as alJO\'C. As 
for tht• t'\cit,ltion-potentials of the he,J\'il'r t•lt•mcnts, fcw ml'asure
nwnts on pot(•ntials of the L rla:-;s ha\'e hC'en madt•, and \'Cry fcw 
indccd npon p: 1ten t ia ls t,f t he .1/ l'1.1ss-not lll·arly enough for an 
extrapol.ltion. Thc ddiciC'ncy is partially compensatcd by caku
l.lting the I. and .1/ excitatillll-p:ltcntials from the K. Land.\/ emission
frt·qnt'ncics -an elahoratc proccss, rcquiring a good dcal of carc in 
mt•asuring and pmperly intcrprcting thl' \'arions emittcd rays. In 
this man!ll·r the potentials for thc group of li\'e .1/ le\'cls ha\'c bcen 
estimated for the ,·arious clemcnts from thc nincty-seconcl down to 
the furtit·th, anti ll orton has attcmptcd to link onto thcm ccrtain 
c\dtation-pott·nti,ds which he anti othcrs ohst·n·ed whcn homharding 
elcments bctwt·cn nnmhcr ~~~ and ntllnhcr :30 with elcctrons (Fig. 13). 
Thc cun·c~ mnst he snpposed to hend. somcwhcrc hetwecn tht• thirticth 
and thc forticlh clcmcnts; it is in this rcgion that the J/ electrons 
pass from the status of dC'ep-lying to the status of shallow-lying 
electrons. Thc t•xcitations and emissions im·olving the shallow
lying electrons of the hea\')' atoms form a complicatcd system, of 
which the study has scarcdy bcen bcgun, anu will certainly pro\'e 
perplcxing. \\'hcn research in this licld i" completed, cach of the 
excitation-potcntials and each of thc cmission-frcqucncies of c\'ery 
kiml of atom will he entered upon cur,·cs, cach of thc cur\'cs corre
~ponding tu a definite and dl'linitely-picturcd process of rearrange
mC'nt in the atomic electron-system. and cxtending o\·cr all the atoms 
oi tht· periodic table which can he thcatres of that process. This 
achie\·cmcnt may bc rest·rn:d for a latt·r gencration. 
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An Electrical Frequency Analyzer' 
By R. L. WEGEL nnd C. R. MOORE 

!:'1:-nr,ts: An .tpp.tratus has l><.·t·n den:lnp('(l hy mcans of whi•·h it 
is 1"'"-'ibk· to nw.t,;ure and oi•J.1in a perm.tm·nt rt'l'urd of the fn:qm·m·y 
t'OiliJ><lllt'nb of an elet·tric currt•nt w.tn•. The tle\'ke has two fn·<JUency ran
l!t:>': !U to I !Sll cyclt-s and 81l to 5!Mltlcydes; thc amount of power requircd 
dtlt's not in gelll·ral cx.-ced 5tlll mirrow;~tts; and the tim .. ncee~s.u~· for 
m.tkinl! a n•conJ is ahout 5 minutes. ;\n .ttJ.tdHnent is pro\'itlcd which 
permits of thc m.tkin.: of simult.tneous harmonic an.tlyscs of I wo complcx 
wa\'t·s in the s.1me len!o!th of time. 

ln prindplc, tlte pnx·c:-s t'onsists in ft·cding the complt·x ll'ill ' l' to lle 
analyh'<l into a sdt'(·ti\'t: nl'lwork, thc c,-sential featurc of which is a 
sh.HJ.lly tuncd circuit wht>st' frcquency of tuning is controllctl hy varyin~; 
thc c.tpacit.lncc in small steps with a pneumatic apparatus similar t•• 
that in a player pi.tno. ;\ maximum of responsc of thc circuit occurs at 
cach frctJUt:ncy of tuning whkh coincides with a cornponent of tltc com
plcx wa\'c. An automatic photographic rccortler of thc rcspor~>c to cach 
frcqucncy of tuning is pru\·itlt-d b~· mcans of which the frcqucncy and 
magnitudc of each component of thc t·ompkx w.n·c may bc d>tainecl. 
For cun\'cnience of oper.ttion, an au!Umatic contrul apparutus is pro
\·ided, so that it is only necessary to conncct thc complex soun·e or sourcrs 
to bc an;~lyzed and press a st.trLing button. Tht• completcd rccord of thc 
analy"is is ddi\'crt·d aftcr thc machine has passcd through thc entirc rangt: 
of f rcq uencics. 

Thc application has so far Lccn principally to problcms in thc com
munication licld such as thc analysis of puformam:c and distortimt at 
audio lrcqlll'ncics of \'acuum tubc and mct·hanical oscillators and amrli
liers, analysis of complcx telcphonc wa\'Cs and speech sounds, anti t hc 
dlcct on a complcx wa\'c of Iransmission through cl~ctric.tl and acoustic 
apparatus. In the power liciJ m.tn}' applit·ations are ob\'ious, such as 
for example, quantitati\'e comparison as to frequcncy content of thc 
\'Oitage anJ currt•nt supplit·d to and delin·red Ly tran,formcrs, \'Oitagc 
and magnctic tlux ~tudit·s in gcncrators and motors, commutation, and 
thc cffcct ol wa\'c-shapcs in J><lWcr Iransmission linc problcms and t'On
trol apparatus. 

I :\TRODL'CTIO:"i 

T H E harmonic analyzcr dc"cribcd in this papcr consists of a 
\'ariable tunL-d circuit into which thc complcx currcnt wan 

to Lc analyzed is introduccd, and an automatic rccording apparatus 
to rcgistcr its responsc as thc frcqttcncy of tuning is changcd. 

Thc first rcconlcd usc of a tuucd circuit as an analyzcr was by 
Pupin in 1~0 1.2 llc analyzcd power wa\'c,.; by mca,.;uring the rc:;pon,..c 
of rircuits tuncd to each of thc harmonic frcqucncic,.;. I t has becn 
thc practisc for a number of years to detcrminc thc frequency char
acteristics of currents and \'Oitagc" on power circuits and noisc nn 
telephonc lincs by mcans of a \'ariable rcsonant circuit which indudes 
a telcphonc rccei,·cr for li"tcning. 

1 Prcscntc<l at the :\I idwint...r Com·cntion of the .\. I. E. E., Philadelphia, I'.J ., 
Fcbruary 4-8, 192-1 . 
. 'Rc_sonancc Analy,is of "\ltcrnating and Polyphase Currcnts, Trans .. \ . I. E . E., 

\ol. XI, p. 513. 
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During the reccnt war a rapid automatic method was dcn:lopcd 
for varying thc tuning of a circuit in such an analyzcr in conncction 
with the analysis of sound s radiatcd by submarines. The analyzer 
dcscribed in this papcr is in principle thc same as this apparatus 
but indudcs such imprm·cments as wcre found desirahle by experience 
to increasc the spccd, dcpendability and conwniencc of usc. The 
present apparatus is capable of recording thc frequcncy and mag
nitude of cach componcnt in a complex wave betwcen 20 and 12i:i0 

Fig. 1- Schcmatic Analyzer Circuil 

cycles or SO and 5000 cyclcs in ahout five minutes. This analyzcr 
does not measure the phasc of thc various component s hut has thc 
advantagc that thc frequencics nccd not be simple multiples of the 
fundamental as is thc casc with graphical analyzers. \\"i th this 
a pparatus it is possihlc to mcasurc quite accurall'ly componcnt 
frequencics as closc togcther as about fiftecn cyclcs at thc lowcr end 
of the range a nd about 200 cydcs at the upper end of thc rangc, and 
to dctect com ponents as closc togcthci· as thrcc to fin' cyclcs a t the 
lowcr end and fifty cyclcs at thc uppcr end of the rangc. 

PRIX CII'I.ES OF ÜPER.-\TIO:'\ OF TIIE : \ :\.\L\"ZER 

Fig. 1 is a schcmatic diagram of thc essential clcmcnts of thc 
analyzcr circuit. The wavc to hc ana lyzcd is introduced at thc 
input tcrminal s from which it passes to an input cqualizing nctwork 
and lo thc variable tuncd circuit. Thc tuncd circuit consists of a 
variable condcnscr of capacitance C a nd a coil whose inductancc 
is L and rcsistance R. Thc ,·alue of thc capacitance C is varicd in 
small sleps by an automatic dcvicc lo bc dcscribed in thc ncxt scctipn. 
Tbc inductancc L consists of four idcntical windings on a toroid,tl 
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con· whidt, hy nlean:-; of a ,;witch, may hc thrown in scri1·s or in 
par . .tll•l, thercby ch.wging the v;IIUl' of thc inductancc in tlw ratio 
of lt\ to I. \\"ith thc sanw rang-c of capacit.lllcc valt1cs this changc 
in inductance givcs the twt• frcqll<'lli'Y rang-cs of tuning, 20-l2;i0 
cyclc,; and ~0-5000 cydcs. By mcans of thc high-ratio trans
fornwr T thc rcsponsc of this circuit is applicd to a vacuum tubc 
amplitier-rectificr anJ registered hy mcans of thc rceonliug mctcr. 

This eircuit arrangemcnt will ana lyzc a complcx wavc by virtuc 
of the ~clecti,·c ~hunting of current hy thc tuncd circuit from the 
input ndwork. Thc impcdancc of thc sourcc of thc complcx wavc 
is in practi:-c maintained high in ,·aluc at all frcqucncics comparcd 
to th.lt of thc input nctwork ,;o that thc input wavc-shapc is inJc
pcndcnt of the small changc,; in impcdancc of thc analyzcr Juc to 
thc ,·,trying of condcnscr C. Thc currcnt fcd into thc analyzcr trav
erses two paths, thc input network and the tuncd circuit. The 
impcd.111ces of thc,;c paths arc rcspcctivcly, 

z _ (R, +jwL,) jwC, 
•- R,+jw/. 1+1 jwC1 

and Z=R+jwL+I'jwC. 

Thc tran"formcr T introduccs into thc tuncJ circuit a small rcsistancc 
and inductancc, both of which arc ncgligihlc. Thc input nctwork 
impedancc Z 1 varics gradually from 0.1 ohms for dircct curn·nt to 
about 10 ohms at .JOOO cydc,;. Thc valucs of the clemcnts arc: 
R, = 0.4 ohms, L 1 = 0.07.) milhcnrics, C1 = ahout 15 microfarads. 
lmpcdancc Z of thc tuncd circuit dcpends on thc sctting of thc vari
able condcnscr C. Thc rc::.istancc R of thc iron-corc coil , ,-arics 
with frcqucncy; its valucs for thc parallel connectiun arc 0.1 ohms 
for dircct currcnt, Li ohms at 2.)()() cydcs and -1.2 ohms at ;j()00 cyclcs 
Thc valuc of thc indtwtancc L for thc parallel con ncction is 23..1 
milhcnrics anJ is practicall)· constant with changc of frcquency. 
For thc scrics conncction both R and L arc ~ixtccn timcs a~ grcat. 
Tbc capacitancc is ,·aricd from about 200 microfarads to about 
0.0.') microfarads. I t will bc secn that for cach capacitancc ,·aluc 

thcrc is a frcqucncy, f,= l /(2r.V
1LC). for which thc tuncd cir

cuit impcdancc, Z, is R. For othcr frcquencics Z is much grcatcr 
duc to thc rcactancc. .-\n im:oming currC'nt of frequl'ncy f, is, thcrc
forc, largcly "huntcd through thc tnned circuit whilc currcnt of any 
other frcqncncy passcs through thc inpnt nctwork. ln this way 
if thc capacitancc Cis \·aricd gradually thc tuncd circuit will shunt 
~clccti,·ely from thc input nctwork thc succcssivc componcnts of 
the complcx wavc. 
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Thc ~pt•t·i.d ft'.tturc~ of tlc:-.ign of thi~ analyzer cin:uit can Iw l•etter 
expl.tilll'll hy rdt·n·ttn• to a typical rcnml made hy thc apparatus. 
Fig. :! i~ tlw rt't'onl of an.tly~i~ of the ntrrcnt from a buzzcr which 
\ ibr.ttc~ with .1 frt'<"JIIency ~lightly Ulltkr lliO pcr sccnnd and gin·s 
an irn·gul.trly ~hapl'd wan· which is shown in the an:ompanying 
oscillogr.tnl. ln taking this rcconl thc windings of thc tuning in
duct<tnn· wcre in p;lr.dlt·l ~o as to gi\·c the frcqucncy rangc 80-.'iOOO 
cydcs. Thc n·rtical ~calc gin!s approximately thc r. m. s. currcnt 
in milliampcn.·~ at t•ach frcqucncy (as rcad on thc horizontal scalc) 
at which a JWak ne~·urs. I t will bc scen that a pcak occurs at cach 
multiple of thc frcqucncy of thc buzzer. The r. 111. s. \·alucs of input 
currcnt at thl' corre~ponding frL'<JllCllcics as rcad from thc pcaks on 
the rcconl arc: lliO, l.ll milliampcrcs; :320, I.G milliampercs; ·ISO, 
1.2."> milli.tmpercs; (i.JO, 1.:2 milliamperes; SOO, I..t5 milliampcres; 
900, 1.2;", milliampcres; 11:!0, 1.2 milliampcrcs; 1280, 1.1 milli
ampcrL~; I-HO, I.O.J milliampcrcs; IGOO, 1.0 milliampcrcs; I iliO, 
1.0 milliampcrc~; etc. Thc root squarc sum of all componcnts 
shows that ·Li milliampcres was thc ciTcctivc \·alue of thc complcx 
currcnt fcd into thc analyzer. 

Thc fact that thc S0-5000 cycle n~cords rcad dircctly thc current 
at cach frequcncy componcnt is due to thc spccial dcsign of thc 
input nctwork. A small correction is still ncccssa ry but can bc 
nt·glcctcd cxcept whcre maximum obtainablc accuracy is dcsircd. 
lf thc input network werc a pure resistancc the highcr frcqu1·ncy 
componcnt:; would produce relatin~ly lowcr pcaks bccausc of thc 
falling oif of cfficiency with frequency of thc ampliticr-rcctiticr cir
cuit and the increasc in resistancc of thc tuning cuil. Thc input 
nl·twork was dcsignetl cmpirically so that with constant input cur
rcnt thc \·oltage drop across thc input terminals incrcascs with fre
qucncy in such a way as to compcnsatc for tltesc high-frcqucncy 
losscs. Thc tcsts to dctcrminc this wcrc made by taking rl'cords 
of ~inglc frcquencics uf knuwn amounts. 

lt will hc scL'll that thc freqm·ncy scalc is gradually contractcd 
as thc uppcr end of thc rccord is approachcd. Owing to thc in
cre;Jse in rcsi,.,tancc of the coil with frcqucncy, the sharpncss uf tuning 
of thc analyzing circuit dccreascs with frcqucncy. Each pcak on 
thc n:cord corrc;;ponding to a singlc frcqucncy is a plot uf the rcs
onance cun·c of thc variable tuned circuit. The sizcs of thc cap.t
citancc steps arc so adjustcd that a sutlicicnt numbt·r of points, 
ncccssary to trace a rcsonance peak at all frcqul·ncics, is rcconled. 
Thc lt'ngth of t hc rccord and thc time rcquired for an analysis arc 
dett·rmincd hy thc numuer of points ncctlcd. 
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\\.hcn pcaks on thc record arc so closc togcthcr as to overlap 
greatly, thc rcading nn thc scale is untrustworthy. If, instead of 
a rectifier and direct-rurrcnt metcr, an altcrnating-current mctcr 
gi,·ing deflcctions proportional to total r. m. s. ,·alucs, wcre uscd, ,J 
it would bc theorctically possiblc to determine the component fre-
quencies and amplitudes making up any composite pcak, provided 
the numbcr of frequencies could bc determined. This proccdure, arl 
howevcr, would be impracticablc. An examinati011 of thc thcory 
of thc rectifier shows that the problem of separation of the com-
ponents of a compositc peak is in gcneral indctcrminate. The rec-
tifier howevcr rcsoh·cs adjacent peaks somewhat bettcr than an 
alternating-current mctcr. 

The analyzcr has bccn most uscd in thc analysis of audio-fre
quency currents for which the higher frequcncy range, S0-5000 
cycles, is more uscful. For the in\'Cstigation of power problcms the 
lower range would ordinarily be more suitaiJic. In order to sim
plify the change from one frcqucncy range to the other thc tuning 
inductance only, is changed, leaving the mechanism for varying the 
capacitance in steps the samc for both ranges. Sincc the inductance 
change in going from thc high to the low-frequcncy range is in the 
ratio 1:16 and thc change in the frcqucncy range .t :1, the abscissas 
on the low-frequency records havc one-fourth the valuc of thosc on 
the high-frequency records. 

Sincc the smallcst frcquency divisions at the lower end of thc 
high-frequency rccords arc 20 cycles, thcsc di,·isions on the low-fre
qucncy rccords arc 5 cyclcs. Thcrc arc, thcrcfore, four timcs as 
many stcps of tuning in the same frcqucncy intcrval on thc low as 
on thc high-frequcncy rccord. Thc low-frcqucncy record is thcre-
fore not of minimum practicablc lcngth. Sincc thc same input ·~rn 

network is uscd with the 20-1250 range as with thc 80-5000 range, :ra 

the low-frequency rccords arc not direct reading in input currcnt, Th1 

but must bc uscd with a calibration. Our usc of the low-frcquency ··n· 
range, howcver, has Ileen so limitcd as not to justify thc preparation . ~ 
of additional cquipment for this usc of thc analyzcr. 

Thc apparatus is equippcd with a de,·icc which pcnnits of making 
simult a neuns analyscs of two complex wa\·es. The prinripal reason _,~ 

for makin g such double records is to reducc errors in comparing two 
sourccs which may vary with time. Thc dcdcc may also bc uscd ·~ 

si mply to save time. lt opcrates hy connccting altcmatcly to the 
analyzcr the two complex wa\·cs in such a way that thc rcconl for 
each wave is traccd hy points rcprc~enting altcrnatc tuning con-
Jcnser sct t ings. '':tr 
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I )F ~I Rll' fll .:-; 

Thc lllech.111i~n1 of tlll' an.dy;rer i,.; ,.;o dt·~ignt·d thal to l.1k1' .1 rl'cnnl 
it i,; tlldy nt·ce~,;.lry, .lftcr ,..tarting tlw amplilil'r and collllt'Cting to 
.1 I 10-volt powt·r ~onrn·, to attach tlll' Iead,; fromtlw,..ourn· or ,;onn·cs 
to be .111.dyzed .111d pn•,..,.; .1 st.1rling hutto11. Tlw t·ompll'led n·corcl 
is then automatically delin·n·d in ;dmnt :, minnte,; after which thc 
app.1ratus retnrn,; to tlw sl.1rting condition ready to repcat thc 

Fig. 3-.\rrangemenl of Pneumalic and Electrical .\pparatus 

opcration. This i,. accom plishcd hy mcans of pncnmatic apparatus 
opcrating in conjunction with a photographic rl'nmling dc\·icc. 

Thc pm•tlfnatic arrangemcnt is a modification of a piano playcr 
mcchani:<m in which a papcr roll of standard dimcnsions is usccl. 
Hy proper perforation of thc roll sp<'cial pncumatic relays arc opcrateJ 
in proper "equencc to switch tl1C' condenscrs of the tunl'd circuit, 
ll.bb frcqucncy lincs on the rccord, stop the nwchanism afll'r a rccord 
has bccn completed, rewind the piano roll, and pl'rform othcr func
tions ncccssary to lcave the analyzcr in thc ~larting condition. Elec
trical rclays for switching thc tuning condcnsers Wl'fl' not fountl prac
ticahlc on account of thl' disturbant·c~ ind111Td into the .tnal~ zt·r cin·uit. 

Tlw phntographic rccording app;traltls consi,..~;; of tlw caml·ra 
rnotor for moving the selbitizl'd rccord p.tpn al a colbl,lllt r,tlc 
proper arrangement of lcn~cs and ialllJb for illumin<lting thc mirrar 
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galvanometer and tracing the scale and frequency lines, and suitable 
baths for de,·eloping and fixing the record. The rccord is drawn 
through the mechanism by mcans of two motor-drin'n rubbcr rollers, 
which also serve to remm·e exccss solution. 

The developmcnt of the pneumatic switching apparatus was carricd 
out with a view to making use of as many standard piano playcr 
parts as possible. HoweYer, it was found neccssary to make somc 

! ~ 

- TO HEAD!:R. 
ANO TRACKE:R BAR 

Fig. 4- Pncumatic Relay 

modifications in mcthod and apparatus; in particttlar a ncw pneu-

ffit 

II 

mt 

!!JO 

fi~ 

matic motor elcment (air relay) for switching the condenscrs at thc -~ 

requisite spced had to l>e de,·clopcd. 
Fig. 3 is a schcmatic drawing shm\·ing thc principal featurcs of 

the analyzer. In this drawing the vacuum pump is shown dri,·cn 'liJ 
by an dect ric motor, and conncctcd !Jy mcans of pipes to the auxiliary 
and main hcach-rs and relays. This pump maintains in thc hcadcrs 
an absolute prvssure of al>out ·I nr 5 lh. per square inch. Thc player 
piano roll F. opnates thc entirc nwchanism hy passing on·r the 
trackcr bar in thc usual manncr. The air motor and trackcr har 
equipml"nt are suhstantially as supplicd by the manufacturers exccpt 
that thc re\"crsing mcchanism is arrangcd to hc npcrated clcctrically 
instcacl of by hand. 

Thc essential features of tlw air rclay which was devcloped for 
this analy:r.er may Iw het ter undcrstood hy rdcrcncc to Fig. ·L A 
cylindrical casting is arranged to mount two flexible diaphragms and 
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two end pl.ltt•:- in :-.lwh .1 w.1y a,.. to form at t•,wh t•ncl of thl• I') linder, 
comp.1rtnwnh, one ,..ich- of l\Wh of "hieh i,.; a diaphra~m. \\'hl·n 
,l,..,..emhled the two di.1phragm:-. f.1n· e.wh ot lwr ;1nd arc· ('olllll'Cil'd 
togl'tlwr hy .1 circul.1r ,..pring m.1dc of ,..tcd ,..trip. l n ll"l' tlw two end 
comp.lrtml·nh .m· p.1rti.tlly c·,·anl.ttt·d th11,.. Cllbing tlw di.1phrag111s 
to pull apart, ,..training the ,..pring. \\'lwn di,..ll'ndt·d the diaphragms 
lil• .1gain:-.t the inner f.wes of tlw t•nd plaks which art· ,..hapccl as 
,.;hown. ( Hl\·iou,..ly if air hl' allc)\H'cl to (•nll'r eitht·r of tlw compart
llll'llt,., the diaphragm helonging thl'rl•to will Iw pulled toward the 
otlll'r diaphragm hy the ,..pring. Pas,..ing through the rircular ~pring 
is ;1 lcn·r pi,·otcd at nne l'IHI and carrying on the othl·r end an in~ulatcd 
metallic ,..lee\'e. Thi,.; fe,·cr i,.; not attached in any way to cithcr 
di.1phragm and will of it ,.l'ff remain in po,..ition whcre la~t placctl. 
Switch poinb arc mountcd in ,.;uch a way that thc ~ll'C\'l' may l1c 
forccd in or out hctwcen thcm l>y thl· action of thc diaphragm,.;. 
This rel.1y ha,.; prm·cd \Try ~atisfactory in ,..l·n·ice and i~ particularly 
fa,.;t in its operation. 

Connt•rtions hctwcen thc t rackt·r bar, main lll'ader, and the pncu
matic relays are madc hy mcan,; of ruhbcr tuhing. .\ s shown in 
Fig. 3 t•ach of thl'"l' rl'lays require,.; two ruhher tuhes leading to thc 
main headl·r and two from thc lwadcr to thc trackt·r har. Thc,.c 
tubcs are conm·ca·d to thc hcadcr hy means of ,;top cocks D ,.;o c.:on
nectcd that the dircct passage of air from trackcr bar to rclay is 
practically unohstrucll'd hut the pass;1gc leading from the junction 
to the headcr may bc made as :-;mall as dcsirl·d by turning the fingcr 
\·ah·c. .-\s adjustcd, the opening to the header is small comparcd 
to the ,.;ize of the tubes so that if air he rwrmittl·d to cntcr onc of thc 
tubc lincs tas at the trarkcr bar), the cliaphragm of thc rday as,.o
ciated thcrewith is immcdiatcly rdeascd. \\'hl·n the tuhe is closcd 
again, thc cntrappl·d air is soon rcmmnl through tlll' sm;tll opcning 
leading to the headcr thus restoring thc diaphragm to its original 
pos1t1on. Thc rcLty le,·cr, howevcr. does not follow thl· diaphragm. 

This arrangcmcnt po:-.ses,..es the alh'antage that small openings 
only arc ncce,.;,..ary in the playcr piano roll. and that the opcning 
which connccts a condensl·r into the circuit is not in line on tlw roll 
with thc opl·ning which di:-;connl·cts this mndl'lber. .-\lso at the 
hcginning of an analy"is hy suitahlc pl'rforations in tlw roll alt air 
rd.ty,.; can hc ,.ct ,..inlllltam·ou,..ly in thc oiT po,.;ition (condelbl'rs 
di,;conm·t·tl'd 1. thus making surc of the initial conditions. The 
apparatus is "o dc:-;ignecl that alt thc opcnings cau,..ing rondcn"cr 
circuih to clo,..c are on onc sidc of the roll and tho,.;c causing thcm 
to opcn arc on thc other side. 
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As bcfore mcntioncd thc tuned circuit is made up of inductance 
L, ha\"ing some resistance R, and a bank of condcnsers dcsignatcd 
by C. Thc function of the "Condcnser Rclays" is to conncct into 
the tuncd circuit any onc or any combination of thc 25 fixcd con
denscrs, thus tuning thc circuit in small stcps o\·cr a widc rangc of 
frequcncics. Thc input is fcd into this circuit as shmn1 at A, and 
the degrce of rcsonancc, that is thc rcsponsc of the circuit at any 

Fig. 5-\'il"w of Analyzl'r RPady for l 'sc 

a Input an <I t unc·d circuits 
b :\mplifier-rectifier 
c- Camcra motor 

g-Rcn-rsing kcy 

d Recording mctcr 
e-Control hox 
f - Starting hutton 

partindar frcqucncy of tuning, is mca~urcd by means of thc small 
transformcr T, thc amplilicr-rcctilicr aud thc rceording mell"r. 

In addition to opcrating the tuncd circuit a fcw of the air rclays 
are uscd to opcratc the control circuits, mark frequency linl's on the 
chart, ctc., uscs \\"hich rcquircd slight modifieation as indicated 
schcmatically in Fig. :3. Iu two of these eontrol rdays only onc 
diaphragm is used, and the switch le\"er and diaphragm arc fastcned 
togcther by mcans of a flexible link. It has alrcady becn noted 
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th.1t th~' .111.d~·z~·r is eqnipped to tr.w~· two n1rn•s ,;imultaneonslv 
on ,\ ~inl'll' rt'cord. This is accompli,.;lu·d hy mcans of air rt'I<J\' B 
which is ~o .trr.mg-ed as to COIIIII'Ct two smm·cs of inpnt alt~·rna.tely 
to the .uul~ Zl'r. These inpnt I'OIInel'lions are altcrnated rapidly 
.md .tn• l'ITerted hy <~ppropriall' punrhin~ of the roll. 

Tlw .tlmn· con·rs the e,;..;enti.tl fe.ltures of the ;uwlyzcr hut thcrc 

Fig. 6--\'iew of :\nalyzcr wilh Relay Sidt: Cncovcrcd 

a Input and tuned cin·uits 
b .\mplificr-rcctifier 
c Camcr.~ motor 
d Rccording mctcr 

Conlrol box 
St.uting button 

11-Condenscr relays 
i - llolding rclay 
j ~Frcqucncy lamp rclay 
k -.\ lain control rclay 
I -Piate hatten· 
111 • \ir rnotor · 

rem.1in ,, few det.1ib ha,·ing- to do with ,,s,.;em hly, control, etc., that 
may be of intere~t. 

Fig-. ;) ~how~ the analyzer as nHnpleted <IIHI ready to operatl'. Thc 
apparatu,.; is a,.;~cmhbl on a two-deck. ,.;tructur;d-~tcel tahll' equip
ped with ca,;tors for rom·enience in handlin~. :\I uch of the equip
nwnt j,. indo,.ed for protection ag-ain,.;t moi,.tllfl' and du,..t. Thc 
recording- mcter. camcra motor, ampliticr-rcctiticr, rontrol rC'Iay~. 

and input and tuned circuits are pl.tccd on thc top. Iklow arc 
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mounted the hattt·rie;;, the vacuum pump with its motor, and the 
tracker bar with paper roll mechani;;m. The arrangcment is dearly 
;;hown in Figs. Li and i taken with thc protccting panels rcmond. 
in Fig. G, a is a moi;;turc-proof hox containing thc input and tuned 
circuits. Thc induct a nce coil is placcd in thc ccnter of thc uppcr 
half ofthisbox togcther with the switch for connecting the=windings 

Fig. i \"icw of Analyzcr with l'ump Side l 'nco, crcd 

a-In put and tuncd circuits 
8 - Amplifil'r· rl'l't ifier 
c Sourcc-altcrnating rl'iay 
d-Rt'{'ording metcr 
E-l'apl'r roll 

I - l'lat!' hatll'rv 
11 - l'ump motor 
Q Re, ·cr>ing- solcuoid 
I - Serics-pa rallcl <'Oil swi1d1 
t• - \ 'acuum pump 

"-Tracker har 

in serics or parallel. The smaller capacitanccs are of mica and arc 
arrangcd around thc coil and switch assemhly in "lH'h a way that 
thcy may hc conncctcd with a minimum length c,; Iead to tlw air 
relays which arc"locatcd on onc side of thc box. Tlll' !arger capac
itancc unit s arc madc up of paper l·onden~er~ and arc placed in thc 
lower half of thc hox. Thc metal lined box b rontains the amplifier
rcctifier, and a t d is shown the recording meter . Hox c contains thc 
con trol circuits with thc nccessar\' relavs. The method of mount
i ng t he air rclays, main ,·acuum . headc.r (a ttached to undersidc of 
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table topl, .tir motor, etr., i:-; .tl:-;o dearly shown in this tigure. l·:.wh 
dir relay i:-; equipped with two ruhher tulws lt'.tding to adju~t.1hlf' 

cocks on the header which in turn an· ronnerted to the trark<·r har. 
The three-control rday~ are also ~hown in Fig. fi. Tlw varuum 
pump is ~hown at t• in Fig. 7. Tlw piano roll E mm·es m·er thc 
tracker har "'" and is rcn·rsed hy mcans of solennid Q. In hoxes 
l are placed the pl.tte h.JttC'ril's for the ampliticr-rectiliC"r. 

The control apparatus by 111C<llts of whirh the analyzer becomes 
prartically an automatic machine will 110\\' he dC"~cribcd. Rdcrring 
again to Fig. ~ it will he scen that thcrc i~ prm·ided an auxiliary 
header and an electrically OJWratcd slidc ,·ah-e. T hc functions of 
thest.• dc\·iccs will bc disrus~ed presently. 

The machine i~ started by pres,;ing thc starting bntton which 
~hould he kept dosed for a fcw ,;C"conds whilc normal vacuum is 
bcing established in thc hcadcrs. T hc air motor thcn starts and 
thc papl'r roll E begins to tranl across the tracker bar. Perfora
tions in the roll are so made that when thc roll is in its initial position 
an opening allows air to enter chamber .\' of the holding relay. As 
soon as the papcr start,;, howc,·er, this opcning is doscd, chamber N 
is exhausted, and contacts K rlose. T his short-circuits thc starting 
button which the operator may now release, and the machine is in 
full operation. lt will be noted that the dosing of thc contacts of 
the starting button or contacts K puts into operation motors which 
drive the vacuum purnp and the camcra apparatus. Simultaneously 
recording meter lamp II and scale-linc lamp I are lighted . T he 
latter illuminatcs thC" record through srnall holes in an opaque scale 
strip thus marking horizontal lincs due to thc motion of the record . 

. \s the roll E traverses the tracker bar, appropriate pcrforations 
control thc condenser relays so as to switch the proper condensers 
into and out of the tuned circuit. Proper perforations also control 
thc frequ<.'ncy lamp relay which tlashes frcqucncy lines on the rccord 
by means of Lamp G. Relay F is inserted in order to make the 
tlash of short duration. 

Thl' tracker har-papl'r-roll apJl.lratns was rl'cein·d as a unit from 
thc manufacturcr and was installed aftcr making moditication in 
thc reversing mcchanism as mentioned abm·e. This was clone in 
the intcrest of automatic control. The p;1pcr roll is kept in its proper 
cour:-.c over the tracker har hy means of an automatic adjusting 
de,·icc such as u~ed in practically all high grade playcr pianos. 

As the paper progrcsses owr the trackcr bar a point is tina lly 
reached where the last condenser connections are made and it bc
comes necessary torewind the roll and to restorc the entire mechanism 
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to its st.1rting cnndition. This is .lt'I'OIIIpli,..lwd l•y lllt'.lll>i of .1 pl'r
for,llion .11 thc end of tlw l"l't·tml which admit,; ;1ir to chamlt!'r J/ of 
thc 111.1in control rel.~y, thus do,..ing cont.lcls }. Rt·lay S tlwn opn.1tes 
sinrc its l'irruit tn ground i,.; co1npkted throngh cont.wts /'. ( )pcr
.ltion of rd.1y S OJll'IIS cont,wts 1' thus di,..colllH'l'ling l.llnps /I and 
/, ;111d do"l'S cnnt,ll'ts l' .llld 1'. I t will b!' ,.;n·n that thc clo:-.ing of 
ront.lt'ls, l" opcr,lll'S th!' ren·r,..ing nll'ch.llli"m, and rewinding of tht· 
roll begins imrnediatcly. Tlll' do:-.ing of eontacts I' operatcs the 
slidl· v.1ln· thus reka,.;ing the vannun on the main hcadcr, allowing 
the roll to bc rl'wound with minin111111 nwchanical drag. 

lt 111.1)' hc notcd that me.111s are also proviucd for rewinding thc 
roll from any point in its forwanl tra\·el by aumitting air manually 
at the rcwrsing key. This will causc the main cuntrol rclay tu 
t>pcrate so th.1t rewinding will begin. \'acuum is kcpt on the aux
iliary header during thc rewind so that control of the analyzer rnay 
bl· maintained to the end of thc operating cyde. 

\\'hen the paper has been cornplctcly rewound pcrforations allow 
air to cntcr :-imultancously chambl·r 0 of the main control relay and 
chambcr .Y of thc hoiJing rclay. This action opcns contacts J and 
K, thus bringing thc entirc ml·chanism to rcst in its initial starting 
condition. 

:\PPLIC.HI0~5 

To show thc \·aricty of problems in which thc analyzcr is a useful 
mcans of in\·estigation, a ft:w illustratiYe rcconls haYe bccn madc 
aml will uc discussed. These records wcre takcn in cach case to 
illustrate thc usc of thc analyzer and arc not parts of inYestigations 
to which thcy are related. They cannot, therefore, be taken as 
rC"presentatiYe of the performance of the apparatm; tested. 

One of the uscs of the analyzer has been in the study of the per
formance of microphone buttons. Fig. 8, for example, illustrates 
the char.Ktcr of the distortion in a button when dri\·cn at an excessiYe 
amplitude. The button was mounted so that its mo\·ablc electrode 
could bc driwn at a single frcqucncy by a nry hea\'y reed at its 
natural frl·qncncy so that the motion was Yery nearly sinusoidal. 
The frequency of the motion was a littlc lcss than 450 cycles cor
rcsponding to the secund peak un thc record. The amplitude oi 
motion W.ts 0.001 ccntimctcr5 or O.OOfJ.I inchcs which is of cour::.e 
much greatcr than normally out.1ins in a transmitter. The circuit 
consisted simply of the button and a hattery in serics with the ana
lyzer ::.o that the record is an analy,.;is of thc currcnt tluctuations in 
the button. The record shows twu series of frequencies generated 
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h~ thl· l•uttlln; .a pritn.tn· "l'fil·,.. h.ning for it,.. fundantt•nt.d the 
dri' ing frl'CJIIl'lll"Y· t:.n n ·ck,.., and a ""''"idi.try ~l'rit·,.., h;n·ing for 
it:- fund.lllll'llt.tl half tlw dri' ing fn·qut•tu·y or :!:!.i cydl's . Thl' l'H'Il 
h.trtllonit· contpolll'lll" of tlw "''l"llltd.try ,..l'rit·s coincidt•, of nntr~c>, 

with tlw in·qm·twit·,.; of tlw print,try ,..nies. Tlw primary sl'ril'~ c;~n 

Iot• .wrounll"d fnr hy tlw f.tct that with ,..uch l.trge amplitudt·s the 
rh.lllgl'" in n·,..i,..t.tnce are not ,, linl'ar funrtion of tlw amplitudt• of 
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Fig. 11 -.\n.Jiy,is of Organ l'ip<.' Tones 

motion . The ::;u(J:-;idiary serics is due to the notHiymmetrical effert 
of the inertia of the carhon grains in \'ibration, the motion being so 
\·iolcnt that some of the grains are thrown fn:e from tlwir contacts . 
For small amplitudes such as those onlinarily cnrount .. red in a trans
mittcr, a rerord would show only -l.iO cyclcs, tht· other frequenries 
occurring in negligihlc amount; for intl'rnll'di<lll' amplitudcs the 
primar}· serics only ocrur:-;. 

Thc analyzcr has Ileen uscd in connection with thc study of sus
tained sounds and of the performancc of aroustical appar;ltll s. Fig. 9 
j,; a record of thc noi,-c in a room nriginating from a Luzzcr as 
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pirked up t.y .1 cond,·n,..cr tr.1nsntitter.3 The n·\-erl•t•r.ttion in tllt' 
rnom proh.1hly h.td .1 L1r~~· eiTl'l"l on tht• ch.tracll'r of this record. 
\\'ilh such .1 ""urce "i ill'«Jlll'lll'\' thl' an;dyzer lll.l)' he u:-.ed to :-.tudy 
the at·ou-.tir,; of rtl<~IIIS. Fig. 111 is a rt•conl of thl' ,;,um· noi,..c as in 
Fig. !> hu t .ts pickecl up hy a t'IIIIIIIJon type of teleph<~ne reccin·r 
pl.tced in lhe s.tmc po,..ition as the conden:-.er transmitter. ,\ com
p.trison of Figs. ~~ and 111 will show lhc inadaptability of such .1 rccciHr 
for u~e as a tr.tnsmitter. Thc rereiYer. owing to the resonanrc of 
ils di.Jphr.1gm. i,; ~cen to l>e relatin·ly sen,;itin· in the region of ()()() 
to SOll cyrles .tnd insen::;itin· at niCJsl otlwr frequencies. \\' hcn this 
in::->trument is plarcd ;tgainst the ear, as whcn used as a rccci\-cr, 
thc diaphr.tgm re~onancc is damped so as to gi,·c more ncarly uni
form responsc. 

By me.tns t•f lhc calihration of lhe condcn::;er transmitter and ih 
amplilicr, it is po~sihle to make an an;dy:;is of thc absolute intensity 
oi J. sust.tined sound in the air. This method has becn u~ed tu study 
thc frcquency characteristirs of musical instrumcnts. F ig. l l shows 
lhc analy~es of thrce low-frequcncy organ pipcs. Thc:;c are plols 
of r. 111. s. pres:;Urc rhange in lhc ::;ounJ Wa\·c as oiJtained from the 
an.tlyzer records. Each \·crtical linc corrcsponds to a peak on thc 
original rl'rord. The upper chart shows thc almost pure lone gi,·cn 
hy a II 1-cyclc Bourdon pipc. In thc case of thc ccllo pipc, also ha\·
ing a fund.unental of GI cycle,;, the third harmonic is scen to bc morc 
prominent than thc fund<tmental or second harmonic. T he third 
ch.trt i::; for a l::!S-cycle tramhone pipe which was found to bc rieb 
in harmunic::;. Thc pressure in the single components of the cello 
and trnmbont• pipes is Je::;,; than in the casc of the Bourdon pipe, 
and a !arger scale ui ordinatl's is therdore uscd. 

To illu::;trate the ust• of the attachment which permits thc making
of lwo simullaneous analy~es, a kw douule records will uc prcscnted . 
. \n t•lt-l'lric wa\·e filler which has heen uscd in thc study of tclephonc 
qu.tlity was connl'cll'd lo lhc huzzl'r source whosc outpul is shown 
in Fig. '2. Simultant·••us analyses of lhe current ddin·red to and 
lrdnsmitted lhrough the lilter are shown in Fig. 1'2. This lilter is 
dt·,.ignt:d to p;1ss all frequt·ncil's hdow 1000 cydes and to supprl's,; 
all ollwrs. The input is reprl'sented LJy a morc or kss continuous 
~t·rie,_; of peaks along the enlire lenglh of thc recnrd. The pcaks 
corn·,..pondiug to the outpul coincidl' rathl'r closely with the input 

'".\ Conde11>er Tran,mitter as a l:niformlv St·nsitive Jn,lrumenl for the .-\b
solute \lea,urcmcnt oi "-•uJHllnll'nsit~." E.(·. \\'entl', Physiwl Rrri<'«', July l'>li. 

"The "-:n~itivitv an•l Pn ... ·i,ion of the Eln·tro,l.ttic Transmitll'r fur :\lca~urin~: 
~ound lnteJhilit·,_;. E. l'. \\'l'nt<', Physiral Rrrir.L•, :\l.1y I1J2.!. 
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pc.aks fnr all frcqlll'lll'it•s lwlow 1000 l'yrlt•s and :an· not dt·lt-ct.ahlt· 
f11r t hc highl'r fn·qut·au·ics. 

Fig. 1:~ is .1 double n·conl ,..howing tht• .an.d) ,..i,.. of tlll' w.an· from 
.1 hll.l.ll'f .as kd into ,, cummon I) pe of loud !-pcaking rt'l'ci,·er dnd 
thc ,ll'llll,..tic ontput as pid.;ed up hy ;a cundcll!-t'f tr,lllsmith'r pl.ared 
in front uf it at a dist,ann· of ahout !."> indll's. Tlw ;an.dysis of the 
input current w,1n' to tlll' lnud spt•;akcr is ,..110wn hy tlll' comp.tr.tti,·ely 
continuou,.;ly derrc.a,.;ing sl·ries of pt·aks. The acoustic output is 
representcd by the snies ha,·ing maxima in the lll'ighborhood of 
'-Oll cyck::; ;111d :.:!200 cycles. This n·conl cannot bc takt·n as an 
adcquatc analy,..is of this loud ,..pcakl'f becausc of proh;ahlt- rc\·erhera
tion etTects in the room. 

The analyzcr has thus far nnt bel'n used in tlw study of power 
problems. A fcw illustratin· rccords han· bcen taken, howe\ er, 
on Iransformers and gcnerators aml will bl' shown a::; suggcsti\'c of 
the usc of this mcthod of attack in ·such prohlcms. 

Fig. 14 is a double record showing applied \'Oltage and exciting 
current of a small 110-\·olt , Gll-cydc Iransformer operating at normal 
,·oltage and frcquency undcr the aw-load condition. Thc presencl' 
of the weil komm third and tifth harmonics in the exciting current 
is clearly shown. Because of thc rise in the calibration curn of 
the analyzer at the low end of the lower frcqucncy rangl', a scalc 
of ordinatcs is notshownon this record. l nstcad, the ,·alul's of thc 
analyzer current at each frequcncy arc noted on thc record. Thc 
circuit uscd in making this record is drawn on the figure. A com
putation of the componcnts of the cxciting current frorn thc record 
and constants of the circuit shows that at GO cycles the current was 
l'jj rnilliamperes. at ISO cyclcs, G5 rnilliampcrcs and at 300 cydes, 
I 7 milliamperes. The total r. m. s. exciting currcnt was thereforc 
187 milliampercs. 

The Operation nf this Iransformer undcr full Ioad is shown in Fig. 
!.), where, as before, the primary ,·oltage and current are analyzcd. 
Thc transformcr Ioad consisted of a pure resistance. I t will be noted 
that the third and fifth harmonics have becorne ,·cry small etlln

pared with the fundamental. Thc analyzcr currcnts at each fre
qucncy arc again notcd on the record. In obtaining the analy,..is 
of the current it was nccessary to further shunt thc analyzcr. Thc 
primary currcrtt was 310 milliampercs. 

Problems relating to cornmutation may also bc conn·niently 
studied qualitatively and quantitatiH·ly by mcans of thc anal) zt·r. 
The use of an apparatus which will indicate thc sourcc and mca,..urc 
the extent of parasitic frcquencies is ob,·ious. Information has 
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lll'cn oht.tinl'd oll .1 ::;m.tll m.tchinl' dircct-drin·n hy .1 I 1-h. p., tiO-cyde 
~ingle-ph.t~l' motor. I ),tl.t of import,llln· rel.ttin~ to the gl'llerator 
te~tnl .lrt' a~ follPw~: 

t ·,tp.tcity of I ~l'llt"r,tlor 

:\umher of l'ole~ 
~pced .. 
\'olt.tge 

Field ... 
Di.uncter of ComnuJt,\tor ... 
:\umber of Commutator B.tr:
.:\tunber of .\rmature Slot~ 
Size nf Bru~h 
Ynke .... 

. I I kw. 
'2 
l'i2.i-I SOO r. p. m. 

. 12.i 
~hun t-COnlll'Cil'll 

. 2. 1.i in. 
_;{ :---; 

.1\l 

J 8 in. ~quan· 
. Ring typl' 

Reconb obtained from this lll<Khinc wlll'n operating under no
lo.td and half-lo.td condition,; are :-hown in Figs. II\ and I I , resper
tin·ly. Tlll' corre:-ponding speeds are approximall'ly 1S00 and 
11.')0 r. p. m. l n orller to show what frequencies the machine gi,·es 
out on'r the entire range 20 to .illOO cyde,; each figure is made up of 
two p.trt:-: a portion of a 20-1'2.) 0 reconl and a compll'lc record over 
the range ~0-.iUOO cydes. ( ln each ligurc is drawn the circuit con
nccting the d-c. generator to the anai~"Zl'r. l t will hc noted that 
a !arge condenser is inserted to pren'nl the pa~,.;.tge of hea,·y direct 
current through the analyzer. 

The consideration of these reconl~ Ieads to the conclusion that 
therc are at le.1st three independent major ClUses of alternating 
\'Oitage operating in this d-c. machine. The fundamental frequencies 
due to these ctuses are :30, fiO and .iiO cycks. I t will he notec.l that 
the :30-cyde peak occurs only on the no-load record nnder whirh 
condition the a\ crage speed i,.; practically ;{() n·\'olutions per Sl'cond. 
Sixty cydes and a :-eries of its harmonic on·rtorws are seen to hc 
present under hoth conditions of Ioad. {'nder Ioad tlll' GO cycles is 
augmented wlwn·;ts its harmonics are rt"dun·d. .:\o harmonic m·er
tones of :10 cyclc~ exn·pt such ;ts might coincidl' with the harmonics 
of tiO eydes are found in either ea:-t'. This indicall's the exi:-tenn· of 
indep1·ndt"nt c;Jil:-t•s of thc :~o and liO-cycle fn·qw·ncie:-, that the 30-
cyrle cau,.,e prndun·,; an almo~t sinusoid,tl ,·olt.tgl', and that thc tiO
C\Til' c.u~:-e undl'r no Ioad produces an irregul.tr \\ .tn· whil'h hccnmcs 
srnnother a:- the machinc is loadc<l. 

The nn-lo.ul record, Fig-. lti, show,; .i71l cych·,., with 110 h.trnwnics 
whilc the lo.td rcconl. Fig. 11 . shows ,j'j() cycll',.; with a compll'le ~t·rie~ 
of harmonics. This indicates that at no Ioad thc causc of 510 cyclcs 
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fccds a relati,·cly smooth wa\·e to the line while under Ioad this 
cause fccds an irrcgular waw to the linc. The fact that 1140 cyclcs 
is ahout as strong as the fundamental and that its harmonics are 
strongcr than altcrnatc ont's which are o,·crtoncs of 510 only, sug
gcsts thc likclihood of a fourth cau~c having a frcquency of 11-10 
cycles. Small irregularities at frcquencics othcr than tho~e alreacly 
mentioncd OC'cur in the record. Thc~e arc more prominent undcr 
Ioad than at no Ioad and indicate the prcscncc of ~mall, morc or le~s 
irrcgular pulses, which increa:-;e with Ioad. .All of the ahm·c frc
qut>ncies ma~· bc accounted for hy a considcration of thc construction 
and opt·rating conclition of thc machinc. 

The gcnerator was dri,·cn hy a singlc-plwse, ·I-pole, liO-cydc motor 
which may gin' rise to turque fluctuations oncc per rcvolution, or 
30 times per second. lTndcr 110 Ioad this may produce considerahlc 
corrcsponding fluctuations in spccd \\·hilc under Ioad conditions thc 
gencrator acts as a damper, climinating tlw~c oscillations. 

The liO-C'ycle pcak may Lc duc to any one or somc comhination 
of a numher of causcs, e. ~-. cccentricity of gcncrator armature, non
uniform winding, non-uniform thicknes,.; of mica separators in com
mutator, high mica bctwecn one or nwre pairs of ~egments, etc. 
Thc reconls :-;how that for this particualr machine in its prcscnt con
dition (nt>w) at normal speed tlw üO-cyclc \'oltagc dcn·lopnl increascs 
nmsidcrahly with Ioad indicating strongly that thc causc is largely 
influcncecl hy an I R drop somcwhere in the machinc. Thc most 
likcly ctu~es therdore appcar to Lc commutator CC'centriC'ity, irrcgular 
spacing of thc segmcnts, or high mica. 

Thc pcak at 510 cydcs may hc ac!'ounted for hy cyclic \·ariation 
of flux entering tlw armaturc corc as the teeth pass thc pole facc~. 
At no Ioad thc spccd is approximatel~· 1~00 r. p. m. Thc numhcr 
of tceth heing 1!1, it is oiJ,·ious that tlwrc will Iw 510 tluctuations of 
air-gap reluctanC'c pcr st'COIHI. Puder 110-load conditions thc record 
shows a comparatin,ly pun' wa\·e form for this cau:-;e. Thi~ is to 
!Je cxpected bccause of the comparatin,ly uniform distrilmtion of 
flux undcr the pole face,.; at 110 Ioad. i\;; the machinc is loaded, 
howc\'er, the lidd is distorll'd and' :-;hifted gi,·ing rise to a1~ irregular 
wan' form of \'oltage which i:-; responsihle for at lea:-;1 a part of I he 
!arg!' harmonic conll'nt :-;hm,·n by tlw Ioad n-cord. 

Tlw presence of 1110-cyclc 1wak which is prescnt only undcr thc 
Ioad condition may Iw due to tlw cyclil' \ ·ariation of \·oltagc produced 
by the commutator bar~ lea\·ing thc Lru:-;lws. l nasmuch as the spccd 
is roughly ahout 2!l reYolutions pcr second thc frequency \\'ith \\·hich 
bars lca\'e hrushc~ is about 1100 cycles. This frcqucncy is prcscnt 
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under tlw lo,ul condition only, thus iudicating that it is duP to .lll 

IR drnp .1t thc ltru,.h eont.1cts or to .1n P. m. f. dl'n·lopl'd in thl' "hort
circuitl'd n>il with tlll' l>rush oll tlu· magnl'tic IH'Utral. 

Tlw n·r~· ,.m,lll irn·gul.~ritics on tlw r<'rord sl1e>wn p.1rtind.Jrly 
hl'lWl'l'n peaks .1hon· ;,;,o eyd,·s on thc lo.ul n·nml arc prohahly duc 
to ,.light dJ.Ittcring of thl' l>nblll's. 

lt is of interest to notc th.1t thc "" c.dll'd fr('lllll'llc~· of commuta
tiort dncs not appc.1r in t•ithcr of thl' reronb. For this machin!" this 
frcqlll'll!'Y .1t no Ioad i" .ipprnxim.Jtely ~ lti cydcs pl'r "tTOIHI. 

From thcse rccnrd,. it is po,.,..ihk to dl'lt'rminc thl' r. 111. s. \·ahH· 
of thC' .tltcrn.Jting \olt;1gc at any frccpll'll<"Y of inll'rest. This is 
computl'd from a knnwledge of thc circuit colbtanh and an.dyzer 
impcdance. \\"t· thus oht.1in for thc ,-,.iO-cydl' pcak (Fig. l'i1 a Yaluc 
oi 0.~ Yolts .tnd for thc liO-cydl' peak a \·;duc of I. I \·ol ts. 

ln generat thc rl'cnnls takcn hy means of tlw an.dyzcr on this 
commut.tting IIMChinc. conlirm quantitatin·ly the \Yl'll known fact 
that such m;JChines may gin· ri,..c to frcqul·nci1·s in tlw audihlc range. 
Consideration of thc rl'conls indicatcs that thcse frcquencics may 
he diYided intn two das,.;e,.;: F irst, thosc pl'rtaining to and controllcd 
hy dl'sign, and second, tho"e cau,.;cd and controlkd by the physical 
conditinn nf thc rnachine at any partindar time. I t is abo intcrcst
ing to notc that thc driYing motor ma~· producc an apprl'riable ciTcct, 
particul.1rly undcr thc no-lo.td condition. 

In the aboYc papcr therc has hcC'll gin·n a short statcment of thc 
theory and con,.;truction of an automatic, rccording, dcctrical fre
qucncy analyzcr, Iogether with illustrations showing its usc and 
lirnitations in \·arious tields. 

This apparatus has ln:cn found n•ry usdul in the laltoratory in 
thc inY!'stig.ttion of many diiTcrent typcs of proltlems chielly IJecause 
of the ,..pecd with which rcconls can he madc and harmonic analyscs 
ohtained without computation. 

In condusion the authors wish to express their appreciation to 
:\ I r. C. E. Lane and :\ Ir. C. E. lkan. of thc \\"esll'rn l·:kctric Com
p.my, lnc., for their assistancc in the building of this rnachine and 
the pn·par.1tion of this papc·r 



Certain Factars Affecttng Telegraph Speed1 

By H. NYQU IST 

Sn;oPsh: This paper consiuers two funclanwntal factors entering 
into t hc maxirnum speed of ·transmis,ion of intclligcnce by telegraph. 
These factors are signa l shaping aml choice of cmlcs. The lirst is con
cerned with the best wa,·e shapc to !Je imprcs>c<l on thc transrnitting 
medium so as to permit of greater spccd wit hout tuntue interference either 
in the circuit undcr considcration or in those adjaC'ent, whilc the latter 
dcals with the choice of codcs which will permit of transmitting a maxi
mum amount of intclligen<"e with a gi,·cn numhcr of signal elements. 

lt is shown that the wa,·c shapc dcpcntls somcwhat on thc type of 
circuit O\'cr which intclligcnee is to be transmitted and that (or most 
cascs the optimum Wa\·c is neither reetangular uor a half cycle sine wavc 
as is frequcntly uscd but a wa,·e of SJ)t'Cial form produced hy sending 
a simple reetangular wavc through a suitahll' nl'lwork. The impe<lancl'S 
usuallr as,.;oC'iatcd with tclegraph circuits are such as to produce a fair 
dcgrce of signal shaping when a rel'langtzlar voltagc wa\·c is impres,.;crl. 

Considcralion of the choiC'e of codl's show th.ll while it is desirable to 
use those in,·ol\'ing morc than two currcnt \'alucs, thcre are limitations 
which prc\cnt a !arge numhcr of currcnt \'alues bcing uscd. .-\ tablc of 
camparisans shows thc relative speed cflicicnC"ies of ,·arious co<les pro
poscd. It is shown that no a<lvanlages rcsult from the usc of a sine wavc 
for telegraph Iransmission as proposed hy Squier and others2 and that 
t heir arguments arc based on erroneous assumpt ions. 

S!G:\.\L SII.\PI:\C 

SE\.ER.\L different w:tn.· ~ltapcs will l1c as:-;unwd and compari,.;on 
will hc madc hctwcen thcm as to: 

1. Exccl lcncc of signab dcli\·crcd at the clistant cno of the circttit, 
and 

2. I nlcrfcring properl ics uf thc ,.;ignak 
Considcration will fir,.;t bc gin.·n to thc ca,.;c wherc dircel-cttrrent 

impulses arc transmittl·d on.·r a distortionlcss linc , u,.;ing a limitcd 
rangc of frcqucncics. Transmi~sion m·cr radin anrl ca rrilT cirrttits 
will ncxt hc eonsidcrcd. Tl will Iw shown that thcsc ('ase:< are cillscly 
rclatcd to thc prcccding om' hcl':ltt~e of thc fact that tlw tr;~n~mitting 
medium in thc casc of cithcr r;u ]in or carricr circttils dosely approxi
matcs a distortionle:<s linc. Tl'il'graphy 11\Tr ordinary l.md lincs 

1 l'rcscntt'd at thc :\I idwintl·r Con\'l'ntion of 1 hc .\. I. E. E .. l'hil.Hiclphia, l'a . 
Fchruary ·1-~. l'll-t, and rcprint,·d from the Journal of th~ . \ . I. E. E. \ 'ol. .JJ, p. 
12·1, ll.J2.J. 

2 .-\. C. Crr·horc and 1;. tJ. Squir·r. ".·\ l'r.H'tical Transmitttr l',in~ tlw Sim· 
\\'avc for CahJ,. Tt·ll'!:raphy; and \IL.ISIIrt'lll!'llls with .\ltl'rn.ttin~ Currents upon 
an .\tl.tntic CahJ, .. " ,\. I. E. E. Trans., \'ol. X\'11, J!)OO, p. 3S5. 

(;, t J. Squil'r. "l ln .\n l'nhrok<·n ,\ltl'rnatint-: t'urn·ut lor ('ahlt· Tl'l!'~raphy." 
l'rnc. 1'/rys. Sor., \'ol. XX\'11, p . .'i.JO. . 

(;. 0. Sqnil·r. ":\ \lt'! hrwl of Transmit tin~: t hr· Tclt·~:raph :\lphahct :\pplreablc 
for Radio, Land Lincs, and Submarine Cahlcs.'' FrauHili Iust., Jl., \ 'ol. 195, :'ll.t)' 
1923, p. (dJ. 

324 



CFI\1'.11.\' 1-".ICFO/,'S .ll-1'/iCTI.\'t; 1"/:'/.U:J\.II'/1 S/'L:L:/1 J25 

emplnying din•ct currl'nt-. will lll"\t l•t• nmsidt·n·d. This will bc fol
lowcd ll\· .1 con-.idcr.ttion of the llltlrt' eomplic,1tcd case nf trans
mi-.:-ion oH·r long ,.nhm.1rine c,lhlt·s. 

lt will he ,.hown th.ll tlw w,l\'t'" produrcd hy St'IHiin~ rl'ctan~ular 
-.ign.ll l'll'llll'nts through suit.tl•ll' l'lectric,d networks whieh round 
tht'lll oll hdore they ,He imprt•,.-.;t•d on thc tr.1nsmitting medium arc 
prnh.thly ht·"t in n1o,.t c-.l,.t'"· ( 'omp;lr,;ion will he madc hetween 
w,l\"l'" ,.h,qwd hy ,;entling rcl't,lllglll.tr ~ign.d l'lements through suitahlc 
networks .1nd w.1n·,; n1,1tle up of half cycle,; of a sine wan?, hringing 
out tht' infl'riority of the latter. 

PtRE!"T-Cl"RRF;-.;T Tt·:t.EI;R.\111 TR.\;-.;S~IISSIO;-.; ( h'ER .-\ 

DtsToRTI!l:'\I.Ess Lt:--:E 

Bdorc proceeding with this di,;cus,.ion two tcrms, which will be 
u,;ed in thi,; JMpcr .• 111d which arc cnnsidcrcd to he of fundamental 
import.tnce. will he dt'lincd "signal elemcnt" and ''line spced." I t 
i,; u,;ually pos,;ihle, c"pcei.dly wlwn scmling i,; clone mcchanically, 
to di,·ide the time into ,;hort intt·n·.d,_ of approximately cqual duration, 
such that each i" rharacterized hy .1 ddinite, not necessarily constant, 
\·oltage imprc,;scd at the ,;ending end. The part nf the si~nal which 
occupics one such unit of time will l•e ralled a "signal elemcnt." 
For e';1mple. thc Ietter a in ordinary l,lllcl telegraphy will Iw said to 
bc made up of tin· ,.ignal elenwnt,;, the lirst constituting a dot, the 
second a ,.pace and the next three a da,.;h. The "line spced," as 
u::;ed in thi:- paper, eq11al,; the lllllllher of ,.ignal elt·ment" per second 
divided hy two. Jn ordinary land telegraphy the line speed is equal 
to the dot freqtwncy when a serit•,. of dots scparatl'd by unit spaces 
is transmi tted. 

The discu,;,;ion will tir,;t he limitcd to the ca,;e of dircrt-currcnt 
telcc;raphy on·r a distortionle,;s linl'. Thi,; case is thc simple,;t, and 
in addition the rc-;ults will aid in under,;tanding tlw more complex 
ca:-;es. lt may aid in obtainin~ an understanding of this casc to 
assume that the di~tortionlt•,.-.; line is made 11p simply of ,.;cries and 
shunt rcsistancl'~. 

A distortionlc-.-.; line, such "" the one which ha,; hel'll assumcd, 
will transmit all frequencil'" with l'qual etiiciency from zcro upward. 
ln considering applying dir('ct-current tl'legraph to this linc, it will be 
as,;umed th.ll the telegr.1ph circuit will han· ;b:-igned to it only a 
limited rangc of frcqul'nl'il',., from zero up\Yard, thc remaining frc
quency rangc being a,.-.ignl'd to some other lbCs, :-uch a,; ordinary 
telephone and carricr tl'll'plwnl' and telegraph. I t will al-;o he as-
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sumed that the direct-current telegraph circuit is worketl at as high 
a speed as the frequency range assignetl to it will permit. 

A number of different wa\·e forms which might be employcd to 
make up the telcgraph signal elements will next he cxaminetl, con
sideration being gi,·en first to thc waves which will be rccei,·etl at the 
distant end whcn thc different wa,·e forms arc impresscd at the trans
mitting end and secontl to the interfercnce which "·ill bc produced 
in the higher range of frequ<.>ncics which has been assigned to othcr 
uses. 

Three forms of valtage wa,·es "·hich will bc consideretl are shown 11! 

in Fig. 1. A in that figure shows the simplest form of \·oltage wa,·e, 

Lo=TR/4 
Co=T/2R 

L•=TR/8 
C•=2/1T>f2TR 
Lz=R/JTZf•T 
Cz=T/4R 
f = Carr.er Frequency 

T•me 

.~ 

.la 

l!JI 

1001 

1mp1 

:ang 

•a11 

:ate 
ien 
.ae 

Fig. t ~~~~ 

A - Reetang-ular \ 'oltage \\'a\'C iilit 
B - llalf Cycle of Sinusoidal \'oltage \\'ave ·~al 

Sh~;.;r~e,c~I:frll~.r \'oltage \\'a\C :\lodified by Being Passl·d through :\etwork ne 
·'nt 

namely, the ractangular form which is producctl hy applying a battery rco1 

for a gi,·en inten·al of time and then suhstituting a short circuit ~s 
for it. C in the tigure is thc wa\'C producecl hr transmitting the itgn 

reetangular ,·oltage wave A through an clectrical network which is nn, a 

the one indicatetl hy the Ietter ]) in the ligur<.>. (Other forms of ·~rJX 
nPtworks might also Iw selected which would prodnce similar results.) 1es 
B in th<.> tigme is a wan' which has the sh;qw of a half rycle of a sine ·esarn 

wave. In what follows this wan~ will he rderrccl to as the "half- 'Ie e 
cyclc sine wa\'e." ·m,~; 

In consitlcring thc wa\'es which will he rerci\·ed whcn thc ahm·e ln;j, 

wa,·es are applied at the transmitting end, use will he malle of th<.> "•aiffe. 

following general principll's, wh ich ha\'e Ileen sta tetl hy l\ I a lcolm, 3 ~~1lleti 

for the cast• of a sulnnarinl' cahle cirruit and disrussed for the genl'ral ~~~Ir 

('ase in App<.>ntlix A. nsp 

1 11. \\' . :\lalcolm. "Theory of 1he Suhmarin<' Tel<'graph ancl Tclcph01w Calol<'." 'ilie 
Tlw Elt·ctririan l'rinting & Puhlishing Co., London, :'llarch 1917. :~co 
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\\"hl'n a telt'gr.lph cireuit i:- worked at a line ~pel'll as high as will 
bt· permitted hy tlw .1Y.Iil.1hk frl'IJIIt'ncy r;uJgt•, tlll' shape of tlw 
reeeivl'd sign.JI will he practically indepcmll'nt of the shape of the 
tr.msmitll'd signal. .uul fmther. the magnitude of thc received signal 
will Iw .1pproxim.1tely direnly proportional to the area included 
within the impn•ssed volt.1ge w.l\l', 

The <trl',l inrlndC'd within tlw impressed voltage wan· heing of 
princip;ll importance sn fo~r ;1s the wave reccin·J at the clistant end 
is concerncd, the areas undcr tlw three voltage waves shown in Fig. I 
will ncxt he l''\,Jmined. The areas under waves .·1 ;mcl C will he found 
to be suhst.llltially eClual whik the area undN thc wave B is only 
about 0.1\ as great. Consl'Clllently, it should hc expectcd that wan.'s 
A and C will he ahont l'ClUally good from thc standpoint of the received 
signal,;, while wa,·e B will he poorer, producing reeeiwd signab only 
about O.li as great in magnitude. lf thc maximum ,·oltage (or power) 
impres~ed at thc sendingend is limited to some gi,·en value, the ree
tangular wan• is scen to hc the optimum, si'lce this wa,·c has the 
maximum arca. \\'hile the arca shown undcr cun·e C is approxi
mately CClual tothat undcr the reetangular wave, the cffeet produced 
when a number of signal elcments of the same polarity and magui
tude are sent in succession is such tbat the maximum vnltage tram
mittcd will exceed slightly the corresponding voltage for the ca~e 
of the unmodified reetangular wave due to o\·erlapping of adjacent 
signal ekments. 

The abo\'e comparison of the three waves of Fig. 1 from the stand
point of recei\'ed signals holds not only for signal elements, but also 
fnr complex waves comprising a numl,er nf elcments. Since for the 
speeds under eorisideration the reeci,·ed currents for different shapes 
of signals applied at the sending end are substantially of thc same 
form, di!Tering, at most, in magnitude, it fullows from the prineiple of 
superposition that any eomplex signal, whcther Luilt up of clements 
of nne shape or another at the semling end, will procluce substantially 
the s.1me wave form at the receiving end, the differenccs in the shapes 
of the elemcnts at the sending end producing differences principally 
in magnitude of the reccived wavcs. 

Cunsideration will next be given to thc relati,·e interferencc which 
the different wa\·e forms of Fig. 1 will producein the freClucm·y range 
a~~igned to other eireuits. Since interference into other circuits 
re~ults from having the telegraph signal elements contain frequenrie~ 
which :-pread into the ranges as:-;ignecl to other eircuits, it is evident 
that the wa,·e will he the hest from the standpnint of interference 
whieh contains the least amount of the~c oubide freCluencies. By 
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making use of a method whieh is discusseo in Appendix C, the fre
quency components of the three wa\·es illustrated in Fig. 1 ha,·e been 
computcd and are shown in Fig. 2. The frequency marked 1 '2 T 
in the drawing equals the line speed. T in this connection has the 
same ,·alue a>' in Fig. 1. Thc Jettcrs in this figure rcfer to the eorre-

Fig. 2 

A Freqtwnry Cornponenb of a ~ingle Dot, Rerta nJ.:ular \\"an• 
/3- Fn·qU<·nq Cornpom•nls of a Single llalf l\cle ol a Sine \\"aw 
C Frequen(y l'omponenls of a Single l>ot, Reetangular \\"an· l'.tssed through 

:\etwork Shown in Fig. I 

sponding W<IH'S in Fig. 1, ...1 lll"ing the components of an isolated 
reetangular wan>, 13 tlw corn•sponding componcnts for the half-cycle 
sine wa\·c, and C those for the reetangular wa\·e after it has been 
Iransmitted through thc network J) in Fig. 1. lt is seen from Fig. 2 
that tlw r<"rtangubr wan· form .·1 contains the greatest amount of 
currents of highcr frcquencies and is, therdorc, the poorest from 
thc st;mdpoint of interference. Thc half-rycle sine wa,·c contains 
less of these higher frequl·ncies although, as will he secn, the high
frequency cumponcnts arc far frum negligible. Thc wavc C is the 

·.Jt 

·t 
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b1·-.t front the ... t.tndpoint of interkn·nn·. ~ince it cont.tin~ thc le:-tst 
oliiiOIIIll of tht'"\' higJH"r fn•qtll'lll"il',;. 

From tlll' pren·diu).! it i-. conduded that f.,r the ca:-e under con
~ider.ttion. the \\,t\l' form (' in Fi!-!. 1 produn·d ll~· :-endin~ ,\ rec
t,tngul.tr ,..h,tped :-igu.tl el\'111\'llt through a :-uitalllc network i~ thc 
mo,..t ,..uit.tl>le. Thi,.. \\.1\"l' iorm i,; almo:-t tlll' optimum from the 
~t.utdpoint of the recei' ed :-ign.tl,.. while from the ~tandpoint of inter
krl'IKl' into oth1·r circnit:- it le;n l':-< littlc to llc de:-ired. 

C.\HHIFH .\:'\\) R.\1>10 

Tlll' rc ... ult,.. for the di,..tortinnle~,; linc arc particularly applirable 
to the r.t"l'" of radio and carrier telegraphy llecau,;e iu thc,;c ca~es 
\\l' h.n·e a tran:-mitting medium which i,; ~uh~tantially di,;tortionless. 
\\'c m.ty again 111.1ke u,;e of Fig. I to illustrate thrt·e po~sillle \·oltagcs, 
it llcing lltHin,..tood that the:-e curn•s repre"cnt the em·elope or outlinc 
of tht• tran,;mitted rurrt·nt~ which an: in rcality of a fn·quem·y cnn
,;idl•r.tllly higher th.tn the :-;ignaling frequency. lf nnw Wl' Iimit con
,..ider;~tion to the c<be \Yhl·re thc carril·r fn·quency i:-; Iewated in thc 
middle <•f the tran:-mitted fn·qlll'llCY band, then. thi,- ca"e lwcwncs 
\Tr~ ,..imil.tr to tht• dirert-currcnt ca~e and what h<ts l>een stid allout 
the recei\ ed wan· ~h<lpe being independl'nt e•f tlw tran,;mitted om· 
and its magnitudl' bl'ing directly proportional to the area umler the 
tran,..mitted \·oltage cun·e ,;till holck One important diiTerence i:
that, wlwreas in the direct-rurrent C<bl' tlw network ,;l10wn at D, 
Fig. 1. i~ u:-ed in the alternating-current ca:-e h;n·ing the carrier 
loctted in the ruiddle of the fn·t· tran,.mittecl rangt·, tlll' nctwork 
~hown .tt E. Fig. I. i:-; u"ed. :\ further clifferenre i,. that in the ca:-e 
of radio where n~ry high freqm·ncie" arc in,·oln·d, it may not Iw 
practic.tllle to rorh;truct tlll' required network,... ln that Ca>'t', how
t'\Tr, it i~ pr.trtical•le to pnxhtrl' tlw cnrrL·,.ponding direct-current 
w,tn· and utilize it tn n10dnlate the radio \\,tn·. 

\\"h,lt wa,; ,;aicl allout int1·rferenre from tlw cirntit in que,;tion 
into othcr circuits in the din·ct-current ca:-e ahmT al,..o hold:- for the 
ca:-e oi r.ulio and carrit·r with the cliiTerenn· that wherea:-> Fig. 2 
~ho"" a b.tncl of frequettcil·,; e\tending from zero up, thc corre:-ponding 
curvc in thc ca,;e of radio and rarrier con:-i--t:- of two ~uch ll;uul,;. 
Thc romplete curn~ for radio and carrier i:- "ull:-tantially ~ymmetric;tl 
with rt•,..pect to the ordinate corrl'>'P<lllding to tlw carril·r fn·quency, 
and the right-hand portion j,. :-imilar to the cmn· ,..hown in Fig. 2. 
lt will hc ol}\ious that the reetangular w.tn· ;l!lcl thc half-cycle ,..im· 
Wa\·e are hoth olljection.thle, a,.. \·oltagc wan·,; to be <lpplied to the 
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transmtttmg medium, bccause they contain frequency components 
which may easily extend into the range allotted to neighboring carrier 
bands. For this rcason it is customary in carricr telegraph practise 
to make use of a transmitting lilter to cut ofT these interfering fre
queneies. The \'oltage impressed on this filtcr is substantially 
reetangular in outline but after passing the filter it has a shape which 
is approximately similar to eurw C in Fig. 1, and which, therefore, 
produces less interfer('nce than a half-cyele sine wave. 

LAi'D LI:SES 

The easc of land lines is somewhat different from the ease discussed 
pre\'iously because it is not economically desirahle to utilize the full 
frequency range a\·ailable. In other words, the great expenditure 
for terminal apparatus that may he proper in the case of submarine 
cables and long distance radio cireuits is not warranted. In land 
cireuits the highest frequencies Iransmitted are considerably greater 
than the required line speed. \\'hen this is the case, it is usually 
possible and desirahle to make usc of the available range to increase 
the steepness of the recein:d wave. A steep wa,·e front rcsults in 
prompt operation of the reel'iving rclay and this in turn results in 
minimum distortion. If a half-cyclc sine ,,.a,·e wcre to be employed 
instcad of the usual reetangular wa\·c or if a network were to be 
employed which wcre to round ofT the wa,·c to the extent indieated 
in Fig. 1, the recci,·ed wa,·e would nl'ccssarily lose a great part of its 
stel'pncss and as a eonsequcncc the rcsponse of the rccei\'ing relay 
would he less positi\'e and the signals would he distorted. It will, of 
course, be undl'rstood that by means of suitably proportioned net
works the wa,·e ean be rmmdcd just l'nough to mcct the interfcrence 
rcquirement, still retaining sufficient steepncss to insure prompt 
operation of the reeeiving rclay. Thercfore, rounding hy nwans of 
networks is prcfcrable. 

If it should be desirahll' and praeticablc to utilize the frcqueney 
range to its fullcst, what has been said ahm·e about a distortionlcss 
linc holds without any suhstantial modilication and it would, in 
that ease also, bc mure a<h·antagl'ous tu use a wa\'e rounded by means 
of suitablc nctworks than to impress on the line a wa\'e of the half
cycle sine form. 

Sun~tARt:sE CABLEs 

rer 

~I 

In the ease of submarine-eable tclegraphy, thcre is a Iimitation on aa· 

\'Oitagc which has not been emphasized in the simple direet-current ~ 

ease discussed above. The \'oltage which may be impressed on the 
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t·,,hk i,., lin1ill'd tn .t ddiuite v.due. :\lon•o\Tr. for C'ert.~in re;l~on,;, thc 
t·.1hll' h.1~ .111 imped.1nn· ,~,;,.,,wi.ttl'd with it at tlw ~ending end \\hieh 
111.1)' 111.1ke tlw \·nlt.l).!t' on the cahle diJTer from the ,·oltage applil'd 
to tht• ,;ending-t·ml .lpp.lro~tu,;. lnasnnwh as thc Iimitation in thi,; 
c-.t::;e is voltagt• Iimitation at tlw cal,le, thc ideal wan: i,; one which 
applie::; a rect.1ngul.ir w,l\ t' to tlw eahk rather than to the apparatus, 
hl'c.lll,..t' it in,:url's that thl' area under the curve should be thc m.lxi
mum con-.i,.,tent with the imposed limit;1tinns. lt would hc po,;,.,jhlc 
tn makc thc transmitting-t·nd impt•tbncc approximatcly propor
tion.d to thc c.1ble impedancc througlwut most of thc important 
r.mge. Thi,: would in::;urc that the wa\·e applied to thc t·ahlc would 
han· approxim;ltely the s,tme ,;hape as the wan' applied to the ap
p;tr.ttu,;. lt wnuld prohahly he dcsirahle for practical reasons to 
m.1kc thi,: imped;uKt' infinite for din:ct currcnt. 

ln nmm·ctinn with tlll' ,;uhmarinc cahlc a ,;pe•·ial kind of intcr
fercnn~ i,; partiC'ularly important, namely, that due to impcrfect 
duplt·-..: h;dance. For a gin·n dcgrcc of unbalanl"'c, thc intcrfcrcnce 
due to this snurce may be rcduccd l>y putting nctworb cithcr in the 
path t~f thc outgoing current or in thc path of thc incoming current. 
The,..c fact,;, togcthcr \Vith the frequency distril>utions dcduccd ahm·e 
for caeh of thc sc\·cral impressl'd wavc,; as cxhibitcd in Fig. 2, make 
it apparent that the benelicial reaction on thc cffcct of duplcx un
halance, whkh C'an he obtained hy the use of a half-cyde sinc wave 
in~tead of a reetangular waYc, can hc ohtaincd rnorc efTccti,·ely 
by the u,.,e of a ,..implc m•twork, cithcr in thc path of thc outgoing 
or in the path of thc incnming currents. Eithcr of thcsc locations is 
equally e!TertiYc in rcducing interfncnccs from duplcx unbalance, 
but the )oC'atiun of thc network in thc path of thc outgoing ntrrent 
has the advantage that it dccrt·ascs thc intcrfcrcncc into othcr circuits, 
whereas thc location in the path of the incoming currcnt has the cffect 
of rcducing thc intcrfercncc from othcr cirC'uits. 

Hefore lca\·ing thc matter of submarine tclt-graphy, it may bc weil 
to pnint out that it is C'nmmon in pranisc to shortcn tlw period during 
which the battcry i,; appli<"d so as to m;tkt· it le,;s than thc total pcriod 
allotted to the signal clcmcnt in qut•stion. For instancc, if it is 
desired to tran,;mit an e thc hattcrr may be applied fnr. say, i':i pcr 
n~nt. of the time allottcd to that e and during thc n·maining- :2.) per 
ccnt. thc circuit is groundcd. Thc rcsulting voltage is shown in 
Fig. aF. From the foregoing, it is concludcd that this mcthod i,; lt·,..,; 
adYantageou,; than thc application of tht· voltage for thc whole pcriod, 
hccatbc while the shapc of thc reC'ein·d ,;ignal is suh"tantially thc ,..,tmc 
in thc two ca,..es, thc magnitudc, bcing proportional to thc area under 
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the valtage cur,·e, will be lcss. A cursory examination of the lilera
ture does not disdose that anything has becn published on the experi
mental side either to confirm or to oppose this result. 

CnoiCE oF CouEs 

A formula will first uc deri,·ed by mcans of which thc speed of trans
mitting intelligence, using codcs employing different numbers of 
currcnt values, can he compared for a gi,·cn line spced, i.e., rate of 
sending of signal elcmcnts. Using this formula, it will then be shown 
that if the line speed can be kept constant and the numbcr of current 
values increascd, thc rate of Iransmission of intclligcnce can uc ma
tcrially increased. 

Comparison will then bc made hetwccn thc theoretical possihilities 
indicated by the formula and the results ohtaincd uy \·arious codes in 
common use, induding the Contineutal and Amcrican l\ lorse codes as 
applied to land lines, radio and carrier circuits, and the Continental 
l\ l orse code as applicd to submarine cahles. I t will he shown that the 
Continental and American l\l orse codcs applicd to circuits using 
two current values are materially slower than thc code which it is 
theoretically possiLle to obtai'n uecause of the fact that these codes 
are arrangcd so as to ue readily deciphered by the ear. On the other 
hand, thc Continental l\ lorse code, as applied to submarine caules, 
or other circuits where three current ,·alues are employed, will be 
shown to produce results substantially on par wi1h the ideal. Taking 
the alJove factors into account, it will be shown that if a gi\·en IClc
graph circuit using Contincntal l\ lorse code with two currcnt \·alues 
were rearrangcd so as to make possiule the use of a code employing 
three current values, it would hc possihle to transmit OH'r the rc
arranged circuit abont 2.2 times as much intelligence with a giwn 
numher of signal clcments. 

lt will thcn be pointed out why it is not feasihle on all telegraph 
circuits to replace the codes employing t\\·o currcnt values with others 
cmploying more than two CUITcnt ,·alues, so as to increase the rate 
of transmitting intclligence. The circuits, for which the possihilitics 
of thus sccuring increases in speed appear grealest, are pointcd out, 
as well as those for which thc possihili1ics appcar least. 

TIIEoRETICAL PossiBILITIEs Usi:\G CnllES WITII 11IFFERE:\T 

~ü:\IBERS OF CüRRE:\T \'.\Ll"ES 

The specd at \vhich intelligcnce can he Iransmitted m·er a telegraph 
circuit with a givcn line spccd, i.e., a gi~·en rate of sending of signal 
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dt'llll'llts, lll.ly he determim·d .lppro,imall'ly hy lllt' follo\\ in!-! fmmul.1. 
thc tkri,,Jtion of \\hich i,.. giq·n in .\pJli'IHii' B. 

II"- K log 11/ 

\\'lwre II' i~ the "Pl'l'<l of lr.llbllli,., ... ion of intelligence, 
111 i:< the mimher of cnrrent Y.dm-':<, 

.111<1. K i:< .1 const.111t. 

Hy· thc speed of tran:<mi,..,.;ion of intt'lligenct• i:< mcant tht• nnmLer of 
charactcr::;, reprc:<cnting dillt:rent Ietter,;, ligun.•,.;, etr., which can hc 
tr.1nsmi1ted in a gin·n length of time a::;,..uming that tiH' circuit tran:<
mits a giH·n numher of signal dt'lllt'llt,.; per unil 1ime. 

Snl>stilllling numt·ric.d \·alue:< in thi:< forn11 1b gin•,.; tht· following 
ta!Jie which indiratcs thc po:-:,..ihilitic,.; of ,.;pecding up the tran,.,mi,.;,.;ion 
of intclligcnce by incre;1sing thc numher of current Yalue:<. 

:'\umbcr of Currcnl 
\ alut·s Employcd 

3 .. 
5 
s 

16 

Rel.11 i\'C .-\mounl of 
lnll'lligl'nn· which can 
bc Tr.msmittcd with a 

(;i\'en :'\umhcrof 
Signal Elemenls 

tnll 
ISS 
.wo 
2JI) 
3110 
-lUU 

This tahlc indicatcs that thcre is con"iderahle ad,·antage tu Le 
~ecurcd in going to morc than two rurrent \'alues wherc thc circuib 
arc such a,.; to permit it and whcre t hc line spce<l i,.; not lowercd as a 
rcsult. Thc Iimitation:; will l•c outlined hclow. l t shou ld also !Je 
noted that whercas thcrc i,.; con,;idcrablc advan1;1ge in a moderate 
incrca~c in the number of rurrl'nt \';llues, thcre is littlc ach-antage in 
going 10 a !arge numh·r. 

CoDEs :\"o\\' 1:\' Co\1\lo:'\ l·sE ClmP.\RI~O:\' \\Trll I J>Eo\L 

ln thc ca:<c of prinler ende,;, thc theorcl ical rt•:<ults deri\·cd corrc
:<pond clo,.;cly to pr;H·ti:-t•, as will bt· oh\'ious from the mclhod of 
dcri,·ing the formula. 

l n order to cnmpare the theorelical pos,..ihililies indicated l•y thc 
formula with thc results \\ hich are obtaincd wht•n nnn-printcr code,.; 
arc constructed. scn~r;1l codes werc assumed. and for cach one the 
num!Jer of signal elemcnts requirt·<l to producc an a\·crage Ietter 
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was deduccd. Tbc mcthod of doing this is sei forth in :\ppcndix D. 
This work rcsulted in thc following tahlc: 

American :'llor~c ltwo current \·alues) 
Continental i\lor~c (two currcnt valut•s) ... . 
Ideal (two current values\ ............... . 
Continental :'llorsc (th ree currcnt ,·alues). 
Ideal (thrt·E currcnt vahle>") .......... . 

Signa l 
Elements 

per Letter 
8. 26 
Ii. -15 
h.t-1 
-~ i7 
3.63 

Relative :\urnber 
of Letters for a 

Gi,·en :\umher of 
Signal Elements 

i.t 
i3 

100 
163 
169 

The column in thc abo,·c tablc headed "Relati\c :\umlJcr of Lctters 
for a Ci,·en .:\'umiJer of Signal Elements" makcs possible direct com
parison with the rcsults predictcd from the formula as gi,·en in the 
table '' hich prcredcd. l t will he noted that the ideal thrce-current
,·alue code gi,·es an incrcase in the numbcr of letters for a given 
number of signal clements as comparcd with thc ideal two-current
,·alue code which is in fair agrecment "·ith the thcoretical ratio of 
1.58:1. lt will also be noted that the Continental thrce-currcnt
,·aluc C<'de which is actually in use in thc case of submarine cables 
appears to comc quitc clo>'C to the ideal. In thc case of the Conti
ncntal and American :-.l orsc ccdes, howe,·er, wherc only two currenl 
values arc used. the rcsult s fall short of the ideal, thc ratio betwecn 
the results actually nbtaincd and the ideal heing approximatcl~· 1.4:1. 
The rcason for this is that a certain proportion of thc possible speed 
is sacrificcd in orclcr to make it possihle to read the signals hy means 
of a sounder insteacl of rccording them. For instance, the <bsh has 
been assumccl to hc approximately three times as Jung as the dot. lf 
thc signals wcrc mechanically formcd at thc scnding end and rccorcled 
at the recei,·ing end, it would hc possible to makc use of markings 
I, ~. :3, ctc., signal clements long, as weil as corrcsponding spacings. 
Thc ideal codes \H're so constructed. 

It will bc scen that thc figures dcdured for thc Contincntal ;\lor~e 
ancl thc Amcrican l\lorsc are substantially identical for two rurrenl 
values. This rcsult prohably docs not corrcspond with practise; 
it is thought that thc ditTerencc in specd ]JClWl'Cn thc~e two codes is 
considcrahly greatcr, say on thc order of 10 or 1!) p~r ccnt. in [;1\·or of 
thc Amcrican 1\lorsc. Thc discrepancy is duc partly to the fact that 
no account has l>ccn takl'n of ligurcs and punrtuation marks in the 
prc~cnt con1putations and partly to tlll' fact that thc a:;;sumptions as 
to rcbti\·c lcngths of spacc is not strictly in accordancc with practise. 

From the foregoi ng, it is scen that therc is a two-fold gain in chang
ing from thc two-currcnt-value :\nwrican or Contineutal l\ lorsc 
codcs to the thrcc-current -\·aluc Contincntal codc. ln thc first 

err 

tw 

3fll 

up 

( 

ral 

t~e 

curn 

Tl 
1ter 



CEf<.TAI.\" FACTORS Afff.t Tl.\"(; "/ /:/.f:Cd\.1/'// SI'U:/J JJ5 

pl.tce, tlwre is a thenretic,tl innl'.t,..e in the r.ttio of l.ti:l whieh ac
romp.mies tlw change frum thc two-currt•nt-\',tllll' to tlw three-eurrcnt
,.,thll' ende. ln tlw st•cond pl.we, tlwre is ;m incidental inrrea~e in thc 
r.ttio of 1.1:1, dlll' to the f.tct th.tt thc present two-rurrcttt-\"aluc codcs 
arc lon~-:er th.m would he neeessary, ii reeei,·ing were done hy nwans 
other th.tn the c.u. The tot,tl increa~e in going from the two-rurrent
\",tltlc Contineutal or .\ merican :'llorse codes to thc three-currcnl
,·alue Contincntdl wdc i~. therdore, in thc ratio of l.GX 1..1:1 ur 
~-~:1, prO\·ided tlw linc specd is thc same. l n this connection it 
should hc noted that in the e<tse of the .:\merir<lll :\ lor:-e, the ratio 
is prohahly somt•wh.ll lcss than this for the reasons pointed out ahtH·e. 

L:,IILHill:\S 1:-.: .-\ 1'1'1.\"1:\u ConEs WITII :\ IoRE TIIA:-o; 

Two Ct·RRE::->T \ ',\l.t:Es 

Cert.tin inherent limitations which ha\"e to du with how much the 
number of eurrent ,·alues can be ad\'antageously increased are as 
fullows: 

I. Fluctuations in Iransmission ctliciency of thc circuit, 
~- lnterference, 
3. Limitations on the power or yoJtage which it is pcrmissible to 

employ. 

l n ac.Jdition it may be stated that, in gencra l, wheneYer more than 
two current ,·alues are employccJ it is necessary to make the sending 
anc.J rccei,·ing means more complicatcd and e:-;pcn!'iYc. There may 
bc nothing to gain. tlwrcforc, in using codes other than tho~c made 
up of two currcnt ,·alues wlwre thc tclegraph circuits arc d1eap. 

Con~idering now thc fcatures which Iimit the numher of current 
,·alues which can hc employed, it is hcliewd that thc importance of 
the first factor will be oiJ\·iou~. lf thc litll' is subject to tluctuations 
so that the stronger currcnts at !.'ertain times hecomc lc~~ in magni
tude than thc weaker !.'urrents at other timcs, it will l1e impos~ible 
to c.Jiscriminate hetwl·en thc di!Terent current strcngths making up 
the coc.Je, particubrly if the tltt!.'luatinns are rapid . 

I n comwnion with interfcring currcnts, it is CYidcnt that tlwse 
may bc of such polarity as to add to or suhtract frorn the ~ignaling 
currents and it i~ con,..equently ne!.'e::;sary to separate the ,-,uiou~ 

current valucs employcc.J sufticiently so that one current ,·alue with 
the intcrference ac.Jc.Jcc.J may be c.Jistingui~hed from the ne:-;t I.Hger 
current value with the interfcrcnce subtrancc.J. 

T he spacing between the ntrrent ,·alucs ht·ing determined by the 
interferenee anc.J fluctuation~ in transmi~"ion efficiency, it will he 
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seen that thc ma :-; imum numhcr of current , ·alucs which can bc 
employed is dctcrmined l•y the ma:-;imum power which it is pcr
missiblc to usc. 

ln thc C<Jsc of land line telegraph circuits opcrated with direct 
currents, it is weil known that quadmple:-; eircuits are much more 
scriously affccted hy tiuctuations and interfcrcnce than arc circuits 
employing only two current vah1cs. (A quadruple:-; telegraph circuit 
employs four curn:nt ,·alucs for Iransmission in one direction. ) l n 
general, it may bc said that the possibilities of improving ordinary 
direct-current operatcd telegraph circuits in this manner do not 
appear particularly promising. 

In tlw case of win:less Iransmission o\·er great distances all three 
of the abm·e facton; arc important in limiting the numher of current 
\'a lues whieh can he effectiYely cmployed. in the first placc, as is weil 
known, !arge Yariations take place in tlw efticiency of the transmitting 
medium so that tlw rccei,·ed signals Yary considerably in magnitude 
from time to time. Secondly, the interferenee, at least at certain 
scasons, is great enough to make it dinicult to distinguish betwecn 
the currcnt Yalues l'\·cn when the usual method whieh employs only 
two current ,·alues is employed. Thinlly, the recei,·ed power is 
limited lll'cause of the grcat at tenuation suiTered by thc wireless 
\\'<1\"l'S. 

in thc case of carricr transmission, it may l1e that there will bc a 
Iiek! for tlw use of more than two current , ·a lues. The relatiYe 
cheapness of the line circuits, howea·r, will tend to Iimit thc amount 
hr which it will Iw economical to increase the cost and comple:-;ity 
of tlw receiYing apparatus. 1\ loremer, it should he horne in mind 
that no allowance has lll'l'n made for the l'fTl·Ct on the line speed of 
increasing the numher of current Yalues, this l1eing considered outside 
the scope of the prl'sl·nt paper. 

Changing an e:-;isting network of tclegraph circuits so as to employ 
a code with thn·t· instead of two ctllTl'IIt ya]ues \\·ould require new 
types of telegraph rqwaters as \n·ll as lll'W sending and rl'cei\'ing 
apparatus, and lll'\\' opl'rating metlu:ds. lt is considered to he out
side of the scope of this p;qwr to go into a discussion of tlw detaih; of 
this matter. 

"SJ:\E \\·.,,· •·:" Svsn:>Js 

Considerablc in !l'rest and discussion has lll'l'n cn·a ted hy sug
gestions which han· hl'l'n madl· to llSl' so-called "sine wa\'l'" sy~tems 
of telvgraphy. In ,·iew of t his, a hrid discussion of tlwse systems 
is gi\·en l•elow. 

ttle 
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.\ hrid .m.tly~i,.. of \\ h.tt .m· tht· fuud.Lllll'llt.d fl'.ltllrt's of thc,..c 
~y,..tclllS \\ ill h· gin·11 ,111d, ],,,,..,.d ou tlw n·,..ult~ whil'h han· lwl'll dc
n·lopt·d in thc JHl'l'l'ding di,..cu,..-.ion, l'olllp.tri:-on \\ ill hl' maclc of tlw~c 
sy,;tt'llls with ,.,ystt'llh J,,,,..cd on otht·r prim·ipk~. :\ particnl.tr dTnrt 
will bt• made to l'],•,tr up wh.tt .tppl'.Jr" to he fnndanwnt.dly im·orrl'd 
,,,.,,.umptiolb \\ hid1 undnlic tht· o~r~o:nnit'nt~ which han· lll'l'll ;uh <111ccd 
in f,t\·or of the,.,e ",._ine w.n e" ,..y,..lt'llb. 

Crthort•-Squia S.\'5/t·nz. Th,~ n,;e of a sinl' wan• l'll\Tiop" to im
pw' l' thc dJ.uarteri,.,ti,·,; of ll·h·gr.1ph ,..ign.tls w.ts ;ukoratl'd hy ( 'rl'hon· 
.tnd Squit•r.1 Tlw word,; "l'nitl'd ~tatcs" forml'd hy 111t'<ll1~ nf a 
wa\l' of this typt• are ,..hm\11 in Fig. :~d. Tht• ccllie t•mplnyt·d is tlw 
:;.unc as tlw ordinary l'ontinl'ntal \Tor,_,., the only diiTert'lll't• l•t·in)!; 
th.!t tiH.' signal l'knwnts con-.ist of half-ryrk ,..inc \\'an·s . 

ln what h,t,; pren·dcd, it l1<1s hecn shown that a half-cyrlc sim· 
w.In~ has <1 ,;mal1cr arca than a rL'I't<Jngubr wa,·c rou1Hied oiT hy p.tss
ing through an elertriral nctwork and, coibl'CJlll'Iltiy, tlll' sinc W.JH' 
is inferior to the lattcr from thc standpoint of thc rerei\Td signals. 
Frnm the ::-t.llldpoint nf intcrfcrcncc into othcr rircuits, it has al,;" 
heen pointcd out that the h;~lf-cyde ,;inc wa\'!~~ rontain more high
frcqucncy componcnts than properly roundl'd oll rect;lllj.!lliar w;n·c,;. 
Con,..equently more intcrfcrcnrc into othcr circuits will Iw produced 
with thc wa\'C madc up of signal eh:mcnts cun:-.i,;ting of half-ryclt• 
sine wan:s. 

Squier Sysle111 Applied lo Sub111arine Cables. .\ morc rcccnt ~ug
ge,.tion of Squicr 5 gi,·cs thc wa,·c ~hown in Fig. :~a. This wavc 
rc,;cmhlc~ thc onc ath·oratcd hy ( 'rchorc and Squicr in that carh 
signal clemcnt con::;ists of a half-rydc ~inc wa,·c. c\s ha,; hcen pointccl 
out, thcrc is no ath·antagc gaincd hy thi::;. 

Thc diiTercncc hetwecn the two ~ystcms lies in thc fact that the 
wa\·c in Fig. ;)rz u,..c~ thrcc absolute \·alucs and rrn,;,;c~ thc axi~ onrc 
C\'l'l)' half cyck. Thc rode is thc samc as the ( 'ontincntal. <I spacc 
hcing indieatcd hy a half-cyrle sim· w;n·c of onc unit amplitudc, a dot 
hy a h.df-eydc sinc wa,·e of two units amplitudc and a da~h l•y a 
half-cydc sine wm·c of thrt·c units amplituck. 

By rderring to thc ligmc, it will l•c ::;ccn that thc rt•sttlting wa\·c 
rc:<emhlt·,; a cnntinuons sine \\'an•, exccpt for the fart that sucrcssi\·e 
half ryde~ dilkr in magnitluk. For this rea~on, thc l'Cllle m.1y he 
tcrnwd an "unhrokt·n-rt·\·crsah," ende. 

ln ron,;idcring the application of thi~ 1·odc to ~uiHn;Irinc cahle 
telegraphy, it is eom·enient to make u,.,c of an analysi~ which i,; carrie1l 

1 <rchcrc and S.tuicr, loc ril. 
• S<Jmcr, loc cit. Proc. Phys. Soc 
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out in Fig. ;~. Fig-. :3a shows the wonls "Pnitcd Statcs" written in 
thc coclc ath-ocatccl hy Squicr. Fig. :3b shows a constant sine wa\'e 
whosc amplitmlc is cqual to thc amplitude of a dot in Fig. 3a. Fig. 3c 
shows thc result ohtaincd hy suutracting thc wa\'C of Fig. 3b from 
thc wa\'e of Fig. 3a. On comparing this last wa,·e with the wa\'C 

u n d S t a t e 

Fig. 3 

a-l ' nbrokcn rc\'crsals codc (spacc = 1 tmit, dot = 2 unit s, dash = 3 unit s) 
b-Consta nt sinc wavc, 2 unit s 
c \\'a \'C resulling whcn substracting b from a 
d Sinc \\'a\'c nxle: not c similarity bctwccn c and d 
c-Rccta ngular wa\·e, unmodifit:d 
f - Ree tangular \\'3\'C, modified Ly grounding apcx onc fourth of thc marking 

time in addition to thc spadng time 

shown in Fig. 3d, it will hc H'cn that thc two waves are clectrically 
cqui,·alent. Thcy diiTcr only in hadng the signal elcmcnts pcrmutcd. 

lt is thus e\'idcnt that thc waYc shown in Fig. 3a is made up of two 
components; onc heing the inert componcnt shown in Fig. :3b which 
transmits no intclligl'ncc, and thc other the intclligcnn.' carryi ng 
componcnt illustratctl in Fig-. ac. 

The fact that the component shown in Fig. 3b does not carry in
telligence from the H·nding station to the rccci,·ing station is madc 
clear whcn wc consitlcr that its \'alue at any moment is prcdictahlc 
aml that thc compom·nt C<Ln in fact bc producccl locally. 

Tbc nct ctTcct of this componcnt is to redncc thc ,·oltage <lYailahlc 
for intclligcncc Iransmission to onc-third of the total ,·oltagc. For 
examplc, if it is permissihlc to apply GO ,·nlts tn a partindar cahlc, 
40 \'olts out of thcsc would hc uscd up in transmitting the inert altcr
n<lting-rmn·nt wa\'(• and only the remaining 20 , ·olts wonlcl hc u~cfnl 
for thc transmi~~ion of intdligL"nce. 
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Radio anti Curria J't'/t'_r,raphy. Squil'r ha:-; ah.o ;uh·ocatt·d ft that 
thc nHnhin.ttinn pf ~inl' \\,1\t' t'II\Tiopes. unhrokt·n n·H·rsal,.; and .1 

thn·l·-current·\·ahtt' cndl' l•c .tpplit'd tn radio anti carrier tl'legraph)·. 
Tht· .uh·.tnt.lgt·s and limit.ttion:-; in .tpplyin~ codcs with lllllrl' than 

two current \,dut•,. h<l\l' ht·t·n fnlly di:-;nt,;sl'd abon·. anti do not need 
to hc gom• into furtht•r lll'rl'. lt \\ ill he L'\·ident that the combining
\\ ith the,;t• of ,.jne w.tn• enn•l .. pt·s and unhroken ren·rsal,; d"c:-; no gonrl. 

The lll.ttter of ""ing- sinc wa\ l' l'nn·lopes was discu":-ol'tl ahm·t•, thc 
di:;cu,.;,..ion pninting nut that wan·,; with sinc-wan• en,·clopc,.; are 
inferior to wan'" produced hy "t·nd ing reeta ngular shaped signal,; 
throngh :;uit.thll' twtwork,;, hoth from the :;t;ll)dpoint of the reccin·d 
:;ignal:;, aml from tlw ,;tandpoint of intcrfen·nce into otlwr circuits. 

Thc "unhrokcn ren'r:;al,." hring in again the use of an inert com
ponent. Duc tn the fundanll'ntal di!Tercnre hl'twt·en c<thle tt·lcgraphy 
on the om• hantl, and r;Hlio anti carricr as usually practiscd on the 
other, the inert cnmpnnent in the latter ca~e is sonwwhat smaller 
th;m in the former. i n tlw m<le adn>catcd by Squicr, the current 
whidt may be ,;nl>traclcu without greatly afTecti ng the intelligence
c;urying capacity of the ,..ign;tls, is ahmtt one nnit in ,·alue, which is 
the current corre,.;ponding to a spare. \ \"hen this current has heen 
subtractcd. the ,;pace currcnt is reduced from onc unit to zero, the 
dot current from two units to one, ancl the dash current from three 
units to two. This ,.;ttl,traction haYing Ileen carricd out, it is seen 
that the ma:-.:imum intclligencc-carrying- romponent j,.; appro:-.:imately 
two-thinls of the m.~:-.:imnm currC'nt actually cmployed. (This 
ligure of two-thinb comparc,.; with the figurc of nne-th in l for the 
submarine eahle.) 

ln thc ca,.;c of radio, the amo11nt of power which llllht hc radiated 
from thc tran,.;mitting- station is of partiClllar importance. Since 
with the systl'lll a<h·ocated hy Squier ah011t two-thinb of the maximum 
,-,,]tage which is radiated is cfTccti,·e in transmitting intl'ilig1'nl'C', it 
j,. e\·ident that about twit·e a-; much power must be radiated as would 
hc rcquin'l:l if thc inert cornponent were not tran,.mitted. 

lncorrec/ .·lssumptiotiS. Two incorrect assumption,.; are made in 
the papC'rs rdcrrcd to and underlie a ron~idcral,(c portion of thc 
ar~uments ath·anced in fa,·or of the ,.;y,.tC'ms ath·oc;\tccl hy Squil'r. 

Une of thc-..c j,; that a wa,·e, whose l'lcniC'nt:-; are half-eydc sine 
wa,·e,;, !end,.; it,.;df to tuning. I t i,; true th<tt in tlw ca:-oe of tlll' ''un
hroken-re\·er,.;;tls" codc a n ·rtain amount of tuning can he :-ecurcd. 
hut thi,; tuning applics only to the inert um·arying con1pont·nt in tlw 
wave. which carrie-; no intt·lligence. The fact, ~hown in Fig-. ~. that 

• S.luit·r. l<w. eil • frank/in brst., Jl. 
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thc inll'lligence-carrying componcnt contains 110 out,;tanding narrow 
rangc of frequcncies to which tuning can bc applic-d ,.;hould makt• 
ob,·ious thc crror in thi,.; as,;umption. 

Thc othcr as,.;umption j,; that a wm·c, which i:; ideal fnr tlw Irans
mission of po\\Tr, is abo ideal for the transmi,.;sion of intelligem·e. 
t\s a matter of fact, thc tran,;mission of intelligc-nrc inlwrc-ntly in,·oln·,; 
rapic.l and unpredietahlc changes in thc currcnt, whcrc-as the trans
mi:-sion of pmrer is best hrought about IJy stcac.ly current, either 
dircct or altcrnating. These t\\"o conc.litions arc, of comsl', incom
patihlc. 

.:\PPE:\DIX .:\ 

tlsc has bec-n madc of thc following two principlcs: 
1. In a tclcgraph circuit in \\·hich thc linc spccd is near thc maxi

mum, thc shapc of tlw recciYerl dot is substantially independcnt of 
thc shapc of tlw impressed rlot, and 

2. Thc magnitude of the rcceiYed current is approximately pro
portional to the area under the Iransmitted ,-oltagc cun·e. 

Tbc foll<ming general discussion of these principlcs has becn fur
nishcd hy J. R. Carson. 

Let thc arri,·al curn·. duc to suddenly imprcsscd unit hattcry be 
dcnotcd IJy A (I); thcn the rccl·in•d signal S (1), duc to thc elemcntary 
clot imprcsscd ,.;ignal f (I) is g i,·cn hy 7 

S(t) = {J(x)."J '(1-x)dx 
• 0 

(I) 

thc uppcr Iimit of integration being I fort< T and T for I~ T. The 
lattcr case ,,·ill ai<mc he considered sincc thc conclusions arri,·cd at 
in this casc are con,.;en·atin.'. 

Expanding .:1' (1-.\·) in ( I), \\'C get 

S(t)=[A' (I) _h~~-.1 "(1) +h;~·
2

.·l"'(t) .. . J.[Tf(_r)d.\· 

{
1
:\j(x)dx 

whcre h2 = .;.0 
T -, :!!1 flx)dx. 

{r:~:.r(x)dx . () -· 
ha= p { r , etc. 

;{!. 
0 

j(x)dx 

(2) 

7 J. R. Carson. "Tlwory uf thl' Tran,i<·nl ( bcill.ltion' of Ell'cl ric.tl :\l'l wurks 
and Transmission Sysl<·ms." .-\ . I. E. E. T rans., \ 'ol. XXX\' 111, 1'>1'1, p. 3-15. 
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lt follows .tt onrl' that, prnvidl'd 
.r 

/ j(x)dx=LO 
• 0 

and provided thc duration T of thc sign.d is sulliril·ntly short, thc 
arrival dut is givcn approximatl'ly by thc le;tding term 

A '(I) {~f(x)dx 
•0 

and that this approximation lll'rOIIll'S incn:asingly dosc as the spccd 
of ~ign.1ling is innt'asl'd, i.c., as tlll' duration T of thc dot is (kncased. 

Thc nmdusions from thc fnregoing may hl' stated in thc fnllowing 
propt •si t ions: 

I. 1f thc spt'Cd of signaling is suliicicntly high thc arrival signal 
rcprl'scnting thc l'll'tnl'ntary dot is indt'pl·ndcnt in shape nf thc form 
of the imprl'SSl'd signal, and is proportional in amplitlldc to the time 
integral or "arca" of thc imprcsscd signal. 

lt will bc c\·idl'nt, howcvcr, that if no rcstrictions arc imposcd on 
A' (t} and f (t), thl' forcgoing proposition rcfjUircs, in gt·ncral, that 
the dur.1tion T of thc dot shall hc sosmallas to makc thc scril's cxpau
sion rapidly convl'rgcnt f rnm thc start. This, howl'vcr, rcquircs a 
spel'd of signaling ,-c~· considl·rahly grcatt•r than that actually ncces
sary in practisc in onkr that thc forcgoing proposition shall hold 
to a good degrcc of approximation, at lt-ast for thc typl's of imprcssed 
dot signals spccially considl'rcd in thc prcscnt papcr. To show this, 
it is m·ccs,.,,1ry to cstahli,;h two lcss gcnt•ral propositions, valid for 
thl' typcs of impn·ssl'd signals under nmsidcratinn. 

II. lf t hc imprl'S:<l'd signal f (t) is (•vcrywhert· nf thc samc sign, 
thcn a valuc r exist:->, suchthat O<, r, <T/2, and suchthat 

S(l+ T'~i =A '(l+r) {J(x)dx 
• 0 

(3) 

This proposition follows frnm thc mcan valuc thcorcm. 
II I. lf f (t) is cvcrywhcrc of thc samc sign, and if further it satisfics 

thc cnmlitions of symmctry, 

f (x) = f (T -x), (x5_T,2) 

thcn a valuc r cxists, such that 0 < r < T ~ and such that 

( -!) 

This last cquation also follnws from the nwan \·alue thl'Orl'm. Fur
thermorc, the comlitions statl..'d in proposition 111 arc satisticd by 
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thc reetangular wa\·e , the half-cycle sine wave. and the reetangular 
wan: extcnding t hrough part of the dot pro\·ided t he reference time 
1=0 is properly chosen. 

Returning to proposition ll, Iet us write 

Si(l+ T 2) =.:I '(t+To+Tj) foTJj(x )dx, 

the subscript j indicating the partiettlar type of impressed dot signal, 
and ro the ,·alue of r for any type of signal, takcn as reference. Then 

Sj(I+T. 2) = [A'(I+ro)+ ~~A" (l+ro)+ .. .JfoTJi(x)dx (2a) 

Now, the condition that proposition I shall hold to a good dcgree of 
approximation is that thc expansion (2a) shall convergc rapidly. 
Sinee thc maximum possible Yalue of Tj is T 2 and since in practi~c 
it is much smaller than T 2, thc rcquired eon\·ergence obtains for 
mueh !arger values of T, that is. slowcr specds of signaling than that 
required in the cxpansion (1). Furthermore, for the three types of 
signals specifica lly undcr considcration r 1, r 2 and r 3 differ from one 
another by quantitics \'cry much smaller than T , 2 in all actual trans
mission systcms. 

I f the eonditions of proposition I li are introduccd, the approximat ion 
is still closcr and proposition I is valid for still lower signaling specds. 

In order to arri,·e at quantitati\·c idcas of the minimum signaling 
spccds at which the foregning proposition is ,·alid, it is necessary, 
of course, to specify the arri,·al curYe of the transmission system 
under considcration. An application of the foregoing analysis to 

representati\·e transmission systems both with and without a "cut-oiT" 
frequency has shown that it is , ·alid to a \·cry good degree of approxi
mation for speeds eonsiderably lowcr than the highest attainable 
under practieal conditions. 

AI'PE:\I>IX B 

l'se has been made of the formula 

where 

and 

11' = K log 111 

lr=t lw spccd of transmission of intl'lligencc 
/{ =a constant 
111 = thc numllt'r of l'UITl'nt Yalues l'lllplnyed. 

The assumptions which undcrlit• this fonnub and its dcriYation will 
110\\' (,e giYcn. 

Let us assunH· a codc \\ hosl' charaetl'rs <lrt' all of thc same duration. 
This is usually the C<lSl' in printer codl's. lf 11 is thc ntllnber of signal 

rel 

~i 
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t•lcnwnt,; 1wr ch.1racter. then the total numhcr of l'h.1racters which 
C:lll ht• construed equ;ds m". In onlcr that two such systems shoulcl 
be equi\',dent, the tot.ll llllllllll'r of charaetcr,; that l'all hc di,.,tin
gui,-lwd shoultl bc t hc same. In ot her won b. 

111" =nmst. (ll 

Thi,- cquation m.1y a(,.;o hc written 

11 (o~ 111 =const. (:!) 

The ,;pt't"'l with whieh intcllig .. nce can Iw tr.tnsmittPd on·r a circuit 
i,; dircctly proportional to tlw linc spc·cd ancl im·crscly proportional 
tn thc numlwr of signal ~·lemcnts 1wr character pro,·ided that thc 
rel.ttions ahm-e an· sati,.;ficd. llcnce, we may writc 

Jr=s II (3} 

where s i,- the line :'peed. Suhstitllting the \'aluc of 11 dcrin·d from 
the equation ahon•, this cquation !JeCnlllL'S 

which may al,.;o hc written 

ll'=s log 111 

const. 

ll'=K lol!; 111 

(.! ) 

In applying this formula to practical cases it will he found im
possible to comply strictly with the condition expresscd l•y equation 
(1). As an example, consider the comparison hetween a thrcc
currcnt-value codc where each character is made up of thrce signal 
elements, and a two-current-\·aluc ende where each clement is madc 
up oi fi\'C signal clements. l t is ohvious that the speed with whieh 
charac/ers can hc transmitted in the former case is fi\'e·thirds thc 
speed in the latter case for a gi,·en line spccd. In othcr words thc 
ratio is l.fiö:l whcrcas the fonuula gi\·cs thc ratio l.;'i~:l. lt slwuld 
bc notcd. hm,-e,·cr, that thc formcr corlc po,;sc,.;scs only 27 charactcrs 
whcrcas thc lattcr po,;scsses :)2. In othcr wnrds onc charac/er of thc 
lattcr codc rcprescnts thc Iransmission of morc inlclli:!.ellce than onc 
clwrac/er of thc formcr. Thus thc tigurc l.fij' for thc rclati\'c spccds 
of transmission of charac/ers and thc figurc l..)S for thc rclati\·c specds 
of tralhmis,.,ion of intelligence arc not incompatihlc. 

lt will hc noted that thc formula has hecn dcduccd for codcs ha,·ing 
l·haracters of uniform duration aml that it slwuld not hc expccted 
to hc anything hut an approximation for codcs whosc character,; arc 
of non-uniform duration. To cstahlish the formula for thc lo~ttcr 
rase it would Iw neeessary to makc an a"sumption as to the n·l.tti,·e 
frequencics of thc \'arious charaetcrs. lt sccm,.; rea ... onal•lc tn ,.up-
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posc that thc formula will give a fair approximation to thc facts in 
this casc a lso, hut it "hould not bc expcctccl to hc accuratc. 

APPEND IX C 

Thc dcdurtion of thc cun·cs gi,·cn in Fig. 2 from thc run·cs givcn 
in Fig. 1 requircs somc cxplanation. Looked at casually, it would 
secm as if a n isolatl'd dot would not posscss any frcqucncy rharactcr
istics whatsocvcr. i\cn·rthC'kss, if a voltagc , such as any of thosc 
reprcscntcd in Fig. 1, is applicd to a nct\\·ork rapahlc of hcing thrown 
into oscillation, thc nctwork will rcsponcl to thc Yoltagc hy oscillating. 
Supposc, for simplirity, that thc nctwork consists of an inductance, 
a capacity and a Ycry small rcsistancc in serics, thc rcsponsc of thc 
network to the appliration of any of the voltagcs illustrated is that 
it osrillatcs at constant frcqucnry ancl gradually dccrcasing ampli
tudc. Further, thc rl'sponsc \'arics whcn thc natural pcriod of the 
rircuit is varicd. 

Thcrc arc t\\·o ways of luoking at this phenomcnon. \\'c may say, 
on thc one hand, that the oscillations of thc frcqucnry in qucstion 
are manufar turcd hy thc nctwork out of thc ,·oltag(' applied ancl that 
the frequency docs not exist in thc original voltage. On tlw other 
hand, we may say that thc original \ ·oltagc rontains romponcnts 
at or nca r thc rcsonant frcqucncy and that thc cirruit responds to 
thcsc components, hcrausc it o!Tcrs tlwm a small impcdancc, whilc 
it clocs not rcspond to othcr componcnts because it o!Tcrs thcm a !arge 
impcdanec. Eithcr of thcsc vi!·\\·s is pcrmissihlc, hut it is rom·cnicnt 
for the purpnses of this papl'r to use tlw nonwnclaturc of tlw second 
view aml to consid!·r tlw appli<"<l \'oltagcs to hc marle up of an in
dd1nitcly !arg!' numhcr of frequcnries. Thc prol>l!'m of det!·rmining 
tlw r('spons(' of oscillating nctworks is thcn solvcd hy deducing thc 
frequcncy charact!·ristic or thc responsc charact!'ristic of thc im
pressC'd , ·oltagc. This rhararteristic may Iw d!'t!'rmined hy nwans 
of thc Fourier integral, whose computation is dcscrihed in any stand
a rd tcxt hook on t Iw suhjl'rt. The following is int('nded to outlinc 
the considerations, from a ph ysical s ta ndpoint, which Iead to estab
li ~h ing this intl'gral. 

To deduce thc fr('(jll('ncy charactcristic of an isolatl'd dnt , it is 
simples\ to start with a lon g S!'ries of dot s which ar(' uniformly spaced. 
1f such a scrics of dob is rnnsid('r('d to c·xt('IHI indcfinitl'ly, it is possible 
to analyzc thc result a nt wa\·(' into a Four ier scrics by wdl known 
m<"thods. :\'nw, suppnse that such a Fourier series has becn ob
taim·d for a gi,·en sparing of thc dots. Thc next s tep is to increase 
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the ~p.ll'ill~ lwt\\l't'n tl11· dot:<. Tht• n·,..nlt of this is to intTt'.lSl' tlll' 
numbl·r of Fourit·r eompollt'llls in a ~i\l·n fn·qul•nry rangl' and to 
uccn·.t:-c tlll' lll.tgnitwlc of eaeh. lf this proce,..,; of incrca,..in~ thc 
~pace hetWl'l.'n the dots jo.; continut·d indl'linitely, we approal'l1 the 
condition of .111 isol,ttt•d dot. :\loreon·r. a,.. we appro;u·h thi:< t'OJHli
tion, the numher of compont·nts in a gin·n freqtwncy rangc inl'n·;.,..t•s 
inddinitely and tlw magnitudt· of each decreases indclinitdy. This 
limiting result i,; known .ts thc Fourier inte~ral for the wan· in que:-tion . 

.-\ l ' l'E:\D l X ll 

.-\ t.tblt• has hecn gin·n in the paper in whil'h the rd.ttin~ el1it•it ·ncy 
of v.trious codt•s in tratblllitting iutelligencc is list~:d. T he deri\'a
tion of that tahlt• will IIOW he givcn. 

Tlw comp.1rison will include thc folluwing codcs hased on two 
current ,·,tlues: .\ merican :\l orsc, l 'ontincnta l :\lorsc, and thc so
callcd "ideal" two-current-va luc codc. l t will a lso indudc the fol
lowing codes hased on threc currcnt \'a lucs: Cont ineutal :\lorse 
aml an ''ideal" thrce-current-\'a luc codc. 

The a..,,..umption i,; made that the tcxt is madc up of fi,·c-lcttcr
word,.:., no allowancc bl·ing maue for punctuation. Thc following 
tablc giq•s the lcngth of thc spaccs as~umcd in tcrms of signal clcmcnts. 

Americ.1n ~lorse 1 two currcnt \'a(Ul·s\ .... . 
Conlmt·ntal :\ lorsc (two current \',\Iues\ 
Contint·ntal ~ l or>c (thrcc curn·nl \'aluesl. . 

Onlinary Special 
Spaces Spaces in 
\\'it hin "Span·d" 
Leu ers Let tcrs 

I 2 
I 

Span•s 
Bclwccn 
Leiters 

3 
2 
I 

Spaccs 
lldwccn 
\\"ords 

4 
3 
2 

lt is a,;sumcd that the da,..hcs in thc two-currcnt-\·al uc codcs arc of 
threc signal elcmcnts duration, l~xccpt for thc Ietter I in :\rncrican 
~l orsc which is assumed to occupy fivc signal clemcnt,.;. lt ma~· bc 
that in practil'l', the rlashcs are sonH'\\·hat shorter than ha,; bccn 
as,;umed but thc resulting crror is not grcat. l n Ctlllllcction with thc 
relative spacings hetw(·t·n lctters and words a~sumed for thc Conti
ncntal and .-\nH'rican :\lorse cudes, it j,; al~o q ucstionablc whethcr 
thcy acconl strietly with practisc. l t may hc that thcse spadngs are 
on the a\·cragc morc nearly cqual than thc ta!Jlc indicatcs. l lowe\·er, 
this assumption aff<..'\ts only thc rebti\·c speerls ohtainahlc with thc 
Amcrican :\lorsc and thc Contint·ntal :\ lorsc and docs not materiallr 
affL-ct the compari,..on hct\H'l'll codl·s hascd nn two currcnt values on 
thc ntw hand and codes ba-.cd on threc curn·nt Yalues on tlw otht·r . 

Thc term "ideal" has hct·n .1pplie1l to two n11h-s whieh will m·xt 
be cxplaincd. The,.;c ('ode-. an· con,..trlll'tl'd on thc samc principle ... 
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as thc Continental and I\mcrican :\lorsc wdes with an cffort to make 
thl,m as hrief as possible without making thc reading too difficult. It 
is thought that thc two ideal codcs choscn arc comparable in thc 
matter of easc of reading. In constructing thc two-elemcnt codc, two 
steps arc involved. In thc first placc it is assumed that thc markings 
and spacings of any intcgralmtmhcr nf signal clcmcnts' duration can be 
uscd so that in addition to thc valucs for markings and spacings as
sumcd abO\·e, therc may bc dashcs nf two, four, ctc., units duration. 
\\'ith thcse assumptions the 26 shortest charactcrs that can bc con
structcd arc ncxt madc up. lt is found that onc charactcr is of I unit 
duratinn, 1 of 2 units, 2 of 3 units, 3 of 4 units, 5 of 5 units and !l of 6 
units duration. Thc rcmaining ;) charactcrs arc taken of 7 units 
duration cach. Thc sccond stcp is to aserille thc 2!1 Jettcrs of the 
alphahet to thcse characters in such an onlcr that thc most frequent 
Jettcrs corrcspond to the shortcst charactcrs. I t is most efficicn t 
to usc thc samc spacing as was assumed ahovc for thc Continental 
two-currcnt-value ende, with thc addition that spaccs of Ionger 
duration than thrcc units may bc cmploycd within a Ietter. 

Thc matter of construct ing thc ideal thrcc-currcnt-\·aluc codc is 
similar. First, thc 26 shortcst charactcrs arc constructcd. Two 
charactcrs can bc constructcd having a duration of 1 unit, four char
actcrs having a duration of 2 units and cight characters having a 
duration of 3 units. Thc rcmaining twclvc charactcrs arc takcn 4 
units in duration. Ncxt, thc most frequent Jettcrs arc assigncd to 
thcsc charactcrs in thc ordcr of thcir duration. It is hest in this 
casC' to usc thc samc assumptions as to spacings bctwecn Jettcrs and 
wonls as was uscd ahm·c in conncction with thc thrcc-currcnt-\·aluc 
Contincntal codc. Thc usc of spaccs within Jettcrs is not economical 
in this casc. 

A frcqucncy tahlc gi,·cn hy Hitt 8 was uscd to dctcrminc the relati,·c 
frcqucncy of thc various lcttcrs. Thc avcragc duration pcr Ietter 
was computcd from this tahlc and corrcctcd for spaccs hctwccn words 
and lcttcrs. Thc resultant avC'ragc duration is as follows: 

('orlc 

American :'llorsc (!wo current \'alul·s ). . .. . 
Contin<•ntal :'llors<' (two curr~·nt \'aluesJ . ... 
Ideal (!wo current \ 'alucs l. .. . . 
Contineotal :'llorsc (Ihn·<· currt·nt ,·alm·sl 
Ideal (lhrec current \'aluesl 

8 Parker I litt. ":'llanual for thc Solution of :'llilitary Ciphcrs." 
Schuols l'rcss, Fort 1.<·;1\'CII\\'orth, 1\:ansas. Seronrl <'rlition, p. 7. 

Signal Ele
ments per 
l.ellcr 
8. 26 
8 45 
6.14 
J i7 
J (),l 

Army Sen•ice 
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Technical Journal 

Fhe .·luditory .\faski11g of Onc Pure Tollt' ßy ..I nother and lts l'roh
ahlt• Rdation to tlrl' l>y1111111irs t~( tlrt /nnfr I•:ar.' R . l. . \\"~-:t;EL and 
C. E. 1..\:-;E. Thl' .111tlwr~ u,..t•d an air d;tmped tt·kplwne ren·in·r 
~upplit•d with \·ari.lhle current~ of two frequencie~ and rlett·rmined 
thl' .llllllllllt uf ma:-king by tonc~ of fn·quency 200 to 3500 for frc
quenci(',.. from 150 to 5000. Except when thc frequcncies are su 
dn:'e togt·ther a,.. to produce heat~ tlw ma,.;king- is greate,.;t for toncs 
nt·.Hiy ,\like. \\'hen the ma,..king tone i~ loud it ma~ks lOncs of highcr 
irl'quency hetter than tho"e of fn•qucncy lowcr than itself. lf thc 
m,l,..king tonc j,.; introtluced into thc oppo,.;ite ear thc ciTcct occurs 
only hy \·irtlll' of conduction through the hom•s of thc hcad. 

I t j,.. ~hnwn that comhinational tones re,..ult whcn two tont·~ of 
~utlicient inten,.;ity arc introduced ,..imultancm~:-ly. thc,.;e eombin.t
tional tune" heing tlnc to a non-linear rc,.;prllbC of the ear . 

. \ dyn;11nical theory of thc eochlca j,.; gin·n which a:'crihes pitch 
di,-crimination to a pa,..,..ing of \·ihrations along the ha,.;ilar mcmbranc 
and .l ,..lmnting through narrow regions of the membrane at pr1ints 
dcpcnding on thc frequcncy. This \·icw of thc action of thc car 
offer,.. an cxplan.Ltion of thc masking cffects. 

l>istributio11 of Radio ll"m·cs from Broadcastill.f'. Stations or:cr City 
Drstrrcts.~ RAt.l'tt Bow:-; anti t ~. l >. CII.I.ETT. Thi,.; is a desniption 
and an;lly~is of t hc re~ults ohtaim·d in a radio Iransmission sun·cy 
of thC' citil's of :\e\\' York and \\';1,;hington. l>. C.. and contiguous 
territory. ~lm:-;urements of the lield :<trcngth of radio sig-nals from 
~tation,; \\'C.\1' at \\'a,.;hington and \\'E.-\F at :\cw York wcrc madc 
at a l.1rge numher of poinb. B;bcd nn thc"c data. cun·c,.; arc drawn 
~howing how dilTcn·nt kind,.; of territory calbe dilkrl'nt attcnu.ltions 
.md "howing radio ,.;hadow" cau,..ed by rnountains and hy !arge ma,..,..l'S 
of :-tecl huilding,.;. l n ordl'r to \·i,.;ualizc thc phenonwna. thc dat.L 
ha\·c al,.;o lwen plottl'd on m.1ps, contmrr linc,.; oi cqual ,.;ign.tl strength 
l){'ing dr.Lwn. The>'e contonr map,.; il)u,..trate (!raphit:ally the non
uniformity of tratbllli""ion in t·it~· arl'as .md ,..}HJw tlw n.Ltlln- and 
extent of thl' "dead ,.;poh" anti ,.;h.ulow,.;. 

1 l'hyHmt Rn.ll'1l', l f. \"ol. XXII I. p. lt>'>, t•>!-i. 
: l'r<'"'ntt·d !o tht· l n-1 irul<' nf l<.ulio En..:im·•·r-. j.Lnn..rv 16, 1'121 .• 11 ,,." York. 
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.~.lfcasuri11g J[e/lwds for Jfaintuininf! the Transmissio11 Efficiency 
of Telephone Cirruits. 1 F. H. BEsT. The circuib inYolwd in the 
transm1:-;s1on of speech in a modern tclcphone plant, particularly 
tha~c dcsigned for lang distance opcratian, nccessarily im·oh-e a 
cansiderable amount of camplexity. The usc of telcphone repeaters 
thc dcYCiopmcnt af lang toll cables, the application of carrier sys
tem~ and other den:lapments associatcd with thcsc, whilc increasing 
the cfficiency and economy af tclephone toll circuits ha\"c also in
crea~ed their complcxity and ha,·e required the den~lapmcnt of 
morc cffectiYe mcans of insuring that the circuits arc maintained 
at all timcs in good condition and adjustment. 

l\laintenancc of the transmission efficiem.·y of thc telcphonc plant 
is conductcd hy a special force, using methods and apparatus that 
haw bcen dt'Ycloped for this purpose. This paper gi,·cs a bricf 
description of the transmissian characteristics of some of the com
mon type of telcphone circuits, outlines a gencral metbad for measur
ing their transmission efficiency and describes seYcral of the most 
modern types of transmission measuring sets, tagether with a bricf, 
mention of the oscillatars which ~upply the power far tcsting. 

A Primary Standard of Light Follm<.•i11g the Proposal of Waidner 
and Burgess.2 HERBERT E. IYES. The primary standard of light 
proposcd in this paper consists nf a black body constructed of plat
inum; the light from which, at its melting point, constitutes the 
photomctric fixed point desircd. Th<' platinum black body consists 
of a cylindcr of highly polished platimun with a narrow slit for ohscr\"
ing the intcrior. Studi('s of thc optical properlies of rellccting cyl
indrieal cndosurcs show that at certain anglcs of ohscn·ation thc 
interior is practically "hlack."' The platintun cylindcrs are hcatcd 
elcctric-ally and thc light from thc intcrior is ohsen·cd hy throwing
an imag-c of the slit on to a photomcter field. Two series of ohscr\"a
tions wcre madc, one hy a ,·isual photomctric mcthod, thc othcr 
by a photaclectric cell gi,·ing a photographic record hy mcans of a 
string d ectrometer. Thc twn methods of obscrYation gan· prac
tically identical rcsults, yielding a final \"alue for thc hrightncss of 
thc hlack body at thc mclting- point of platintllll of SS..t candlc power 
per squarc ccntimetcr. Thc adYantages of this propost·d standard 
O\"Cr the pre~en t unsa t isfactory I tune standards are discusscd. 

lli.r~.h Quulity Tra11smissio11 and Rt•produrtion of SjJt'Crh anti .llusic,3 

\V. II. .:\L\RTI:-: ancl I L\R\"E\" F!.ET<: II ER. R;tdio hroadc;Jsting has 

1 J ourn. A. I. E. E. \"ol. XLIII, p. \3(), J<l2-t. 
2 Juumal Frank/in lnslilrrlt•, \'cl. 1'17, p. t.ti. p. 350, l'l14. 
3 J ourn. :\.I. E. 1·:. \ 'ol. Xl.lll, p. 2.10. t<J24. 
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drawn atll·ntion to thl' prohh·ms involn~l in oht.tinin~ high quality 
in systl'llb for tlw electrir.tl tran,.,mis,.ion aml reproduction of sound. 
T his p.qwr gin·s tlw gl'ner.tl requirellll'llts for such systl'IIIS, dis .. 
CUSSl'" hrietly tlw f.wtors to be eonsidl·n·d in d1·sign and opl'ration 
and indic.tll'S to wh.tt l'Xtent the desired results can Iw uhtained with 
the me.tns now a\·ail.thle. 

1t was pointed out in thi..; paper that hroadcasting stations and 
connecting lines c.m he made practically perfect hut that nwst of 
thc loud spe.tking app.tratus now extensively used for reproduction, 
caUSl'S distortion. .\ 1 tlw time nf reacling this paper thc authors 
dcmonstr.tted .1 l.thoratory !llllllel of a ncw loud speakcr of unusual 
dcsign. This .tppar.ttus reproduccs alt frequenc ies from lhe lowest 
to the highcst of the amlihle range with appruximatl·ly cqual facilily. 
T his results in reproduced llllbic whic-h thc ear can scarccly dis
tinguish from the original. 

Telephone Tra11sjormas. 1 \\'. 1.. CASPER. After outlining thc 
varied &.·ts of comlitions which different types of telephone Irans
formers must mcl't, this pap1·r discusses the design and construction 
o f Iransformcrs to handle et!icienlly 1he rangc of fn·qucncics ordinarily 
p rescnt in spcech. Two winding Iransformcrs only arc dealt with, 
a nd the thrce most common impcdancc comhinations of thc two cir
cuits connccted hy the Iransformer arc considcrcd; namcly, both 
circuits compriscd of re,;i,.,tances, one circuit a rcsistancc, and 1he 
o thcr a positive rcactance, and one circuit a resislancc and the other 
a negative rcactancc. 

T be efficicncy with which cncrgy is Iransmitted is mcasured by 
com parison with an ideal transformer, and 1hc transformcr is studicd 
by supposing it rcplaccd by an cquivalcnt T nctwork. The Varia
tion of transform1·r los:-('s with frcqucnC}' is discusscd and charac
teristic curvcs arc shown for Iransformcrs of diiTcrcnt mutual im
pcdances. Charactcrislics arc also giq'n showing thc opcration 
of thc in-put transformcr a,.socialed with 1hc vacuum lubc. 

T he mcchanical construclion of 1hc commnn hattery repcating 
coil. lclt~phone induction coil. and of certain types of Iransformcrs 
for vacuum tull(> circuits, are shown. These Iransformcrs arc all 
constructed so a" to give the dc'<ircd accuracy of spcech transmi>'sion 
under their rc:;pective circuit condition!'. 

Radio Telt•phonc Si(!naliii(!-Lo·w Frcqucncy Syslcm.2 C. S. DDt
AREST. :\1. L. .\UtQl'IST and L. :\1. CLE.'.tE:-;T. The system described 

1 Journal o/ thc .\rncrican ln,tilule ol Elcctric.JI Enginccrs, \'ol. Xl.lll, p. t?i, 
192-1. 

2 Journ . .-\. /. E. E. \'ol. -U, p. 210, J'lH. 
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provides a means whcrcby :1ny one of ahout sc,·enty-fin· r:1dio stations, 
oper:1ting on thc s:1mc wa,·e length, may he callcd without signaling 
the rcmaining. Ob,·iously this is an impor tant imprm·cment in thc 
radio art for in many cases it permits a radio station operator to 
pursue uthcr duties whieh woulcl be impossible if he were requircd to 
Iisten in at all timcs. 

Thc cngineering problern prl'sented, l>cing rl'markal>ly similar to 
many tekphone problems, was soln·d in a very similar manner. 
\\"hcn it is desirc·d to signal a station, an alternating currcnt of a 
vcry definite frcquency is imprcssed on thc transmitter. This mod
ulates thc power radiated similar to the way the undulations of the 
,·oiec modulatc the power \\·hcn spccch i;; transmittcd. Thc station 
to bc .-ignaled is detcrmincd by thc coclc transmittcd. This code 
eonsists of a definite grouping of dot,.; ancl spaccs and da.-hes. 

At thc recci,·ing station this modulatcd power is dctcctcd in the Iai 

usual manner and results in an altcrnating currcnt identical in nature 
to that used in transmitting thc code. A special alternating currcnt 
rclay of high selccti\'ity and s('nsiti\'ity, in conjuction with a morc ln! 
common dircct current relay system, converts the codc into a scrics W[ 
of direct current impulses. These impulscs pass into a selcctor likc l'o1 

that uscd in common train dispatehing circuits. Thc mcchanism in1 

of this sel('ctor will bc unlockcd and a local ringing circuit closcd aer 

if the cocle is that for which it has heen sct. Thus it is sccn that nes; 

the code is recei\'ecl by all stations but only one sclector of thc sys-
tcm will opcratc to ring its local annunciator bell. The numbcr of 1. 
stations which can operatc in thc same system is det('rminccl hy the Pn .! 

mimber of possiblc combinations on thc sekctor. At prcscnt this vinc 

is set at scn·nty-eight but this may be rcadily extendcd to include Com 

more than two hundred. optic 

Bccause of the high sclccti\'ity of thc alternating currcnt rclay recen 

and its associated direct current relay sy;;tem. the apparatus is anal) 

particularly free from interfcrencc such as thc opcration of ncarby 
sparkor I.C.\\' . Stations. In fact, ll'sts :;how that thc signaling sys-
tem will continuc to function satisfactorily long after interfcrcncc Depa 

is so bad as to make conwrsation impossible. As designcd, the oas~ 
signaling system may !)(' madc an integral part of a standanl radio 
system "·ithout altering thc apparatus alrcady in usc. 

Depar 
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Electrical Tests and Their Applica tions in the 
Maintenance of Telephone Transmission 

By W. H. HARDEN 

I :s I'RODlTTIOX 

T IIE in,;t.dl.ttion and maint<·nann· of thc circuits in a tclcphonc 
plant employed for the tran,..mi,;,;iun of :-pt•t•ch rcquire the w;c of 

variotb tc,;tin~ srhemt•,; to in,;ure a high ~radt• of commcreial scn·ice. 
Circuit,.; .tre engincered and in,.,t.tlled to mt·et the e,;tai>Ji,..hPd standards 
of tran,;mi,;,;ion in tlw nHht economical manner and this h;n·ing he<·n 
dont· tlw next ,;tep is to prm·idc an adequatP te,;ting prog-ram. A 
nttmher of the ekctrical t<·,..t,; required in thi,; prog-ram include wdl 
known I.Lhoratory nwthod,; adaptcd so that thcy can he readily ap
plied in tlw field, while others han· ht·<·n den·loped for partindar use 
in telt·phont• nwintt'll<liH"l' work. 

~t.\lld.trd types of lest hoanJ,.. and pt~rtalJI<• ll':-ting- .ttTangenH:llt:
an· a-. a rule made up of ,;implc cireuits dc,..igned electrically and 
mt·chanically in a manner to faeilitate ready connertion to the ocr
ating circuits in the plant. It has heen found hy expcriencc that 
many of the tran,.;mis,.,ion maintl'nanre rcquiremcnts can l1e tak<·n 
c.Lrc of Ly dir!'ct currcnt tcsting- mcthods and thc "impler alternating
current te,;t,;. \\'ith the advcnt of \·acuum tuhcs, snmc of the morc 
complt·x circuit,; stwh a,; repcaters and carrier callt-d for thc den·lup
ment nf testing- apparatu,; to mt·ct the additional mainlt'nancc require
mt·nt,;. Fortunately. thc \·acuum tulw furni•dlt'd the m!';llb wh!'reJ,y 
ncw te".ting dcdce,; han· hct·n provided which can IJl' applit·d a,; 
quickly and rcadily to maintenancc work as the simpler method,;. 

In what follows j,.; gi\·cn a di,;cu,;,.;ion of thc more important l'k·ctrical 
testing nwthod,.; togetlwr with the application of thest• metll!ld,; in 
maintaining thc transmi,;,;ion cfticit·m·y of tlw \·arious type,; of tde
phonc circuits 1111\\' in l?;l'lleral usc. I >irect current !l·,..ting nwthods 
.He cnn·red tirst and latLr altcrn.Lting currcnt nwthods arc eon,..idcred . 
.-\ typical toll connection is tN·d to illustratc the gcnt·r.d ,;chemt· of 
.Lpplying thc varioth t·lt·ctrit·al te,..ts in L'\·cryday in-.tallation and 
maintcnancc work. 

J.3J 
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Tlw tl'sts involving the use of direct currents aml , ·o ltagcs prm·idc 
means for checking some of the electrical characteristics of tclcphonc 
circuits and insuring to a certain cxtcrlt that thesc circuits \\·ill givc 
satisfactory speech trarrsmission. Thc application of thc~e tcsts to 
the telephoneplant rcduccs to a minimum thc anwunt of altcrnating 
current testing required and lengtlwns thc intcn·al at which altl'r
nating current test,.; rwed he madl'. 

lrhea/s/one Bridge J/ easuremenls. The \·arious arrangl'ments of thc 
\\"heatstone bridge for direct nrrrent rneasurements and the principll'S 
inw>kcd arc weil known aud are tlwrl'fon' not discus,.;ed in a ny dl'tail 
in this papcr. Howen;r, dtH' to the importance of such nwasurenu·nts 
in thc maiutenance of ll'll·phntH' circuits and in tnnrhle location work 
a hrief discussion of thc gcneral applications of the hridge is gin'n. 

l•l Loop Restslance 

~ ~· + 

(bl G•ounded Va•ley Loop 

(Cl Va•ley Loop to locate g'ounds ld) Murray Loop to loc•te grounds 

Fig. 

Fig. I shows fo ur arrangeml·nts comnwnly cmployed in routine 
tcsting and trouhle loca tion. I )iagram (a ) of this figure gin·s the 
hridge ci rruit for ohtaining loop a nd single wire resistance nwasure
IIH'nts. Diagram II>) shows the circuit for \ 'arley loop nwasuremcut,.; 
to detcrmine resistatH'l' un!Jalanccs in a pair when a third wire is 
not ;n·ailahle, while Dia gram,; (c) a nd (d ) show the \'arley and :\ l urray 
l•ridge cin·uit" Usl·d in locatin g grounds. \'ariou,., othcr arrangenll'nts 
of tiH' hrid~e cirTttit an•, of conrsl', 11"ed \\·lwrl' ,.;uch arrangcnwnts will 
facilitate thl• ll "ting work. For a condition of hridgc habnce indi
call'd hy rro dl'lll'ction of tlw gah·anonH'IC'r the \·ahw of tlw resistance 
ll('ing measnn·d j,., gin·n hy thl' wPil known hridgl' ratin formulaP. In 

.·I 
diagram (< t \ of Fi g. I, fo r l"\<tnrpll•, !<,. = 

8 
N.. 

Ui 

ltiOI 

·,n 
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The te,..ting circuit,.. ,..Iw\\ n in Fig. I .trt· coniiHonly u,.t•d in tiH' day 
hy d.ty maintt·nann· oft he telephont• plant. Re~i~I<IIH't' and n·,_i,.Ltnn· 
h.tl.tnct• nH\hllrt'lllt'lll~ an· m;ule pt•riodic;dl~ nn toll cirntits to guard 
.tgainst ,.,·rit·~ n·,_i,t.tnn• unhal;tnct•s ,ttch ;~,.. might Iw catbed hy high 
rt•,..ist.IIHT joint,.. Th<' \'arky .llld :\lmr.ty tests an· con~Ltntly t'lll· 
ployt•d in dirl'cting lint·nH·n in clt·.tring trouhlt• such ;ts crosses and 
grotmd,. Tlw \\"ht·.tt,.tollt' hridgt· i,. therdon· an important feature 
of toll tt•,.t ho;trtl""' wlll'rt' key,. ;tr<' prm·ided to furni,.;h a llH'<ltb for 
quickly setting up the di!Tt·n·nt hridgt· tt·st cirruit arrangt·ment,.; 
dt•,.ired. 

Tht· \'arley or :\I mr.ty lest,.; u,;ed in connt·ction with pole line 
di.tgram,.. in loc.lling trouhle,.; prm·idt· a nwans wherehy tlw lest board 
men can direct tlw nwn·metll,; of Iinemen to tlw l)('st <llh·antage. 
l"nit n•sistanct· ,·,tlue,.; with tt·mperatun· corrections arc a\·ailahle for 
different typt•,. of circuit,;. lf a good circuit nf the ,..anH· type and 
gaugc on·r the ,..anw route i,.. a\·aibhle, the unit re,.;istance t'an he 
dctermined directly hy .1 loop nwasurement of this eircuit. Thc 
re,_.i,..tann· ,·ahtt'" ohtained hy mea .. un·mcnt" on rircuit,; ha,·ing cros,.;<'s 
or grountl ... can then he u;-;ed to determint· the di,;tann· to tht• trouble 
.llld tht· linem.111 ,t•nt to this point. By making mea,;uremcnts carc
fully <tnd u,..ing the mo,;t an·uratt· unit re,;istanrcs a\·ailahle, trnuhles 
can bt· located .111d clt•an·d in tht· minimum ;mwunt of time. in 
trouhlt· loc,ttion work on cahlt·:- whcre the rahle needs to hc opt•ncd 
to repair the trouhle, hridgt· mea,;mcment,.; ;tre madc to gin· thc ap
proximatt· di,..tann· to the fault. \Ion· exact lorations can tht·n often 
ht• madt· hy u .. ing an exploring coil lest set hy rneans of whirh the 
cahle repairman listens hy indurtion to a t<llll' sent out frorn thc cablt• 
terminal and determim·,; in this way when ht· passes the point of 
troublt·. 

l.l'llktlf!.t' or hisulatioll Resishzna Jlcasurcmcllls. An important 
factor in tlw maintcnanre of telt·phonc circuit,; i;-; to in,;me that tlwn· 
an. no re,_i,..t<IIH't' leak,.. hl'lwet·n t·onthwtor,. or het ween condurtnrs 
anrl ground. lt is al,;o important to insun· that insulatcd condurtors 
will not ha\·c the in,.;ulation l•rnkcn down hy the Yoltagp,.; which an· 
mct with under Sl'f\·ice condition,;. Two types of te,.;t,.; now ll~l'd 

t'XIl'lbin·ly in the plant <lrt' dl',.crihed lwlow: 
( Ii \'nltmcla .\lt•ilwd. Thi,.. nwthod is the out· cnn1monly u,..ed in 

detl'rmiuiu~ tlw ll'aka~t· hl'tWt•t•n wire,. and to ground p<~rlirularly 

on toll circuih ill\·oh·ing open win· and on ,..uh,..crihers' eircuits. .\,.; 
'hown in Fi~. ~ the te,..ling arrangt'lllt'lll (·on"i"t" of a \·oltnwtt·r in 
-.(•ril':- with a hattery connt.:cted to tlw concluctor,. unclt·r te,t. Diagram 
(a) shows the connt·ction for tc,.ting the leakage l•etwet•n win· ... aucl 
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Diagram (b) the conncction for ground lcakage tcsts. Sincc thc 
lcakagc resistance mcasurcd is relati,·cly high, thc most accuratc 
rcsults arc obtained by using a high rcsistancc ,·oltmctcr and a fairly 
high tcst ,·oltage. In practice, a 100,000-ohm \·oltmcter is gencrally 
uscd with a test battcry of from 100 to 150 volts. A tcst \·oltagc of 
:WO is also prm·idcd in circuit with a milli-ammctcr and protectiYe 
rcsistance for use in chccking thc strcngth of insulation of ccntral 
officc wiring and subscribcr's lincs. 

Cal Leakage Between Worr:s (b) Lea~age to ground 

Fi~. 

Considering tlw circuits shown in Fig. :.?, the \·oltage of thc hattery 
Eis cqual to the IR drop OYcr the \·oltmcter plus the IR drop or the 
drop due to lcakage o\·er the remairHier of the eircuit hack to the 
battery. Designating the insulatiun resistance bcing measured hy X, 
the voltage of the test battcry by F., the detlection in Yolts of tlll' 
100,000-ohm \·oltmctcr by D and thc current flowing hy I, then 

and 

E=D+XI, 

D= 100,000 I, 

.\"=100,000 ('-;D). 
in praetice, taLies arc provided frmn whieh thc insulation resistance 
or lcakagc can hc rcacl directly for Yarious detlcctions of thc \·oltnwter. 
\\"hen exprcssed in tcrms of insulation rcsistancc, thc most con\'L'nicnt 
unit of measurcmcnt is thc mcgohm. lf cxpresscd in tcrms of leakagc, 
thc nnit trscd is a rcciprocal function of thc mcgohm known as thc- milli
micromho. Thc rcsults of measurL·ments for completc cireuits arc 
generally rcduccd to apply to a unit length of circuit such as a milc 
so that thc tc-sting results on circuits of difTcrcnt lcngths will bc com
paraLie. 

The opcn wire toll circuits in thc tdL•phonc plant arc testcd pcrind
ieally hy tlw nwthod just dcscrilwd. The lcakagc of circuits i:-. ma
tcrially increascd hy ddeeti\·<· or hrokcn insulators and by contact uf 
tlw wircs with foreign ohjects such as tn·cs, particularly und<·r clamp 
wmtlll'r cunditions. Troubles of this kind arc dctectcd hy eardul 
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lt·.tk.tgt· lllt'.l"'lln·uwnt~ .1nd routint• tt·~t~. tht·rl'fon·. lwcomt· n~ry u,..eful 
in indicating \\ ht·n n·nn·tlial llll".l"llre~. ~lll'h ,,,.. linl' in~pt•t·tit~lh and 
tn·t· trinuuing work, ,..hould l•t' undertakl'n. 

Ii opt·n win· lt'lt·pht~nt• 1·in·uit~ an· ~o ~ituatt•d that n111lal't with 
f.,li.u.::e growth will Ol'l'llr during the growing ,..ea~on low valut·~ of 
in~ul.ttion n·,..i~tann· an· cert;tin to rl'~Uit en·n under dry Wl'ather 
nmdition~. Thi~ i~ illn,..tratt'tl by the cune of Fig. ;{ whieh ,..lww~ 

.J. ·.~; .. :.: j 

·'· ·' ·:L .. . :!: 
Apr May June July Aug 

Fig. 3 

n·,..ult,.. of monthly d.ty time dry wcatlwr ilhtdat iun measun·nH·nt,; 
on .1 nnmhl'r of toll circuit,; over a period of a yt'ar unt lt ·r cond itions 
of thi,; kind. The monthly te,..ting period~ arc plotted a~ tlw ahscissa 
whilc the ordinates ,;how thc perrl'ntagc of circuits which nwasure 
lO nll'gohm.; pl'r mile or morc during thl•,..t• monthly tcsting pcriods. 
This t'llr\'C indil'ate~ thc ncl'd for periodic in~ubtion re"i,..tanrc tc~ts 
and tlw u,.;C' whid1 can hc made of ,..uch \l'"'" in in~tigating dean-up 
work. 

(21 .\lef!,f!.t'r .\lt'llwd. Thc ,·oltmetl'r nwthud i,.. not applicahlc for 
,l\cur.ttcly tl',..ting the higher ,·alup,.; of in,..ulation n·,..i~tancc such as 
an· l'IH'ountl'red in telephone cahl1·s. ( 'onductor~ in cables rC'quirc a 
1;l'ry high insulation and in practict• \·ahw~ of ;j()() nwgohms or more 
per mile are '-Pt·rified. The laboratury gah·.wonH•It·r mcthod of tc,.,t
ing n·ry high n:~i,..tallt'l'"'• whil'h j,.. tlw ,..;um· in principlc as the ,·olt
nll'tl'r method, can. of cour,..t•, Iw tbt•d, hut i~ not ~uffieiently ruggl'd 
for ficld tc~ting. To takP !'are oi cahle tPsting work in the plant a 
method known a,.. tlw ~ l l'ggl'r nll'tho<l i" t•mployed. Fig. I gin•s thl' 
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schemuic circuit arrangenwnt of the ''Evershed" megger which is 
the commercial form of instrument now uscd for this work. This 
circuit is contained in a small p:.>rtablc box so that it can he rl'adil~· 
u-;ed at office franw-; or carried out on thc line. 

CIRCUITÄRRANGEMENT o{MEGGER.TESTINGSET 

'-1'-----1/MWNNM~ 

,-----~------=r----~ 

A rfL.:' 
B- Brusnc~· 
C Compcnsauna ·,, 
.., Gene~ator · 

r':essu"t vl 
Current Cwcu1L Ballast ReSISLance 
Pressure CwCUIL Ballast ReSisl.ilnce 

Fig. -l 

Thc circuit of Fig. -1 consists of a high potential clirert currcnt 
gcncrator, hand dri,·cn hy means of a crank handle. This gencrator 
is arrang-ed to proddc a maximum potential of -100 volts which is the 
potential IJO\\" employed in mcasuring in~ulation resi~tance on cahlc 
conductors. Thl' potl'ntial furnislwd hy the generator is impresscd 
on two coils in an imlicating dcYicL', one of thcsc coils being in series 
with a lixcd rcsistance and the other in Sl'rics \rith thc circuit undcr 
tcst. \rlwn the circuit undl'r tl'st is not connccted to thc megger the 
full current from thl· gl'ncrator tlows thru thc first coil nf thc indi
cating dc,·in· which for this condition caliSl'" tlw pointer to go to tlw 
" Infinite" position. \\'hen a circuit is coniwcted to tlw megger 
" Line" and "l·:arth" tnminals senne current llows through this circuit 
due to its ll'akagL' and through the second coil of the indicating de,·ice. 
This causes tlw indicating dl'dce to mm·e the poi11ter tuward the 
"Zero" position, the amount of the mo\·ement dl'pending on tlll' 
ll'akage in tlw circuit undcr te~t. Tlw inrlicating de\·icl' is calihrated 
in nwgohms so that the rl'sLIIts of insulation tcsts can he read directly. 
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{ '"'''"' F/o;,· '"',[ l'olta~t' lft·asurollo'lt/s. T1 · ~1~ 1" d1·tt·r111irJt· 1 h·· 
,Jillllllnl ttl din·1 ·1 currt·nt lln\\ ing in lt'lo·plwnt• circuih irl\ tth , . 1 111' 
~intpl1• .lrr.lll\:;l'lllt'nl of .111 .llllllll'll'r or milli-;ltlllllt'll'r in ~l'ri•·~ \lilh ,, 
d.1· ).!l'lll'r.ltor or h;ltt•·r~ .111d th•· cirntit und1·r tl'~t. Tlw .1111111111t ttl 

curro•nl litt\\ ing i~. of l"llllr~l', .1 flllll'tion of tlll' n·~i~l.tlln· of tlll' ··irntit 
.md tlw Yoll.t)-:1' .1pplit•tl. ln tl'"ling arr.tngeult·nh wht·n· it i~ n•·c · t·~ .. 

~.1r~ lo kno\\ tlw hattcr~ or gt•twrator p •tl'ntial, \·olt.tgo• n·.t •ling .... 1n· 
m.tdt· l•y u~ing nrdinary ,·oltnwler,. h;n·ing tlw proper rangt· and 
rl'~i ... I.IIH'e. Dircet t·urrC'nt and ,·oltage nwa,..urenH·nh can lw:-t llt' 
dt...,crihed hy COibidering l\\'11 of tlll'ir application,. i11 1he tt•lt·phnrll' 
pl.lllt. 

Fig-. ;, ,..ho,,·,.. a ,.imple te,.t circuit pro,·ide.l in tlw I •cal tt•,..l dt·~k 

'' hert'hy t't•ntral otlice h.tttl'ry issuppliPd through a rl'gllbting rheo,..tat . 
. 1 ~t.lntbrd n>rd circuit and a ntett•r. 1-.:: nowing the H1ltage of the 
n·ntral oftin• hattery and tlw re.-i,.tann· i11 the tt•,.t circuit, tlw n-.1ding 
of tlw nwtcr when circuit~ ,..uch a:- a ... uh,.crihcr'~ loop or tnmk n•n
ductor,. an· connected and ,..lwrted at tlw di~tant t·tHI g-in·:- a nwan~ 
for detennining the dirl'l't current n·,..i~tam·c of these. Tahlt·,.. are 
g"l'lll'rally prm·ided for ll,..l' at the t•·,..t de:-ks hy nll'an~ oi \\·hich diiTerl'lll 
reading,.. of tlw meter for diiTerent condition~ of mea,.;un·nH'III can he 
t'oll\'t'rtl'd directly into n·~i~tann· \·alllt'"· Tlw rlwostat in the tt·~t 

cirntit .i,.. prm·idcd prim.1rily ior adjn,..ting the curn·nt "upplied to 
,..ub,.;crihcr< lnop,:. and instntmt·nt,.. to the ~ame \'ahte f,,r different 
kngth» of loop. Talking tesh as mt·ntion•·d later in connt•ction \\ ith 
~~~h~t<ttion maintt·nann· can tlwn bl· m.Hie fmm tht.: instntiiH'llt,.. to 
dw tc~t man in tlw central nflicc under tlw :-o.lllll' t·nrrt·nt ~upply con
ditions for ditll'rent ll·ngth:- of loop at thl' time suhstation~ arc in
»tallcd or whC'n thcsc are rC'port1·d in trouhlc. T he arrangement ,..h .. \rn 
in Fig. ,') i:-o u,;dul in dctC'cting high rc~i,..tanccs in circuits \\ lwn a 
\ \ 'hcatstonc l>ridge i,.. n11t a\·,tilahll'. J l igh n·sistanecs in thc main 
frame protector springs and heat coib .. r hoth suh>-l'fihcr,..· lin• · ~ .1nd 
toll circuits an· also dctcrmined hy a current llow method, a -.pl'l'ial 
portable testin~ ~l't, hmn·\·cr. heing- dc-.igncd partintl.1rly ior thi-. 
p11rpo,..t' . 
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Direc-t c-urrents and \·oltages arc ,·ery important fac-tors in thc 
operation and maintenanc-c of amplifier C'ircuits sut.'h as tclcphonc 
repeater and <'arrier apparatus. The hattcry supply arrangcments 
for a singlc tul>e amplitier are sho\\·n in Fig. 6. 

lt is necessary in ord<"r to insure effi<'icnt amplitit.'ation without 
distortion to regulat<' thc currcnts and Yoltages to fairly dosc Iimits. 
In prat.'ticc prO\·ision is madc for quickly reading the yoJtages of grid, 
filament and platc hatterie,; as shm\·n by the yoJtmeter <'Ollllcction 
(\ ') in the figure. The platc currcnt is read hy the milli-ammetcr 
l\1 and the filament currl'nt by the ammcter A. The filament t.'urrent 

Outpul 

is regulatcd to mect the operating Iimits by cutting resistance in or 
out of the circuit with thc rheostat R. The same appli<'ations nf 
current and ,·oltagc readings apply to the nwre complicated ampliticr 
circuit:-;, although wht·n·,·er practicahlc automatic regulating deviccs 
are pro,·idcd which redtwc thc amount of manual testing \\·ork to a 
minimum. 

Caparity .lll'asur!'IIII'IIIS. Tlll·re is fit tle occasion in Iransmission 
maintcnancc work to makc a<'curatc clirect current mcasurcment,; of 
capacity. ,\ simple d.c. te,.;t, hmn·w·r. has heen pnl\·ided for use 
primarily on suhscrihl'r,.;' loops for checking the nmdenser,.; in the sets. 

Fig. i 

,\s shown in Fig . i thc circuit consists of a 100,000-ohm \·oltmetcr 
in seril's with a groundccl 100-\·olt hattery conncctl'd to onc conductor 
of a suhsnihcrs' loop, the other conductor of thc loop heing g-rounded. 

\\. 

101 

Jf 
H 
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\\"hen thc h.kllcry i,.. t"lliiiiCClt'tl .k eurn·nt will tim\ llllllllt'llt.!rily 111 1hc 
circnit d1.m::in~ tht· condcnscr l'. Thi,.. will produn· a thnl\\ oi thc 
\"Pitnll'tt·r 1\l'l·dlc. tlw .11\\0\Illl o( tlw dt'lkction tll'Pl'lllling 11p:.n th~ 
t".IJl.ICity o( 1he C'lllltll'n,..t·r l' .11111 thc 1-.1p.1city lll'l\\l'l'll t·ondurlor,... 
lf thc tip .md ring t"lllllll'rtion>< of the loop .lrl' n·n·r"l·d tht· ,·olt · 

Fi!:. S 

mctt·r m·cdle throw will lw in tht• oppo"itl' dircrtion from that oh
taincd in the fir,..t rondition. Thc raparity of thc ronduetnr>< in tlw 
loop i,.; rel.1tin·ly ,.mall a" t·ompan:d to that o( the condclber C ><O 
th.ll hy knowing the throw which "hould J,l. ohtained undl·r the te,;t 
conditinn,; for known ,·aluc:, of capacity a (;lirly good clwrk of thc 
conden~ers in subscribers' scts i!< pro,·ided hy thi;; method of nwa,.ure-



/1/.1.1. Sl STI: I/ I FC//SJ C./1. JOl 'J.:.\".11. 

llll'llt. J)i!Tercnt udlt-ction-. of the \oltmcter llt"t'dle \\ill. of cuur~l'. 
be ohtaincd depcmling on wlwthcr the loop tcstt•d i~ a ~inglc part~·. 
t wo-party or four-party I im· and al,;u on whet her 1 JJ. f. or 2 JJ. f. ron
dcnscrs arc prO\·ided in the >uh~tation scb. T hese conditiutb mu"t 
l>c known by tiH· te,..tlllall if he is to properly intcrpn•t the tc,;t in g 
rc,;ults and detect mis,.ing or ddcrti\·c eondensers . 

. 'itandard Typrs of Tcstboards. Pictures of twu of the latest types of 
toll and local tc"tl>oanb are shmn1 in Fi~s. ~ and 9. ] The:-;c hoanb 
prm·iJc circuit <trrangements for making must uf the dirt•ct current 

Fig. 9 

tcs ts which han' just Ileen dc~nihe<l and a l~n ,;ome of thc alt c rnating 
ntrn:nt te,;ts dc,;rrilll'd helow. T lw wiring of thc tt·st rircui t,. to kcy,.., 
ja('ks and plugs and thc prm·i,..ions madc for picking up variou,; tele
phonc circuit,; for te,;t grcatly facilitatc routint• maintcnance work 
and thc !ocation of troubl<·s whirh occur in sen·in~. :\l ndifications 
and variou,; arrangcmcnts of thc te,;h dcscril>ccl abO\·c ha\T ht'l'll 
pro,·idcd for in thcsc boareis to mcet different operating conditions 
which tnay ari ... c. 

Thc test l>oard ,..hown in Fig. S is de,;igncd primari!y for testing 
toll circnits. Thc \"t•rtica! st·ction of tlw (lOanl prm·idt·s j;ll'ks for 
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ll'nnin.tting tlll" toll cirn1i1-. .111d the .tpp.ar.ttll,.. .t..-.·•c·i,ttl'd \\ith thc·nt. 
,..nch ,,,. ph.tnloll\ .111cl ~implc·' coil-.. contpo,..ilt· ,..c·t,-, etc. Thl' Jtl(),tltltl 

ohm \·oltnll'ter ancl thc \\' he.tt~tlllll' l•riclgt• and key~ for oht.tining 
,·arious tt"'ting arr.ntgentc·nt,- an· tnounted in tlw horit.ont.d ~lwlf ancl 
connc·ctic•n" an· m.ule to the toll circuit ancl equipntc·nt jack,; J,,· 

nwan,; of the ronb ancl plug,; Iewated .11 tlw h;tck of the :-.hc·lf. T IH" 
telegraph itblrtllllc·nts an· ll"'ccl on onkr win·s to cli~tanl tc·,-t hoard,
.md tlw mell'r ~hown in the n·rtic·al section of the l•n;tnl is for nwa~ur
ing the ,·olt.tge .tnd ntrrent in Iekgraph circuit,;. 

The te,;t ho.trd ,;hown in Fig. \I i,; designed primarily for testing 
the local pl;uu. altlwugh lt'"'h on toll circui~;; can al,;o he made front 
this ho.tnl. ( )ne tr;tn,;mission fc·atun· pru,·ided in the hoard is an 
.trtitirial line \\ hich when rut in rircuit with a .-,oo ohm ~ul>:-criher\ 
loop, gin·,.. an on~rall equiYalent of approxim. ttely :~'1 T l ·. T his 
line i:- tcrminated on kt·y,.. hy means of which it can he rc•nnertecl 
as a trunk circuit and u,;ed in talking tt>h on suhscriher,.;' loops at the 
time of their in,.tallation or when ,;uh,-nil>er,.;' ,.;tatinn:- are ,·isitetl in 
connertion with trouhle romplainh. Jack,.; are proYid ed in the 
'ntical ,..ection oi the hoard for terminating certain te,.;t trunks and 
other te,.;t trunk,.; are terminated on key,.;. .\ \\'hcat,;tcme hrid ge i,.; 
not nonnally mounted in thi,.; tq>e of te,..t hoanl. but where required. 
a portable hridgt· j,. ,..upplied '' hic·h i,.; getwr;tlly kepl in one of t hc 
drawer,.; of the ho.tnl when not in u,..c• . 

. \ t.TEIC\.\ rt'\10 ( 't'RRE'\T T t·.STS 

\ \ 'hile thc diren current te,.;t,.; ju,.;t de,;cribed tell a great deal al>out 
the phy,..ical anti l'kctriral conclition of telephone circnit,.;, it is \Tr~· 

nc·n•,.,..,uy in maintenann~ work to eot~,.;ider als:• the alternating ntrrent 
rh.trarreri,..tic-. T he tran .. mi,..,..ion of ,..peech is, of ronr,.;e, funda
mentally a prohlem of tlw tran,..mi,..~ion of alteruating cnrrcnts of \·ery 
:-mall \·aluc·,... The indtu·tatu·e and rapacity a,; weil a,.; thc re,.;istance 
and leakage of circuit,.., tlwrefml', bt·romt.· important itt'llh in tle
tnmining the l'lfi<i,·ncy of tc·ll'phone cirrnit,.; and means lllltst lll' pro
Yided for ll',..ting these charaneri:-ti<,.; undc·r opl'rating nmdition,;. l n 
principlc, .tltern.tting current tc·,..ting methocb do not dillt-r materially 
from direct ntrrent nll'thod,- .tnd their application in tlw teleplwne 
pl.mt is not diificnlt. 

. l llernating Currmt ßrirlge .1/easurem•nls. T he,..e 111l'a:-uremenh 
cmploy \\'heatstone hridge arrangemenh, the direct ntrrent ~ourn· 
of power heing rcplan·d hy an altc·rnating nrrrent :-ource .111d thc 
condition of hridgt• halann· heim:?; ohtain1·d h~· ,.,onw alternating 
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current dctecting de,·icc, generally an ordinary telephonc recein~r. 

Four importanl urid~c mcasuring methods arc usl'J extl'nsiYely in 
tclcphonc tcsting work as describcd helow: 

(1) .:llternating Currmt Capacity Tests. T hc hridgc circuit ar
rangcmcnt for measuring a.c. capaC'ity is :-;hown in Fig. 10. 

Two arms of thc IJridgc consist of fixcd and equal rcsistances A 
and B conncctcd by a slidc wirc rcsistancc, the position of thc con
tactor on this slidc wire dctcrmining the total amount of resistance 

in each of thc ,,,·o arms. The fixcd re:-;istanccs in .t l anJ B arc simply 
cxtensions of thc slidc wirc and can Iw cutout of tlw circuit when not 
requircd. Thc third arm of the hridgl' nmsist:-; of standard con
densers C, ancl tlw fourth arm the circuit whosc capacity C, is lo he 
measurcd. ,\ sourn: of alternating current gcncrally an SOO or 1,000 
cycle oscillator is conncctcd to thc terminals of the arms A and B 
whilc thc t<·kphonc rcrcin·r is connccted to thc slidc wirc contactor 
and to tlw junction of the standard condcnscr and circuit undcr lest. 
A halancc of the hridgc is ohtaincJ wlll'n thcrc is minimum t<llll' in 

the rcccin·r, for which condition thc common bridgc formula Cx= -~ C 

applies. Thc slidc wirc is calihratcd to rcad thc ratio B, '.· l dircctly. 
For !leid testing work the aho\·c circuit arrangcmcnt is madc up 

in a portaiJic hnx and a portahlc oscillator is uscd so that thc apparatus 
ran bc rcadil~· carril·d al>mll as rcquircd. Tlw comml·rrial form uf 
hridgc providcs thrce \"ahtcs of standard ronden:--ers which can be 
uscd to co\·cr measurcmcnls from ahmtt ;)()() micro-mierofarads up to 
l..'i microfarads. This hridgc tlnds its application in the plant iu 
measuring thc rapacity of short lcngths of non-loaded cahlc, hrid l<~ 

wirc, S\\·itchhoanl wirc, ctc. Such mcasurements arc of particular 
importanrc in coJllll"rtion \Yit.h thc installatiou of :2:2 type tclcphonc 
repcaters to Jcterminc thc proper \·alues of huilding out condcnst'rs 
to usc in thc linc and halancing cirntits. 



rtlt.."JJOC./1. J/-\'JS .1.\'/1 'J/11-IJ~ ./J'I'/./c/1/0SS Jfli 

.\llllther u-.t• \\ hieh is 111.1dt· of .lltern.1tin~ eurrenl l'<l(l.lnt~· llll';t,..llrt·
llll'lll" is in connt·ction \\ ith tht• upt·n location ll'"l provicll'd ;1! toll 
tt·st ho.Lnl,.;. l'he e,.,.;enti.ll fe.\lun·s of tlw cirruit arr;mgenwnt .Ir!' 
shm\ n in Fig. II. 

Tlw Prdin.1ry :\lurr.1~· t'Oillll'Ctiun of thc lest ho;ml hridge is lbt•d, 
I hc four olrllls of I Iw hrid~c consist ing of Oll!' li,l'd I,OOll-ohlll n·sist ;ulc'l' 
.I, .t \',tri.thle rcsi,.;t.llll'l' R. a ,.;t.tndanl I 11/. t:ondenscr C .tnd t he OJIC'II 

l·il(. 11 

l'OtHh'lbt·r undcr lest Cx. ( >nlin.try 20 cyde ringing currcnt b tbcd 
·'" t he mcasuring eurrcnl .md t hc g;d\'anometcr or \'olt mcter cnn
nected through .1 rcn·r,.;ing relay ,.;o that it will always rcad in one 
direction. For the halanced condition of the hr!dge ih indicatl'd tl!l 

I I I . . R 'I II the c;.1 ,·,1noml'ler t 1t' n· .liHlll ( .,= .-1 ( 10 l s. Suh"tituting thc nu-

mcrical \ .tluc" ior ..I and C in thc al•m e fonnula C:c thcn equal,; R 
1000 

Thc ahm·c te,.;t prm·idcs il mcan,.; for dctcrmining the approximatc 
di,.;trihutcd cap.1city of a rircuit up to thc point whcrc it is opcn. 
\\'ith prc,·imh llH:.burcnwnts on known length,.; and simibr typcs of 
rircuit,.; a,·,,ilahlc and a,.,.;uming thc di,.;trihuted caparity propor
tional to thc h·ngth of cirruit, thi,.; lt•,.t providc•,.; a simple mcans for 
determining the app:oximatl' di,.;tancc out to thc open. l n practirc 
f.Jirly good re,.;ults arc ohtained on loaded nr non-loaded opcn wire 
circuit,.; up to :.!00 miles in lcngth and tlll loaded or non-loaded cahlc 
up to 10 milt•,. in lcngth. T hc degrcc of ;HTuracy with whirh opcn,.; 
ean I1C' located hy thi,. nll'thod dcpend,.;, of rnur,.;e, on h;l\·ing good 
unit e.1pacity mt•;,~:;un·m,·nb for thl' different type" nf rircuih ill\·oh t•d 
in tlw te..;ting work. 

(21 Capacily Cnhalallce Tcs/s. I{ the elt>ctro..;tatic c;~p.Jcitie.., l•t·twt·c·n 
wire..; aml hetween wire..; and ground in tell'phone circuit,.; are not 
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properly halanced cro,.;stalk ht>t\\·l·en circuits will re,.;ult. Tht• dTt•cb 
of capacity unhalances of thi,.; kind are particularly ,.;crious in pro
ducing- siele to sidc and phantom to sirlc cros,.;talk in quaddcd cable 
circuits unless great care i,.; takc·n in splicing thc \'arious pairs and 
quads in consecuti,·c l< ·np;ths ,.;o that the resultant unbabnces will hc 
a mtntmum . This is to hc expected sincc in cahlc:-; the electrostatic 
capacitie,.; het\\'el·n conductors and hetwet·n conductor:-; and shcath 

Cw~ 

~ _cj~C1 C2~~e 
~c~~>~BMw 

I ~~~~.e mate 
; CwM 

Fig. 12 

are hip;h a,.; rompared to O(Wll wire cirruits and any irregularities in 
constructiun ma~· produn· n.·ry appreciahle unhabncc conditions 
hctween these capacities. 

Fip;. 12 shows tlw dirt·ct clectrostatic capacities in a quad which, 
if they do not han· thc proper balance relations will produce ex
cessi\'e crosstalk. Tlw concluctors of one pair are designatl'd "white" 
and "white mate" and of thc nther pair "hlack" and "hlack male." 
The particular arrangcmcnt of thc conductors in thc ligure to form 
the arms of a \\'heat:-tntw hridge is used since this arr;lllgcnwnt is 
employcd in thc capacity unhalance measuring circuit dl•:-;crilJl'd latl'r . 

:\'l'g-lecting ,..ecnnd order L'ITl'ct:-;, :-;i<k to siele nnsstalk is produrl'd 
hy unhalann•:-; in tla: din·ct capanttes hctwecn cnnductors in ac
t·cmlatwe with the following rdation. 

Capaeity unhal.tnce = C.+Ca- (C2+ C~). 

ln phantont to :-;ick rros~t;dk !Iw unh;dann• rdttions of the direct 
l'<I(lacitil's of tht: !'CIIHinctors to grmnul (slll'ath and "!lunch") in ad
dition to 11H' din·ct rapaciti1·s het\\lTll collductllrs hlTOllll' intportant. 
.-\g-ain tH·glel'ting Sl'I 'OIHI onler elk1·ts. th1· unhalann· relations pro
duc·ing- nosstalk het\\'l'l'll tht· phantolll a nd the "whitt•" sidl' is 
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Simil.trly thc unhal.tnct• rcl.ttinn,; produrin~ rro,;:;talk l•t'l\\lTll 1hc 
ph.tntom .111d tlw "hl.tck" "idc i,-

Cap.tcity unh.tl.mrc=:.! [ C+C,-(C2+Cal+~(C/I-Cn.lf) ) . 

The f.tctnr :.! enlt•r,; into thc l;t,.t two iormul.P ,;inrc thc diiTnt·nn· 
in din·ct 1\lp.tcitie,; h.t\l' ahout twicc thc ell•·ct on ph<llltom lo ,-id1· 
cro,;,.,t.tlk ,t,; tlwy do nn ,;ide to ,;idl· cro,-,.l.tlk. 

The cap.tcity nnhabnn·,; gin·n .tho\'1' are llll\l~llred on l'<tch qu.td 
in en·ry I(I<Jdin~ ,.ection and gin· <1 llll'<bllfl' of the ,.idc to ,;idc and 
ph.llltom tn ,-idc cro,;~t;tlk duc to c<tp.tcit~· unhalann· in the cahlc. 
Such mc;t,;nrement" are u~ually made at three point,; in l'n·ry lo;11ling 
:-t·ction and the quad,.; <trt· splin·d <II the,;c poinh in :->twh a way that 
the Capacity unh;tlalll"l'" in 1lw l\\O direction,; will tend to neutralize. 
In thi,; connt·ction partindar c;trc i,- takcn to nl·utralize the phantom 
to ,.,ide unh.tbnn.•,; ,.,ince the:-e arc u,;u;tlly highcr. 

For m.tking caparity unhal.lllcc tc,;t,; a ,;pccial portahle hridgc 
known ;~,; thc cap;wity unhalanre te,;t ,.;et w;t,; dcn·lopl'd which has 
lll'cn in ;::-encr;tl u,;t• ,;inrc the introdnclion of quadded c<thlc,; in the 
telephone plant. Fig. t:~ ,;how,; the ,;chcmatic rircuit arr;tngl'llH'Ill 
of thi,; hridge for mea,.,uring 1he rapacity unhalance a,; indicatl'rl aho\'1' 
ht'tween -.id1·,. of a qu<td. 

Fig. 13 

V:J,. ;b'~ .. , 
Coi"\C'e"ser 

The two ronductor,; of l'<tCh ,;ide circuit of tlw qu<td an· connected 
to oppo,.,ite cornt·r,; of thc hridge, thl:"c hcing de,;ignat1·d <I" "white 
.tnd "whitt· mate" and "hbck" .md "hbck lll<lte." Tht· direct 
1-.1p.u·itie-. lwtween the,;e conductor,; then hen11ne the arm,; of the 
hridge. :\n o,;cilbtor i,; conncctcd throm:h a tran,;(ornwr to thc 
"whill·" .111d .. ,, hitl' mate" t•·rminal,; of tlll' l•ridgc and a ,·ariahh· 
.tir l'lliHien,.,t·r i" conm·l·ted to the,.,t• ,.,,une lcrminak .\ 1clcphone 
rccein·r i,- connened through a tran,.,former to the "hlark" ;~nd "ld;wk 
ma11·" terminak Thc \·ariahll' air condcn,.,l·r i,; <Jdju,;tl'd until a 
minimum tone i,; oh..;ern·d in the recei\ er. thi,., adjtbtnH·nt .11lding 
t·.tpacily to om· ,.,ide or thc other of thc hridge. Thc \',triahlc I'Oil

den,;er i,; ralil•rated to reacl the unhalann·-. din·ctly in mirro mino-
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farads. thc dirl'ction of thc unhalanccs heing indicated by red and 
hlack scalcs and arbitrarily dcsi~nated as ( +) ancl (- ). 

Fi~. l·l shows thc rircuit arrangement of thc briclgc for mcasuring 
thc capacity unhalancc hetween the phantom and "whitc" pair. 
Tht> o~cillator, variable con<lcn~er and rccei,·cr are conncctcd as 
hdore, the "hlack" conductor and its mate howen·r, ht'ing strapped 
Iogether at onc of thc rcmaining bridgc tcrminals and ratio arms 
R 1 and R~ C'ach consisting of 2,000 ohms resistance, lwing cunm·ctcd 
as shown to the fourth bridgc terminal. For the condition of minimum 
tone thc ,·ariahle condenst'r reacling then gives a measurc of the 
capacity unbalancc hctween thc phantom aml the ''whitc" pair, that 

AC~ 

Fig. 1-l 

Var•;ble 
A1r 

Cof"''de"ser 

is a-b. The capanttL"S a and b take into accuunt in this casc thc 
caparitit's of the ''white" and "whitc matc" conductors to ground in 
ad<iition to the dircct cap;lt"itics bct\\"l'Cn wircs shown in Fig. 13. 
Thc unbalance bctwccn thc phantom and "hlack" pair is ohtaincd 
in thc samc manncr as shown hy interchanging thc ''\d1itc" and 
"black" conductor conncnions to thc bridgc. Thc tcst sct rcads 
only half thc caparity unhalancc as dcfincd in the ahn\'(~ formul~ for 
phantom to sidc unhalancc. 

Jn practicc thc tcsting arrangcmcnt just describcd is uscd to lest 
unhalanccs of all quads in a cahlc in each direction. At any splicin~ 
point whcrc thc tcsts arc madc the thrl'l' unhalancc mca::;urcments 
in l'ach dirl'ction for each quad an· cardully reconkd and tlll' :-plice,; 
tlll'n madc ),y comJ,ining (+) and (-) Yalue:- !'O as toncutralize each 
othcr as much a:- po:-:-ihll' thcreby rcducin~ 1hc resulting capacity 
unhalancL'" and the cro:-slalk in e;H"h din·c1ion to a minimum. Both 
thc hridgc and oscilbtur ;Jrc readily portahle and dcsigncd for out
cloor usc. Thc hridgc is cquippl'd with kcys, hincling po,;ts an1l katb 
to allow colllll'ctions tu hc quickly madc to the caJ,Jc cunductors and 
thc \·arious ronditioJb of unl,alancc mcasurctl. 

(:~) Jmpedal/{1' 1'1'sls. Tlll' \·arious hridge arrangcmcnb for capacity 
mcasurcments arl' e:-<sl'ntially impedancc mcasuring dc,·icl's, thc im-



rt Ft.I!\IC.Il 11:\·/ ,. 1.\"/1 II/ rt R .II'/'1/C.IIIO.\"\' .WI 

pt'll.mn· of condt·n~t·r,. lwing neg.tti\'l' rt'.ll't.llll'l'. In telephone r·ir
··uit" .uul eqnipnwnt "here induct.tnn· j, ill\·oh-ecl ,..uch ·'"' in lo.ulin~ 
coil-., t r.m-.iornwrs, n•t,ml.tt ion cnil-., etc .. t he I'!Tt·ct in· resi,..t.lnn· 

.1~ \H'II ·'" tlw indnct.IIH'l' ht•t'e>lllt'"' a f.lCtor whieh nu~:-ot he t.tken 

.HTOllllt of in hridgl' te-.ting \\ork. For nH•a,..nring eiTt·ctin· re,..i~t.tlll't•, 
induct.IIH't' .111d inqwd.tlll't', hriclgl"' han• lwl'll dt•\ l'lnpl'tl whid1 
.Ht' ,..imil.tr tn c<~p.tcit\' hridge-. t'\l"ept th.tt ,..t.tnti.Jrd contlen,.;l·r,.. in 
the h.tlancing arm an· repl.u·t'll hy "t.tmlard indnctann·,.; ancl re
,.;i,.;t.lllCl',.;. 

There are two gl'neral type,.; of hritlgl',.; in n,.;e in tlll' ll'll'phont· plant 
designetl to mt'<l"llrt' impl'd.tnce: one type for te,;ting eqnipment macl1· 
up mostly of intlnct:tncc, ,.;uch a,.; lo.tding coil,.;, and tlw other for 
te:-<ting the impl'dann· ch.tr<tcteri,.;tic,.; of ,-,,riou,; type,.; of eqnipment 
and circuit,.; p·nerally:within the opt"rating range nf fn·qnencie,.;. 

Rec 

Fig. 15 

The circuit .!rr.mgemt"nt ,..ho\\ n in Fig. L"i is for an impedance 
britlge dt·,.;ignetl primarily for measuring impetlance of equipment 
h.tvim: po,.;itin· rl'actann· rharactt·ri,.;tic,.. .;\...; in the eaparity britlges 
two arm,. are lll<IIIL" up of ti,ed re,.istanres .·1 and B. connectl·d by a 
slide wire resi,.;tann·. Tlll' impedann· to Iw measurecl make,.; up the 
thinl arm of the hridge and tht· ,.;tandanl impedann· con,.;i,.;ting of 
known ,·alm·,. of indnetanee and n·,.;i,.;tance j,.; the fourth arm. To 
ohtain ~ICrurate measun·menh require,.; that the standanl impt·clance 
he appro\im.ttely the ,.;;une order nf magnitude "" tlw impetl.tnce 
mea,;un·d anti the ph.be angle,.; of tlw two lllll"'t Iw n·ry nearly tht· 
,.;,mle. \'alut·,; of ,.;tandanl indurt.mn· are. thl'rdorl'. cho,.;en which 
.trt· known to hc f.1irly near the ,·alue,.; of tlw nnknown inrluetances 
and a \·ariahll' re,.;i,;tance R j,.; prm·itll'd which can he switdll'd in 
,.erie,.; with either o~rm of the hridge anti atlju,.;tl'd until thl' rl',.,ist.mce 
romponents in the two arms are equal. Tlw bridge is hal.lllcl'd I•! 
adjusting the slicle wirc resistanre anrl the resistance R until a mini-
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mum tone is hean.l in the rccl•iver. For the condition shmn1 in Fig. (.) 

when the l>ridge is halanced L _.= l~ Ls and Rx= )! (R+R.). The 

slide \\·ire is calibrated to read the ratio ~ directly and tables of , ·alues 

fnr Ls and R . at ,·arious frequencies are supplied for use with the 
commercial form of hridges. The value of R is read direct ly f rom the 
dial rheostats on the hridge . 

l n practice this form of bridge find" its principal application in 
measuring the indncta nce and resistance of cable loading coil,; when 
trouble is experienced \\·hich necessitatcs opening up thc cahk· and 
loading coil pots. I t is also used to mea~ure the unhalanre het\\"l'('ll 
windings of coils as, for example, lwtwcen thc linc windings or tlw drop 
windings of repeating coils. For measurements of tlw latter kind 
one winding is connected in place of L x and the other in place of L , 
and the unhalance between the I\\'O windings is then gi\·en hy the 
slide wire ratio. A further use of this schenw is in checking the cor
rectncss of loading of short cahle circuits and a :-pccial l>ridge has 
Ileen designed for thi s purpose. A pair which is known to bc properly 
loadt·d is used as the standard and all other pairs of tlw same length 
and loading are checked hy conJH'Cting them one at a tinw into the 
unknown arm of thc hridgc. 

Circuit under Test 

AC 

Fig. 16 

Thl' form of IH·idge d('sign!'d to nwasun· thc impedanrc charactcr
istics of rircuits and cquipnwnt at any desirl'd frcquen cy or at a num
l)('r of fn·quencil's is shown in Fig. lli. 

Thc lixl'd n·sistanccs A and B, genl'rally of 1,000 ohms cach, make 
up t\\'o arm~ of the hridge , the circuit under lest the thinl arm and a 
\'a rialll<· rl'sista nce a nd a \·ar iahle indtwtance standard the fourth 
arm. Thl' \·arial1le indunancl' L is arranged so that it can l1e ~witdwd 
in ~vries with the circuit uncll·r test whl·n thc ch.tractl'ri:;tics of this 
circuit a re such th at its capaciti,·e reactance predominates. For a 
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roJHiition of hal.lllet' indicatl'd hy minimlllll tonc in !Iw r!'n·i' l'r, tlw 
t'!Tt•(·ti\'e re,;i,.,t.Jnn· of the circuit i,., giwn din·ctly hy tlll' Yalue of thc 
Y.tri.tble re,;ist.lllce R, and tht· induct;Jnn· hy thl' Yalue of /.. For any 
p.trticul.1r frl·quency f at which a nlt'<bllfl'llll'lll is made, the fl'.lctann· 
of the circuit rau hc computed from the Yalut• of L and l':>.pre,..,..(•d in 

ohms hy thc formula 

Reactance = ~;r JL 

The imped.tnce of thc circuit l''<prcs,.,cd in ohms is l'qual tn tlw n-ctorial 
sum of thc dTectiYc rcsistance R and thc rt·actance. This a·btion 
i,; madc u,;c of in pranice whcn it is desircd to l''\JH·e,.,,; thc impcrlancc 
of circuits in round numl1ers without rekrence to its compont·nt 
p.1rts. Ccncr.dly, howen~r. in the practical <~pplications of inqll'dancc 
mcasuring- in maintcnance work, the rbi,.;tancc and inductancc com
ponents can bc used dircctly to the hcst <llh·antagc without comhining 
them or exprc;;sing thc inductance rcadings in terms of rl·actance. 

One of thc most important applications of impl·dance mcasurements 
i~ thc dctermination of the cbaracteristic impedancc of tell'phone 
circuits at thc \·arious frl'CJllencies inYoiYed in tbe Iransmission of 
telephone currents. 1\ l casurcmcnts of this kind, whcn applicd to 
Cfjllipment circuits such as telcphonc rcpeatcrs, halancing- nctworks, 
ctc., ancl to thc line circuit~ tbemsch-c,.;, tell a g-rcat dcal in rcganl to 
thc l'ffieicncy of thcsc circuits for the Iransmission of spcech. Tbe~· 

arl' n·ry important, thcreforc, in checking up tbe installation of 
certain circuit,.; in the plant and making surc that thc propl'r im
pcd.IJlce relation,.; are ohtainl·d. 

Fig. li ;-;hows tbc re,.;ults of impcdancc mca,.;urcmcnts on a loaded 
lU gaug1· cable circuit within a range of frcqucncics from ;{()() eych·,.; 
to :?,:mo cydt•,... Tbc I·ITccti,·c rc,_i,.,tance ,·alue,.; and the ,·alm·s of thc 
rcactann· compolll'llh are indiC'atl·d hy tbc eun·cs. Thc inductancl' 
\·allJl·,., are negati,·e which nwan,.; that tlw C'ircuit tested bad C'apaeiti,·e 
reactann· throughout thc rangc nf frl·quenC'ics U>-ed. \\'hl'll the mea,.;
un·mt·nh wen' made thc di"tant terminal of the circuit was tcrminatt·d 
hy an impt'<lancc approximating- the charactl·ri,.,tic impedancc of the 
cirnlit in onler to giYe tlw l'lleC't of an infinite lcngth of lim·. Jf tlll' 
ahon· cirC'uit i,.. ll,..l'<l for :.!-way tl'll'phonl' rcpeater operation it i,; ncn·,..
;-;ary that the fl'pt·ater halancing- Jl(•tworb han· impedancc eharacter
i,.;tics ,.,imilar to tlll' lilll'" which thcy halancp in ord1·r that the maxinuun 
repcater gain with good quality ht• ohtained. 

:\ll•a,.;urenwnt,.; ,.,uch "" dt·,.,crihed alu,n·, in addition to gi,·ing ,1 

picturc of thc eiTenin· n·,..istance and rcactancc of circuit" at dith·JTllt 
frcquencic:;, also provide a mc<llb for locatin~ thc irrl·gularitie,.; and 
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t rouhle:-< which tcnd to rhan~c the normal impeda nce characteristics . 
The omission of loading- coils or thc rc\·crsal of onc loading- coil wind
ing-, the installation of intermediate apparatus or of enwrgcncy cahlc, 
cte .. causl' impcdance irregularities whieh are very dctrimcntal to 
telephone repcatcr operatiun. The elTect of thesc irrcgularities on an 
altcrnating currcnt is to reflect some of the current back towanJs 
thc sending end, this rc!lected current either adding to or subtracting 
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Fig. li 

from thc eurrcnt entering thc line. This elTect ca n hc oh~L·rn·d in 
impedancc mcasure ments hy peaks and hollnws in the efTecti,·c 
rc:-<i:-<tancc and inductancc cun·cs. 

Fig. 18 shows 1 wo resi stance curves uf mcasuremenh m;tde on a 
loaded ~o. Wl coppPr cirr uit (:'\o. I~:'\ . B. S .) , Curn· ..1 heing for a 
,·umlition where twu consC"rutive loading rnils wcre mis~ing and 
Cmn· B for thc condition after thesc coils wen: contH·cted hack in 
thc circuit. The small irrcgularity in Cur\'l' 13 was duc principally 
to the irregularity introduced l1y thc usc of a 1,.-,oo ohm termination 
when making the measurC'IliL'nt. Thc di~tancc in mile:-< fnnn thc end 
of thc l·ircuit at which thc measurcments were made to the irregu
brity caused hy tlw missing loading coils is gi\·<·n fairly accurately 
!Jy thc formula: 

. I' 
1 )J sta nn· = ~ ~h -fi), 

whne J' is tlw n·locity of tlll' nwasuring CUITL'Ilt in milcs per ~econd 
for the particular type of circuit tc:-<t ed and (]2-/t) the a\·crage dilTer
C' I\I'l' in frcqltt·ncil'~ lll'I Wl'l'll succL·:-;siYL' pcaks of Curn: .t l . For thl' 
type of circnit 011 which tlll' lll l'; ls\ll'l'llll'llts sho\\ 11 on Fig. IS WL'rt' 



F/Fc/NIC.II. "II ,./S .1.\"/1 U/1:11? .11'/'UC.I/10.\"S J7J 

lll.lllc, thc n·locity 11f prop,tg.llion is ;tppro:-..im;ttcly .'i l ,iOO miks tll'r 
~ccond. Tlll' ,1\t'r.l).:l' diiTt·n•JJI"t' in irl'qllcncit"s hctWl'l'll pl'aks on the 
cun t' i,., ahout ;{-;1) n·dcs .. \pplying thl'"l' ligun•s in tlll' ,tilllH' formul.t 
!o!i\l'" tlw di.,J,llllT out to tlll' irrcguLtrit~· as i O miks. l n this l'<l,.,l' 
tlw ninth .md lt·nth lo,uling coils \H'rl' missin!.:!', whieh ga\ l' a vcry 
do,.,t• dwek to tlw compntl'd ill milc ligun·. .\ grl·at dl·al of ll>'l' is 
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Fig. 18 

m.tde of llll'<bUn·ments of thi,., kind in loeating- trouh]e" which affl·Cl 
tl'lephone rl·peatt·r operation and in directing thc work of Ii nemen in 
clt·.tring thl·,.e trouhll',., . 

. \ furthl'r u,.,e which can ht· madc of •• hridge si milar tu t lw onc just 
de,.,crihed j,., in thc location of impedann· unhalance cunditions which 
tcnd to increa,..l' crosstalk and noi,.;l' lwtween circuits. T his is a 
f.1irly rl'n·nt den·lopnwnt and •• dl'sniption of it will Iw inclmll'd in a 
p;tper to he puhli~hed later. 

(-1) Tests of Balance of .lpparatus. (\·rtain typcs of l'quipmcnt 
a~scwiated with tt·kphonc circuits arc made up of apparatus which has 
to he do,..l·ly J,aJ.mccd with n·,.;pcct to tlll' various parts in mder that 
thc l'quipmcnt whl·n ronnl'Ctt·d to tclcphone circuits will not causc 
unJ,al.mces in thc,.c rircuits. Any unhalann·s introduced in this 
way will incrc.be noisl' aml nosstalk in the samc manneras impcdancc 
unbal.mccs in thc linc circuits thcm~d,·cs. Cord circuits. phantom 
rl'pcating coils, cumpositc ~cts, ctc., arc c:xamplcs of thc typcs of 
cquipmcnt in which unhalances in tlw apparatus may alTcct noisc and 
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nosstalk conditinn~ in the teleplwnc circuits to which tiiC'y are con
ne,·ted. The Capacity hridge and thc impcdance bridge predously 
de,..cril1ed can lle uscd to lest apparatus unbalances. 

Comp:~sitc ,;ct,.; for ,.;uperposing- telegraph on tclcphone circuits arc 
particularly important in rcspect to halance and in order to providc 
a mean,; for quickly clwcking thc balance conditions in these a specia l 
form of llridge has bccn designed. This testing apparatu,; is known 
as thc compo,;ite set hridgc and i,; of partindar advantagc in that it 
provides for quickly tcsting the halance conditions of various parts 

AC 

Fig. 19 

of the set as weil as eomplcte sets. Tests can be madc for example 
of t hc halance of thc tC'Icgraph hranches complcte or of t he comlensers 
and coils in these hranches separately. Tests can also Iw made of thc 
halance of tlll' groundcd hranchcs or of thc scries line condenscrs 
of thc scl. 

To illustrate thc operation of thi s bridge, Fig. 19 shnws the arrange
mt·nt for testing the balancc of thc scrics condcnscrs in a cnmpositc 
set. Two ;ums of the Lridge .·1 and B consist of lixed rl'sistances 
connectcd togethcr hy a slide wirc rcsistance . The scries line con
dt·ns<·rs of thl' compositc set, c. and c2. thcn hccomc the othcr two 
arms of thc hridge. \\'lwn a sourcc of alterna~ing currcnt is con 
lll'<'ted as sll0\\'11, a condition of minimum tonc in the recci,·er ob
tailll·d l1y adjusting thc position of the contactor on the slide wirc 
indicatl's wlll'n the hridge is halanced. The slide wirc is calihrated 
lo r\'ad the (ll'ITl'ntagl' llllllalancc of tiiC' condensc•rs Cl and c2 directly. 

( 'rosstalk and Xois c .\fmsun·lncnts. Circuit unhalancc· cond itions, 
such as descrilll'd in somt• of thl' prc\·ious ll'sts, are often n·ry detri
mental to telephone Iransmission in that tlwy cause crosstalk betwcl'n 
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··irn1i1-.. .\!-.o fnn·it:n •·urn·n!-., indnn·d frnm ~upply lilll·~. pnult1n· 
noi-.,· ''hirh h.b llllll'h tlw s.llllt' I'IT•·•·t .1-. in-.l'rting ,, !r.ubtni-...ion lo-.-.. 
Tllt' 111.1\!lliludt• oi noist• prodnn·d in thi~ w.ty j,.; dqwl1dt·nt ;t111o11g 
~>thl'r thin).!s, 1111 tlll' h.d.111n· •·onditions of (,oth the supph· .llld lt·l•·
phont• cin·uits. 

Thl' dl'lermin;ttion of tlw m.tgnitude of nosst.dk a11d of noi~t· 

•·urrt·11t~ c.111 be m.ule hy rd.ttin·ly ~imple nwa,.;un·nwnts. l n pr.tClice 
cro,..,..t,tlk lests. whieh al,;o gin· ;111 indicalion of tlw b;tlann· conditions 
of circuit,.., l'.tn he m.uk nwrt• quickly th.tn impt·dance unh;dann· le~ts • 
• dthough tlwy do not gin· a ltl('atiol1 dirn·tly of any trouhles whidt 
m.l\· t•xi,.t. Tht· usual pron·dure then is to m;tkt· noise anti cros-.talk 
11'-.h on circuits. and in tho:-c ,·ascs wlwre tlw nwasurenlt'nts indit·ate 
th.tt improH·ment is de:-irai.Jil' ,.;ome of thc direet current or ahnnating 
curre111 mctlu~tl,.. pre,·iou~ly deserihed arc applied to locatc tht· cau:-c. 
The :-impliticd circuit arrangenll'nl of thc ll'sl ~et cwnmonly usccl for 
nw.t,..uring cro,..,..t.tlk hetwcc11 two circuits is ,;hown in F ig. ~0 . 

Fi~. 20 

.\n aht·rnaling currcnl :<OLirce l!;l'lll'f<JIIy of •·omplex wan· shapt· to 
:-imulate ,·oicc currents is conncctcd to a switch in tlll' ;;ct ,.;o arranged 
th,Jl its \·ohage can bt: impres:-ed eilher on a telephone circuit known 
a:- !Iw "J)i-.turhing Circuit" or on a mt•asuring shu11t known as a 
"Cro~,..!alk ~Ieier." The other sidt· of the shunl i,.; colllll'Cil'd thrnugh 
.1 \\'lwabtone hridge arrangcnwnt to a !<ccond tclephonc cirruit known 
''" a "J>i,..turbcd Circuit." Shiclded tr.1nsformcr,; are u,.;t•d in the set 
a,.. ,..hown ior conncction to tlw circuits undcr lest, the,.;e tran:-fornwr:; 
hl'ing de-.igncd to g i,·c the proper impedance rdation::> n·quired hy 
tlw ditlen:nt type,.. of circuih .net with in practice. The \\"heabtont· 
bridgt· arr.!llgl'rncnt i,.. prim.Lrily for thc purp•N' of allowing <111~· noi,..•· 
curn·nt,. which may he prc,..ent in the di~turlll.'l.l eirn1it lo hc imprl',..,..etl 
on tht• oh:-en·ing rct·eivt=r,.. eilher when the,-c are u:-eJ t11 li"ten to tlw 
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cro,;s-talk tlmntgh thc shu nt or directly to thc cro:-,;talk from tlw 
di,.,tml>ed linc. Errors which might hc introclurcd shoukl linc noi,;c he 
pre,;cnt for only one condition of the ll'sl are in thi,; way diminatcd. 

l\leasurcmcnts an: made hy lir,;t imprcssing thc alternating rurrent 
tonc Oll thc disturhing circuit and thcn oll thc meter anti adju,;ting 
thc shullt until thc annoying cfTect of thc tonc hcard in thc disturlll'd 
circuit is judgcd to Iw thc ,;ame as that heard on tlw nwter. Tlw 
crosstalk meter is calihrall'cl in cro:-,;talk unib, otH.' unit lwing dl'lined 
as thc ratin of unc millionth bei\H'l'll the currcnt at thc terminal of 
thc di,.;turhed circuit and thc currcnt at thc terminal of tlw disturhing 
circuit. providing thc,.;e curn·nt,.; ar<' tran:>mittcd into likc impcdance~ 
and distortion of tlw specch sounds is not im·okcd. 

No1se Shunt 

Fig. 21 

C1rcurt. under 
Test 

No,se 
Standard 
Element 

Fig. ~I shows tlll' ,;implilicd circuit uf a noisc mcasuring sct arrangcd 
to mcasurc ml'lallic noi,.;c un a tl'icphonc circuit. As in thc ca:-c of 
thc crosstalk ,;ct, a ,.;hil'ldcd Iransformer is usN. I to conncct the sct 
tu thc circuit under tl·st which can hc adjustcd to gin· tlw proper 
impcdancc rdations. \ \ 'i th thc switch thrown tow;mls "linc'' the 
rccein·r is conm·cll'd to the circuit undcr les t and any nuisl' on this 
circuit oh-l'rn·d. \\'lll'n thc ,;witch is thro\\' 11 tm\·anl,; "shunt" an 
artificial noi,.;e cutTl'nt pnuluced hy a ,·ibrator is imprcsscd on thc 
n·cl'in·r through a sh unt. B~· altcrnatdy throwing- the ,.,wit<'h from 
tlll' !im· undcr tc~t to thc shunt circuit, thc shu nt is adju"ll'd until thc 
inl<'rft·ring dTcct of tlw noi~e on the linc a nd from the shunt arc 
judgcd tu he cqual. The rcadin~ of tlw shunt which is calii>ratcd in 
noi,;e units gin·s a mcasurc of thc amount of noise in thc circuit undcr 
ll'st. ln tlw <'Olllllll'tTial form of in~trunwnt usl'd in thc plant, the 
cirl'uit is arrangcd so that hoth nwtallic noisc and noisc to ground 
<'an hc rcadily nwasurl'd. \\'lwrc noisc is prcscnt on circuits, instru
nwnts arc al,.;o a\·ailahlc for analyzing thc \\'a\T shape, that is, de-
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tt·rminin).! whi1·h frl''lllt'llcil·, m.JI.:in~ up tht• noi"c curn·nt" pn·clomi
n.tlt'. For l>oth uni't' .tnd no,.;,t.tlk llh',l"llfi'IIH'Ilh, dl'finilt' rttlt·::. 
llllbl Iw follo\\nl in lt·rmin.ttiug tlll' dist,JIIt end" of the circnit" undt·r 
tt•"t in onlt-r to n·dun· tl'rmin.tl impt·d.tm·t• irregul.tritit·,.;. 

'21-Cirruil BalanCt' Trsls. In dt·"nil>ing tlll' u" ... of tlll' l•ridgt' for 
locating impl'd.tnn· irn·gul.tritit•,.;, nwntion "·'" madl' of tlll' el"ftTt of 
,.,uch irn·gui.Jritil'" on lc'lt·phntlt' n·pl'atN opl'ratinn. Sinn· tlw making 
of impt'd.tnl't' rtllb on circuits in\·oln•,; a con,.;idt'ral>lt· ;11nnunt of tinll' 
.tnd t::\pt·n,;e, a ,-imple .tnd quick b.tlann· lest, known ·'" tht• '21-circuit 
lt',;t, w •• ,.. dl'dsl'd in whidt tlw tell'phont• rept·ater i"- m;tdt· to function 
.ts tlll' tl',.;ting ,;l'l. Tlw g.tin whid1 can he oht.tinnl from a '21 or '2'2 
typt• ll'kphone rqw.tter with good qualit~· dl'pt'tHI,; to a !arge extent 
on the dq~ret' of b.tl.uwe. within tlw frl'quency range ill\·oln·<l. be
l\\l't'll tlll' imped.tnn·" of thc tl'lcphonc circuit,; and tlw impl'dances 
of tht• corn•,.,ponding b<tlaucing lll'twork,.;. T hl' usc of this halance 
rl'l.ttion is illu,;trated in tlw simplitied cirruit of Fig. '2'2 which shows 
.1 '2 '2 t}·pe rept•.ttt·r cotHH·ctt·d to make a '21-circuit halann· lest hl'l\\·t·en 
tlw "Ea:-t" line .md its l>alancing network. 

Output 
Trr~ro-~""'e .. 

Y.est 

A~'~"phl er C•rcu't 
[•st 

B~l~r"Cif"'9 
N Network 

ft~"i'.. 

Fig. 12 

Output 
Tr~nsrori'T'er 

East 

Ltne CtrCurt. 
E ast. under Test 

Tlw lint• under !t•:-t and i~,; halancing net\\·ork arc contH'Clt•d a,.; for 
normal rl'pe.tter operation. while the "\\'est" linc j,.. opt'lll'tl. Thc 
"\\'t·:-t" linc nl'lwork tennin.tl,.; arc cithcr shorted or the Jl<"twork 
ldt ronm·ctl'<l. tlw pritH"iplt- of thc ll'"t l1eing the ".anH: in l·itlwr ca"t•. 
Tlw :~-\\ inding tran"fornll'r, wlwn t'otllll'Ctcd for normal n·pt·.lter oper
ation. a' "Jwwn for tlw ''l·:a"t'' transiorml'r in Fig. '2'2. simpl~· gin·s a 
\\'hcat"tont• bridge rd.ttion, tht input of thc ''\\'t·"t" ampliftl'r lwing 
ronmTil'd to thc h;tlann·d point:- of the l•ridge. Thl' proportiton 
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of tlw c-urrent delin·red to thl' tran!->formcr from thc "Ea"'t" amplilier 
whirh gl'h to tlll' input of thl' "\\'est" amplificr depcnds, thcrdorc, on 
tlw dcgn'l' of hridge htlanre furnishcu l1y the line under tcst and its 
n<:>twork. \\'hcn tlw :{-winrling Iransformer is opencd on thc linc side 
with l'ither thc 11l'l\\·ork terminal:-; :-.horll'd or with the nctwork c-on
ncl'h•d, as shown for tlw "\\'est" Iransformer its ac-tion is thc samc as 
a repca t ing coil. 

r\ n intcrnal path for rurrcnts whic-h may produce repcatcr "singing" 
or a sustaincd tone, is cstaulislwd if the gain of thc two amplifiers is 
just grcatcr than thc sum uf thc Iosses within thc rcpcatcr cireuit, that 
is, the Iosses through the Iransformers and any other cquipnwnt in 
the circ-uit. Theorl'ti!·ally, if thc line and nctwork \Yl'rc pcrfcctly 
balanc-cd anu thcn: wcrc no intcrnal unbalanccs in the repeatcr, it 
c-ould not be madc to sing since, due to the halance rclations of the 
"East" 3-winding transformcr, thcre would bc infinite loss from the 
outpul of thc "East" amplificr to thc input of the " \\'cst" amplificr. 
This ideal condition is, of coursc, not met with in practicc, since it is 
not practicablc to dcsign rcpcatcr circ-uits for pcrfcct balancc or to 
construct artificial nctworks which will cxactly balanc-e the wurking 
lincs at all frequencics in\'oh·cd. Thc amplific-atiun which ean bc 
ohtaincd in any inst<11H'C 'Yithout singing, thcn dcpcnds to a largl' 
cxtcnt on thc balancc hctween thc lines and nctworks. In thc test 
circuit slwwn in Fig. 22 the gains of the two amplifier clcmcnts arc 
increascd until singing or a sustained tone is ousernc>u anu thc total 
gain required for this gi,·es an inuication of thc halance bctwccn thc 
"East" linc anu its halancing nctwork. i n thc same way thc balancc 
uetwccn the "\\ 'cst" linc and its network c-an !Je dctcrmincd hy con
llCC'ting this in thc regtdar way to thc " \\'cst" :3-winding transformcr 
and disconnccting thc "East" line. l n making thc tcsts in cithcr 
dircction thc "poling" of the rcpcatcr rircuit is rcn·r~ed in oruer to 
gi\'c tlw lowc~t ,·alue of singing point which might occur undcr scn·iec 
ronditions. 

ln practin· the tl'sls descril1ed ahon· han· hcconw of considcrahll' 
u~e and imporLIIH'l' in the installation and mainh'nalH'l' of telephonc 
rcpcah·rs and the circuits as,;oci;ltcd with tlll'm. ?\ lethods are ;n·ail
ahlc for romputing the estinuted singing point~ which circuits and 
l'(jllipmcnt should giYe with tdephonl' repeaters unde1 opcrating nm
ditions. These c-omput;llions ;lllm\· toll c-ircuits and equipment to hc 
engincercd intclligcntly with l'l'sJwrt to the gains whieh thc repeall'rs 
may !Je cxpcctcd to gin· with good quality. .·\fter insLtlbtion, the 
21-circuit tcsts furnish a means for checking comJHitl'd or estimated 
singing points. \\'hen the cstimated singing points cannot hc obtaineu 

t.t 

Jen 

~I 

1n1 
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with the :.!1-cirntil lt'"'"· this is .111 indic.ttion ol h.d.tnct· lroul•lt· which 
tnust hc lot'.ttt·d eilher l•y .111 inspt•clion of lhe citcuits or h.tl.utcinJ:> 
t·quipmt·nt ur hy n· .... rting lo in1pecl.uwt· llll'asttrt·mt•nts .ts descrill('d 
prt'\ iou .. ly . 

. \nolher ml'llwcl oi cletermining impl'llattce irregul.trities which 
i-. m.tdt· ust• of in ,.;omt· of tlw l.1rgt•r ollin·s is to mcasure tlll' trans
mi .. sion lo .... 1hrough the :~-winding tr.lllsfornll'r wi1h lhe lincs and 
nl'lworks connt·cted .t;; for norrn.d repeater operation. ,\s statt·d 
prt·,·iously 1 he lo",; 1 hrough 1 he transfornwr tu curn·tlls f rom the 
output of ont· .unplilier lo the input of the otlwr gi\'!?s a mcasurc of 
1he h.tl.liH't• conditions of the line and network, lhc loss increasing as 
1lw h.tl.tnce bt•comt•s mort· perfect. By this schcmc tlw Iosses lhrough 
1he :3-winding tr.msformers can l•t' nwasuretl m·c1 a rangc of frcquencic,.; 
as in linc imped.mn· measurcmcn ts and a lo,.;s cun·c ohlained which 
c.tn he used to localc irregubrities in thC' samc manner as dcscril•ed 
for line impedanCt' cun·t·s. 

Transmission Ejlicimcy .\[casurcmcn/s. l f all or a part of thc ll'~ts 
alrt·atly descrilwd wen· applicd to thc \·arious transmis,.;ion circuits 
in 1he tl'lephone plant, most trouhles which might l'ITcct specdt 
Iransmission cnuld be dell'cted and assurance gin·n th.tt the circuits 
\H'rc propt·rly insl.tlled. ~uch a procedure would !Je cosll~· and im
pt.tctic.tble and for this rcason it is m·cessary that means bc prO\·idt·d 
whcteby a nwasuremt'lll of a circuit's dficicncy for thc transmi .. -
sion of ,·oin• currcnts can be quickly madc. 

TllC' tr;HJ..mi,..,..ion of Yoice curren h can he mca,.;urcd in tcrms of a 
;;t,llld.trd and expn·",..ed in units in much thc sanw manncr as thc 
1 r.tnsmi,.."ion of any elect rical currl'n ts. . \ lelephonc circui t, for 
exampll'. t•xlcnding l•t·lwt·t·n any two otiices j" ... tid to ha\'t' an equi,·a
lent of :<o m.tny unib of tran,.,mi,..,.ion, the numher of llll'sc unils de
pending on thl' l'lcclric.tl char.tl'tt·ristics of 1hc compotH·nt parb of 
the cirC"uit.1 Tr.tn,.,mi",.iun mca .. url'mcnt,-, "" far as ,·olume l'l'ficicncy 
is roncerned, in\·oht• dl'tl'rmining hy means of .. uitahlt· tt•,.,ling ap· 
paratu .. the numhl'r of lr.msmi",.icm uni~:< of los,; or gain which a 
p.trticul.1r circuit or pitTt' of l'quipnwnt l'au .. t·s. :\s i1 is desircd to 
ohtain .t nll';l"!lrl' of dticiency al .1 frequency comp.tr.tblt· with tht· 
comuinl'd fn:qllt'llCit•s of thl' voin·, a freqlll'IH'Y of J,tl()() cydt•s for tht· 
testing currenl has htTn chosen whieh t'XJll'rit·nn· ha" .. lwwn gin·,., 
rl'sult;, approxim.tling fairly do"(·ly lho"t· ohtained l•y u .. ing a ('om
bination of the irt·qtu·tll'ies wi1hin lhe \'oice rangl'. :\h·a .. un·mt·nls 
can abo ue m.ttk at otlwr frl'qllenl'it·" wi1hin 1lw Yoin· range or al 

1 Sec thc articlc in this issuc, The Tr.msmission l'nit and Tdcphonc Tr.1nsmission 
Reference System>, by \\'. II. :\lartin. 
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frcqucncies oubidc of this rangc \\·lwrc desircd, for cxamplc, at ringing 
current frcquencies or carricr current frequcncics. 

Efficiency tcsts of transmittcrs and rcccin·rs prescnt a sonwwhat 
diiTcrenl pro!Jicm and for tlwsc it h,1s bccn found most conn·nient to 
makc direcl comparisons bctwccn tlw inslruments undcr tcsl and 
standard inst rumcn ts . 

.-\ discussion of tlw application of Iransmission tcsting apparatus 
in maintcnancc \\·ork for mcasuring Iosses and gains is gin·n helow. 

( I) J!ea suremen/s oj Transmissio11 Losses. l n its simplcst form a 
Iransmission nwasuring ,.;et in\·oiYL'S an arrang(·mt•nt of apparatus 
whcrcb~· a Yolume comparison can he madc hctwccn ,-oice currcnt:; 
Iransmitted on~r a circuit of unknown cfficicncy and thcn m·cr a 
standanl t·ircuit of known efficil'ncy. 

Fig. 23 

Such an ;u-rangcnwnt is illustrall'd in Fig. :2:3 in ,,-hich the anwunt 
of artilicial cablt• requircd to gin· a \·olumc of tran:-;mission cqual 
tothat obtaincd on·r the circuit underlest i,.; a nwasure of the circuit's 
cflicicncy in tcrm,.; of tlw artilicial cablc unih. Prior to tlw dcvclop
llll'lll of tlw prc,.;cnt types qf tran:-;mission mcasuring sets the arrangc
ment shown in Fig. :?:3 \\·as uscd 10 a limitcd l'\:lcnt, principally in 
making nll'asttn·nwnts on important typcs of toll circuits and in 
dl'lcnnining fundanwntal transmi,.;,.;ion data such as unit cquivalcnb, 
n·lketion losscs, l'lc. 

To nwl'l tlll' practical rcquirenwnts of lield testing work two gcncral 
types of testing apparaltts haYt' hct·n dcn:lopcd, onc in\·olving "car 
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t..d.tnn·" llH'thod,.. .tnd tht• otl~t·r ''\ i-.u.d" llll'thod;;, th.tt j,.., olll .1111 · 

plilitT .nul tlctt·t·tor .trr.tngt'lllt'lll. 
Fig. '21 ,..how,.. tlw ;;dwmatic t·ircnit <trrang•·nwnt for an t•<tr !..d

ann· tt•,..t ,..t•t .md Fig. :.!.i, th.tt ll~r .1 ,..pt l'lllploying \'i,.;ual nwthod-.. 

-. fc::::::(.~-'CJ=CJ:-•t~ 

~·~ ~ ... ·--===-' .... ~-1 
"":' .. ·-·i 

:J·l ~ . ·.·~ 

·-==--
·~ 

I •.:. 2-1 

Fig. 25 

.\ dl'-.t-ription of thi" apparatu"' and it,.; devclopnwnt h<b ht~cn !-!i' l'n 
in a papcr hy Bl',;t.~ l n hrid, onc snh,;rrihcr's :<l'l of thc cirruit in 
Fig. :?:~ ha;; hcen rt'plan·d by an o,..cillator while the otlwr ,.;uh,..rrih(·r':.; 
,..,., ha..; hn:n rl·pbrcd l•y a rt·cl'in·r and rcsi:<tanrc arrangl'fllllll in thl· 
circuit of Fig. ::?1 and hy an arnplilil·r and dctertor in tlw circuit of 
Fig. :.?:1. The artificial rahle of Fig. :..!:~ has abo lwen replaccd hy dj,... 
tortionle:-,.; n·,.;i;;tann· network standards in Figs. ~I and :.?.-.. \'ariou,.; 
rl'si,.tancc:.; and coil,; an· also pn•,·idcd to meet practil'al ll·,..ting rc
quin·mcnt,.; ,..twh as adju,;ting tlw nwasuring rurrent. and n·d1wing 
rctlcrtion lt ,,..,.c,.;. 

For licld te:-tin~ work. the eireuit,.; ,..lwwn in Figs. :.? I .tnd :!.i .m· 
mountl'd in eompact form in port.thh· l•nXl'" whieh Clll he n·adily 
carricd frnm oftin· to offirc or wlwren·r rl'quircd. l'ort.thl·· o,..cill.ttor,.; 
for ,.;upplying thc rnt'<bllring curn·nt an: also pro\·idt·d ,;o th.tt rom-

' F. II. B('st, Jour . • 1. /. E. /·:., \'ol. XLIII, :'\o. 2., F .. h., 1'>2-1. 
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pletc testing equipmcnt j,; ;l\·ailabll:, by means of which , a ]arge 
volumc of tran:-;mi:-;,.;ion tcsting in central offices and pri,·atc hranch 
exchanges can he dune in tlw mo,.;t con\·enient nwnnL•r. Tests using 
the,.;e in,.;trumcnts can he made as rcadily on thc transmi:-;sion circuits 
in machine switching oflin·s of hoth the step hy stcp and pancl typcs as 
in manual ot1ice!'i. Tlll' ear balance !'iCt of Fig. ~· I require:-; no ex
ternal sourcc of direct current power and only a threc dry cell hattery 
i:-; requircd for opcrating- thc o:-;cillator. lt is, thercforc, used to the 
he:-;t ad\'antaRe in tcsting pri,·atc branch exchange !'iWitchhoanb and 
magtwto :-\\·itchhoards whcrc thc pmn:r nccc,;sary to opcrate Yi:-;ual 
type:- of !'i<'IS is not rcadily a\'ailahle. 

Th<' yj:-;ual type of set of Fig. ~.i i:-; particularly :-;uitcd for te:-;ting 
in tht• !arger common hattery central ol'ficcs sincc it permits measurc
mL·nts to hc made morc (jllickly and accura tely t han in thc ca,.;c uf thc 

Fig. 26 

t·ar halanc<· ,.;ct:-;. The:-;c larRcr ofiiccs also ha\·c rcadily a\·ailahlc 
tlw ~·I-volt hatteries required tn opcratc thc \·i,;ual rcadinR sets. 
Fig. 211 :-.hows a pictme of one of thc btc,.;t l)'JlL'S of portahlc ,·isual 
rcading mcasurinR "cts, set up ready for operation at a ccntral officc 
switchhnard pnsition. 



ri.I:CI/a(./1. /LSFS .1.\'ll 1"1/FII< .1/'I'UC.IT/0.\'S .lR.I 

ln order to ~in· .1 gcner.d picturc of tht• kiud,.; of trouhl,· fouud \\ith 
thi" tr.tn,..mi,..,..ion tt•,.;ting equipnH·nt tlw followiug tahlc -.ho\\,..,1 trouhh: 
rb,..,..itit·ation which j,.; p.nticubrly u,..cful in analyziug tl'-.tiug n·,..ulh 
;111d in,.;tig;ttiug any requirl.·d rl'llll'di.d uwa,..un·,.;. 

ClassUimlion of Troublr·s Found 

l'hy,..ical deft·ct,.;. 
( lpl'll,... 

Crounlb. 

('n•""''"· 
Cut Out,;. 
Electrieal ddect,.;. 
l ncorrect wiring. 

\ \ "rong type of t·quipuwnt or 
cirntit. 

:\l i,..,..ing t·quipnwnt. 
II igh rt'"i,.;taun·. 
Low in,.;ubtion. 
\\"rong routing. 
Bridged conductor,;. 

The al>o\e cla,.;,.;ilication inclwll·,.. all of thc common type,; of trouhlt•s 
which. if not kept out of thc plant. will he detrinwntal to ,.;en·ice. 
T ht.• item oi phy,.;ic·al defech is a da,..,; of trouhlt> which i,.. not de
termined directly hy trarbmi,.;,.;ion test,.; hut i,.; di,.;con·red hy the 
m;tintcnancc forn:s dming thc coursc of their testing work. l t rcp
rcsents any lllbilti,.;factory conditions found in thc circuits \\·hich, 
whilc not cat~,.;ing trouhlc at the time, rnay H·ry likely do so later and 
,.;hould. thcreforc. hc corrl.·ctt·cl. The ncxt four kinds of trouhlc ,.;hown 
in the t,thle Yiz: opens, grountls, crosse,.; and cut-outs whilc clctectcd 
l•y transmis,.;ion te,.;ts can al,.;o he found and clearcd hy the en·ry
day maintenancc wnrk without the u,..,. of transmi,.."ion te,.;ting ap
paratii'i. The remaining da,.;,..e,.; of trouhle li,.;ted can, it ha,.; Ileen found. 
ht.• detectC'd and eliminated most dticit·ntly hy tlw u"e of tran,..mi,..,..ion 
tt•,..ting "l·t,.;. ( 'l,t",..ifying trouhles and identifying them with the 
important circuih in thc exchange area plant ,.;uch a,.; conl circuit,.., 
oper.Hor"· circuits. trunks. ctc., ha,.; pro\·t·d n·ry \·;tluahlc in tralb
mi,..,..ion maintenance work. Tlw rl'sult,.; of tlw work whcn an.tlyzt·d 

in thi" way arc a n·ry grl'at aid in "upen·i..;ion and """ist materially 
in kt·t·ping thl· plant in good condition. 

Tht· \·i,..u.d readiug circuit of Fig. 2.i i" ,tl,.... dl·,.igJwd in a form 
ior pc:rrnanent irbtallation particularly for U=-<' in testing toll circuit,.. . 
. \ pictme of a typic.tl installation of OIH' oi tlw latl'"t typt•,. of "l'h 
.1nd it,.. a,..,..ociall·d o,..cillator i,. ,..hown in Fig. 21. 

Frnm Jtl to .-.u ilhtrunwnh nf the genc·r;d typt· "hown in tht· pictun· 
are IJOW locttcd at irnportant toll n·nter,.. throughout tht• cutmtry. 
They .trc coibtantly thccl to l'hcck the on·r.tll trarbrni,..sion efticiC'nl'y 
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of toll circuits and in locating a nd dcaring any Iransmission trouhlcs 
which occur in ,.;en·icc·. Tests arc madc cither hy Ioopin g two circuits 
Iogether a t thc di,.;tant tcrminals and mcasuring the loop loss or by 
testing singlc circuits stra ight -away ht'lwccn toll n·nter,.; cquipped 
\\ ith mcasurin g instrunwnts of this type. 

In gcneral, Iransmission testing apparatus quickly locates kinds of 
trouhles which cannot hc readily de tectcd hy otlwr routine te,.;ting 
nll't hods. Transmission IL'sts also sern• as a mca ns for checki ng 

FiJ.":. :!.i 

g(' llNal maintenance conditions and for insuring that otlwr routitH' 
tc:-ting work is carried on in an l'ITcctin· mann<·r. 

. \ s an illustration of tlw !'IT!'ct of sonH· of the kinds of trouhlcs 
which transmi:-sion t<•s ts dct<Tt, Fig. 2l'- shows tlll' Iransmission circuit 
arrang<'nH·nt for a typica l toll conlll'Ction and hclow Iransmission 
leY<·I dia~rams are ~i\'(·11 for tlw normal transmis,.;ion condition a nd for 
<"<HI<Iitio;Js wlwn· <:o mnwn kinds of trouhles are prcscnt. The ll'\'1'1 
diagrams :-how how tiH· normal on·rall transmis:-ion I'<Jlli\·all'nt is 
in('n ·as!'d wlwn otw or a numl•l'r of tran,.;mi,.;sion trouhl!'s arl' present 
in tlll' \·arious cin·uit,.; goi ng to makl' up the <'onncction hetWl'l'll suh
scr ihers. ,\ s indica tcd SOilll' troul lies arc niore :-c\'l'rt' t hau ot hcrs, 
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hut any oi tlwm tend to produn· comlitil)ns which may be \"cry 
detrimcntal to Sl'f\·ice. Thesl' diagrams illustrate thcrcforc, how 
important it is to maintain tlw telephonc plant so that trouhles of this 
nature \Yill not J,c pre,.;ent. 

(:2) .1/easuremen/s of Trans111ission Gains. The transmis~ion gai ns 
oi amplilier circuih ,1re nll'a~urcd in much the sanw way as trans
mis,.;ion lo~ses. .\ gain may hc l"llllsidered ;t,.; a negatin· lo~,.; and is 
expre,.;sl'd in the ~otiiiL' tratbnli,.;,.;ion unit,.;. ln nwa,.;uring tlw gains 
of ampliticr circuits designcd fllr two \\·ay opvration, it is m·ccssary 
to pro\"idc tlw proper halancing condition,.; in onler to prcn·nt "~ing·
ing." This i~ donc hy colllll'Cting tlw ampliliL·r circuit l,ctween two 
artilicial lines oi thc proper impedances and IKdancing tlw,.;e lincs hy 
nctworks. The simpll'st measuring cirruit now in use con~i~ts of an 
arrangcment wlwrehy thc H'JWater or amplifier undcr tcst is nm
nccted hct\H't'n two artificial lines with halancing networks aml tonc 
is suppl ied hy an oscillator at tlw terminal of onc linc while the termi
nal of tlw otlwr linc is cquipped with a recein·r and a nwasuring shunt 
calihratcd in transmi,.;sion units. The repeatt·r and tlw shunt a re 
thcn altl'rnately cut in and <Hit of the eircuit and the ,.;hunt adjusted 
until equal \·olllllll' of tone i-< ohsern·d in the recciYL•r, for which 
cond ition tlw sh unt reading gin·s tlw gain of the repeater. 

.\ ,·isual nwthod for nwasuring rqwatn gains i,; pnl\·ilh·d hy ,;ul>
"tituting an ampliticr dl'tt'ctor circuit for the slwnt aml nTein·r. 
This j,.; es,.;entially what j,; donein the tratl:-'nti,.;~ion Jllt'asuring circuit 
~hown in Fig. 2;i. The type of ,;d de~igned fnr permanent installa
tion whieh t'lllploys this circuit is arranged sn that amplifier gain,.; 
up to about 20 Tl' can he nwasured \\·hC'n a repeater i,; conneeted 
in rlace of tlw lim·s under test and the nece,;sary repeatt'r habncing 
requirenwnts takcn care of. The gains of r<'pcatt·rs connl'l'lL'd in 
toll circu ih are ofll'n clwcked in this \\·ay \\·hcn on·rall tran,.;mission 
test,.; arc madc on these circuit,.;. 

To nwct practical ll•,.,ting n•quirt'nwnts at the largt•r rq>eater and 
l'arrier stations where a ron,;idcral•le amount of gain te,;ting \\·ork j,.. 

done. a \"i,.,ual n·ading nll'asuring ,;et esperially de,.;ignt'd for t<·:-ting 
amplifier gains has l>cen dcq·lopt'd. Tlw measuring circuit employt•d 
in this gain testing sl'l· ha,.; Ileen desrrihed.~ The equipmcnt going 
to makc up the,;e ,.,ct,.;, thal is, the measuring shunts. artilieial lines, 
;11nplilit'r,;, mctt' r,;, dc., is mount( ·d in \nmpact form on standanl 
panels which can Iw installl'd at t'onn~nicnt locations twar repl'<lll'r 
;!IId carril'r (•quipnwnt. .\ pand mounted 1,000 cyde o,.;cillator is al,;o 

• ,\. ll. Clark, Bdl System Talwiw l Journal, \'olunw II. :\c>. I, Janu,try, t«J23. 
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prm·ided to -.uppl} IIIC;t,.urin~o: curn·nt, ,dthough otlwr t~ pt·s of o-.cil
l.itor-. gi\ ing tlw lll'l't'""·try ontput .tnd proper wan· -.hapt.• can bt.· tht·cl 
if dl'~in·d. 

ln practin·, it i" net.Ts,;,try to m.dnt.tin tlw gains of the .nnplilier,; 
in rt'()('.tter ,111d c.trrier circuih to fair ly close Iimits ,.inf'e tlw,;t.' ampli
lier~ form .111 intt·~r.d p.trt of toll cirrnits. :\ lea,;urC'ments of gain,; 
.tre ,tJ._o m.tck in connection with tht.• 21 rirru it halann· ~t-,;t-. pn·,·i
ou~l~ dt·~nilwd. .\nother import.tnt application of gain tt.•,.,t-. is to 
dwck the g.tin fn·qut.•nt.·y ch.tr.tclt.•ri,.:.tic,.; of rcpe;tkrs to dt.•termirw 
th.tt .dl ircquencit•s \\ithin tlw \·nie<· r.tngl' an· lll.·ing protwrly ampli
lit'll. By \·arying tlw lilanwnt eurrent l'etwt.•t.•n Iimit,;, a lt.•,.;t of tlw 
\,11'1111111 tnlll.·,.; for lilament aeti,·ity i>- ohtained hy gain mt•a,.;nn·nH·nt,.;. 

~;{ .\hasuremt'lt/s (lf Trallsmil/er 1111d Rt•cei<·cr E(ficiencies. Tr;nh
mitter:- and recein·r,.; .trc ll,..t·d in tlw telephone plant prineipally in 
PJll.'ratnr,..' ,..l'l,.. .llld ,.;ub:;criher,..' :-eh. ln the former, thc tran,..mitters, 
rl'et·in·r,; and opt:rator-.' circuit,.. arl' rcad ily availahle to tlw main
tt.·n.tnn· forn•,.. .tntl therdore ctn he in,;pertetl and tc,..ted in a rorrt irw 
ntantwr. ln tlw ,·a;;e of ,;uhscribcr< set:-, hlJ\n•n.·r, tiH' t.·quipmcnt 
in st.·n·ice j,;. not ,1\Tt•,;,.ihle ;tnd IC',..ts mu,;.t he made nn tlw in,.trumt•nts 

lx·fore in--t;dl.ttion or ;tt time,; '' lwn tlwy arc n·mon·tl frnm sen·ice. 
Talking t1·:-ts \an also hc m;tde frnm the instruments at tiiC' time 
in.-tall.ttions an' m.ull' anri any particnlarh- unsatisfa\tory l'nnditions 
found in thi,; way. 

Tht.• dilticultiC'.; incident to lt•:-ting tralblllitter,; and rl'n·in·r;; an· 
dut· to the iact that in trathmittcrs, thc cfticiency depends on the 
.thility to ''"nvert ,..ound ('!lergy into electrical t.•ncrgy and in rl'n:in·rs, 
tlw .thility to con\erl l'l<·ctrir;ll t.•nerg-y into ;;ound cnergy. Oh,·iously, 
.1 :-impll' form of tr.lllsmitter lt.•,..t and one which has until recently 
l)(·t.·n gl'rlt'r,dly u,.,,.d i.- to talk alh·rnatl'ly into tht.• tr;111smit tC'r tlltdcr 
ll'~t and tlwn into a st~ndanl tralbmitter and oiJ,;cn·c tht· ditTcretH'C 
in ,·olum,·~ .lt a ren·i,·ing "<'I. l n thc same manrwr, a ,..implt.· ren·in·r 
11·~1 i~ to li--ten altt'rnately to a re1·cin·r nndl'r te:-1 and tlwn to a 
~t.tnd,ml rl'cein·r nmnected to a t.tlking -.tatinn. T hi,; nwthod i:
~lm' anti al~o of limitetl acruracy tltll' to inhen·nt rhangl',; in a "lll';tk
o·r',. \"llice anti to thf' po:-:-ihility of the di:-tann· of the :-peakl'r',.. lip:
fr"m the tran,..mitter ,·arying. To takc tlw placc of thi:- nwthod 
tr.tn,..mittt.·r .tnd ren·in·r tp,;ting machin''" ha\·e hecn dC'\·t·loped which 
"ill he dl'-.criht.·d in a papcr to Iw pnhli:-lwd l<tter. 

( lscillalnrs. l'r.tctically all alt<·rnating ntrrt.·nt tt.•:-ting work requin·~ 
tlw pro,·i:-ion of an t.·xtern.tl ,..ource of nwa,..uring current. For thi,., 
purp1>"l' osrillatnr:- of variou:- typt'" han· heen dt·\·t·lojwd \\ hich .tn· 
de.:.ignl'd l'll'rtric.tlly anrl nwrhanically to llll't'l ,·,triou.- ll'~t circnit 
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requirenwnts as to waYc shapc, Yolumc of current , etc. One of the 
earlie~t forms of o~cillators known as thc ''substation hmYler" wa~ 
made hy coupling the reccin·r and transmittcr of a ~uhscriher's set 
lugether mechanically and taking- off thc alternating current gcner
atecl l1y mcans of an induction coil in thc hnwling- circuit. This typ~· 
of oscillator, which was subject to !arge variations in \·olunw and 
producccl a vcry poor waYe form , has IHJ\\' been replaced !Jy othcr and 
improYecl typcs. 

Oscillators now in use in thc ficld can IJl' di,·ided into thrce gencral 
classcs, thosc employing ,·ihrators, thosc employing motor gencrator 
equipmcnt and thosc employing \'acuum tubcs. The principlcs of 
thcse oscillators arc brictiy descrihcd helnw by considcring nne com
mcrcial type in each class: 

(1) Oscillators Employing Vibrators. Fig. :2D ~hows thc circuit 
a rrangcmcnt of an oscillator of this type which is designed for pw
ducing a singlc frequency alternating currcnt. 

~" [ 
Fig. 29 

Thc current gcnerating clement con~ists of a meta! reed R, re~ting 
aga inst the diaphragm as~ociated with thc carbon button C. Thc 
rcccin·r spools J/, arc ~o arranged that when they arc cnergizcd hy 
thc battery an attracti\·c forcc is cxcrtcd upon thc recd \\·hich draw~ 
it away from thc carhon huttnn. This action dccrca~e~ thc prcs~urc 
in thc carhon hutton with a corrc~ponding decreasc in thc current 
from the battery. which in turn decreases thc attr,wt in• furcc nf tlw 
recein·r so that thc pressurc of thl• recd against thc carhon hutton is 
again increased. This cyclc of changc in currcnt a nd prcssure is 
rcpeated at the natural frequency of Yihration of thc recd so long as 
dircct current tlows from the hattery. The altcrnating currents sct 
up 'n this way arc passed through a circuit resonant at thc natural 
period of \·ihration o f thc reecl, therehy gi\·ing a curn•nt of good wa\·c 
form. 

Thi,.; partindar form of Yihrator oscillator is ust·d principally in 
transmission testin g work wlwr!' portahl<· "1·ar halance" methods 
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.ar•· t•mployt·tl. lt ma~·. ho\\t'\t'f. Iw ll,..t·d lor otllt'r kintl-. ol lllt',bllrt 
lllt'lll-. \\ ht·rt· ,..iuglt• irl'qllt'lll'Y currl'nh oi l.airly gootl w.an• form .arl' 
rl'quirt·d. I hlll'r lorms oi \·il>rator ""cilbtors ,arc a\·aiLd•lt•, p.lr
tind.Jrl~ for u-.e in t\lp;wity .llld cap.1rity unl•.dann· te"h ,\lld no,_,.;. 
t.dk ,\IId noi,..t• tc-.h. 

(:!I (Jgil/tZiors l~mployi11g Jfol1•r Gnu·ralor l~quipmclll. Thi,.. typt· 
oi o,..cill.itor is illu-.tratl'd hy ordin.ary ringiug and trouhlt· tollt' ma
chim·,.. .111d tlw low irl'IJllt'lll'Y altt·rn.lling t·mn·uts gelll·rated ~~~· tht·,..t· 
1\l,ll'hiues .tn· oiten u,..ed in lt·,..thoard work. T he cirntit for an <bt·il
l.awr of thi,.. 1~ pe. p.1rtintlarly desigm·d fnr producing 1.000-cydl' 
.dternating t'llrrcnt '' ith good wan· iorm, is ,..howu in Fig. :~o. 

AC Output 

Fi~-: .. \11 

In this cireuit thc lit'ltl of an eknmmagnet is \·aried hy a laminatl'd 
t·on· or rotur rl·,..emhling a ,;pur gear dri\·l·n hy a ,..mall :.?.t-\·olt d.l'. 
motor. The ,;pn'<.l oi tlw mntor i,- automatically regulatl'd and tlll' 
l'll'l'tromagnl't anti rotor ,;n ck,..igncd t hat a 1 ,000-t·~TIC' ntrrl'nt j,; 

getlt'r.ltl'tl. IJ.Jrmonic,.. which an· inlwrcnt in tlw o,..cillator an· 
l'liminatl'd by the u,..t· of a tilter. This oscillator can hl' opt·ratt·ci on 
tlw rl'gul.lr :! l-\·olt ccntr;d ofticC' l•.1ttcry and i,; t·ompactly Illtllllltcd 
to nukc it readily portahlc. lt j,., particularl~· adaptahle, therdore. 
for ,.,upplying tlw nwa-.uring current required lt> opcrate p:Jrtahll' 
vi,..ual 1 raibmis,;ion nwa,;uring ,..t•h anti i,; now guwrally lbcd for 
thi,.. purptN' in the telephone plant. 

1:~1 Osrillalors F.mployillf!, l'aruum Tuhcs. Fig. :q show,.; tlll' ,..im
plilit·tl circuit arrangenwnt of a ,·acuum tul•c oseillator. 

The o,..cili.Hing ,·acuum tuhe in thi" gl'nerator ha,.. it,; platt· anti grid 
inductin·ly connl'cted together in <I tunl'd circuit. ( 'lo,..ing tlw tila
nll'nt h.attery cirt'uit ~tart,; thi,; tul•t· o,;cillating. tht· freqlll'IIl'Y of the 
,.,..t·illation-. heing C'nntrolled l>y the intlut'tance of tlw platt• .l!ld gritl 
t·ouplin~..; and the ,·;tri.tble conden-.l·r C. Tht· currt·nt thu" ~..;t·neratt·d 

i-. .unplilieol hy otlll'r ,·,H·uum tuht•,.. lt• the ,·alue,; whil'h ;an• n·quin·d 
in tht• .dternating current tt·"ting \\ork. Tlll' rirrnit of Fig. :~1 ,.,)10\\" 
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<~nly onc amplifying vacuum tuht·, but additional arnplilier:-; may l•t· 
addeu to mct·t thc rt·quircnwnts of particular kimb 11f tt-:-;ting- work. 
Onc of thc latcst forms of oscillaturs of this t)'Pl' is shuwn in Fig. :?I 
!"et up for usc with Ulll' of tlw permanent typcs of Iransmission mcas
uring sets. 

\ 'acuum tul)(' oscillators ha,·c })('Cll den·lopcd \\·hich will generate 
nwasuring currents of any dcsircd frcf!ucncy within thc range of 100 
c-ycllos to 50,000 cyclcs, thus c-o\·cring both the ,·oire and carrit•r 

Fig-. 31 

rangt•. These oscillators ha\·c hecomc indispensable in te,.,ting and 
maintenan(·e work. Thcy arc u:-;cd l'Xtcnsi,·cly in making both singlc 
frequcncy transmission tt·sts and Iransmission loss and gain tt•,..ts 
within tlw rangt• of frcqucncics mcntioned abm·c. Tlwy arc al,..o 
uscd in making linc impcdancc and impcdance unbabncc tests and 
in dctcnnining thc characteristirs of tclephonc repcatcr and carrier 
circuits. 

Sprrific .-I pplicalions of I~latrical Tcsli11g Jlethods. In dcscrilling 
the various clectrical tc,;ts aho\·e, con,;i<INable ha,; bccn said rcgarding 
thc applications which arc madc of tlwm tu in,;ure ,;atisfactory tcle

phone transmission. ln onler to gi\·c an o\·crall picturc of thc,.,c 
applications thc toll conlll'Ction for which Iransmission len·l diagrams 
arc gin·n in Fig. 2S, is shown in simplificu form in Fig. :3:~. with various 
tests listcd unuerneath thc different scctions of the circuit Iayout. 
( >nly the st·ctions of thc cirnrit making up the fir,;t part of tlw con
lll'Ction are slwwn sincc corrcspnnding testswill apply to thc circuits 
making up the sccoml. 

The l<'sts listccl in Fig. :~2 arenot intcnJcd to gin· a ll'sting program 
hut rather to show thc vari<nls dcctrical tcsting means which an· 
a\·ailahle for usc in installation aml maintenance \\·ork. Just what 
ll'SIS should Iw made, thc frequcncy of making tlw tcst,; anu thc 
Iimits to work to, to insurt• a high grade of tr;li1SIIli,.,sion depcnd on 
thc types uf circuits and equipmcnt involvt·d and their r('lativc im-
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portann: in thc ~r~tcm < t ~ a wholc . Thc~c mattcrs are co\·cred in 
routinc instmctions which a rc de, ·elopcd hy cxperiencc and which 
takc into account local condition~ and scn·icc requircmcnts. 

In conclu~ion, it may oe statcd that tek•phonc systcms in their 
pres\·nt developmcnt han· at tlwir disposal means for carrying on an 

adcquatc transmis~ion maintcnancc program in an economicalmanner. 
Furthcrmorc, studit·s and trial:-; of nc\\" mcthods arc continually 
Lcing carricd on with a \'ie\\· to ohtaining further impron•ments 
and increa~ed \'Conomic~ in transmission tt•sting and maintenance 
work. 



A Genera lization of the R eciproca l Theorem 
ßy jOHN R. CARSON 

T l I E Reciproc;JI rlworem. an intere:-ting and l''lrenwly im
port.llll rebtion oi \\ ide .q>plicahility, \\ hich \\as discon·recl hy 

Lord R.1ylei>:h. is ,..t,lted hy him in the langnage oi clectric cin·nit 
theor~ .1s follm\ ,..: 

"Ld there hc two circnits of insnlated \\ irc :\ and B. and in tlwir 
ncighhorhood .111y nHnhination of wire circuits or solid conchwtors 
in commnnication \\ ith condl·n,..l·rs. .\ periodic l'lectromotin· forre 
in tlw circnit .\ will gin~ ri"l' to the samc cnrrcnt in B as wonld hc 
l''\l"itcd in .\ if tlw ell·ctromoti\·e forcc opcrated in B." 1 

Bdore pn>n'l'tling with thc generalization which is the suhjcct of 
this papcr, Raylcigh's tlworcm, in tlw iollowing mmlificd form, will 
tirst II\.• st.ltcd and pron·d: 

I. Let a sei c~f clntromotit·e forces J'•' .... 1·"•' a/1 4 the SUIIIC frc
que/1<"_\', adin~ iu lht' 11 brauelies of an inmriablc uclwork, produce a 
curre111 distrrbution I 1' ...• I,.'. aud 11'1 a saond sei of clatromoli;•e 
foras I"•" 0 0 0 0 r." of thc SCI/111' frcqllt'/1(_\' prndua a saond Cl/rrenl 
distrih11tinn I 1" • I,.''. Thl"n 

" " ~ I~' I/'= 2: lj"I;'. ( I ) 
I j=l 

To pron· thi-.. theorem \\'l' ,..tart with tlw t•qnations oi thc lll'twork 

" 
~z,ki k = r,. j=l.'2 .... 11, ! '2 1 

k l 

.111d oh,..l·rn· that. pro\·ided tlw nctwork is in\·ariablc, contains lH> 
intl'rn<JI sm1rn· of l'llcrgy or unil.1ll'ral deYicc, and pro\·ided that the 
.q>plil·d clectronwti\·c fon·cs 1·1 ••• l'. are all of the sa me frcquency, 
s.1y "-' :2;;, tlw mutn.d imped.1nn·-. -.atisfy thc reciprocal rdations 
z,k=Z.,. Consequcntly if ('.?l i-. soln·d for tlw currl'll(S, \\'l' get 

I,= ~A ,k 1·k. 
k~l 

j= I, '2 0 0 0 II, 

and the col'll"H·ienh al,..o ohey the rccipnwal rebtions .l,k=•lkr 

:\ow con ... idl'r two indl'pl'ndent and arbitrary -.l·t-. of l'qni-periodic 
.lpplil'd ell'("lfOllllltin• forn•..,, 1•1• .... 1•.' and 1•1" .... 1".": then 

1 R.tylt·igh, Thcory of Sound, \"ol. I, p. 155. 
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in ac<-·o rdancc with \a), the cor rl'sp :mdin g- distrihution s of net work 
currents / 1' .... I.' and /1" ... . ! "" arc gin·n ll\· 

" 1/ = ~Aik 1'k· , j= I.~ ... II, ( -I ) 
k= l 

" 1/' = ~ .. J.ik l'k". 
k=i 

;\uw form thc procluct ~um 1.1'/'1/: by mcansof (-1 ) it is ca'-'y to 
show that, since A jk= Akj, 

~1'·"/ -'- ~~I· ( 1'-'1' "+ 1'-'' 1'-')- ""' 1··1'-' 1'-'' ~ J ) - ~ ~· ;k J k J } ~ .. JJ J J • 
j=l j=!k=! 

Sincc this is symmetrical in the two scts of applied fon·es 1't' .... 1'"' 
and I '1" ••• • 1'"", it foliows at oncc that 

~ Fj" 1/ = ~ 1}' 1/'. 

which pro\"cs the thcorcm . 
.:\o\\· if wc a nalyzc thc forcgoing- proof it i~ secn to dcpcncl on the 

assumption, first that thc nctwork can bc dcsc-ribcd in terms of a »L't 

of simultaneaus equations with constant c-oeffic-it:>nts, and sccondiy 
on thc rcciprocal relation in tlw coeflicients, Zik= Zki· in othcr 
words, it is assumed that thc currents llow in linear, ill\·ariablc c-ir
cu its, ancl that thc sy::;tcm is what is calicd qttasi-stationary.2 \ \ 'hat 
this means isthat the nctwork rnay hc trC'atcd as a clynamicai system 
<.~cfined by 11 coonlinatcs, thc 11 currcnts / 1 ••• • 1" bC'ing the \'eioci
ties of thc 11 coordinatcs. l\lore prcciscly statcd, thc undcriying 
assumption is that thc magnctic encrgy, the clcctric energ-y, and tll(' 
dissipation function can hl' expresscd as homogl'lll'Otls quadratic 
functions of the following- form 

r = ~ ~ 2,. L jk l j l k, 

11' =~ ~ ~S;kQ;Qk. 11 =d dl fJi, 

a nd 

whcre thl' c-ocflic-il'nts L ,k. 5 ,ko Rik arc e"nstants. Suhject to thesc 
assumptions, which, it may bc rcmarkl'd, undC'fiie thc whole of elec-tric 
circ-uit t!lC'ory, thc dircct application of Lagrangc's cquations to tlw 
quadratic funnions T, Ir, D Ieads at oncc to thc circuit cquations ( I ) 
and thc rcciprocai relation Z jk= Zkj. This is mcrely a n·ry llrief outiinl' 
of l\ laxweii's dynamicai tlwory of quasi-stationary systems or nctworb. 

2 Set· Theoril' der Electrizitat, .\hraham u. Fopp!, \'ol. I, p. 254. 
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'\ow in 'it'\\ oi tllt' iorl'l.:oin~ ........ umption ... .and rt· ... trtt Ii"""' \\hat h 
underlic .111 tlw proois oi tlw l{ccipnwal Tlworcm, known lt• !Iw 
writt•r. it j,., hy 110 lllt'<lll'"' oll\·iou,; th.lt tlll' tht·Dn·m is ,-,did wlwn \\t 
h.t\"t' to do \\ ith curn·nt,.. in continuou,.; nwdi.t a,; weil a ... in lia11·.ar 
circuits, .md "lll'n, furthl'rmorc \\'L' h,,,.,. lt• t.tke .~ecount of radiation 
pht·nomcna. 1 The proof t•r di-.proof of thc tht·orem in tht• t•lt·ctro
mag:netic ca,..e i-;, ho\H'H'r, extrt·nwly important. Thc writt'r thcrc
inre, ntTcrs tlw fnllowing- ~t·neralizcd Reciprocal Theorem, ,;uhjt·rt to 
tlw re ... triction tH•tt>tl lll'lo\\. 

II. Lfl a dislrihulion of imprcsscd pcriodic clalric illlcnsily 
F' F' x, y, :l produa a wrrcspondin.f!. dislributioll of currm/ in
lt'IISily u ' = u x, y. :}, a11d 11'1 a sao111i dislribulioll of l'tflli-prriodl( 
imprt·ssni l'lulric illlnlsily F" = F" x, y, :) prodncc a scw111l distribulion 
~~r turrcn/ "'tensity u " = u " x. y. :), lflc" 

( (F' · u '')dv = _( F" · u ')th·, (ö) 

the ,-olumc integration h·ing cxtt·ndcd o\·cr all condueting .1nd 
dielt'ct ric medi;L F and u arc ,·cctor;; and t he exprl',;,;ion r F · u 
dcnott·:- tlw ,..c;d.ar prnduct of the two ,·ertor,;. 

Tlw only :-t•riou" n·-.triction on thc gt·m·r.dity of thi,- tllt'ort·m. a,; 

pro\'l•d lll'lo\\, j,.. that m.tgnetic m.tttl'r i" cxcluded: in other wonb it 
i-. .I,..,..Uillcd th.tt all conducring and didectric mcdi.1 in thc ficld ha\·c 
unit perme.tl•ility. Thi,.. n·,..triction i-. thcorctic.llly to be rt·grctted, 
hut i-. not of :-criou"' con,..t·qm·nn· in impnrt.lnt practical application,;. 

I'ROoF OF C ;F:"FR.\LIZI·.D lü:ctPROC.\1. THEORE~t 1 

In ordt'r to pro\t' tht· gt'lll'r,llizt·d tlworem "t<ttcd ahon· it i,; 0('1"1'~

~.try to di~t".lrcl the "(li'Ci,tl a~-.umpcion oi qua,.i-,..tationary ,..y,..lt'llh 

undt·rlying- R.Lyleigh'". tht·art'nt. and ,..tart with tlw fund<~mt·ntal 

t:qu.ltion,.. of t·leccromagnetic tht·ory. Tht""l' may 111' formulalt'd "" 
follo~'·"': 

di,· B -0. 

di' E= lr.p. 

curl E = 
1 3 B II . 

curl B 

\\lll·re f j., tlw n~locity of light. 

I . , 
Ir. II + ( ?tl 1-- . 

1 Tht· t,ht-ory of quo~si.,t,ltion.try ,,-,r,·r 1 t·xpn·-sly t·xclu<l•·~ roidl,ltion 
• ln the followin\: proof it i, nt•ct ........ rn 1 .1 u rne .1 knowledge on thc (l.lrl nf tiH' 

reader of the t'lenwnts uf \'l'Ctor ;mafy,t~. the notatton ~~ th.tr t·t tplnyt•<l II\' \hr.1h.11n 
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I t will hc nuteu that there a rl' unly two tield n .'<' tor:-;, E and ß . 
in:-;tead of the usual four vcctur:-; E, D. B. II , \rhcrc D = kE and 
ß =p. l/ , and that the constants o f the medium k and p. do not cxplicitly 
appear. This formal simplilication is ciTected l,y taking- as the cmrent 
dcnsity 

II =Ti +_!_ ?._P +curl M 
r ol 

whcre Ii is th<· coJHiuctillll cmn·nt d<•nsity. P 1s tlw pulari.zation, 
Jclined a,... 

and Al i,... defined as 

\l=lp.-I B 
J -41T p. . 

Thc cquation of <ontinuity 

di\' II =- I Q P 
r ol 

tlwn det<'rmines thc charge dcnsity p. 

The advantag-c of this formulation is that E and B can 110\\' l,e 
<·xpress<'d in tcrms of the rctardcd scalar and n·etor pot e ntial,.. <I• 
and A, as follows: 

wlwrc 

E= -
1 0 tl-\,J•, 
r ol 

IJ = mrl ; \ , 

<I• = /'p(l - r f) <h·' 
• r 

The notation p(t- r f) and 11 \1- r r) indicatcs that p and 11 ;m· tak<'n 
not a t time I hut at tinw 1-r c in e\·aluating- tlw intq!,r;tls. lt will 
IJl' oh,-l·n·<·d that \\ ith p and 11 dl'l.llll'd as aluJ\'<' , all I'IT<'<ts an· Irans
mitted \\·ith thc n·locity of light, indqwnd<·ntly of tlw characl<•ristics 
of thc medium , a point of , ·i<'\\ in anonlann· \\'ith tlw mod<'rn den·lop
ment of dcctrrHua~ n<•tic tlwory . 
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ln the .q>plic;Ltinn of the prn"l'din~ t'IJU.Ltions '" nur prol•lt·nJ, it 
will J,,. ,, ... ,.,llnlt'd th.1t ,\1 i-.. t'\ t•rywlwn· Zl'rt>, so th.tt 

_ I cP 
II = 11 + . 

c ""I 

lt "ill Iw ·'""nml'd fwtlwr th.tt ü - uE anti, :-int"(' P 1.·-l E. 
Ir. 

.111d j,. tlll'refore .1 litH'..lf iunnion oi E. u and k an· in gctH·ral point 
function,; oi the lllt'dium. The rl'a,;on for :-t·tting 1\1 =0, is that it 
appear,; e:-,;l'ntial tn tlll' following proof that u shall hc lincar in E ; 
th.tt i,;. that the curn·nt dl'n,.;ity at any point Iw proportional to thc 
electric intl'n:-ity.& 

\\'ith thc forC'going ,·ery hricf re,·icw of thc fundamcntal equations, 
\H' an• now prt'parl'd to pron~ thc gcncralized rcciproca\ 1 herorcm . 
. \,.,;umi ng ;] pl'riodic ,.;tt·ady ,;tatc, ,;o that a ·a, = iw, wc start with the 
\t•ctor t·quation 

E = F - lW A - \•1• 
( 

/
'I 

: \ = 
• r 

•I>= {' 
• r 

( i' ) 

Herc F is the impressed inlcnsi/y: that is, /Ire rlcclric inlensily 7.<.•/rich 
is not dur lo the wrrrnls anti clwrgrs of /Ire sys/em ilsr~f. ;\] ;;o b~· 

,·irtut• of tht· as,.;nmption ,\1 = 0, 

( 
k-1 iw) 

u = u+ Ir. 
1 

E =>. E, 

\\hC'Ill'l' Ii') can Iw written as 

~ ll + j; f : t•xp(- j; r) II d\· = 7, 

wherc G = F - \•1>. 

• Thc qut·stion ,b to wht·thcr tht· j;!cner.tlizcd theon.-m it~t·lf, and not merely th<' 
fnn·goinj;! proof, i~ n·~trined in gener.tl 10 thc ca"" wherc .\1 i,. c\·erywhcre zcro has 
not a~ yct n'<·ei\·e<l a conclu,.in· answcr. Thcr< are r..-asons, howe\'cr, which cannot 
hc fully entered into hen·, which m;1kc it appmr probable that thc thc:orcm itself 
is in gt•neral n·,;trictccl to thc casc whcre the currcnt dcn>ity contrihutinj;! to th<' 
rct..rdcc:l v•·ctor potential i, linear in thc clcctric intensitv and thc twn n:ctors arc 
par;tllcl. SuhjL'<"l 10 thc hypothc,;is and assumptions or"fJuasi-statinnary ~vstem~. 
hmn•nr, thc re,rriction ,\1 =0 is not ncrc~sary. The writt:r hopo·s to dc;d with tht•sc 
qucstions in a future papcr. 
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Equation (.~ ) is a H'Ctor integral cquation 6 in u . The nuclcus or 

I h . (iw ) / . . . kerne of t c cquat1on, cxp - r r,1s symmctncal w1th rcspcct to any 
c 

two points (.\'•Y•=•) and (.\'2)'2.::2). thc distancc bet\\'ccn \\'hich is r. By 
,·irtuc of this symmctr~· thc following reciprocal rclation is casily 
estal>lishecl.7 

lf u ' = u ' (x,y,.:;) is u fundion sat isfyinr, l'tJIIation (. ~ ) <drm G = G' = 
G' Cx. y , .:;) a11d u" = u" (x, y, .:;) a sc·ro11d fu11rtio11 sati.~fyinr. C~ ) 7chen 
G = G'' = G'' Cx. y, .:;J, tlu:11 

l·(u ' · G")th = .(Cu"· G')<h·. (.U) 

Consequently sinn• G = F-\•l• 

,1'1 u '· F ")dv -. !'(u '' · F')< h ·=J { (u ' · \•1•")- Cu " · \•l•')dL (1 0) 

ThL· proof of thc thcor<'m is 110\\' reduced to showing that 

J ·) (u '·\<l.>'')-( u "· \'1>') :dv= O. 

:'\m,· inlegrating hy parts 

!" Cu '· pl•")d, · =- ( r)c"' div u ' ch-, 

= iw (•l>"p' (h·, 
(• 

sinn:!, from thc equations of continuity . dj,· u =- iw p. 
( 

the fundamental fidd l'f!llations: 

I 1 ., 1 (iW) ~ 1 
• rrp = - \ -•1• + ( <)> 

\\"lll'llCC 

But from 

J { (u ' · \'I• '')- u " · \'1• ') ~ ch = }rr (1~) .!' { <1>'\2'1'" - rl>'' \ 2<1>'} ch-, 

and l>y ( ;n•t·ns Tlwon:nl, the ri ght hand ,·olllllll' intL·gral j,., c•qu;d to 

the surfan· intl'gral 

1 ( iw) ;· _I •I>' 1 <I>"- •I•"- ==, •I>' ( d • .. ; 
·Irr ( • I 11 "'111 \ • ' 

t Iw surfacl' heing ;lll~ ,., uri;tn· which tot.tlly e•wlosl'S t he \·nllllliC, and 

J ? 11 dc•Jwting difft·rcnti ;ttion alung· the nor111al to thc :-urfan•. 

• Thc formul.ttion of thc r·h·t·tromagnl'ti<' lield cqualions in this form i~ of r:on
,irlt·ra lde imporlann·. The inlt'gr.tl !'t(llalion furnislws ;1 hasis fur rlt'\'elopin~ elr·r·trir 
r ircuit tlwory from thr· funrl.wtr·ntal lieh I t't(Uations. ln addition it Ieads to !Iw 
soltllion of prohlt·ms in""'··· propa~-:ation whi.-lt <'all not ht• directly soln·d from the 
wan· r·qualion it,;•·ll. 

; l't·rhap' the t·asir•,;l "·'Y luprrln' this propu~ition is lo rc~:arrl the int(·~ral t•rtua
liort as tlw Iimit of a "'I of simultant·ons l''IU<llions, a poinl o( dew whkh forms 111<' 
lla!-is of Frr·rlholm's re"·;on·hcs on intq:ral efjuations. 
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\ow ii the :-mf.tn• Iw t.tken ·'" a sphere of radius R., centcrl'U at or 
lll'.lr tlw -.y:-ll'lll, it i" l'.1-.ily shown th.tt if R is taken sutliciently br~<' 

3 •I>' = _2 •I>' = _ iw,1.'. an ('IR r 

G 1> " iw
1

., 
::>.pt( =- ( () • 

. 1nd tlw ,..nrf.•n· intq:r • .t \,11\i:-ht•-.. l'on,..t•IJLil'IItly \H' ha,·e 1':-tabli,..lll'd 
t ht• t:_Oitmli:t·d raipromf !lttort'lll 

( (u ' · F "hh = . ( u " · F')<h-. 

Tlw Rt·ciproc.d Tht·on·m I ha,; long hl't'll t•mploycd in dcctric 
circuit theory. and ha ... pron·d e-.:treml'ly usdul. .-\ s an example o f 
the pr.tctic • .t utility uf tht• gencralized theorl'm I I it may lll' remarked 
th.tt it t•nahll's u,.. to dedun· thl' tran,;mitting properlies of an antl'nna 
... y ... tt·m irom it ... ren·i,·ing propl'rtics. Tlw lattl'r may somctimL·s he 
.tpproxim.Ltely dt'<.luu·d quitt· simply, a,; in tlw C<be of thc wavc 
.lntl'nna, wlwn•a,; .1 dircct thn·on·tical dl'tl'rmination of thc formcr 
pn•-.t•nb t·nnnnnus ditlinlltie,... 



The Transmission Unit and Telephone 
Transmission Reference Systems 1 

By W. H . MART IN 

Sr~uJ•;,Js: Consideralion is given to the mcthod of dctcrmining- and 
expn·ssing thc Iransmission clliciencies of lelephone circuils and apparatus, 
and of thc dcsirablc ltualifications for a unit in which to express these cffi
cieneies. The" Iransmission unit" dcscribed in this paper has been selccted 
as bcing much more suitablc for 1his purposc under prcsent conditions than 
thc "mile of standard cablc" which has be~?n generally uscd in thc pa~t. 

rriii~ "mile of !'tandanl cal>le'' has becn \lsed in telcphone en-
J:6neering in this Co\lntry for OH!r twenty rcar!', anJ UUring that 

time has been adoptcd in uther countrics, as the unit for expre!'sing 
the transmission efficiency of tclephone c-irc-uits and apparatus. In 
the present statc of the telephone art, this unit has Ileen found, how
e\·er, to be not cntircly suitahle and it has recently been rcplac-ed in 
thc Bell System hy another unit which for thc present, at least, has 
heen cal led simply t he "transmission unit." Before considering the 
rcasons for suc-h a fundaml'ntal changc and thc relative merits of the 
t wo units, it may be \\'l'll to rcview bricfly the gcneral method of deter
mining the cflic-ienc-y of such c-irc-uits and thc apparatus assoc-iatcd 
,,·ith thcm. 

The function uf a tclephune circuit is to rcproduce at one terminal 
thc speec-h sounds which are impresscd upon it at the other terminal. 
T he input and output of the rirc-uit arc in thc form nf sound ;wd its 
efficienc-y as a Iransmission system may be cxpressed as the ratio 
of t hc sound power out put to the so und power input. For t'ommerc-ial 
c-ireuits, this rat io may hc of tlw onler of 0.01 to 0.001. 

l n thc operation of thc systcm, the soumJ power input is con
verted hy thc transmitter into ciPetrical power, whieh is Iransmitted 
un·r the line to the reeeiver and tlwrc recon\·ertcd into sound power. 
Thc l'fket uf inscrtin~ a sC'ction of linc or piecc of apparatu~ or nf 
making any change in the eircuit can hc dctcrmined in tl'rms of the 
variation which it prodttn•s in tlw ratio of the sc>ttnd power outpul 
tn tlw souncl power inpttt, or, if this lattcr is kl'pt nmstant, in tl'rms of 
tlw ratio of souncl power otttpttt after thc changl' to that ohtained 
hefore thc changl' was madC'. I t shoulcl hc 11otnl particularly thal 
tlw rhange in thc outpul power of thc systl'lll is tlw rl'al mcasure 
of the dTl'ct of any p;1rt of thc eircuit on tlw l'l1icil'ncy of the systcm 
ancl that thc ratio of tlll' power lt•a,·ing- any part to that cntl'ring it 
is not nccc:-;sarily t hc nll'asttrc of this eiTl'et. For l'xample, a pure 

1 Reprintecl from thc Journ . ..t. I. E. E., for June, 192-l. 
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re.wt.ttwe pl.unl in ,..t•ries l>c:t\\1'\'ll the tran,.;nJittl'r and th1· lint•, 111;1y 
ch.lllgt• the t~•wt•r delin·red to the line by tlu· tran,.;mith·r and IH·JH"I' 
the nutptll uf the ren·in·r, the ma(!nitude and din·1·tion of the changt· 
l>eing delt'r111ined l>y tlll' impedann· rebtions at the point of in,..t·rtion. 
TIH· r.ttio of the po\\cr lt•a\·ing !Iw reactance to that t•ntcring it i..;, 
of cour,..t•, unity, as no power is di,..sip.ued in a pure reactance. ln 
other wonb. the tran,..mi..;,..ion ctiiciency of a ny part of a eircuit eannot 
be coJbidcred solcly from the ,..tandpoint oi the ratio of outpul to 
input pow1·r for th.Jt part, or the power di,..sipated in that part, hut 
mu-.t l>t' dl'linl·d in tcnu,.; of its ctlect on thc ratio of outpul to input 
power ior tht' wholt• ,..y,..lt'lll. 

By dctermining thc l'ITect oi ,..ep;tratl'ly ilbcrting tlll' many pit,..·es of 
.tpp.tr.ttus th.tt may form part,.. of typical tckphone circuits. an indt·x 
can be cstahli,..IH'd for cach of thc...;e parts of its c!Tcct on the eftil'icnry 
of the rircuit for the conditions of which thc circuit testet! is typical. 
..;,imil.lrl)', the power di,..,..ipatcd in unit lengths of the \·arious typt•s of 
line C;tll he cktermined hy noting thc changc in power outpul of thc 
rccein·r caused hy increasing any linc by a unit length. Such indin·,.. 
of tlw transmi,.;sion efticicncit•,.; of thc \·ariou,; parts of a circuit ohvi
ously han~ many applic;ttions in dcsigning and cngi1Kering tekphonc 
circuit,... Th~c indices cou!J be takcn as thc ratins expressing tlw 
changc in thc outpul power nf thc sy";tcm. This. hmn·n·r. has cer

tain di,..arh·antages. For cxamplc, thc comoincd cffc'C't of a nttmber 
of parts would thcn hc cxprcsscd as a product of a num))('r of ratios. 
Likcwi,..t·, for thc casc of a numbcr of parts n of thc samc type in 
,..Nies, ,.;uch a,; a linc 11 miles in lcngth, the effcct would hc cxprcs,;ed as 
thc ratio for one part or onc milc of the linc, raiscd to the 11th power. 
ln many ca,..c,;, thcsc ratio~ and thc powcrs to which thcy would 
nel'd to he rai,.;cd would be such as tu makc thcir handling cumbcr
,..ome. lf. howcn·r. thc,.;c indiccs are cxprc,.;sed in tt-rm,.; of a loga
rithmic function of a ratio ,.,l'll'cted as a unit, thc sum of any numlwr 
of ::.uch indicc,.; for thc parts ni a eircuit is thc corrc,;ponding index for 
thc powt·r ratio gi,·ing thc cffcct of thc eomhinatinn of thcsc parts. 

Thc "milc of ,;tandard cahle" is ,;uch a logarithmic function of a 
power ratio. Tht· ncw unit al~n mt·cts thi~ important rcC]uircment. 

I >EFt:-..-nto:-; oF TIIE TR .\:-..-:-:o.uss to:-; 1':-..-n 

The "transmis,..ion unit'' (ahhrt·\·iatl'd TL') has ht·cn cho,.;cn so 
that two amount,.; of powl'r diffl'r hy onc tran,.;mis,;ion unit wh\'11 tlll'y 
.trc in thP ratio of 111°'1 ;tnd any (\\·o amounts of flD\\Tr di!Ter hy .\" 
units whcn they arc in thc ratio of lOs o.J. Thc nttmhl'r of trans-
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mission units corresponding to thc ratio of any twu powcrs P 1 and 
P 2 , is thcn thc common logarithm (Jogarithm to thc hasc 10) of the 
ratio P 1 'P 2, di,·idcd by 0. l. This may hc writtcn X= 10 log10 P 1 P 2• 

Sincc .Visa logarithmic function of thc power ratio, any two numbcrs 
of units, X 1 and X2, corresponding rcspcctivcly to two ratios, Pa, Pb 

Fig. 1 

and P,j Pd, may bc addcd and thc rcsu\t N 1+N2, will corrcspond 
to the product of thc ratios, Pa/ PbXP,/PJ. 

From thc abo\'c it is sccn that thc mcasurc in transmis~ion units 
of thc ratio of two amounts of power P 1 and P 2 is .V, whcrc 

In othcr words, thc transmission unit is a logarithmic mcasurc of power 
ratio and is numcrically cqual to log 10°'1• 

Thc rcasons for thc sclcction of this unit and thc mcthod of ap
plying it, can prohably bc best brought out hy a considcration of tlw 
practisc which has bccn follO\n·d in dctcrmining and cxprc.ssing thc 
cft1cicncics of telcphonc circuits and apparatus in tcrms of "miks 
of stanclard cablc." 

STA:-\D.\Rll REFERE:-\CE CtRC'l' IT 

Fig. I shows what has bl·cn dcsignatl'd thc "standanl rcfcrcncc 
circtllt. lt consisb of t wo comnwn hat l!'ry tl'lcphonc scts of thc 
type standard in tlw BPII System at tlw time this circuit was adoptcd, 
connl·cted through rqwating coils or transformcr;; to a ,·arialliC lcngth 
of "standanl cahle." This cahlc is an artificial linc h;n·ing a rcsist
ann· of ~~ ohms and a c:-apacity of 0.0;)-1 microfarad pcr loop milc 
which is rl'prest•ntatin· of thc type of tclcphonc cablc thcn gcncmlly 
uscd in t.his country. 
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For .1 c;in·n loudness of ~J)('t'ch ~oun<b l'nlt'ring thc tran~mittt·r at 
ont• end of tlw cireuit. tlw loudnt•-.s of tlw reproduccd soliJHb gin·n 
out h~· tlw n·cei\·t·r at tlw otlwr l'nd c.tn he \·aril'd hy d1<1ngin~ tlw 
.unonnt of ~t.llld.ml e.thlt• in tlw circuit. .\lso, the an1ot1nt of cable in 
the circuit c.tn ht• u-.cd to expn·-." tlll' r;ttio of tlw power of tlw re
produced "onntb to th.tt of tlw impn•s:-t•d soun<k Dul' to thc dis
,.,ip.1tinn nf ell'ctric.tl powl'r in the cahlc, this ratio and etlltsPqut·ntly 
the loudne~:- of the rl'produccd sounds ht·conw lcss as tlw amount 
ui cahle is increa,.;ed and greater as thc len~th of cablt· is dccrcascd. 

This circuit then lwcamc the measuring- or rdercncc systcm for 
l'ngineering thc tclephone plant and the "mile of st;tndanl cahlc" 
lx"Came the unit in which the nll'a:-urentt·nts were exprcsse<l. This 
rireuit w.ts used to ,.,ct thc st•rvice standanb in dcsigning and laying 
out the telcphonc pl.lnt. Thus, thc reproduction obtained O\'er this 
circuit with ,, length of cahlc of almut twcnty milcs was found suitahlc 
.md practicahlt· for lncal cxchange, that is, intra-city scn·iec, and that 
corre,.;ponding to about thirtr miles for toll or intcrcity scn·ice . 

. \ny telcphonc circuit was rated by its comparison with thc stand.ml 
circuit. Thi,.; comparison was on the hasis of a spcakcr talkin~ alter
nately o\·cr thc circuit to tK- mca,.;ured and thc standard circuit and a 
li,;tt'IH'r switching ,.;imil.trlr at the rccci,·ing end,;, thP amount of cahl<· 
in the standard circuit lwing adjustPd until thc listcncr judged thc 
v,J)ume of the souncb reproduced by thc two ::;ystcms to hc equal. Thc 
n Jmbcr of miles of cahlc in tlw standard circuit was thPn uscd as thc 
"transmission cqui\·all'nt" of the circuit under tcst. The cffPct of 
.tny ch;tngc in the circuit undt>r tt·"t on thc cl"ficiency of that circuit 
could then bc mea:>ured by dctcrminin~ the \·ariation in the amount 
of standard cablc rcquircd to makc thc sounds reprodured by the 
two sy:-<tems a~.tin <'fJll.tl and the IHJI111lt'r of milcs of standard cahlc 
required to compen>-.tte fnr thi" change wa,.; used as the indt•x of this 
dTl'ct. In this way the rdatin: efticiencies of two transmit ters or 
n·cein•r,., could he dt'termincd. Likcwise. the power dissipation pcr 
unit length or the attenuation, of thc trunk in thc circuit under test 
conld be Cf]llated to miles of :-tandard cahlc. Sincc in cach ca:-(', 
thc ;..tandard rahlc i-. u,.;ed to acljtht the \'olumc of the reproduced 
,...,und, "tht· rnilc of :-tandard t•ablc" corn•,.,pon<b to thc ratio of two 
.u11onnt:-< oi sound power, or as thi" change in sound power is pro
dueeJ hy ch.utging the power delin·red to thc tclephom• rccein·r, to a 
r.llio of two anHJllllt,.. of t·lertrical power. 

lf thc addition of a mile of ~tandard cahle to a long trunk of the 
~tand.trd circuit cau,.;es the power reaching the end of the trunk to 
dccreasc by a r.ttio r, thcn thc in:-ertion of two milc:-< will decrcase 
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thc rccci,·crl po\\"cr i.Jy a ratio of r2 of that ohta incd bdorc the t\\"tJ 
milcs wen: in,;ertcd. :\ numbcr of milc,; of cable, n, insertcd will 
rcducc tlw rccci\·cd power to a ratio r". Tim,; the power ratio cor- ,·r, 

rcsponding- to any g-in·n numher nf miles of cablc is an cxponcntial rat 

function of the ratiu corrcsponding- to onc milc, the exponcnt hcing 
t he length in milcs. Tlw lcngth in miles is, thcrcfore, a log-arithmic n• 

f u nct ion of t hc po\\·cr rat io. 
In an infinite length of uniform linc ha,·ing resistancc, inductancc, tql 

capacity anct conductance of R, L, C and G pc-r unit lcngth, the at- .\b 
tenuation a per unit lcngth, of a current of frc-quency f tlowing along rhe 

tlw line can be shcmn to bc•cqual to the real part of tlw exprcssinn 

a+j b= '/(R+j27rfL) (G+j 271"jC). 

For thc standanl cahle line, since L and G an· zcro 

anct sinn~ R=S~ ohms anri C=O.O."i-1 microfarad pl'r mile the current 
attenuation pcr mile of standard cahle is 

a =O.UmSliVJ~ 

lf J1' and I 2 ' are the currents, respectin~ly, at the beginning and 
end of a mile of line, t hcn 

Similarly if I 1 and I 2 arc thc currents, at points 1 and 2. rcspecti\"ely, 
at the l)('ginning and end of a section of /milcs 

For this ca;;c·, tlw effcct of inserting the spction of I milcs into the 
line on thc current at point 2, or at any point hcyond 2, is that tlw 
currents at t lw point l1dore and after thc insertion arc in tlw sanw 
ratio as I1 I 2• Furtlll'rmore, sinn· the impedann· of tlw line looking 
to\\"ard the rerei,·ing end is tlll' sanll' at points I and 2 (a nd at any 
othcr points), tlll'n the ratio of tlw powcrs at tiH· I\Yo points is equal 
to tlw squarc uf tlw currcnt ratio. 

Thus thc power attenuation is f!'Jlrl'Sl'llted hy 

Similarly for a line, terminated in a fixcd imJwdance which may 
hc dilll'rcnt from the characteristic impl·dance of tlw line, the ratio 
of tlw pm\·l·rs n·cl'in·d lll'forP and aftcr a ('hange in tlw l(·ngth of the 
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line i-. eqn.tl to tlw ,.,quan· of tlll' r.ttio of tlw corn·,.,ponding cnrn·nh. 
I ln tlw b,t,_i ... of thi" rel.ttion, and bt•c;111,_,. it i,., in gt·nt·ral more c·on
\"t'llil'lll to 1111\t..;un• or comp111e n1rn·nh tha11 powt•r,.., tlw c·11rn·n1 
r.1tio !1.1,., ofteil bt•t•n \1-.t·d in dett'rmining 1l11· t·qui\·ah·nt of any pit•t't· 
of .tpp.tr.llll,., or linc• in lt•rm..; of st.1nd.ml c·.1hlt·. I t ,.,hould I)(' notc·d. 
howt'\l'r, th.tt ,;uch .t cnrrent r.ttio can 111' properly ll,.,t·d as an indt•:\ 
oi tlw tr.tn,.,mi,.,,.,ion el'ticit·nn· of a p;1rt of a circuit only wlll'n it i,., 
equ.tl to tlw ,.;qu.1re root of tht· r.1tio of tlw ('ll!Tt'"(>onding powt•r,.. . 
. \( ... .,, of cour,.t•, tlll' volt.lgt• rati<~ c;111 lll' ..;imil.trly ll,.,t·d \\ lll'n it lllt't'l" 
1lll' ..... tll\1' rl'qnirl'nlt'lll. 

l.t~IIT.\TIO'S ):\ l'..;t-: OF ST.\:\1>.\RD C.\BLE ! ''IT 

.\..; h,J,.; lwl'll ,.,(wwn ahon·, tlw ;Jttt·nu;ttion, l'itlwr of current or 
p:)\\t•r, ('orrl',.;ponding to the milt• of ,..t;1ndard cahlt· i..; directly pro
portional tn tlll' sqn.trt' root of tht· freqtH·ncy of tlw current under 
nmsideralion. Thi,.; mca1b that tlll' standanl cahll' mi ll' !'orrt',.,Jlllll(b 
not only to a t'l'rtain \·olumc change in tht• rt'prodll!'l'd spl'ceh sourHb. 
hut al,.;o to a di,.,tortion change. For comparisons hl't Wl'l'n the "land
an! cahle circnil and commt·rri.tl circuits with Ia iking tl',.;ts and as 
long as mo,.;t of tht· commereial eircnit,.; had distortion comparahlc 
to that oi stand.trd cahll', this l\\o-fold l'ITI'cl of ,.,tandard cahlt• was 
de,.,ir.thle. .\t pn·-.l'nt, howen·r, many type,., of circuits art· heing 
u,.,ed which ha\e much Je,-,., di,.;tortion than ,..tandard cahll'. ,\ bo, tlw 
u,.;e of voiee tt"•ting has been largdy gin·n up in tllC' plant and it is 
rww the genl'ral practi-.e to determine the ct'tirien!'y of cireuits and 
apparatus on the ha,.;is of mt·asurement,.; and compntatiorb for singlt•
irequency currents, a correlation ha,·ing bt•t•n estahli,.,lll'd l)('tween 
tht""t' lattcr rl':mlts and tho,..e of \·oin· tesh. T he:.;e faetors han· 
madc it de,.;irahll' to ha\'l' a unit for expre:.;,.,ing Iransmission dlicit·nl'ie,., 
which is di..;tortionlt·,.;..;, that i,.;, is not a function of freq1(('ncy. 

l._lt'.\l.IFIC.\TIO'" OF .\ :'\E\\ ! ':\IT 

The eorbideration of a ncw unit for me<tsuring transmis:.;ion efticil•m·y 
hrought out the fullowing de,.,irahlt· qualitications: 

l. Lo~urithmic in Characler. ~ome of tlw reason,; for tlti,., h<}\'L' 
alrc,uly bcen di,.,cu,.,-.ed. ln addition, the application of :.;urh a unit 
in mea:.;un·menb of sound makt> a logarithmic unit de,.;irahlt·, :.;inn' 
thc ,.,l'lbation of loudnc,;,.. in tht· car is a logaritltmic function oi tlw 

energy oi thc ,.,ound. 
:.?. Distortio11less. The ach·antagc,; of a unit whil'h i:.; independenl 

of frequl'ncy han· hcen rderred to allcl\'t'. In expre,..:.;ing the dl1-
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riency uf the tran~mis~ion of the high frcquenci es involvcd in rarricr 
anu radio circuits, !'lieh a unit is particularly dc~irahle. 

3. ßasl'd on Pm<•er Ratio. This is de~irable hccausc thc p<nn:r 
ratiu is the real measurc of transmission efficiency. .A~ pointcd out 
abuve, the current ratio ran be used only whcn it is cqual tu thc square 
root of thc power ratio. Ha\"ing thc unit Lased un a power ratio 
docs not, of coursc, require that measurcments or computatiuns hc 
made on a power basis. 

In considcring the con,·ersions Lctwecn soumJ anu elcctrical cnergy, it 
is obviously advantageaus to havea unit bascu directly on apower ratio. 

4. Based Oll Some Simple Relation. This is ue~irable in conncctiun 
with the matter of gctting a unit whirh may be wiucly uscu anu may 
find applications in seYeral ficld~. 

5. Approximately Equal in Effect on l"olume to a "Jfile of Standard 
Cable." One reason fur this is the practical one of aYoiding material 
changes in the conceptions which haYc becn Luilt up reganJing the 
magnituue uf such thing~ as tran~mi,-,-ion ser\"ice ~tanuards. Also , the 
sound power changes which can he dctcrtcu Ly an ear are of the 
orderofthat corrcspunuing to a milc of standard cable. In mcasuring 
telephone lines and apparatus with single-frequcncy currents, it has 
been found that an accuracy of about one-tenth of a mile can be 
obtaineu reauily and is sufficient practkally. 

G. Co1wenient for Computations. This rcfers to the matter of cha ng
ing from computed or measured current or power ratios to trans
mis~ion units or Yice versa. 

PROI'ERTIES OF TIIE TR.\:\'S:O.IISSIO:\' lT:\'IT 

A considcration of thc abovc qualifications and of the va.rious 
units suggcsted, led to the adoptiun of thc power ratio uf 10°"1 as thc 
rnust suitahlc ratio on \Yhich to hast' tht• unit of tra nsmis,-ion cfli
cicncy. The transmi~sion unit is logarithmic, tli~tortionless, is hased 
on a power ratio and its relation to that ra tio is a simple onc. lts 
cffect on the transmissiun of telephunir power corre:-;punding to speech 
suumJs is ahout () per n·nt less than that of onc mile of standard cable. 
ReganJing its 11~c in cumputations, it has the advantagc that the 
number of units corresponding to any power ratio, or current ratio, 
can be determined from a table of rommon logarithms. 

Fora pm,·<·r ratio of :!, the logarithm is 0.:301 ancl thc coiT<·sponding 
numbcr of units is, tlwrdure, this logarithm multiplied hy 10, which 
is :t01 TU. Fora power ratiu of 0.5, thc logarithm is U.li\J!.J-10= 
-0.301 anu thc numbcr uf units is - 3.01 T U. Apowerratio of 2 
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rq•n"'t'lll-< .1 g.till nf a.OI llllit~. ,tnd a J>ll\H'r r;~tio of tl . .i corn·~pnlHis 
tu .1 ln-.-< nf :Ull unit~. lf tht• ahon· ratio:-; were for current, tlw 
lngarithm" \\otdd l•t• lllllltiplil'd l•v :?tl. Thus a current ratio of :! 
corrl',.ponds to a g.1i11 of ti.tl:.! units and a current rati11 nf t).;i corre
,.ponds tu .1 lo"s oi ti.ll:.! units. 

I t will hc rwted th.tt tlll' 1' (' i" hased nn the sanw ratio 10°·1 as 
tht· serit•s oi prderred numlll'rs which has heen uscd in somc l~ nropean 

t·ountrit•s and has hcl'n propn~ed hcn· as thc hasis fur sizc standanliza
tinn in m.mufacturcd artielcs.2 In common with this serics, thc T l' 
has tht• ath·antagt• that man~· of tlw wholc ntunbcrs of units t·urrt·
spond .1pproximatdy to easily n•mt•mhcrcd ratio . ..; a . ..; shmnt in tht· 
following- tablt•. 

Tran~n1i~~ion 
l 'nits 

; 
8 
9 

10 
20 
30 

.-\PI'ROXD.L\TE PO\\'ER R"\TIO 

Fro~ctiona l 

.. 5 
2 3 
I.! 
1 $ 
I 
I -l 
I 5 
1 6 
ll\ 
1/ IU 
1 100 
I , IUIJO 

For Losses 

l>l'cimal 

ll s 
II b3 
() 5 
u .. 
0 31 
() 25 
u 2 
() 16 
u 125 
U I 
0 01 
0 UUI 

For Gains 
I>L'cimal 

I . 25 
I(, 
2. 
2 5 
3. 2 ... 
s. 
6. 
S. 

10. 
100 . 

IUOO, 

lt will be Sl't·n th.lt tht· ratio for a gain of a gi,·cn twmber of T l..' 
'" thc rcci procal of thc ratio for a lo::.s uf thc samc numbcr of units . 
. \l so for an incrcasc of :~ in thc numbcr of units, thc loss ratio is ap
proxim;ttt-ly hah·cd and thc gain ratio doublcd. lf thc approximatc 
ln-<s ratios corrcsponding to l. ~ and 3 units arc rcmcmbercd, thc 
others can hc easily ohtaincd. 

Frorn thi,.; consideration of thc properlies of thc tran,.,mi,.sinn unit, 
it is evident that therc is much to commend its usc in telephnnc 
tran,:mission work. Furthcrmorc, ,.;incc its a(h·antagcs arc not pceuliar 
to this work, such a unit may find applications in othcr field,.;. I t j,. 

now bcing uscd in somc of thc work on sound. 

2 Sizc Stand.udi1~1t ion hv Prcfl'rred :\ urnhcrs, C. F. llirshfdd anrl C. II. Bcrry, 
.llah<lllical E11gi11uri11g, r>~co.:mlx·r, 1922. 
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.:\Ew TELEPJJu;-;E TRA;-;s:-.ussJo;-; REFERE);CE SYsTE:Il 

\\ 'ith thc standardizatiun of the distortionlcss unit of transmi:;sion 
it is clcsirahlc also to adopt for a transmission rcfcrcncc systcm a 
tclcphonc circuit which "·ill be distortionless from suuncl input to 
the transmittcr to soundoutpul from thc recci,·er. This system will 
nmsist of thrcc clcnll'nts, a transmittcr, a line and a recci,·er. Each 
\\·ill bc dcsig-rH..><.I to bc practically distortiunless and the operatiun 
of e..1.ch will hc capa)J)e of hcin g- dcfincd in definite physical units so 
that it can he repruduccd from thcse physical , ·a lucs. Thus thc 
transmittcr clcmcnt will Iw spccified in terms of thc ratio, m·cr thc 
frcqucncy range, of thc clcctrica l po\\·cr outpul to thc sound power 
input, this ratio bl·ing cxprcsscd in transmission units. The rccci,·cr 
clcmcnt will !Je spccified likcwisc in terms of thc ratio of sound pü\\·cr 
output to clectrical pmn·r input. Thc outpul irnpcdancc of thc 
transmittl'r and thc input impedancc uf thc rccciYcr clemcnts will bc 
GOO ohms resistancc. The line \\·ill bc distortionless with adjust
ments calibratcd in Iransmission units and will ha\·c a character
istic irnpcdancc of 000 ohms rcsistancc. 

Such a rdcrl'ncc system is now bcing constructcd. Tbc trans
mittcr clcrncnt consists of a condcnscr type transmitter and rnulti
stagc Yacuum tul>c amplilier. The rccci,·er clcment consists of an 
amplificr and spccially clamped rccci,·cr. Each elenll'nt is adjustl'd 
to gi,·e only negligihle distortion m·cr thc frcquency range. 

I t is proposcd whcn this system is completed and adjusted that 
it \\·ill hc adopted as the Transmission Rcference System for tclcphone 
transrnission \\·ork . Othcr secondary rcferencc systcms, empluyin~ 
comrnercial-type apparatus will he cali!Jrated in terrns of tlw prinwry 
sys tern and uscd for field or laboratory tcsts whcn such commcrcial 
type systcms arc necdcu. 

tl 
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Practica l Applica tion of the Recently Adopted 
Tra nsmission Unit 

By C. W . SM tTll 

,....r lll·: purpo:-e uf thi,.; p.tpl'r j" to outlin l' t lw practical l'on,..idt·r-
.ltilln,.; in,·oln·d in tlw u-.t• of tlw tran-.mi,..,..ion unit lahhn·,·i.ltl'd 

Fl'l. \\hich "·'" rcn·ntly .uloplt'd hy tlw lkll Sy,..tt'Ill to repl.1n· tlw 
milt· oi ,..t,lnd.lnl c.1ble in tran,..mi,..,..ion t•ngineering work. .\ de,..nip
tion oi tlll' l'l'. tt>~etlll'r with a di,..cu-.,..it•n of tlll' con,..idcration,.; which 
lt•d to it:- .1doption ha,.. ht•t•n !.:in·n l>y \ I r. :\ lartin in anotlwr artidt· 
111 thi,.. i,..:-lll'. 

l·:rFH r oF • \tmPn ''; tttE 1' l' .\-. Rt-:1 ;_\ Rth TK.\ :--:,.;\tt..;..;to:-; 
Sr.\:\P.\Kib 

Th1· tr.lll-.mi,..,.;ion standanl,.; in p:neral u,.;e \·ar~· irom JS miles of 
st.llld.1rd l'.lhll' to ,dmut :){) miles of ,.;tand.ml cahle, depcnd ing upon 
tlw loc.1lity ,md the cl.1ss of sl·n·ice such as local and toll. I t ha,.; 
hl'I'OIIIl' customary among tclcphonc peoplc intcre,.;tcd in ,.;tandards 
of ,..l·n·ice to ,,,.;"ociatc certain ligure,.; for traJbllli,.;sion standards with 
the eorn·:-ponding ,.;tand.lrd,; of sen·it·e whieh they repre,.;ent. l t i,.; a 
di:-tinet ath .1ntagc, therdore, to n•t,1i11 the same tigurcs for thc ,.;anw 
,..t.1ndard:- oi sen·icc whcn changing to the new unit. Thc Zl"ro of 
rdt·rcnt·l· ''"" ,.;o selcctcd, thcrefort•, that :.! I TC i,.; equi,·alent to :2-1 
milt"" of :-tand.1nl cahle in \·olumc reproduction. T his mcans that if 
one talk,.; with the same loudne:-" o\·cr a circuit of :2-1 TU as on·r a 
cireuit uf :21 mile,.; of Standard ral>lc. the ,·olume rl'cei\·cd from each 
will hl' the s.lllll'. .·\::; the attemt.ltion corrc,.;ponding to thc TU is 
only ahout Ii per cent. ll'"S than the attl'lllliltion corre,.;ponding tn the 
mile of ,..tand.tnl cahle and :2-! mill',; repre,;ents the mean het\\een 
tlll' higlw,..t and lmn·,.;t standards in comnwn u,.;l', tran,.;mi,.,;ion stand
.ml,.; on thl· m·w ba,.;is are Yery liull· ditTerent numerica ll y from the 
:-.llttt' stand.ml,.; on the old ha,.;i,;. Tltc fnrllll'f I S-milc stattdard is 
cqui\,tlt·nt in tran,.;mi~,.;ion to l7.1i TU and tltl· :~O-milc ,.;tandard is 
equi\ .tlcnt to :m.-t Tl'. Thc same llllllll'ric.tl ,·alucs ean, thcrdorc, 
gencrally ht· U:-L·d for transmi,.;,.;ion standanl,.; in the llt'\\' ,.;y,;tcnl, a,.; 
in thl' old, ~incc the ~reate,;t ditTcrcnl'l'S l"ncountcred will he ()..! TL'. 

lt i,.; Jl,.;o tn1c that a ~i,·en tran,.;mis,.;ion lo,.;:- ,.;peeitied in mile,.. will 
corrL",;pond n·ry do,.;ely in numerical ,·alue to the ,.;anw (o,..,; l'Xpn·,..,..ed 
in TL'. Peopll' not directly cngaged in traJbmi,..,..ion \\ork, tlll'rdore, 
m.1y ~.:enerally disrcgard the ,..li~ht ditlercnce whil'l1 exi,.h in con
,..iderin~ tran-.mi,.;,.;ion ]o,..,.e,. l'XJll'l'""l'd in TC"" I'Otttparl'd with ,..t.lltd
ard cable. 
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l'sE o1o THE TF 1:-.: TR.\:-.:s~IISSIO:\ STL"DIES 

In making transmission studies it has previously heen the practirL' 
to e:xpress the Iransmission efticiency of limiting subscribers' loops 
in terms of thc resistann~ of a 22-gaugc loop which woulu have the 
samc total transmitting and rcceiving loss, thus a ·WO-ohm loop 
mcant a loop which had thc same total transmitting and recci,·ing 
loss as a loop of 22-gauge ASA cable ha,·ing a rcsistance of ·WO ohm,;. 
At the time of changing from miles to TU, it was dccided to abandon 
this method of e:xpressing limiting loop Iosses in thc Bell System and 
to c:xpress them directly in TU; thus a 5 TU loop mcans a loop who~c 
total transmitting and rccci,·ing loss, taking into account the effici
cncy of the subscribers' sct, is 5 TU. The following table gi,·cs a 
numbcr of limiting loops c:xpressed in TU and their equivalcnts in 
ohms of 22-gauge cable as defined abO\·e, assuming thc usc of thc most 
cfficicnt type of subscribcr's sct now availablc. 

Limiting l.oops 
Expresscd in TU 

3 
-l 

i 
~ 
C) 

10 
11 

Lirniting Loops 
Expressed in Ohms 

312 
350 
387 
-l2-l 
-l61 
-l'l<) 
537 
5i3 
610 

\o::-.:YERswx FRmi l\IILES To TU AXD C'cniPt"TATinx 
oF TRAxsmssw:-~ EQPI\'ALEXTs 

During the transition period in the aduption of the TU it will 
frcqucntly he necessary to convert transmission data which are 
c:xpresscd in miles, to TU. This is casily accomplishcd by multi
plying by a conversion factor and in the casc of the transmission 
cfficiencics of subscribcrs' scts by also corrccting for the diffcrence 
in the rderencc zero which was brought ahont for reasons referred 
to ahove. Two units hoth known as milcs ha,·c hccn in common usc 
as a mcasurc of transmission; thcy are thc standard cahle mile and 
the SOO-cyclc milc. A ditkrcnt com·crsion factor is rcquired for each. 

The attenuation constant of standard cable for the complc:x currcnts 
used in thc transmission of specch varics apprcriably with the lcngth 
of cablc considered, sincc for long lengths the higher frcquencies arc 
attenuatcd to such low values as to have vcry littlc eflcct an thc 
rcccived volumc. The bcst avcrage figurc is 0.122, although this 
valuc has yet to Le detcrmined morc precisely hy cardul Iabaratory 
tests. The attenuation corrcsponJing to one TU for currents of any 

n 
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frt'\jlll'lll'Y i,.; 0.11:•. Thc r.rtio of thc cllcct on \"olumc of tlll' ntilt- of 

:..t.md.mlc.rltlt• to thc rc is, therdorc, II. I':!: or 1.111\, and cqui\ .tkorllb 
ti.IL• 

oht.tined lty comp.ui"on \\ ith ,.;(;md.trtl c.tl•lc lty llll'.tlls oi t.dkiug 
tc"t,.; can therdore he conn·rtcd to J'[' lty mnltiplying by thi" f.rctor, 
,t,.; pre,·iously indic.ll.ed. 

Thc :-.110-cydc rrrilc whirh has ltt:L'Il rommonly u,.;cd in c:-\pre,.;,.;ing 
computed tr.tnsmi~sion lo~,_.c,.;, ha:. .111 .rttcnuation oi IJ.Itl\1 to currenh 
of any irequen\y, .llld then·forc data exprc,.;"cd in SIIO-cycle mik,- .trt· 

I T T ~ I I . I . I U.I0\1 0 t -con\·ertcc to v ynnrtrpyrng J)' O.ll;j or .. Iu. 

For making talking tc,.;t,.; tlw lield has l>ccn supplicd with artilicial 
cahlcs which wcrc slightly ditTcrcnt from ;.tandard cablc, ha,·ing a 
capacity oi .OilJ.ii. per milt• instead of .0.)-! J.ii. :\lilcs of this artiticial 
cahlc may bc corn-crtcd to TC hy mnltiplying by 1.12. 

Thc con,·crsion of sub"cribcrs' loop Iosses to TU is somcwhat mure 
complicated as thc zcro of rcfcrcncc ior sub,.;niltcr's sct cfticicncics 
i:.. slightly ditTcrcnt on thc ncw ba,-is. In thc Bell System, therdorc, 
completc d.lta on ,.;ubscrihcrs' loop lo:;.,.;cs in tcrms of thc tlCW uni t wcrc 
madc a\'ailahlc for cnginccring work at thc time thc TU was adoptcd. 

Thc tran,.;mi:;sion cquivalent of a linc pcr unit of lcngth in TL' may 
bc obtaincd by multiplying thc attcnuation constant of the linc 
computcd in thc U:'Ual manner by a coll\·crsion factor. Calling the 
computc-d attcnuation constant of thc linc pcr unit of lcngth a, thc 

numbcrof TUwill bc gh·cn by thc cxpres,..ion: TC= 0_~15 = S.Gtla. 

In finding thc total loss whieh a ,.;hort linc or a piccc of cquipment, 
such as, for C:-\amplc, a repcating coil will cau:;.c whcn insertcd in a 
gi,·cn circuit, thc currcnt in thc rccci,·ing apparatus is u,.;ually rum
putcd for a com·cnient voltagc applicd at thc scmling end of the 
circuit, lirst with thc rcpcating coil in thc circuit and then with it out, 
thc applicd ,-oltagc rcmaining constant. Calling thesc currcnts 

/ 1 and /2 n".;pccti,·ely, thc currC'nt ratio ~: may hc conn:rtcd into 

TU hy thc c:xprcs,.;ion 

I.o,..s in TC='20 logw ~:
TR.\:\"~11"'10:\ :\L\1:\ fE:'\ \:\( E 

Thc tran,;nll,;·.;rnn nlC'a,.;nring ;.eh used for dwcking up the m.rin
tcnancc 1 of the pbnt from ;r tran,.;mi,.,,..ion ,.;tandpoint, h,t,·e pre\·iously 

1 See an article in this is~ue "Ele,·rrical Testsand Th,·ir .\pplic.11ions in rhc :\l.,in
tcnance of Telephone Transmission "-\V. II. I Luden. 
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been calibrated in ~00-cyde mile~ . ancl as the TL' is of the same 
natun· as this unit. 110 difficultics are encountercd in arranging the 
sets to read directly in TU. 

:\ew scts will be manufacturcd on this hasis, hut it will, of cour,.;e, 
be dcsirahle in order to a\·oid frequent conYcr,.;ion of data from om· 
unit to the other. to arrange many of thc ,.;cts which arc alrcady in 
usc in the plant to reacl in TU. l t is not planncd to con\'l·rt the sets 
which <kpend upon car comparisons, such as the 2 1-.-\ ancl 1-B tran,;
mi,.,sion mcasuring seh and the recei\·er shunts thl'U in ,;ome ca;-;es 
for checking up repl'aler gains, as the difference when mea~uring 
small , ·a lucs is not great ancl thesc seto. are generally used for a clas,; 
of work \\ here thc required precision is not sufticien t to \\·arran t t heir 
con\·crsion to thc new basis. \ 'isual rcading sets, hmn·,·er, such <:S 

2-A, :~-. \ and ·1-.-'\ Iransmission mc-asuring sets and the 2-:\ repeater 
gain sct, gin· n•stilts \\·hich are accurate to about 0.1 TU and are 
usually used for work wlwre a fairly high clegree of prt.>rision is re
quired. Thesesets can be changell tu read directly in TU at a com
paratin·ly small l'Xpcnse as it is only m·cessary to chang<· the cali
bration of the nwa;;uring dials and slide wire potentionwters and the 
\'alues of ccrtain nf the resistances assnciatcd with tlwm. Thc cost 
of making the,.;e changes will he redtwed hy tlw fact that it i:-; planned 
tu make certain otlwr cksirahlL· change,.; which will effc'C't imprm·e
nwnts in t lw operation of the sets at tlw sanw time. Complete loss 
data in tl'rms of TU which are nen·ssary for checking mcasured 
equi\·,dcnts, ha\·e hecn prcpared and will rl'place the data fornwrly 
used. 

In toll line maintenancc work, rccord canls are kept which show 
the Iayout of toll circui ts and t he 1 ransmission Iosses of t he com
ponent parts of each circuit Iogether with the total loss which slwuld 
be obtained hy test if the circuit is not in trouble. In changing m·t·r 
f rom miles to TU the,;c record can.ls will be re,·ised to show Iosses 
in thc new unit. 

CRo~~T.\LK ( ·o~ll'l '"L\TIO:"~ 

In handling eertain typcs of nosstalk prohlem,;, it has bcen found 
conn·nient to <·xpress rrosstalk in terms of tran,;mis,;ion unit s rather 
than rrosstalk units. :\lilcs of standanl cahlc ha\e prc\·iously 
heen used in !-lieh prohlems. 1' L' can he u~nl for this purpose as weil 
as miles and i t is somewha t simpler to make the com crsion from 

~See a pap<'r hy F. II. Be,l, ":'ll<"asurin~ :'llethods for :'lla intain in ~ the Trans
mi"ion Ellicit'ncy of Telephone C'ircuits." ]tlltrll .• 1./E.E ., \ 'ol. XI. I II, I'JH. 
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en,,..,..,,tlk unit-. to Tl' th.tn front t·ro,..,..t,tlk unit,.. 111 mile,.;. ( 'rn-. ... t.tlk 
m.ty h•• !"1111\'t'rtl'd irom cro,.;,.,t,tlk unit,.; to Tl',,,.. follm\·,.;: 

The numher of 1"l' corn·-.ponding to l"l'rt.tin tlltllllll'r,.; of rrc...,,.;talk 
unit,- arl' "hole llltmher,.; and .tn• tlwrdon•, ea,.;~· to fl'llll'lllhl'r a,.; 
..,(wwn in tlw followin):! t.thll'. 

l"ro,,l,llk in Tl'rlll' 
ol Tl" l.o~' 

hll 
;q \pprn'\. 
-111 
211 

Cro"l.tlk l"nib 
IIHI 

I,IIIHI 
2,11011 

10,0110 
IOII,IKIO 

From thi,.. di,..eu,..;;ion tlw condu-.ion may Iw drawn that tlll' adop
tion nf tlw Tl' in place of tll(' mill' a,.; tlw unit of ll'kphont· tran,.;
mi,.;,..inn can he rl·adily acc"mpli,.; lwd in it,.; praetical application in 
the plane. During thl' tran,..itinn period, hdort· compll'te li,..t,. of thl· 
nl'\\' dat.t h.tn· Ileen compill'd, and hcfon.• the nll'a,.;uring appar;ttu,.; 
in 11"1.' h,t,.; all IJt.'(·n changed tn the tll'\\ ha,.;i,.;, fn~quent enn,·cr,..ion,.; 
~11.'1\\t't.'n mill',.; and Tl' will Iw nen·,.;,.;;try. Tht'"'l' con\·l'r,.;ion,.. can 
C'a,.;i(y hC' made by multiplying hy tlw propl'r Cllll\·er:'ion factor. 



lmpedance of Loaded Lines, and Design of 
Simulating and Compensating Networks 

By RA Y S. HOYT 

Sn;op,t~: :\ knowlcdge of thc impedance characteristics of loaded lines 
is of con;;iderahl<' importanrc in tclephone cn~ineerin~. and partirularly in 
t hc !'n~incerin~ of tclephonc rcpeaters. The first halfoft he prcscnt papcr 
deals with thc impcdann· of non-dissipatiw loaclcd lincs as a function of thc 
frcrprcncy and tlw line <"lltbtants, hy means of description accompanicd hy 
<'!)Uation~ tran~fornwd to the most suitaLie forms and by Rraphs of thosc 
equations; and it outlincs qualitatiwly the nature of the mooifications 
produred by di~~ipation. Thc charancri~tics arc corrdated with thos<' of 
t Iw corn·spomling- smoot h linc. 

The somcwhat complicat<·d <·fT<·<·ts produccd hy thc prcscnrc of dis
trihutccl induuann· an· inn•,tigatcd rather fully. ln the ahsencc of 
d:~t rihutC'd inductancc a Ioad('(] linc would havc only one transmitting
J,;uld, extcnding- from zcro fn·q ucncy to the critical frcqucncy. Actually, 
howcvcr, cn·rv linl' t'\'\'11 a rahle has somc distributl'cl incluctancc; and 
tlw ciTect of clf~tributecl inductancc, hesidcs altering the nominal impcdance 
and thc critical irl'quency, is to introduce into the attenuating rangc above 
tlw critical freqtl('ncy a s<·ri<·s of relativcly narrow transmittinp: hands
lwre termcd the "minor transmitting bands"-spaccd at n•lati\'cly wide 
intcn·als. The papcr is conrcrn<'d primarily with the impcdance in thc 
lirst or major tran,mitting band; but it invcstigatcs thc minor trans
mitting bands sufficiPntly to dctl'rmine how they depcnd nn thc distrihutcd 
inductann•, and to derin• ~<·Iwral forrnulas and graphiral mel hods for 
linding- thcir locations and widths- an inn·stigation irwoh·ing rather 
<·xl Pnsivc anah·~is. 

Thl' lattt·r h;tlf of tlw papcr dcscribcs various nctworks dcvi~cd for sinnl
lating and for compcn,ating tht· impcdance of loaded lin•·s; it furnishes 
d<·sign-formulas and supplcnwntary dcsi~n-rncthod" for all of thc nctworks 
depictt•d; anti out line,; a consideraule numbcr of applications pertaining 
to lirws aml 10 rcp!'aters. 

I :\'TRODt'CTIO:\' 

T H 1·: prl':-ent paper on periodically loaded lines (of the 
"l'rie:- type) j" to "omc extent a scquel to a pre\·inus papcr 

on smooth linc".1 

Thc readcr may hl' rl'lllin!led that thc transmission of alternat in~ 

currcnh m·cr any tran:-;mi:-;~ion linc hctwccn spccified terminal im
pcdancc" depcnd~ on ly on the propagation constant and the char
artcristic impcdancc of the line. In thi~ sense. then, thc character
istics of tran,..mi,.."ion lilll·:-; may he das~cd broadly as propagation 
rharal'teri~tic~ and impe1bnn' rharactcristics. In tclcphony we are 
concerncd primarily with the dcpl'ndence of these characleri~tics on 
the frcqucncy, m er tlw lt·lephonic frcquency range. 

l'rior to tlw application of lekphonc repeaters to telephonc lines tiH· 
propagation charactt·ri"tic~ of "uch lines werc more important than 

' "lmpl'cloonn· of ~""'"' h l.irh·,, .uul I >··~ign of ~imnl.tting :\el works," t his lourrral• 
.\1•ri l, l'l !.l. h"' 1, pogr.tphical <·1-rors in 1 h.tl articlt- ma~· heH' he noted: p. 3i• 
forrnula fur C; ( '3 , ,,lli" an exp:~n, nt ' !u thc l.bt parenthesis; p . 39, \',Jiuc for C.• 
n·pl.H-..: comn1.1 h~ decim.rl point. 
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tht·ir inqwdann• charactcri,.,tics, ht•cau~e thc recei,·cd cncrgy th•pt·ucled 
rnuch mort• 1111 thc fnrnwr th,tn on the lattt•r. llldcetl, the objcct of 
loadin~: w,1s to impron· thc prop.tgatit>n char,wtcristics of tran~

mis~iun lines: tlw l'ITccts oll the imped.lllce char,tctcri~tic,; wcrc inei
dent,ll, alld of quitc st·eoml.lry import;lllcc. 

Thc applic,Jtioll of thc two-w,1y tdephone rcpcatcr greatly altned 
the rclatin• imporL1nce 11f these two t"har;ll'tcristics, deneasing the 
necd fm hi~h tr,HNnitting l'lliciency of a lille but greatly increasing 
thc depclldellcc of thc re,.nlt,., oll the irnpedann· of the linc. As weil 
known, this is bccan:>e thc ,unplification to which a two-way repcater 
can he ~ct wit!·.out ;:;inging, or C\ l'll without !'erious injury to thl' 
intdligihility of thc transmi,;,;ion, dt•pcnd,; ~trictly on thc degrec of 
impedance-hal.lnce hetween the line~ or hctwecn the line,; and their 
balancing networks. ln the case of the 21-type rcpeater the two 
lincs must clo,.;cly balancc cach other throughout thc telephonic 
frequency range. In thc casc of thc 2:.!-type repcater, which for long 
lincs requiring more than one repcater is superior to thc 21-type, 
imped,lnce-networks are required for closely balancing the impedances 
nf thc two lines througlwut thc tclephoni< frcqucncy rangc. Such 
balancing networks are nccessary also in cnnncction with thc ;:;o-called 
four-wire rcpeatcr cir<uit. 3 

ln Parb I, II. and 111 of this paper thcre j-; pre,;entcd in a simple 
yet Ltirly comprehcn,;iye mat~ncr the dcpcndcnce of thc characteristic 
impcd,uwc of pcriodically loaded linc;:; (of thc !'eries type) on thc 
frequency .md on thc line con;;tallts. by means of description accom
panicd hy equation,.; transfonneu to thc mo,.;t ,.;uitablc forms and hy 
graph.; of tho:;e cquations. :\l,.;o, the dcpendell<C of thc attenuation 
con,..tant on the frequcn<y j,.; pre,.cntcd to the extcnt ncce,;,;ary for 
exhihiting thc di,.;po,.;ition of the transmitting aml the attenuatin~ 
band,.. and thu,.; cnahling the characteri,;ti< impcdance to hc de,;cribed 
with rckrcnce to tho!'e band", and thc important correlation bt:tWl'l'll 
the charat·teri,.,tic impcdance and thc attenuation con,;tant thcreby 
exhihit(·d: for the l'haraneri,.tic itnpt'dance hy it,..eJf j,.. not fully 
,..ignilit·ant. 

Part,; 1\. to \"I II, indu~i,e. rel,\lt• to thC' ~imul,llion and thc com· 
pt·n,..,llion nf thc impedance of periodit·all~ loadl'd lines l•y tlll·ans of 

2 For th!' fund.imt·n!dl !ht~>r. of loaded linc•,, n·f('renn· mav !Je made lo thc· ori,.in,ll 
pap•·rs .,j l'upin .1nd ol C.unJ;I..-11 l'upin: Tr,1ns .. \. J. E. ·E., :\J.,r.-h !2, l.W'I .11111 
:\l.1v 1'>. 1'11"1: F.Jrc/rual ll'orld, (), !ol~t·r 12. 1'1111 anrl .\l.trch I, 1'1.)2. ( ,unpht·ll: 
Plul . .l/11(., :\lan·h, 190.1 . 

J Rl'.:ardin!' the hroad >ubjC<'t of rq)('.t!t·r~ .1ml rep<'at!'r .-in·uit;;, rd<'rt·nn• m.tv Iw 
marle to the papt·r hy (.ht·rardi and jt·wcll: "Tdcphonc Rer>t..lll'r>, · Tr.1n' 
.\.I. E. E., 191?, pp. 128i-13-l5. 
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the simulating and the compensating 4 networks for loaded lines 
devised l>y the writer at varions times within al>mtt the last twe!H· 
years. Of course, the impedancl' of an~· loaded lint• could Iw simulated, 
as closely as desired, h~· nwans of an artiticial model constructed of 
many short sect ions each ha ving lumpcd constants; hut such st ruct ur es 
would bc very expensive and very cumbersome. Compared with 
them the networks descrilwd in this paper are very simple non-periodie 
structures that are relatively inexpensin· and are quite compact: 
yet the most precise of them havc pron·d to !Je adequate for simulating 
with high precision the characteristic impedance of any periodically 
loadPcl line, while en·n thc least prccise (which arc tlw simplest ) 
suffice for a goocl many applications. The compcnsating nctworks 
also arc of simple form. I )esign-formulas are included for all of the 
net works depicted: and certain supplcnwntary clesign-methocls are 
indicated. Finally, a considerahle numher of practical applications 
arc ou tlined ( l'art \ ' I I I ). 

PART I 

hti'El>.\:'\<'E OF L<>.\I>EIJ Lt:\Es - CE:'\ER.\L Co:\sltlER.\TJo:\s 

Before proceeding to the more precisc and detailccl treatment of 
the impeclancc of pcriodically loaded lines in Parts I I and I II. it 
scems desirable to furnish a hackgrouncl by outlining broadly the 
salient facts. For this purposc thc loaded linc will hc compared with 
its "corresponding smooth linc," that is. thc smooth linc ha,·ing the 
samc total constants (inductance, capacity, rcsistance, lcakance). 

Comparison with tlze Correspol/(ling Smooth Line 

At surticiently lo"· frequC"ncies thc impedance of a periodically 
loaded line approximates to that of tlw corresponding smooth lirw: 1 

but at higher frequenci<·s dC"parts wiclcly. 1\lnreon·r, tlw impedance 
of the loaded line clepL'IH!s ,·cry much on its relative termination 
fractional end-scction or end-load ("Ioad" is lll're used with thc same 
nwaning as "Ioad eoil" or "loading coil") . 

Tobring-out simply and sharply thc contrast betwccn a periodically 
loaded linc and tlw eorresponding smooth line, thc effccts of dissipa
tionwill at first lll' ignored, although the contrast is somewhat height
encd thcrcby. 

l t willlll' r!'called that tlw attenuation constant, thc phase velocity, 
and the characteristic impl'dance of a non-dissipatiH· smooth lineare 

' I >"firwd in t IH' scnmd paragra ph of l'art f \·. 
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indept'IH!ent ~ llf frequenc~·; "lll"h a linc h,t\'ing .1 tran~milling band 
(th.lt i,., .1 nolhtltenu.ttiu~ h.111d I l'\.tt·ndin~ from zero frequcncy to 
in!"mite freqlll'IH"it·~. aud .1 dtararteri~tic impcd.lllcc which is a pure 
and n•n,.taut re~i,;t,mce. 

ln contra>'t, the corre,;ponding char;lctcri,.tic" of a non-di,.sipative 
(Wric)(lic.•lly loaded line dqwnd \Try greatly on the frequency; such a 
line ha" .1n inlinitc ~equcncc of .tltt·ruatt· transmitting ;llld <lttenuating 
h.mds• wherein the impedance ,·.trit·,.. t•normmhly with frcquency, 
whilt• .11 the tr.tnsitinn frt'<JIIl'IH:ics its nature undcrgoes a sudden 
rhange. ln this ronnenion it may he remarked that, becausc of its 
spt·cial pr.tnic.tl importance in heing thc upper houndary f rcquency 
of the tirst or prinripal tran,;mitting hand, thc lowcst transition fre
quency is tPrmed the "critical frcqucncy" to distinguish it frum the 
other tran:<itiun frcqucncic~: thnugh in its e:<:-ential nature cach 
tran,.ition frcqucncy j,_ a "critical" frcquency. ln the ordinary case, 
where the distrihutcd inductance is small comparcd with the Ioad 
inductance, each transmitting hand j,.; ,·cry narrow comparcd with the 
sucn·eding .lttcnu.tting band. ln the limiting ca:<L' of no distributed 
inductancc there is only one tran:<mitting band and one attenuating 
hand, thc former cxtending from zero frequency tu the critical fre
qucncy and thc lattcr from the critical frcquency tu infinite frequencies. 

The characteri:<tic impedance nf any non-dissipative transmission 
linc is or i;; not pure rcactance atTOrding as the contemplated frequency 
is in an attcnuating band or in a tran".mitting band. For in an at
tcnuating band thc line cannot n·cci,·c eneq~y. ,_inrc it cannot dissipate 
any eneq~y and cannot tran~mit any energy to an infinite Ji~tance; 
whilc in a transmitting band the linc must rcrci,·c cncrgy, hccause it 
dOl·s tran".mit. Thu;;, at thc tran:-ition frequcncy bctwt•cn an attcnu
ating band and a tran,.;mitting band the rharactcri,.;tic impcuance 
umlergoes a ,.;udden change in it::i nature; thc frcquency-dcri,·ative 
of thc impcdancc (namcly, thc deri,·ati,·c of the impedancc with 
n:spect to the frequenry) i,.. di,.cnntinuous, so that the graph of 
the impt:dance has a corner (salient point) at a tran,.;ition frequcncy. 
:\l orcm·l·r. at certain of the transition frcquenries of a non-Jissipative 
periodically loaded line thc impl'dancc is zero, and at others is infinite. 
Thc mid-point impl·dance:- are pure rc~istancc" throughout en·ry 
transmitting band. (The "mid-point" terminations are "mid-load" 
dnd "mid-,.;cction," that is, "half-h1d" and "half-scction" respcctivcly.) 

s ExC"ept fur slh;ht ch.wgc of thc inducl.wcc, and cnn of thc c •• pacity, with 
irt:qut:ncy. 

• For cli,tinC"tion, the first !lowe,t or princiral lransrnittin~ h;md n1.1y be tcrrned 
the "major" lransrnitting b.llld; thc othcrs, thc "minor" tr.wsrnitting bands. 



418 UI:.U. S l'S"TEM TECIINICAL JOURNAL 

Clearly thc eharacteris;tic impedance of any di~s;ipati,·e line eannot 
be pure reactancc at any frcqucncy; for the linc recei,·es at its sending 
end the energy di~sipated within its;elf. Also, the prcsence of dis
sipation remlers thc frequeney-dcrivative of the impedance continu
ous at all frcquencics; that is, it rounds off the corners on the graph 
of the impedancc. Di~~ipation prevl'nts the impedancc from heeoming 
either zero or infinite at any frequ<.'nry; andin generat it prc,·cnts thc 
mid-point impedancc,; from being pure resistanccs in the trans
mitting bands. 

In thc neighborhood of the transition frequencies uf the loaded line, 
the effccts of e\·en onlinary amounts of dissipatiun may be Yery large, 
thus prevcnting the impedance from attaining the ,·cry extreme valucs 
of the non-dissipatin line; hut with that exccption it rnay be said 
that the contrast bctwccn a loaded line and the eorre,;ponding 5mooth 
line is merely softeneu or dulled hy the presence of ordinary amounts of 
dissipation: The impedancc of the smooth line is no Ionger pure 
resistance, and it varics somewhat or e\·en con5iderably with the 
frequency. 1 Thc impedancc of the loaded line no longcr varies quitc 
so rapidly with the frequency nor attains such extreme ,·alucs; but, 
exrept at low frequencies, it continues to depart widcly from 
thc impedance of the corrcsponding smooth line, and tn ,·ary 
rnuch more rapidly than the smooth line with frcqucncy. hcsidcs 
varying greatly with its relatiYe termination (fractional end-,;cction 
or end-load). 

Xon-Dissipath•c Loaded Lincs 

Execpt in thc neighborhood of zero frequency and of the transition 
frequencics, the chararteri5tic impcdance of an cflicient loaded linl' 
is dependcnt mainly on tlw inductance and capacity. only rPiativcly 
little on the win.• re~istancP and Ioad rc:-;istance, and Ycry much less 
still on thc leakancc. The pre~cnt paper is conlined mainly to non
dissipati,·e loaded lincs; it eieals fir~t with the limiting ca5c of no 
distrihuted inductance, and then with the ca~e where distrihuted 
inductance is pr<..'>'l'llt. By thc negiert of all dissipation the numher of 
independent variables is :-;ufficiently reduced to enabiC' a compre
hensi\'c, though only ;tpproximate, view to he obtained of tlw char
acteristic impedance of loaded line~. Such a Yiew is a \'aluahk guidl' 
in engineering work en·n though in most ca~es it may he necessary, 
for tinal calculations or ,·eritications, to rl'sort to exact formulas 
(Appendix D) or graph s thereof. 
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.\"otatio11 awl Faminolor,y 

The nH·aning:- of th!' fnnd.,nwnt.tl symhols emplo~ed in this paper 
can be readily set·n from in,.,pection 11f Fig. I. Thus, C and I. <knote 
tlw c.tp.~eity .llld thl' induct.tnn· of each whole s<·ction hetwec·n Ioads, 
and L' tlw inductance of !'ach whole Ioad; tiH' r.llio I. L' i:- cknoted hy 
X. Fig~. LI olnd lb repres!'lll inlinitely long loadl'd lines ll'rminating 

Fit.:. I 

~---

w- .L ct: c ~ c t.; (b) 
H'~---

;.-~ k-ff h~~ 
z=f z'=f w= ~ w'=~ 

.\ '\on-1 li~,ipal ivc lnfinirdr l.on~ Lo.1<led Linc Tcrmin.tting .11: a 1 u·St·ction, 
(l.J .,.'.Load 

at u-~wction and u'-load respectiH·ly: tlll' ratios u and u' will bt· termed 
the "relatin· terminations." K and K' denote the corre,.,ponding 
characteristic impedances, and ll and ll' the characteristic admit
tances. Stated more fully, K dencHcs the u-section characteristic 
imped.tnce, and !\' the u'-load characteristic impedance; :-;imilarly 
for the admitt.tnces ll and ll'. The ''nominal impedance" and the 
"nomin;d adrnittanre" an· denoted hy k and h. rcspectiYely; that is, 

( I ) 

the nominal irnpedance of a periodically loaded line hing detined 
as equal to the nominal impcdance of the corn·sponding ~nwoth 

line.l Z=X+il' and Z'=X'+il'' denote rl'iatiw impl'dances 
and ll' = L' +il' and II"' = C:' +il'' the corresponding relati\·e ad
mittances, as delineo hy thc equations 

Z=K'k. Z'=K',k, ll'=ll h, 11''=1/';h; (2) 

th<' real cornponents Leing .\', .\'', l'. {", and the imaginary rontpo
m·nt,.. l", 1'', J', 1'', re,.pt:ctin·ly. By ('21, 

ZW =Z'II'' =Kif =K'Il'- I. (2.1) 

r <knote" thc rl'l.tti,·c freqlll·ncy. nanwly. tlw ratio of any fn·qucncy 
f=w 2;:- to thc critiral frequency j,; that i", r =J j,=w w,. i clenotc·s 

the irnaginary opcrator ' -I. 
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Be~idcs depending on thc frequcncy j, the quantities K , 11, Z, Ir" 
and K', !!', Z', lt'' dep<.'nd on the relatiYe terminations u and u' 

rcspecti\"ely (Fig. 1). Thi~ dcpendence will not usually nccd to be 
indicatcd explicitly, but in casc of such need the subscript notation 
will bc found convenicnt. Thus, Ku will denote thc u-section char
acteristic impcdance (Fig. la) ; and K 1 u the "complementary char
acteristic impcdance," that is, the characteristic impedancc of thc 
sameloaded line if bcginning at the "complc·mentary tcrmination"
namely, (I- u)-scction. As an application of this notation WL' may 
note here the relations 

(2.2) 

the first two relations subsisting because of thc coincidcncc of thc 
points u-section and u'-loacl for u=O and u' = I, and thc ~econd two 
because of thc coincidence for u=l and u'=O. 

PART ll 

bJPED.\:'\CE OF .:\o:-~-DJSSIPATIYE Lo.\DED LI:'\ES WITIIOL' T 

DISTRiflL'TED I :'\fH'CT.\:'\CE 

Transmilling Band and Attenuating Band 

As alrcady statcd, a periodically loaded linc without di~tributcd 
inductance (Fig. 1, with L=O) has only onc tran~mitting band and 
vn ly one attenuating band; the fonncr extcnding from zcro fre
quency to the critical frequcncy Je, a nd thc lattcr from the nitical 
irequcncy to infinite frequcncic~. Thc fonnula for fr i~ 

(3) 

L' denoting thc inductancc of each Ioad and C thc capacity of each 
line-scct ion bct \\·cen Ioads. 

From the energy considerations already adduced, it is knmn1 that 
the cha racteri~ti c impcdance must be pure rcactance thronghout the 
attenuating band , but cannot he p11rl' reactancc anywhcre in thc 
transmittin):! hanrl. 

Fon11ulas jor !he Relali1•e Impedances 

The impedancc of C\"CII a loaded linc without distributcd inductance 
(Fig. I, with L = O) depcnd~ on no lcss than four independent \·a riables 
- namcly, thc frcqucncy j, Ioad inductancc L', scction-ca pacity C, 
and one or thc othcr of thc relative tcrminations u and u' . But it is 

ta( 

tne 

!II 

1re 

found that these quantities cnter in ~uch a way that the rclatiYe ~~ 
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unpnl.tnn·-. /. = K k .111d /.' = K' k .md thc rd.uin· admittanccs 
II" = II lt .111d II'' = II' lt dept·tHI nn nnly two ratio:-;, namcly, thc 
rel.1tin· in·qllt'llC)' r = f f,. .111d thc appropriatc relative lt•rmination 
11 ur 11', .1:- t·xpn·,..;;t•d hy the l'!Jll;ltions 6 

\ I - ,z + i (I - 211) r 
l - -t11( l -11)rz ' 

(-t) 

.", I l--/11' ( l -11')r~ ... =w,= \ l-r~+it:!11'-l)r= (.1) 
\. I - r! + i( I - 211' )r 

ln p.trticul.1r, ior 11=0.;j .11mi 11'=0 .. i, n·,..p<'t'tiYdy, 

Z.6 =I !I'&= I , !) - ,~. (6) 

Z'.&=l 11'' . 6 = \ 1 1- ~. (7) 

Equation;; (-l) ancl (tl) arc not rc:-tricteJ to \·alues of 11 anJ 11' less 
than unity. On the contro~ry they arc valid for any (real) values of 
thc,;c quantitics-though ,·alucs n111ch exccccling unity are of infre
qucnt occurrcnce in practicc. 

Jliscella11eous Properlies and Relati01rs 

Some of the most useful and interesting simple facts deduciblc from 
t•quations (-l) and (.=i) are notcd in the next five paragraphs: 

In agreement with the generat conclusion already reachcd from 
cncrgy con:.<iderations, equations (·l ) and (5) show that each of thc 
relatin• impcdances and rclati,·e aclmittances is pure imaginary in 
the attcnuating band (r>l). In the transmitting band (O<r<J), 
each is scen to Le complex for all values of the rclatin.> terminations 
(11 and 11'), except that cach dcgenerates to a real ,·alue when the rela
tive termination becomes O.il. 

Throughout the transmitting band (0 <r <I), a certain conjugatc 
propcrty is pos,;e,;scd by cach of the quantities Z, 11', Z', 11"- namely, 
cach changcs mcrcly to its conjugatc when 11 is changed to 1-11, as 
ts readily scen from (-t) and (;j); that is, 

z·~=z', (S) 

the L.tr o\·cr a :.<ymbol dcnoting thc conjugatc of the same symbol 
without thc har. Thu,.., complcmentary characlcristic imped.mces 
arl' mutually conjugatc throughout thl' transmitting band. 

At all ,·alue:.< of r, 

Z'a+Z'r-a =2Z'.&; (9) 

'Thc cquations were written in thi~ :>equence l.x.>eau~. in practice, S<.'Ction-terrni
nJ.tion occurs rnuch rnore frequcntly than load-terrnmation. 
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although rdation~ of this form du not hold for Z and for Tl ". Each 
uf the rclations (S) and (!l ) can Iw inferred also from simple physical 
considera t ion~. 

Equation~ (-t ) and (;i) shuw that lV and Z' are alike in form, and 
al~o IV' and Z, whcn a and a' arc regarded as corresponding to each 
other; in fact, when a=a', 

ZZ' = TrW' = W, Z' = Tr','Z = KK'/k2 = IIII' , 112 = 1. (10) 

Besides. there is the set uf perfectly general rela tions (2. I), which, 
of course, continue to hold when a = a'. 

Equations (4) and (5) showalso the existence of the following more 
special relations, holding when the relati,·e terminations (u and u') 

have the values 0 and 1, as indicated by the subscripts: 

ZoZI = Zo'ZI' = Woll'I = Wo'lV/=1, (11) 

Zo = 1Z1 1 =!Zo' l= Z1' l= H'ol=! li'II= IlVo'l=i ll'l' ,=l. (12) 

Graphical Representations 

Graphical representations of the relative impedances Z=X+iY 
and Z'=X'+iY', based on equations (4) and (5), will be taken up 
in the following paragraphs. Evidently it will not be necessary to 
consider also the relati ve admittances lV= U+iV and lV' = U'+iV' 
explicitly, s ince these arc of the same functional forms as Z' and Z 
respectively-as noted in connection with equation (10). 

One graphical method of representing the dependence of Z on r and 
a is by means of a network of equi-r and equi-a curves of Z in the 
Z-plane; likewise the dependence of Z' on r and a', by means of the 
equi-r and equi-a' curves of Z '. The analytic-geometric properties 
o f these curves, as deduced from equations (4) and (5), may be formu
lated as follows, for any (real ) values o f a and a' but for r restricted 
to the range 0 to I : 

(a) r fix<'d, u varied: Z move;; on I he cirde 

(X-1 ~\ 1l -r2) 2 +P=1. -t(I -r2), 

of radius 1/ 2\II-r2 with ccnter at Z = li~V1-r2 • 
(b) u fixer!, r varied: Z mm·cs on the curve 

(X2+ J'2)2-X2- J'2j(~a- 1)2 = 0. 

(c) r fixed, a' varied: Z' moves un thc straight line 

X' = VJ -r2, 



/t,_//l//l/1.\"f\ .1.\"/l ((l\1/'/.\,.1//.\"c; .Y//11'11/N\' -t!.l 

\\ hich i~ p.1ralh·l to tht• .\''-,1\i,., .11 .1 di,.,t.llll'l' \ 1- ,z tlwn·frolll. 

(d) u' lixed, r \,lrinl: /.' III0\1'" on thl' t•llip"'' 

(X' I )z f· ( r' (:.!u'- I ))Z- I, 

who::-l' n·lltl'r is .1t Z' = II .11HI \ ho;.t' Sl'llli-axt•,; .tlong the X' and 
}'' .1:\t'" h.IH' the length,; I <llld '2o' I n•;.pl'ctiH~Iy. 

For ,·,ilul's uf r. u. u' l'<il'h l't'l\\'t'l'll II .1111! I, tlwsl' facts an• cxhiJ,itl'd 
graphic.illy in Fig. '2. Thi,; is .1 compll'x-pl.mt· rhart uf thl' l'CJlli-r 

0 

Fig. 2 Camplex Pl.tne Char\ of 1he11~:clion l<t·l..tiw lrnrwd.tncc 7.=.\ t-il' and 
thei1'·Loatll<el.ltivc lmpc<l.tntc Z'=X'+il'' 
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and the equi -u curves of Z, and the equi-r and the equi-u' curves of Z'. 
The equi-r and the equ i-u cmves constitute a curvilinear network 
superposed on tht' reetangular background qf Z = X +iY; for any 
assigncd pair of values of r and u the , ·alue of Z can be obtained by 
finding the illtersection of thosc particular cmves of r and u, and at 
that point reading off the , ·alue of Z Oll the reetangular background. 
Similarly for the evaluatioll of Z' by means of the network of equi-r 
and equi-u' curvcs. 

For the u'-range a nd the u-range contemplated in Fig. 2- namely, 
O<u'<l a nd O<u< l- the Z'-realm a nd the Z-realm are distinct; 
their mutual bounda ry (drawn dashed ) is the unit semi-circle, that is, 
the semi-circle of unit radius ha,·ing its center at the origin. Thc 
Z' -realm is the region inside; the Z-realm is all the region outside, 
extending to infinity in all dircctions through the positive real half of 
the complex-plane. 

lf the ranges of u' a nd u are ex tended to include values exceeding 
unity , the Z'-realm a nd the Z-realm will cease tobe distinct but will 
ovcrlap. The Z'-realm \vill expand upward, beyund the unit semi
circle, and ultimately will fill the region of ullit width extending 
upward to infinity; the Z-realm will expand into and ultimately will 
fill the lower half of the unit semi-circle. Hcnce for values of u' and u 
exceeding unity it is preferable to employ individual charts in reprc
sellting Z' and Z. 

Jn the language of function-theory it may bc sa id that , when u'=u, 
the Z'-rcalm and thc Z-realm are inverse realms with rcspect to the 
unit semi-circle. The st raight lines and the circles areinverse cun·es; 
the ellipses, and thc cun·es cha racterized by the equation (X2+ J'2)2 -

X2 - J'2/(2u-1 )2 = 0 arealso inverse cun·es. 

For r=O it is seen that Z'=Z= I for all , ·alues of u' and u. 
For values of r equa l to or grea ter than unity , Z' and Z are pure 

imaginary, for a ll values of u' a nd u. For r = 1, Z' lies somewhere an 
that part of the imaginary axis collstituting the vertical diameter 
of the unit semi-circle, its position thereon depellding an the par
ticular value of u' contemplat ed ; while Z lies somewhere an the 
remainder of the imaginary axis. When r approaches infinity, Z' 
approaches illfinity a nd Z approaches zero, alollg the imaginary axis. 

Anotlwr graphical method of reprcsenting the relative impedallccs 
Z=X+iY a nd Z' = X'+iY', basedOll equatiolls (-! ) and (5), is by 
means of the Cartesian curn·s of thc cornponents X, Y and X', Y' , 
with the relative frequency r ta kcn as thc independent variable and 
the relative tcrmination (u or u') as the parameter. 
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Iu this w.ty, Fig. :~ rcprc~l·nt::; .\' .tnd l"', .tnd Fig. -1-rcprc~cnt::;-.\ 
anti r. all to thc ~.lllll' ::;cale. I 1\ cach of thc~l' ligure~ I hc r-rangc is 
0 to L-1, thtb induding thc cntirc tran~•uitting h.tnd .md a portion :1i 
thc .ltll'lllt.lting band half a::; widc a::; the lran::;mitting band. ln thc 

------- X' 
·---Y' 
+-

-I 

.8 1.2 1.4 

Fi;:. 3 .( 'omJMIIll'lliS of lhe c7-l.oad Relative l mpt·danrc Z' =.\"' +i r· 

. 6 

.s 

. 4 

attcnu.tting band. Z' and Z are pure inuginary; in the transmitting 
band thcy are eomplex in gencral, though real for 11

1 = 0. ;) and 11 = 0.5. 
Bccausc in practieal applic.ttion~ thc tran~mitting hand i~ much 

more import.tnt than the attenuating band, Fig. ,') has Ileen supplied 
in ordcr to rcprc~ent .\ and }'in the tran::;mitting hand only, but to a 
considerably !arger ,;cale and for more ,-alues of 11. 

If 11 is read for 11', Fig. :~will rcprc~cnt U and 1' in~tcad of X' and Y' 
rcspccti,·cly. l f 11

1 is read for 11, Fig. 4 will repre,;cnt U' and 1" instead 
of X and l'; so abowill Fig. 5. 

From Fig. 5 it will bc ob,;erwd that, in a rcrtain range of 11, each 
curve of X has a maximum at ~omc point within the transmitting 
band (O<r<l). For any tlxcd ,-alue of 11 (in thc range found bclow) 
thc corrcsponding maximum of X and the p.trticular \'alue of r (critical 
valuc) at which thc maximum occur::; are cxprc~::;l'd by thc formulas 

:\lax. X= I 1(1-211) \ 11(!-11), 

C. .."\11(l-11)-l 
nt. r= \ ·l11(l-11) ' 

as is readily found from thc formula fnr X namcly, thc real part of 
formula (4). The fonnul.t for Crit. r shows that thc 11-range in which 
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.\, regarded as a function of r, has a maximum within the trans
mitting band (O<r< I) is 

( \ /r- 1), 2 \ 12-< u < ( \ / 2+ I ),'2 \ 12, 

that is, approximately, 
O.IIti<u<0.854. 

For values of u outside of this range, .\ has no maxi mum within 
the transmitting- band; hut X has then its largest value at r =0, 
decrcasi ng from I at r=O to 0 at r=l. \\' hen u=l 2, Crit. r=l; 

(\I ,· 
b 

-1 

-2 

-3 

------- X 
--Y 

- 4 

- 5· 

~ 
- 6 · 

-70 .2 
r 

.8 1.2 .4 .6 1.4 t.O 

Fig. 4 Componcnts of the .r-Section Rel.tt ivc l mpedancc· .1. = X +iY 
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\\hen a r.ul~t·,.. frnm I :2 I" eillll'r ,.f it,..t·'\trt·rnt· \,rllll'S .tppearing in tlw 
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Fi~. C'omponcnts of thc a-St-cllnn Rcl.1tivc lmpcdancc Z =.\' +il' in tlw Trans-
milting Band 

PART I II 

hll'l D.\:\'CE uF ;..o:-;-OJ,..,..IP.HI\'E LO.\DEO Ll~E:-o \\'ITII DhTRißl'TEil 

bnn TA:-:CE 

Disposition of the Transmitting and the .· f /lenuating Bands 

lt will bc recalled that a loaded linc without distributcd inductance 
ha,; only om· tran,.mitting band aml only om· attcnuating band. In 
contra,..t, a loaded line (Fig. I) with distributed inductance L has (as 
shown in Appendix;\) an intinile ~cquence of alternatc transmitting 
and attenuating band,.: bcginning with a transmitting hand cxtending 
upward from zero frl'quency to the lirst transition frequency which, 
bccau~e of its special practical importance in being the upper boundary 
frequency of the first or principal transmitting band, is termed the 
"critical frequency" to distinguish it from the other transition fre-
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quencies . The critical frequen cy will he denoted by J,; also by J~
particularly when regarded as the first transition frequency . The 
relative frequency will be denoted by r, that is, 

(13) 

Evidently r 1 = 1. General formula s for all of the transition frequencies 
are furnished a little further 011. For the case of no distributed 
inductance (L = 0), thcre is only one transition frequency-the 
critical frequency- and it has the value expressed by equation (3). 
\Vhen necessary for distinction, the critical frequency for the case 
of no distributed inductance will be denoted by Je', also by J1'; thus, 

Je'= 1/ = 1, rr-./L 'C. (H) 

The ratio of th e critical frequency of any loaded line to the critical 
frequency of the same loaded line without distributed inductance 
(L = 0) \vill be denoted by p; that is, 

P=J,Jc'=Jdf/. (15) 

p c-an be evaluated by means of formula (22). 
lt is convenient to employ the term "compound band" to denote 

the band consisting of a transmitting band and the succeeding at
tenuating band. I t is shown in Appendix A that , for any specific
loaded line, the width s of all the compound bands are equal; though 
the transmitting bands become continually narrower with increasing 

o, 

n!i 

Dn+t 

Dn,n+, 

th - nlhattenuating band n . tranzml tting band-' 
~ 

n th compound band 

Fig. 6- Scalc Showing the Disposition of thc Transmittin!(' a nd thc Attenuating 
Bands of a l'criodically Loaded Line <Fig. I) with Distributed Induct.tm·e 

frequency , while the a ttcnuating bands hccome continually wider . 
These fa cts are represcn ted on thc JJ-scalc in Fig. 6, D being propor
tional to the frcquency J. Fundamentally D dcnotes the quantity 

~wVLC; but , by the suhsti tution of X. = L IL', and of r and pdcfincd 
by (1:3 ) a nd ( I.5), D can be written in the following four identically 
eq uivalcnt forms: 

(16) 
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lt is of SOIIIl' intcrcst to 110te that lJ=~w \ 1LC i~ cqual to onc-half the 
"ph;Jse cou"t.ult" ("w.l\·e-len~th constant") of earh :-ection of Iire 
(L. C) hl'tWl'Cil Ioads. Iu Fi~. Ii the rompound hands are numbered 
l. 2, 3 ..... 11, . . . Thus D,. de110tes the transition value of D 
within the 11th compound h;md: th<Jt is. D,. is thc \'alue of D at the 
transition point hetwt'l'll thc 11th tr;msmittin~ band and the 11th 
attenuating band. LJ"_"+I denotes the transiti011 value of lJ betwecn 
the 11th and (ll+!)th compound hands; and hcncc the transition 
\"alue of D hetween thc 11th attenuatin~ band and the (ll+l)th trans
mitting band. The corrcspondin~ \·alucs of fand of w would bc ror
respondin~ly suhscriptcd. By ( ! Ii), 

( 1 i) 

;111d simil.trly for I>,. 1." .u1d JJ...,.+I· In particular, D1 = p\ '>. .. since 
r, = !. As ~hown in Appendix A, 

(lS) 

Thus thc D-width of eaeh compound band is 11' 2. that ~~. 

(!U) 

and hencc, hy (!G), the f-width has the value 

/ ..... +1-f,. ~. .. = 1 2vLC= 1 2-,J~L'l:=ll'j.', 2 \ fA: (20) 

lf r,. dcnotes the D-width uf thc 11th transmitting band, that is, 
r,.=D,.-D,. l.r~• thcn the f-width has thc value 

j,.-f,.-l,,.=r,. 11' \ LC=r,. li' ·,/H.'C=r,.f,' 1 \ ;A-_ (20.1) 

\\'ith regard to the nth compound band it will be noted that there 
are two kinds of transition points namely. the internal transition 
point D,.. and the boundary transition points D,._ 1_,. and D,.,,.+l· 
This distinguishing terminology will Iw found conHnient in connect
tion with the transition frequenries also. 

As indicated by Fi~. (1, the widths of all the compound bands are 
equal; but with incrcasing 11 thc width of the 11th transmitting band 
continually decreascs toward a width of 0, while the 11th attenu
ating band continually increa,.;es toward a D-width of 11'. 2; so that 
thc infinitdy remott· compound bands arc pure attenuating bands, 
the infinitely remotl· transmittin~ bands being vanishingly narrow. 

Thc situation of the critical valm· D,. of D within thc 11th com
pound band ha,.; no such simple cxpre,.;,.;ions as han.· thc boundary 
points D,. 1." and D,.,,.+l; for D,. is a root of a tran,.;l·emlental equatiun 
and can he cxpressed only by an infinite ,..crics of terms or of opcra-
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tions. In Appendix .\ a power series formula has heen derin·d for 
Dn in terms of X=L. I.' and Dn -l.n=(11-1);r 2; if, for hre\·ity, the 
somcwhat cumbcrsome ( though expressi\·c) symhol D. l.n is dcnoted 
hy d., this power seri<:>s is 

valid for n=2,3.~ •... but not for 11=l. For 11=1, so that D.=D 1, 

it is shown in Appendix A that the appropriate formula is 7 

_ n:( _X 11A~_)iX3 _ 2SIX4 -t-1029>..5 
) 

D 1 - \. X I G + 360 ;jOtQ GO~SOO + ll!Ji;jQ~OO .. ' .. (22) 

Since, by (16), P=D, , V~~ the serics for p is the serics in the paren
th<:>sis; sec also (23-:\) in :\ppenc.lix :\. :\lt<:>rna ti,·c serics-form ulas for 
evaluating D 1 ancl D" are derin:c.l in Appendix :\- formulas (2:3-A) 
and (23.1-A) for D~o anc.l (20.2-A) for D.. l t mav be obserYed that 

D"-d,.<X 'd., that D 1 <\.'x. and that 1-p<X ·!i. 
Thc smaller X, thc more con\·ergcnt arc thesc formulas. Formula 

(22) is highly con\·crgcnt, C\'Cll \\'hcn X is as large as unity or cn•n 
solllewhat )arger. Thc conYergcncc of formula (21 ) depends Yery 
much on dn anc.l hcnce on 11: when 11 is largc, (21 ) is satisfacturily con
vergcnt e\·en for fairly )arge \'alucs of X; lmt when 11 is small. (21 ) is 
satisfactorily conn·rgcnt only for rathc>r small ,-alucs of X. 

1\s a supplement to or as an altcrnatiYe to formulas (21) ;uld (22) 
thcrc will IJO\\' bc giYcn a \\'idel)· applicahlc formula uf succcssin: 
approximation for JJ,. , , ·a licl for all the values of 11 including 11 = l 
and snitahlc even for )arge vahws of X. \\'ith D,.-d,. (tlll' JJ-width 
of the 11th transmitting hand) denoted hy Tn, this formula (dcri,·cd 
by .:-\ c\\' ton's gencral method of approximation) is : 

" 'Ar,.' + X sin r"' \OS r"'- dn sin ~ rn' 
Tn = X+sin2 r"' 

(22.1) 

\\·herein r,.' is se Hne a pproximate known \·a lue of r", and r"" is a morc 
accnratL' approximat!' , ·alue yicldl'(l by the formub. r"", in turn, 
is to IH· nsc·d in the formula to compute a still more accuratc ap
proximatc \'allll' r,." '; and so on, through as many cyclcs as may hc 

7 From thc seqUl'lll'e of signs in I his formula, namely - +-- +, the sign of the 
ncxt term is nol evident. .\ similar renlilrk applies to formulas (23-.\ ) and (23.1-A ) 
in Appendix :\. 
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twn•-.-..tr~ u-.u.dly llol more th.111 '''" or thrn·, though IIITd-.iou.tlly 
r .. ur. Fir,..t-.tppro,im.ttiou ,,thll'" for r • .tn·: 

, X ( X ) r. d. l-d.~ \\ht'lllltl, 

r,,' = \ X I I X Ii) whl'n 11 I, 

,1-. t\lll l>t' "''1'11 from (:!1) and (:?:?I r~""'P~"Ciin·ly. \ \ 'lwn 11= I, r" /J1• 

,.inn· d, = 0 !Jy tlw lir,_t of tl~). 

Fi,;. Craph, of I- p l<cpre~l·nl ing thc Frac!lonal l.mn·ring of tlw <"ritic.d 
F requ(·nry hy I li,t rihuted ln<..luci.HH'C 

D. having hecn e\·alualt:d, thc transition freqlll'IICY j. IJctwt·l·n 
thc nth transmittin~:: band and the nth attenuating l•and i;; calcul,tl•lc 
immcdiately from 

j.= D. 
r. \ LC 

o. 
n. >..L'C 

(23) 
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derin·d from ( II ) supplemcnted l>y ( 1-l). Formula (2:3 ) i~ \'a lid 
a lso whcn n =I , with D1 C\'a luatcd from onc o f it s appropriate formu
las; the resulting formula fo r the critical frequency ]I =J, rcduces to 

bccause D 1 = p'\ 'i:, by ( lli ); it is sccn that (2-t ) is consistcnt with (1 5). 
For use in (2-t ) and for ccrtain ot hcr p urposcs to l>c llll't btcr, Fig. 7 

givcs graphs of 1- p, calcula tcd by (22) and a lso (22.1 ), for a wide ra nge 
of ]1. . l rp to the present time thc largcst , ·altH' of ]\ occurring in p rac
tica l applica tions in thc Bell System i,.; ahout 0.12; Fig . I cm·ers 
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A. 

Fi!( . i. t ( ; r;q.h~ for F ind in !( tla· \\' idt hs oi tlll' Tra nsmit tin~ Bands 

ahout cight times thi s rangc. l nspection of it ~lwws that thP graph 
nf I - jJ is sl'nsibly a straight linc up to ,·alucs of r somcwhat !arger 
tha n en:n 0.12; a nd that 1- p is o nl y slightly lcss than ]l. '(i , which is 
mcrcly tlw first tcrm in thc power ~c>riPs for mu la for 1- p oht ai ned 
from (22) . 

Thc gra phs in Fig. 1.1 l'lmstnwt<·d l>y mcans of formulas (22.1 ), 
(22), (2 1) n·prcscnt din·c·tl y thc ckpendl'lll'C of th1~ D-width rn= 

IJ,. - !Jn ~, ,. of thc 11th t ransmitting band on ]\ and 11, for a widl' ra nge 
uf }1, a nd thc firs t eight , ·a llll'S of 11. The f- wid th is tlwn obta inablc 



/.0./flTO US/-"\' . /S/1 C0 .\11'1 \ ' \'. //1 .\1, Xl:rtt"() fO·:S -1.1.1 

illlllll"di.Ltcl~ · fn>tll ( ~ll.l l: alld _r. from ( ~:~ ) . since n.- r.+(n - I ) rr ~ 

ln p.trtinil.tr, thc gr.tph for 11 - I is ;t gr;tph of !JI: hut n. and 111"11(1' 

f 1 c.tn he evaln.tted much more pn·,·i,.,ely hy nwans of Fig. i desrrihl'd 
in 1 he prt'cedin~ paragraph. 

Tht• bot11td.1ry transitillll frl'fJlll'll<'it·-. f " ._" .uul f" .n+l of tlw 11th 
<'l llllpound band (a11y compnutul ha11d ) dl'pcnd o11 only onp para
IIH'tt•r ~ht'sides n ) ll.lml'ly, tht' product /,C. Tlw intern;tl tr:lllsi
tinn frt'fjllt'ncy f. depl'nd,.; n11 two inclept·lldt·nt paranll'ters (hesides n ) 

nanwly. tlw product LC anu thC' ratio >. = /, L'. ll l'nn·. tixing LC 
li:\es all of the hound.try fn·quencit•s of tlw compou11d hands; tixing 
LC anti X tixe' all of tlw tran,.;ition frl'quenci<'' houndary and in
tern.tl . Fi,ing- any olle' houndary fn•qtlt'ncy fixes LC and therehy 
lixt'' all of the remaining bound.try frC'qucneies; tixing any two transi
tion frequcncit•s nf which at ll'ast um• is an internal transitiun fn•qtH·ncy 
li:\t'" LC and X and thcrehy fixes ;tll of t ht· n· maini ng transition frc
qut•ncies houndary ancl intl'rnal. 

The relatin· widths of ;tll thc transmitti ng a nd attenuating hands 
<h·pcnd on only nnt· p;tramett•r- nanll' ly. the ratioX=L I:. ll enn·. 
tixing X fixes the rl'latin· widths of <tll thesl' bands: fi:\ing thc ratiu 
oi tht• widths of any t\\·o hands not !Joth of which an: cornpound 
h.mds fixes X and thl'reby fixe;. tlll' rl'btin· widths of all thc trans
mitting and attenuating hands. 

The cfTcct of increa:;ing X, wlwn L'C is fixccl, is to lowcr the critical 
frequency f ,=ft, the critical frequency approaching zero whcn X 
approaches infinity. B ut for e\·cn the largl'st \·alues of X met in 
practice the critical frequl'ncy is not much lower than for X= O; the 
fractional dccrea,-c (fc'- f ,) f c' produccd in the critica l frcquency by 
increa~ing- X from 0 to any \ ·altJc X i~ exactly equal to 1-p and hencc 
for any ordinary ,-alue of X i:;, hy (22). do>-ely equal to >- . G (which 
is only 0.02 for >-=0.12) . l t i,; interesting- to notc that thc no m inal 
impeclancc defined hy cquation ( I )-is increa~ed aiJollt tlm•c times 
a,.; much as the critical frcquency is dccrea~ed: for the fractional 

increasc in the nominal impcdancc is cxactly \ I +>--1. a nd hence 
approximately X 2 . 

.-\ 11 thl' tran-.ition irequencie,., arc n·dun·d hy increa-.in).! >.. whcn !.'C 
is liXt'(l. The tran,..ition fn~qlll'lll'it•-. hnnnding the compo111HI hands , 
.utd hencc thc width,.. of thl' 1·ompound band", dl'crea ,..t· in direc t pr"

pnrtion to a n innca"c of \ >. . But tlll' \ ·aJtH.,. of thc interna l tran-.i
tion frt'fjtiL'llcie,.; clo not decrcasc so rapidly; for tht· ra tio of tra n ... mittin g
hancl width tn attcnuating- band width incrca,..es with in cn·as in g- >. . 
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The effect of adding distributed inductance L to a loaded line 
(L', C) having originally none is to rC'place the previous single com
pound band of infinite width by an infinite number of compound 
bands each of finite width. The !arger L the narrower are the com
poundf-bands, and the further to the IC'ft they are situated. Although, 
as already noted, incrcasing L decrC'asC's the critical frequency, it 
increases the relative width of each transmitting band-namely, the 
ratio of the width of each transmitting band to the compound band of 
whi<"h it is a con~titucnt. Thu~. when L hccomC's \'cry large (so that 
LC and >- hecome \'C'ry large) tllC'rc are within en·n a moderate fre
quency-range a n·ry !arge numlwr of compoun<l bands who,;c tran~
mitting con,;tituenh arC' n·ry wide comparC'd with the attenuating 
constitucnts. 

The effect of applying lumped loading to a given smooth line (L, C) 
is to introduce into the prcvious transmitting band of infinite width 
an infinite number of attenuating bands whose upper boundary points 
are equidistant and whose widths continually decrea:-;e toward the 
lower frequencics. \Vhen the inductance L' of the Ioads is con
tinually increased the attenuating bands continually increase in 
width as a consequcncc of their lower boundary points moving down
ward to lowC'r frequencies, so that ultimately the attenuating bands 
fill the entire frequency scale from zero to infinity. An alternative 
but equiYalent statement regarding the etTect of applying lumped 
loading is that the preYious pure transmitting bands, each of D
width equal to rr/2, bccome compound bands whose attenuating 
constituents continually increase in width when L' is increased. 

(The four preceding paragraphs are based on the last fiye para
graphs of Appendix A.) 

In Fig. () thc tran~mitting bands arc rcpresentt-d as lwing relatin·ly 
narrow compared with thc attenuating bands. In cxisting loaded 
lines this is indeed the ca~e. but it is not an inhC'rcnt relation: for any 
number of thc transmitting han<l~ can he mack wider than tlw associ
atcd attl'llllating bands hy so de;;igning the loading (lumped m smooth 
or hoth) as to secure a sut1icicntly !arge Yaluc of thc ratio A =L, L'. 
( llowe\'er, for any fixed loa<ling and hcncc a fixed Yaluc of A, there 
is somc frl'quency hcynnd which thc tran:-;mitting hands arc narrowcr 
than thC' associatC'd attcnuating l1ands. ) 

Thcre will now bc giYen two cxamples illu~trating the relations rcp
rcscntcd in Fig. G, and illu,;trating al,.o thc applications of <"crtain 
of thc foregoing formulas and graph". 

The first cxamplc pertains to a hca,·ily loaded O!Wn-wirc line of 
No. 12 N. B. S. gaugC', haYing lnading coils of inductance L' = 0.211 
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lwur~ .11 .1 ,;p;wing- of s = 7.S~ milt•,;. Tht' line b.ts a rap.wity nf 
.oos :!.i' 10 8 f.tr.td .u11l an imhwt.uwt· of .on:w7 lu·ury, l'ad• pt'r milc: 
whl'nl'c, ior t·.ll'h liut·-~q,:nH·nt ht·tWt't'll lo;HI,;, C= .IHi:,sx 10 8 farad 
.111d /.=.ll:!S!l henry. Thl'rdon• ~=0.1:!. \ \" ith ~ known. tlw int.-rnal 
tr.lll:-ition fn·quent·il'" f" (with 11 = I ,~.~. I, ... ) can hl' rmdily 
t·,·aluated from (~:!) through the ,·,dut•,; of /J" oiJt.tinahh· from Fig-. 7.1. 
ll owcn·r. wht•JI partintl.trly high accuracy is de,;in"<l for the lirst 
trau:-ition frequency f 1 tht' nitkal frl'qnency this can IJ<' attaincd 
hy rt•sort to formul.t (::?:!) or to ('2:?.1 ), ur el:-l' to Fig-. 7; it is thus founcl 
that 1-p=.Olnfi, whl'nn· p= ll .!ISII I, and tlwn J 1 =:? 11!1 cycJp..; per 
sl'nmd. hy (:!I). Tlw f-width of mch conqmund band is J lll i l , hy 
(:!0). Thc following tahll' shows tht· location,; a nd wid th,; of thc first 
tin· (n =I, 2. ~. ·1. ;"l) transmitting- band,; and a:--;oc iatl'd attl·nuating
hand,; of this loade(l line. The numbt·rs in the l'olumn,; hcaded fn-l." 
and j .. are thc transiti11n frcqucncies constitutiug, rcspC'ctin·ly, thc 
lowcr anti uppcr houndary points of thc trausmitt iug hands; and thc 
numbcrs in thc column hcaded J,.-fn-l.• are thcrcfore thc widths of 
the tran,;mitting hancb. T hc llt'Xt to the last column shows the rela
tive widths of the tran,;mitting band,;, rcft·rrcd to the first or principal 
tran:>mitting band -whosl' width i,; ft-O=J1 =2 11\I, the critieal frc
qucncy bcing ::? 17!1. Similarly, the last rolumn shows the rclati\·c 
widths of thc attenuating hands. 

T~ !~-·-~ J~ f·-f~-·-~ u~ -!~-•.~ vJ, u~.~+·-f~··,'f· 

~~!lll I) 2,11!1 2.17!1 1.001) 3.ti2;i 
:? .072!1 IUtil 11,\l% ;):!:? . 2 }:) 1.-HO 
~ o:l77 22.!J:?S 2:l.2o:! :?7.) . 11 1 I. .i I -I 
·I 0:?.-,:l :~ 1, :~!12 :~t .. i l7 IS.i . Oll l .. 'i.') l 
.i (lJ!)(I -l;i,S.it i Li.!l! l.i t:l!) . O.i li l .;ili!l 

lt will l,e oh:-t'r\'l'(l th;!l the tran:-mltllng- h;md,.; dl'crea:-c· rapidly in 
width at fir,.;t, then mon· and more slowly; and that tlw a,;,.;ociated 
attenuating band,; an· rclati,·dy n·ry wiJe. For in;-.tancc, the "econd 
tran,.,mitting band (0.21.1) i,; only alu•ut one-fifth the width of tlw fir:-t 
( 1.000}, and the set·ond attenuating baud ( 1. 110) i,- mon· than twcnty 
timcs the width of the second transmitting band (0.2J;i). 

The ,.,crond examplt· pl'rtain,.; to a hypothetical, though not ncn·,;
!->..lrily impractical•le, loadt'd lint·. Bdore loading. tht· lim· i:- tht· o;amt· 
as in thc tir:-t t·xample; hut it i,.; n·ry lightly loadc·d nanwly, with 
loading- coils "f inductant't• /.' = .ll.i7l:'i hcnry at a !<pacing of s = I.i.7ti 

mil~. llcnce, C= O.I:Hn X 10 fi farad and L = .ll.)ll:'i henry. Tlwrdorc 
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>-= 1. The followi ng tahle :-;hows thc locations a nd width :-; of the first 
eight transmitting hands a nd at tcnuating hands. The critical fre
quency is /I =31-!0, and the f-widt h of cach compou nd Land is 5732. 

f" l,n r"-.f"_,_" (_r"-r"_,_"· .f, , r •.• +,-r", f, 

2 
3 
4 

.860-! 0 3, 1-!0 

. -!5iH .5,i32 i,-!0:3 

: ~~6~ g:i~~ I :~:J~~ 
,j . 15-!1 22,928 23,4!)0 
{) 1. 12-!i 28,660 I :?fl,J):"j 

. 10-!6 I 3-!,392 11 3-!,ii-! 

~9~ -!0,12~---=~~2-j_ 

3, 140 
l,Gil 
1,0:36 

733 
S62 
-!5;) 
382 
328 

1 .000 
, ;)32 
.330 
. 234 
. 17fl 
. 14.1 
. 122 
. 105 

. 82fi 
1. 2!).1 
1 . -!96 
1.592 
I. 6-!i 
1.681 
1. i04 
I. 721 

Comparison of this table with that of the first exa mple hrings out the 
great diversity hetween the two examples: t hc minor transmitting 
bands in the second example are rclatin.·ly and aLsolutcly much wider 
a nd si tuated at much lower frcquencies than in the first cxample. In 
the second example the first or principal transmitting band is some
what wider than the firs t attenuatin g band. 

A further a pplica tion of the foregoing fonnulas a nd graphs is to 
obtain a precise and explicit solution of the important practical proble rn 
of loading a given smooth line with lumped load in g to secure specified 
\"alues of the critical frequency /I and nominal impedancc k. The 
design-problem consists in determining the requisitc \·al ues of the Ioad 
inductance L' and Ioad spacing s in terms of f 1 a nd k and the known 
\"alues of the inductancc and ca pacity, L" and C", pcr unit length 
of the gi\·en smooth line. Since L =sL" a nd C=sC", the solution 
can be obtained as follows: Suhstituting L' =sL", >. into (1) and 
solving for >. gi\·es 

Then 01 hecomes kn<l\\"11 hy means of Fig. i or Fig. i . I or furmula (2:.!) 
or (22.1 ). ~ext , s hC'Cn nH·s known from ( 2:~) or (:!-I ): 

s = D1 1rj. , 1 L"C". 

Finally, from these formulas for >. and s togl' ther wi th the relation 
L'=sL" >.. it follows that 

I, _ D1 (k2 -L", C'] 
• - rr/1 \ I L"; C" . 

im1 

tna 

lac1 

tne 

l 
olt 
~ni1 
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Fllt' Rrlatil·t' lmpt·t!anas 

Thc formul.1s for thc i111p':d.llll'l'S and admittann:s of ~~ non-dissipa 
ti,·c rx-riodically loaded linc (Fig. I) with any amount of distributcd 
imluctancc L will next hc ~ct down, and di~cussed somewhat, with 
particular regard to tlw transrnitting and thc attenuating bands of 
thc loaded line. 

As bdorc, it i~ convcnit·nt tu dt·al with the rl'lative impcdances 
Z, Z' and the rclati\'l' .1dmittancc:-. II', ll" dcfincd by t!qnations (2). 
Special attention is givcn to thc particular values Z&. Z'.~. H'.&· nn, 
corresponding to mid-point tcrminations. 

lt is found that Z, Z', Jl', ll'' can be exprcssed in terms of thrcc 
independcnt quantitics- naml'iy, the relative frequency r=ffj,, the 
inductance ratio >. = L , L', aml the relative termination u or u'. For 
most applications thc quantity r = fJ, is more significant than any 
othcr quantity proportional 10 thc frequency J, and on that score it 
would bc desirable to employ it explicitly in the formulas for the 
impcd.111ces and admittanccs. Howe\'er, the formulas are rendered 
considcrably more compact by employing the quantity D defined by 
cquation (16). \\'henever desired, D can be expressed in terms of r, 
>., and p by mcans of (16); and thence in terms of r and >. by means 
nf (22). 

Becau~e of their special importance the formulas for the mid-point 
rcl..1tivc impcdances and relati\'e admittances will bc set down first. 
From Appt•n<iix D these formulas are found to be 

I rx 1>-+D cot D 
z • = II~ = \ >.+I \ >.- D tan D' (25 ) 

Z
, I 

• -~ = ll'' .s 
I (>.+!Jcot IJ) (>.-D tan D) 

\ >.(>.+I) -
(26) 

>.2 + 2>-D cot 2/J- I )2 

= \ >. (>.+I) 
(26.1) 

From thesc formula" it can bc nrified that Z.& and z·.~ are pure 
imaginary throughout evcry attenuating band, and it can be seen 
that they arc pure real throughout every transmitting band. 

A study of equations (25) and (26) brings out also the following 
f..1cts regarding the ,·ariation of Z.s and Z'.s in thc transmitting and 
the attenuating bands, with increasing frequency: 

In the first transmitting band, Zs ranges from I to -.o, but in all 
of the other odd transmitting bands it ranges from ~ to c.c, through 
finite intervcning values; in the e\'t:n transmitting bands it ranges 
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from 0 to 0, through fi nite inten·ening val ues. In the odd at tenu
ating bands it ranges from -icn to -iO; andin the even attenuat ing 
bands it ranges from +iO to +ioo. 

In the firsr transmitring band, Z' .• ranges from 1 to 0, but in a ll of 
the other transmit ri ng bands it ra nges from oo to 0. In a ll of the 
attenuati ng bands it ranges fro m +iO to +i~. 

T hese facrs a re illustrated by Fig. 8, which gives graphs of Z.5 and 
Z'.5 over a range of three compou nd bands, as functions of r=J/f 1 = 
[) 1 D~o with X = 0.12; abo with X =0, for comparison. On the scale 
there used, t he curves for the two va lues of X are ind istingu ishable 
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thrun).:hunt tlw ftr"t tr.tlblltittin).: h.uul (O<r< I) .uul .1 l'orbidt"r.d>ll' 
p.trt uf thl' ~lt•·n·t·din).: .lltt·nn.atin~ h.and; hnt dq>.art \\idt>ly lll'yund. 

Thl' l'\,wt fonnub~ for Z, II' and Z', II" for ;tny tnmination~ o and o' 

l',lll ht• writtt·n in thl' forms 

I z~('ot(::!u-IJ!J+i \ X(I+Xl 

11' cot (:!u-lli>+iZb \ (I+X) X' 
(::!i) 

._,,_I_ 7 , +.(:.?u'-1)1> 
"._-Ir,-"._ b I \ X(I+X). (28) 

The,..e equ.ttions .ue not re"tricted to \'alues of u and u' lt·"s than 
unity; they are ,·alid for <111}' (re;tl) Yalues of thc.,e quantities. \\'hen 
X=ll, they reduce immediatdy to (l) and (.'i) respecti\'ely. 

From (2i) and (:.?S) it is readily verified that Z and Z' arc pure 
imaginary throughout every attt·nuating band, and it can be easily 
seen that they are complex throughout every transmitting band; 
hecau>'e Z band Z'.b arepure imaginary throughout e\'ery attenuating 
band, and pure real throughout en·ry transmitting band. 

lt is seen from (::!i) and (:.?S) that, throughout e\'ery transmitting 
band, each of the quantities Z, lJ', Z', lJ'' changcs merely to its con
jugate when u is changed to 1- u. Thus the conjugate property 
expressed by equations (~) is not limited to loaded lines without 
distributed induct<lnce but holds when therC' is any amount of dis
trihuted inductance. Thus it continucs to bc true that complementary 
char.tcteristic impedances are mutually conjugate-throughout e\'ery 
transmitting band. ForZ' and W', these facts are readily seen from 
physcial considerations also; though not so readily for Z and Tr. 

From physical considerations, as weil as from cquation (28), it is 
readily seen that Z' continues to possess the property expressed by 
the ,..ccond of equations (tl}; on the othcr hand, II' no Ionger possesses 
thc property expresscd by thc first of (\l). 

\\'e shall now return to thc important furmulas (2.1} and (26) for 
the mid-point relative impedanccs in order to discuss thcm for small 
,·alucs of X such as occur in practice, and particularly for a frcqucncy
range not greatly excccding that of thc first transmitting band. For 
this purpose it is adYantageous to writc thcse formulas in the following 
forms, notwithstanding somc sacrificc of compactness: 

z = I = X+IJ ('ot I> I 1_ [) tan I> 
•b ll'.b \ X+l \ i>tlanJJt' 

(20) 

Z' _ I _ X+I> cot IJ 1 1_ j) Lm JJ. 
.b - Ir' b - \ X + I \ /)I L ln /)I 

(30) 
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For the discussiun of thcsc it sbould be rccalled that D = },w >..L 'C 
a nd r =D/ D1 = f//1 = f ff ,; a lso tbat D1 tan D1 = >.., whence D1 is approx

imately cqual toV~ when }.. is small. 
Equations (2\J) and (30) arc in such form as to exhibit the manner 

in which Z.s and Z'.s approach thcir simple limiting values for >.. = 0, 
represented by equations (G) a nd (7) respecti\·ely. For when >.. 
approaches 0, D cot D and D tan D approach 1 a nd D2 rcspectively; 
and for values of :\ c\·cn la rger than the largest (about 0.12) occurring 
in practice, D cot D a nd D tan D respec tively are at least roughly 
equal to I and to D2 throughout even more than the first transmitting 
band. 

The expression for Z .& redun~s immcdiately to I , \./ I - r 2 when "A is 

zero. \Vhen >.. is not zcro, Z.6 is less than I 1- r2 for a ll values of 
r in the first transmit ting band ( 0 < r < 1); when r increases from 0 to I. 
Z.;, increases from I to oo. 

The expression for Z'.s rcduccs immcdiately tu \./ 1- r2 when >.. is 
zero. E\'en when }.. is se\'cral tenths, Z'. 5 is very closely equal to 

~2 for all valncs of r in the first transmitting band; when r in 
crcases f rom 0 to 1, Z'.r. dccreaH·s f rum I to 0. 

Elfecis of Distributcd Jnduc/ancc; lhc "Simulatit•e Loaded Linc" 

The auo\·c-dcscribed relations a re cxemplified in Fig. ll, wbich 
givcs graphs of Z.s and Z' .• on·r the first transmitting band and part 
of the succceding attenuati ng band, as functions of r, with >.. as para
mcter equa l to 0.12 and to 0. It is seen that thc curves of Z.s for tbc 
two \'a lucs uf >..du not differ much in the transmit ting band (O <r < 1); 
a nd that the cun·es of Z' .s for thc two \'alucs of >.. are indistinguish
a hle- on the scale thcrc uscd. 

In orde r to indicatc morc preciscly to what extent the forms of Z.5 

and Z'.s are affcctcd by thc prcsence of distributed inductancc, as 
spccificd by >.. = L L ', Fig. 10 has been prcpared. This gi YCs a graph 
of thc ratio of thc valucs of Z .s for "A = 0.12 and "A = O; a nd likcwisc 
of Z'.s. That is. formulatL·d in functional notation , it gi \'cs graphs 
of Z. s(r, :\) , Z.s (r, 0) and Z' .s (r, :\) , Z'.s (r, 0). From thcsc it is sccn 
that, in the transmitting band, tbc mid-scction ratio (lirs t ratio) and 
the mid-load ratio (seconcl ratio) do not diffcr from unity by more 
than four pcr ccnt . a ncl onc-tcnth of one per n·nt., rcspcct ively. 
These obscrvations- particu larly the second - soggest that, at least 
ovcr the wholc of thc first transmitting band, the impcdance of a non
dissipative periodically loaded linc with small distributecl inductance 
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l'.lll h1.· r<lthl•r clo~dy ~imulatl'd hy .r pt·riodic.dly lo.u lt'd lirw without 
di".tribrltl'O inductalll'l.' (,ut with suitahly cho:-cn load -i nductalll'l' /.o' 
.111d Sl'Ction-c.lpacity Cu. Tlw utility of th is obscr\'at ion rl'sidl':-

/' 
I 

~ ~:g,2 

' ~~· 
0~ 4 ' e t.o t.: 

r--· 
/

Y, . . 

' 

Fi;: . Q :\lid-!x."· tion and \lid-l.o.td lü:l. tti n: lmp,·< l.tnn:s Z • anti Z '_, o,·<' r t hc First 
Transmitting B.rnd arul l'.rn of the Su .. n·l·din~: .\lt<'llll,lfing Band 

. Z",rar ~·0 12 _ 
Z',for ~ - 0 

F1;: . lll Rat io Curn:~ Showing Ellecis oi l>ast rill!l l<•d ln · lll<' t.IIH'c on t h•· Fur rn-; 
of lht· ( ' un ,., of z .• a nd Z' , 

ultimately in the fa c t that thc forumlas for loaded linc" without 
di"tributcd inductancc arc much "jmplcr than tho"e for luaded lines 
with distributed inductancc. 
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For mid-sectiun or for mid-load termination the simulation of the 
effects of distributed inductance described in tlll' preceding para
graph can bc made exact at two different frequencies simultaneously, 
and the rcquisite values of the load-inductance Lo' and section-capac
ity Co of the simulating loadeclline thercby determined. This simu lat
ing loaded line will be termed the "simulative loaded line" corre
sponding to the two particular frequencies contemplated. 

In many applications a suitable simulation can be attained by 
imposing the conditions that the simulating loaded line (Lo', Co) shall 
have the same nominal impedance k and critical frequency f, as the 
actual loaded line (L', L, C). The particular simulating loaded line 
so determined will be called the "principal simulati\ e loaded line"; 
evidently its load-inductanet~ Lo' and section-capacity Co are deter
mined in terms of k and f, and also in terms of L', L, C by the pair of 
equations 

k=\.I(L'+L), C= , %Co, 

f,=p,'7rVL'C=l,'7r L o'Co, 

(3 1) 

(32) 

of which (31) corresponds to (1), and (32) to (15) and (H) combined 
or to (2-1). The sulution of the pair of equations (31 ) and (32) is the 
pair of values 

Lo'= L'(VI +"AL P=k '1rj,, 

Co= C p , I I +"A = 1 '1rj,k. 

(33) 

(3-1) 

In conjunction with (22), these formu las show that Lo'> L ' and Co <C; 
in fact they show thatLo'L'=l+2A,3 and Co/ C=l-'/\,3, as first 
approximations; precise values of these ratios can be readi ly calcu
latcd by substituting for p the power series contained in equation (22). 

The simulati\·e precision of the "principal simulative loaded line" 
depends on the value of the relative terrnination (u or u'). The 
simulation is far more precise for mid-load termination (u' = 0.5) 
than for mid -section termination (u = O.!i); this can be sce11 by de
velopillg in power scries the functions involwd; for '1\ = 0.12 thc fact 
is illustra tcd by Fig. 10 ala·;H.ly cited. Thc simulati\·e precision for 
other tcrmination s will not IJc disrussed hcre, bcyond remarking that 
the "principal si mulative loaded linc" terminating at u'-load could 
not exactly simula tc the actual loaded linc terminating at u'-load, 
eve11 if the simulation werc cxact at 0.5-loacl; for the excess- inductances 
(u'- 0.5 )L0' and (u'- O.fi )L' arc not l'Xactly cqual, thc former bcing 
slightly thc largcr- as shown by equation (33). Howevcr, the small 
ncss of the impedance-departurc between the "principal simulativc 
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loadt·d li1w" .111d tlw .at·tnal lo.HkJ lim· whl'n both lim·s tl'rminate at 
mid-lo.Hit·an he idt·ntieally prc:-l'rn·d for any othl·r Ioad-point tl'rmina
tion of l'ither line hy so l'hoo:-ing the Ioad-point terminatinn of th~ 
otlwr line that thl· e:o..n•:-s induct.tnn· of its l'IHl-lnad heyond half Ioad 
has thc samc , -,tim·. This f.wt :-lmuld hl' kl'pt in miiHI when dl'signing 
simulating and l'«llllpctbating networks, particularly sueh as pertain 
tu a lo.nkd lim· that terminales with a fractional Ioad; also when 
chousing the relatin· termination u' of the fractional Ioad. 

Some idea as to the simulati,·e preei,;ion of the propagation constant 
r = A +iB of the "principal simulatiw loaded line" can be obtained 
from Fig. ~~ in Appendix A. For the present purpose the graphs 
for ;\ = 0 can be n•garded as pertaining exactly to the "principal simu
latiw loaded line" corresponding to any non-dissipati,·e periodically 
loaded line having any amount of distributed inductance, while the 
graphs for ;\=0.1~ are fur any non-dissipati\'C loaded line having 
the particular inductance ratio X= 0.1~. Of course, A is zero in the 
rangeü<r<l. 

PART 1\' 

:\ErwoRK~ FnR SniU ... ATI.~.;t; .\:\D FOR Co~tPE:\S.\TI);t; TttE htt'ED.\);CE 

OF Lo.-\DEll Lt:--;E~-C.E:-;ERAL Co:--;siDF.R.\Tto:-;s 

The remainder of the paper relates to the simulation and the com
pensation of the impcdance of periodically loaded lines hy means of 
the simulating and the compensating networks devised by the writer, 
.ts mentioned in the latter part of the lntroduction. 

The term "compensating network" requires at least a tentative 
definition. The compensating networks dealt with in the present 
paper are of two types: reactance-compensators, and susceptance
compensators. For the present they may be defined- rather nar
rowly- with reference to the first transmitting band of non-dissipative 
loaded lines, as follows: a reactance-compensator is a network that 
neutralizes the characteristic reactance of the line and hence simu
lates its complementary characteristic reactance; a susceptance
compensator is a network that neutralizes the characteristic sus
ceptance of the line and hence simulates its complementary character
istic susceptance. 

As actually worded, this division (Part 1\') of the paper pertains 
mainly to the simulation of loaded lines: but with appropriate ~light 
changes of wording most of it pertains also to compensation. Cam
petbation is dealt with l":o..plicitly in portians of l'arts \ ' and \'111 of 
the paper. 
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The simulating and tht: compt:nsati ng networks were deYised f rom 
p.urely theoretical studies of the characteristic impedance and ad
mittance of periodically loaded lines as dependent on the frequency 
and on the relatiYe termination, in somewhat the same way as the 
previously dcscribed 1 networks for smooth lines were deYised from 
purely theoretical studies of the characteristic impedancc of smooth 
lines as dependent on th e frequency. 

Building-out Struclures, Busic Nel7t•orks, and Excess-Simulators 

Although the characteristic impedance of a periodically loaded 
line depends greatly on its rela tive termination (u or u'), yet there is 
no need of attempting to devise various independent networks cor
responding to various relative terminations of the line. For any net
work that will simulate the line-impedance at any particular relative 
termination can be "extended" or "built-out" to simulate it at any 
other relative termination by merely supplementing the network 
with an "extension network" or "building-out structure" in the 
nature of an artificial line structure corresponding as closely as may 
be necessary to the portion of act ual line st ructure included between 
the two relati,·e terminations contemplated. Simulation can be 
a ttained a lso by building-out the line instead of the network, or by 
building-out both the line and the network to a ny common relative 
termination; but in practice these alternatives are not usually per
missible, the usual requirement being the simulation of a giYen fixed 
line. (Jn present practice, the line is terminated usually at mid
section [u = 0.5], or as closely thereto as practicable.) 

The term "basic network" will be used to denote a network which 
si mulates thc characteristic impedance of a non-dissipative periodically 
loaded line without the network's conta ining in its s tructure any 
building-out clements. Regarding the loaded line, the particular 
relative termination to which the basic network pertains will be 
termed the "basic rela tive termination" of the loaded line, a nd will 
be denoted by ub or ub' whcnever a symbol is needed for it. (For the 
kinds of basic networks thus far devised, Ub a nd ub' lie between about 
0.1 and about 0.2, that rangc having been found to include the rela
tive terminations most favorable to the design of those kinds of 
basic nctworks.) The foregoing terms, when used in connection with 
a dissi pative loaded linc, will be unclerstood to refer to the corre
sponding non-dissipative loaded linc. A considcrahlc munber of 
kinds of basic networks will bc describcd in Part \ ' supplementcd 
by Part \ '1. 
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rtw .unnunt hy which tlw char.1cteristic impcd.111ee of any peri
IXIieally loaded linc exn·ed,.; the imped.mre of thc corresponding non
dissip;~tin loaded line will hl' termed tlw ''excc~s impcdancc" (or, 
more fully, thc "exccss characterist ic imped;mcc"); aml a network 
for sinnllating- it will hc ternwd an "exl'cs,.;-simulator." Exce~~

simulators for lmdcd lincs will he considcred wry hrietly in Part \'II. 
(ln passing-, it may be noted that the foreg'Oing dctinition of the 

"exccss impcd;~nce" of a periodically lo;~dcd linc propcrly includc~ 
the dcfinition alrcady gin?ll 1 of the cxn·~s imped;~ncc of a smooth 

Fig. 11-.-\b~lracl Di,t~rams of Complete .\"etworks for Simulating Charal'tcrislic 
- I mpedance of Loaded l.inc 

linc; for the "nominal impedancc" of any smooth line was defined 1 

as the impedance of the cnrrcsponding non-dissipatiw smooth line. 
;\ similar statement is applicablc to thc tcrms "cxce~s simulator" 
and "basic network" previously defincd 1 for smooth lines.) 

The foregoing considerations and definitions haw prcparcd thc 
way for Fig. 11, which indicatcs in an ahstract manocr how the im
pedance of any loaded line ha,·ing any relative tcrmination can bc 
~imulatcd by combination;; of ba~ic networks, exce~s simulators, and 
huilding-out structures. 

Fig. lla corresponds to thc simple but unusual casc in which thc 
loaded linc has the basic relati,·c tcrmination: its impedance then 
can be simulated by the corrcsponding ha~ic nct work and cxccs~ 

simulator, without any building-out ~tructurc. 

\\'hen, as usual. thc gi\'cn linc docs not ha,·c the basic relative 
tcrmination, thcrc are a\·ailable thc two natural altcrnati\'cs rcprc
sentcd by Figs. 11b and 11c. Fig. 11h shows thc wholc nctwork 
of Fig. lla huilt-out to the rclatiw tcrmination of thc given linc hy 
means of the rcquisite huilding-out structurc, which for the highcst 
prccision must he dissipati\·c to correspond to thc actual line. ln 
Fig. 11c the hasic netwnrk is huilt-out to the rclati\·c tcrmin;1tion of 
the giwn line with a non-dissipati,·e building-out structurc: and then 
the resulting network, which simulatcs thc impedance that thc actual 
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line would haYe if non-dissipatin, is supplemented with a n excess
simul<ttor such as to simulate the excess impedance of the actual line. 

Since the excess impedance depends somewhat on the relative 
termination it can he simulated more easily at certain relative termi
nations than at others. This fact is utilized in the arrangement 
represented by Fig. lld. Here the basic network is built-out to 
somc relative termination that is particularly favorable for the design 
of an excess-simulator; the excess-simulator is applied; and then is 
applied the building-out structure, which for the highest precision 
must be dissipative to correspond to the actual line. 

The simulation-range of the basic networks described in this paper 
is a little less than the first transmitting band of the loaded line; but 
after a basic network has been built-out, its simulation-range may 
extend a little way into the succeeding attenuating band, omitting 
the immediate neighborhood of the critical frequency. The com
pensation-range of the compensating-networks is somewhat less than 
the first transmitting band of the loaded line. 

PART \' 

::'\ET\\"ORKS FOR .:\'o:-: - DtsSIPATIYE LoADED Ll:SEs WtTI!Ol"T 

DtSTRtrll"TED I Xlll"CTANCE 

In this Part will he described a considerahle numher of kinds of 
" basic networks" for simulating the characteristic impedancC' of non
dissipative loaded lines without di~tributC'd inductance; and two 
types of compensating networks for such lines. The modifications 
necessary when thc lines ha\·e small distributed inductance will be 
indicated in Part \'1. 

The various kinds of basic net works here dcscrihed may hc regarded 
as of two different types corrC'~ponding to tlll' tenninations of the 
loaded lines to which thcy pertain; tiH'rc may he sen·ral YariC'ties of 
each type. The two types correspond to fractional-~cction and to 
fractional -load terminations n ·spectiYC'Iy ; that is, to the rebtive tnmi
nation~ 11b and 11b

1 re,.peetin·ly. ( lt ha~ IWC'Il ~tatcd already, in Part 
IV, that 11b and 11b

1 lie lwtWC'en ahottt 0.1 and ahottt 0.2. ) lt 
will appcar l>elow that thc~c two typcs arc in\·crse typcs, in the sense 
that the impedance of a network of onl' type is Of the Same functiona) 
form as the admittanee of the corre~ponding network of the other 
type, when the frequency is rega rded as the indcpcndcnt variable. 
In particu lar, for equal relative tcrmination~ (ub=ub'), the ratio 
of the impcdance and the admittanCl' of a ny two corrcsponding 
inverse nctworks is independent uf frequency. This corresponds to 
the relations Z/ IV'= l a nd Z'; ll'=l, holding for the loaded line 
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it:-elf , .trt·onling to cqu.tt ion s ( I ) a nd (il ). I h·nn· the twn ty pt·s of 
11Cl\\'ork~ will SDIIll' t iiiiC:< l>e distinguished , IS impt'd.lllt 'l' t ype oliHI 

.ulmitt.IIKC type. :\ Iore sperilically, tlw sin11dating m·twnrks nf tht· 
two type:< will l>e di,..tingui,..lll'd as impedant·t·-simul;ttnrs ;11ul ad 
mittance-simul.ttor:-:, rc,..)wctin·ly; aiHI tlw t'olllpt·nsating nctworks as 
rcactance-C'c llllpen:-:a tors and susl'ept;tnce-t·ompens;t tc )rs . respect in• I>·. 

By bein J; built out to the requi,..itt• extt·nt, either typt• nf nl' twork 
t•\'idently ca n hc cmployed with .1 lo;ult•d line terminating at a ny 
point in cither .t ,;ectinn o r a Ioad; hut, depending on ,;uch tt·rmina
tion, onc type will require lt·,.." huilding-out than tlw otlwr, and lwnce 
will be so mewhat prdera hle on that score. For instance, fo r si mu 
lating thc impedanee nf a loadt·d line terminating at mid -sect ion 
(cr = 0.5 ), a oasic nctwork nf thc fraction;tl-st•ctinn type of tcrm ina
t ion will require le:-s huilding-out than one of tlH: fra c tiona l-load 
type of tcrmination. 

Tht• Basic X rluoorks 

Thc \·ario us h;t,;ic networks mcntioncd will now hc dcscribcd brielly , 
by aid of circuit diagrams which show the form s of the nctworks 
and which include explicit dcsign-formulas for th c propnrtioning . 
:\ l utu.JIIy corrcsponding nctworks uf in\'cr:-;c typcs will bc desc ribcd 
Iogether o r in sl'qucncc, in o rdcr to cxhihit clearly thcir correlation . 

ln thc design-formulas thc rcqui sitc \·alucs for thc network-clcmcnts 
will he expn:ssed in terms of the load -induc tancc L ' and the sec tion
capacity C o f the gin·n loaded line; but when dcsired they can in stcad 
be readily cxprcs"ed in terms nf tlw nominal impeclance k and criti ca l 
frequency f,, hy mea ns of the relations 

C = I rrkf, . 

Of cour:-c, t hc rlcsign-formulas invol\'l• also the rclatin· tnmin;1tions 
u and u' . 

Figs. 1:? a nd 1:3 show two rather simple nl'tworb which simula te 
\'c ry weil, O\'Cr most of the transmitting hand, the u-st·c tion char.w tt· r-

-~~ :::/Ja)t 
~c,-~c 

c, 
l·c~-:. t ! l mpt·dance -Simulator for a 
l.o .. odt'd l.inc TerrninatinJ.: at a-St~·tion, 

with a_in thl· \'ci~hloorhood of.O.! 

·« G,· l '1: 
c; -(~ -c)c 

c.,. ~~~~<P~ 

F i~:. U .\ dmitt.tnn:- '-,irnui.Jtor for .t 
Loadc·d l.int· Tt•rmin.Hin~o: .tl a'·l.o.ul, 

with a' in the \'t·ighl••rhl••l of 0 2 
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tsttc impcdance aml the u'-load charactcristic admit tance, respec
tively, of a non-dissip:lti\·e loaded linc, whcn u and u' arc in the 
ncighborhood of 0.2. The theoretical ha~cs of thcsc two networks 
and of their proportioning are outlincd in Appendix B. (See also 
Patent No. 112·1DO·l and i'\o. 143i422, respecti\'ely.) 

Figs. 14 and J;j show two nctworks which are considcrably less 
simple than those of Figs. 12 a nd 13 but possess a sttbstantially wider 

When 0'·0.1~. 

Rz-"RJC 
Lz·2.021:. 
Cz·O.I07C 

L>·OA83L: 
c,~o.z5sc 

Fig. 14 - lmpedance- Simulator for a 
Loaded Line Terminating at u-Section, 

with u about 0.1-! 

When cr:o.t4. 
Gi·~ffJif. 
C,·2.02C 
~0.107 1.: 

c;-o.~83C 

~·0.2G5t.: 

Fig. 15 - Admittance- Simulator for a 
Loaded Line Terminal ing at u'-l.oacl, 

wit h u' about 0.1 .t. 

frequency-rangC' of simulation; for them thc bcst value of u and of u' 
is about 0.14. ThC' thcoretical ba,-es of these two networks are in
dicatcd below in thc dc~criptions d the networks in Figs. 20 and 21, 
respecti\'ely. (Sec also PatC'nt Xo. 11GiGf3 and No. !43i422, re
spectively.) 

Fig. 16 show:; a net\\ork calll'd a reactance-cmnpensator, for a non
dissipatiYc loadl'd line terminating at u-:;ection. \\'hcn proportioneo 

Ls·lt-alL: 
Cs c,- pi!·Ojc 

z.-0' 

Fig. 16- Reac tance-Compensalor for a 
Loaded !.in(' Terminating at u-SC'ction: 
Reactance-Simulator when O<u< l. '2 
Reartancl·- :\'eutralizer when 1 12<u< I 

1 
t.:, _jcs 

Fig. 1 i ~ Susceptance-Compensat or for 
a Loaded l.ine Terminating at u'-l.oad: 
Su~ceptance-Simnlator when O<u' <I 2 

Su,;cepta nn·-:\eut ralizer 
when I , l<u'< l 

in acconlancc with thc design-formulas therc given, this nctwork 
posscsscs thc following two-fold propcrty with rcfercncc to the u-H·cti<>n 
charactcristic rcactance of the loaded linc: \\'hen u has any fixcd 
valuc between 0 and I 2, the lll'twork cxactly simulates thc u-section 
rcactancc, and cx<1ctlv m·utra lizes the ( 1- u)-section rcactancc; or, 
what is cquivalent, w.lwn u has any llxed valuc bctwccn I '2 and 1, 
thc network exactly twutralizes thc u-section rt'actancc and exactly 
simulatcs the ( I - u)-sl'ction reactance. 
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Fig. Ii ~how~ .1 rwtwork callt"d .1 ~~~~et·pt;mn·-compt·n~ator , for a 
non-di"~ip.lliH· loaded linc terminating at u'-load. \\'lwn propor
tioncd in accordance with tht· dc:-oign -formu l.1~ there gi,-en, this net
work po:;~e:->~c,. tlw following two-fold property with referencc to thc 
er'-load char.u·tcri,.tic :;u~cept.u1Ce oi the loackd line: \\'hen er' ha,. 
.111}' tl:-.cd ,·alut• hctwt•t•n 0 anti I :?, thc rwtwork e:o.:actly ~imulate;. 

the er'-load ~u~n·pt.uln', and t":O.:,ICtly neutralizes the ( 1- er')-load 
~usccptance: or, what i~ equi,·alent, whcn er' has any ti:o.:ed \'aluc 
hctwcen I 2 and I, tlw network e:o.:actly neutralizes the u'-load !'Us
ceptance and l':O.:,tctly simubtes tlw ( I - er')-load susceptance. 

lt may be noted that the resonant frcqucncy f, of the compen:o;ators 
in Figs. Iü and 17 is nen·r less than the resonant frequency f, of the 
loaded line; for when u=u' the two type~ of compen~ators ha,·e the 
samc ,·alue of f,, and 

f, f, = 1 2 "\/ er( 1 - u). 

This ratio ha~ a minimum ,·alue of unity, wlwn u =I '2; and hccomes 
infinite when u=O and when u= I. I t i~ equal to 1.2;) when u=0.2 
and when u = O.S. 

The compensators in Figs. !(j and 17 are t·,·idently itl\'erse networks: 
the theoretical principles underlying thcm are outlincd Iogether in 
Appendix C. (See also Patent ::\o. 12-t30!iß and ::\o. 147;)997, re
specti,·ely.) 

\\'ith er and er' each in the neighLorhood of 0.2 or of O.S , the u-section 
characteristic reactance and the u'-load characteristic conductance of 
a non-dissipatin loaded line arc simulated prctty weil by the con
stant resistancc Rr and thc constant conductance G/ of Figs. 12 and 
13, respecti,·cly, as pointed out in Appendix B. 

-c::;Jz t1~.en o·O.t4or0.8~. 
L ·c Rz· ',r;::JC 

z z L2• 2.021! 
Cz·O.I07C 

L• L.· 0.1201! --G C4·L28C 

Fig. 18- Kt·si,rann·- Simulator (or a 
Loaded Line Tt·rminatin~o: at a-Scrtion, 

with a abou! 0.1 -l or about 0.86 

- wnen G~Qt4orQ86. 
C' Gz· "'fCR. 

• Cj• 2.02C 

L:. ~f-~~~ 
t.·L28C 

Fi~o:. 19 Conrluctanre-Simulatnr fnr a 
Loaded Linc Terminating a! a'-load, 

with a' about 0. 1-l or ahout IU\IJ 

Simulation of the u-section re:;istancc and of 1he u'-load conductance 
can bc accomplishcd over a suhstantially wider frequency-range than 
in the foregoing paragraph, by means of the networks of Figs. 18."and 
HJ, respecti\'ely ; for them the best valuc of u and of u' is about 0.14. 
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These networks must not be confused with those of Figs. 14 and 15: 
they are Jike the latter in form but diffcr in the \'alucs of certain of 
their elements, as will be sccn on close examination; they difTer also 
in their functions, the nctworks of Figs. 14 and 15 simulating the 
u-section impedance and the u'-load admittance, rcspecti\'ely, whereas 
the networks of Figs. 18 and Hl simulate merely thc resistance and 
the conductance componcnts of these, respectivcly. In Fig. 18 the 
reactance of the L4C-portion neutralizes that of thc R2L2C2-portion; 
and in Fig. 19 the susceptance of the L/C/-portion neutralizes that 
of the G2'C2'L2'-portion. (See also Patent 1\o. 1167693 and No. 
1437-t22, respectively.) 

Ry combining the resistance-simulator of Fig. IS ancl the rcactance
simulator of Fig. 16 thcrc results thc impedancc-simulator of Fig. 20. 

When 0= 0.14. 

ll2-""fi:JC 
L2• 2.02l! 
C~· 0.107C 
L.· 0.1201: 
C4· 1.28 c 
L 5• 0.3601! c,· 0.334C 

Fig. 20 - I mpcdam·c- Simulator for a 
LoadL·d Line Tuminating at u-S..'rtion, 
with u about 0.14. (This tigurc incli
cates the syn thesis of thc nelwork in 

Fig. J.t .) 

When 0~0.14, 
Gi--vqr. 

I
, C'~· Z.02C 

c, l.:l•Q107l: 
(4·0.t20C 

c, c..· 1.281:" 
c:,· o.,GOC 
t.:;D.334l: 

Fig. 21 - :\dmittancc-Simulator for a 
Loadl'd Linc T crminating at u'-Load, 
with u' about ll.l-l. (This tigurc indi
calt'S Lhl' svnthcsis of thc nct work in 

. Fig. 15.) 

Rut it is found that the L4C.,-portion and the L 5C5-portion can be 
comhincd, without appreciable sacrificc of simulati\'c prccision, into 
the single L 3C3-portion of Fig. 1-1- whosc synthesis is thereby indi
cated. (See also Patent ~o. 11676\!3.) 

Ry combining the conductance-simulator of Fig. 1\J and the sus
CC'ptance-simulator of Fig. Ii therc results thc admittancc-simulator 
of Fig. 21. Hut it is found that the L/C/-portion and thc Lo'C5'-portion 
can Iw comhincd, without apprcciahlc sacrifice of simulati\·e prccision, 
into tlw singlc !.'3C'3-portion of Fig. l;i- whosc synthcsis is tlwreby 
indirated. (Sel' also Patent ~~~- 1-t:~i-122 .) 

PART \ '1 

.:\ET\\"ORKS FOR ~0:\-))ISSII'.\TI\"E LO.\IlED LI:\ES \\"ITII DISTRIIIl'TED 

I :\llt"< ""I"Al\CE 

From the lattcr portion of Part 111 it will bc rccallcd that the 
approximate efTect of small distributed inductauce is to alter slight ly 
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the nomin.1l imped.1nn· and the rritiral frequency of thl' )nadl'd lirw 
without 111\ll'h atlcning the rC'Iatin• impl'dance wlll'n exprl'~~ed as a 
function l>f thc rel.lti\·C' frl'quency, nn•r tlll' lir~t tran~mitting band 
and the lower part of thC' ~uccceding attl'mrating band. Thus :1n 
.1pproximate w.1y of l<lking a!'l'llllllt of the l'lll'cts of ~mall distrihnt«·d 
induct.liiCl' i~ to deal with the rnnstant,; Lo' ;md Coof thl' corn·:-;ponding 
"principal simulative loaded lim•"; since this line has no di:-;tribut«-d 
im.luctance it i,.. "l'l'll that tht· rwtworks desnihed in l'art \' for loadl'd 
lines without distrihuted indnct;utn· are adequate for lo:1ded lim·s 
with ,..m.lll di,;trihutt'll imlnctanet•: the design-formulas rt·rnain un
rhanged heyond suhstituting Lo' for L' and Co for C; hmH'\'C'r, tlw 
~imulatin· preci,;inn of the networks i,; altC'red slightly . 

.-\ slightly het ter approxim;ttion may he securl'cl hy working not 
only with Lo' and Co hut also with finitious \'alues of u and u', ~ar 

u0 and uo', :;lightly diiTcrent from thosc which would he he:;t if thcre 
werl' 110 distrihuted indnctance. 

Owing to the pre:;ence of a certain amount of distrihuted inductance 
in all tr.tn~mission lines (t·\·en in cal•les), simnlation of the u'-load 
impcdanre (u'>ub') l>ynll';tns ofa franional-load (ub') t~·pt·ofl•asic 

nctwork built out to u'-load is :;lightly more prccise than simulation 
of thc u-section impcdance (u=u') hy me:1ns of a fractional-,..ection 
(u6) type of l>asir network l>uilt out to u-section. This is C'vidcnt 
from the latter portion of l'art I I ! of this paper. 

( Rcganling thc eiTects of small di,;tributed inductance in loaded 
lincs, Patent :'\o. lltii'ü\)3 may l>e of ~ome intcrc~t.) 

PART \'I I 

~ETWORKS FüR Drs~tP.\TI\'E LOADED Lr:-;Es 

:\natural first-apprnximation network for simulating the impedance 
of a dissipati\·e loaded line is the network for the corre~pomling non
dissipativc loaded line, the excess irnpedance thu~ heing neglected; 
in thc case of a high grarle loadl'cl line thi,; is a goml approxirnation 
cxcept at \cry lnw frequenrics. \';1rious forms and types of networks 
for non-dis,..ipativc loaded lines ha\·ing tlll' hasic relativt· terrninations 
wcrc dc:"cril•cd in Parts\' ancl \'I; tlw~e nctwork,; ("hasic networks") 
can b-..· lnrilt-out rcadily to any relative terrnination~ hy llll'<lllS of 
simple non-di""ipati\'e lmilding-out ~tructurcs. 

\\'hen the cxcess impedance of the loaded line i~ not negligible 
an exce,;:;-~imulator is rcquircd. .-\ f1rst-appmximation t'XCl'SS· 
~imulator foraloaded line is thc excL·,."-sirnulatnr for the corrcsponding 
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smooth linc. 1 This is a good approximation on•r ahout the lower 
half or two-thircb of the tran,.,mitting hanu; but to Iw <Hk·quat<? in the neu 

upper parl of the transmit ting band it requires somc moditication in prv 

its proportioning or cn•n in its form, acconling to scn·ral circu m -
stanccs, such as thc rclatin· termination, thc amount and rlistrihu- en 

tion of thc dissipation, and thc ratio of t hc higlwst contemplated the 

frequcncy to the critil·a l frequency. The imnwdiatl' ncighhorhood I 
of t hc cri t ical frequcncy i~ here disregardcd, as ha,·i ng t hus far Ileen me 

unimportant in practice; modilication nf thc nctworks to cxtcnd thcir 
rangc of simulation right up to thc critical frcqucncy appcars to tl t 

prcscnt much grcater dift1ndtil·s. 

P.-\RT \'111 

.-\PPLIC.\Tiu:->s oF TUE SmcL\TI:->G .\:->o TIIE Co~ti'E:-.:s.\Tt:-.:l; 

.i\ETWORKS 

Jn this l'art a considerahlc lllllllller nf applications of thc ahO\·c
descriLeu networks will br outlined. (Fm soml' dctails and further 
a p plications, referencc may be mack to the patcnts citcd in Part \ '
namely, Patent :\o. 112-l!l0-1, :'\o. I llliti!l:3, and ::\o. H:~i-1::?:?, per
tai n ing to tlw simulating nctworks; and :'\o. 12-I:~O!iG and ::\o. l li;"iH!Ii 
Jll'rtaining to tlw colllpl'llsating networks .) 

.·ljJp!imlinns of Jhe Simu/aling .Yrl7•wks 

Foremost of thc ust·s of tlll' simulating networks is their cmplo~·
llll'lll for halancing purpo,.,es in ronncction with 22-type rf'JWatcrs, 
already spokt·n of in the lntroduction. 

:\ nothcr application of a simulating network i~ for ll'rminating- an 
a\lual loadl'd line in thl' fit·ld or an artificial loaded linc in tlw lahora
tOI·~ · in ~urh a wa~· as to <1\·oid rl'flection eiTects. For this purpose 
t lll' prnJWr tl·rminating- impl·dancl' is e\·idently otH' l'!Jllal to thf' 
cnmpil·mentary characteristic impl·tbnce of the loadl'd linl'. Such a 
ll'rminating impl'dann· i,.. oftl'll needed in thc making of ell'ctrical 
tt·sts or l'lenrical nwasurl'llll'llls on a loaded linc. 

Furthermnre, in making Cl'rtain tl':-;ts on apparatus normally a:-;
sociated with a loadl'd linl'. such linl· may hc rl'presl'ntcd conn·nil'ntly 
hy the appropriall' simulating lll'twork . 

. I pplimlinns nf Ihr Comprnsaling .\'rt7.·nrks 

Thc COIIlJll'llsating lll'tworks ha\t' a wide ,.<niety of ll"l's.as-neutral
izing nctworks and a lso as simulating nctworks. Thl·,.,c liSl'S depC>nd 
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lll.lillh 1111 the f.wt 1h,11 ,( I'IIIIIJH'II-..ltill~ lll'l\\lll'k \\ hl'll Used ,IS .1 
llt'lllr.dill'f l'll,lhk" thl' flllJ>l'd,uwe oi <1 ln.111l'd lirlt' to ~inurl.tll' ap
pro\irn.lll'l~ thl' i111pnl.u1n· of .1 srnooth lint· .11111 hl'lll't' to silllul.,te 
.11 le.1,.1 fllll!-!ldy .t cousl.tlll n·,.i-.l.lnn·, .111d \\ lrl'll ll,..l'd .1:- ,, :-imulator 
l'll,d>l,·-. lht• imped.llll"l' oi .t smooth lirH' to :-illllli.lll' .lppru\.illl.tlely 
tl11· impt·d.llll'l' ol .1 lo.11kd lim·. 

Fon·nu>,.l .. ; 1he ll"l's of llw I'I>IIIJWII,..Iting Jll'twork,. i::-. thl'ir t·mploy
llll'lll ior prop1·rl~ n>lllll'l tiug Iogether ,t lo;Hil-d line .utd .t ,.moolh line, 
lo n·dun· rdkclion l'lh·,·l,. at thl' junction. This may l>e acn>nlplishl'd 
l'ilher by llll',llb uf thl' fl'.tl't<lnn· eolllpl·n:-.ltor (Fi~. !Ii) or hy nwans 
of lhl' ::-.u,_t.l'JH.lnn.· compl·n,-.llor \Fig. l'i) by .1dop1ing a ~uitable 

rel.1tin· tcrminaliPn for 1hc lo;Hkd lim· in e.teh llll'tht:d. In dl'"crihing 
lhl'"'l' two llll'lhod,-, it \\ ill l>e a::-.,.llllll'd at lir,.;t that the loaded linl' 
.tml tlw ,.m,u>th linl' are non-di,.,.ipatin~ and h<~n· equal nomin;d 
impl·d.tnn•,.;. ln tlll' lir:-t mcthod of ,·onlpl'll:-.ttiun the loadl'd line is 
ll'rmin.lll'd ,11 11- ... l'l'lion \\ ith 11 in tlll' nl·ighhorhoud of 0.~ . wlwre 
i 1,.. l'llf\ l' nf ch,1racll'fi,-1 i1· re,.islann· is nearly fla t; and a rcactancc
nmlpl·n,.,\lor (Fig. lti i:s in,;crted in ,.erie,.; hetween thl· two lirw,;. 
Thi,. eompl'll",\lur, by m·u1ralizing thc n·actance of the gin·n loadcu 
lim·, m.1kes 1h;1t line appear likc a ::-moolh lirw; whilc, hy sin111lating 
thl· l'Oillpkmentary ch.trartcrislic rcactant·c of thc lo;Hh·d line, it 
111.1kl·,. 1he snHu>lh line appear complcmcntary to thl' gin·n loaded 

lirll'. ln lhe ,..l·rond nwtlwd oi comperbation 1he loaded linc i,. lermi

n.ltl'd al 11'-l~>ad wi1h 11' in thl' neighhorho(ld of 0.~. whl·rt.~ ib n1rn· 

of char.ll'teri,.lic CnlltJIICt.IIICl' i,. m·;1rly llal; <lllU <I !'IIS<"l.'ptallCC-CI>Ill

Jll'll"•llor Fig. 17 is in,..l·rtl·d in ,.lmnt heiWlTll the two linl',.; at their 

j111w1ion. Thi-. n>mperhltor. hy m·ulr.tlizing the susceptancc of 1hc 

gin·n ln,!dl'<l line. makes th.tt likl· app1·ar likl' a ,..mooth line; whill', 

hy ,.inlul.tting tlw l'haracleri,.;tic ,.u,..cqllanec of thl' complcmentary 

ln.t<ll·d line, i1 makc". tlw smooth lirH· ;q>Jll'<~r conlplellll'lltary to the 

giwn loaded linc. 

\\'hen, .ts aclually, the lines are Ji,.,::-.ip.tlin•, thc t'OlllJll'll"''tor con
tintll'::o to ru.tkl· th(' loadl'd line aprw<~r .tpprn.\imately likc a ,..rnooth 

line .• 111d tn makl' thl' ,.mooth line appear approximatcly like a loadl'd 

line; 0111 no\\', unJe,..-. thl' lin1·~ happl'n to he allout l'<JIIally dissipatiYc, 

lhl·n· will exi,.l at their junclion an irrq.:ularity ari,..ing chidly fron1 

im·qu.dity in their "l'Xet'""-imped.mc('s." Thi;; irregubrily e<lll l>c 

largl'ly prcn·flll'd frorn occurring whl'n tht· gag1· of eitlwr or hoth of 

tlll' line..; i" al thl' di,..po,..d of tht· dl'-.igrwr; whl'n 1his i::; not thl' ra"l' 

.tnd 1he irregul.1rity is seriou:-ly large. re:-ort may })(' had to "P('ci,d 

equalizer:; terrned ''cxcl',..s-impl'dance equaliz('rs." 
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\\'hen the nominal imperlances of the two lincs are unequal, ad
justment in th;1t respf'Ct can he made hy means of a Iransformer of 
suitaiJie ratio. 

Sume other uses for the compcnsaturs are as follows: (a) to properly 
cunnect a loaded ine to a repea ter system whuse impedance is nearly 
constant resistance; (b) tu connect a loaded line type of filter (low-pass 
filter) to an amplifying element whose impedance is nearly constan t 
resistanct•; (c) to connect a loaded line tu terminal apparatus whose 
impedance is nearly constant resistance; (d) tu com·ert the impedance 
uf a loaded line tothat of the corresponding smooth line and thereby 
enable it to be simulated (or to ue ualanccd) by a smooth-line type 
of simulating network; (e) to convert the impedancc of a smouth 
line tu that of a loaded line and thereuy enable it to be simulatcd 
(or to ue halanced) by a loadcd-line type of simulating network; (f) 
tu neutralizc the characteristic rcactance of an approximately non
dissipati,·e loaded line, therehy enauling the resulting nearly pure 
resistancc impcdance to ue closely simulated (ur to ue closely hal
anced) by the network (Fig. 18) simu lating the charact.:ristic rcsist
ance of the loaded linc; or-though somcwhat less closely- uy a merc 
rcsistancc element; (g) to ncutralize the charactcristic susceptance uf 
an approximately 11011-dissipatiYe loaded Jine, there!Jy enauling thc 
resulting nearly pure conductance admittancc tobe closely simulatcd 
(ur to ue closely balanccd) uy the network (Fig. l!.l) simulating the 
characteristic conductancc of the loaded line; or though somewhat 
less closely- by a mere conductance element. 

In applications (a), (b), (c) the irregularity at thc junction can lw 
still further reduced by thc addition of an cxcess simulator for simu
lating the excc::ss impedancc of the loaded line . 

.:\PPEi\DIX .A 

TuE TRA:o-:s:o.IITTING AND TIIE ATTE:o-:VATING TIA:--;Ils ov A NoN-DISSIPA

TIYE LoADED Lnm wn11 DisTRIIIUTED 1:--:DUCTANCE 

This Appendix contains the dcri,·ations of thc forulUlas in Part 111 
pertaining tu the disposition of the transmitting and thc:: attcnuating 
uands; and also sen•r;d alternatin· furmulas; it outlines six graphical 
mcthods for studying the hancls; and it diseusses, mure comprc
hensi,·ely than in thc hody of the papcr, thc salient propertie~ 

uf the bands and the l'flect s produced by varying- cc::rtain uf the 
parameters. 
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LJisposition 1~( tltr J'mnsmillwg and tltr .-1111'111111/inl! Uands 

Thc prup.tg.ttion const.tllt I' -. 1 +lU oi .1 nun-di:-;:-;ip.tti\'e loaded 
line (pl·r pl'riudic in!L'n·.d) t".lll hl' l''Jlrl':-i,.,l'd in tl'rm:-; oi X= I. L' and 
the qu;mtity /) ddined hy l'IJII.llion ( lti). Fro111 Appendix I>. 

cu~h I' =co~ '2/J- ~~- sin '2/J, 

sinh~ I' = (,.,in~ '2/J)(LJ tan IJ- X)(D cot D +X) x~ 

=(~in~ '2D)(D:- x.~-'2>..D cot '2D ), x~ 

= ( -sin~ '2D){ I +I. >..)z:~. 

(I-A) 

('2-:\) 

(3-A) 

{:3.1-A) 

Thus, for <1 non-dissip.ttiH' loaded linc, cosh r and sinh2 I' arc both 
purl' rc<tl. 

\\'hen cosh r is known, A and B can be e\·;duated by mcans uf thc 
identity 

cosh l'=cush (A+iB)=cosh A cos B+i sinh A sin B. {·!-A) 

In )Mrticular, when cosh I' is pure rcal-as for a nun-dissipati,·c 
loaded line--thc valm·:-; of A and B must e\·idently be such as to 
s.llisfy the pair of equations 

sinh ..1 sin B=O, (.'i-:\ ) cosh A cos B = cosh r; (H-A) 

with. of course, the added restriction that A must he rl'al and positive, 
and B real. Thence it is reauily found that: 

\Yhen cosh2 r< l. that is, sinh 2 1'<0. 
then .A = 0 and B = cus-• cosh r; 
\\"hen cosh2 I'> l, that is, sinh2 1'>0. 

thcn A =cosh-1 ('üsh r · and B =qrr; 

(7-A) 

(8-A) 

cush I' bt·ing rt·.d, and q bcing- an c\·en or an odd integer a('cording as 
cosh [' is positive or neg-ative, respectin~ly. 

Before continuing with the generat case (>..=foO) it seems worth while 
to dig-rcss long- cnuug-h to apply the prcccding generat fornmlas tu the 
limiting ca!>c where X =0. For it, formula (1-A) reduces to 

cosh I'= 1- 2r2 , (9-A) 

wherc r=J j,=D1 D,, andj, is gi\'Cll by {3). Appli('ation of (7-A) 
and {8-.-\) tn (!1-A) !'hows that: 

When O<r<l. tht>n ...t =0 and B=2 sin 'r; 

\\'hcn r> 1, than A =2 cosh- 1r and B =q;r, 

where q is an odd integer. 

(10-A) 

( 11-.-\) 
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For illustrati\·e purpuses, Fig. 22 gives graphs of A and B through
out the first transmitting hand (O<r< 1) and part of the succeeding 
attenuating band, for a nun-dissipative loaded line, with >-=0 and 
with ;\=0.12. Of course, Ais zeru in the range O<r<I. 

Returning now to the general case (>.~0), we sec that the trans
mitting !Jands (A =0) are charactl'rized by thc inequality sinh 2 r <0. 

3.~ 

Fig. 22- Propagation Constant I' = ..I +iB in th" First Transmitting ßand (O<r< I ) 
and in Part of the Succeeding Attenu,tl ing Band, of a :\'on-Dissipatin~ Loadl'd 

Line wit h X = ll and with X = 0.12 

and the attenuating hands (.~l=f=9) hy the inequality sinh 2 1'>0; and 
hence the transition points hctwcen thc two kinds of bands are char
acterized hy the cquation sinh 2 I'= 0. 

\Ve seek the transition values of D, that is, the ,·alues of D where 
sinh 2 I' = 0; and we seek the transmitting and thc attenuating ranges 
of D, that is, the ranges of D wherc sinh 2 1'<0 and sinh 2 l'>U, re
specti,·ely. 

The transition values of D are perhaps most readily found from 
thc cquation for sinh 2 I' when writtcn in the form (2-A) . They arc 
the zeros of tbe ftrst threc f.actors in thc right-hand membcr of that 
cquation . The 1.eros of thc factor sin2 2D are at D = lll7r/ 2, with 
m = O, 1, 2, :3, ... ; thus thcy suhdividc the D-scale into segments of 
width 1r/ 2 each, as rcpresented by Fig. ü; and they ha,·e thc values 
represented by ( 18). Thc 7.eros of the factors D tan D->. and D cot 
D+>- arc situatcd in the odd and even numbered segments, respec
tively , becausc, >. is positive; there is one and only one zero in each 
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~·gn\ent. Thu,.., if n. dt'lllltt•,.. tiH' Zl'rtl of ,..inh~l' situ.ltl'd in tlw lllh 
"q!mt·nt, then 

( I:!-:\) 

Either analytic.IIIy or graphically it is n:adily ::.t'l'll that, when X i,.. 
::.mall, n. is only ,..Jightly greater than (11- l)lr 2; it approaches th;lt 
,-,!Im· .1s ,, Iimit when 11 approadll's infinity, for all linite values of X. 

Tlw power ::.eries formul.t (21 } for D,. is derived at a little later point 
in this .·\ppendix. 

Formulated analytically, with the arguments of the trigonometric 
functions redun·d to the smallest positive values that preserve the 
,·alues of the functions, the tr;IJlsition \·a\ucs of D are the valucs of 

D•.•+• and lJ. satisfying the equations 

.• 2·1 (D 11') _ !l Sill- •.•+J-11:! -, 

D.tan ( lJ,. - [n- I];) = X, 

( 13-A) 

(I-l-A) 

with 11 =0. I. 2. 3 .... in (13-A ) ancl 11 =I, 2, 3, . . in (1-l-A). Equa
tion (1:3-A) is cqui,·alcnt to sin22D=O. \Yith 11 odd ancl with 11 c\·en, 
(1-l-A) is cqui,·alcnt respccti,·cly to DtanD- X =0 and to DcotD+X=O. 
An cquivalcnt of ( 1-l-:\} is ohtainahle from thc ::.econd factor of (3-A ). 
Uy (:3. 1-A). still anothcr cquivalent is Z'.s=O; that is. the values of D. 
are thc zeros of the mid-load relative impcclancc Z'.b, and hcncc of 
the mid-load impcdancc K' .b· 

\\'ith (11- I )1r 2 dcnotcd hy d •. equation (1-l-A) shows that 

By inspection of (2-:\ ) it can bc readily vcrilicd that sinh 21' is 

negati,·e when D.-t .• <D<D. and positi\'e when D.<D<D•.•+•; 
and hcnce that thcse two ranges of D arc a transmitting band and an 
attcnuating band, rcspcctively. thc corrcsponding compound band 

thus bcing the rangc D.-t .• <D<D •.• +J· In this connection it 
may bc of some academic interest to notc that, strictly speaking. 
D=O is not a transition ,·aluc of D hetween a transmitting and an 
attcntuating band. For (2-:\) shows that sinh 21' docs not change 
sign when D pas,.;cs through 0; on the contrary, sinh 2I' is cntirely 
unchanged whcn D is changed tu - D. Thus, D =0 is a point of 
symmetry, but not a transition point. 

The valucs of D •. narncly, the roots of (1-l-A}, cannot be \Hitten 
down directly or expresscd exactly. But they can hc found to any 
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dt>:;ired degree of approximation hy lir,.;t deHiuping the ldt side of 
(1-1-•\) into a power serics ill\·oh·ing [)"; and then, by sttccessi\·e 
approximation or hy undetermincd eocflicients, soh·ing tht> re:;ulting 
equation so as to express Dn as apower series in X (that is, "re\·erting" 
the first series to ohtain thc sccond). 

Digression on the Rr·i.'ersion of Po<<'er Series 

Since there will bc se,·cral occasions here for rc\·crting a power 
st·rics it seems worth while to digress sttftieicntly to furnish the requisite 
genera l formulas for the rcYcrsion of power serics:8 

Giwn y= F(x) dc\·elopccl as a convcrgcnt power scries in x. 

(15-A) 

The coefticient of .t· has heen assumed to he unity becausc the formula
tion of the re\·ersion is much simpli fiecl therehy witlwut any real 
sacrifice of generality; for, if the coefficient of .\· were a 11 the cquation 
eould be reducecl immediately to the form (15-A), eithcr hy treating 
a 1x as the independcnt \'ariable, or l>y di,·iding through hy a 1 and 
then treating y a 1 as the depemlent variable. 

The giYen cquation (li'l-.-\) expres:;es y as a power series in x. lt is 
requireJ to reYert this relation, that is, to express x as a power series 
in y. In the present wurk this was done originally hy successi\·e ap
proximation, and was Yerificd later by the method of undetermined 
coefficients. E\'idently the first approximation to thc solution of 
(l;i-A) is merely x1 = y, and thence the second approximation is 
.\·2 =y-a 2.\· 1

2 =y-a2y2• But the highcr approximations cannot bc 
writtl'n down thus directly; indccd the Iabor of ohtaining them in
creases rapidly . The work was carried through the sixth approxima
tion, with the result: 

.\"=y+( -a 2)y2 +(2a~-a 3)y3 +( -5a~+5azaa-a4)y4 

+ (1--la!- 2la~aa+üaza4+3ai-a~)y5 

+( -42a~+l-'·la ~a 3 - 2Sa3a4- 2~a2ai+ ia 2a~+ 7a 3a4-aG)y6+ .... (16-A) 

• Cf., for instann·, Bromwich, "Thcory of Infinite ~rics": Coursat-lledrick, 
"\l.ithcmatkal Analysis"; \\'ilson, ":\dvanccd C.deulus"; Chryst.d, "Text Book 
of ,\Jg:elora." llut in nonc of tlll'~c refercnces is the rc\'crsion carricd far cnough; 
moreo\'er, tlw fonnulas thl're obtained do not apply din•ctly to a serics cont.1ining: 
only C\'l'll powers-one of the cases in thc prcscnt applieation. :\t considerablc 
laoor, Ly two indt·pt·nrlent mcthods, I rcmcdied hoth of thesc Iacks. Somcwhat 
later I camc upon a \'aluahle article hy C. E. \ 'an Or~trantl, "The Ren·rsion of 
l'ower S..·ri .. s" (Phi/ . .1/ag., \l arch, IIJIO), wlll're thc H'\'ersion is c.urie<l to no less 
than thirtt•t•n !t·rn~>, hut is not directly applicahlt· to scries containing only C\'t•n 
JlO\n•rs. 
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Thi,.; w,t,.. n·rilicd hy thc nll'dwd of lllldl'tcrmillcd l'f){'ftici,·nt-., I'CJII· 

si:>tin~ in .l~~umin~ 
X= y+b~.\'2 +bJ_v3 +b~y'+ ... 

,111<1 tht·n ~uhstitnting thi,.; cxpn·,..~ion for x into (1: •.• \ ) to t•valu;ttc tlw 
b's by tre,tting thl· rc,.;nlting t•qu;ltion as ;IJl identity. 

In the dcgcncratc Lt~t· where only l'\Til pm\crs of x arc pre,..ent in 
{15-.-\ ) tlw formul.t (!Ii-:\ ) when applicd directly does not t·orrl·rtly 
c:-..prt'""' the solution (for rl'asons ;tppcaring l•elow). ll owc\·cr, tlw 
gin·n equation, containing only l'\"l'll powers uf x, say 

can bl' t·orrl·ctly solnd for (.\·2 ) l•y direct applicatiou of ( !I i-:\), with 
a,=c,; ;tnd then the ,·allll· of x can be exprcs~cd as a power ,..cric,.. in 
y by L''\lr.tcting the square root of thc power serics rcprc,.;cnting (x2). 

l n th;Jt w,ty tlll' solution of (1 7-A) was found to he 

This rc:-;ult was n·rilied by thc mcthod of undt·tl·rmim·d cocftit·ients. 
by writing x in thc form 

(1S.1-A) 

<~nd thcn C\'aluating thc e\. hy substit tlting (1 ~ .1-A) in to (17-A). 
Still another nwthml would bc to extract the square root of (1 7-A) 

as thc first stcp, thcrchy exprcs~ing "\1)~ a,.. a power scries in x of thc 
form (1.')-.-\;: and thcn rc\·erting by application of (lli-:\), thereby 

c\prc~,.;ing x a~ a pü\H'r ,.;eries in \IJ and tht·m·c of the form (18.1-.-\). 
For u,..c in thi,., conncction it may !Je notl·d that thl· squarc rout of a 

power ~nies having the form 

y2 = 1 +JJ,x+h2x2+h3x3+ 
will bc of thc form 

y = 1 +k1x+k2x2 +kJ..t"3+ 

The k'.,., can lw e\·aluatt•d by identifying the tirst cquation with thl· 
squan: of tht· ,..econd; tlwir \·alucs arc found to hc 

k,= II., kz=Piz-~k;, k3=P13-k,h 
kl= ~~~-~k;-k,kJ, k$=~h$-klkl-k2kJ, 

k, = ~h,- ~ki-ktk$- kzk1. 
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J)erit•ations of Formu!a s for the Transition Points 

The abo\'e ge neral formula s for the re\·ersion of power serics willnuw 
be applied in the d eri\·ation of the formulas (21) a nd (22) for Dn and 
D l, in the boc.ly of t he paper; a nd a lso in thc dcri\'ation of ccrtain 
other formulas, not induded thcre. 

To o utline the derivation of the fonnula (2 1) f,,r D", c.lenote 

(n - 1)7r/ 2 by d" anc.l lJ"-d" by T", ~o that (1-I-A ) becomes 

(1\J-A) 

Now replace tan Tn by its known power series expression, and di\'idc 
both sides of thc resulting equation by d"; thus (Hl-A) becomes 

(20-A) 

This is of the form (15-A), and hcncc ca n be re\'erted by dircct applica
tion of (16-A); the resnlt is (2 1). 

An a ltcrna ti,·c fonnula for D" can be obtained by starting from 
G regory' s series, 

tan 3t• tan 5t• tan 7v 
v= tan !'-

3 
+ 

5 
- 7 - +.... (20.1-A) 

Ap plication of this to (1!1-r\ ) enahll·s thc lcft sidc ofthat equation to 
be expressed as a power scril·s in tan T"; and whcn the rcsulting 
equat io n is re\·erted by means of ( I (i-:\ ) and then Tn replaccd by 

lJ"-d" the result is 

X I(X 2 2(>,)3 (') 1 )(>,)4 tan (D -d) = -- - +- - - - - - -
" " d,. d11 d") d,.2 d11 d,.3 3d,. d,. 

(20 .2-:\) 

I t has a lready IJl'cn n oted that (21 ) is not \'alid fur 11 = I and hence 
docs not includc thc formul a (22) for D1• T o obtain thi s formula 
for lJ 1, star t with thc> equation 

(21-:\ ) 

obtaincd by sctting 11 = I in ( 1-1-:\ ). Thcn rcplace tan D1 hy its known 
power scrics cxpansion, thus ohtaining thc cquation 

' - D 2+ 1 D ·+ 2 D 6+ 1i /) K+ (i2 D 10+ 13S2 D 12+ ('7 ') A) 
1\ -

1 3 1 15 1 315 1 2SJ;) 1 155925 1 
•, • • ---

This is of thc form (I i -A). and lll'nce can f,e re\'crted by direct ap
plication o f ( 1 ~-A); thc result is (22). 
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1t m.1y hl' notcd th.tt (:! :.?-:\ ), whcn rcg-.1rded ,Js .1 powl'r ~~·rics in 
(1>1:), is nf tht• form ( l•i-:\ ) ;111d ht'lll't' that (I>.Z) C<lll IH· t•xprcssed 
;1s .t power :-t·rics in X hy direct application of ( Hi-:\ ): thl' rcsult i:-.7 

ln rt•rt.tin .tpplicatitllb this formula for /) 1Z is more usdul than furmul.t 
t:!:!l fnr 1J 1 : though thc two .m• ultimatt•ly cquivalcnt. A fnrmula for 
p: is nhtain.tble by di\·iding bnth siocs of t:.?:L\ ) by X: for pz = D,: X, 
hy (lt\). 

:\n ahcrn.ttiYe formula fnr D 1 can bc ohtained by starting from 
(~rcgory's serics (:!0.1-.-\ ). :\pplication of this to (21-A) cnahlcs tlw 
ldt ,-idc of that equatinn to hc exprcsst·d a,; a power scrics in tan D,: 
and whcn thc rc,-ulting t·quation is rcwrtcd hy mcans of (IS-:\) thc 
rcsult is7 

(23.1- .-\ ) 

Scrics that are e\·en morc cnm-ergent than (21) and (22). though 
much Je,.,; simple, can he ohtaincd hy expanding the original function 
in the neighborhood of a \·aluc of the Yariable known to he an ap
proximatc ,..olution of the cqu;1tion to he soked, aml then rc\'crting 
thc rc,;ulting series. To formulatc tht• procedure analytically and 
generally, Iet u dcnotc tlw \·ariahle, and 1/;(u) the function: and Iet 
the equation tobe soh-cd fnr 11 hc 

..J;(u) =q. (21-:\ ) 

Tht'n, if l.' i:< an approximate :;olution of this t'<JII;ttion, application of 

T.1ylor's thc~lrcm Ieads to thc following implicit equ;ttion for u- U: 

q- 1/;( [') (u- U) 2 if;"( C) (11- [' ) 3 if;'"( U) , _ 
if;'(L') =(u-[')+ 2! ..J;'(U)+ :3! if;'(U)+ .... (2<>-.-\) 

The left ,.ule of thi:< j,.. known. Thc right sid(' is a powt·r series in 11- F, 
with C known: the hettcr the approximation represented by U. thc 
more rapidly conn·rgent i:< the st'ries. Thi~ equation (2•i-:\ ) in 11- [' 

is of the form f Li-.-\), with 

q-if;(CI 
y= if;'tC) x=u-l', (:?t.i-.-\J 

and thencc (2.i-:\) can he ren·rtcd hy application of ( lü-:\). ~o that 
u- ['will be cxpressed as a power ~eries in [q - if,( Ul ] '</;'( ['). 



BEI.L Sl'STEM TECl!NlCAL JOURNAL 

To apply thc above gencral method in order to obtain for Dn a 
scries more com·ergent than (2 1), rcturn to (10-A) and notc that 
whcn Xis small a first approximation for Tn is Tn =X ldn. Thcn apply 
(16-A). with y, x. and a, having the valucs expresscd by (26-A); 
and q=X, II=Tn. U='A dn, and if;(u)=(u+dn) tan 11. The formulas 
for the first few sucTcssin derivati\·cs of if;(u) will be necded, of course. 

Similarly, to obtain for D 1 a scrics more com·ergent than {22), 
rcturn to (21-A) and note that whcn X issmall a first approximation 

for Dl is Dl = n Then apply (16-A). with y, X, and a, having the 

valucs expressed by (2G-A); and q =X, 11 = D11 U = ~ and t/;(rt) = u 
tan u. 

Graphical .lfetlwds for Lorating the Tamilion Points 

Thc positions of thc transition points Dn (n = 1, 2, 3 .... ) on thc 
D-scale can be determincd also graph ica lly, in scHral different ways 
corrcsponcling to scveral different ways of writing the function 
(D tan D-X) (D cot D+X) "·hosc zeros arc the \'alues of Dn. To 
formulate such graphical mcthods concisely, Iet E denote any function 
of the Yariable D, so that, g<.>omctrica lly , E is thc ordinate corre
sponding to the ah~cissa D. Six of the various possible graphical 
methods are then hriefly lmt completely indicatcd by the following 
respective statements that the points Dn arc the abscissas of the 
points of intersection of: 

I. The horizontal straight linc E =X wi th the cun·es E = D tan D; 
the horizontal straight linc E =-X with the curws E =D cot D. 

2. The straight line E=D with the curws E=X cot D; the straight 
line E= -D with thc curves E=X tan D. 

3. The straight line E=D, X with thc cotangent cun·cs E=cot D; 
the st raight linc E= -D 'X with thc tangent curves E=tan D. 

4. Thc hypcrbola E=X /) with thc tangent cun·cs E=tan D; thc 
hyperbola E=-X 1J with the cotangcnt cun·cs E=cotD. 

5. The parabola E=D1, X-X with thc cun·es E=2D cot 2D. 
G. The curve E=D/ 2X-X,'2D, compoundcd of thc straight linc 

E=D, 2X and thc hyperbola E= -X. 20, with thc cotangcnt 
cun·cs E=cot 2LJ. 

Jn nwthods I, 2, :~ • .t. thc lirst set of intl'rs<.>ctions is situated in thc 
ndd-numiJl'rcd segmcnts, the sccond ~t·t in thc c\·cn numhcn·d scg
mcnts; cach segment of width 11'/ 2. 

Scsides bcing susceptible uf quantitative service, thcse graphical 
methods arc useful for qualitative purposes. For instancc, thcy show 

cle 

5lg 

~h 

are 

ßl( 

tra 
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ckarly that: nne and nnly um· tr.111sitinn ,·,due of D lies within each 
~egmentnfwidth 1r :!;,.,inh~I'<Owhen J),. 1,,.<D<D •. and sinh 2 1' >0 
whcn D,.<D<fl,.,,.+l; the zeros of 'A-/Jtan!J and of X+IJ cotD 
.uc situated in thc odd .tnd l'\·cn 1111111hen•d segmcnts, rcspectively; 
with increasing D, the tran,.,mitting hands rontinually dencasc in 
width and the .tttcnuatiug hands continually incrcase in width, the 
changc taking place rapiclly ;tt tirst .tnd tlwn more and more slowly; 
the mid-point rcl,tti,·c impcdanrcs .tre pure imaginary throughout 
c\·cry attenuating band and pure real throughout evcry transmitting 
band, and, they ha\'c the ranges statcd in the thinl and fourth para
graphs following equation (26.1 ). The graphical methods are useful 
also for showin!,': the nature of the etTects prmluced by varying thc 
paramctcr :\. 

Diswssion of tlze Disposition of tlze Ba11ds 

Thc rest of this Appendix will be dc\'nted to a discussion of the 
rnost salient properties of thc compound Lands and thcir constituent 
transmitting and attenuating hands. 

Thc ratio of transmitting band width tn compound band width 
continually decreases with increasing D and becomes zero whcn D 
becomcs infinite; that is, the transmitting bands ,·anish and thc 
compound uands becomc pure attcnuating uands. These facts can 
bc secn graphically, or analytically from equation (14-A). 

The ratio of transmitting band width to compound band width 
continually increases with increasing >..; this ratio rauging from zcro 
whcn 'A is zero to unity whcn >.. is infinite. These facts can be secn 
graphically, or from equation ( H-A). \ \'hen >.. approaches zero the 
f-width of each compound band approachcs intinity; the f-width of 
each transmitting band approaches zcro. cxccpt for the tirst trans
mitting band. whose width approaches a value equal to J\ = f',
for cquation ( H-A) shows that D,.(D.-D,._ 1.n) ,' >.. approaches unity , 
and hcncc that j.(J.-f.-l.n> approachcs 1. rrZL'C=J?. whencc 
f,.- j,._ 1,. appruaches zero for tz=fo 1 and approachcs J't for 11 = 1. 

Thc e!Tcct,; of varying thc parameter 'A will now bc outlincd brid1y, 
in thc ncxt two paragraphs, for thc ca~cs rcspccti\'ely of L'C tixed and 
LC fixcd. Thc condusion~ rcached dcpcnd partly on thc equation 

D=~w LC=~w \rAL"7: dl'tining D; partly on the fact alrcady dl·
duced that the D-width of cad1 compound band i,; an absolute con
stant (~r 2); and partly on cquation ( 14-:\ ). 

\\'hen L'C is tixed, incrca,;ing 'A rcduccs all of thc transition frc
quencies. The transition frcqucncics hounding thc compound bands, 
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a nd hencc tlw widths of the compou nd bancls, dccrease in direct 

proportion to incrcase uf , ! }:" Th e internal transition frequencies, 
howcvcr, do not dccrease so rapidly; for the ratio of transmitting 
band width to attcnuating band width increases with increasing X. 
\\'hen X approachcs infinity each compound band approaches a width 
uf zero, but thc ratio of transmitting band width to compound band 
width approachc~ unity; so that whcn X bccomcs infinite thcre are 
within a ny finite frcqucncy range an infinite numbcr of componnd 
bands which arc pure transmitting hancls. On thc other hand, whcn 
X approachcs zcru the compound bancls approach infinite wiclth and 
hcnce move out toward infinity, cxccpt timt the left cnd-point of 
thc first band is fixed at J= O. \Vhcn X has become zc ro thc first 
compound band has cxpandcd to an infinite wid th; and its critical 

, ·a hH· fi of f has bccomc cq ua l to the limiting va lue J\ = 1/-IrVUC 
- as can be seen from ( 14-:\ ) by putting 11 = 1 and thcn applying the 

relation D; ~=!w L'C. 
\Vhen LC is fixe-d thcj-widths and locations of thc compound bands 

are independent of X, but the width s of thc constitucnt attenuating 
a nd transmitting bands depcnd on X; that is, the boundary points 
fn-l.n and fn.n+l of the 11th compouncl band are indcpendent of X, 
but thc intcrnal transition point fn dcpcnds on X. \\'ith increasing 
X the attenuating bands bccome continually narrower, and vanish 
when X bccomes infinite , thc transmitting hands thcrcby coalescing to 
form a pure transmitting band extencling from zcro to infinity. \\'ith 
decreasing X the transmitting bands bccome continually narrowcr, 
and vanish when X bccomes zero, the attcnuating bands th ereby 
coalescing to form a pure attcnuating band extending from zcro to 
infinity. 

:\ I'I'E:'\IJIX B 

TIIEORETIC\L 8.\s Es <>F TIIE SntULATI:Sc. NET\YORKs I:\' 

FtGS. 12 A:\'ll 13 

Tlze Jmpcdancc-Simufalor in Fig. 12 

This nctwork takcs advan tagc of thc fact, dcpictcd in Fig .. 'i, that 
thc graph of thc u-scct ion charactcristic rcsistance of a loaded linc, 
for valucs of u in the ncighhorhood of 0.2 , is ncarly Hat over most 
of the transmitting band and hencc can be approxi mately simulated 
by a mcrc constant rcsistancc choscn a pproxi ma tcly cqual to thc 

nominal impcdancc , lU(:;-_ This is thc hasis for thc R 1-portion of 
thc nctwork in Fig. 12. Tbc hasi s for tlw L 1CI-portion is thc fact 
(prowd in Appendix C) that, in the transmitting band, thc u-section 
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ch.tractcristic re.tct.tnn· t ': lll he n .. tctly ,..imul.ttt·d (for auy fixed 
value of u ht·twt·t·n 0 anti I :? ) hy t ht• net work in Fit-! . !Ii. 

The .-ldmilltlltrt·-.'iimrtlalor in Fir,. 1:~ 

Thi,.; rwtwork take,.; ad\'antagc of thc fact, depictcd in Fig .. 'i, th,tt 
thc graph of tlw u'-load charactt•ristic conductancc of a loaded linc, 
for valm·s of u' in the neighhorhood of 0.:?, is nearly Rat on·r rnost 
of the tran,.;mitting band and ht•net' can he approximately simulatcd 
by a mere constant conrluctance choscn approximately cqual to thP 

nominal admittance '\ 
1 
C L ' . This i,.; the ba,.;is for the G,'-portion 

of the network in Fig. t:~ . The ha,.;is for tlw L'1C't-portion is the fact 
(proved in Appendix C ) that, in the transmitting band, the u'-load 
characteristic susceptancc can he cxactly ,..irnulated (for any fixcd 
value of u' hetween 0 and I 2) hy the network in F ig. Ii. 

APPE:'\ l>I X C 

DERI\'ATto:-;s OF THE DESIG:-o;-FoR~I C'LAS FOR THE COMPENSATISG 

:'\ETWORKS IX FrGs. lU AND I i 

The Reactance-Compmsator in Fig. 16 

For any \'alues of c. and L. the reactance T nf this network is 

T= wL:. 
1-w2L;C$-

By cquation (4 ) the charactt·ri,.;tic reactann· .Y of the loaded linc 
within it!' transmitting band is 

Compari,;on of the,..c two cquations shows that T and S are of tlw 
,.;arne functional form in w; and that thc conditions for T to hc idcn
tically equal to ± S are 

L;=±k( l-2u) w,, 

whcnce c.= ±.tu( l-u) '( l-2u)kw, , 

thc uppcr and the lmn:r ,.;ign of ± corre,.;ponding to thc use of thc 
compen,.;ator a" a reacta ncc-,.;inllll.ttor and a n:actancc-neutralizcr. 
rcspcctivcly. These \ ·aluPs of L; and c. are equi\'alent to tho"e 

appcaring in Fig . Hi, bccau,.;c k= '\1L.' C and w, =2rrf, =2 '\ 'J:'C. 
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For posi t i YC , ·alucs of L 5 the equa tion for L 5 shows tha t u~ ] 12, 
corrcsponding to ±; and then the equation for C5 shows that u~~. 
corresponding to ±. Hcnce O<u<l '2 for T=+ .. V,and I '2<u<l 
for T =- .V. 

Thc Susrcpta1zce-Compcnsator i11 Fig. Ii 

For any ,·aluc~ of Cs' and Ls' the susceptancc S' of this nctwork is 

S' wCs' 
= l - w2L,'C,'" 

By cquation (5) the characteristic su~ccptancc Q' of thc loaded line 
within its transmitting band is 

Thus S' and Q' are of the same functional form in w; and the condi
tions for S' to hc idcntically equal to ±Q' arc that 

Cs' = ±lz(l- '2u') / w,, 

L ,' =±-tu'( I- u') / (1- 2u')hw,, 

the upper and the lowcr sign of ± corrcsponding to thc usc of thc 
compensator as a susceptancc-sirnulator and a susceptancc-ncutralizer 
rcspectively. These valucs of C5' and L,' arc cquivalcnt to thosc ap-

pearing in Fig. Ii, bccause lz='\tc)] and w, =2 , I"JlC. 
Tbc cquations for C,' and L5' show that O<u'< I1 2 for S'=+Q', 

and that 1 '2<u'<l for S'= - Q'. 

APPE:\'DIX D 

CE!"ER.\L FoR~IL'L\S FOR TIIE C'II.\n.\CTERISTII I :\II'Eil.\'\CES .\:\11 

TIIE I'ROI'AG.\TIO:\ C'ü~ST.\XT OF Lü.\llEI> l.t:\ ES 

For refercncc purpo~cs this Appendix ~in~s thc gcncral fornwlas 
for tlw mid-~ection (u=O.;)) and mid-load (u'= O . .'i) characteristic 
impedances J\.5 and K'.5 and thc propagation constant I' of a pcriodically 
loaded linc (of thc scric~ type ). 

Thc ~ymiJol~ ha\'C tlw followin~ nwanin~s : d dcnotcs thc im
pcdann· of each Ioad . g and i' pcrtain lo the linc hefore loading; 
g dcnotes tlw char.wtcri~tic impedancc, and 'Y dcnotcs the propa~ation 
constanl of a ~egnwnt whose kn g th is equal to thc dista ncc hctwcen 
adjaccnt Ioads a fter thc linc is loaded. 
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Tht• formul.\,; for th1· mid-"t·ction .md mid-lo.1cl ch.lracteri,..tic 1111-

Jll'dann·,.; 1\ l .and 1\'.l ,lrt• 9 

( 1-1>) 

(2-DJ 

I (d)~ d 
=g \ I+ 1 g + g coth I'· 

St•n·r.d mutu.1lly cqui\·;dent formula~ for thc propagation cnn
st.utt r (pcr perindic inten·al) arc: 

co,.;h I' =co,.;h I'+~- sinh )', 
'.:g 

~inh r = K'~ ~inh y, 
g 

tanh .\ r = K.s tanh .\ y. 
- g -

(4-D) 

(5-D) 

(t.i-D) 

The ,..cnding-cnd impedancc J of any smooth linc, of character
i,..tic impcdance g1 ;111d total propagation con,.;tant y 1, whosc distant 
end is clo,.;t•d through any impedancc J" has thc formula 

J J, 'g1+tanh y, 
=g,l +(J, g,)tanh l't · 

('i -D) 

Thi" cnablcs thc formub for thc u-scction charactcristic impcdancc 
Ka of a loaded linc to he cst<thli,-hcd hy ,.;tarting with tlw fornwla 
( 1- I>) Cor thc mid-scct ion charactcri,.;t ic impcdance /\.5• 

1 Formulas (2-0) anrl (3-DJ fnr K'.S and formul.1 (.f.))) for m~h r o~rc J.:iWn hy 
I~- A. Campbdl in hi,; papcr on loaded lincs (Phi/ . .\lag., :\larch, tt}IJ.ll citcd in 
footnute 2. 



Some Contemporary Advances in Physics IV 
By KARL K. DARROW 

CI.ost:-;r. TIIE SPECTR\"\1 to.\P ßETWEEX TIIE J:-;r-RA-REI> 

.\XD TIIE HERT/1.\:\ REr.JOXS 

A:\" electrical circuit haYing a natural o~cillatiun-frequcncy any
wlwrc below ]Q R can bc con~tructcd by anyunc with ~uitahlc 

cunden~crs, inductance-coils, and a fe\\· fcl't of wire at hi~ di~po~al. 
l t can hc sct into u~cillation hy ahruptly clu~ing it \\lwn thl' CO!Hl<·n~l·r 
is charged, hy coupling it to an audion, ur othen\·i~l·; and thc ,,·an·~ 
which it radiatl'~ whilc oscillating can lll' d<·tcctcd and mea~urcd, at 
lm~t \\·hen thc frcquency excced~ HP. Thus it is pos~iblc to gciwrate 
pl'rc<'ptihle elcctromagnl'tic wavc~ of frcqucncics up to 10'. and hcnn· 
of wan·lcngths down to 3 mctrcs, hy mcthods that may hc callcd 
elertroterlnziral. \\"aves ~hortcr than :~00 cm., frequcncics higher 
than 1 o~ cyclcs, are not casily producccl hy any such met hod: for if 
one u~cs cxccssiYely small cunden~crs and inductancc-coils in thc 
hopc of forcing tlw circuit-frequcncy much pa~t 10', or cn·n omits 
coi ls and condensers altogcther, it i~ fuund that thc auxiliar;; ap
paratus, thc audion. C\"Cn thc wircs of thc circuit thcm~ch-es, pos~ess 
capacities and inductanccs which can not he annull('ll and \\·hirh 
hold thc osci llation-frequcnc~· down. Hy dc,·ising oscillating sy~tcms 
which han· scarccly any outward rescmhlancc to tlw circuits of 
familiar cxpcricnce (although a formal analogy can hc cstahli~hcd) 
Hertz and his ~uccl's,;ors gcncratcd dcctromagnctic wan'~ of frc
qucncic~ up to 1011 and wandcngths down to :~ 111111. Bcyond a ccrtain 
gap there commcnccs, ncar frcqucncy 1012 and ,,·avclcngth 0.:~ mm., 
the far-llung ,;pl'ctrum of rays cmittcd hy molecule,; and atom~. 

Thi,; intcn·al i~ onl' of thc two lacunac in the compldc clectromag
netic ~p<·ctrum cxtending from Hl4 past 10~0 cycle~, \\hich \\·crc nwn
tioned in the prPccding artidc of this ~l·riP~. l "nlike tlw gap i>l't\\e<·n 
thl· ultra-,·iolct and tlw X-ray~. it j,; not hclien·d to he populatt·d 
l1y ray~ rl'~lllting from important proe!',.;~e~ occurring \\·ithin tlw 
atom~, nor do \H' know of an~· otlwr pcculiar typ<· of radiation which 
,;hould Iw ~oughl \Yithin it; and rwrhap" thc bridging of it. \\hen 
fm;dly and UIH1llcstion;J.l>ly ;JChil'\Wl, will Iw lwld notable chidly a~ 
a f<·at of exrl!'rinwntal ted111iqu<· or a tour de forre. On tlw other 
hand, ~~~ l11ng a" tlw gap remains un~panncd, \Y<' can hardly dismiss 
thc po~~jl,ilit~· that ,;onwthing in tlw onler of nature m;t~· rc~crn• 

one rangc of \\·aYdengths for tlll' "natural"' rays n·,.;ulting from at01nic 
procc-.;sc~. and Iimit thc ''artilicial" wan·~ generahle hy electrotcdJniral 
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llll'olll,_ to ,( di,.,t.llll r.lll~l' \\ hid1 lll'\ 1'1" t\111 JJt' t'XIt'lltit-d (II II\ t'rl,tp tht• 
otlll'r. 

Th,· .uh.tnve into tlu· l.tl'llll.t frt~lll tht• din·t·ti"n of ,.,hortt•r \\.1\t·~. 

1h.1t j.,, fro111 the :-opl'l'lrlllll of ll.ltllral rays, l'~tllll' aln1n,.,t to a stop in 
l!lll, .11 .t \\,1\t'h·n~th lll'I\H't'll IJ.:l and 0.1 n111t. Rnlwn.; and \"llll 

H,H'Yt'r t',,llllint·d tlll' ra~" o·mith·d I·~· .1 •m·n·11r~ \ apr•r .1n· in a qn.1rtz 
tul~t·, "l~·r.lted \\ith a t'Dlllp.tr.ltin·l~· high t':\(>t'llllitmt· nf jlll\\er: 
the~ tiltered the r.tdi.ni"n thruugh .t :"11\Tt's"ion of di.tphragllls and 
ll'nses \\ hich cut out .t l.trge fraeti11n of tlw shnrt-wa\·e r~uliation, 

ln11 not by .tny mcan,; all oi it. .\t lirst thcy analyzed thc radi.ttion 
which c.unc through with an interf,·rullll'ter, likt· thc one which I shall 
dt·,.,nibc in spe;1king of "hnrt artilici,tl wan·s; the c-urn:s indicatcd 
th.tt it consi,;tt'tl l.trgl'l~· ,,f two w.tn•s, onc at 0.21~ 111nt. and thc 
11ther at 0.:31:3 nun. Rnlll'n,; in Hl:.?l r\'!Urnl'd to thc cxperimcnt,;, 
and ditlractl'd thc tran:-mitted r;ty,.. with a largc-scalc wirc grating 
thc wircs werc a millimetrc thick and a millirnctrc apart). T hi,; 

mcthnd oi analyzing the r.Hiiation, in whidt it is sprcad out in a 
,.pcctrum, j,., prcfcr.thh~ to thc otlwr. Tlw results wen: quitc cc•n
l'llrtlant with thc earlil'r tJill's; tlw cur\'cs of intcnsity n·rsus wa\·t·
lt-ngth sho\\' maxima at 11.:.?111 mm. and o.:l:.?.i mm., and cxtcnd out 
.ts i.1r as II. I mm. 1 Tlwre j,., rw ,;ign that this is a dclinite physical 
Iimit: it is nll'rl'ly tlw point at which tlw ray,., oecomc too fecblc tn 
prudun· an unmi,;t,tkahle ddkction nf tltl' mino-radionwter. :\icho(,; 
.1nd Tcar al"" han· oJ,,..l'n·t·d thesl' long natural wa\·cs. 

Tu <l!h·.mn· into the lac-una fmm tlw reginn of artificial waYcs, it 
was found nen·:-:-oary tir,..t of all to n·model the o:<cillator or "doublct" 
l>y mc<tns of which llertz harl gener;tted thc tirst wa,·cs of this kind. 
Thc original '""·ill.ttors of Ht·rtz Wl'rt' rather !arge; :'otJlllC for example, 
colbi:-tt·d of pair.; oi nwtal pl.ttt•s (I) cm. squan: or pairs of :-plwrt•,., 
:m nn. in di.tnll'lt·r with arrns pr.,jecring from cach toward thc otlwr 
.111d carrying knobs ;-.t·n·ral nun. 11r cm. in diamctcr; tlwir natural 
frt·quencic:< werc of tlw 11nler 111; -lll'. Thcir slwccs:;ors werc made 
progrt·,..,..in-ly ,..malkr, anti thc latest oscillators arc cumparatin·ly 
minut..:- in dl'aling \\ ith a lcss t•xac-t ::-cit·nn .. ·, onc would rlcscrilll' 
them a;-. micro-.copic; for :\löuius bciorc thc war u"cd a dt~uhlet oi 

' lt i, not ncn·,.,.;nily ln bc ••"umcd lh.at thc mantry .trc is uniqau· in 'endin).( 
•Hil r.a)> ol "' ..:rc.al a w.tvl'lt·n~th wilh ~o grc.tl ,an inlensity; lhe>t' r.ty> may nol 
Iot: murt· mll:nsc th.tn .1 bl.trk IM•Iy of the ,.arm· lo:mt><·r.lltm· as lhe .trc wuuld t'lllll in 
tlus tMrrtaun ui ir- >flCCirum .tlthough this iallt·rpn·l.tlion would in\olvt' a r.,tht·r 
hi,;h c,tim.ttc oi tht· .trt tcmper.alurt·, many thou,.1111b oi dt·).(rt·t·, . But il wc h.td .1 

lol.1rk IMJIIy oi this lcmp<:r.ttun· ,t\ .1ilahh·, \\1· rui..:ht not Lw .ahle torll'lt'!'l tlwst• r,t\'s ho
' .tu".· uf the tlo•~l ulli,.:hl ul hi).(ht·r irequcncics wlu.-h rould not l•c l'Omplt·tt·ly dl'llt·t·tt·d 
irom thc path ol thc Ion,; \\.t\'t•s. l'hus wc arc Jt.d to thc p.lr;tdoxir.tl t:on..Ju,ion 
th.1t thc mcn:ury Jrc n1.1y hc uni•tut· nol in furni,hin,; thc,c rays, hut •n not cmillin>: 
""mueh r.uli.ation nf lc,:>t:r \\,1\'t·len,;lhs thal lhc rays dt•sJrcd e.tnnol hc isol.1tt1l. 
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platinum cylinders each 1 mm. long 2 anu 0.5 mm. thick , whilc :\ichols 
and Tear in l!J22 succcedeu in making anu u:-;ing tungstcn cylindcrs 
0.2 nun. long anti 0.2 rnm. thick. To apprcciatt· this feat it is neces
nary to realizc that tlw cylindcrs must be sealed into a shcct of glass 
u•ilh bollz ends projecli11g; as they are shown in Fig. 1, which likc tlll' 
remaining figurcs (unless otherwisc mentioncd ) comes from t Iw 
work of 1\ichols anu Tear. 

In Fig. 1, thc oscillator-cylindcrs arc shown at c anti c1 ; thcy arc 
sealeu into the tips of hard-glass tubcs 1' and Tt. anu projcct outwards 

Shorl [leclflc Wo·~ Cerotr3lot 

tUfl 
r rf;•slance l 

Jaoau 
JOJt, l(lllJ'V 

luoH'I" . J 
I ~~.,., L~:t-~-, 

Sketch of oscillator. 

Fig. 1 -Diagram~ of the Oscillator and thc Circuit Used by 1\ichols and Tcar. 
(PhyS>J'cal Rroil'?t•) 

into kcroscnc oil which fills thc entirc cylindrical containcr up to thc 
Ievel indica ted l•y thc tla:-;hcd lin('. 3 Tlw oscillator is cxcitcu hy thc 
voltagc-impulscs in thc secmHiary uf an induction-coil, rcsulting from 

2 The lignre givcn hy ;\lühius is 1.9R 111111. (last col umn on p. 31i, l.c.i11jra) which 
hc says (on p. 302) applies tu the Gt·samll<llzgr of the double!. Theory indicates 
that thc wa\'l'lcngth of the fundanll'nlal '"cillation is ahout twiee thc lcngth uf thc 
cylindcrs, lmt I hc cxact \'al uc of t hc factor is in donht. 

s The keroscnc, thc "oil-jl'l" for k<·l'ping it circulating rapidly through thc region 
bl'tWc<·n thc cyliJHil'rs a nd thc hlasts of com pr .. ssl'd air into tlll' tnhes T an<l T, 
(note the spa rk·gap~ in thc leading in wires in tlwsl' tubes) an• all<•mpirical <l<·\'iCl'S 
fur impro\'ing tlw dlicicncy of thc apparatus. 

tro 

tri 
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.thrupt hn·.tb uf tlw prirn.try drcuit pnuiUt'L'd hy .1 tllt't'hallit .d in!l·r
rllpl<.'r .11 the r.ttL' of ,, thou,..,llld Jll'r !-l'l'lllld. Each of t!J,.,..,. \'tlltagt·
impubt•s t':\t'ill·:-; a :-;p.trk lwt\\l't'll tlll' douhll'l-cylindt·r:-;, ;wnHIIp;util'd 
hy a highly-d.tlllJlt'd o~l'illation \\ hidt r.uliatl's what tlw .tuthors 
dt'!'>l'rilw as "a n·ry ,..hort wan•-tr.tin \\ ith from ti(J to l-ill'; of tlw 
t'llt'rgy conn·ntratt·d in tlw lir!-l h;df-wan·lt•ngth." Thi s high damping 
is dl'plurahll', a~ tht· wa\'es arc inron\·L·nit·nt to measun· anti 11111~t 111' 
n·garded as mi:..:tures of :-inc-Wa\'es uf dillereut frequt·nries. Tlw 
gap bc.·t ween thc cylinder:. is of the order 0.01 0.02 mm .; it rhangt·s 
rapitlly and irn'gularly as the nppo~ing surfart's are eaten away l>y 

Fi~. 2 l'hotogr.1ph of the Ü>cilbtor l'st.>d by :'\ichols and Tt.>ar. (Pbysica/ Rn·iew) 

the !-park,. (tungsten was cho,.;('ll by :\irhols and Tt•ar instead of 
platinum in the hope, jtbtificd hy the cwnt, uf diminishing this 
troublc). 

Thc rays j,..,..ue through a mica window in the front of the containing
rylinder aml arc formet! into a plane-parallel l>eam by an enornwus 
doublc-com·ex paraftin Jens (t hcse nhjert~ are shown in the photo
graph, Fig. 2). Paraboloidal mirrors can he and ha\·c b(-cn nsed 
instcad of the Jens. In thc skctch of Fig. :~. L, rPpres('nt~ the Jen:-;; 
tht• plane-parallel heam proceeds to the mirror .tl and thcnn· to th(' 
mirrnr B, whid1 i,.; rcally thc pair of mirrors 1111 thc ldt-hand end of 
tht· apparatus of whieh Fig. -l is a photograph. In this apparatus. 
the ''Boltzmann interfcrometer," thc upper mirror :-;Iides backward 
.1nd forward (lcft to right and right to lcft, in thc picturc) along thl' 
guidt•s, controllt"<l hy tlw ,..cn·w; it remains always paralll'l to the 
lower anti :-;l.ltionary mirror. I lalf nf thc plane-parallel I>L'alll fall~ 

upun earh mirror, and thc twn rellcct!'d hah-es tran·l ,..idt· t.y "jJc 
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tu the lens L J whieh mcrgcs thcm in a common foeus at Jf, whcre 
the rcceivcr stand s.4 ~ 

Tbc intensity at Jf dcpends, by virtuc of the principlc of inter
fercncc of pcriodic wavcs in its si mplcst conccivahlc application, on 
thc ratio of thc distancc hetwccn thc plan es of thc two mirrors tu the 

L 

BI"----------- ----0- .. M 
s. ------- s. 
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D iagram for wa,·c-length mcasurcments. 

Fig. 3-Path of thc Radiation from Oscillator tu Rc~:ci ,·cr. (Pilysical Rt"t:i<·w) 

Fig. -1 Photogra ph of thc Bultzmann lnt<·rfcromcter. (Pirysica/ R<"l'ii'<L'I 

wan·lcngth of thc rays . lf at J[ tlwrc- wcre a rccci,·cr of which thc 
rcacling was pcrfcctly proportional to thc amplitudc of thc vibration 
at J[ and if thc original wavc-train wcrc pcrfcctly si nusoidal an<i 

'In thc skctch S is a scnli·transparcnt mirror (g lass cbonitc, or ca rdhoard ) whkh 
relh:cts apart of thc hcam to a ll'ns L, anti focus C whcrc its intcnsit y can hc mc.tsurcd 
at thc s;wte momcnt as thc intcnsity at J/. The variabi lit y of thc uutput of thc 
~ource makcs this control indispensable 
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n·ry long, <lll'n tht• curn· oht.tinl'd by di,.,placin~ the 111 l\',tblc mirror 
,.,tt•p hy :-tt·p ancl plottin~ tht• recein·r-reading agailhl <Iw mirror
di,;plan·nwnt \\'Ptlld llt.! a perfcct ,;ine-cnrn·; tlll' distance lll'twt·t·n the 
po,.,ition,; of the mirror corre:-ponding to two eonsccuti\'L' m.txima of 
tlw curn· would Lc half tlll' wan·length of tlll' waH·-train. L'nfortu
ll.l!l'l~· rwither the recei,·er nor 1he w.tn·-train is e\·er perfect. Thc 
wan·-train i:- a hea\'ily-damped :-inusoid, and conscquently the cun·c 
of rl'n·in·r-rt·ading n·r:-us mirror-di:-plact•mt·nt llattcns out lldorc thc 
mirror ha,.; ll\.·cn nwn·d \'cry far. En·n so, thc intcrpretation might 
not l>e unccrtain if tlll' recei\·cr ga\·e a reading proportional tu the 
tinll' integral of the inten,.;ity of thc wa\·e-motion at Jf. This it 
rarely does. 

Thc receiYer, in this reginn of the spcctrum, must Lc a thermal 
H·et·in·r-a :-hort thin wirc ur a narrow Land of sputteret! metal upon 
a strip of insubting suLstancc, ur somctimcs a wirc loop. In this the 

r~ 
Fi;:. 5 Thermoclt'Clric Rccci\'cr l's.·d IJy :\lobius. (A111wlm da Physik) 

incident Wa\·c::; indun· a rt•:-unancc-currcnt, of which the J oule hcat 
produccs the directly-mc<bllrl'd l'ITect. ..-\ thcrmojunction may Iw 
intercalatetl in thc rt·,.,onant wirl', as in :\lühius' apparatus (Fig. ;); 
in thc middle of thc trans\·er,.;l' piccc, 1-t 111111. long anti u.:3 mm. thick, 
a platinum tip is welded intu a tl'llllrium socket). .:"\ichols and Tcar, 
dt·\·cloping a llll'thotl introdut·e<l hy C. F. Hull, mountt-tl thc thin 
wire or thc stmttcred rihbon in front of a radiometcr-\'anc; thc Joule 
heat w.mned the front fan· of thc \'alle, and thc rather my,.;teriotb 
agcncies sonwtimes called ''radioml'ler forcc:-." camc into play. Four 
of thPir ren·i,·crs are :-hown in Fig. li at b, c, d, and c. ln cach of 
tht·se sketchc,.; 1"1 repn·,.,t·nt,.; thc cdgc nf thc radiomctcr ,·;uw; c in 
,.;ketch b i-. a wirt· running from ('lld to end of it, whilt· c .. c2, ctc., in 
-;ketche,.; d and e are short wire,.; mounted n·rtically or horizontally 
llchind it. Thc mounting i,.. ,.;hown in Fig. li.l; tlw ,·anes are st'l'll 
front-facc, one ha\'ing its wire ur wirc:- in front and thc othcr lll'hind, 
,.;o that the radioml·ter forccs on hoth will producc torqucs acting 
in the samc !'cn,.;c. Thc \'ancs with tiH' cro,;s-picccs Ct aml Cz ar1· 
mounted upun the rod q, which j,.; ~U!'pcnded from a tur"ion-tihrl'; 
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and from the rod is su~pemlcd a mirror 111 to indicate tlw antount uf 
twist. Thc air-pres~11rc is adjusted to produc<:' tlw ma:ximum torque. 

The outstandiug ddect of il recei\·er ofthistype is, that it imprints 
its own charactcristics upon th<' clata . lt will not n·spond dTcctin·ly 
tu a wa\·c-train not pos~t·ssing a frcqucncy agn·l'ing closely with its 

f i 
' 

{l 
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e ; lf 

~ 

e ., 
mg b t; c C.'d e 

Fig. 6-Radiometer and Radiometer \'ancs llscd hy :'\ichols and Tear. (Physical 
Rn•il"'u!) 

uwn, or with sonw harmonic uf its uwn; and has a tendcncy to cx
aggcratc thc appan·nt prupurtiun of such frcquenci<:'s in a Leam 
which is a mixturc of frcquencics, as a dampcd wa\'e-train is. In 
gencral, thc cur\'c of rccciver-reading \'Crsus mirror-displaccmcnt is 
an unC\'t•n ly wa\'y one which, whcn analyzcd into componcnts in 
Fuuricr's manncr, is found to contain at least two frequcncics, onc uf 
which is attrihutcd to thc rccci\'cr and the othcr to the radiation. On 
the otlH'r hand, if a rcccivcr ha,·ing its natura l frcqucncy far away 
from thc cxpccted pcriodicities of thc \\'a\·es is employcd, it is found 
tou inscnsitiYc.6 \\'ursc yct, if thc wavc-train pursuing tht• path 
L 1.·li3Jf in Fig. ~ is a short hcavily-dampcd onc, whilc thc natural 
oscillations of the n:ccin·r are of com parati,·ely low fr<:'qw·nry aml 
slight decremcnt, thc data will sugge~t that thc wa\'e-train is llllt 
slightly dampcd and has the frt•qucncy uf the recei,·cr.6 

• Thermal rcn·in·rs h:l\'ill): natural frcqncncics far hclow tho"c of l ht· inddcnt 
lrcams havc lrl·t·n cmploy .. d in studying Wa\'c-trains of mu<'h grcatcr wa\'clt•nglhs 
and much morc intcnsc I han I hesc. 

• This can Ire St'l'n hy considcrin~ an cxlrcmc casc. lma~;rinc that lhc wavc is a 
sin~lc infinilely thin pulst•, whilt· thc natural o>oCilblions oJ the rl'n·in•r arc quite 
undampl'd. Thc pulse will Ire clividcrl hy I hc Bohzmann mirrors, so that two pubcs 
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Cll'.lf ~lllt><>lh ~inl'-likl' l'lll"\'t•s with tlll' tll'ri•nli,·ity 11f tht• \\,1\t'· 
train are oht.tilll>tl l>y u, .. i11g- a n·n·in·r 11f \\hidt t llt' natural frl'qllenl': . 
• tgrt'1.·~ with tlw fund.lllll'llt;tl fn·qut'IH'Y (or ih ol'l.t\'l') of tht• o~l'ill.ttor. 
~ueh curn·~ are ~~'1.~11 in Fig. 7; llll' twn fundamt·lll.tl frl'qlll'lll'il's wt·n· 
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Fig. 'i- Curves Ol>tained with a Receiver in Tune wit h the Oscilla tor (Topmost 
Curve with Receiver Tuned One Octave ßelow the Oscillator). (Physical Retti~·w) 

will >trike the receiver at a timc-intcrval T; there will hc notlung of thc natun· uf 
interference. But if T happens to hc an ev!'n-intt·ger multiple of the h.tlf-periU<I 
of the receiwr, thc second pulse will rcinforcc thc oscillations starte<! hy the lirst: 
if it is an odd-integer multipk of the half-period, thc scmrul pulse will annul thc 
,;bration st.utcrl b\· thc lir>t. Thus as the Boltzmann mirrar is mon·d along, the 
n-ccivcr-re.tding wiil pass through maxima anti minima with a sp;win~: impos~~l 
hy thl· char.tctcri>tics of the n·ceiver. In actual experiment this mi;-:ht happen tf 
thc frt·f!uency and thc dampin~: of tht· w.n·c-train \H'rt' mnrh hight·r th.111 tho~t· of 
the n.ttural vibration of the rt'cein·r. I ln tht· nthcr hand it rltx·~ not .l(I(H'.tr th.t! a 
frequency much higher than that nf tht· wan~-tr;~in could hc sinllll.ttt·d by any 
ellect due to the n-cein·r an import,lllt point, in vit·w of wh.tt follows. 
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in do~c agreement for a ll exccpt the tupmu~t of thc cun·e~, fur which 
thc fundamental uf thc o~cillatur curre~pundcd to wa,·clength -.1.~ nun. 
a nd that of the rccciYL'r to waYclcngth 8.4 mm . 

Thc lowest waYclcngth mcntionccl by :\ichols and Tear as ha\·ing 
hecn manifested and visua lizccl in this lucicl fashiun is -L~ mm.; whik, 
rcplacing the t\\"l> mirrors of thc Boltzmann interfcrometcr hy a set 
of eight rnirrors forrning an cvcnly-r i~ing staircase or cchdon, the)' 
obtained curvcs which in onc instancc indicatcd a fundanH·ntal uf 

F ig. ~-Serratl·d Cun·es Indica ting \'ery Short-\\'aYed Componcnts of the \\'aVt.· 
Tra in. (..t mwlen da Physik) 

1.8 mm . lt wuuld he a cunscrvati\·c, pcrhaps a tuo con,.crYatin·, 
policy to rcgard this as thc prcscnt Iimit of thc S(WCtrum of ;1rtilicial 
clectromagnctic waYcs. 

\\'hcthcr wc may belie,·c that rays lying beyoncl this Iimit haYc 
actual!y IJccn gcncrated dcpcnds upon thc interprctatiun of ecrtain 
narrow sharp scrrations ubscrvccl upon cun·L·s of thc morc Ulll'\ 'C ll 

sort; for cxamplc, thosc of Fig. S (l\Iübius) and curvcs .-1 and C of 
Fig. 9 (::\'ichob anti T car). lf these are rcliab!c indiccs uf wa\·cs of 
corrcsponding wa\·clength in thc mixcd radiation from thc oscillator, 
thc frcquencics in qucstion must lJl' cunsicl crahly highcr than thc 
fundamental frcqtwncics of the usci llators hcrc tofurc madc; wa \·c
lcngths ranging down to 0.1 mm. , corrc"pon<lin g to frequcncics ranging 
up to 3· 1012, ha\·e ltccn inft·rrcd from such cun·cs. lf thesc arc uver
tuncs cmittc<l hy tlw oscillator alung with its fundamental, thcrc would 
l>c littlc objection to extending thl' spl'ctrum to con·r tlwm (although 

wh 

ra( 

trc 
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it \\otlld 1"-· t•qniLtlcnt tn con,.;itlcring- ,t tcnor',.; rang•· a,.; l'\:lt·ndiu~ 

to tlw higlll'!-ol nn·rtom• whkh t'otdd Iw dctl'l'tl'd in any nf hi-. nntt·-., 
which m•ttld n·rtainly ll';td to a-.tnnishing rc,.;uJt,.,). Or tlwy may I>•• 
radiatt·d by tN·ill.ttions within partidcs of nwt.tl tnrn from tlw l'h·•·
trodcs hy tlw \'iolcnrc of tlw di,..chargc-an idca snggcstt·d lwcatt-.t· 
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llarmonics. 

I:~. 'I !'>erratl'd Curn~ .I and (') lndit-ating \'err Short-\\'avcrl Componcnts o( 
the \\'aw Train. (Pizysiml Rn•ir"ut) 

they arc pronc to appcar aftcr thc ,.;park-gap has I>L·cn widcned and 
thc ciC'ctrodc-surfaccs corrodL·d by a ,.;m·n·ssion of ... park,.;. Or thcy 
might re,..ult from an cxcitation of mt~k·ntll's or atom,.;, in whirh case 
they ::-.hould L>c regarded as betonging to thc !->Jll'Ctrttm of n;tltlral 
rays, in thc "l'llSC of my prc\'ious di,.;tinction.7 En·n so, if the serra-

' lt j, intere,Jing to notc that the oppo,.itc irlca wa~ pul forwarrl l•y Ruhen,; i.~ .• 
that thc ray' n( wa,·clcngth~ ll.l mm. anrl tht·r<'.tiMnll~ cmill(.'(l hy thc nwrcury arc 
nught b<' duc to o,;cillations in droplt:ts of liquid nwrcury. 
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tiuns arc truly duc to wavcs issuing from thc duublct anclnot to somc 
unhappy pcculiarity of thc receiYcr-aml thc fonner alternative i~ 

considered the more probable nnc-then therc is good reason for 
hclicving that the spectrum nf artificial wavcs has heen prolonged 
to overlap the spectrum of natural \Yaves, and tlw lacuna is closcd. 8 

T11E DisCo\"ER\' OF I soTOPEs 

ThirtL·cn additional elcmcnts having bccn analyzcd into isotopes 
hr Aston, the moment is opportune for restating thc two great series 
of dis<·o,·erics which have disdoscd thc hidden law and thc underlying 
unity nf the chcmical elcments. Twenty-five years ago, the Iabors o( 
chcmists had resulted in setting apart ahottt scventy-fi\'e distinct, 
unchangeable, non-intercon\'ertible substances as "the elements"; 
and the ancient ambition to describe a ll forms of matteras combina
tions or modifications of a single, truly fundamental clement must 
have secmed to be definitcly frustratcd. I t is true that there were 
undcniable signs of a family relationship among the elements. Thcy 
cotdci be classified into groups of elements morc ur lcss alikc in their 

· propcrties; and whcn thcy wcre arranged in thc ordcr of thcir com
bining wcights, there was distinctly a periodic variation of chcmical 

8 Dr. Ernest Fox Niehals died suddenly an the twenty-ninth af April, 192-l. A 
few days earlicr hc had \'ery graciously affered to infarm me af his latest wark in 
(•xtending the spectrum af artificial wa,·es, hitherto unpuhlished except in l>ricf 
reports before the Physiral Society. !J e discussed the matter with his rollaharator 
Dr. Tear, and to prcsent his final farmular ion of his grcat achie\"cment I can do 
110 bctter than to quote \"crbatim a Iett er which Dr. Tear kindir wrote to mc on 
April 29th: 

"The most satisfactory data wc ha\"e at presPnt has bcen obtaincd with recci\"crs 
whosc fundamental wa\·clengths are long rompared with those to be measurc<i. 
Thc electrodes of our smallcst oscillators are 0.1 111111. in diamctcr and 0.1 mm. lang. 
Thc glass scal co\'ers approximatcly onc-half their length. Thc fundamental wa\'e
lcngth of such an oscillator is of the order of I 111111. Thc distrihution of the dielectric 
and thc 111eans of cxcitatian aresuch howc\'cr as tu acccnt certain harmonies and to 
suppress the fundamental and ather frcqucnciPs. The irl!Prfcrence cun·cs show 
then the presencc of one high frpquency, usually thc sccond or fourth harmonic, 
plus the low fn·qucncy of thc rcccin:r. Thc intcrfercrlt"c p(_·rsists for thrce or four 
cycles and is repro<iuciblc, although the construction of such minute :;eals intro
duces thc element of chance, frcqucntly making it nccessary to construct !'<:\·cral 
oscillators hcfore finding anc ha\"ing the right proportions of harc and glass-co\'crc<i 
elcctrode-surfacc to bring out one frequency an <I suppress t hc n·main<kr. 

"lt is in a way pcrplexing that althou~-:h chancc proportions of glass and meta) 
bring out onc harmonic to a grcatcr or lcss cle~rce, thc fundamentals of thcse smallest 
osci llators da not show up at all. I t is of intcrest, too, to r!Ot<' that a >'h<·ct of glass 
t1.2 n1111. thi(·k, such as the ~eals arc madc of, transmits hut 25' ~ of thc O .• H mm.
radiation from thc mcrcury arc. \\\· ha\'c hccn ll•d to thc intcrpretation th.1t tlw 
particular stan<lin~ wa\"cs which can cxist upon thcse small oscillators are dd('r
mined by the location of tlw glass-oil boumlary-snrfan·, and that thc predominant 
wa\'l'length is thc fundamental wawlcngth of that part of thc oscillator whil"h is 
in oil hetwel"ll the two glass-oil surfaccs. Thr u•tm•lrllglhs u•hiclr Wl' lwt'l' isolatrd ilr 
this way rxll'lld to the 0.21 mm. Iimit which we reporh·d at Boston ." (That is, at 
thc ßoston mceting of thc l'hysic;d Socicty, l..>ccemhcr, 1922. Italics minc.
K. K.l>.) 
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and phy:-ic.d propertit'!'i in p.t,;,;ing- along tlw lirw. lnd•·ed the pPriodi··
ity \\,IS "" cl,·.tr th.tt in thn-..· in,.,tann·,; wlwn tlw ord•·r of two c"n,;•:nr
ti\··· t•lt'llll'llh \\,!" ,.,tll'h .ts to d.wtagt• the p•·riodi•·law, dwmi,;ts simply 
rcn•r,..cd the ord,·r putting- argon lwfon· potas:-ium. cohalt lx·fon· 
nicket. tl'lhrrium lwfon· iodine, thu..; testifying to a faith that tlwn· 
111\1:-t Iw som•·thing- gun·rning- tlw nature of tlll' chemical clellll'llls 
mon• fund.unental th.tll l''11111hining \n·ights. Furthermore, in sen~ral 
ill:-t.tnn·s wlwre tlw p1·riodic law implied th;tt therc ought to l.Je a11 
addition.d denwnt hl'I\H't'n two app.tn·ntly consccuti\'e olles, chemi,.,ts 
l··ft .t \',tcant ,..pace hetWl'l'll the two for a11 Plement pre:-unwd to he 
exi ... teut lnrt unknown; .tlld sonH· of tlwse elenwnts wen• suhscquently 
di,..con·rl·d. thus justifying tlw faith in the most impres:-i\"c way. Hut 
nf the n.tture of this fund.unental ,;omething, thcre was no inkling. 

lt had been ,;ngge,.;ted at orw timt• that all atmtb arc huilt up of 
hydrogen atoms. But tlw most accurall' mea~urcmcnts placed it 
heyond douht that the chemical combining wcights of the elcmcnts 
are not, in l'\·ery casl', intl'ger multiples of thc comhining weight of 
hydrogen, nor of any othl·r common di,·i,.,or largc enough to ha\'c a 
phyo-ical meaning. ..-\s it wa,; unin·rsally a,;sunwd that thc weight 
of thc ultimate partides of an clement is equal to its combining 
weight multiplied by some uni\'Cr";al factor, this fact ~cemcd to di,;
pn)\'e the suggestion. Yet on thc othcr hand thc rncasurernents 
e,.,t.thli,.,lwd a rule that thl' comhining wcight of many of thc elenwnts 

far too many tobe explained as due mercly to chancc--arc intl'gl·r 
nmltipll·~ of a common unit whieh is r1n of thc comhining weight of 
oxygen. This can lll' illustrated from any group of clements, for 
ex.rmple from the tir,..t ten of the periodic tablc: 

II He 
l.OOS 4.00 

Li 
G.fl-l 

B 
I 0.!'):3 

c 
1::?.00 

:\ 
14.01 

() 

lti.OO 
F ~e 

1!1.0 ::?0.::?0 

out of which group of numbcrs eight are integl·r multiples of the unit 
1.00, within nb~·rYational error; while four-the comhining wcights 
of hydrogen, Iithium. boron and neon -n·rtainly are not. \\'e are 
confrnnted with a manifest rulc rl'stricted by undcniahle exccptions
the mo:,.t ,.,timulating situation which can ari,..,• in a ~.-icnce. 

Surldenly thc exceptinns tn the rule \H"rc all explained away, and 
the mystery \'anished with a completeness which wc hope that snmc 
of the otlwr mystcries of phy~ics will st~me day l'tmrlate. The trouhl1• 
was :,.imply that en·ryonc has assnnll'd, with an indi!Terence to tlw 
other alternati\·c which nnw >ol"ems ~trangc.~ that all thc atonb of an 

'Comparc .-\;ton·~ hi~torical rc\"icw (Isotopes, pp. 1-6). l"rookt·~ \"cry rl<'linill'l~ 
suggesred a multiplicity of atomic w<'ights in 1.~~6. 
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elenwnt haYc thc same weight, which (multiplicd by thc proper uni· 
Yersal factor ) is thc combining weight of the element; whcreas now 
it is known that some of the clcmenb haYc two or sc\·eral di!Terent 
kinds of atoms apiece, with different weights, of which the obserwd 
rombining wcight of thc element is merely an aYerage. The com
bining wcight of an clemcnt as obscrYed in ordinary chcmical experi
mcnts has no gencral right to the title of at01nic "<<•eight; only in spccial 
instances mav the two he identified. Thc elements of which the 
rombining w~ights are intcgers- meaning, integer multiples of 1

1n of 
thc comhining weight of oxygcn- consist of atoms of a singlc kind, 
the wcight of which is truly and accuratcly gin:n by thc combining 
wcight of thc substance. Thc othcrs, or those of them which han~ hccn 
analyzed, are mixtures of atoms of different kinds, the wcight of no 
one of which is giYen by the comhining weight of the clcment. \YhercYer 
it is actually the mass of an atom which is mcasured by the chcmical 
mcthod, the rule is Yerified; whcrc the rule is apparcntly infringcd, 
the quantity measured is mercly a mislcading a\·eragc, and not the 
mass of an atom at all. \\'hen, thereforc, the rule is rcstatcd to apply 
only to those combining weights which are truly atomic weights, 
the conspicuous cxceptions no Ionger militatc against it, and the 
supposition that all atoms may bc built of hydrogen atoms is strongly 
reinforced. 

\Yhcn J. J. Thomson dcYeloped thc tcchniquc of his "positi\·c-ray 
analysis" by which he mcasurcd thc masscs of fast-flying charged 
atoms and molccules, hc was unknowingly prcparing the way for 
asccrtaining ho"· many different kinds of atoms belang to a single 
elemcnt. In t hese classical expcrimcnts thc ionized particles wcre 
thosc existing in a rareficd gas traYcrscd by an clcctrical dischargc, 
and drawn to tlw cathode by the strong fidel maintaining the dis
charge; through a narrow perforation in thc cathodc, a thin pcncil 
of the ions passed into a chamhcr wherc it was suhject to crossed 
clectric and magndic fields. Tlwsc ficlds rcsoked it into a numhcr 
of separated and separately-directed twncils, cach containing ex
clusiYcly atoms (or moleculcs) of a single uniform mass, which could 
hc dcduccd from thc location of the trace madc hy tlw pencil upon a 
photographic platc. 10 The ml'thod was dcsignC'd hy Thomson as a 
sensitive, indccd a supcrsensitiYe, method of chcmical analysis, hy 

10 Thc actuality is snmcwhat morc complex, as a di>t inct pencil is ohtaincd for 
cach ,·aluc of thc rhar~c-mass ratio /~ 111, and it is 1 his ral io whi<·h is dcducihlc from 
thc loeation of the pt·llcil. llowcn·r F. is eilher the <·il·ctron-rharg-c r or a small 
int<·gcr multiple of it (occasionally, hul rarcly, a s grcat a s Sr) , and the multiplil-ily 
of pencils corrcsponding lo ditlerenl \'alues of /~ and a sing-lc \'aluc of 111 s<·<·ms to 
!Je an actual arl\'a nlagc to thc cxp<·ricnn:d intcrprl'lcr of such dat.t. 
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which g 1..,, .. , pr•·"cnt t'\<'11 in :-nt.tll proportion-< in .t di,.., ·IJ.trg•·-tul•e 
could ),,. dt•lt't'lt·d .111d iclentilicd. Tlw lir,.;t tri.d,.; \H'rt' natm.tlk 
nt.ule upon di-<ch.trgt·-tulw-< 1'0111t.1ining tlll' ,· .. mmoner g-a,_,.,.., whid1 

.t,.; it h.tppen-< ll<'.lrly .tll \'0111:-i:-t of 01111' kind of <ttom (or llllli<·<·nll') 

.tpit'\'l' 01\.\')..:t'll, nitr~tgt•n, hyclnogt·n, carluon dioxidt•, carhon mon
o:--id,•. Thi,.; rct.tnh·d tlw grcat di,.;con·ry. Hut \\ hen llt•on, a g;~,.; of 
prt•,.unwd .tl~tmi,· \\l'ight :?11.:?, \\·,t,.; introdun·d into the tuh,· in 1\ll:?, 
Thom,.:on olo,.crn·d I\\O pt'IH'i),., of .1111111,.. of ma,.;,.;e,.; ahm1t :.?0 ancl ::?:.?, 

rl',.;p,·rtin·ly, \\ lwn· Iw had t'\.(lt't'ted to "''l' hut Olllt' con,.:istin~ "f atoms 
of 111.1,.,,.. ahout :?11.:.?. 11 

Thi,.; ol>,;t·n·ati"n "·'" not imnwdiately interpretccl a,; \H' now 
interprt·t it. The my,.:ll'riou,.; 1wncilmight han• <'on..,i,.;ted of nlllil'I'Uil',.; 
of CU~ of ma,;,; II hearing a d~tuhk charge, or of molel'llk,.: of a hitlwrto 

unknown cnmpound :'\ell2. Tht ·,.:c P"''"ihilitie,.; \H'rt• tt•,.;tt-cl hy ;tp
propri.ltL' experiment,.; and di,.;carded, and then for a time the ga,.; of 
.ttomic m;t,.:,.; :.?:2 wa,; app.trently regankd as a 11\'\\' t•lt•mt·nt di,.tinct 
from 11eon aml fortuiton,;ly mixed with it. 

F. \\" .. \,.;toll underto11k thc attcmpt to ,.;eparatc tlw two gascs, hut 
tht·y \\'t'rt• ,.;o t'lltin·ly alikc in thcir properlies that nn succc,.;s what
en·r was att.tined by fractional di,-tillation and littk by clifTu,.:ion. 
Thi,.. w<ts .\,.;ton's t•ntry into thi,- fiel!!, and in a celcbratcd scriC',.. of 

re,.:cardws, """II interrupted hy thc war but rc,.;umccl afll'r ,.;ix year,.; 
and ,;till co11tinuing, he a,.;,;ociatecl his namc fnn•\'t•r with thc analysi,.; 
of ekmt·nt,; into the clillcrcnt kinds of atom,.; of which tlwy con,.;i,.;t. 

or the impron•mt·nt,.; which .\,;ton made in thc mcthod of llll';t,.;uring 
the ma,.;~es of chargcd partidc~. as of tlw dctails nf Thomson 's original 
mdhnd and of l.kmp,;tl·r's nwthod, it is hanlly nccessary to ~peak; 
for tlll'y han· llt't'll admirahly ckscribed, with reproductions of photo
graph,.;, in !'l'\'eral reccnt honk~. 12 The pnohlcm of ~cnerating- ions 
of tlw l'ienwnt,.; to he analyzed hecame pro~rcs~in·ly hardt•r to ,.;oln·. 
Thl· l'lenwnt,.; ga,o;t•ou-< at room-temperaturc wcre ca~ily inn•,.;tigated, 

.tnd those of \\ hirh a high Yapor den,.;ity could ill' produn•d l'itlwr of 
the elenll'nt or of one of it,; cnllllllltlllds, without on·rhcating the 
tlll)t•, wen· abo tract.1hle: hut when thc,.;c ,.J,·nwnh h.td alll•t•t•n lt·sted 
the rl',.:i,.;tanl'e to further ad\'<IIH'l' beeame iormid;tl•le. Ion,; of tlw 
thirtt·t·n clements lately analyzed wen· formcd a~ anode rays: that is, 
they wen· ch.trged atoms expelll'd from tlw anode of a di,;ch.trge-tuiJe 

\l·on ltv vinuo· of ir- Wl'll-known •·h··mi('al im·rln<'" h.b no "('omhinin;:" wei;:ht, 
hut it, an·r·,·.~·· molt'('lll.lr \\eio:ht wa' dl'tt·rmino·d from ils tlo·n~itv h~· \\',,i,on, u~ino: 
.\\'o{;:adro's principlo·, .1' .?ll.!llll. Th<>nb•m's •..• rli .. ,t l'X('t•rimenl~ \\l'rt' not dehl'.lll' 
•·nou;:h to ,Ji,tmgtu>h whl'llwr th•· .1tom~ in the fornwr of th•· L\\O IH'Iltals IH·n· of 
ma, 10.1 or of n1.1" ltl . .?,l.utthe ditTt·rl'fl<'t' loclllel·n l'ither .1nd 11 w.h unmi,t.tk.dole 

\'otably m hton·~ own Loook lsntop~s and 111 .\ndr:~dc's 1'1!,· Struc/ur<" •fliu .·1/mlf. 
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during thc dischargc- not ionized atoms of a gas sustaining thc dis
charge, as preYiously- a nd drawn to and through thc \at hodc hy thc 
cntire \"oltagc across thc tuhc. Tlw anodc of thc tube must bc madc in 
a special manner; in Aston's cxpcrimcnts it consists of a "past<'" 
made of graphitc, of Iithium iodidc, of a halogen sah of the meta! to 
Le analyzcd, and sonwtinws of other sa lts as weil. Ions of thc othcr 
elements in thc paste and from thc gas in the discharge mingle with 
the desired ions in thc pencil \rhich shoots through thc cathodc pcr
foration, bnt this is no inconn·niencc, quite the re,·ersc, as thc tran·s 

Addil<ond.l elemento: 55 Cs. one ioolope ot 133 
eoHs. iootopes !lt ~ot.~o~. an.i on lhe T'ange 191·200 

Fig. W- The First Six Rows of the Periodic Table of thc Elements, Showing thc 
Atomic :\lasses of thc Isotopes of the Elements which Ha\'c Bcen Anal\'zed. 

The Data Comc from Aston's Tabulations · 

which they leaYe on thc platc arc conYenient poi11ts de repi!re for 
fixing the exact locat ion o( thc traces left by the ions hcing analyzccl. 
In this manner the clcmcnt s scandium, titanium, \ 'anadium, chromium. 
manganese, cohalt , copper, ga llium, ger manium , stront ium. yttrium, 
sih·er a nd indium wcrc studicd thirtet·n altogether, hringing up to 
forty-seYen thc numl•er of (•kml'nts which han· lwcn a nalyzcd in thc 
fourtccn years si ncc neon was fir st discm·erccl to hc multiple. 

Ali of thcse forty-~c,·en t•lenwnts l'Xcept two lic in tlw t1rst t1n· 
periods of tlw JX•riodir tahlt·, ancl tlwy haYe Lccn writtcn uut in the 
tahttlar form in Fig. 10. The !')'mhol of cach l'lt·llll' ll t i~ preccdcd 
by its atmnic numht·r, ancl helow tht· symbol lies not the comhinin~ 
weight of tlw ('lenwnt as in tlw tahle~ one usually secs hanging on the 
walls of ch('mical ll'cture-rooms, but the en~cmhlc of thc atmnic 
weights of its ,·arious kinds of atoms- tlw atornic mas~es of its isotopes, 
as th<' tcrm is. \\ 'hl'rc no numlwr or set of numhers is giYcn, thc 
ana lysis has not yet !wen madt>. Of thc first t1fty-fi\'C l'll'llll'llls of 
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tlw tablt•, all h.n e l>t'l'll an.dyznlexcl'pt nin{'; hut nf tlw next twenty· 
~·ven elt•tnenb, only one (ntercury) ha:o; l•een an.tlyzed. The~c 

heavier dt•meub anti tlwir eompound:-; :-t'l'lll generally to he non
vol.ttilc .uul :-o impregn.thle hy thc original nwthod; while they an• 
ditlintlt. if lltll impo:-:-ihk, to ex;tmine hy "hton\ new :-;chellll', a:-; 
the trares of the ions upon tht· platt• hecollll' fainter with inerea-.ing 
tua:--., and art• alrl'ady t•xtrerudy faint for the elt•ments in the tifth 
row of the tahlt• . 

. -\mong the eight known elt'llll'llh heynnd the eighty--.eeond. en·ry 
one ha:-; atnn1s uf -.t·veral diiTt·n·nt kimls, alike in physieal and chemic;tl 
propt.•rtics hut diiTl'n·nt, it is presunwd, in mass; hut they ditTer also 
in annthcr quality, .1 much mon· striking quality-thcy diiTcr iu thcir 
degrec of in-.tahility. Uut of a great numher of atoms of a radio
aclive sub-.tann·. exi-.ting at a momt·nt /, one-half will ha,·c di-.inte
grated at .1 "uh:<t'<JIIent in,;tant t+ T; the intt'rYal T, which is called the 
half-period of the ,.;uh,;tann·. is the measurt' of its in,.;tahility. l.ikt· 
the atomic ma,;,;, this h;tlf-period may ,·ary from one kind of atom to 
another. though hoth kintl-. han· almo,;t identical chemical and physieal 
properl il's and hclong to t he same dt'mt'n t. The t hree i-.otopl':
of the L'ighty-sixth elt'ment, "emanation." havt' three entirely distinct 
half-pt·riod-.: ;i-t ,..l'C'IltHls, :~.S.) days and 11.~ days. :\loreon·r, not 
only tht• ratt• hut the ntdlllll'r of disinteg-ration may be diiTt·n·nt for 
ditTerent i-.otoJX'" of a :-inglc denwnt. The six kinds of atoms whieh 
share the ninl'tit'th plan· in the periodic tahle clisplay this diwr,;ity 
of properl it's: 

Cranium .\1 ha,.. a half-period of ~:~.~ days ancl its atnms cmit 
l'lectron,.; anti dectromagnetic waYcs when hrcaking up; 

Cranium l' ha,.; a half-period of ~ -l.f) hour~ anclemits ('lectron"; 
Ionium ha:- a half-p..-rir)(l of fl X 10"' yt'ar:-; anclt·mits helium nuclei; 
Thorium has a half-peric)(l of ~.~ X 1010 years ancl emits helium 

nuclei; 
Radiothorium h;1,.; a half-pcriocl of l.!Hl yl'ar-. and t•mit:-; lwliu111 

nuclei; 
Radioactinium ha,.. a half-period of Hl day,., anti t·mit:-; helium 

nudei. 

~or must it bc suppo:-ed that if each of two j,..otopcs is "tated to 
emit hdium nudl'i, they an· in that n·:-pt·ct identical; for tlw erwrgies 
of the emitted nuclei gl'nerally Yary from one i,.;otopL' to anotlwr, :o;o 
that evcry Olll' of the ,.,j;x kind:- nf atom,; listed ahon· ditTer,., irom 
CYcry nther not only in the rate hut al:-o in tht· manm·r of it:- di~

intq;~ratinn -aml likcwi:-e in its ance:-try and it,.; po:-tcrity, in tlw 
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genealogical linc to which it helongs. These are the cunspicuous 
difTercnccs betwcen the isotopes comprised in a ~ingle elcment, when 
the element is one of the eight final oncs of the periodic table; and 
they are so conspicuous and impressi,·e that t he individual isotopes 
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Fig. 11 TablP of the Elements from the Eighty-Sccond to thc l'\inely-Sccond 
llnclusive) Showing the ~ames and the l'rcsumed :\t01nic :\lasses of Their 

Isotopes. (:\ndradc, Thc Slructure of thc Atom) 

enjoy indi,·iclual names, whilc the clemcnt to which they all lwlong 
usually has 110 a ll-cmhraeing namc of its o\\'n, - quite thc opposite 
nf tlw state of affairs among thc stahlc clcmcnts, cach of whieh has 
its 0\\'11 namL' whilc the isotopes eomposing it a rc k1wwn only hy thc 
numhers giving thcir atornic ma sscs. Fig. 11 displays thcse last 
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ei~.;ht t•lt·nwut..; .111d the prl'n·din!-! n1w !lt·ad) e.wh in .1 t'olumn of ih 
n\\ 11 111.1rkl'd \\ ith ih .11o111ic 1111111lwr (,111d fnr idl'ntilication llw n.llllt' 
of ""lllt' elt·nwnt in the ,.,,lllll' colun111 of tht· pl'rindie Llhll'), whilt· thf' 
111.1,.," of each kind "i .11om i,., >:in·n hy ih t•lt·\·,ltiun ahll\'t• tht• hol (nlll 
of tht• ligure (thP ,-alues .Ir!' writlen .dong tlw n·rtieal .txi"). 1 ~ 

ln thest• t.lhul.ui .. ns of Fig. W and Fig . II , alt tlw numlu:rs n·p
n•senting .ttomic m.I"Sl'" .1re ,,·ritten a,.; integer:-;. Tlw I'Oihpicwnc..; 
ptht-decim.d ligures ot-eurring in tlw ,.;equence of Ctlmhining \n·ighh 
.tre ah:'>l•nt; the nntori••lc-- :;:,.):, oi t·hlnrine, thl' :21.:~~ ,,f magnt•,.,ium, 
tht• 10.~:~ of horon h<tn· \',llli,..hed frnm tlw ,.;cl'llt'. .\re then tlw 
lll.ls,..t•s oi .111 atnms reall~· integer multiplt•,.; nf •'•: of tlw ma,.;:-; uf tlw 
oxygt•n atnlll, u,.,ing "really" in its nnly ,..jgnilicant "t'lbt' of "within 
the lllll't•rt.linty of oh,.;en·ation ~.. ( lr do ,.;onH' of them dt•\·iate ap
pn·ciahly frnm the rule! The trialcan Iw made mo,.;t exanly upon the 
lightest elcmelll,.., a,.; fnr thc,.;e a giq·n dt·,·iation from an intPgl'r \·alul' 
\\llllld hulk a,.; a )arger percentagc of the toL.d mass, which is the 
lll('a,.;un·d qu.1ntity, than it would fnr the lwaYy C'lt·nwnt,.;. I t i,.; 
pt·rformcd by mingling tlw iuns umlcr te,.;t with ions of oxygen, nr of 
sllllll' other l'lt•nwnt, prefcrably one which ha,.; prc \·iou,.,ly lw!'n eom

p.lrt'(l \\ith oxygen; the location,.; of thc Iran•,; of thc two pencil,; of 
ions upnn thc photogr;1phic pl.ttc arc comparl'd. :\Iingling Iithium 
ions with cariJIIn ions .. \ stun lind,; that the ma,.;,.;e,.; of the I\\'O kinds 
of Iithium atonb ,;tand to the ma,..,.; of the carhon atom as 

{7.0UI.i ±.ll!l.)): 1:2.1101) and (!i.OUS ±.Oil.) ): 12.000 

and if tht· r11.1,..,.. of tlw earbon atom i,.; C'Xactly l;, tha t of thc oxygen 
atom, thcn the m.t,..,..l.,.. of tlll' Iithium atom,; an· n·ry s lightly distinct 
from 1;r. and ,';•: of thl' oxygen ma,.;,.; (for, littlt· a:; tlll' diffpn•ncl' exceeds 
thl' unt·ertOLinty of l'Xpl.'riment, ,\,ton n·ganl,.; it as real). Beryllium. 
hoWC\'l'r, yiclded tlw \·aJtw,.; U.(){);~ aml !l.(Jt)! indistinguishal.Jic 
C'Xperimcnt.llly from !l.llOO in two "~'parate cxperi111ents, in term,; of 
thl' ~1111e as"umed ,·;tlul' 1:2.!1110 for carhon. Farthcr along in thc 

u Tht· atomir ma~st.-s of tlw:<t· rliiT•·n·nt kinds of aloms arl' larJ::ely hrl~•lhelical. 
Th,·y have bt·en llll'a~tm.-d ior four ~in):lt- i>'<>lnp•·~ lwlon~in~o: lo iour di,.l im· I t•lt•nwnl ,; 
rarlinm lnumht:r S.'l. m"'' 22111, radium t·manallon or nilon (numher S(>, mass 222 , 
thorium numlwr '10, m,1,,. 2.~21, and ur.111ium 1 numht·r 112. mass .23S 1. :\leasure
mt·nl s ha,·l' also ht·l'n marlt· UJMlll sampll's oi 1.-arl l>l'lievcd to hc comp•"•·d almosl 
l'ntir.·lr uf a ,jn~le j,,lopt·, ~:ivin~: .2111> for mw kind of .11om ;uul 2Wi for <IIIOIIwr. 
Each of I hc or her .tlonb j, .1 de>~ I'IHI.llll of Olll' or 1 wo oi 1111' four firsl n.11111:d aloms. 
and its atmni.- mas.~ is ('akul.llt•d h~ sul•l racl in~. from lhe alomi.- ma"' of its .llln·,lor, 
the m,l,.,.., of .dl rhe fra~o:nH·nh which drnppt·rl aw.l\' irom lhe earJi,·r alom durin~o: 
it~ e\· >hH1on. Thi, proce Iure j,; ,. mf1rmc.l hy •·ump.trin~o: the m•·.t,llred \',dtlt'' 
for uranium, r.1<fmm. r.Hhnm t·m;lllation, .uul ont· s.unple of Iead, which .111 ll<'lon~o: 
to the !>.1mt· lin•· of l'\'nlution; and the mt:.burt·d \'.llu!'s for rhoriurn .1nd ior,lllnllwr 
sample of lt·ad which is dt:-ct'ndt·d from thorium. 
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processinn of elenwn ts, comparisons wi t h t he oxygen a tom IJecome 
dirticult; hut adjarcnt elcmcnts can hc intercompared. The cight 
sorts of tin atom~ lie ncxt to thc ninc sorh of xenon atoms, thc most 
massive kind of tin agrceing clo~ely in wcight with the least massin· 
kind of xcnon. \\"lwn atoms of gaseous xcnon and molcculcs of a 
volatilc compound of tin are mixcd togethcr in thc Jischarge-tu!Jc, the 
bcam of ions issuing through thc cathoclc-pcrforation is reso!Yed 
into scvcntecn penrils; and the se,·cntccn traecs upon thc plate arc 
so placcd that the masscs of thc sevcntccn atoms cannot a ll be integer 
multiples of a com nwn unit of the ordcr of 1

1
11 thc oxygen mass. u 

Eithcr thc tin atoms or thc xcnon atoms dc,·ia te apprcciably fnun 
the rulc, or possihly hoth do. 

So thc common history of grcat swccping discovcries in science 
sccms to repcat itsclf; thc simplicity of the principlc first announccd 
is gradually marred, its sharp lincs becomc a trifte hazy and , ·aguc, 
as cxpcri ments arl' n111ltiplied and refined. Yct the principlc docs 
not for that lose its !' haractcr or its importance; the de,·iations of thc 
ncw group of valucs from integer numbers arc small comparcd to thosc 
of thc o!J one, and promise to amplify thc physical meaning of thc rule 
instcad of restricting it. \\'e shuu ld be less prepared to acccpt thcm, 
werc thcrc not om· of thcm at thc \"l'r\" root of the svst1·m of elenwnts; 
for thc mass of the hydrogen atom is.not exartly tl~c 1

1
•1 of the oxygcn 

mass which was takcn for the fundamental unit mass of thc system of 
atoms, but is 1.008 I (j of it. This SCl'lllS embarrassing; the bricks of 
which we intcndcd to say that tlw atomic structures are built turn out 
to bc smallcr than the samplc hrick. But the emharrassnwnt can be 
rcmovcd; for it can Iw shown that of the mass of the hydrogen atom 
is altoget her elcctromagnetic, tlwn thl' total mass of a group of such 
atoms crowded rloscly togl'thl'r mu~t ])l' infl'rior to tlw sum of the 
masscs of thc indiYidual atoms when far apart. Therdor!', small 
dcYiations from tlw rule of intl'ger mass1·s an· to he anticipated, and 
may lll' cxpccted to Sl'rn• as a most Yaluahlc controle of propo~ed 
models of atom-nuclei, wlwn the cpoch of quantitatiYe spatial models 
a rriYes. This cpoch may hc distant; or wc may Iw upon thc Yergc of it. 

\\'e havc admitted, then, that the comhining wcight of an element, 
heing in gcneral not its at01nic mass 1111t tlw avcragl' of the masses 
of scn·ral kinds of atoms, and a wei.!!,hted a\'crage at that , dol'S not haYe 

14 Thc eXJll'riment was performed wil h a I uhe conlaining I he gaseous compoun<l 
tin lelramclhide (SnCJI ,) 1 and somc wnon from a pre\"ious cxperiment. Eight 
penrils of Sn(' I I, ions wcrc ohscr\"cd, ronsisling of moler ules rompri~ing tin aloms of 
thc eight diiTerent kinds; molecul<·s containing tin atoms of ma,;s 120 would han• a 
totalmas,; of 135, and hence a pencil rontaining them would ha\"c fallen just midway 
hetwccn tll<' pencils of x<·non atoms of masses U~ and 136, rcspecli\"l'ly; actu.tlly i1 
fell dislinctly ofT·centrc. 
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th.- profound phy~ical ~ignilicaHn· it onn· ~t't'lllt'd to po""t·~". Hut thi, 
i,; not all; we mu~t furthl'r t'Olll"t•dt· that t•n•n tlw 111.1ss of tlw .ttom 
or tlw l'lbt'lllhle of ma"~es of the .ttonb -of an elt•mt·nt i" not hy an~ 
llll'.111S so di~tinctin· and import.lllt a qu.dity of tlll' l'lt·Hu·nt a~ om· 
would t'X(Wl't. :'\ot only may tllll' l'lt·nH·nt han· atoms of ~t'\'t·r;d 

diiTl'rl'lll m.IS"t'~, lmt two di~tinct elt•llll'lll~ may han· atollb of. "o 
f.n .1s we can distingui,..h, tlw :-anll' ma:-,;; argoll and cakium, :-l'll'nium 
anti krypton, tin and :\t•non. :\ow if an atom of thc gast'!liiS and inl'rl 
argon m.ty han· tht• ~.llllt' 111.1"" as a11 atom of tlw metallic and actin· 
c.ddum, we cannot l'\',l!le thc conelu,;ion that the mas,; of an attHil i~. 

in thc terms of logic, an accide1tlaf propt·rty of thc atom ratht·r than 
an c,;sential one. Tlwre must he smm• fundamental and es~l'lltial 

featnre or quality of tlw atom, which dl'll'rmines its ensemble of 
phy,;ic.d ;wd cht•mieal propl'rties. aml which j,; not tht• atomic mas,;; 
pt-rhaps this quality dt'lermines tlw atomic mass as weil, hut ccr
tainly not in ,;o rigorous a man11er that onc \·alue of atomit· mass cor
rt•,;pmHis in\'ariahly to ont• ~t't of chcmical a11d phy,;ical propertit·s, 
and Yice n·rst. Thi" fundamental katurc of the atom we rccognize 
as tlw charge upon it,.; nudens, which, expn:s,;cd a,; a multiple of the 
elcetron-ch.1rge t' (of which it llllht he an integer multiple Hi) is also 
thc numher of dectrolb accompanying the nudeu,;, and thc a/0111ic 

numbcr of thc elemc11t. 

This nuckar charge, or (cardinal) electron-number, or (onlinal) 
atmnic numhcr. is the samc for all the atoms of a singlc clcment. and 
ne,·cr the samc for two atoms of different elements. l t is .'iO for all 
of the cight kintl,; of atom,; of tin. and ;}-1 for all of thc ninc kind,; 
of atoms of xcnon. I t is IS for all atoms of argon and 20 for all 
atoms of calcimn. tlwugh somc atoms of thc onc ha,·e thc samc wcight 
(within one part in a thousand, .-\ston says) as somc atoms of thc 
ntlwr. lt is 21i for all atoms of cobalt and 2i for all atoms of nickcl, 
though mo"t of thc atom,; of nicke! arc lighter and a fcw hcavicr 
than thc atom,; of eobalt. I t is tbe truc basis for thc ordt"ring nf t hc 
c-lcment,;, nf which thc onlcrin~ of thc atomie massc,; is hut an im
pcrfcct aml di:-tortcd (though not a badly distorted) imitation. 

FiYc observation,; or a,;S{:mhlages of ohser\'ations, madc in ficlds of 
phy~ics "cparated almo,;t as witlely as any ti\'c ficlds could bc, su,.,tain 
this principle; and, comhincd with its philosophical attracti\·t·ne~" 

for thc idea of arranging thc dt•mt·nb in a singlc proces~ion and 
attaching con:-ecutiYc integer numhcrs to thcir fundamental qnalitit·,; 
is a,; irrc:-i"tibly attracti\·c as a ,;cicntifie idea ran be -make it about 

•• ()( ht·rwi,.._. 1 he nucle..r ch.or~t· could ool he ''"ICiiv hal.1nced hv I hl' ,-haq,:t·s of 
1he en\·ironin).! electro1b. · · 
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as ccrtain as any principlc not dmling with things whieh can bc secn 
and hanclled. I shall mention them briefly, in a nearly chronological 
order. 

Tlre direct meusurcmcnt of tlrc clrargc of tlre lrclium nucleus. Ruther
ford and Regencr indcpendently mca~urcd thc charge on thc alpha
particle in the simplest, nw:-;t direct and mo:-;t incontro,·crtible way; 
they counted thc alpha-particles emitted frum a samplc of a radio
acti\·e elemcnt in a giwn time, and measured the total charge they 
carricd away from it, and di,·idl'cl thc uncdatmn by thcother. Ruthcr
ford obtained twice -!.o.i·I0-10 (elcctrostatic units) for thc charge of 
thc incli,·idual particles; Regener ohtaincd twice 4.1\1-10 -10• Thc 
agrccmcnt of the lattcr value with twicc i\1 illikan 's standanl ,·aluc of 
thc clcctron-charge (4.114·10-10) is magical; thc agrccmcnt of the 
fonncr Yalue is also good. Though this is an an'ragc valuc for a 
grcat number uf particks, the fact that a bcam of alpha-particles is 
not spread or split by a magnetic ficlcl proYes that cach has the samc 
chargc (at least, to hc perf<'ctly prccise, the samc chargc-to-mass 
ratio). I t is established that the alpha-particle is thc bare lwlium 
nuclcus. 16 

Tlze detcnnination of nuclear charges by the scaltcring of alpha
particles. \\'hcn a bcam of alpha-particles is playcd against a sheet 
of meta! foi l, the nuclci of thc mctal atums dcflect the alpha-particles 
passing very close to tlwm, by virtnc of thc eleetrostatic repubion 
betwcen the charge + 2c on the alpha-particle and the charge +Xe 
on thc nucleus of the meta! atom. The distribution-in-angle of the 
scatterccl alpha-particlcs can be cakulated, assuming that the action 
oft he meta I nuclci is not complicatcd hy any forccs due to tlw ekctrons 
surrounding thcm. The distribution-in-angle actually ohserYed 
agrccs in form with thc cakulated one; this prm·es not that there 
arc no clectrons surrounding the meta! nuclei, but that thcrc is a 
\·acant spacc around each nucleus, wide cnough so that the major part 
of the dellection of an alpha-particle takes placc within it. .-\11 this 
was discussecl in t he second article of this series. Thc form of t hc 
distribution-in-angle and its \·ariation with the speed of thc alpha
particles pro\·e the existence of the atom-nuclei, of their positin! 

1° For hclium gas, evinn·d hy il s SJWclrum, appears in a luhc inlo which alpha
parlicl!'' are fin·d through thc wall, and j, exuded from a piet·e of mct.d which is 
nwill·d afl!·r alpha-partielcs han· I wen shot inlu it ( Rutherford's experiments); 
furthermure impacts hctween alpha-particiPs and aloms of lwlium gas show lhcm 
tu he of lhe same mass (Bi.lekl·ll's experimentsl, and the value uf the l' 111 ratio is 
correcl for douhh·-ionized hc-lium aloms hul nol for anv uther admis,ihle vari<'tv 
of alom . .-\nd lh~· radius of tlw alpha-partil'i<"s, cakulatl:d from tlw experinwnls ui1 
scalll'ring, is ~maller hy 'evPral onlers uf magnitude, than the e!Tcelivc radins of 
any known alom h;l\·ing clcctruns in addition Iu its nucleus. 
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ch.trJ..:e-., of tlw \,LC.lllt ,..p.tn• .mllmd tlll'lll; and if tl11· pt·n·,·ni.L~I' of 
-<t'.Lttered p.trtidt'" is llll'L-<ttrcd .thsollltl'ly. tlll' .thsoltltl' \'.tlue of tll\' 
ch.trg<' nf tlw nndeus I'.Lll lll' caknl<ttt'(l. The,.t• v;tlut·s han· actn.tlly 
l•t•t•n oht.tirwd: L7 

Platinum: nudear ch.1rgt' (ii.l± l)t' (( 'had wick) 
Silwr: ( 1!\.:~±ll.i)e (Chadwick) 
('upper: ( :2\l.:~±fl.:•)e (l'hadwick) 
.-\rgon: l!lt• (. \ug"r and l'errin) 
'',\ir" ti .. ie (l ·. T. R. \\ 'ilson) 

ßolrr's intaprt'lation of /Iu spalra of hydrogen anti ioni:l'd hdium. 
Tlwn· is .1 compll'lt' and JWrkct agn·cmt•nt hl'!Wl'l'll the oh~t·rn·d 
frt•qut•n,·it·s in tlw ,;pectra of hydrogl'll and iunizcd lwlium. and thl' 
frequerwies pn·dicted by Bohr. .-\n essential feature of Bohr's tlwory 
is that the charge on tht• nudl'us of tlw hydrogen atom is assumed 
tobe e, and the ch.trgt• nn tiH' nudt·us of thc helium atom to hc ~~·. 

:\~ there j,.; nn otlwr clemcnt of which tlw spectrum has heen pl'rfectly 
.uHI cnmpletely cxplained by Bnhr's thcory (or any other) this allirma
tinn cannot Iw extendt·d lwyond hydrog<"n and helium. 

Thu,; Wt' ha\'c cxcdlent ,.,·idenc<' from thrt't' distinct sourcc,.; timt the 
nuclear ch;ugc oi hdium, the !"econd clemcnt nf thc pcriodic tahlc, 
is ~e: exccllent e\·idcnc(' frnm two sourrt·s that the nudcar chargc nf 
th1• first element. hydrogen. is e; and goml C\'idenec hy thc alpha-ray 
method that the nuclear chargt•,; of the lSth, ~!lth. -tt\th and iMh 
clenwnt are as do,..e tn ISe, ~!le, llie, and iSr as to any other integer 
multiph· nf f. ln addition, tlwn· is ,.,·iclenn· from two morc soun·t·s 
that, in p.tssing from one t•lenwnt to the tll'XI along the procession of 
elenwnt.;, t>lll' tinds the nude;J.r chargt• augnwnted hy thc amount e 
at mch step; thus cnmplt-ting the itemized c\'idenccs forcgoing hy a 
proccss somcwhat likc what is calh:d "matlwmalical induction ." 

Tlu displacemml-law of Fajans and .'l'oddy. \\'hcn an atom-nudt·us 
of a radioactiYe clcmcnt di,.;integrates hy shooting otT an clcctron 
bcaring a charge -e, thl' residuum is found to he a nuclcu,.; of an 
dcmcnt one stt·p farthl'r up in thc processinn of elemcnts. \\'hen an 
atom-nudeus disintegrates hy !"lllloting oiT an alpha-partidc hcaring a 

"Tht· earlic·~t experimenh ldi,cus>ed l>y Ku I hc·rford in J(}t I) d(•morbl ra1ed I h.tr 
for ,e,·er,JI meta!, the nudear eh.tr~t· lmc·.t,ured in lernb of r "'·'' .thont one-h.df 
I he .1tnnuc· \\ei~:hl, and tho"' of I ;,·i;.:er ancl :\l.ar,clt·n IQ( .I W!'re arrangc·d prim.arily 
lo dt·mnn~rrale lhe validi1y of the t·onrc·pt of 1hc nudt·,Jr alorn, hu1 c·nnfirnu·d 1h.1t 
't~tlenwnt ior gold. Ch.l!h\irk rq,.·.tlt·d lhc·,,· t·xtwrimt·nb upnn PI, ..!~ .1ncl l 11 

wrrh lhe uhjecr uf delerminrng lhc nudt·ar .. h.tr).:t' as ;u·,·ur.aldy as pos,ihl ... The 
v.tlucs for .trgon .tntl ";tir" were delermint·d hy wh.1t is in principlt- tht· ,.,,rn,· ml'!h<"l 
thou;.:h in a very different form; the forrnt·r wilh alph.t-particlo.:s, thc I.IItt•r wilh 
fast electrons. 
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charge +2e, thc re,;iduum is foun<l to hc a nucleus of an elemcnt two 
steps farther down in t he pnKcssion of elements. Thus in passing 
from one element to the next abovc it, the nuclear chargc is found to 
hc augmented by e. This law is dcduced from numerous observations 
on the elements beyund the cighty-first. 

..lfoseley's law. The squarc root of thc fn·quency of thc Ka-ray 
(a prominent and easily-idt·ntified membcr of the X-ray spcctrum) 
increases hy a constant anwunt in passing from onc element to the 
next abm·c it. This law is \ ·alid from thc twelfth to the ninety-,;ecmHI 
element rn thc perio<lic tahle. The same law goYerns, t hough not 
with ~uch entirc accuracy, tlw othcr idcntifiahle memhcrs of the 
X-ray ~pectrum. 

Apart from all intcrprctation, .:\loselcy's law means that thcre is a 
ccrtain important mcasurable quantity which is Yery characteristic 
of the elemcnts and incrcases uniformly and steariily from one to thl· 
ncxt, nYer almost thc cntire procession. Tlw mere existcnce of such a 
quantity inspires confidcnce that there is a true physical seriation 
of thc elemcnts, hut by intcrpretation a great deal more can hc addcd. 

· Bohr\; thcory of thc atoms of hydrogen and ionizcd helium k·ad to 
this rc:<ult: whcn a single clectron forms an at01nic systl'lll with a 
nuclcus of charge Xe, onc of the frequcncie,; which this :<yst~·m can 
radiatt.~and thc frcqucncy which, on tlw whok, it would oftenest 
and most intcnsely radiatc is equal to 

'1·= 3 }? \'2 -4 • ' (1) 

This is verified for hydrogen and ionized lwlium, each of thcse atoms 
eonsisting of a nuclcus and a single electron. ::\o other such atom has 
yel been isolated and made to radiate. Hut \H' might imagine that 
in a rnassin~ atom containing many electrons, one lil's <kcp down 
hem·ath the others, and reyo)n~s hy itsclf in thc field of thc nudens, 
undisturl>cd hy the rest. In this ca~e tlwre would bc an X-ray frc
quency cmitted hy the atom, gin'n hy ( I). Tlw difTercnce l>l'tween 
the valucs of the square root of this frcqttency for cons<'CIItin· l'le-
11ll'nts would ll!' constant and equal to 

(2) 

:-Jm\· thc ohst·rn·d constant diiTl'rl'llel' hl·twcen the \'alucs of the square 
root of tlw Ka frequency for consecutiYe l'lenwnts docs conforrn to 
(2). But thc act11al \ ·altre of thl' fn·qucrwy docs not conform to (I) 
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unlt·-.,.. \\e ).:t't tlw quantit~ X eqnal, not to tlw nrdt'r-numl•t·r .,f tlw 
t•lt·n~t·nt in tlw proct•,;sion, hnt to tlw onkr-m•mher minu,; ont•. 

llcl(•,; thi,; nwan that tlw nudear rhargc of the nth elt·mt·nt in the 
pNindic tahlt• i,; (II- I )t' fnr all the \·alues of 11 t'Xl'tTding II (t he 
vahlt'S for which :\lo~eley's law holds)? I fear thi,; nlldd not he 
rontradirted frnm tlw dirert experimental e\·idenee, for Ch.ulwirk\. 
values nf the nudear charges for the clenll'nts 11-i'S, ·Ii , ~\1 fall ju,.,t 
shmt of ll\·ing exact ennugh to prnn· that they arc 7~1', ·Ii' I', 2!k in-.tl'ad 
of 771.', ·ltit', 2St, rc,;peeti\ dy. llowcn·r. wc slundd do too nllwh 
\'iolenrt• to tlw heauty of the principlc if \H' admittt•d th;rt tlwn· are 
only t•ight , ·,dues hetwecn ~~· and 111' to bc distributed anwng the 
nurlear ehargcs of the nint• dt•mt·nts lx•tween hl'lium and magm·,.,ium, 
and happily it is not lll'cessary, for thc apparent discnrdann· ran 
plausihly ht• hlanwJ upon too simpc a vicw of tlw internal t•t·onomy 
of the atom which we took in dcri,·ing equation (I). Instcad of 
a~,..llllling th;Jt thc deepcst-lying t'lt•ctron of the atnm n·,·oln•s in an 
otherwi,..l' ,·acant space surroundin g thc nuclcus, widc t•nough to 
cnntain thc first two of its pcrmis:-.iblc orhits, wc slwuld do hl ttt·r 
to a,..,.;ume that tlwre arc sc\·eral dcep-lying elcctrons similarly placed 
and interacting with one anothcr. or at least that thcn· is lltl singlt· 
dl'epc:-.t-lying clcctron too far inward to hc affcctl'd l•y the otht·rs. 
Tht.• cffcct of thus changing thc assumption is to t·hangc tlw calculatl'd 
,·aluc of thc 1\a-frcquency, for an atom of nuclcar changc Xe, from 
thc \·;tluc (I) to a ,·aluc ~R (X-kF; in which k dcpcnds on thc par
ticular configuration assumcd for the intcrnal clcctrons. lt is clear. 
thercforc. that wc arc in no wisc com pcllcd by i\ losclcy's law to 
concludc that thc nuclear changc of thc atom of thc nth clcmcnt is 
(n-l)r when n>ll, and may rontinuc to acccpt tlw much mon· 
-.ati,.,fying principle that thc nuclcar changc of thc nth t'lcmcnt is 111'. 1 ~ 

Bdorc stating thc conclusion Iet mc restatc thc c\·idence in a 
hriefer form aml an altered ordcr. Originally thc clcnwnts wcrc 
arranged in thc orrlcr of thcir combining wcights. l t was st'l'll that 
when tlwy are arranged in this way, therc is a perioJic \·ariation of 
thc cn,..cmble of chcmical and physical propcrties from clenwnt to 
clenwnt. Hut to makc the pt:riodic Variation quitc smooth anJ 
unl•rokcn. it was found ncccs,;ary to ,·iolate thc order nf thc ccun
hinin~ weights at scn·ral placcs in the scrics; three pairs of mn-

'Tht• .n:n·enwnt wirh l'XJX"rinll'nl indt·ecl heromcs n·ry !:'ood, at lt•ast o\'l'r a 
n·rtain rangt· ol elt·mt·nrs, il we .1ssume 1hat tlwre an· norm.dh· .l ,.J..,.tron~ in lhc 
innt·rmo~t or ont··quanlum ring .1nd nint• in the st:cono or two:qnantum ring orhit 
J. KrO<JI. But nohody wants to <K<"t:pt this partintlar n·parlilion nl c·I•·C"Irotb, 

.wd it i~ nhlom.1ry lo assunl(' rhat thl.' innt·r orhirs an· moslly t"Jiiplic;tl. llur il 
woulcl hc gratilying lo all.tin a quantitarinly >li<Tt·s,lul lhl'or~·. 
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secutin: elcments had to he re\·erscd, and at sc\·cral points it \\·as 
nen·ssary to leavc vacant spaces hl'l\\·een apparently-adjacent 
elements, imagining undiscovered ones to separate them. T hus it 
bccame clear that thc true arrangement of the elements was con
trollcd hy something deeper and more fundamental t han the com
bining weights; yet there was no adequatc rcason for prcferring one 
of the mcasurable physical or chemical properlies al1m·e all the others 
as thc fundamental onc. ~ l osclcy thcn discowred that the square 
root of thc most conspicuous X-ray frequency increased at a stcady 
and e\·en pace from one clement to thc ncxt, throughout almost the 
entire Iist of elcments. \ \'here the order of comhining weights dis
agrecd with the order of physical and chemical propcrtics, the onler 
of X-ray frequencics agrced with thc lattcr and not with the former; 
wherc the succcssion of chemical and physical propcrtics suggested 
that an clcmcnt was missing from thc Iist, the excessi\·e lcap of the 
root of thc X-ray frcqucncy in passing from the element bclow to the 
element ahm·e the suspected gap gavc a striking conlirmation. This 
important quality of the elements, advancing by equal steps from 
one to thc next, tcstified far morc impressi,·ely than the periodic 
Variations of the various chemical and physical qualities to the close 
affi liation among them. 

l\ leasurements of thc dcllections of alpha-particles by atoms had 
shown that the atom has a massive nucleus hearing a positive charge; 
as there are also clcctrons surrounding the nucleus, and as no one 
has prm·ed the cxistence of negative electricity otherwisc than in 
electrons, it was inevitahlc to belicve that the positi\·c nuclear charge 
is balanccd by and halances the charges of the surrounding elcctrons, 
and so is an integer multiple of the elcctron-chargc e. l\loseley's 
law could he intcrpreted to mcan that the nuclear charge increases hy 
e in passing from one elemcnt to the next. Fajans and Soddy had 
alrcady founu that \\·hcn onc of thc radioactive elements is trans
formed into another, thc Iransformation is always such that an 
incn·ase of ein nudear chargc goes with an advance of onc step along 
the !'<·ries of elements. Therefore, it would be possihle to assign 
the nuclenr chargt's of all the l'lements if thc nuclear chargc of onc, 
or prdcrahly of ~C'YI'ral, could be ah~olutely determined. Thc experi
nwnts upon scat tered alpha-particks did shm\· for several clcments 
that tlw nuclear charge of the 11th elcnwnt is at lenst a~ close to 11e 
as to any other int1·g<'r multiple of e; dir!'ct measurenwnt of the nuclear 
charg<' of the !'l'COIHI clement slwwed that it is quite aecuratdy 2e; 
and Bohr's tlwory, of which the interpretation of .l\ loseley's law was 
an offslwot, derin·u its own suecesses partly from tlw essential as-
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~11111ption th.1t tlw nudc.tr ch.tr!o:t'~ of tlu· llrst ancl ~c·coJHI Plc·nwnt .lrt' 

t' .llld :.?r, rt'"Jll'l'lin·ly. 
~11'.111\\ hilc tht• ('Cll11hining \n·ights, withont lo~ing- tlwir practical 

utility, wer<' ~lippin~ out of tlw prominPIH't' into which tht·~· had 
l~t•t•n forced. 1t w.1s discon·red th.lt tht·~· wc·n· not ;dwa~·s to Iw 
iclcntilicd \\ ith tlw .1tomic weights; that an t'll'nwnt might han• 
... en·r.d kincls of .1toms; th;lt l'\'t•n tlw masses of tllt'~l' atoms \\c·rc· not 
;,h ... olnh· char.H·teristics of tlw t•lt•nwnb. as two \'t·r~· dilTt'rent dt·nwnts 
might han· .ltcllll" ni ;q>p.ln·ntly idt·nticalmass. l n Rt·m~· dt· (~onr
mont'" phr.lst•, tlwn· otTurrt'd a di.uorialiou of t"dt·as; thc idea of 
atomic Wl'ight \\as di,.;-a,.;,;ociatt·d from tlw idca of clemcnt, ancl thc 
idt\1 of at01nic numhl'r snpplanted it. The l'ighty-sl'n·n (now thc 
eighty-l'ight) knnwn t•lt•mt·nt,; fnrnwd tlwmsl'l\'cs into a pncccssion, 
which j" a procl's"ion of atoms hearing eighty-t'ight nf thc ninety-two 
admi,.;,;iblc nudear chargt•s ht·tWL't'll e and D:.?c, and pos,.,cssing con
"t'Cutin,ly all exn·pt four of thc pussihlt· electron-familics ranging 
in number irom cme to ninl'ty-two. That at least l'ighty-cight out 
of thcse ni1wty-twn concei\·ahlt• atums should actually t'xist and ha,·c 
lwl'n di,;co\·t'n·d. may St't'm strange; one might t>t•rhaps han· CXJWCtcd 
that a stahlt• nudeus with a llt't chargc of ne could hc huilt only for 
.tn occa~ional value oi 11; hut among the first cighty-two intt:gcrs 
tht'rt' arc cntainly not morc th:m two, perh;qB nonc, which arc not 
reprt• ... t·nted hy durahk nuciL•i; and among the ncxt tt·n at least cight 
<trt' n·pn•"t·ntt'd by not-too-transient nuclei. \\\· ha\'C also st•en 
that nuclt'i with certain \'alut·~ of chargc, .'i4e or DOe for cxamplc, can 
he con::;tructcd in se\'eral dilkrent ways. These problt·ms of nudear 
... tructurc an·, hm\.t'Yer, problcms for thc futurc. \\'hat dncs set·m 
establi;;ht'd at thc pn•,;cnt mnment is, that if \H' coultl determinc thc 
propertic,.. of thc sy,.;tcm fornwd by i1 clectruns and a nudeus of 
chargc· ue, wc· shoulcl know all tlw propt'rtics of thc elcments exet·tlt a 
n·ry kw ha,·ing to do with intra-nuclear ca·nts. .-\s thc only ca~e 
thtts far sucn·,-,.fully dealt with i,.; tlw l"asc 11 = 1, and wt· cannot t'\'en 
c:xpl.tin what happt•ns when two such atoms eomhine, thi:; is not 
meant a,.; an augury of an early l'ompletc Iiquidation of tht• rn~·~teries 
of phy"ics. .;\L'\'L'rthl'le ... ~, wc haYc good n•a,.;on to l1t•lit'\'C that, 
though ours j,.; cloubtless not the gcncration which will l'CIIllJlldc thc 
solution of thc prohlem of thc atnm, it is tht· first to which thc nature 
of t he problern has hecn re\'ealed. 
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Some Very Long T elephone Circuits of the 
Bell System 
By H. H. NANCE 

R ECI·:;\T p.qwrs1 han• di!<cussed at lcngth tlll' ll"l' of toll cahll·,.. 
for tlw handling of n•rt.tin long distance tral1ic. Tlwsl' cahl,·s. 

which arc lwing u,.;l•d in ar\·a:- of dcnsc tral11c. han· lwl'n madl· po,..,.;ihll· 
by many dcn•lopllll'llh in cahle de,.;ign, rcpealers and loading coils. 
l'oincident with tht·,..e den·lnpmcnt,; han· gnnc othns which arc 
linding their application in the cxten,.;i,·e cstahlishmcnt of impron·d 
opcn wirc circuib for tbl' over n·ry long distances. Thc purpose of 
the prl':-enl paper is tn discuss somc nf the considcration,.; in\·oh !'d 
in thc cn-crall dcsign and maintcnancl' of thcsc very long opcn wirl' 
circuits. These circuib arc ofll'll rcferred to as "hackhonl'" circuih 
and :-upply a network nf trunk lines for the cntirc Bell Syslem. Thl' 
mn,;t in1portant of thcsc routcs arc shown in Fig. I . 

Thc lirst transcontinental li11c was completcd in thl' slllllllll'r of 
1!11-1 and carly in the following year three transcontincntal tl'll'plwnl' 
cirruit,.. wcrc placcd in rommercial sen·icl'. These circuits wen· con
,..trurtcd of copper wirc Hi.i mils in diamctcr loaded with ~;i() millihenry 
coils at inten·ab of i .SS milcs and had tclephoiH' n·pcall'rs locatl'd 
at poinb ahout .iOO miles apart. The opcni ng of thcse lirst circuits. 
while marking a mo,;t important stagc in thc progrcss of long distancc 
telcphony, has hecn fo llowcd Ly many den·lopmcnts which han~ 

m,tde po,..,..ihle incrca,..cd on·rall Iransmission efliciency and impron·d 
quality. .\ disctbsion of the:-e de,·elopmcnb i:- giwn in a paper on 
"Telephone Tran:-mi,..sion On·r Long Distanccs," hy IL S. ( >shoruc .~ 

Two outstanding charactcri;;tics of thesc ncw open wire circuits are 
that thcy are non-loaded an rl that the rcpeatcrs are of an imprO\·ed 
type, th1· numhcr bt•ing incrcased in conscquence of thc highcr attenu
ation. \\'ith these long non-loaclcd circuit;; increa;;ed spccd of propa
gation and ,.,moothcr charactcri,.;tic;; arc o\Jtained resulting- in lcss ccho 
dTect and better n>lume. Bcttcr attcnuation-frt'qucncy rharactcr
istic;; an· ohtained and thc f)Uality i;; further impron•d due to thc 
climination, to a large cxtent, of tran~icnts. <'hanges in linc attcnna-

1 "l'hil.a<lelphi.l·l'itt~burgh St•<"tion of :\cw York-Chieai:o Cal>lc," hy J. J. l'illiocl, 
Bdl Syslt'm Ttchniml Jormwl, \·ol. I, :\o. I, July. 1922; Jormwl n_f .1./.l~.E. . . \u~u,l, 
(Q12. "Telephone Tran,mission Ovcr Lon~: Cahl.- l·irnails," hv .\. II. Clark, 
Jor"mrl A.I.E.f:., January, I'IB; ßdl System Tuh11iwl ]ollrtl<ll, ·\.ol. II, \o. I, 
j.tnu.H'y, t9H. 

• For detail di,;cu,sion -ce pap•:r on "Telephon•· Tran,mi"'ion I )n•r l.on~ [)i,. 
tan<"cs," by II. S. lhborne, Jnrmwl .1./.E.E., \·nl. XLII, :\<>. 111, fktolwr, l'l!.l. 
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tion "i(h Wl'.tlhl'r conditinn~ .tre .tl~o con:-;iclt'r.thly n·dun·d. Furtlwr

llll>rt', tlw u",. of thi" I~ Jll' of circuit lih in "ith tlll' .tpplic.ttion of 
(',trril'r t'llrrl'lll ..,y,._(t'Jlb f11r \\ hich it j,; .tlh alll.l).:l'Oll~ (II ll..,l' 11011• 

lo.ull'll lti.) mil t·ircuit,; wht·n· the"t· .tr"" a\ .til.thll'.3 

\\'ith tlll' impron·d rl'pt•.ttl'r:-; ,lfld f,,tJ,nwing nt'lwork~ it j" po""ihlt· 
to oht.tin .1 higlll'r dn:n·t· .,f h.tl.nw•· .11 tlll' \'.triou,; rq)('<tlt·r point:-;. 
l'hl· impro\l'tl tr.llbllli:;"ion ,-h.tr.ll'll'ri:-tics ,,f tlll',;l' n•Jw<tll'r!' al:-;o 

rontrihull' towanl lwttl'r qu.tlity. B111h of tlll'~l' impron·mt·nt:-; arl' 
imporl.lllt in \'il'W of tlll' incrl'.i"l'd numlwr of rql!'all'r,; in tht· circuit. 

The u,.;l' of this imprtl\l'd type circuit has lll'l'll C\:l!·ndt·d durin~ thc 
l,t,.t fl'w ye;tr,; tn t'lllllll'l't .1 large numlwr of thc important cities in 
tht• l'nitl·d St.ttc,;. .\ fc,, of the Ionger circuih arc: 

Cirn1it 

Hnston-l'hi<·,,,;:ll 
lhil'a.::o-1 >,·nn·r 
I 'hil'.t~u-l.os .\n~o:elt-s 
t'hit-.tJ.:o-S.w Fr.lllciS<'II 
P.tllas-St. Louis 
I >en\'Cr-S.tn Francisco 
f.tckson\'ille-lla\'ana 
\;ew \'ork-Chica.::o 
:\ew \'ork-llavana 
:\ew York-:\ew I lrleans 
:\ew York-St. Louis 
K.Jn'-h lity- Dt·nver .. 

.\pproxim.11e 
l.t·n~:th of Cirl'uil :\o. of Thrnu~o:h 

~1.11 tlle \I ile~ l.ine l{t·peat,.rs 

l,)Sil I 
I ,0911 -~ 
2,S90 12 
2,-110 s 

6i0 2 
I •. ~50 I 

6-tO 3 
9-tO 3 

1,7111 s 
\,-tOll 6 
1,020 

i50 

Om· of tht• rnost rl'cl'ntly l' ... l<thli"hcd of thc,-e circuib is lhe Chic<tgo
Ln,; .-\ngt·le~ circuit routcd mTr the ,;outhern transcontirll'llt<tl linC'. 
Thi,; and other throu~h circnit,; on this lirw from [knn·r \·ia EI l 'a~o 
to Lo.; .\ngt·lt·,; Wl'rt' t·"t.lhli"lwd last yl'ar in ordcr to pro,·idl' for thc 
growth in tr.llbt·ontinent.tl trarti.- and to makl' ;l\·aittble a :;('cond 
rollte a,; lJrolt·ction for thc through :-;t·n·icl' to tht• l'acilic ( 'oa:-;t. .\ 

hricf dc~niption of the,.;e circuits will Iw gin·n as typical of thc long 
open win: circuits on this and othl'r routl',;. 

ln tlll' following, n·rt;tin data b . ."l'd oll ;tctual l'\:Jll'ril·llt'l' with 
circuit,.; nn tlw southl'rll tr.tn:-contirwntal rontl', and in l'l'rt.tin in
~I.I!H'l':i Oll circuib on lhl' n·ntr.tl tran,..eontinental routl· an· gi\-en. 
The~•· data, hmn·n·r .• tn· in gl'tH·ral rqm·-.~·ntatin· of n·"ults oh
t.tined on circuits of thl' ,;,um· typl' throughonl the Bell ~y"tem. 

From Dt·nn·r Wl',.;t. a phantom group of four Jti:) mil wirl'S pro
vides for " Chicago-l.os .\ngl'k,; cirntit, .t l>l'll\ n-1-:1 P.~:-o cirruit, 

'Rc(cr to p.apt·r ('Otillerl "l'raclir.tl \pplication of l'.,rri(·r Tdt·phon•· .111<1 Tde
graph in lhe Bl'll Systt·m," hy .\rthur F. l{o,~·. Tafzniu1l ]tlllrll<ll, .\pril, t'l2.l. 
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an EI Paso-Los .\ngelc» ci rcuit and a nother cirruit hetwccn I )enn·r 
and Los Angelt·s with stalions at intcrmt·diate points along thc lim·. 
l·:ast of Denver facilitics of the ,;ame typc on an c:xisting through 
route ,·ia Kan,;as City to Chicago with four intermediatl' rqwatn 
stations are uscd for thc Chicago-Dcnn·r portion of the Chicago-l.os 
a ngele,.; circuit. Thc facilitics and equipnwnt arrangl'ments 1wrmit 
rapid changcs at tlw , ·arious rcpl'ater station,.; so that tlw circuit Iay
out may easily he changl'd to take care of tl'mpnrary rearrangements 
m·cessitated hy trouhlt· and toset up rlitTerent Iayouts for the c\·ening 
and night Ioads ,,·hieb at presen t a re he;n·ier than tlw day Ioad. 

Duplex tcll·graph equipnwnt has hcen inst a lled at Yarious stations 
along the m·w routt· from l>t·n, ·er to Los ;\ngell's for operating four 
direct current Iekgraph cireuits derin·d hy eompositing the open 
wire circuits. In addition, a 10-rhannel carrier current telegraph 
systt•m has heen installed. Tlms a total of 17circuits, :3 telephone and 
14 tt•legraph, opvrating on four wires are at prescnt a\·ailahle m-er thc 
m·w routc for tlw through sen·icc. This rt·quires a cnnsiderahle 

r----------------------------------------~ I I 
I I 
I I 

.---------T: ____ ~ ~----~~--------~ 
I 
I 
I 
I 
I 

I CARRI(R rCLC6R4PH REPEATCR I 
---------------------------------------~ 

Fi).: . ! Simplilit•d l·.quipmen l l.anllll lntermeclia lt• Rt·p~·a l< ·r St.t\ ion ChiraJ::o-
J:o~ .\ll).:t· lt•s Cir<"ui\ 
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amount of l'l(llipment oll e;ll'h of the rl'pl'olll'r :-;tations as illu~tr;tted 
hy Fig. :! whil'11 show:-; .1 ~implilied l'ljllipnH·nt Iayout at a typit·al 
rqwater station. ln ;uldition to this numher of circuits, a carril'r 
eurren I telephom· systelll or .111 additional Carrier t·urrl·n t t l'll'graph 
~r:-ll'lll e.tn he prm·ided and opl'r.tll'd 11\Tr the:-e :-amc wires at such 
time as trallic growth may warrant. 

ln \'il'W of thl' irnportancl' and numlll'r of :-en·ices routl'd O\'l'r the 
through wires. c.treful consideration was gin·n to con:-truction fea
tures. Coppl'r linl' wire (t;.-, mil~ in di;unell'r alTording high mechan
ical :-tn·ngth a~ weil as low tr.tnsmi,..sion loss was pro\·ided. For a 

/ .• 

~WAnt CIRCUIT DIA .. AM 

~MnSIK»> LIYO.. CM6A:AM 
OUCAeO • \..OS A .. ßD CUICUIT 

l 
tt ~ 

// I 
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-++-~· ~.rJIIU"P 
---~~111:1' 

I 

-..ocr.rwcac:c''JU.l.....,.TT~ 

Fiq. 3 

!arge part of the distancc an existing pole lim· m·er this route was 
IISl'd, hut a IWW line was constructed in certain sections where thl' 
existing line was carrying full capacity Ioad or wa~ othl'rwise not 
suitahle, and in other sections to an1id, as far as practicahle, the usl' 
of intermediate or toll cntrancc cahle. ln a numht·r of cases an im
portant nmsideration in rcwuting was the a\·oidann· of exposures to 
l'lect ric light and power circui ts. Considl'ra hle pole rl'placemcn t 
wotk also wa,; donc in some of the existing pole lim· ~t·ctions to 
strcngthcn the structure. The wircs were transposed in acconlancc 
with a de:-ign 1 prm·iding low crosstalk \'alues at the freqienries uscd 
in carrier operation a,; weil as within th<: \·oice range. 

ln determining the location of repeater stations for the telephone 
cirruits, direct current tell'graph and rarril'r sy~tems, it was m·n·s

' "Carrier Curn·nt Tl'lephony anti T..J .. ~r.lphy," E. II. Colpitts ancl 0. ll. lllack
wdl, Jormml .·1./.E.F.., \'ol. XI., :'\o. :;, \1,,~·. (Qlt. 
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sary to consider the cconomical Iimit of at tenuation loss in l'ach 
rcpeater ;;ection, thc dt>grcc of balance to IJc ohtained hctw<'en the 
linc impedanccs of the ditTcrl'nt sections and the corrcspomling hal
ancing net work impcdances, and t he proper t ransmission lcn·b, as 
weil as the limitcd clwice of points whcre it would bc practicahll' 
to maintain these stations from an economy and maintcnance forcl' 
standpoint. Fig. ;{ shows thc Iayout of through circuits on thc south
ern transcontinental line and a Iransmission lcn:-1 diagram of the 
Chicago-Los Angeles tclcphone circuit. indicating the location and 
spacing of rcpeater points, attcnuation Iosses in thc difTcrcnt sections 
and amplification of repeaters. 

Impedance Characteristics. It has heen practicablc in thc con
struction of the ncw facilities to avoid long scctions of intermediate 
or cntrancc cable <'Xcept at a fcw points and in general. Yery smnoth 
i mpedance charactcrist ics of 1 hc ditTeren t repl'a tcr sec I ions ha ,.c hccn 
obtained. At thc point s wherc appreciable lcngths of cahlc could 
not weil he a\'oidcd, a spccial type of loading• has bccn dcsigncd 
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Fi~: . ·I lmp<·dann· Charactcri~tic 1\() :\lilc l<epca(('r St·<·tion :\on-l.oaclcd \ü.'i mil 
l'hy~ical ( 'ircuil (Cir<'uit '1\•rminat<•d to ~\ppear as lntinite l.inl· l 

for thc purposc of raising 1he impcdance of 1hc cahle circuits to \·alucs 
1hat match tlw impl'danct· of tlw open wirc at 1he carrier frcqucncie~ 
as weil as at \·oicc frl'quencie!'. This loading al,;o is of partindar 
hcnl'fit in reducing tlw atlcnualion loss at carricr frcquencies which 
in non-load<"d cal>le may Iw comparatin·l~· high . 

Tlw impedance ch;tntclcri'-lic of a typical repcalt·r section 211\ 
miles long is slwwn hy 1hc he;n·y lines in Fig. ·1. The circuil in this 
case is lt'rlllinaled ;1t the dislant end by a network which makcs it 

• Rd<·r lo pap<~r on ''Carri<"r Currl'nl Tch·phony and Tclegraphy." hy Colpitb 
and lllackwell, prcviously nute<!. 
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.tppcar ,1,.; .111 inlinild\ Ion!-: litH'. The ~light irrt'!o:lll.trit~· indie.tlt•d 
by !Iw hump,.; in llll' illlpl·d.uH·e ntrn· i,.; dttl' lo a ,.;lwrl ~t'l'l ion of 
non-lo.tdcd enlrann· l",thlt· .11 lhl· di,.;lant end. Fig. ;j ,.;how,.; thl' ,..;um· 
~l·ction of line ll'rtllill.tll'd al the dist.tnt end hy the illlped<liH'l' of llll' 
rl'pl'.tler inlo which i1 nor111.tlly works. T lw impedanec l'haracll'r-

~ - -r--..--
Nt' WO!( 

tf b<-L Nt' 

~ ~ er t:A :,...-... t\ oo>- ~ , :,...' P" p Q f= 

oi..YJ 

1,.-- L WE 

~mRK 
~ .,__ :?""ffi\:}::=f -[7 K" -_:.K :1 -

1200 1600 .ctx>o i!400 i'800 J200 

FREQLIENCY 

h!; . .=; lrn1wd.mn· Char.~eteristic 2H> :\lile Repeatt>r s .. ·ction :\on-Loaded 165 mil 
l'hy,ical Cin:uit l'erminatcd .11 Disl.lnt End hy Passive I mpcd.111ce of Adjaccnt 
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Fi.:. 6 l'as,ivc I npul lrnpcdam·e Cluractcristil' of lmpron·d "22" Typ<· l{cpe;lt<'r 

i,.;tic nf the repcater j,., ~h(>\\11 in Fig. Ii. The dotted curws in Figs. 
-land ;i are the impedance compnnents uf the nelwork u~ed to balance 
the line circuit. Thi~ nl'twork is of the preei,..ion 1ypc,6 designcd 
fnr u;.c in connection with long nnn-lo;Hh:d opl'n wirc rirruits which 
cmploy rcpcaters amplifying a widl' hand of frefJueneies. 

• "Telephone Repcalers," by B. C~herardi and F. B. Je wett, .\.I.E. E. Tr.llls.l<"tions, 
\'ol. XXX\'111, :\o. II, :\ovcmher, 1919. :-x·t· .:~lso "lmpt.·d.lllre of Smooth Lmes 
and Design of Simulating :\etwurks," Ray S. lloyt, Teclmic.!l Joumcll, .\pril, !1)2.l. 
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Tra11smission Characteristics of Line and Repeater. Fig. i shows 
the attenuation frequency charactcristic of a typical repeater section 
expressed in TU.1 The a mplifiration frequency characteristic of 
the telephone repeatcr shown in Fig. S is such as to compensate for 
thc in\'crse characteristic of the line circuit so that the o\·er-all Irans
mission characteristic of thc rircuit will he uniform oYer the im
portant frequencies of thc specch range as illustrate<l hy Fig. !l. 

SignalinK. On the shorter of these circuits employing only a few 
repeaters. signaling current is relayed at each repeater point, rww 
energ-y being sent into the adjacent section of the line hy thl· oper
ation of relays associated with the repeater. J:3;j-cycle current is 
used for the signaling current sent o\·er the line, this hcing the fre
quency cumrnonly used for signaling o\·er composited circuits. On 
Ionger circuits employing se\'eral repeaters, the time lag of the ring 
can be decreased !Jy a systern ernpluying a comhination of amplilit'd 
and relayed ringing at alternate repeater stations. At points where 
the ring is amplified, it is necessary to increast' tlw repeater amplifi
cation at 1:3.!) cycles in onler that sufficient ringing energy may reach 
the relaying repeater point to operate the rin):6ng rC'lays. This is 
accomplished by making slight changes in the input circuit uf thc 
repeater tu increase its e(ficit•ncy at the lower frcquencies as illus
trated !Jy the dotted cur\·c in Fig . 8. Best resnlts are obtaim·cl by 
relaying at alternate repeater points. 

At cach relayed ringing point a certain timt' intcn·al is requirl'U 
for the operation of the relays and for this reason tlw lcngth of time 
during which the ringing current is appliecl to the lirw may become 
less and less for each succeeding repeater. lf the ring, therdore, 
is not of sufficient duration, it is likely that suttic-icnt ringing energy 
to operate the line signa l willnot be recein·d at the distant terminal. 
This has introduced some operatin~ difficulties and madc it ncccs
sary tu exert great carc in tlll' maintt•rtance of thc apparatus at the 
intermediate a:; weil as at the tt-rminal statious im·olved and carefnl 
oycrall dwcking and lining up of the circuit as a whole. 

Thcre has heen clen~loped a systern employing sigualing currl•nts 
of voice frcqucncy whieh has largcly owrcom(' tlwst• d"ifficulties. 
The signaling current is ampliiied by the rqwatNs with approximately 
the same efficiency as the voice rurrents so that relaying is unncces
sary . Partieuhuattention has !wen gin·n in the cksi~n of the system 
to prevcnting fal,;e opl'ration of tlw signals from \·oire or extrant'ous 
currents. 

7 Sec a rtidc in this issue "The T ransmission l'nit and T ckphont· Tr;msmission 
RdcreiKC System," by \\'. II. .\l a rtin . 
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1\t thc present time this systl'm of , ·oice frC'C]llC'ncy signaling is 
emplo~·ed for regtdar use on the Chicago-Los .-\ngeles circuit and a 
few otlwrs. The system employing 1:3.5-cydC' rurrcnt altcrnatdy 
relayed and amplified a t repeater points also is inst,dkd on tlw:-.e 
circuits anti probably will be rl'lained for emergency use and tu permit 
temporary changes in circuit Iayout. 

Jlaintenance. The rontinuity of the many impurtant ~en·ires 

routed over the facilities llsC'd in making up thesc long circuits is 
eiependent upon continuous ancl efficient maintenance methods and 
performance. Coorclination of the work of the difTercnt oftirC's is 
mostessential in onler to obtain hest results. especially on the Ionger 
direct circuits and on those built up by the ronnecting Iogether of 
several circuits, as there are a !arge number of Yariable factors. To 
assist in obtaining best results, accurate records of the circuit make-up 

Fig. tu 

from end to l'nd, induding a compll'le description of tlw types of 
equipnwnt and Iransmission daL1 an· prepaH·d and furnislwd to tlw 
terminal and r<'Jll'all'r stations. These are madc on canls of con
\'l'nient size, as illustrakd J,y Fig. 111, which is one of tlw fin· canls 
for the Chicago-Los Angele,.; circHit. To in~ure propC'r functioning 
of the circllit and satisfactory m·erall transmissinn and signaling one 
of the terminal oftin·s of each cirruit is designated as the controlling 
oflicc for that circuit and is responsihle for the dircction and super-
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n,..wn of tl''"'b and .tdju,.;tmeub n·quirt·d on tlw cirntit ;t,.; a whole. 
ln .uldition to the dutit·'"' in conm·ction with tlll' rn;tintenatH"!' of th•· 

··ircuit ·•" .1 whok each ol1ice .tlong tlll" circuit i'"' re"pon"ihl<·, of cour"''• 
for thc proper phy,;ic.tl maintl'll.tnn· nf tiH• pl.tnt in its 11-rritorr. 

lligh gr.uk m.tintl·n;tnce i'"' nt·n·,;sary to redun· to a minin111111, 
,..ervice interruption,;, noi,.,t• and cro,.,,;t.tlk and lluctuation,., in cirntil 
ch.tr.n·tcri,..tic,; .wd cqui,·alt-nts. .\n import;lllt part of this work 
con,_.i,.,t,; of fn·quent pcri1Kiic itbpcctiorh, 1\\l'a"nn·nn·nts s of insulation 
r!',;i,..t.mn·. loop n·,..i,..t.tnn·. n·,.,i,.,t.IIH"<' h;tl.tnn·. tran,..mis,;ion, noi,.;e and 
cro,..st.tlk .rnd l'quipnwnt p.trb which an· ,;uhjt·ct to \·ariation. 

ln onlt-r to makc many of tht· mt·.rsun.·mt·nts .111d tl',;h it i,., nen·,.;
,..,try to n·mmT tlw cireuit from "t·n·icc. Thi,; would re,.;ult in ron
,..ider.thle (o,..t eircuit tinw if l'.tch of thc ,.;t;Jtions nwde such rneasure
nwnt,.. .md lt''-b indcpendently. ln order to minimize this lost circuit 
time. tlwreforc, it has bt·cn found desirable in the casl' of long telt'
phone circuih ofthistype to institute what is known as ''ro-ordin;tted 
tt·,.,ting" pron·dnre. l "nder this proredure a ddinite time is ,.;et aside 
for thc periodic lest,; and all repeatl'r stations ;md hoth terminal 
,.;t.ttion,; co-ordinate their work under tlw direction of the controlling 
olliee. The ~IHTe,..,.. of this system is dependen t upon l'ach stat ion 
doing ih part of the work eorrertly and within a specilied time al
lowcd for eaeh !t•st. The method of conducting the tests is illustrated 
in tlll' following dc,;cription. 

I. Roll Ca// -The testerat the contrnlling offin· lirst calls the roll, 
st.trting with the lirst station and proceeding through to the 
di,.;tant terminal, each station replying Ly namc and gh·ing the 
tcmperature and wcather conditions. 

:?. Repealer ..1 mplificalion and t·acuum Tube Tes/s-The tester at 
cach station rneasures the ampliliration in both directions gin·n 
hy the tclephone repcater at that point and chccks tlw condi
tion of thc vacuum tubes. 

:3. Balance Tes/s .-\t each repeater :-;tation the degree of halance 
lll'tWl'l'll the line circuit and the halancing nctwork circuit is 
chl'ckl·d in hoth dirl'ctions. Since it is necessary that l'ach 
:-ectinn of the circuit he terminatl'd at the opposite l'IHI from 
the station making thc halancc te,_t,.,, alternatP repeater st<ttions 
terminale thc circuits and the other ,.;t<ttions procel'd with their 
balance mcasurements. Thc pnwedure is then re,·er,..cd. 

• For cll-scription of thcsc lesls an<llh<'ir applic."llion sec artidt• in rhis issue "Elec
lriral T<'>ls and Their .-\pplications in the :\lainlt·n.trl!"t· of Telephone Tr;lll~mission," 
by \\". H. Harden. 
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·L Transmissoll Equimlent- \\'hen the balance tests ha,·e been 
completed, a measurement of the overall transmi:-;sion ln::;s is 
made hetween the terminal stations. 

fl. Talking Test- ln nrder that the quality and volume of trans
mission frnm a service standpoint may be determined, a talkin~ 
test is made o\·er the entire circuit using standard suhscriher 
sets at each end. 

fi. Signafing As a final check, ringing tests are made m·er the 
circuit in both directions to insure that satisfactory si~nalin~ 
is being obtained. 

This testing routine has been perfected to such an extent that the 
circuit need not be kept out of service for more than about I!) minutes 
even in the case uf the Iongest circuits. Results of measurements 
over the period of a year on the Chicago-San Francisco circuit are 
shown in Fig. 11. The o\'era ll Iransmission measurements, which 
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tlw lilll· .1t tlw tum· of 1\'~t,.. .111d tlw an·r;lgt• total n·pt·atl'r amplili 
t·.llion fn>lll which (',111 ht• nott·d tlll' olllllllllll of amplilication rl'qllirt·d 
to oll,.et tlw , ..• ri.1tion in tralbllli,..~ion eqlli\·alt·nt dut· to ~ea~onal 

tt'lll pt·ra t 11 re ch.1nge~. 
Condusion .\,.. nwntioned e.1rlit·r in thi~ p.qwr the dat.l and re~ult~ 

giwn in tlw forcgoing. 01lthough applyin~ JXlrticubrly to circuits 
on tlw ~outlwrn ;1nd Cl'lltr;d tran,..contincntal routt•s, an· al~o n·prl'
,,.,ll.ltin· of the condition~ on otlwr long circuit~ of tlw s;IOH' typt•. 
Tlw t·~t.•hli~hnH·nt of tlw,.t· high qu;ility circuit,., \vhich are also 
,t\ .til.1hle for thc .lpplic;llion of t·arrier sy,.;tt·ms and which in rert;1i n 
ra"l'" h.1n' lwen ,..o t•quipped, constitutes anuther important ~tt'P 

in bringing Iogether all scction,.; of thc country by tt·lephone. 



Vacuum Tube Oscillators- A Graphical 
Method of Analysis 

By J. W. HORTON 

I :-\TRODUCTIO:\ 

T HE \'acuum tube oscillator is fast !Jccoming one of our most 
\'ersatile circuits a nd the requirements which are !Jeing imposed 

upon it are constantly increasing in seYerity. In some cases it is 
askcd to cfficiently conn·rt se\'eral kilowatts of direct currcnt power 
to alternating currcnt power. At other Iimes, it may !Je called upon 
to deli,·cr an alternating current having a frcqucncy which shall 
remain constant within extremely narrow Iimits. lt may !Je required 
to operate at a few cyclcs per second or at se\'eral million. 

The question of frcqucncy stability has recently taken on con
siderable importance. The need for currents of accuratcly known 
frequency is lwing feit in all !Jranches of the electrical communication 
art, particularly in the field of multiplex Iransmission O\'C'r wires by 
means of carrier currents and in radio broadcasting. The factors 
a ffcctin g the frcquency of an oscillator will for this rcason he gi\'en 
attcntion in the following discussion. 

The operation of a vacuum tuue oscillator or, in fact, of any systcm 
maintained in continuous oscillation, has certain unique features. 
In order for such a systcn1 to be in sta!Jle equilibrium its se\'cral ele
ments must adjust thcmsel\'es until certain necessary conditions are 
cs tahlished. It is important , in an analytical st udy of oscillators, 
to know the manner in which this adjustment takes place. 

lf any operating condition may be defined by an equation made 
up of independcnt ,·aria!Jlcs, it is a relatively simple matter to predict 
the rcsult of changcs in a si ngle one. \\'hen , howe,·er, a change in 
onc quantity is accompanied !Jy a general readjustmcnt of all the 
otlwrs, it is quit e diff•ctllt to o!Jtain a clear picture of what occurs 
fron1 an cquation. Graphical methods are !Jctter suited to a stucly 
of the manner in whi('h a lltl!llher of inter-dependent \'ariahles an·in· 
at an cquilihrium collllition. Such a graphical treatment will !Je 
descrihed in the following paragraphs and its a pplica tion to the 
Ul'sign of a circuit to perform certai n specificd duties will !Je discussed. 

GRAI'IIIC.-\L l\1 ETIIUD FUR D ETE RMIISI:\'G Cü:"\'DI'riO:'\S 

OF STAili.E ÜPER.-\TIO:"< 

lt is ~omctimes con\'enient to think of an electrical Iransmission 
system as !Jeing made up of a num!Jer of units, each deli\'el ing encrgy 

SOS 
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to tlll' nt·:xt :-;w·t·enlin~ unit, and tht·rl·l,y l'ontrulling tlw t•m·rl!y which 
th,1t uuit, in turn. •h·liH·r:-; to tlll' IH'XI. ln case such a unit i:-; mad1· 
np uf .t '.tcuum tulll' .unplilil'r circuit with ih as,.,ol·iall'd power supply 
h;ltteries, it will be l".lp.tble uf p.l,.,,.,ing on to ,.,w·n·nling units a greatt·r 
amount of t•nt·rg~· in a gin·n timl' th.tn it rl'n·in·s from pren·ding 
units. 1f ,1 transmi,.,,.,ion unit ducsnot nmt.tin somc source of l'IH'rgy, 
it will, in general. dl'lin·r Je,.,::; power than it ren·in·s. ln many ea,..es 
thest' units may Ll· ;trr.lllged su ,ts to form a eomplicated nl'twurk. 
\\'lwnen·r in such a nctwork, a group of units forms a closed loop, 
that p.lrticul,lr group is so~id to constitutl' a regenerative syslem. 
lf a regl'ncratin· sy,.;ll'm i,.; capaLie of 111;1intaining a continuous llow 
uf cncrgy around thc loop without n·eei,·ing encrgy from any unit 

AMPLfl(R 
ANO 

6ATT[R11:5 

FR[QUf.NCY 
CONTROl 

UNIT 

LOAD 
CIRCUIT 

Fi~. I Elem('nls of an o'cillatin~ syslt•m 

of tlll' transmis:-<ion nl'twork l'Xtcrnal to thc loop, thc systL'Ill is s;1id to 
he oscilbtory. 

For thc purposc of this discussion kt us think of an osl'illatory 
system as madc up of thrl'l' units, tlw amplifier with its associall'd 
power supply source, a ftequcncy control unit and an cnergy ah--orh
ing Ioad unit. Thc arrangenll'nt of thc"'c units is as shown in Fig. I. 
:\m,· it is quitc possihle to determinc the indi,·idual charactL·ristics of 
thc amplilicr and of the frequcncy control units considercd scparall'ly. 
Thc prohlem is to find thc rdation bl'l\H'l'll thcsc indi,·idual eharac
teri,.,tics and thc charactcristics of thc systcm. 

In ordcr that thc rcgencrati,·c circuit shall hc in staLle cquilihrinm. 
thcrc arc two conditions which mu,.,t hl· nll't. Thc first of thc,..,· is 
that thc incrcase in powL·r from thc point B to thc point ...!, through tlll' 
amplificr unit, must Le cxactly cqual to thc dccrcase in power from tlll' 
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point .·l to thc point /3, through the frequency control unit. Due 
account must hc takcn of any energy delin:rcd to thc Ioad circuit. 
In othcr word~. whcn a gi\'cn amount of cnergy flows into thc ampli
ficr <ll' ros~ the junction B, it must bc Iransmitted around the rt'gcncr
ati\'c loop and return<·d to thi!< junction unchangcd in amount. Thc 
second condition is that thc phase di~placemcnt of thc wan· Irans
mitted from A to 13 through thc frcqucncy controlunit mu~t bc cqual 
in amount and opposite in sign to thc pha~c displaccment of thc 
wa, ·e Iransmitted f1om B to A through the amplifier. That is, a 
wa,·c which cntcrs the amplilicr at the junction B must hc Irans
mitted through thc rcgencratin· system and returncd to this junction 
with no rcsultant pha~c displaccment.1 The indi,·idual charactcr
istics of the amplifier and of thc frcqucncy control unit which permit 
these two conditions tobe ~atisfied fix the operating point of the systcm. 

Although the reasoning to be used in the suL-ceeding paragraphs 
may, in gencral, hc applicd to any osci llatory system, it will Iw casier 
to fnl low if dcscrilwd in tcrms of fami liar electrical circuits. In Fig. 2 

_A_ 

Fig. 2 Ci rr uit of an dl'llll'llla ry os('illator 

the amplilier and associated hatll'ries are shown in thc form of an 
('lenwntary \·acuum tuhe circuil. It is necessary to use a two-stage 
circuit if thc \'ultag<'s at ..-1 and at 13 are to ha\'e thc samc sign. This 
is hecause the grid \'oltagc, which is obtaincd as a poh•ntial drop due 
to cnrrent from an ex tcrnal sourcc 11owing through a resistancc con
nccted hctwecn thc gr id and thc filanll'nt of the \ 'acuum tuhe, rcduces 
the currcnt llowin g fro m the lilament of the tuhc to the plate, through 
a sel'ond cx ternal resistancc, as the current llo\\'ing from the grid to tlw 
filanwnt is redun·d . That is, a change in thc \·oltagc drop anoss 

1 This <'Ondition for st.1l• lc cquilihrium will also be satistied if the total phasl' 
~hift around thl· loop is <·qua I to 2rrll wlwrl' 11 may h(' any wholc numl•l·r. 
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the ~· id cirn1it n·~i~t.&JH' t' cau~~·~ a changl' of oppo,..itt· ,..ign in tht· 
volta~l' tlrop .1no~~ thl' pl.llt• cirt' tlit rl'~i~taun·, thl' two voltagt· drup,., 
ht·ing rdt·rred to thl' pt>lt·nti.d of thc tibmt•Jll. T lw fn·qllt'IH 'Y rontrol 
unit i~ in thl' form of a ,.,erie~ drn1it t'ontaiuing ind uct.llll't', t·apacity, 
.tnd n·~i~t.llll'l'. Two rt·~i~taJH' l' l'lt'llll'llls an· ll,.,l'd for t'Otlpling to thl' 
input .llld to tlw outpul of thl' amplilit·r. 

l.et 11~ lir~t l'on~idl'r tht• propertil'~ of tht· v.1ruum tubt· amplilit·r. 
l n Fig. :~ thl' \'llltagt• den·lt>pt•(l oll'rO,.;,.; the junction ... 1 i~ plottt·d a,.; a 
function of thl' \·o lt.&ge acro;;~ tht• junction 8. l.l't u;; a,.;;;unll', for 
tlll' pn•,.;cnt at lt•a,.;t , th .u thi,.; ntrn· hold~ ior alt fn·qlll'llcie,.;. ()(J, · iou~ly 

Fi~ .. I .\mplifin nutpul rhararteri,tic 

tlw voltagc . t c ro~,.; the junction A deJwnd,.; upon the impcdancc lookiug 
into the fn.·quL·ncy control unit, hut if the n :sistann· Rt i:; sma ll in 
compari~on with thc rc~i,.;tance R, tht· n>ltage will hc pr<Ktically 
indt'Jlt'ndcnt of the frequcncy nmtrol unit. Thi,.; cunT rcprc~enh 
a familiar characteri,.,tic of tht• \·acuum tube amplilicr. l t slww~ 
that a,.. the vo ltage upon the grid of thl' Iir~t tuhc is incrca,..l•d. a point 
i~ rt'arhl'd whcrc the amplitll<ll' of the outpul is no Ionger propor
tional to the amplitmle of the input. l f thi,.; i:; earried far t·nough a 
point i,.; ultimatcly n·acht·d where a continued increa,.;t• in tlw nJitagT 
on thl' grid fail,.; to produn· any further innca st· in thc \ ·olt age arro ,.;,.; 
the output. For our pn•,..t·nt purpo,.;c the data conta irwd in thi ;; 
cun·c will ht· mon· u,.;dul if plot ted in a lcss familiar form . 
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In Fig . .f the ratio of thc valtage across thc junction B to thc , ·oltagc 
across thc junction .-1 is plottet! as a function of the voltagc across 
thc junction .. 1. This curvc is obtained from thc same data as the 
cun·c of Fig. a ancl teils thc samc story. 1hsuming that this curvc 
holds for all frcqucncics a family of cun·es may be plotted for thc 
amplifier un it, as shown l>y the horizontal lines in Fig. :i. l n thlse 

VOLTAG( AT A 

Fig. 4-Amplifier gain characteristic 

curn·s thc ratio of thc valtage rcceivcd by the unit to the voltagc 
dcliwred by it is plotted against frcquency. The numbers asso
ciatccl with each curve indicatc thc ,·oltagc at A, in arbitrary units, 
for which the cmn~ holus. 

A similar family of curvcs may hc plotted for the frequency control 
unit. Sincc thc impcclanrc of the series resonancc circuit v<1ries 
with frcqucncy from rclati,·cly high values abO\·c and lwlow thc 
resonancc frcqucncy to a minimum , ·alue at tlw rcsonancc frequcncy, 
it follows that, for a 11:-.:cd voltagc across tlw junction A, thc currcnt 
through the inductance, thc capacity and tlw resistancc R2 will ,·ary 
with frcquency. C'onscqucntly tht· ,·oltage drop across thc rcsistance, 
which is irnpressed anoss tlre junction B, will , ·ary with frequency. 
Thc rclation bet\H'<' Il this \·oltagt• and frequency, for a lixed n1ltage 
across thc junction .·1, is gin·n by thc familiar reson;tnce curn·. 
As tlw voltage across tlw junction .I is incn·ascd, currcnts of con
sidl'rahlc magnitll<lt' may Iw caused to llow through tlw inductancc, 
particularly in the neighhorhood of thc rcsonance point. l f this 
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indut't.ltl<'(' h.t:; ;tn irou t·ort· an innl'.l:>t' in thL· currt·nt will n·~uh 

i11 incn•.t:o\'d dampin~o: "hielt, .11 a ti\l'd frl'qliL'tH"y, act:- to rt"dun· tlw 
ratio Ot.'t\H'l'll tlll' 'olt.t~e :-d up ano:;;; tlll' n·:-istance R2 and tlll' 
volta~c imprt·~,.l'd on thl' junction A. The resonance cun·t·s gi' 1'11 

---~--------------

Fi~. 5 -I· amilies showing rclation hct wt·t·n t><•wt·r ~ain, or luss and frcqucnq lor 
various powl·r IC\·cls 

in Fi~. 5 show the rclation behnTn the ratio of the ,·ohagt· arross 
thc junrtion B to the vohaf,!e imprt"s~ed upon tht· junrtion .·1 and 
frcCjnenry. The nurnbers again indiral!' thc vohagl' at A. in thc 
satll(• arbitrary units as werc 11~cd fnr thl' amplitier family. 

SelertinJ,! any of the ,-alul';; gi' t·n for tlw ,.(lltagl' arr«'~s tht• junrtion 
A. it will he found that tht·rl' are two curn~s showinf,! the relation 
l~etwt•t•n the ratio of the voltaf,!t' at tht· junrtion R to th;tt at th;· 
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junction A and thc frcquency. Onc of these is a characteri~tie of 
the amplifier, thc other of thc frequency controlunit. lt is, of cour~e. 
apparent that the nlltage aeross any junction in a Iransmissionsystem 
may be taken as a nll'a~ure of the rate at which energy crosse~ this 
junction. Thercfore, points of intersection of these lines satisfy the 
first condition which was imposed upon the oscillating ~y~tl' lll in 
order that it should bc in stable equilihrium, namely, that the in
crease of power through one portion should he equal to the decrease 
in power through the remaining portion. Such pnints of intersection 
define values for the amplitude of the valtage at the junction A and 
of the frcquency for which this condition is met. Similar pairs of 
lines, plottcd for other values of the amplitude of the valtage at the 
junction A, havc intersections indicating the corre~ponding frc
quency for which the energy relations are again satistied. For each 
of these points, then, the amplitude of the ,·oltage at A, the fre
quency ami the ratio of thc amplitude at B to the amplitude at .:1 
ha,·e the same values for the amplifier unit that they have for the 
frequency control unit. In thc curve A, of Fig. G, thc first of thcse 

p 

fRE:OlA:NCY 

Fi~: . I> :\mplitude and phasc cquilihrium cur\'CS 

variables is plotted against tlw second. The cun·e, therefore, shows 
the magnitude of tlw ,·oltage delin·red hy the amplifil·r unit wbich, 
for a giu·n frt'qucnry pf the wa,·e transmittl·d hy the syst!'lll , pl'r
mits e1wrgy cquilil>rium to IJl' maintaint'<l. 
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1f t'lll'r!-!~ nm,..itlt'r.uion" .donl' dt>tt>rminl'd tlw "t.thility of the 
..... ,·ill.ating "Y"Il'lll, it \\otlld appt·ar th;lt thl' operating point might 
l>t· .1nywhl'rt' ,dong t hi,.. linl'. I t j,.. nen·,..,..,,ry, howl'n·r, to n•n,..idl'r 

thl' ph,,,..,. di,..pbt·t·mt•nt" orrurring in tlw two nnit" "" Wl'll. The 
ph,,,..,. tlitlen·nn· h·t\n't'll tlw \·oltagl' ;1cro,..,.. tlw o11tput n·,..istann· of 
t hl' fn·qut'IH'Y nmtrul uni t anti t he \ oltagl' impn·,..,..t·d acro"" t lll' 
junnion .·1 ,-,,rit·" \\ith fn·quem·y "" indicated l>y tlll' family of cnnt'" 
,..hown in Fi:..:. 7. Tlw ''""umption i" madt· in drawing tht•,..t• rurn·,.. 

--: 
-; 10 

:,... 

3 

--

~ " 

:,... 
c 

~ 

~-----------------------------------J 
I· 1,:::. F.11nilies showim: relation hetwct·n ph.l"' di,;pl.lcemenr and frequl·nq for 

various powt•r len·ls 

th.1t the ch.Jnge in damping j,.. due t'ntirl'ly to .1 l'h;mgt• in tlll' re,_i,..t
,IOI'l' of thl' coil anu th;lt tlll' indUt'!illll"l' and tlw nat ur;d fn·qut·nt·y 
of tlll' circuit are unalterl'd "" tlw Ioad i,.. incrt'a,..t·d. For low damp
ing in tlw n·,..onant circuit tlw pha,..(• ,..hift l'IJ,tngt·,.. r<~pidly ''ith fn·
qut·m·y in thl' rwighborhoml of tht· n·,..onann· poinr. .-\,.. tlw ampli
tllUt' oi thl' ,-uhagc ;Jrn-,,...., tl](' junction .I i" inl'rt',l"l'd, therl'hy 
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innea~ing the damping, the rate of change of this pha~e shift is 
reduced. The se\·eral curn·~ corrl'spond to diffl'rent vahu.·~ of the 
\·oltage amplitude at the point .A. 

Tlw pha~e relation between the valtage wan· impressed upon the 
input to the amplilier and thc w;n·e delivered hy it is indicated in 
Fig. i by the single straight linc. That is, we are assuming that 
the phase displacement of the wave Iransmitted through the ampli
fier ,·aries hut liltle o\·er the frequem·y range cowred by the diagram 
and that it is independent of the power which is heing deli\'CrC'd 
by the amplifiC'r. The numbers associated with the SC'Veral cun·es 
ha\·e the san1C' signilicance as those u~ed with the power ratio 
f.unilies. 

From these two ~ets of lines it i~ possihle to determine a seriL•s of 
values of the ,-oltage at the junction A and of thL· frequenry for whirh 
the resultant phase displacement around the loop i~ zero: exactly as 
we determined a sL•ries of values for which the resultant power change 
was ZL'TO. These ,-alues are plotted in Fig. Gas shown hy the !im• P. 
lf the rondition for ZL'ro phase shift were the only one which the system 
had to ~atisfy. it is obviou~ that it would he in equilihrium at any point 
on this CIIT\'L'. Since. howen·r, the systt•m is called upon to ~ati~fy 
two conditions, one ddined hy the curn• ~1 and thL· other by the cun·e 
P. any inter~ection~ which they may ha,·e are the only points at 
which the system can he in equilihrium. 

This method of analyzing the relations betwt'L'Il the charactC'ristirs 
of the sen•ral memhers of an oscillating system, and their mutual 
adju~tment to an equilihrium condition may be summarized in general 
tC'rm~. The system is ronsidered a~ a regeneratin· tran~mis~ion 

circuit dividt•d into two portinn~. Foreach of the~e portion~ a family 
of eurn·~ i~ plntted showing the relation hetween the rate at which 
energy nosses one of the junctinn~. which will Iw ll~t·d a~ a rderence 
point, the ratio hl'I\H'L'll the rates at which energy rrosse~ the two 
junctions and the frL'<Jlll'lH'Y · .-\ny two of these variables may he 
chosen as tlw coonlinates for the~e families of rur\'l's, tlw remaining 
, ·ariahle l)('ing tlw parameter. The interseetions of a l'IIT\'l' in one 
family with the cur\'l' of the Slllll' paramell'r in tlw other family 
ddiill' pairs of \·ahll's of tlre frequency anti of the powl'r at tlw refn
l'IH"l' junction for which tlw system is in energy equilil>rium. 

For ('ach portion of tlw regennatin· »Y~Il'm, a S('Cond family of 
cun·t·:< i:; plotted showing the r<'lation l>etWL'l'll tlw power al tlw 
rderL'Il<"L' junction, tlw phas(' displacement of tlw Iransmitted wan· 
hetwt'l'll the two junction:; a nd frequl·ncy. lnter~ertions of a cun·e 
in one of tlwse familil's with the cun·1· ha,·ing thl' same parameter 
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in thl' 11thl'r f.unily ddinl' p.tir~ of \·allll'~ of tlw freqm·tH'Y and .,f the 
power .11 thl' refert•nn· junction for which the ,.y,..tt·m i,; in pho.t ... l' 
equilihrium. 

The rl'l.ttiotb hl'lween the,;e two qu.1ntitie,; frequetH'Y and power 
111.1y hl' expn·,.,.t'<l hy two curn·~. one indicating thl· \'alue,.. nt•ct•,..,..ary 
for energ~· equilihrium, tlw othcr indictting tlll' \'alw·~ nt·n·,.,.ary for 
pha,..l' cquilihrium. Tlw intt·r,.t·ction,; of the,;e curn·~ corre,;pond to 
the only \'alue,. nweting hoth condition~. Thl' "l'\"t•ral demt•nh 
mu,..t, tlwrdnrl', adju,;t thl'm,..l'ln·,. to operatc at the frequl'ncy and 
.11 thl' powt·r indicatl'd hy ,;uch an inter,;ection. 

EFFEI"T o..- \'.\Rt.\no~ ... '"' CtRlTI r ELE~IE:\T" 

ln atldition to dctermining the frcquency ;nHI power at which ;1 
gin·n ,..y,;tem i~ in ,;tahle t•quilihrium, it i,; important to hl' ahll' to 
predict tlw e!Tt·ct upon the,;e quantiti(•,.. of ,;uch change,; a,; may Iw 
expt·cted tn occur in the l'lt•mt•nb compo,;ing the ,.y,;tt·m. lt i,; tht·n 
.t n·l.ttin·ly ,;impll' m.tttl'r to ,;o redesign thc,;c elt-ment,.. that ,.oml' 
partintl.1r l'ITect ,;hall hl' rcduced, or increa,;ed, a,; de,;ired. Tlw 
circuit which ha,.. already hcen de,-crihed may he u,;ed for illu,;trating 
the applicatinn of the graphical method in an,;wering ,;ome of tlw 
quc,;tiotb nccurring mo,.t freqnently in connectinn with \";tcunm tuhc 
o,;cillator,.. 

One of the mnre important problems concl'rn,; thl' reaction on tht· 
o,;cill.tting circuit of tht· Ioad ahsorhing ,;y,;tem. Let us imagine 
that ;tn impt·dance. to which t•nergy i,- to he supplied, i~ connected 
acrn,;,. the junction ..1. lf thi,; impl'dancl' i~ a complex quantity it 
will .1lter hoth thl' amplitude and the pha,;e of the \·oltage acro,;s the 
junction. This will aiTect hoth familil's of curn·~ Fig~. ;) and i 
which ckfine the operation of the amplitier. lf. for simplicity in tht• 
pn.·,.t·nt di,..cn,.,.ion, Wl' a:-<,.ume the Ioad impedance to he a pure re
,.i,.tance. the majorchangewill he a reclurtion in the \'oltage acro,;,; .·1 
for a gin·n ,·oltage acro,;,.; ß. Tht· ratin of the \·oltage at B to that 
at .·1 will he increa,;t•d and the family of cune,; dclining the power 
ratio relations ht•lwt·t•n frequency and power ratin in tlw amplif1er 
will tlllJ,; he mm·l'd upwarrl. The rcaction upon the energ\' eqnilih
rium curn~ curve .-1. Fig. fi will be tn dcne<bl' hoth ih lwight and 
ib hn·adth. ,-\,.,,;uming that the ph<bl' equilihrium curn· n·nJ.tin,.. 
unchanged. it i,. appan:nt that the frequcncy at which tlw ,..y,..tt·m i,., 
in ,.t,tl•k t•quilihrium will be incre<bed and that the power dl'lin·red 
to the junction .-1 will he decrea,..c·d. .-\ny changl' aff,·cting the .llnpli
lication of the ,·,lruum tuhe circuit would rt·act in much the ,.;,lltl'! w.ty. 
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:\notlwr qucstion corKerns thc dTect upon thc amplitudc at which 
thc <>)'SIL'Ill operatcs as its frequcncy is altered hy readju,.;tnll'nl of 
thc frcquency control clcments. lf, for cxamplc , thc Capacity in 
thc scries rc,.;onant cirnrit is innl'a,.;ed, the resonam·t· curn·s of Fig .. i 
will nwn· to thc ldt. Their shape also will he altered \·er~· ,.;lightly. 
Since tlw power ratio curn·,.; dl'lining thc opcration of tlw amplifivr 
are horizontal ,.;traight lincs therc will bc a corrcspondingly slight 
change in tlw shape of the curn· indicating thc possihlc conditions 
for erwrgy equilihrium. I t will, of coursc, hc di"placcd to the ldt 
hy the "alllL' amount a" are tlw rc"onarH't' cun·L·s. lf. hmn·,·er, the 
resistann· of the rcsonant circuit \·aric" direl'll~· with frL'(jllL'ncy, as it 
might through changL'" in hy~tcrcsis an '! eddy-current losses, thc 
current through the "cries resonant circuit and through thc resistancc, 
R~ will h(' incrcascd. This irH.'rca"es thc ratio of thc \'oltage across B 
to thc \·oltage acro,.;s .·1 and consequently lcngtlwns the onlinatcs of 
thc rcsonance cur\'cs shown in Fig .. 5. TI1L' shapcs of thc cur\'cs \\·ill 
also he L·hanged um· to the changc in tlw ratio of thc reactance to rc
"istance. l 'nder thcsc conditions thc encrgy equilibrium cur\'c, in 
addition to being mmed to the left, \\·ill he incrcased hoth in hcight 
and in hrcadth. 

Tlw ph;tsc cur\'cs of the frcqucnry rontrol unit Fig. I will 
be mo,·ed to the ldt hy tlw samc amount as the rcsonanre cun·t·s. 
Duc to the slope of tlll' phase family of the amplilicr whiL·h \H' han• 
assumcd to IJL' roincidcnt straight lirH",.; , the inter,.;ection,.; of tlw two 
phasL' families must 111on· away from tlw point of zero phasL' dis
placement. Tlw scparation hctweL'Il the ruemlwrs of tlw phase 
family of the fn·quL'IKY control unit is gr('atcr ht·n· and con,.;equently 
tlll' phas'' t·quilihrium curn· is les,.; rwarly \·t·rtical than l,l'fort·. Thc 
,.;)opl' of t lll' phasL' h 111ily of t hc amplilicr al,.;o caust·,.; I Iw pha,.;e 
equilihriu111 curn· to 1110\l' to tlw ll'ft hy a ,.;lightly greater ;tl11ount 
than the displacenwnt of tlw re,.;onann· point of tlll' tuned circuit. 
lt i,.; appan'nt. tlll'rl'fore, ,.;incc the pha,.;e t·quilihrium eurn• 111on·s 
Ltrtlwr than tlw amplitudc vquilihriu111 L'urn·, that tlwir intcr"t·ction 
will 1110\'L' to a po,.;ition corresponding to a lower ,·,dut• of the \'oltage 
at tlll' junrtion A. Thi,.; i~ trul', of coursc. only if the changl' in thc 
~hapl' of tlll' <tmplitudt· l'quilihriul11 curn· dUl' to tlw change in resist
ancL' of tlll' inductann· coil i,.; :-mall. I t is also l'\'idt·nt that the 
changl' in tlll' frvqucncy of tlll' ClllTl'lll ddin·rl'd hy the o,.;cillator i,.; 
gn·atl'r than thc changc in tlw l'l'sonant frl'quency of tlw inductance 
a nd capacit~·. 

Thl'sl' two t·:xalll)lll's an· liiHiouhh·dly suflicit·nt to cll'nlon:-trate ho\\· 
<1 t·hange in tlw t·onst.mb of a "ingk dt•mt·nt of an o:-cillating ,.;y~tl'lll 
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nt·n·s.-..it.llt•,.; ol l!l"nt'r.tl rt'adjustnwnt oi tht· otht'r t'h·nlt·nh and ho\\ thi,.. 
rl'<ttljtblllll'lll rt'.tt'h upon tht' opt'rating point. 

l>uring the l.tsl few )'l'ar,; tlw nt•t•d for o,.;cill.tting circuit,.; oi t'X
n-ptionally high freqllt'llt'\' stal>ilit~· h.ts ht•t'tllllt' more and more 
pn·,.."ing. Tht· requiren1ent,.. of multipll'x tekphony and lt:il'p;raphy 
h~ llll'.llb of carrier ntrrents "t·l partintlarly "t'\'l'rl' Iimits on tlw 
t'lllbl.lllt')' nf frequt·ncy of thl' altl'rnating rurrents Usl'd. The eflit·ient 
u,.. .. of tlw t•tht·r in r.ulio t'otnmunication al,..o plan·,; a n·ry n.trrow 
tolcr.lllrt' upnn any fn·quency ,·ariation in tlw carrier gl'nerators. 
lt 111.1y Iw of intt·rt·,..t. tlwrdon•, to t"ot~>oitler somt· of thc fundan1ental 
i.tctor,.. aiTecting tht• fn·qut•nt·y stahility of the \'<ll'tllllll tuhe o,.;cillator. 

Two line,.; of ;1ttack arl' nJwn; Wt' can design tht· ,.;C\'l'ral ekmPnh 
so .ts tn redun: the po,..,..ihility nf a changt• in tlw valuc of their t·on
st.mh. or WL' c.tn adju,..t tht• ,..y,.;ftom ,.;o th.tt una,·oidahle ch.mges 
produn· the il'ast dTl'et. l t i,.. in thi,.; latll'r conm·ction that tlw 
graphic;tl method of analysi,.; is particularly lwlpiul. 

.\ ch.lllgt· in the constants of any t•lt·mcnt of thc o,.;cillating systen1 
i; going to result in a di,..pl.tn·mt·nt or in a changl' in ,.hapc in at 
lt-.t,..t orw of tlw two L·quilihrium cun·c,. ,..lwwn in Fig. ti. For a gi,·t·n 
change in either curn· the horizontal displ.tCt'lllt'nt of tlwir intt•t
,..ection will dt•pt·nd upon the ,..lope of the otlwr t·urn•. Thc ,.;lel'pcr om· 
eun·c i,., tht• lt-ss will l)l' tltt· frequency change rc,.lllting- from any 
, ..• ri.ttion in thc other. lt, therdon·, follow,.; that wt• should make 

hoth Clli\'L'" "" nearly n·rtieal as pos,..ihlt-. 
Rcfl'rring to thc gain anti lo,.;,.; familit's, Fig. ;i, it will he sl'en that 

the slopt• of the amplitudt• equilihrium curn·. anti nmscqul'ntly the 
rnagnitude of tlw frequency changt· eorn·,..ponding to a givl'n changl' 
in the \·oltage at the rderenn· junction, j,.. tll'lermined hy thn·c 
thinp;s: 

1. Theseparation lwiWt'l'll the li!ll·s ddining the power gain in tht• 
amplitier: the lt:ss this ~cparation, the kss will he tlw frequt·ncy 
changc accompanying a given change in tlw ,·oltage. 

:2. The ,..eparation lll'tween the n:sonann· curn·,.. ddining the 
power Ich.-. in tlw frequency control unit; tlw lc,;,.; thi,.. separation, 
the 1,.,..,.. will l•e the frequent-y change accompanying a gin·n change 
in the , . .,lt.tgt:. 

:~. Tht· ,..lopt· oi Jhc re,;onance curn•s; thl' ;o:;teeper tht•st' curn·s, the 
lt•,..,.. will hl· the fn·qm·ncy change accompanyin~ a p;in:n ehangl' in 
\·olt.t~t·. 

lt .tppt-.tr,.. tht•n. th.tl the chanp;t• in fn·qut·m·y re,.;ulting from a 
gin·n change in pha,.;l' di,..placement, that i,.., atTompanying any 
change in tht· ph.t,.;e equilihrium curve, may he redun·d hy operating 
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thl· \·acuum tuhes considcrahly helow their m-crloadin~ point, where 
thc gain changes hut littlc as thc output is increased: hy Operating 
the tuned circuit at low power Ievels, whcrc the damping. and con
sequently the loss, varies hut little with changes in the input: and 
hy kceping thc damping as low as possihle. 

The slope of the amplitler gain family is, of course, a factor, but 
in practicc it is found undesirahle to permit the gain of the ampli
!ler to vary with frequcncy . The slope of the phase cqui librium 
curve, which determines the change in frequency corrcspnnding to 
a gi,·cn change in transmi:;:;ion gain or lo,;s, depends upon three 
things. as may he ,;een from Fig. I . The:;e are: 

l. Thc distance from tht• point of zero phase displaccment at 
which the phase family of tlll' amplifier intersects tht• phase fami ly 
of the frequency control unit: the less this distance, the lc:ss will he 
the frequcncy change accompanying a gi,·en ,·oltage change. 

2. The slope of the phase family of the frequency control unit; 
the more nearly vertical t hese curvcs are macle, t hc le,;s will he the 
frequency change accompanying a gi\'t'll \'oltage change. 

:t The separation hetween tlw nwmbcrs of thc phase family of 
tiH.• frt·qut·m·y control unit: the less thi,; :-;eparation, the less will he 
tl1 .. frt•qm·ncy change accompanying a gin·n amplitude change. 

l f thc phase family of the amplifier is not a :-;ingle line, thc separation 
lwtwcen its liiL'lllhers would he a factor. The slope of the curn· 
also has a slight effect. Thc distance from the point of zero phase 
displacenwnt, at which tht" two families intersect, may he reduCl·d 
hy reducing such reacti\'t' impcdances as appear in the amplitier 
circuit. Tlw slope of the frequency control unit family may he 
increa~ed l>y redncing tlw damping of the tuned cireuit. lt ma)· 
al,;o h<' increased l>y reducing the pha:>l' displaceml'nt in the amplifier, 
therel>y operating nearer tht.• point of Zl'ro phase displacenwnt where 
the rate of change of pha:-;t.• shift with frequency is grcatest. The 
separation lwtween the mem))('r,; of tht• phase family nf the frequency 
control unit may l>e retluced l•y red uc-ing the magnitudt.• of such 
changt•s as occur in thc damping. l\ Joreo\·er, :-;ince for variou~ 

am<ntnts of damping tht:' st•n·ral nwml>ers of the pha~e family ap
proach coincidence at tlw ft.'~onance point, it is again dt·sirahle to 
n•d uce any phase displacement of the amplitier in onkr to work 
as near thi~ point as possible. 

lt ha~ ju~t l>een suggested that any reduction in the phase shift 
throngh the amplitier will make the pha:-;c l'()ltilihrium cun·c more 
ut•arly H'rtical. lt will hc noticell, howe\·er, that this cau~es the 
interst·ction hetWt.Til the pha~t.· t·qnilil•rinm curve and tlw amplitude 
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t'lJililihrium l"llr\l' to nt'l"tlr in .1 pnrtion nf llw l.1tlt-r \du·re it o~p

pro.ldll".., tlw hori1.nnt.d. lt wnuld appl';lr d('sir.lhlt·, tlwrdon·, if 
frcqllt'IH"Y :-t.1hility is tn Iw pu:-ht'd to tlw Iimit, to pt"rmit a slight 
ph.l,..t' displan·n~t·nt to occur in tlw antpliticr in nnler that tlw inter
,..t·ctinn might he ltw.ltt•d .lt ,, pl.we wlwrt' tlw amplitudt• l'quilihrium 
curn· i:- :-tt•t•Jwr. ,\ny dt·neast' in tlw slopt• of tlw phast· t·quilihrium 
t'llrn· will bt' mnrt· th.111 t't'mpcn:-.ltt•d for hy tlw incrt'ast· in slope of 
tlw .unplitude n1rn•. I t will ht• app;trcnt from tht' curves th;tt such 
.111 adjU,..(Illl'nl retlun·s t!lt' ,llllOllllt ot' t'rt'IJilt'nl'y Change <ltTOlllpanying 
.111)' ch.111ge in phast• di:-pbn·nwnt at tlw eXJWn:-t· of amplitudc sta
hility. In pr.tctice, pha:-e eh;mges 1'<111 he made smaller than trans
mi,.:-ion g.tin changcs and \\l' arc t·onst·quently justilied in placing 
mo:-t nf the burden of holding the fn·quency to narrow Iimit,; on the 
phase t•quilihrium char;1cteristic. 

.\,; ,, rcsult of the forcgoing analysi,; it appears that tlw amplilier 
should Iw designeil "o that, at tht• normal operating point, it,; gain 
\·.tries hut little with Ioad and "o that it introdun·,; "",;mall a pha;;t• 
,.hift .1:- pos,;ihle. The lllncd circuit should han· little damping and 
the variation in damping with Ioad ;;hould Iw rcduccd to a minimum. 
Although thesc condusion,; ha\·c Ileen ha:-ed upon tlw characteristics 
nf a ,;pecilic cireuit, they apply equally weil to other circuits of the 
stille gcnera I form. 

The arrangcnwnt of an oscillating circuit emhodying the featurc,; 
which the preceding sccti011 has slwwn to Iw c":-ential, if the gener
atcd current is to he maintainccl within narrow frequency Iimit,;, 
is gin·n in Fig. :-.. Thc frequency nmtrol unit is a shunt resonant 

FiL:. ~ -Circuit of con~t.lllt fn·qw·ru·y o,..·ill.ttor 
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circuit coupled to the outpul of the amplificr, at the junction .· I , by 
a high ..;crics resistance. Rr. and to the input of the amplifier, at the 
junrtion B. through a \\'inding couplcd directly to the inductance. 

The amplifier is de:-;igncd to ha\·c amplc Ioad rarrying eapacity 
so that its gain ,·arics but little with changes in Ioad. This, as wc 
ha,·e scen, is neces,:ary in onler to make the amplitwh: equilihrium 
cur\·c steep and the frequency less subject to \'ariation through 
liiHl\'oidable changcs in phase displacement. l\lorem·er, tlw \'<>ltage 
\\'hirh appears at the junction .tl, as a result of a giH·n \'l>ltage im
pressed Upüll the junrtion U, is staJ>ilized by making the Slllll of the 
resistances R 1 and R2 lo\\' as compared with the Ioad impedancc and 
with tlw impC'dance of the frcquem·y euntrol unit. ln partieular, R2, 

across which the Ioad is comweted, is so small in comparison \\'ith 
the impedancc of the Ioad that ehanges in the lattC'r are cntirely 
ncgligihle. Such an arrangement does not, of cour>'e, Iead to high 
enicicncy, hut \\'l' llll!Sl lll' prepared tO makt• COllCC'SSions in Olle direction 
in onl1·r to Sl'l'ttre l>eiwlits in anothcr. By making the effectiH· Ioad 
applied to the tuhe largely rl'sistanrc tlw phasC' displacenwnt occurring 
in tlw amplilicr is made \-ery small. 

ln this circuit it is not ner!'ssary to l!Sl' two tuhes to ohtain the 
proper phasl' rela t ions. :\ t resonancC' t hc apparen t i mpedance of 
the shunt resonant circuit approacllC's a pure resistancC' and thc 
,·oltage drop across it is conscquently in phase with thc e.m.f. acting 
in the platc circuit of tlw tuhe. The current through the inductance, 
hm\'l'\'l'r, lags fl0 ° hl'hind this \'Oitage. Thc e.m.f. S('t up in the 
oscillator input winding is !10° out of phasl' with tlw current in the 
primary, thus making it possillle to secure in the frequency control 
unit the nt•n•ssary 1S0° phase re\·ersal het\\·een the plate and grid 
circuits of the tulw. Care must. of course, l>e cxercised to ennnC"ct 
thc windings of the oscillating coil in thc proper direction. 

The damping of the n ·sonant circuit may l>c made small hy gi,·ing 
the primary \\'inding of the oscillating coil a high time eonstant. The 
coupling impedances introdm·C' additional damping \\'hich may he 
madc small hy making l>oth thc ft•C'd-hack resistance, Rf , and the 
input impedance or the tul>e high. Thc tul>c impl·dance may l>e 
made n·ry high hy using su(ficient negati\·e grid hias to prt' \cnt the 
lilanwnt-grid circuit from hecoming condurtin·. ()f tlw t\\'o coupling 
imp1·dances, the feed-hack rl·sistance, togethn ,,·ith tlw otlwr im
JWlhnn·s as,.ociated with tlw tuhe output, introduces the grcater 
damping. :'\o\\ it can llt' sho\\'n that for thC' frequem·y eontrol unit 
to han· a giH·n Iransmission !-i'licil·nt·y, thC' total added damping duc 
to coupling is a minimum \\'hen the damping dm· to tllC' input roupling 
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i~ equ.tl to th,it dlll' to the outpul I'Ollpling. It i,.,, therdcm·, clc·,..ir.ahlc· 
to make tlw n>upling to tlw input of tlw tulw a" l'flil'il'nt a~ po,.,,..il.!c· 
in c>rcler to permit tlw coupling to tiw outpul to hc· n·clurl'cl. For thi,.. 
rc-.bon the mutual impc·cl.lJH'c• of tlw o,.,cillatin~ C'oil h;cs hc·c·n kept as 
high ,.,.. i,., pr.wtic,Jhle. 

By incrc,bing thc· fn·d-h,ICk resistanre the ratio of the \'olt,cgc· at 
ß to thl' \'olt;Jge at .I m.cy hc· rt'dun·d, thl'rl'hy decn·a,;ing the orclinatc·s 
of the power Io,.," f.unily of the frequency c·ontroi unit Fig .. i. Thi,., 
,Jtlord" .1 control hy mc·an" of which the ,;ystl'lll may he aclju,;tl'd "" 
th.lt both the .unplilier ,mcl tiw frequency eontrol unit an· oJlt'rated 
in rt·gion" where tht>ir power output,; <Ire nl'arly porportional to tiw 
power input,; or. in othl'r words, where the ,;eparation ht>t\\'l't'll tlw 
nwmher" in the g.1in ancl los' famiiie,; i,; prartically negli~iiJil'. 

There i,.; ,mothl'r ,l(h·,lnt,Jgl' in keeping the ked-haek rc·,_i,..t;Jnn· 
high. In making it the major element in the nl'twork ,.;huntl'd acro,.,,., 
the re,..onant cireuit, the etlel'l of any \'ariations in the output im
pl'dance of the tuhe or in the Ioad impedance i,., reducl'd. 

It i,.; c·,·ident from an c·'\amination of the power ratio familit·,., which 
detine the operation of the two elenwnts of the regerwr;cti\'e ,;y,;tem 
that hdore the ,.;y,.;tem can come into equilihrium, at lea,;t om· of the,.,c· 
denll'nt,; mu,.,t enter a region where the relation het\H'l'n the power 
which it ren·iw,.. and the po\n·r \\·hieb it clelin·rs is non-linear. Thi" 
me,m" that tht· wan· deiinTed hy thi" elenwnt clol's not han· thl' ,.,anll' 
form <b the wa,·e rl'cein·d by it. Distonion of this kind is manifest 
in the pn·,.,encc of harnwnic,; of the fumlamental frequl'ncie,.. in the 
curn·nt deli\'en·d hy the oscillator. In most c·a,;e,.; tlll' amplitil'r i,.. 
thc cli,.;tortin~ l'kml'nt and we lind in the outpul all multiple,; of the 
fundamental. I t h;b, hm\TH'r, hl'en found ad\'antagl'Oll" in ,.;ome 
in,..tancl',.; to ,.;o adjlbt the ,;y,..tem that the iron core of the inductance 
elemcnt in the frequency controi unit on•rloads hdore tlw ;cmplilier. 
In thi" ca~e. the re~ulting di,.,tortion i,., suchthat only thl' odd multiples 
of the fundamental frequl'ncy are prt•,;t•nt. 

Hy the proper choicc of circuit l'lemt·nb, it ha,.; lll'l'n found po,..,.;iiJie 
to de,.;ign commcrci;tl o,.;cillating circuit,.,, ro\'l'ring the rangl' of frl'
fiUencic~ Let\H'l'n 100 and ltlll.OOO cycles per "l'nllld, in which the 
frefiUl'llC'Y is Lut little allected hy change,.; in elemenb c·xtern;d to 
the ircquency controi nnit. In onc >ouch commercial o,.;cillator it 
h.1,.. hl'cn founcJ, for exampie, that thc an·ra!::l' de\·iation in the ire
quency ob,..cn·ed with any one tube from the mean frequl'ncy oiJ
t.Jined with a numbl'r of tniJl',; i,.; apprm.:imately 0.0:2';. In thi,.. 
,...tllll' circuit, "" the plate potential change~ from !Oll to 1.->ll \'olt,.., the 
frequl'ncy chan!::e dnl·,.. not eXC'l'l'd 11.01 1 ; at any portion of thl' fre-
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qtlt'ncy range. Similarly. if the filanwnt current is changed from 
1.1 to l..t amperes. the an·rage frequency change is 0.0:3 <"~ . Changcs 
in thc frequcncy resulting from changcs in the Ioad impedance are 
practically ncgligihlc. 

Such frequcncy changes as occur in the oscillator rderrcd to abon·, 
are due, to a !arge cxtent, to variations in the inductancc consc
qw: nt upon thc ,·ariations in power Ievel which accompany thc par
ticular circuit changcs referrcd to. Thc stahility of thc system may, 
therdon:. he increa sed considcrahly l)('yond the Iimits incti('ated if 
the elcctrical constant,.. of the ek·nH:nts used in the frcquency control 
unit arc indepcndcnt of the power ll'vel. The use of an air core coil 
in place of an iron core coi l impron•s thc stability to a very marked 
cxtent providcd, of course, that thc sallll' time con:-tant is obtaincd in 
both cases. 

l n oscillators which ha,·e lll'cn dcsigncd primarily for frcquency 
stability, it i:- found that thc largcst frequcncy variation is duc to 
the variation in thc e lectrical constanl:i of the frequcncy control 
unit with tl'mpcrature. \\ 'hen iron core coils are used, the tem
J>l'rature cocffici!'nt nf frl'qucncy of the oscillating systcm is approx
imatcly 0.01 ' i- for 1° C. l ' sing suitauly designed air corc coils, 
tht• tempcraturl' coefficient of the oscillator becomes approximately 
O .oo:~c~ for 1° C. The changc in frequency in this case is duc almost 
L'ntin:ly to the change in Capacity of the mint condensers uscd in the 
frcquency control unit. 

Although thc method of analysis which wc han· just considercd 
ha:-; Ileen discu:-;sed largclr in terms of the relation of thc frequency 
of an oscillating elcctrical systcm to thc constants of the "L'H'ral 
memhcrs of the system, it is hy no mcans limitcd to such con,..idera
tion. I t is. in fact, applicahle to practically all typcs of nscillating 
systems, including those containing mechanically resonant de,·ices. 
lt should, howl·,·er , !Je rcmemhered that while an analytical study of 
thi:-; type may assist ma terially in furnishing a qualitatin· picture 
of thc co1Hiition,.. cxisting in some pil'Cl' of apparatns, it is hy no 
llll'ilns a suh,..titute for a rig,nous quantitati\·c treatment. 



Abstracts of Technical P apers • 

Carrier l'l'lt·plrony 011 l'o«·t•r Lillt'S .2 :\. ll. St..\t'<;lln.H and \\'. \'. 
\\'ot.FE. The fundanwntal rl·qnin·nH·nt,; of a teleplwne circuit <trl' 
outlined hridly ,md tr;lll:-l.tlt·d into tlw t1·rm,; of tlw power lim· carrier 
ll'll·ph<Hll' prohll'lll. Con,;iderahle dat.1 on tran,;mi:;,;ion lim· char
,Jl'tl·ri:-1 ic,; .1 t ctrrier f requt·ncie:; are prt':-l'll ted. which dearly ,;lww 
the magnitude of th1· tran,;mi:;,;ion prohlem and tlw ht·:;t frequt·ncy 
,·,tlue,; to t·mploy. The ad\';tntage,; of u,;ing the "metallic cirnnt 
.Hrangt·ment rather th;m the commonly l'lllployed "ground return" 
.1rra ngt•mt·n t an· em pha,;izt'l I. 

One of the chid prohlen~,; in carri1·r teh·phony on pnwl'r lines is to 
pro,·ide an efticient llll'<llb nf con lll'Cting tlll' carri1·r •·quipnH'nt to the 
power line, and the ,·arious po:-:-ihilitit•s and prdern·d nwthod:- <lrt' 
di:-n~:-:-ed at ,;onw length. 

The nature of the cireuit,; and equipment t•mployed are then de
::-crihed. Iogether with an indication of their range of u,;dulnes,; in 
power line telephone communication. 

Tlre .Yalurt• of Lall.f!.IIU.f!.e.3 R . L. Jo:o-;Es. in introduction, tlw hi,;
tory of human bnguage i,; ou tlined and thc lllalllll'r of :-pt·t·ch prn
duction j,. hrietly de:-crihed with :-pecial rdt·n·nct· to Engli,;h. Following 
thi,; i,; a ,.,ummary treatnwnt of a\·ailahl<' data on tht• ,;uhject of ,;pet·ch 
and hearing. :\Iuch of thi,; i,; tht· result of in\'l·,;tigations carried out 
during the pa,;t few year:- in the Rt•st•a rch l.ahoratorie:- of the Amer
ican Telephom· and Telegraph Company and the \\\·,;tern Electric 
Comp;my, at :\ew York . 

Hu man spn·ch employ,; frequencit·:; from a lit tk helow 100 cydes 
per :-econd to abm·e ß,OOO cycle:;, a rangc of about six octan·s. Thc 
t•ar can percei,·e sonnd wan·,; ranging in prt•:;sure amplitude from 
le,.;,; than 0.001 of a dyne to o\·er 1,000 dym·s and in frt·quency of 
\'ihration from ahout 20 cycles per :-econd to a hmt! 20.000, a range 
of ahout ten octaves. 

The inll'nsities and frequencie,; u,;ed mo:-t in coll\Tr,;;ttion are those 
located in the central part of the a rea of audition. The energy of 
:-;pt·ech is carried largl·ly hy fn·quencie,; hdow 1,000, hut the charac
teristics which make it intelligible, are carrit>d brgdy by fn·qut•ncit•s 
ahmT 1,000. l'ndl'r quil't conditions go(KI uncler,;tandin~ i,; pos:.i-

1 The purpo>'e uf these ahstral'ls is to supplcment 1he conlcnls of 1he Jouma/ 
hy reviewing papers from Bell Syslt"m sources which relalc dir .. ctly to electric;rl 
<'nmmunication hut which will not he reprinll·d in 1 he Jourrwl. 

• Journal,\. I. E. E., \'ol. XLIII, p . .lii, .\pr., 19~-L 
'Journal.\. I. E. E., \'nl. Xl.lll, p. -~~~ •. \pr., t•IH. 
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hlc with undi~tortcd spcech having an intcnsity anywhcre from one 
hundred timcs grcater, to a million times le~s than that al exit from 
tlw nwuth. On thc whole the ~ounds, tlt,J, s, and '' arc hardest to hear 
correctly and they arrount for o\'er half the mistakes madc in intcrpre
lation. Failure to percei,·e them correctly is principally due to their 
Yery wcak encrgy although it is also tobe noted that they haYc im
portant components of Yery high frequency. 

Tlte Pltysiral Crilerion for Detcrminin.f!. /lze Pitrlz oj a .\Iusiral Tone.4 

H.\R\'E\" FLETCIIER. This paper de~cribe~ experinll'nh in whirh a 
high quality tclephone system ,,·as u~cd lo reproduce mu~ical ~ouncJ,; 
from the Yoire, the piano, the ,·iolin, the rlarinet and thc organ \\'ithoul 
any appreriable distortion. ln to this telcphone ,.;y~tem electrical 
tiltcrs \H"re intrmluced whirh made it po~sihle to eliminatc any dcsircd 
frcquenry range. Re~ult,.; with this ~r~tem ,.,how that only the quality 
aml not 1 he pitrh of ~urh musiral so und,; changl·~ when a group of 
eilher the low or high frequency component~ i,.; eliminated. E,·en 
when the fundanwntal and firsl ,.;e\·en on·rtonL'S \\'l'f"L' eliminatcd 
from the ,·owel alz sung at an onlinary pitrh for a haritonc, thc pitrh 
remained the ,.;ame. The,.;e rc,.;ults \\'l'I'L' chcrked by a study nf syn
the,.;ized mu~ical Iones prmluced by ten Yarutllll tuhe oscillators, with 
frequencies from 100 to 1,000 at intnYals of 100. lt wa~ found that 
threc cnibl'CIIIiYL' componcnt frequcnrie~ \\'l'rL· sufticient lo giYe a 
clear mu,.;ical tonc of definite pitrh corre,.;ponding lo 100, and that in 
g1·neral when the adj;tCl'lll romponents had a constanl ditTercnrc 
which was a comnwn fartor to all romponents a ~inglc musical tnnc 
of pitch equal to this romnwn diiTl·n·nrc wa~ ohtained, hut not other
,,·i,.;l·. Recent work on hearing has shown that thc Iransmission 
nll'chanism het\H'L'n the air and the inner ear has a non-linear rcsponsc 
whirh acrounts for thc so-called suhjectiYc Iones. \\'hcn the com
ponent,.; of low frequency are eliminated from the l'XIernally impre,.;,-l'd 
mu:-;ical Iom·. they are a~ain introdured a,.; sul>jectiH· Iones hdore 
the sound reache,.; tlw nLT\·e ll'rminak Cakulation of the magni
tude of the:-L' suhjecliH· Iones from the IJOn-linear constanh uf tlll' ear 
shm\·s that the re,.;ults Clll pitrh arL· what might he l'Xpected. 

Sound :-Jwl·tra of ten typical mu,.;ical sounds, ohtainl'd with an 
electrieal automatic harnwnic analyzl'r to he descrihl'd hy \\'l' ~el and 
:\loore, are gin·n for alt sung at pitch d, a sung at a, piano r~o piano r', 
,·iolin g', cbrinel c, organ, pipc, Ct for thrl'e pre,.,sun·s, and mgan pipe r'. 

Ferromagnctism awl lts /Jcpcnclence L ·pon Chemiral, Tlzermul and 
,\lcrlwniml Conditions.:. L. \\'. ;\lcKEFit.\:-=. Thi,., re\'iew considers 

1 l'hy,i<·al Re\'il'w, \'ol. XXIII, '\o .. 1, :\l.trch, 19H. 
• Jou rna l of Fra nklin ln, titule , \· . \ 11h, pp. SSI 611\; iSi iX(•, 1112-l. 
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lir~t tlw gcrwr.tl propt·rtit•:-. of ferrom.l!::nctic bodie~ and tlw p.1rtintl.1r 
form~ of m.lgiH"tiz.llion l"llr\t":-o and hy~tere~i~ loop..; exhihitt·d hy in•11, 
coh.tlt. nicke!. ;111d tlwir allo\·:-. \\ ith e.wh otlwr and with other t"lt·mt·nh. 
The llen~lcr ,dloy:-. are al,.o de,..cril•t"ll. Tlw l'ITt•cts of !t•mper.ltllrt• 
upon m<~grwtiz.ltion .lrt· tlwn di,..cu~,.;ed in det;1il for tlll' ca,..t• of iron 
.uHI tlw heh.n·ior of .tllo~·~ j,.; comp.1red with this a~ a st.111d.ml, hoth 
n·n·r:o.ihlt• and irren·r:o.ihk ch.1nge~ l•eing di,.;cu:o.,..nl in :o.omc C.l"t"'· 
Thc tr,111,.ient ctTecb of mechanical str;1ins within thc da:o.tic Iimit 
<111d the perm,\nt·nt dlt·cts of on·r-:o.tro~in oi thc kind,.; u,.;u,dly nwt 
with in practin· an· n>n:-.idered. The n·,·iew nmdudt•:< with :-.penll.l
tion,.. in reganl to the t•ln·tronic group~ in tlll' atornic ,;trurture \\·hich 
.1n· n·,pon,..iblc ior the (l("l"Urn·nce oi ferromagnet ic properl ie~. ( lrw 
hundred and iorty refnenn·:o. to ren·nt periodical Iiterature are in
lt'ndt'(l to gin· ,.t.~rting point,.. ior mon· detailcd stud~· of any of the 
,..uhjt·cts di,..cu,..,..ed. 

Pamel.llt•r for Alternatin~ Currmt J!el.lsurnnmts l.ll Small .llagnrt-
1:111!! Foras.6 C .. \. KF.t.t.".\t.t.. This i,.; a dc~cription of a pcrnwa
mdt•r for making alternating rurrent nlca:<urcmcnts oi pernwahility 
on toroidal ,..pccimt'lh at ,..mall magnetizing force,.; and <1l tdephonic 
in·qucncie,.;. lt j,.. a ,..pecial type nf tran,.;formcr with a singlc turn 
,.erondary. Tlw primary con,..i,..h of a ,.;uitahlt: numhl'r of turns of 
in,nlall'd copper win· wound directly on a tindy di\'ided toroidal 
m.lglll'tic core madc of one of the high pcrmcahility permalloy~. 

The ,..ingle turn ,;econd.1ry j,.. an annular copper shcll enclo:o.ing thc 
primary with an additional :-pan· prll\·ided ior thc core to he tested. 
Tlw copper :-hell i,.. prm·irkd with con\Tnient mean~ for opening and 
do,.ing. The ,..,1111ph· "ho,..t• JWrmeahility i,; to l>c dl'!crmined i~ inter
linket! with the opl'n "l'Olllrlary which i~ tlwn cln"cd. Tlw induetanrc 
of tht· in:<trument connet'lt·d "" nne arm of an inductancc hrid~e is 
tht·n mea,.trrt'd at the prim.try lt'rminal,... From the 'alue thu,.; oh
tained. the con,.t.mt,.. of tlw tr;•n,..fornwr and tlw dimension~ oi llll' 
.... unple. tlw permeahility i,.. rornput('d. 

Furnaa Permeata for .lltenratin~ Current .llcasurnnents at .';mall 
Jla~neti:in~ Forces! ( ;, .\. Kn.l.".\1.1 .. Thi,.; i,; an adapt.1tion oi the 
pl'rnwaml'lt·r prt·,·iou,.ly clt·,;nilwd for t Iw mt·a,..un·nwnt of pt·rmeahil
ity .11 dt'\·ated ll'mper.ttun·~. I t cnn,_i,..t,.. t•,.,t·ntially oi a pt·rn~t·;uneter 
with an addition oi an .trlllltlar t·lectric imn.1n· immt·di;J!t'ly ,..urround
ing the s.tmple under lt·,..t .111d ,.uit·thly h1·.tt in ... ulatt·d iro111 tht· other 
Jl.lrt,; of the in,.trument. l.ikt· tlll' ,..impkr JWrlllt'.llllt'll·r. it rm·.l,.ltrt· ... 
thl• permt·,Jhility of rin...: ,.,unplt•., for ,;m dl 111 tgrwtizin.: iorn·, .11 

'j. I I.._ .\ 1nd R. S. 1.. s. pp \211 u-,, 1'12.J. 

'J. 0 ~ .. ·\. and 1<. S. 1 .• '• pp. hfl11 h; .J, l'l.:?.J. 
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telephonic frequcncies without the nece~sity of wincting magnetlzlng 
coils upon them. The maximum temperaturl' at which measure
menh can !Je made with this apparatus is ahout 1.000° C. By filling 
tlw unheated fu1 nace with liquid air, a minimum temperature of 

1!!0° C is at taina hle making the whole range of the instrunwnt 
ahout 1,200° C. 

The changes introduced in order to adapt to permeameter for 
nwasurenwnts at different temperatures do not impair its accuracy, 
the dl'lermination of permeaLility at hoth high and low temperature 
ha\·ing tht.' sanll' precision as at room temperature. 
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tribution-. tn thc thcory of tran"mi,."ion linc,.; and as,.cwiat ed app.rra tn,;, 
.rnd morc rl'cently to tht· thcory of c-ros,.talk and otlwr interferl'nn·. 
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K.-\RL K . D.-\RROW, S .B., l ' ni\·crsity of Chicago, I tlll ; l ' ninrsity 
of Paris , l!lll 12: I ' niYersity of Berlin, l!ll2; l'h .D., in physics and 
mathematics, l 'n i,·crsity of Chicago, l!lli; En gineering DcpartmC'nt , 
\\'estcrn Ek·ctric Company, Hll 7 -. At the \\'cstl'rn Electric, :\Ir. 
DMrow ha ,; Lecn Cll).pgcd largcly in prC'paring ,.,tudies a nd analyses 
of puhlishcd researc h in \ 'arious fie ld ,.; of phy,.;ics. 

11. 11. :\ .\:\CE, \\ 'ashington l ' niwrsity, lfH)l) 10; Long Lincs l'lant 
lkpartmenl, Hl i 0-2:~; district p la nt chil'f, Hlli l~ ; di,·i,;ion ,;llpl'rin
t(·ndl'nt of l'quipnwnt con:o. truction, lfll!l 20 ; di\·ision cnginecr. 
l!l20 - 2:~; Long Lines Engineering I >eparlment , acting l'llgincl'f of 
tralbllli,.,,.,ion, 1!12:~; engineer of lransllli,;sion, 1!12-l . 

J. \\' . HoRTO:\, B.S., :\l a:o.,.;achusC'\1,_; ill,;titutl' of T l'chnology, 1\Jl-! ; 
instructor in phy,;ics, l!ll-1 l!i; Engineering Dq)~lrt lll C'nl of the 
\\'l'stl'rn Electric Colllpany,_ Hllti :\Ir. ll orton has (Jeen dosely 
cnnnec ted with thl' d e \Tlopnwnt nf a pparatus for ca rrier current 
communication. 
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" The Stethophone," An Electrical Stethoscope 
By H. A. FREDERICK and H. F. DODGE 

I .. \c ·m ·..;Tic · S fi-:TttO~Col't·::-i 

Al"SCI"I.T.\Tlt ):\ i" commc>nly pr;Kticed l>y means of the 
onlin.try stl'tho"cope, a de\·in· with which thc phy"ician is 

.thlc to "tudy "ounds produn·d within the heart, lung", or otlwr por
timts of the ltncly .md tn detL·rmine whether such al>twrm<JI cnu
dition,. C:\i,.t .b an· e\·idenced hy abnormal sounds. ( )f partintlar 
itnpnrt.mce .trc the characteri"tic" nf the normal heart sounds, lll'art 
ttlttrmttrs, hreathing snunds and r[Ues. 1 lt is weil known that tlw 
inten"ity of certain of thL'"L' soumls is not in itself of fundamental 
signiticann·, that, for example, certain \·ery faint murmurs may 
repre,-ent seriou" organic le"inns; hence it is of pathological im 
portanre that thesL' sounds Iw heard and understood. 

~( o,.t acou,.tic and mech.mical \·il>ratory systems introduce cli"
tortion by di,.criminating in f,t\·or of certain freqm'ncy bands. Ex
treme di,-tortion may alter a sound lteyomi recognition. lf a mod
erate atnouut of di,.;tortion is una\"oidal>le, it may he pos"iblc to 
cnntrol it jucliciou,;ly so as to gin· most accurate reproduction in 
the frequenry region of major importance. 

From thi,. ... t.tt!dpoint it is nf interest to mnsider the frequency 
ch,tr,L<lL·ri,.tic,. of the two common types of stl'thCJ"copes shown in 
Fig,... 1 .tml '2. The stetho,..copcs u,;cd in these te"ts \n·re equippecl 
with thiL·k-w,liiL·d ,..oft rubiK·r tuhing such that thc cli"tancc from 
thL· chL·,..t piL·ce to the car piece" was appmximate ly .).i cn1. The 
char.Lcteri,..tic of the open bdl "tethoscope was obtained by picking 
up ,..ound irom tlll' surface of a piece of fresh IJl'd and measuring 
tlll' rel.Ltin· intL·n,..ity oi sound on ,1 conckn"er transmitter~ with .tlld 

1 Tht· prt·,ence of .111y one of sever.d typcs of lesions in or near the ,·aln·s oi t he 
lwart "~:;i,·es rise to L·ddies in 1hc bloo<l current and therehy To the al>norm.tl -.>un<b 
to whieh wc gi,·e the name murmur,." ":\o one oi thc ,·arious hlowing. whi,tling-, 
rolling, ruml•ling or piping- noi~s to whirh thc term rders, sounds anything lik1· 
a 'murmur · in the ordinary s<·mt· of the worcl." 1 R. C. Ca hol l'hysic.tl I >i.tgno,is, 
IP· 11'12-.l. 1'>23. 

''The term 'r:Ut·s' is applied ln sour11ls produced b~· thc pas,.tg<· of air through 
bronrhi ""ndpipt·s which I'OIHain mucus or pus, or which an· narrowed l>y swelling 
uf their walb." R. C. Cahnt l'hysical Diag-nosis, p. loJ Räles m.ty .lppt•,Jr 
either as buhbling sounds, occurring singly or in shuwer,;, or as mu,ic.d s<lll<"otks 
and groans. 

~ E. C. \\"entc, '"Thc St·nsilivil\" and l'redsion of the Elcctrnstatic Tr,ll!smill<'r 
for :\h:a,uring "vund lntcnsities,".Pirys. Rn·. 19, :\o. 5, p. -l'>X, 1921. 
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withoul the test stethoscope inserted in the sound path. In this 
experinwnt, it was impractical>le lo sc>t up pure , -il>rations in the 
human lJOdy . A piece of fresh hed was a conn·nient substitute a nd 
one whieh for the purposes of sueh physieal analysis a ppearc>d satis
factory. 

The frequcney charaetcristic of the open hell stethoseope is shuwn 

Fig. 1- The open bell stcthoscope 

~' 

~ 

Fig. 2 -Ont· type of Bowle~ ~l clhoscopc• 

in Fig. :~. in whieh tlll' "sensation \·alue" as intcrprl'll'd hy the ear 
is plotted in transmissilln units, 3 TL'. com·cnient units used to 

• Tlw t ransmission unit used in this paper is a logaril hmic fundion of pm\l·r 
ratio. Th e numlwr of lran>mi~~ion unit~ .Y corre~ponding lo tlw ratio of lwo 

amountsof puwerP 1 and P, is given hythcre::llion .\' = tolog 10 ~~· Thc power 

ratio corrc,poncling lo .\' unils is therdore 10 10 • For examplc, an incrcase of 
10 TL' signifies 111 tinws as mnch power; of 211 Tl ', 1011 times a~ llllwh power, t'lc. 
s,.,. \\" . II. ;\l .• rtin, "Tiw Tran,mi~~ion l'nit," Joumaf .-1. I. E. /~ .. \·ol. ·B, p. 
SW, 1!12-l; B. S. T. J. \'ol. .l, p. -!llll, 1!12-1. 
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expn·,.,,; rl"l.ttin· l~>ttdm·,.,s. .\ powl"r r.ttio ,.,cale is a),.,., ,.,)wwn .tl tlll' 
ldt .111d tlw powl'r .tl 100 cyelt•,; is a,.,sunwd l'l(llal to unity ,,., .t n·f
t'lt'lll'l' point. 

Thi,., curn· ,;how,; tlw rl'l.ttin' l'llicil'ncy of transmi,.,,.,i.,n for frl'
l(lll'lll'ie,; up to :.?,0011 cycll's. Tlll' sucn·ssin~ pl'aks arl' dut· primarily 
to n·son,tnn· of the air columns and are partly dcterminl'd l>y thl' 
length of the ,.,tetho,;copt• tuhing-. Resonance thus increase,; the 
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Fig. 3 ~Frcqucncy characlcristic of open lwll ,;tt'tho,;copc 
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et'ficiency nf transmis,;ion at and abon· the fundaml'ntal peak fre
quency. .\,; the frequency ~cale i~ ascend ed from this point, the 
transmission f.tlls o!T gradually. 

In a suh><l'fJllent lest, thc open Ll'll and H~>wles types of stethoscopt•s 
Figs. I and 21 Wl're compared dirl·ctly with ont• another. For thi,; 

lt'"'· a \ igornus soundwas imparted to the slernum of a patient and 
the sound was picked up on·r the apex of thc )wart. Below 1:>0 
cycll's, the Bowlcs ~tetho,;cope averaged approximately l.i TC )to,.,,.; 

efticient, \\ hereas, disrl'garding thc sonll'what diiTerent arrangemcnt 
of the n·,.,.,nance pl·ak~. bel\\'l'l'n :wo and 1,000 cydes. it \·aried from 
.-, to 10 Tl' more eificient than thc open hell type. The,..e featurl'>< 
of the Bowles stethosl·npl' are due to the ehest piece diaphr.tgm . 
. \s will Le shown in anotlwr papcr, much of the energy of ,..y,..tolic 
and dia,.,tolic murmurs is made up of fn·qul'tll'iL·,.. bdwt·t·n 120 and 
utiU cycles pcr secnnd. Thus, concurring with oiJ,..cn·ation,.; made 
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L~· l>r. R. C. Cabot,4 it i:-; to Le expected that many of the moderatcly 
high and high pitched murmurs can Lc hcard more distinrtly with 
the Bowlcs than with the openhell stethoscope. On thc other band, 
for many faint pathological sOUIHI:-; such as presystolic murmurs 
which are composcd primarily of n:lati,·cly Im\· frcquencies, thc 
open hell stethoscope is morc satisfactory for observation. The 
lattcr introduces less distortion so that with it all sounds arc rctaincd 
morc nearly at tlwir original rc·latiYc intcnsities. These remarks 
are, of cours<·, confincd to thc particular designs of stcthoscopes shown 
in Figs. I and 2. lt should he notcd that as thc lcngth of the ruhher 
t ul1ing is incrcased, the fundamental pca k of Fig. 3 1110\'CS down
ward in fr<"qucncy, and thc transmission at highcr frcquencics hccomes 
poorer. In onler to rl'lain thc Yery high pitchcd components of 
certain heart and ehest sounds, the usc of long ruhher tubing should, 
thcreforc, be a\·oidcd. 

Thc comnwn stcthoscope scn·cs as a con,·cnicnl mcans of ob,;en·
ing hody sounds. lf thc availa!Jic cnergy from a single ehest piecc 
is subdi,·ided in order to supply se\·eral individuals, hmn·,·cr, the 
:-;ou nds ohst'I n·d hy cach arc much faintl:r. In ca,;cs wherc 1 hc 
:-;ounds of pathologieal intercst arc sufficicntly near thc thrcshold 
of audihility the use of a multiplicity of o]Jscn·ing tuhcs rcndcrs 
these sounds inaudildc. This is often thc case. 

For teaching purposcs or for consultation, it is cxtrcmcly dcsirahlc 
to haYe multiple listening units. In the past, it has IJccn ncccssary 
to handle thc studcnts of ]arge classcs either singly or insmall groups. 
This mcthod naturally Iimits thc numbcr of cascs that can hc demon
strated and makes it impossible to give cach st udcnt as much practicc 
<Is has hcen found necessary for him to IJt•comc familiar with thc 
nwrc ohscurc sou nd s. :\ sidc from thcsc factors, it has not Ileen 
feasihle for a ]arge group to o]Jscn·e simultaneously with thc in
structor the peculiaritics and changcs in murmurs of a transil'nt or 
e\·anL·scen t charact er. 

\\'ith the dew·lopment of ,·acuum tuhc ampliliers, the possil>ilitics 
of reproducing and magnifying hody sol!IHls clectrically were con
sidered. I t appcared that a dt·,·icc might he prm·ided which would 
IL· u,;dul Illll only in teaching hut also in diagnosi,;, as an aid to 
physiciaus of sul•nornwl hearing, in the rcproduction of the \Try 
faint fetal heart soUIH I,; or e\ en in lields ]JeyniHi thc scopc of tiH' 
ordinary ~tcthc•scope. 

'R. C. !'ahol, "l'hysici.tl Dia~nosis," Chap. \'(, ('123. 
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:.!. E\IH.\ (h.\FI.I>I'\11·'1" 111 Tlll· 1·:1.1·.1 11{11 .\1. Stl·.llllhl 111'1· 

Thc carlic:;t dcn•lopllll'lll work on cll•ctrical :;tetlw:;copl'" w,1,.. 
n.1turally ccntt•rcd allout thc carhon tran~mittcr and otlll'r miero
phonic l·ontaet dl·,·icc:<. In l!ltli", Einthon•n 5 madc rcconb of normal 
hl·.1rt ~ounds and nmrmur:-o. In l\110.'; lll'art :<oUIHI:< wcrc rl·prodnn·d 
hy a tuncd nH.'cltanieal rl'1.1y con,..i~ting of a :;inglc micr .. phonic nlll
t.ICt <llld an elcctromagnctic l·k·n•l·nt. \\' i!h thi,; dc,·icc, hcart :<11und:< 
Wl'rc lran:<mittcd audihly but c\·idcntly with a considcr;1hk amount 
of distortinn, o\·er a conlnlen·ial telcphone line in London. Thc 
nnrm<1l he;lrt :<ounlb wcre amplitictl by Squier 7 for a group of phy:<i
ci.ln:; hy llll'.tlb of a carhon tran~mittcr in 1!!21. I t i~ rcadily possihlc 
to .unplify thc lluctuation,.; in currcnt in a carbon microphonc hy 
me.m,. of \·aeuum tuhc ampliticrs. 1 lowcYcr. thc carhon minophonc 
a(,.o introduccs a ccrtain amount of noisc inhercnt in thc UH' of loo,..c 
contact,.;. Thi,- noi,.;c i,.; hclow thc thrcshold of audihility for thc 
normal t~:-c of thc microphonc, as in thc telephonc plant, l•ut whcn 
it i,.. ampliticd along with the faint sounds of intcrcst, in au:;cultation 

it ht·comc,.; n·ry annoying and lcnd" to obscurc the:<l' othcr :-oounds. 
Thi,.; "microphonc roar" conl<~ins compnncnls throughout thc rangc 
oi .mdihle frcqucncie:-o and hcncc cannot !Je eliminatcd. \ 'arious 
c\pcrinll'ntcr:< han·. howcYer. atlcmptcd to perfect :-ouch a dc,·icc.R'9 

.-\,; far ·•" wc han• hecn able to dctcrmine, such dc,·iccs ha,·c not 
,;,Jti,;f<~ctorily rcproduced faint heart murmurs or ehest sou nds . 

I )j thc otlwr pos,..ihlc type~. thc e lcctromagnetic has thus far ap
pcarcd to oller the greate,..t promisc. In design, this rc~cmhlcs 

clo,..dy lhc ordinary telcphone rccei,·er. This type rcquirc:< a more 
powerful ;unpliticr than the carhon microphone but this i,- not a 

~criou:-o Iimitation. Such a comhination has l•l'Cll u,..l·d \Yith prom
ising rc,.;uft,.. to o!Jt;lin graphical records of hcart murmurs. 1n The 
pn>grt·,.;~ made with this type of cquipmcnt for teaching purpc1,.;l'S ha,.; 
becn outlincd. 11 Thc stiCce~,..ful application of the clcctromagnetic 

$ \\·. Ein I hown, "Die Registricrun!: der mcn!'<'hlich•·n tt .. rzliim.· miuels d .. s 
~.Iilengalv,tnornl'lers," .lrch. f.tl. gn. Plrysiol., lli:-161 .\pril I<Jfli; "Ein drillt•r 
llerzlon," ihid. 1.?11:31 t lct. 191li 

• S. ( ;. Rrmnt, ".\Telephone Relay," Jmmwl I. E. /~. :\l.ty S, l'liO. 
'S. \\'. \\"inler,, "lliagno,.is hy \\"irclcss," Scit·rzl .. lma. 1.?-1:-lh.'i Jum·, 1'1.!1. 
'R. B .. \hholl, "Elimin.tting lnterfcnn~; Sounds in .1 Telephone l"ran,tHillt·r 

Stcthoscnpt·," Phys. Rn.•. 11 :.?00 Feh., 1<>13. 
• Jaroh,ohn, ".\mplitied .\udibility of lleart Sound,," Bali11 Lella J . . I . .1/ .. I .. 

llll:-19.1 h·h. Ii, l'l!.l. 
10 II. B. \\"illi.uns, "\"t·w :\lc1hod for Cr.1phic Study of I learl \lurmur-.'' /'ro,. 

s,,, /~xprr Bio/. <111d .\frd., ll(:li'J :\larch lö, 1021. 
11 R. l. t',thol, ";\ :\luhiplc Elct·triral Stetho,;,:opc for Te;whin\: l'uq•»;o·s,' 

J. .-I. .I/ .• -1., ~ t :.?9~ J uly .?~. 1'>.?3. 
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transmitter to tPaching was clue largely to the work of I>r. R . C. 
Cahot ;lllu I >r. C J. Gamhle at the l\Jassachusctts General llospital 
where a sucrcssful multiple clcctric<1l stethoscope was first cmployed 
for dassroom lecturcs in June, l!l2:t Thc cquipment consistccl of an 
clcctromagnctic tran!'m ittcr prO\·ided with a >'pccia l form of mouth
pierc for picking up thc body sounds , a thrce-stagc \'acuum t uhc 
amplilit•r anu a distrihution system to accommuuate as many as 
12;) students with single head rerci\'crs on which indi\·idual ordinary 
stethoscopes wcre helrl. 12 

Thc cxpericncc gained with this equipment indicated certain 
im pro\·cments to increase the sensiti\'ity to body sounds, and at the 
sanll' time decrease the disturbanccs causeu by ext raneous noises. 
C.rcater scnsiti\'ity req uired a hetter transference of sound energy 
from the budy to thc transmitter. Reduced room noise requircd that 
WC' couple thc transmitteras closely as possih!C' with the human body 
a nd at the same time make it inscnsititi\·e to souml , ·ibrations in the 
air. A preliminary ana lysis wi th clcctrical tilters of thc frcqucncy 
charactcristics of ,.,ounds of pathological intercst to the physirian 
showcd that thcsC' sounds wcre composed largely of frequenciC's bclow 
1,000 cyclcs. lnasmnch as thc frequency characteristics of thcsc 
\'arious sounds arc different, it has becn found \"ery usdul to permit 
conrentration on the sounds of interest by thc usc of elcctrical tillcrs. 

These factors lcd to the den·lopment of thc dt•ctrical stcthoscope 
callcd the "stcthophone" which is descrihed in the following para
graphs. This dc\'elopmcnt was undert<lkcn at thc reque~t and with 
the acti\·c cooperation of Dr. II. B. \\' illiams of the College of l'hysi
cians and Snrgeons, :\cw York, Dr. Richanl C Cahot 11 of tlw l\lassa
chusctts r.eneral llospital, Boston, aml l>r. C. ]. C.amhle 12 of thc 
School of l\ledicinc of thc l 1nin.' rsity of l'enn syh-ania, l'hiladt'lphia. 
The coopcr;1tion of these physicians pcrmitted the instrunwnt to be 
gi\·en practical test s a t cYcry slage of ils den·lopment. 

:~ . CE:>;ER.\L lh:sUHI'TIO:'\ !lF TIIE STETIIOI'IIO:\E 

Thc ~tethophonc consists e~scntially of the following dcmcnts: 
I. :\n clectromagnetic transmit tC'r. 
::?. :\ thn•(•-stagc amplilier with a potcntiomcter control. 
:J. ,\ s('lected group of dl'ctric filters. 
.J . A multiplicity of output reccin·rs for obscrn·rs. 

The whole is assemblcd in a suhstantial cahinet on whecls rc
" A uetaifed ue~cription of 1hc appa ra tus used in this instafbtion was prcst·ntcd 

in a n ·ccnl paper. Sl't: Camhfe and Replo ~o:f t>, " :\ ~lultipfc Elec tric Stcthoscopc 
for T caching," J . .-1. .\/. A., \ 'ol. 81, p. JSi, t!J24. 

a~ 
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:-t'Jllhlin:-:, .1 "tt·.t-\\.lgon." II n·quirl's for its operation a six-volt 
,..tor,t).:l' h.tttery .uul .1 J:W-volt "B" h.ttll'ry. The:--e arl' hou,..l'd in 
conlp.trtnlt'lll,.. in tlw lowl'r p.1rt of thc rahinet. Tl'n jark po,.;ition~ 

,tn· providl'd to pl'rmit thi,.; 1111111her of persons to li,..lt'll simultarll'nu,.;Jy 

Fig. -l-Circuil di,t)!ram of ~lclhophone 

around the ";tethnphnne. ,\11 rontrols arl' con\·cniently plarcd on a 
:-inglt• p.md tn f.JCilitate operation . 

. \ :-chematic circuit diagram is shown in Fig. ·L 

-1. TR.\='"\IITTER 

Thl' tran,.,mitter employed with greate,.;t success with the stctho
plwne thus far is of thc elcctro-magnl'lic type equipped with a special 
vihratory clement whirh i,.; placed in direct contact with the tlc,.;h 
nf the p.ttient. 

Ont: of the featurc,.; of the tran:--mitttT i,.; its insensitin·ncss tn sound 
\\,tn·,.. in the air. Thus, the ratio of cxtrancous noi,;c picked 11p 
hy tht· tran,.;mittcr to thc l)()dy snunds is greatly n:duced so that 
oh:-t•nation,; can bt· lll<Hk with ,1 minimum anwunt of interference 
f rom room noi:-e. 

Thc t ran:-mitter coJbt ruct ion prm·idc,.; cffiricn t t ransfcr of \·ihra
tional cncrgy from thc tle,..h or hnny framcwork of the hody to thc 
,-ihr<ttory :-tet·l t:lt:nwn t. I t prnvidc:-- a mt'<llb for coupling which 
:-crn·,. a,., .1 mcrhanical t ran:-fonner for hody so und ('llcrgy and a\·oids 
an abrupt changl' in the path d thc wa\·es and !arge attcndant lo:-,..l'" 
hy rl'llection. Thc :-y:-tl'm j,.; highly damped and minimizt·,.; the dis
tnrtion of the :-ound,.. nf intt·n·,..t, 

~incl' tht· tr.w:-mittl'r i:-- a ront.tct dt•,·in·, thl' phy,..iri.tn may ,·,try 
thc pn·,..,..un· of .tpplic,ttion at will. Firm hut light cnntart i:- dt•:-ir.thll'. 
The human flc,.;h contributt'" damping to thc vihratory ,.y,..tcm of tht' 
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tran,;mitter. l ' ndouhtedly this damping i,; not only YariaLie for 
different incliYiduals Lut depends upon the pressure and tlw nature 
of the flbh and Lonc structure in the vicinity of thc point of applica
tion for any one indiYidual. Thus the frcquency characteristic of 
the transmitter is somcwhat eiependent on the conditions of use. 
The frcquency nf maximum response is slightly above 200 cydes, 
and thc nature of the ref;ponsc-frequency curve indicates that the 
Yiuratory system is highly damped. A discussion of the owrall 
f rcquency characterist ic of t hc stethophone, including the trans
mitter, is given in a later section of the paper. 

lt is obvious that Yariations in the pressure of application will 
introduce disturbing noises in the audible frequency range. Suitahlc 
means han·, therefore, Leen provided to eliminatc the communica
tion to the YiLratory system of hand tremors, slight movemcnts of 
the paticnt, and friction noiscs of the fingers on thc casc of thc trans
mitter. 

Anothcr source of extraneous noise is the rubbing of the transmitter 
cord on the dothing or on other surfaces. A stif"f cnrd is Ycry oL
jectionaLie from the standpoint of Iransmission of friction noises. 
lnsula tion f rom these noises has Leen prO\·icted Ly a Yery flexible 
section of cord at thc transmitter end . 

.i .. b!PLIFIIO: R 

The three-stage amplifier employs one Western IJectric 102-1> and 
two \\'es tcrn Electrie 101-1> Yacuum tuhes. As shown in Fig. 4, the 
input Iransformer Tl connects the transmitter to thc grid of tlw lirst 
tnbe which is coupled to the second tuhe through a resistance potentio
llleter. Tlw second and third tul•es arc coupled through a trans
fonner T'2. The output circuit of the last tuhc may Iw comwcted 
to thc Ioad directly from its platc circuit for high impedann.· Ioads, 
or through an outpul transfornwr T:~ for lnw impedancc Ioads. Tlw 
plate circuit of the secund tuhe is tuned hy means of a cundenscr Cl 
in onler to retain high a mplilication at the low end of the frequency 
scale. 

A n:ry llat charactcristic is ol•tained oYer the range of intercst, 
thc maximum \'ariation heing only ahottl :3 Tl' (See Fig . .'i ). A 
total gain of ahollt :-10 TU is prm·idl'd, that is, a power amplilica
tion of about one hundred million Iimes. \\'it h an amplilicatio11 of 
;,o TU, alll>lll the same louducss is ohsen-cd in a single rccein·r in 
the outpul circuit of thc stethophom· as is Iwan! hy the direct usP 
of the open 11('11 stethoscope . This lean•s a re:-.ern· amplilication 
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ni .dHJllt :111 /l' ,1\ .~il.doll· for oht.tinin).: gn·att·r intl'll,.,ity of ,.,.,111111,., 11r 
fnr ,..upplying .1 l.trge number of incli\·iclu.d li,.,tening 1111ih. 

The putentiomt·ll'r loet\\l'l'll tlll' lir,..t .111cl ,..l'l'llllll tlllll';o; lll.lkl',; it 
po;-;,.,ibk lo .tdju,..t tlw ampliliLttion in "nt.tll ;o;tep", each !->ll'p gi\·ing 
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apprco:-.;imately twice the energy of thc prereuing onc. Thi;-; i;-; an 
l',..;-;enti.tl ell'rnent of a lle:-.;ihle systcm. 

Ii. ELECTRIC Fl LTER" 

.\n clectrir lilter is a cmnbination of coil;-; and conden;-;ers cap<tble of 
,..ep.uating electrical waYes characterized hy a dillerencl' in frequency. 1J 

The three fundamental forms of lilter" are commonly termed 
"low-pa,.;s," "high-pass," and "hand-pass." .-\ low-pa;-;s filter is um· 
which passc:o; currents of frequencic" loelow a particular "cut-oll 
frequcncy" amJ attenuates or weakens \Try greatly currents of higher 
frequencie". .-\ high-pass filter does the oppnsite-attenuate" IJeln\\ 
thc cut-oll frcquency anu pa""es ahon• this frequency. .\ hand
pa:-:- tiltcr i,. onc which pa,;scs ntrrents nf frequL·ncie,; within a cldinit1· 
hand lixed hy two cut-oll frcqnencie,;. .\ low·p<bs ancl <1 high-P""" 
lilter ronnected in ,;cries l"lllbtitute one form of l•.tncl-p.t,..;-; liltl'r. 
For any type of liltcr, thc "harpnL•ss of rut-oll and tlw .IIIHJII!lt of 
.tttL·nuation can loc controlled at will hy suitahle d1·"ign con,.,t.tnt,.. 

" ( ;, .\. C.unpl..-11. "Physical Thmry of Elcctrieal \\'.1n Fihcr,," Bl'll Sy>lt'/11 
Trch. loumal, :\ov. 1'122. 
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The stcthophone is cquipped with ltYC lilters whose cut-ofT frl'
qnencies are Lased on ca rdul analyses of ahuut 100 hospital cases 
of heart murmurs, raks and bre<1.thing sou1H.b. These analyses 
showed that the sounds of pathulogical interest to the physician can 
hc grouped into fairly definite frequency regions. \\'hl·n suunds in 
a particular range uf frequcncies arc of immediate importance, thcy 
may be emphasizcd hy Sllpprcssing sounds outside of this band. 

The frequency characteristics of the filters art· slwwn in Fig. G. 
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Fig. 6. Los,; characlrrislics of lh e fi,·c fdlt·rs 

For cml\·enience, thc cut-oiT frequency has hel'll ddincd as that 
frcquency at which thc l' llergy is redttCl'O to approximately I 10 

of its original ,·aluc. 

Tbc low-pass liltcr with a cut-oll frcquency of J:W cycles is of 
primary use fnr reproducing thc normal I\Cart sounds and fetal heart 
sounds in e<tses where the rat e a lmte is desired. :\lost of thc encrgy 
of thcse sound s is helow 100 cydes. \\'ith this liltcr most of thc 
conHnon intcrfering noises , induding the sounds of thl· huma n \·oicc, 

a rl' exduded. 

The low-pass ·100 cyck· lillt'r is partieularly usdul fur oiJSt·rving 
prcsystolic and n·rt;tin low -pitdwd sys tolic and di;tstolic murmurs. 

Thc low-pass ().')(} cydc lilter has hccn found tlw nwst \·aluahle 
of a lt tin· lilters. \\'ith it, mos t high-pit ched murmurs, low-pitched 
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r.lfe,.. .uul cert.1in type,; o f hrea thing ,..oumb can ht· o h,..1· rn·d to tlw 
gn'. lll'"' .uh·. tnl.tge . 

Tht· low-p.t,..,.. 1,100 cydl· lilter pa,;:-.e,; tlw higlwr fr .. qnl'ncy com
poiH'Ilh of n·ry high-pitrhed murmur:-; and high-pitdwd rtiles in a 
m.tjori t y of c.tscs. 

Tlll' high -pas,; IaO ryde liltcr !'cr\'es a uniquc .md impnrtant pur
po,..t·. I t may he regankd as in \·alue second only to the low-p;tss 
ti.iO cyde tiltcr. In many ca,..cs, thc loud normal :;ounds l!·nd to 
m.tsk or oh,;curc thc faint higher-pitchcd murmurs. The high-pas,; 
1:~0 cycle tilter sern·s to \H~akcn greatly the normal hcart ,;ourHb so 
th.tt tlw murrnur sounds occurring in the intcr\'als lwtwccn tht· 
hea h appear with its usc to he rclati,·cly rnuch loudcr. In this 
lilter, the amount of atlt'nuation in the low frequency region ha,; 
hl'l'll m.ade such that the re,;idual low frequency cnergy a nd tlw 
higlwr fn·quency components of thc normal lwart SOUlHis are just 
,;ullicil·ntly audihlc so that the rnurmurs may he tinwd with rl'lation 
to their positions in the canliac cyde. This filter is also very usdul 
for weakcning the heart SOl\ll(Js whcn rafes or pcricanlial friction 
,..ou1Hb arc tobe obser\'cd in areas where the heart sourHis are loud. 

Thc high-pa,;s 130 cyclc filtcr may be conncctcd into the circuit 
jointly with any one of the low-pass filtcrs, thus making a\·ailablc 
il group of hand-pa,;s tilters with a lowcr cut-oiT frequency of r:w 
cycle,;. 

i. ÜL'TPUT RECEIVERS 

\\'hcn the stethophone is used for teaching or consultation pur
poscs, a numbcr of high impedancc recci\'ers are connectcd in parallel 
in thc output circuit. Each obscrver is pro\'ided with a singlc 
rccei,·cr to which the onlinary stethoscope carpieces may bc readily 

Fig. i-The outpul receiwr 

(\,IP,~ AflA(li ~G 

TO (lOTHih6-

attached a,; ,;hown in Fig. i. This method of tran,;mitting ,;oumls 
from the recei\'er diaphragm to thc ears minirnizc,; leakagc lo,;s of 
sound energy and ser\'cs ciTecti\'cly to ~hut ou t room nni,;cs a nd 
o ther annoying soumb. This rl'sult could Ol' e\'l' ll bl'ltl'r of,t.1i necl 
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anu with le"s distortion by prm·iding the reccin·rs with small tips 
to insert iu the ears but at a greater eost for additional reccin·r,... 
I t is perhaps Letter to use the tubing and earpieces of the onlinary 
stcthoscope as this is the equipmcnt to which physician~ are most 
accustomcd and to which thc stucknt must accustom bimself for 
future practicc. Tlw receiwr case is prm·ided with a spring- clip 
for attachment to the clothing. This allows full freedom of hoth 
hands for manipulating the transmitter and the control switches of 
the amplifier, taking notes, etc. 

The impedancc of the output circuit depends upon the numher 
of recei\·ers in usc anti, for parallel connection, dccreases as tlw num
her of recei\·ers is increaserl. To care for the variaiJie numher that 
may be used at d ifferent times, thc output Iransformer has IK·en 
tapped and a three-way switch provided. By operating this switch, 
tlw apparat us can be adjusted tu a Ioad \"arying from I to liOO recein·rs 
with a maximum transmission loss of 2.;j TU. 

8. FREQUE.:\"CY CHARACTERISTICS OF THE STETIIOPHO:-.IE 

The mTrall frequency characteristics of the stethophone, includ
ing the transmitter, the ampli fier, and the outpul recei\"ers, are gin.-n 
in Fig. 8. Two cur\"es are shown. The solid linc cun·e represents 
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~>Jll'r.tting condition.; wlwn tlw outpul rl'n'i\ t·rs an· t"qnippt·d with 
ruhhl'r tuhing .t:- in Fig. ;. and with tlw hinaural t•.tr-pit·n·" lwld in 
tlw t'.lr:-. Tht' pt'ak,; in thi" curn· ;Jrc due princip.tlly to the n·"t111.1nn· 
in tlw air colunllb of tlll' rul•her tuhing, ;md corrt',;pond to tht' ~im
il.tr JW.tk,; oi Fi!-!. ;{ for tlw open hell skthoscope. In ordt·r to pnint 
out tlw ellt'cl of the "'''tho:-copt• attachnwnt of tlw outpul ren·in·r. 
,, ,..t·cond rh.1r.trte1 i,..tic i,; "hnwn hy a dot ll'd curve which rcprc,;en t:
ronditinn,; wht·n an output ren·in·r of the same type i:-; held directly 
;q.:.tin,..t tlw e.1r. lt is nntcd that tlw stetho,;copc attachnwnt in
cn-.t,..es tlw tr.lllslllis,..ion hetwt'en L"iO and 500 cydes per ,;enmd, 
.111d d.unps the "harp resnnant peak of the rcceivcr. 

The ovcr.tll ch;lractl'ri,;tic of thc stl'lhophone as t·mployt'd for 
.tu,nJit.ttion j,; quitt· .. imilar tn that of thc opcn hell stetho,;copl'. 
I t i,.. de,irabk that tlw hody sounds as oh:-;erved by thc stethophonc 
,..lwuld .tppear thc ,;,Jme a,; in thc orclinary stcthoscopc, particularly 
in teaching work ,..incc the latter is used almost unin•rs;1lly in rcgular 
pr.wtice. lf it wen• clcenwcl clesirahlc for spccial purpose,; to avoid 
tlw di,..tortion introduced hy thc stctho"copc attachment, rcn·in·rs 
with ,..mall tip,; to inst·rt in thc cars coulcl bc uscd. For such an 
.trr.lllgt'lllt'nt, the on'rall charactcri,..tics could hc further impron·d 
hy u'ing dampecl rl'cein·rs which would practically climinate thc 
,..h.trp peak of thc dottt'cl cun·c in Fig. 8. 

!l. 1'\-.T.\LL.\TIO'\ FOR TE.\CII!'\G PL'RPO.;ES 

\\'hcn thc "tethophone is to be usccl for teaching purposes a perma
nent wiring or clistribution "Y"ll'lll ,;houlcl bc installccl with outlets 
di,;tributecl anwng the ,..eats of thc amphitheatre or lecturc room. 11 

.\ sehematic diagram of :-uch a ,;ystcm i,- shown in Fig. n. A dis
trilnlling pair of feeder wire:-;, prcferahly shieldecl, i,; run llt'twt•t·n 
.dternatt• row,; of "eat,- helow the floor ca,;ing, or suitably ~hcatlwd 
to prcn·nt damage .. ·\n outll'l hlock ".-\" of ,;ix double contact jacb 
i, mounted on thc hack of cach third "cat of altcrnate rows. Thu,;, 
onc outlet block will "upply six ,..cah, thrct· in front and thn·1· in 
h;Kk of thc hlock. Suhst,llltial jacb ,..lwuld 11C usecl throughout and 
.tll rl·cei\·cr" .;houlcl I){' l'quippl·cl with ruggcd plugs. In addition 
to furni,-hing jack outleh anwng tht· ,..eats, two or thrce multiple 
outlet hlocks rnay l•c in,.,talled .11 thc ccnter of thP amphitheatrl' a,; 
,..hown at "B" for thc lbl' of gue,..t,; or otlwrs on thc tloor of the amphi
the.ttre. Thc outpul of tlw :-tcthophone can hc conncctcd to the 
di,;trihuting sy,;tcm nf the amphithcatrl' at any one of tlwsl' outlch. 
Switch hows should bc in:>tallcd at \'arious points as at "C" to facil-
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itatc the localization of an accidcntal short circuit. lf a :short circuit 
should occur in any part of tlw system thi s section can thu!i he dis
connected and the halance U!iecl imlependcntly. 

SHOWING DISTRI &UTION 
Of RECE.IVERS- 51 X 
SUPPLI ED FROM ONE 
JACK BLOC.K 

STETHOPHON E 

c 

A 

A 

TELEPHONE CORD 
WlTH PLUGS 

Fi~. C) \\" irinJ.( ithlallat ion .in an amphit lwatre for ll'achin.: purplN'S 

ln dass room lectures, the instructor c;tn m;tke announccment:s 
lo the studcnts and point out features of partindar interest in a 
conn·nienl and solllewhat IHl\·el manner without requiring the remo\·al 
of tlw stl'lhoscopl' tuhcs from tlwir ear:;. The human hody aets as 
a sounding hoanl for sotrtHls in air- that is. whcn wonls are spnken 
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in tlw \·icinit) of ,, p.ttient, tht• lle~h .tnd hone ~truetnn• Yihr.tle~ to 
the,..t· ""'"'d~. Thi ... j,.. p.trticul.trly tntt· of the arca,.. conllllollly u~l·d in 
.lll~nllt.ttion. Tlw tr.lll,..lllittl'r, n·,..ting on tlw fle~h. will pit'k up 
thc:-t' vihr.ttions togl'thl'r with tho,.;e origi n.tting in tlw hody of tlw 
p.llit·nt. Thc in,.;tructor may, tlwrdore, ta lk to hi,.. ,.;twlenh hy 
dirccting hi~ wonls .tt th;tt portion of the hod y to which the tr<tns
mitter i~ applit·ll. Bl'st rc,.;ults arl' ohtain('d with a talking di:-tance 
ol allout ll'll indws. D uring such <lltnOIIIICl'lltcn ts, it is e,;sl·nti;~l, 
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~ AMPH ITHEATRE 
DISTRI&UTIO N 

SYSTEM 

13 ~ H U PHONE 
C ~ CORD 

AMPHITHEATRE 

WARDS 

J ACK OUTLET 

7 

Fig. 11)--\\'irin~ in,-tallation for the rooms or the wards of a ho,pit.d 

of cour,..t·. that the clectrical tiltns Iw removcd from the circuit in 
nnll'r that thc important highcr frcqu('ncy romponents of speech 
may bc tr.tn,..mittl'd to the rL'Cl'i\Trs. lkcause of this operating 
featun·. it i~ oln·iou,.;ly nerl',.;sary to ha\'e the patient in a reasonahly 
quiet place. 

I t i,.; oftcn desir;~Llc to reprodure in thc lcct ure hall, tlw heart and 
che:-1 souml,; of contim·d patients too ill to he mo\'ed. For this pur
Jl~l"l', the rooms or the wards of a hospital may he connected by a pair 
of wires to th(• ll-cture room. Such an installation is ,;hown in Fig. 10. 
Terminal outleb are distributl·d throughout the rooms or the wards 
as de:sired anrl all are connected to the main feeder wires which com
municate with the lecture hall. I t i:s necessary to take the :-tetho-
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plwne to the hed~ide. Long wires from the transmitter to the ampli
l1er cannot Iw tolerated on account of inducti,·e disturbances frmn 
neighhoring telephone or ot her elect rical circuits. I f desirable, 
announrcments may !Je made as hefore by talking clnse tn the hody 
of the patient undcr ohsen·atinn. In cases where exposure of a 
patient is inadvisahle or where accurate statements pertaining to the 
seriousness of a disease arc preferably withhcld frnm the patient, 
a nnouncement s may he made by talking in a lnw tnne of vnice at 
a hout one inch distance from the transmitter itself. Reasonahly 
satisfactory reproduct ion is nLtained by this mcans. 

10. OmER APPLICATiox,; 

:\side from its application to tcaching purpnses, the stcthophonc 
appears to haw possihilitics in ficlds which have not yet becn thor
o ughly studied. Further experimental in,·estigation hy thc medical 
professinn ca n alone bring out thesc possihilit ics. 

The possibility of suhstituting a loud speaker fnr the individual 
receiYers in the output circuit has Leen investigated in a preliminary 
ma nner . This problcm il1\·o1Ycs ccrtain very fundamental factors 
rclating to the sense of hearing which must be considered carefully. 
T o a remarkable extcnt, the ear is capable of selectiYe obscrvation. 
Ordinarily wc Ii sten to sounds through a sea of noise tn which we 
hccomc so accustomcd that we fail to notice it. llmn·,·cr, when 
listcning to sou ncl~ ncar the threshold of auclibility, ~uch as the hody 
snunds under eonsideration, this noi~e may render the SOUlHis of 
in terest inauclihle. ln order to !war thcm, it therefore, hccnmcs neces
sary to incrcase tlw loudness to a point weil ahü\·e that commonly 
ohsern•d by the phy,-ician with his stethnscope. This increase in 
loudncss brings within thc audihle rangc, sound componcnts ordi
narily not )ward and changes the quality of the whole as judgcd hy 
tlw ear. Such altl"ration of quality i~ obviously \Try unsatisfactory 
for cliagnosis or tl·aching purposes. Assuming that we had availahlc 
;t pl'rft"Ct loud speaker, onc that would transmit the Ycry low and tlw 
higlwr frcqucncy cumponenb of faint hmly sounds without di stortion, 
difticultie,; would still l>c pre,.;ented by the acoustic characteristics 
of the room in which the loud speaker was placed. All rooms arc 
mc>n· or ll'sS ren·rl>erant. \\"lwn tlw,;c soumls are reprmluced hy a 
good loud speaker in a small hca,·ily dampccl sound-pronf room, 
they appcar quite natural, hut ,;uch a room is scldom availahle prac
tically. :-\om.' of thc onlinary loud speakcrs with hornswill transmit 
tlw low frequencies here of intcrest and wnuld sound very un-
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11.1tllr.tl l'\ cn with idc.1l roolll condition,;. \\"hile .1 lond ,..pt·.d'er h.a,.. 
ht'l'll lbl'd UIH!t-r propt·r ,lf"olhtic cnndition,.; to rqm}(lun· L1i111 
p.1thologic.d ,..Olllllb. ,." murnHir,; .111d r:llt·,;, thi,.; dot•,.; not .appt·.Jr iu 
gencral to hc ,1 pr.tctic.d .trr.lngt'lli!'IIL :\lo,..t .lr).!"llllll'nb, t'\cept pcr
hap,; th.ll or l'l"llnomy, tl'lld to LI\"Or tht· II:'(' of indi,·idu.d outpul 
rcn·in·r,; for pr.1ctieally alt purp•~"t'" wht·n· rritic.d <tn.d~·,..j,.. of sound~ 
i,; thl' nhjcctin•. 

Ft·t.d lwart ,..nund,; a,.; lw.tnl throngh thl' mother's ahdonll'n ,lrl' 
mueh f.tintcr and n·q11ire cnn~idl'r.thly higher amplitic.ttion than 
.tdult hc.trt ,..ound,;. l'reliminary d.tt.t indiratc that tiH' energ~· of ft·t,d 
hl'.trt ,..ound,; j,.; appro\imatcly only I .-)o to I ;j()() of tlll' energy or 
,1n·r.tge norm.tl lwart ,;o111Hk Tlw low pa,;,; 1:30 cydl' tilter j,.. not 
only u"dnl for ,;upprt',..:-ing- tlw extr.lncou,; ,;ound,; ;~nd t·lectrical 
di,..turb.tnn•,; whieh tHJ,tlly attend tlw u,.;c of high amplitir.1tion. 
hut ,..t·rn'"' mo,;t l'ITectin·ly to eliminatc tlw ,·oice sounds of tlw patit·nt . 
.-\t :-\loanl' llo,..pit<tl in '\t•w York City it ha,; lwen fonnd po,.;,.;ihle to 
rcprodtHT dearly on a loud spe;tker and with a negligihlt· amount of 
interfl'n·nn·. ft·tal heart sountb which \H'rl' k1rl'iy audihle in tht· 
phy,..ician',.; ,;tl'tho,;ropc. ln the,;c ca,-;es no interfercncc wa,; e•qwr
it·nrcd from tlw matcrn;tl he;~rt ,.;ound,.;. llm\T\l'r, en·n in surgical 
work \\here thl' r.tte of thc adult or fetallwart is alone of importann·, 
it j,.; feit that the \w,;t pbn is to equip an attendant with l'arpien·,.; 
att;~ched to ;t recc·in·r and to make it his chid duty 10 oh,..cr\"e tlw 
he.1rt act inn . 

. \ ,.er)· import;~nt application of tlw electrical stetho,;rope is it,.; 
.. ,..,..1wiatinn with a rl'cording c:ah-anonwter for making photographic 
rccord,; of lwart and ehe,.;t ,-;n11nd,;. Permanl'nt reconl,; of thi,-; ,.;ort 
might con,..titutc a Y;tlll<lhlc addition to the hi,;tory rcnmls of im
port.tnt C<bt·,.; in I.Jrgt• hospit;tk Some l'\Cl'llent graphiral rcrord,.. 
han· already heen m.ule. 1'1 lt ha,; been found that ,.;uch reccml,; 
can Iw ohtained much morc ea,.;ily with the stethophone, princip.tlly 
lll'C.tll~l' of the part played hy tlw electrical liltl'r::;. Tlll' low-p.1,.;,.; 
tiltcr ::;uppn•,.;"l'" largely the current tluctu;1tinns cau,.;ed hy nwchanical 
,-ihration,; and noi,..l· at the app.tratu:;. The high-p.t,;,; J:m-cyclt· 
tiltcr i,; al,;o \·ahl.thle for hrim:in).! out \Try faint nHtrmur,;. By ih 
u,;e, the amplitudc of tlw normal lwart ,;mmd,; c·an l•e gn·atly reclun·d. 
\\'hcn thi,.; is clone. the amplitudc of the faint murmur ,.;ound" 111.1y l·c· 
magnitied rl'btin:ly anti henn: ,..lwwn n·ry nic·elv on tlll' rl'conl. 

Thi,.. i,; iltu,..tratecl in thl' t\\o ch;1rt,; d Fig. II, whidt an· pre~c·nlt'd 
throug-h thc courtl',.;\· of I >r. II. B. \\'illiam,;. The ,..tt·thophont• 
r!'l'ord,.; arl' at-comp.utied hy ,;in111ltaneous !'iectro-c,mliogr.lltb II·. 
for timing the C\Tnh. Tlw tir,..t record wa,.; lll.ldt· "ith .1 low p.c~~ 
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ß50 cycle lilter and thc sccond with a band pass 1:~0 1,100 cycle filtcr 
and increascd amplification. Tbc latter ~hows thc systolic murmur 
\·cry clcarly. \\'ith thc LP (i.i O liltn, thc munnur is morc or lc~s 

obscured hy \·cry low pitchcd sou nd ~ which may really lw a part 

I I 
~ 

Low pass 650 cycle filter 

Band pass 130 I 100 cycle filter 

Fig. 11 - Rccords of a systolic murnmr Iaken wilh the stt·thophone and a recording 
galvanomeler 

of it, hut ccrtainly play a suhonlinatc roJe in producin~ the audihle 
sound. Thc efTect of suppres~in~ the low pitched soumls by using 
the high pass !ilter is more pronounced in charts uf this sort for mur
nturs which han· ncgligihle sound cnmpnnents bclnw J:m cycles 
per sccond. 

Phonograph records of !wart ~ounds ha\·e hcC'n made prC'viously. u 
\\'ith tlw stethophonl' and a ~pecial clectrical rC'cnrder. renmb of 
some 15 <"<tscs of nntrmurs and dH:st :-;outHb ha\·e recently lll'cn m<tde. 
The rl'~ults arC' ,-,·ry t'ncouraging. • \II of the charactcri~t ic~ of t lll'~e 
~ounds, ~uch as tlll' relati\·C' itl!C'n~itiC's of thc diiTC'rC'nl compn!lt'Ilhi 

"C. F. Keiper, Ll'l/a J . • I. .1/ .• t., Rl :(>i9 .\ug.:2s, 1'123. 
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.ltld tlwir qu.dity, h.tn' ht'l'll a·t;tined n·mark.thly \n·ll. Thl' prnhll'lll 
of ~uh,;c.·qul'nt rl•prndurtion nf thc~<' rl'n>nl~ ha~ hl'l'll llll't satisf.:c
torily in two w.1y~. in hoth of which thl' fartor of partindar rolll'l'rll 
i~ tht• elimin.ltion of "nl'cdlc scratch" noist·s. First, an l'lertromag
netic rC'prndurl'r ha~ hecn u,;ed in nmjunction with the stethophone. 
In this ca:-e. low-p,bs liltl'r,; :-l'rn· tu rcduce the snatching noi:-es. 
St·cond. thl' rl·cnrd,. han· ht·t·n rl'producl'd hy attaching thc car
pien·s of thc ordinary physiri.lll'~ ~tt•thoscopc to a special adapter 
used with ,1 commcrrial ph«lllogr.lph rl'producer. To rcdt1re ncedlc 
~cratch in thi~ ea,;c it is only mn·s~ary to introduce some form of air 
pas.-. .1gc hetween the reprodurer and the hinauralearpieres whi('h acts 
as a low-pa,.;,; acm1,;tic lilter. Thc ordinary commercial phonoJ:;raph 
is quite un~ati,;factory for reproducing thcsc rccords partly for thc 
,;,une reasons mentionl'd ahn\·e relati\'e to the u,.c of loud speakers. 

Phonograph records nf hcart and ehest SOUlHis can he cmployed 
to ::;ome extent for preliminary teaching purposes and do not rcquire 
much equipment if rcproduced a('oustically. ::\o patients arc required 
in this ('asc, and the rccords ('an he accompanied hy thc analysis or 
diagnosis of an expert. I t is suggcsted that phonograph re('ords 
might be uscd to ach·antage as permanC'nt re('ords to folluw the progrcss 
of di::;casc in important ('::tses. 

11. SUJ\1.\RY 

A summ.•~· of the applications and Iimitation,; of a ncw form of 
electrical stetho,..cope has been gi\'en. Howen~r. the extent nf its 
u,;efulne:'s ('an be brought out only after it has hcC'n placed at the 
di,;po,;al of expcriencC'd men in the mcdical profession. \\ 'ith it, 
heart murmurs and dl.lt•s can he magnilicd and oh,;ern·d with grl'ater 
dearness than with thc onlinary stcthoscope. Extrcmely faint 
sounds may be heard dearly without great acuity of hcaring hy 
inexperiC'nced obserYcrs, a thing whid1 ha~ not hith<"rto heen possihle. 
In sevcral instanccs, murmurs ha\·C' hcC'n discO\·crC'd with tlw stC'tho
phonc which wen· not discernecl initially with thc ordinary stC'tho
,.,('Opc although discernible aftcr ha,·ing hearcl thcm with the morc 
powerful apparatus. In a few of thcsC' case:-;, \'t'ry faint murmur:-;, 
although undouhtedly prcsent could not he lll'ard at ;ill with tlll' 
ordina~· stethosmpe. I t is feit that the electrical Ii her" han· pl.tyl'd 
an important part in such ('a~es. Thc~e fact~ Iead II:' to helit·\·e 
1 hat the stC'thophone may ha,·e real \'alue for diagno,.i,;. 

The fiC'Id nf phy~ical re~earch of hod~· ~ound,. ha" bt•t•n toudll'd 
upon hut lightly. For special purpnses, an cndll·ss Yariety of dec
trical filtcrs can be uscd \Vith the stethophnne. 
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"~EI.I.I:\'G" :\ ] ATIIDI.\TICS TO TIIE 1:\'DCSTRIES 

T HE ncccssity for mathematics in industry was rccog-nized at 
least three centuries ago when Bacon said: "For many parts 

of nature can neither he inY<>nted [disco,·ered) with sufticient sub
tility nor dcmonstrated with sufticient perspicuity nor accommo
dated unto use with sutticicnt dextt-rity without the aid and inter
vening of mathematics." Sinee BaC'on's time only a Yery small 
part of nature has lwen "aecommQ(Iated unto usc," yet eYen this 
has giYen us such widely usdul dcYices as the heat engine, the tcle
graph, the telephone, the radio, the airplane and elcctric power 
transmbston. I t is impossible to cunct-iYc that any of these de,·ices 
could ha,·e bcen deYeloped \\·ithout "the aid and intvrYcning of 
mathcmatics." J>rcscnt day industry is indeed compclled, in its 
persistent endca\·ors to nwet rceognized commcrcial needs, to make 
usc of mathcmatic,.; in all of thc three ways pointcd out hy Bacon. 
The record of industrial rcsearch abundantly confirms his assertion 
that sufliC'ient subtility in diseoYery, sufficient pcrspicuity in demon
stration, and ,.;nfficicnt dt'xterity in usc can lw aehit-\·cd only with 
the aid of mathematic,.;. 

Therc i,.; throughout indu,.;try one Yitally important common 
charactcri,..tic, unrertainty. Jn om• industry the unrcrtainty may 
he dm· to tlw supply of ra\\· matnial, the supply of Iabor, thc supply 
of hrains or tlw ,..upply of eapital. ln another industry tlw unccr
tainty may he duc to tlw actiYity of compctitors, to lluctuating 
puhlic dcmand or to thc pas,.,agt• and suhscqucnt intcrprclatinns of 
,.,tat utory hl\r,.;. Stillot her indust ries arc tlw playthings of the weatlwr. 
\\'hatt·,·er tlw sourn·s of unn·rtainty it is nf \'ital importancc tn the 
intlu,.;try to n·dun· lo a minimum thc hazanls duc to each of the 
unccrtaintics to whid1 it is ,.;ubjerted. To a limitcd extent hazan],.; 
may Iw tran,.,fcrrl'd hy means of in,.;urance: lntt mo,.;t uncertainties 
cannot Iw di,.,JH•st·d of in this manncr--tlwy must lll' mct I>)· the 
indu..,try indi,·idually. 

Tlw practin· of proh.thilitit·s, tlwrdore. has a placc in l'Yery in
dustry. ln fact, it otTupit·,.; tlw lir,.,t placc in indu,.,trial matlwmatics, 
barring only tlw l'!t•mt·ntary arithnwti1·al opcration,.;. l t i,., n·mark
al•le how suhtle are thc mathemati1·al dirticultics pre:<t·ntcd l>y ap-

t !'aper rcad al lhe lnl t•rnational :\latlwmatical Congrcss, al Toronto, .\ugnsl 
11, 1'124. 
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p.1rcntl~· inn•ll't'lll prnhlt·n~:-> in tht• thl'my 11i prnl•.thilit\·. 1:11r thi,.; 
fl',bllll, lll.t!ht~lll,ltic·i,tlb who .1rc• c•ntru,.;tl'cl with t lll· applic.tt; •II 

of prcoh.thility to indu~tr~· 11111"1 ILI\'l' gn".lt in,.;ight <111d oll'llllll'll. 
1·\ t'll ,.;o, in .1pplying prllh .• hility !11 .tny indthtry, a lwginning ,..hould 
hl' m.Hil' 11ith tht• ,.;inq>lc·r prohll'lll". goi11g 1111 hy gradual ,.;!l'p-. to 
lllllrt' ancl mnre c·omplic.ttl'cl 111\l'-.. 

E.tch indu~tr~· ha" it,. oll 11 -.pl':·ial mathcntatit-al pr11hlt·n~:->, \\ hil'h 
llllbt ltt· con,.;idcrl'd incliYidn.tlly in ordl'r to determine whcre nt.ttlll'
m.!lic,.; ,.Jltlulcl Iw .tpplic•cl. :\o indu,.;trial prohlem can set·m much 
11111re h11pc•lt·,.,., ,1,.. a lic·lcl for l''\,ll'l mathematics, tha11 the suhjl'ct 
11f electririty .1-. unclt·r~tood in the tinw of R~t·on. lt was then a nwre 
t'ollccticlll of curiot~,.; llh,..c·n·.ttion,.;, ,.;ueh a,.; t lw C\'itncscent attmction 
of ruhlccd amhcr. l'l'r,.i~tent ohserYation and carcful correl.ttion 
h.nc, hmH·n·r. hrought a l.ugc d11111<1in of pre,..cnt day electricity 
under qu.111titatin• relatioJb. l·:ll'nric·ity is now prccmincntly a 
tield fm matlwmatit·,.;, allll all ad \·aJH't'" in it are primarily thruugh 
m.tthem.ttic,.. 

lmJu,..trial mathcmatic,; will achie\T lntl little unle,;,; it i:-; lll1der
t.tkcn hy per,.on,; with ,;uit.thle aptitud es working u11dcr fa,·orahlc 
condition,;, 1111 pruhlems whieh han· rcadll'd thc mathcmatical ,;tage. 
l ndu,.trial mathematical re,;carch i11\·oln•s much morc tha11 thc 
11lt'rh.tnical applicatin11 oi e,;tahli,;hed mathcmatieal formulas. lt 
inn>ln·,.. l'll11f1l'ration in detcrmining thc problcms to hc attacked. 
in dcciding what experimental data are m·ces,;ary. in ohtaining tht·,.e 
cl.tt<l. in iormulating thc mathcmatical prohlcm. in carrying through 
tlw analytic.tl anti nunwrical work, in applying thc rc,;ult,.; to thc 
phy,.ical actuality and in practieally testing the t'lllllllH'n·i;tl rt>.;tllt,.; 
.ll'hil·\·cd. In thi..; CClllJWration rnany indi,·idual,.; may l>c ill\·oln·d 
.1nd m.1ny tent.tti\·e trial,.; may l>e nccc,;,.;ary in order to cletcrmine 
tllt' ,.olution which l>e,.;t mects all of the commcn·ial condition,.;. 

Tlw cooperation mu,.;t l>e elTcctin•; it mtbl pmducc re,.;ult:-i, and 
tht·~e promptly. ~! .tthematical decluctions must hc made intl'lli
gihle and com·incing, s:1 that they will c\·cntuate in action t·n·n 
when the indication,. of theory arc apparently contrary to pr.wtical 
t''Peril'nee. This i,; imp:1rtant la:cau,.;c thc mo,.;t \'aluahle theoretiral 
re:<ult,. .tn· oftl'n rt·,·olution.uy. 

On tlw p.1r1 of thc indu,.;trial mathcm.ttieian, pil\\'l'r,. of oh,;L·n·a
tion, dear phy,..ical conrept,;. quick rcsourrdulne,..,.., l'rt-;ttin· im.tgi
n.ttion <~nd cotbt,tnt pcr,.;istcncy arc rcquired. The~t· arerare human 
qu,tlitie,;. I-nil'"" inclu,..trial lll<tthematie.tl work i,; m:ule .tttr.wti,·e 
to mt·n pn,;,..t·,.;,;ing thcse high talents. the full me.t,.;ure of surn·-.;,; 
cannot he e'\pcctetl. l ncltbtrial m.!them.ttic-. mu,;t oller a can·t·r in 
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itself, since specialization is required-specialization of a type which 
eventually disqualifies most men from undertaking other lines of 
work most effecti,·ely. 

l\ I ATIIE:\1.\TICS I:\ ELECTRICAL lmi:\IU:\ICATIOX 

In order to make thc foregoing observations somewhat more spc
cific, I will rcfer to a few applications of mathematics in the industrial 
resea rch of thc Bell Telephone System. This field is selccted bccau~e 
I am more familiar with it than with other industrial acti,·ities. 

Certainty of predietion is thc hasic rcquircment in thc den.·lop
ment and operation of thc telcphone system; no ,·ital nccd of thc 
systcm can bc ldt to chance or to fortuitous development. For 
this reason, the Bell System is highly organized undcr rcsearch con
trol. The tclephone situation is studied as a whole; all dcpart
ments cooperate; each prohlem is considered from evcry point of 
,·iew. Every attempt is made to master a situation in ath·ance 
of tlw nccessity of action, so that the most effective and cconomieal 
means for electrical communication may be aJopted with cach ex
pansion of the systcm. l\ l uch morc than the immediate rcquire
mt·nts of the hour must bc knm\·n; prcparation for all cventualitics 
must !Je made. Fortunatcly, thc cxccutivcs havc carricd out this 
program with a prophctil' apprcl'iation of the \·alue and nccessity of 
mathcmatics. 

The importancc of the theory and practicc of prohahilitics was 
recognized as soon as the telephone reached a thoroughly commcrcial 
basis. I t has proved invaluablc during the grea t expansion which 
has already ca.rricd thc numbcr of tclcphoncs in the city of New 
York to ovcr a millio11. l\ l ecting thc pea'k Ioad demand of thc million
odd telcphoncs in Ncw York City, on a practically no-Jclay basis, 
with the minimum amount of cquipment, is a highly complcx and 
impurtant problcm. \\' itlwut prohability ~tuJies of thc situation, 
the cquipmcnl installcd at one point would be inadcquate, whilc 
at othcr points it would i>c superahnndant. The supcrlluou~ equip
ment would invoh·c a wa~te of capital, whilc thc inadequate equip
mcnt would mcan incon\'enicnel' to the public and a loss of possibll' 
revcnuc. Equipmcnt cnginl'l'ring invoh·cs a )arge numher of prob
a bility prohlcms which are novel, diH1cult, and finant'ially most 
important. Thc aggregatl' cost of all such studics is !arge, but the 
re:-.ulting saving to thc tclephonc-using puhlic is much grcatcr. Satis
factory tclcphonc Sl·rvicc in nwtropolitan arcas is as depcndcnt upon 
applicd probaiJility as is thc succcss of life insurancc. 

wi 

ve 
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Thc telt·phonit· idc,tl, which i,; tlll' pcrft·t·t rl'pmdnction of "'Pl'l't'h, 
"ith .trtit·nl.llion which i,; indi,..tingni,;hahle from f<tl'e-to-bcl' con
n•r,.,.ttion, inn1ln·,., t''\len,;in· .111d exhanstin· investigations in many 
tiehb, in p.trtieul.tr in llll'l'h.lllics, acoustics and l'll'ctromagnt·tism, 
;;inn· t'<tch lt'lcphonie eonn·r,.,,ttion involn·,; usrillations in tlw air, 
in ,;olid,.; .md in the l'thl'r. Fmtnnatl'ly, thl' fonndations of tlll' 
m.ttlll'm.ttieal thl'nry in thc,.;e three tields bad heen securely laid hy 
tlll' timl' .\lexandl'r Graham Bell e!Tectcd thcir harmonious cnopera
tion in hi,; lirst tl'll'phone. I t is impossible for us to be too weil 
infornll'd concerning the eon,..t•quences of the mathematical l.tws in 
thl'"L' three lil'ld,;. 

1t is charaetl'ri,;tie of many pruhlems encountercd in industry that 
a great numher of independent variables are invoh-cd, far too great 
a numher for tlll' hcst solution tobe reachcd simply by traincd judg
nwnt. Con,;idcr thc tran,;position problem of thc telephone system, 
whidt i,- thi": on pole lincs. long lines hetween citics, for example, 
"l'n·ral wire" sometimes a great numher of wires - arc strung along 
in do,..e proximity. EadJ pair of wire,; recei\·cs inducti\·e dTects 
from the ell'ctric waves earried hy e\·ery other pair, producing so
callt·d cro,;,.,talk. To rcducc such c!Tects, the pairs of wires are trans
po:-ed accurding to a set plan; that is, the positions of the two wires 
are interchanged, an expedient analogous to the twisting of a pair 
of wires. lt is necessary to considcr not only the ideal location of 
the tran,.;positions in each pair of wires, but also the practical irregu
larities which ot-rur in the actual placing of the transpositions. Onc 
of the practical problcms, in fact, is to dctcrmine the allowablc tol
erances limiting the irregularitics in the location of loading coils 
and tran,..positions, sincc these irregularities modify thc Crosstalk 
and al,;o the tran:-mi:-sion cllicicncy by an amnunt which must be 
determined hy thc laws of probability. 

Tran,;po:-itions were originally intmduced with wmplete success 
ahmtt thirty years ago, and yct at the present time this suhject is 
being more ;wtin·ly :-tudied than C\'Cr; this is due to thc e-.;tcnded 
u,..e nf phantom circuits and the new 11:-es of carrier frequencies, that 
i,;, high-frequcncy ,;peech-carrying currents which are superposcd 
on ordinary telcphony. 

To illtbtr.ttc the way in which prohlenb in indu"trial mathenutics 
hecome, ,.,tep hy step, nwre complex hy the prngre,.,si\'e indusion 
of one f.tctor aftl'r another, hrid rcference may hc m.tde to thc loaded 
r.tble circuit. The lirst SlltTe:-,.,ful telephonc cable circuits could he 
tn·.1ted mathematically on the basis of Kd\'in's simple cahle dif
fusion theory. To allow fur thc ignored inductance and to dcter-
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mim· tlw efTcct of added inductance, Hea,·iside's much mure com
pll"lc Iransmission formulas were employed sume\\·hat latcr. Thc 
ncxt stagl' was tu allow for thc ciTect of inductance which was not 
uniformly distril>utcd. hut lumpcd at rcgular intcn·als. llcrc thc 
steady state solution for sinusoidal Yihrations of a loaded string was 
employcd, and the cutoff frcquency cluc to internal rcflections at 
the loading coils dctennined. But with loaded cables of great length, 
extending frum :\e\\· York tu Chicago and beyond. the transient 
state may be of such duration as to require consideration. Thc 
loaded line does not transmit thl· impulse as a whole. hut l>reaks it 
up by reflection and tran;-;mission at each loading coil. Tberdore 
some of thc impulse;-; arrin· aftcr a fcw short backward rellcction;-;, 
whilc othcr impulse;-; may tran·l many timcs thc lcngth of tlw line, 
due to rcftcctions hack and forth at many of thc thou;-;and loading 
coil;-; in the circuit. Thc cakulation of thc transient ;-;tatc at thc 
recei,·ing end, due to thc arri\·al of thcsc impulscs in groups, onc 
after another, in\·oln·d the calculation of Bes;-;el functions up to ordcr 
2000 and subsequent integration by an application of the principlc 
of ;-;tationary phase to Fourier\; integral. 

)XDt.:STRL\L :i\IATIIE:\!.\T!CS AS A CAREER 

It is truc that thc matlwmatician who takes up industrial work 
i;-; not cntirdy frce to sct his uwn prol>lems; the industry \\·hich 
lll' has chosen prO\·idcs thcse and it demands cunccntration upon 
thcm. Such prohlems arc often lcss ill\·iting than the clcar-cut, 
tractal>lc prohlem which the pure mathematician is at lil>crty to set 
himself. Iudustrial pro!Jiems may Lw most complicatcd to framc 
and tlll'y may admit only of approximatc solution by Iaborions 
numcrical mcthods. In addition to dclimiting the nature of his 
pro!Jicms, the impcratin· rwcds of industry sct time Iimits for thcir 
solution, and the nature of indu:;try demands a financial prolit from 
industrial mathematics. Hut these restrictions of industry should 
not makc thc work ll'ss attracti\·e. On thc cuntrary, restrictions 
disclo~e the master. TIH·n· is an inspiration in on·rcoming t:Yen the 
humhlest dil1iculty standing· in thc path of progrcss. Rcstriction;-;, 
cn:n in thc case of the most gifted, may be henelicial in conccntrating 
artivities, thcrchy making up in dcpth what may scem lacking in 
brcadth. 

Thc industrial nwtlwmatician may haYe a chance to attack many 
largc-scalc inn·stigation,; which would l1e impossible, e:-.ccpt undl'r 
thc patronagc of indu:;try, !JcC.lll:<L' of the l'Xccptional material cquip-
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Jlll'lll .llul \\ idt·h ,..u,..t.linl'd coopt·ro~tion n·quired. ~onw of tlll' oppor
tunitic,.. ollered l•y ,·heap clt-ctrical po\n·r fron1 '\i.tgo~r.t, J,,· ltigh
,.,Jt.tge ekctrit· power lint'"· .tnd l>y l.trgl' "'l'.llll turl>illl·,.. lll.ty Iw 
mt·ntionl'd. lt i,.. oftl'll lcft to thl' iudu,..trial lll.tthl'lll.llici.lll to n·.tp 

the h,tr\t'"l irom :-n·d ""'' n unllt·r o~<hl'l',..l' circunbl.tlll'l'" hy pure 
m.tthem.Jtici.lll,... 

Tlll' indu:-tri.tl lll.llht·m,llici;~n m;ty hope to n·.akt· ""llll' rctnrn for 
thl' dt·ht \1 hieh Iw o\H'" the pun· m.ttht·m;ttician. l lt· may introdun· 
Jll'\\ m.!lht•m,!lic.ll prohlt'llb, of '' hich indn,..try is an ine\.hau:-tihk· 
::-ource. lll' may point out tlll' .tpplic.ttion of purc mathemo~tic;d 

re,oult,.., ,..timulating furtlwr inn·,..tigatiolb along the ,..amt• line,-. 
I k· m.1y ,.,..,..i,..t mal ht·matician,.. gener.tlly hy promot ing the prepar.J
tion of lll'<..'lk·d tahle,.. .1nd hy cre.uing a comnll'rcial dl'mand for 
calcui.Jting m.tchine,.. .llld otlwr hrain-::-aYing dt•Yin·"· 

The oppnrtunitit•,.. pn·,..t·ntl'd hy indu::-trial mathematie,- are hound
le,;,;, hec.u1,.e m,tthenJatic,.. i,.. the kl'y to t•xtrapolation in timC', and 
indu,..try i,- ah,;olutely tll'pendl'nl upon prediction. T he po,..ition of 
mathematician,- in indu,;try mu..;t t'\'L'Iltually eorre,;pond with thc 
importann• nf the funetion which they may perform. 

TR.\1:\t:-;(; FOR hOl':-'TRI.\1. :\1.\TIIE~I.\TICS 

In indu,;try wt• are corKC'rned with mathematics not as an ohjl'rtin·. 
hut only a,; a tool. l t follow,; that the required training in math
em;Jtic,- ,;hould dC'Ydnp a wide arquaintanee with tlw aYaihthle 
mathematical tool,; and practical :-kill in their u,;e. l t i,; important 
to nott• tlll' tli,-tinction hetwL·t·n tht· u::-ing of tool,.. and the making 
of took l'nder primitin· conditions the workman make,; his own 
tPol-., but in a highly organizl'd ,;ocil'ty the tools arc made hy :-pe
ciali,-t:-, who prnYide tlll' workman with an l'ndiL·~,; \·ariety of imple
nH·nt,.. ,..uperior to anything which hl' him:-;elf could rnake. By long 
l'\.perit·nrc tlw tool designer has discovered how he,;t to adapt the 
llH>I to its intC'mil'd u,..c in onlcr to cconomizc thc workman',; time 
and t·nergy as much as po~"ible. Furthermore, thc :-;ubstitution of 
om· tool for another with the rninimum numher of mution,; i,; madc 
pos-.ihle hy the use of interchangeable parts and :-y,..tt·matically 
;trr.lllged c.thinets. 

Hut no complete line of mathcmati•·al tools i,.; for ,;,tle .11-ro,..,.. thl' 
countcr: only a limited numher of lllllllL'rical and algl'hr.Jic t.d>lt•,.. 
.tnd a few types of cakui.Jting machinL'" are ,..upplicd ,1,; ready-m.Hil' 
tools. By f.tr thc !arger p.ut uf known mathcmatieal tool,.. mu,;t hc 
sought for in thc litC'raturc of thC' ,..uhject, but tlwre they m.ty bl' 
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difficult to find and isolate in the form best adapted for the purpose 
in hand. \\'hat is \'cry ~reatly ncedcd at the prcsent time is a com
pendium or unabridged dictionary of mathematical results conciscly 
and uniformly stated, and systemat ically classificd for conYcnicnt 
rcferencc. \Vhat I haYe in mind is not a mere handbook of applied 
mathematics, but a statement of theorcms and formulas aml tab
ulated results expressed in the languagc of pure mathematics, and 
comparable in scope and size with the "Encyklopädie der l\lathe
matischen \Vissenschaften." Preparation of such a compendium 
would be a tremendous undertaking, but it would also be of the 
grcatest \'alue. To such a collection of tools the industrial mathe
matician would turn for the appropriate tool as each new problem 
arises. 

I would ha\'e the uniYersity training of the industrial mathematician 
based upon such a compendium hy means of judicious sampling, 
at many points, undcr competcnt lcadership. I-le would thus becomc 
familiar with his source hook as a whole and thereaftcr turn to it 
instinctiYcly and use it with confidence. At the present time, whcn 
the a\·cragc text-book is held in low esteem and nothing has heen 
suhstitutcd which adequately fills the gap, thc student of mathe
matics lea\'cs the uniYersity with a fi\·e-foot shelf of notchooks, 
together with what he earrics in his hcad. ;\either the mcmory 
nor the notebook is likcly to be a reliable source of information when 
a particular re.,ult is needed for the first time, ten years later. It 
then becomes nccessary for him to take the time to deducc the result 
from first principles, or to hunt up Ieelure notes, a text-hook or 
original paper and waste much valuahle time picking up tlw thread 
of the argument. The sampling to which I ha\'e referrcd should 
not he that of a dillctante; it should he an intensi\·e grounding in 
the fundamental concepts and mcthods of mathematics, and the 
developmcnt ab initio of se\'cral weil distrihutcd hranches of mathe
matics. 

The comhination of mathematical ahility with an ohscn·ant mind 
is as desirable as it is rare. The uniwrsity training should include 
non-mathematical courscs adaptcd for <le\"clopin~ the powers of 
ohservation, or at least an apprcciation of the neccssity of coopcra
ting with others who arc ohserYant. t\ study of thc natural sciences, 
accompanied hy experimental work, should bc of ~reat \·alue. lt is 
of course, difticult to he rcasonahle and not ask the impossible of the 
uni\·ersity in thc trainin~ of any spccialist. \\'c recognizc that, at 
hest, only a bcginning can bc madc at the uniYcrsity, but this he
ginning should includc thc fundamentals an<l should not attempt 
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to imp.trt dt·t.til" 11f current indu,-tri.tl prat·tice. Tht""'' detail,.; .tn· 
hn.t <tcquircd in tlll' indu,.,tri.tl t'tl\·ironrm·nt it:-elf. ~df-trainiug iu 
fund.tnwnt.tl,-, 011 tlw othcr h.111d, j,.. much mort• diflicult, and j,., not 
likcly IP ~.::o f.tr, unll',..,.. ,, ,.;tart h,," hn•n made under tlw f.t,·orahlt· 
condititltb .tiT"rdcd hY thl· unin·r,..ity. 

\\'h.tt I h.tn• tricd to t·mph.t,..izt· j,.. that indu,..try can n·aliZl' its 
l,!rt·.ttt'"l po:-:-ibilitil'" only '' ith tlw aid of nt.tthcmatici.tns, and th;tt 
m.llhcm.ttician,- c.tn lind opportunitil',., in indu,;try worthy of thl·ir 
po\\er,;, howl'n·r gre.tt thn,..e powt·r,; may 1)('. T o en:-;ure thc ,;uc-rl'"" 
of indu,.;trial mathematic,; tlw indu,-try mu,;t inaugm.ttc matlwmatical 
n·,..l'.trch "" e.trly ,.", po,..,..ihle, so that <1111ple time may lll' a!Tonkd 
for tlw ~.::r.tdu.tl acntnltrl.tlion of inforrnation upon which matlwmatics 
m.ty he ,..ccurdy h.l!-ed, .111d for deriYing quantitatin· rcsult,; bcfore 
thc lll'l'e".,;ity fpr Clllllllll'rci.tl action arriyc,;. Thc indu,-trialist mu;;t 
abo l•e ready to gin· thl' mathem<ltician's conclusiotb a sym pathctic 
trial cn·n though thl'y rttn contrary to e,;tabli,;lwd prccedent. .\hon· 
<1ll, indu:-try nn•d,.. mathcmatici;ub of an e:o;pecially hro;td type'
llll'll whn,;c interl'"''" n.tturally e\.tl'lld heyond their ,;pl'l·ial ticld, and 
who <1re llc\.ible enough to eooperatc with non-mathemati1·ians. 
Thc".e indu,;tri<ll matlwmatici<1n,; must inspire contidcnce hy thcir 
tirm gra,.;p of phy,-ic;tl re<llitil'"· hy the rcll'\·ancc of tlwir mathc
m.uic:;, and by the ability to prcsl'nt tlwir rcsult,.. clcarly and con
Yinringly. 



The Building-up of Sinusoidal Currents in Long 
Periodically Loaded Lines 

By JOHN R. CARSON 

I :\ I PO RT.-\ ;\T information reganling the e:xcellence of a signal 
transmission system is deducible from 'l knowledge of tlw mode 

in which sinusoidal currents "build-up" in responsc tu suddenl~

a ppl icd sinusoidal clcctromoti\·e forces, since on thc charaetcr and 
duration of the "building-up" process depend the speC'd and lidelit~· 

with which thc cireuit transmits rapid signal fluctuations. 1 Tlw 
object of this note is to disclosc and discuss general formulas and curYes 
which descri!Jc thc building-up phenumena, as a function of thc linc 
characteristics and tbe frequcncy of the applied e.m.f., in thc e:x
tremely important casc of long pcriodically loaded lincs. The fornmlas 
in question arc appro:ximate hut giYc aceuratc enginccring information 
and are appJicable (O all typC'S of JlC'riodic loading llllUCr (Wo restric
tions: (1) the linc must Iw fairly long, that is, comprise at least 100 
loadi ng sections, and (2 ) it must be a ppro:ximately cqualizcd, as 
regards absolute stcady-stall' valucs of thc recc>iYC'd current, in the 
ncighborlwod of thc applicd fr<'flllency. Fortunately tlw~e eondi
t ions are usually sati~ . .ficd in practice in thosc ca:-;cs wlwrc> the building
up pbcnomcna are of practicalcngincering importance. Furtlwrmore, 
tlw formulas to hcdiscu~scd suppiy a mcans for thc accuratl' and rapid 
comparison of dilTercnt typ!'S of loading in correctly engin<'cred lines. 

Tlw huilding-up process may IX' preciscly dcfincd and formulated 
as follows: Supposc that an l'.m.f., E cos w/, is suddenly applicd, at 
rdcrcnn· time I =o, to a nctwork of transfer impedancc 

Z(iw) = i Z(iw) · e:xp [iß(w)]. ll) 

The resultant current, 1(1), may he written as 

/ (/)= ~ I zr~) I { (1 +P) cos (wt-B(w)]+u sin [wt-ß(w)] L (2) 

=~ , '(l+pf+u2 IZ(fw) cos(wt-B(w)+O], (:~) 
where 

O=tan-1(u p). 

E,·id<'ntly tlw functions p ;1nd u nmst lll' - I and o respectin·ly for 
rH'gatiYe valli!'S of /, and approach the Iimits + I and o as I== :tJ. 

' For puhli~hcd disnJssions of lht· "huildin~-up" of "inusoiclal currenl>' in loaded 
line~, ~t·c Clark, }oum. A.J.E.K, Jan., 19.!3, Kupfmuller, Telt•graphcn u. Fcrnsprcch
Tt·chnik, :\o\'., 1923: Carson, Tran~ .. \.l.E.E., 1919. 
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l11 .111 t'll!-:illl'l'rillg ~tud~ of tlw huilding-up pron·,.~ \\t' .m· prin
cip.dl~ cnlll't'rrlt·d with tlll' l'lll'clopc of tlw oscillatiolls, whicl1, l•y (:~). 

is proportion.d to 

Tlw prohlt>lll j-. tllt'rdorl' to tkterruinP tht• functions p and u and to 
t''\,lllline tht· l'ITt·t·t of tlll' applil'd frequt·ucy w :!rr and tlw character
i,.tic,.. oi tlw circuit on tlll'ir ratt• of huilding-up and 111ode of approach 
to tlwir 11ltimatt• stead~ ,·alllt'"· 

Two proposition~ \\ ill now Iw statl'd which con•r thc l1uildiug-up 
pron·,.,. in the practically important cast'"· Sincc thc linc is assunwd 
to he apprn:\illl.ltl'ly equ.dized, as regards thc aiN•Iutc \'aluc of thc 
n·n·in·d curn•11t iu tlw llt'ighlu•rhood of the applied frcqllt'IH')' w :!rr, 
tlw huilding-up pron·,.s dt'lll'lld,., only on thc total pha,..c angle ß(w). 
Tht> ,.,w-ct•,.,,..in· dt·ri,·atiq•s of the phase angle with rcspcc-t to w will 
l>t' denott·d hy H'(w). H''(w), B'"(w), B"' (w), ctc. 

Case /. ß"(w) :-() and \ B"(w) :!! largt• COI11Jlarcd with ~ B"'(w) :~!. 

The em•tlope of the oscillations in response lo an e.1n.j. F. cos wl ap
plied al time I =o. is proportional to 

I '(I • • :! \ +pJ·+u- (· I • 

7chcrc 

p = C(x2) +S(x2 ), (.i) 

u = C(x2)- 5(x2), ((i I 

l-ß'(w) t' 
(i"l .\'= 

\ ''2B"(w) ' '!.B"(w) 

111111 nx). S(x) arc Fn-ssd's Integrals to argumenl X. 

Tlre em·tlope thcrt:fore reaflres ;j() pt'r cent. of its ultimalc steady mlue 
al time t- T = H'(w) und its rate of building-up is im·ersely propor
tionalto \ ß"iw). 

Tlw cun·•· of Fig. 1 j..; a plot of thc t·m·l'lopc function ~ \ 1 I+ p)2+u2 

to tlw ;•rgunH·nt x and is therefort' applil'ahlt· to all typt'" nf lnading
·•nd ll'ngth,.. of line, ,..ul>jl'ct to thc re,..trictions noted aho\t'. 

({m·/1. 8" w) =I); ß"'iw)±() and ~~ /f" wl :~! largl' comparcd \\ith 
I 

\ B'' (w) 1!. 
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The em•elope of the oscillations is proportional to 

I I IY 
3 + 2 u A(J.L)dJ.L (8) 

u·here .·1 (J.L ) is .-1 irey's Integra/ 2 and 

( 
2 )2/3 t-B'(w) 

y= -:; -\/ B'"(w) :3! 
(\l) 

,al~-

=t \ rr2f3"'(wf (10) 

.At time t = B '(w) the on•elope N !ras reaclzed I '3 of its ultimate steady 

<•alue and its rate of building-up is inverscly proportional to 
3 

B"'(w). 
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Tlw curn~ of Fig. 2 is a plot of thc envelope function ~ +; JYA (J.L )dJ.L 

to thc a rgunwnt y a nd is thcrdorc of gcncra l applicahility under thc 
ci rcumstances wherc casc II ohtains. 

Thc prac tica l valuc of thc forcgoing propositions rc,;idcs in thc fact 
tha t thcy cnablc us to cakulatc two import a nt criteria of thc tran,;
mission propcrt ics of thc linc: ( I) the \·ariation with rcspect to frc
qucncy of the time intcn·al T required for th e current to build-up to 

2 Sl'c \\'atson, Theory of llt·sscl Funclions, p. 190. 
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it:-; pnl'l;imatt• :-;tl'.tlh·-:-;t.ttt• \·;tlue: ;uul ( :.? ) it:-; rate of hnildiu~-:-up at 
tillle I= r . 

. \,. \\ ill he "~'1'11 in cotllH'Cl intt wit h tlw proof gin·n helow, t ht• formub" 
of the foregoing propo:-;ition:-; ilre approximate. l'rovided, however, 
that tht• lillt'" to which they are applied are long and prm·idt•d that thc 
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applicd frt'qut' ncy is ,.uch tiMt the rc,.trictions underlying l'ither I or II 
are ,.,tti,..fied, their accuracy i" quitc sufticicnt for cnginecring pur
po,.t·s, ,.uch a-.; the de,.ign of loading system s, or a sttuly of tlw com
p;tratin· nll'rit of difTcrt'nt typt's of loading. 

Bdore proceeding with the mathcmatical proof, thc formtdas will 
he applied to thc interC'sting and important ca:-;e of an i<kal non
di,.-.ipativc periodically coil-loadcd line of N section:-; in l<'ngth and 
l'lll-oJT frC'qttency w, 2rr. For this line it is easy to show that 3 

B'(w) = '2.\' __ I _ = .\"ß' (w), 
w, "\/ ] -<L,2 

B''(w)='2.\'~ o=Xß"(w), 
w,2 ( 1 -u~p-

B"'(w) = '2 .\' I + 2~L.2 • = .\"ß"'(w) , 
w<1 ( 1 -n-)·~ · 

'Tht• follnwin~ formul.ts as~unw that thc linc is closcr to ib charactcristic im
ped.tnn·. ß "' is I hen thc pha,c angle pt·r lo.t<hng scnion of thc linc. 
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wherc ~.:· denote~ w.'wr. I t follm,·s that 

I :2.Y 1 
I =1---

w, \ / l-u•2 

and that thc oscillations huild-up to the proximate steady-state in a 
time inter\'al 4 r = :2.Y 1wr \ 1 1-.. •2 after the ,·oltage is applicd. 

Casc I, it will hc ohscr\'cd, docs not hold for w =o sincc B"(o) =o. 
The condition that Casc I shall apply is that 

shall !Je ~ubstantially greatcr than unity. Hcncc Case I applies only 

whcn I </ I~.Y <~.:·<I. This howC\'C'r, includcs thc important part 
of the ~ignalling frcqtwncy range in propcrly dcsigned line~. pro\'ided 
that thcy arc long ( X~ 100). 

ln thc rangc of appli<'d frcq11encies, thcrcfore, corrcsponding to 

I <fls.v <w< 1, thc current rcache~ :iO per ccnt. of its 11ltimatc 
'2N I 

stcady \ 'a lue in a time intcrval w: \ l l-w2 after thc \·olt;tgc is applied 

and its rate of h11ilding-up at thi,; timeisproportional to 

w, ( 1-7.:•2)34 

, r..t.\'- \ ~-

For the non-di~sipati\'C eoil-hH!t-d linc B"(w) =o when w =o, and 
Casc II applics. Con,..equcntly wlwn w=o. thl' o,..cillations n~ach I .'~ 

of the ultimatc ~tead)· \'altt<' at time !='2.\' w,, at which time thcir 
rate of l.milding-up i~ proportional to 

12 
U..'c\ 7!'2.Y' 

Tlw foregoing formt da~ ha,·c becn ~hown to lll' in gnod agreemen t 
with experinwntal rl'~ults, and haYe l>ccn appliecl to tlw design of 
loaded lines in the Bell System. 

\l .\TIII'~I.\TIC.\L I )J~<'l'SS(():'\ 

The f11nc1ion~ p and (1 of <'quations (2) and (:n can hc formulated 
as tlw Fourier int l'gr; tls 

' It will Iw noted I hat this formula l>reaks down at w =w, or 11' I. 
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111' 

(1:2) 

' [ "'dh . + · co,; I>.. ( !' ( h) - !' ( - X. l ], 
7r 0 h w w 

.l(w+>..) 
J>w('A) = .·I (w) <·u,; (B(w+>..) -ntw)J, tl3) 

n ( ) A(w+>..) . [B( 
\.'w A = ..1 (w) :'111 w+X.)- B(w)], ( II l 

and .I (w) = l Z(iw) . 
Thc,..c formulas arc dircctly dcduciblc from thc fact that thc ap

plicd c.m.f., ddined as zcro for ncg-ati\·c \·alue;; of l and E co,; wl for 
/';::, o, can it,;elf hc cxprc,;,;cd as 

F. [ 2 [ "" d>.. . J ·> co,; wl l + ' ,;lll /X. • 
- rr . o " 

In thc practically important ca,;c whcrc B'(w) is finitl', it j,.; of ad
,·antagc to introducc tlw tran,;formation /' = 1- B'(w), and to write: 

1 Lil 

I [ "" d>.. ., [I' I' ( )] - - ro;; I " w( 'A)- w - >.. . 
rr. o 'A 

lli) 

I [ "' d>.. ,, [ L. l' ( I + , co,.; I " w ( >..) - w - >.. l , 
7r .. 0 1\ 

wlwn· 
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Thc forcgoing formtdas for p and u are exact subjcct to ccrtain 
rcstrictions on thc impcdancc function Z (iw) which arc satisficcl in 
thc ca~c of pcriodically loaded lines. Thcir uscful appl ication to thc 
problern under considcration dC'pends, howc\·er, on thc following 
approximations. 

First it wili hc assumed that the linc is approximatcly equalized, as 
regards absolute ya]ue of s teady state rccei\·cd currents in thc ncigh
borhood of the imprcsscd frcquency w. '2rr . By virtue of this assump
tion, which is more or less closely rcalizcd in practicc, thc ratio 
A(w+A )/A(w) may bc rcplaccd by unity in the intcgrals ( J;j) and 
(IG), and in cquations (li) a nd (18). It is further assumcd that the 
function 

B(w+A)- B(w)- AB' (w) 

admits of powC'r serics cxpan~ion, so that 

whcre 

UJX) =cos [(h 2A) 2+(h 3A) 3 + .. ], 

l 'jA) =sin [ (h2A)2+(lzaA)3+ .. ], 

1 d" 1 
h"" = 

11
! dw" B(w) = 1/! ß <n>(w). 

ßy virtuc of thc forcgoing p and u arc given l>y 

( lU) 

(20) 

p = 2 { o-o ~~ sin [I'A- (h 3A)3- (lz 6A)5 •• ]· ros [(lz 2A) 2 + (lz~A ) 4 + .. ], (21 ) 
7r .. 0 1\ 

.:\'0\\' if thc linC' is very long tlw integrals (11 ) and ( 12) may Iw 
rC'placcd hy thc approximations 

(:?I ) 

In othcr words \\"C rctain only thc leading- tcrms in thc cxpansion 
of the function 

B(w+A)- 8 (w)- AW(w). 

Thc justillcation for this pron·dure depends on arg-umcnts si milar to 
thosc underlyin g- tlw l'rinc iple of Stationary Phase (sec \\'atson, 
Thcory of Besscl Functions, p. 22\l). Furtlwrnwrc the upper Iimit 
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:r.: m.ty be rl't.tirwd without ~t·riou..; error, t•n·n \\ lwn tht• linc· cut~ oll 
,\l a fn·qut·nc~· w :!Jr, prm iclnl thc• lirw i~ sullicil'ntly Ion~. and thc 
fn·qllt'IH'~· w :!11' not too do,..t' to thl' t'llt-oiT frl'qllt'll<'Y w, :!11'. 

The form.tl ~olutiou~ of thl' i11linite intl'grals (2:n ancl (211 can ht· 
writtt•n down hy ,·irtut• of the following known rcbtions: 

I '2.i) 

'2 !""' d;\ . ' . • , • • ~·"'"I~· :<111 thzX)·= ( (.r·)- S(.r·), 
II'' ~ (\ 

(2ti) 

wht•rc Ctx!) and S(.r2) are Frc,..ncl'~ Integrals to argumcnt x 2, and 
x=l' '2hz. 

(27) 

whNC A (y) dt·notcs Ain·y's l ntt•gral (sce \\'atson, Thcory of Bessel 
Functinns) and y= (2 r.i 1(t' h3). 

ßy aid of the precwling. 

(28) 

(2!1) 

whC'rC' J.l=(hJ 2hz). 
This is thl' appropri.ttc form of sol11tion wlwn (/1 3/h 2) is le:;s than 

unity. 
( ln thc other haml wlwn (h 3 hz) is greatl'r than unity, thc appro

pri.rtc form of ,..ohrtion is 

( ~~~ d~ ~~~ d' I ) 1 [Y I 
P = I I - '' c d .~ + I' I •' + .. f . I - ., + ..t (_v)dy i ' 

- . .} . I.} •' • 0 · 

I 112 1f2 116 d~ I j l i y I 
C1 = ·, -., d ·2 - ') I I ,6 + . . i . I - ') + A (y )d y i ' 

. ) •l. I ,\ . •l 0 
(~ l) 

(2) ~ (h3) whl'r<: 11= r. · lrz . 

\\'hill' no thorough inn·,..tigation has ht•t·n madc, it appcars proh
<~hlc that for ;rll ,.,tlucs of thc r<~tiolr 3 hz, eithcr (2S), 1'2!1) or (~01, (~l) 
will bc convcrgent. llowc,·er, in practicl' it is su!licicnt for prcscnt 
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purposcs to dcal only with the cascs whcrc h3/lz2 is cithcr small or 
!arge comparcd with unity, and to usc thc following approximations: 

(1) (h3,'h2) small compared ~<:i/11 unily. 

p = C( .\·~) + S(x~), 
u= C(x2) -S(x2), 

.\'= (/'; 211 2)~. 

t'=t-B'(w). 

(2) (h3 / h2) /arge compared ·wil/1 1111ily. 

1 [ )' 
p=-

3 
+ A(y)dy, 

• • 0 

u=O, 

y= (2 1rr)211(t'/h3). 



Tra nsmission Characteristics of 
Electric Wave-Filters 

Uy OTTO J. ZOBEL 

~\ ""'''1": rlw lr.ubmi~.;ion loss clur.tt·teristic of a l r.tnsmitting 11etwnrk 
·"' .1 iun•·t ion of in·qut'lll'\" i,; ,11\ indt·x of thc m·twork's stca<ly-statt• ~l'lt•t·t ivc 
prnpt·rtit·s. :\leth<llls of c.lkUI.ttion ht•rl'tofort• cmployctl to delt·rmim· 
tht·s..• ch.tr.tclt•risties for eompo,itc \\,IH'·Iihers arl' Ion~ anti teclious. This 

~~:~i·:h~~~-~:~~-~~,::~\~.':;.~.'.~.~~·i~":~·~~~- ·:~:~··i::·i~~:::;.~~).:,·~:··~ ;:.~~:z· ~;~~.~h~:~~~~~ 
\,·,·ounl is l.lkt·n of thc l'ITe,·ts ol hoth wavl'·liltcr olissipatlon aml tt·nninal 

t'lllltlitious. Thl' lllt'lhod is h.IS('(I ll(Mm formulac conlaining ncw para
mclt·rs. t·.tll<,J "im.•-:•· p;~ramdt·rs," whkh arl' thc natural oncs to u.;c with 
cnn11)(•:-.itt.· \\~lvt·-tille:rs . 

. \ dt·t.lil"l illl~>tr.ltion of thc u-.· o( thi, ch;1rt cakul.ttion mcth<Ml is giwn 
:mcl thl' tr.111smission ""''''S "' oht.tim·d arc found tu agrl'l', l'Xt'l'pt for dif
fercnn·s which in pr.Ktiec .trc negli)(ihlt-, with thosc obtained by Jung dirt~·t 
computation. 

In thc .\ppt·mlix .trc <lerivcd two scts of eorrcspondin~ formulac which 
.uc .1ppli•·ablc to a line.tr tran,;clucer of thc mo~t gem•ral type, nanwly, an 
.lt 11\'C, <lissynunl'lri.-al onc; t hc onc S<'l rontains imagc paramett•rs anti 
thc other ,;l'l recurrent p.lr.llllCtl.'rs. .\n impNbncc rclation is found to 
•·xi,;t ht·tneen thc four opcn-cin·uit anrl short-circuit impcdanrcs of a lim·ar 
tran,-.lucer cven in thc lllf''t !o!l'llCral Cii'l'. Rcduction of these formulac to 
thc morc usual casc of a pas~i\'c linc.tr transduct•r is also madc, those con
t.linin,;: thc imagc p.u.tnwters hcing cspcl'ially applieahlc to thc e.tse of 
cumpo,itt· wan·-filtcrs. 

I. I :"~;T!Will'CTIU~ 

E LI-.t'TRIC w;l\c-tiltl'r characteri,..tics and s\'stcmatic mL·thods 
of dcri,·ing thcm han· heen considcrcd in prc,·ious numhers 

of thi,. Journal.' This paper dcals with a si mple and rapid mctlwd 
of cakul.tting the stl'ady-statc Iransmission Iosses of wa\·c-liltl'r nl't
work,.. ovcr both thc transmit tin~ and at tenuating frequency band,-, 
induding tht• l'ITt·cts of dissipation and wan·-ti lter terminal condi
tions. :-.urh tr.wsmi,..,.ion lnss determin;ltions arc cs,..cntial in showing 
thl' ,..l'lectin· char;wteri,.tic,. nf thc,.c networks and sen·c as important 
~uidt•"' in rnccting gi\'cn dl':-oign n.:quir<'mcnts. 

C,•ncral inrmul<te fnr any dis:-;ymnwtrical linear transduccr are 
dl'rin·d in tl'rm:-; of ncw p.tr;uneters. called imagc paramctcr:-;. Onc of 
tlll' formul,tc is fundamental to the "'olution of thc prc,..ent prohl<'m 
.md is particul.trly weil adaptecl to cakulations in cnmpo,..itc wan·
tiltcr structurc:-;. The,..e paraml'ters of :-;uch a compo:-;ite ,.;tructurl', 
bt·ing readily ohtainablc from tho:-e of its parts, arc thc natural 
p.tramctcr:-; to use in this c;tse. Thc formula po,..:-cs,.;cs, among others, 

I l'h\ ;io·al Thcory of ( he Elet'l ric \\'.:~vc-Filtcr, C. :\. Campt. .. II, B. ~- r. J .. 
\0\·., IQ11; Thron· and Dc~i~:n nf l;niform anti Composit{' Electrit· \\'a\'c-Filtt·r,., 
II. j. Zolwl, B. S. T. J., Jan .. t92.l; Tr.1nsil'llt Oscill.1tions in Elcctric \\'a\'e-Filt•·rs, 
j. R Carson .1nd 0. j. Zobd, B. S. T. j., July, \9!.l. 

56i 
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the advantage over other formulae and calculation mcthods of re
quiring for e\·ery alteration in a composite wave-filter only a partial 
recalculation rather than a more or less complete one. In addition, 
hy its use much of the otherwise necessary calculation can he elimi
nated through the means of graphical representation. 

The main oiJject of thi~ paper is to prcsent this chart calculation 
method of dctermining- compositc wave-filter Iransmission losses, 
giving its thcory, the necessary charts, and an application of its usc. 

Structure of Jl'm•e-Filter Netu:orks 

Thc ladder type uf rccurrent network having physical s<•ri<.'s and 
shunt impcdanc<.'s Zr and z2, rcspecti,·cly, as shown in Fig. 1, is tlw 

(K1) ~Zr ~z, z, 

2Z 2 

Fig. 1-Ladder Type Rccurrent Network 

one most fr<'qu<.'ntly nnployed for waYe-filters. Also any passive 
transducer ha,·ing two pair,.; of terminal,.; can thcordically he reduccd 
to the form of tlw ladd<'r type. llcncc, in what follo\\·s the ladder 
type t<·rminology will lll• uscd urHkrstanding-, hmn·n·r, that other 
struetural typcs may also hc induded; for example, such a,.; are deriv
a!Jie from tlw ladder type hy tlw suh,.;tillltion of an <'qui,·alent trans
forml·r with mutual impcdance for T or rr l'Olll1l'Cted indueta!]('(•,.;, 
or the lattice type. Tlw fig-ure illustratc", from left. to right, onc mid
scrics scction, one micl-half sert ion (a dissymmetrical half sect ion 
terminated at mid-series and mid-sl111nt. points), and onc mid-shunt 
scction all eonnected so as to g-in· a uniform structurc.2 Tlw charar
tcristic impedances of the ladder typ<' at mid-scries and at. mid-shunt. 
points arc K r and K 2. respectivcly. 

The majority of Wa\·e-l1lt.cr networks are not uniform throughout 
tlwir kngth out have a composite stnwture dcsignecl as gin·n in the 
papcr (B. S . T. J ., Jan., 1U:2:~ ) alrcady nwntioned. That. is, the 
interior or mid-part of a cmnposite wave-fllter cnnsist:-; of mid-:-;l'rie:-;, 

2 The samc nel work may a lso bc considererl as madc up in othcr ways; for l'X.tmpll•, 
lwo mid -sl·ries and one mid-half scctions, one mid -half and I wo mid-shunt seetions, 
or five mid-half sections. 

;er 
thl 

Tr 
ist 



111id-,..hunt .. 111d 111id-h.di "'t'l'tion..;, u,..u,dly di,..,;illlilar, "" c·ounc·ctc·cl 
-..·ri.dly .111cl of ,..IIC'h t\ pc·,; th.tt at .tny juncticon tlw tc·nllill.lticllb of 
thl' two ,Hij.ln·nt lYil\'" l'orrc·,..poncl to .111 c·qui,·alc•nt imagc• impecl.tlle'c•. 
l'lw u ... c· nf di,;,;imil.lr ,..Pction,; gin·,; " rt•,;llit.llll ,..c·lc·c·tin· c·har.wlt'r
i ... tic· dill't·n•ut irom th.tt pco-.,;ihle with il uuiinrm 1\·pc•. .\t tht• t<·rlllin.d,.. 
ni tlh· nl'twPrk tlll'rP m•t•d not llt' complete full or half ,..ec·tinu ... ; thi,.. 

EI 

R R 

Fi~. 2-\.cneral Composilc \\'a\'c-FiiiL'r i'il'lwork 

j,.. rc·pr('-..c•nted in Fig. ~ by tlw w;wc-tilter part,; cxtcrnal to the mid
p.ul \\ hil'h l.tttl'r i,; indudc·d hetween tl·rminal,; a and b. 

The tl'rminatiolb of w.1n·-tiltl'r nl·tw~trk,; specifically COlbidercd 
iu dt·tail hl'rl' indudc all tcrrnination,; which ha\'C ucen found to Ul' 
pr.wtical. l n any particubr da,;,; nf wa\'e-filter thcy arc all do,.;cly 
rel.ltl'd to thc "con,;tant k" Wa\'c-filtcr (.::.k.::zk=F=constant) of that 
cl.l,..., and .1rc of thc iollowing four typl',.;, 3 heing de::.ignatl'd hy thcir 
chara\tt·ri,.tic impedance,; in corresponding ladder type structures. 

l II is assumcd th,1L Lhe re.Hicr is familiar with lhe tt'rms and nol.ttion usecl in 
lhe paper, B.'-o.T.J., Jan., l'lB. 

lf :,. ancl z,. arc thc sc:rics and shunl impl'clanccs of thc '\:onstanl k" w.tn·-filt .. r, 
thc corrl'sponding sL·riL·~ and shunl impcd.wccs of thL· micl·'t·rics "con ... r 1111 k" equi\',1-
lt·nt .li-type .tr<' expn·"ible as 

Ztt = lllZa, 

and 

ancl of lhc mid-shunl "constant k" l'CJUi\',dcnt .tl-type 

and zu=- zl.t:. 
111 

IIen· tht' conclirion O<m ~ 1 is suflicit'nl for a physical slrwtun· in all GlSl'~. 
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1, mid-~hunt of a 11lid-series "constant k" equi,·alent J/-typc, 
(J\21(m) ); 

~. mid-scries of a mid-sllllnt '\·onstant k" equivalcnt .1!-typc, 
(Kdm) ); 

3, x-shunt of the "constant k" \\·avc-filter, (Kx2); and 
!, x-series of the ''constant k'' wa,·e-filter, (KxJ ). 

The terminations in K2,(111) ancl KI2(m) are employed, as stated 
in a prcvious papcr,4 whcn it is dcsirable to obtain ccrtain selective 
charactcristics and to minimize reficction Iosses at the important 
fref]ucncics to bc transmittcd, a minimum for the lauer occurring 
whcre 111 = .ß approximatdy. Thc x-shunt "constant k" termination, 
dcsignated by the charactcristic impcdancc Kx2, is a "constant k" 
type termination in a shunt clcment, whosc aclmiuance is x times 

(.-.: from 0 to 1) that of a full shunt "constant k" admittance, _!_; 
Z2k 

that is, a shunt elcment whose impc<iance is ~. Similarly, thc 
X 

x-scrics "constant k" type termination corresponding to thc charac
teristic impcdancc Kx1 ends in a series element of impedancc x:::,k. 
In thc usual casc wlwre two or more wa,·e-filter networks having 
different transmitting Lands are associated together, cither tcrmina
tion I or ~ is suitablc for thc unconncctcd terminals, whilc tcrminations 
3 and -l arc aclapted to the terminals connected in serics or in p:uallcl, 
respectively. For two complementar~· wave-filters, thus conncctcd, 
minimum refiection Iosses occur at their junction with a transmission 
linc if x = .8 approximately. 1\ relation hctwecn this case and termi
nation Kdm) and J\2,(111) has pre,·iously hccn pointcd out, namcly, 
that the scrics or parallel connected wa\·c-filters have a combinecl 
impcdancc in the transmitting band of cither wave-filter approxi
matcly likc that of Kdm) or K2,(111), respectinly. 

\\'herc thc tcrmination is x-shunt o r x-series wc shall considcr that 
thc mid-part of thc wave-liltcr begins at thc mid-shunt or the rnid
scries point, rcspectively, irrcspective of "·hcthcr x is grcatcr or 
lcss than .5. Also tlw mid-parl nced not hcre necessarily bcgin in the 
"constant k" type, but in any wave-filter ha\'ing an equi,·alcnt char
acteristic impedancc. 

Transmission Loss 

In thc dcsign of a wa\·c-filter nl'twork thc magnitudc of k for thc 
corrc,.,ponding "constant k" wan·-liltcr has bccn takcn equal to thc 

'B. S. T. J., Jan., 1923, pagc 18, gh·cs a diagram for thc non-dissipati,·c casc of 
R , K 21 (m) and K,,(m )/R in thc transmitting band. 



1/\./\\III\\IO.\" Cll./1\.ltl/1\/\'f!CS dF 11".11·1 1·11.1/l\\ ~it 

n11'.1n n· ... i,l.llln·, R, of 1lw line \\ilh which IIH' IH'Iwork i-. to 1 .... 1 ... ,.,. 
ci.111·d. lf tlw 111'1\\'ork j,. t"lo,.,·d .11 t•ach end hy .1 n· ... i-.t.IIICI' of m.q . .:

nilndt• R . . 1 ... in Fig. '2. \H' h.n·<· not only ,1 circuit arr.lllg<'nll·nt \\ hi,·h 
.1pproxim.1tc-. mon· or J,.,.,. t"lo,-ely aclual operalin~ conditiolb." IHJI 
,d,." ,J ,jmplc !t•,l circuit in which to del!·rmine 1lw lr.lll>ollli,.,,.ion ),.,.,. 
of tlw lll'l\\ork ••ver 1he de-.ired frcqll<"lll'Y r.lllg<·. 

Fllt' Iransmission lo.u nf t1 'li'<ll'e-jillcr nclii•nrk, tlejinl"d 'ii.'ilh rcfcrt"ncc 
to Fi_r,. '2. is tltc nalurallugaritltm, "·itlt ncr.ath•t• si.r.n. nf tltc ralio ~~r lht· 
ahso/u/1' t'llluc t~f 1111' currcnl lraiZJIIIillt'tl frnm a so1trcc nf rcsislallfl' R 
to a n·air•inr. n-sistana R 'i<'hl'll Ihr /aller arc conncdcd through thc uct
r.-urk, to tlwt transmillt'd rcht·u they are cnnuecled dirNtly. l.cl I~ rep
re-.enl tlw elt•clromoti\-l' force of llll' sourn·. f the currclll lr.lll"
lllittl'd to R through lhe nl'lwork, and E :!.R that tran,.;mill<·rl hy 
din·cl colllll'l'lion. Then tlw /ransmissiou lnss t, lllll,; ddin<·d, i-. 

(I) 

.md 
e L = 1 '!.Rf. E . (21 

The unil in which Li,.; exprcssed, the allenuation uni/,6 is tlll' natural 
unil to li"L' herc ancl from thc abcn·c rclations it is secn that onc at
tenuation unil of transmis,.;ion los:< corresponds to an absolute \·alue 
of current ralio of 1 e. Thc method of dctcrmining tlw tran,.;mis:<ion 
)o,.;s umkr various possihle conditions will he presenlcd in lhe next 
parl of 1his paper. 

I I. TI!EORY OF Cll.\RT C.\LCl"l .. \TlO:'I: ~IETIIOD 

Thc prinriples gin·J.l hcre are ha,;ic and apply to compo,;ite wan·
lilll·rs ha,·ing- any tcrminations. ll owe\·cr. in all praclical ca ... es, as 
pre\'iou,..Jy state1l, the lcrminalions bdong to the four types: l, mid
shunt .\/-type; 2, mid-scries Jf-typc; :3, x-shunt "constant k;" and 
l, x-~crie,; "constant k," all r<"latcd to the "constant k" wan·-liller. 

• lt should Iw clcarly IH>rne in mind that thc uniquc ~eleetin· properti1·~ of a 
w,l\'('·filtcr of frccly tran~mittin~o: currcnts in nmtinuous frcqucncy hands and ol 
.1ttcnuating oth .. rs ar(' thosc for thc "'"''·c-filtcr tcrminatc<l in its ch.ar.ancri,.tic 
imr..,<lancc. lt is practic;al to ha\'e approximatdy such a termin.alion in thc tr.an~
mittim: h.wd only, as whcn conm·ning thc wa\'c-fillcr to a transmi~sion linc, in 
whi1·h caSt' lhe gener.al properlies still pcrsist. Corrrd /amill<tlto!l r.athcr th.m 
11umba oj sulimrs is what hrings out thc~c pro))l'rtics althou~-:h thc dcgrec of >elcc
tivity is naturally incrca"'"<l by the addition of st'ctions. 

• ,\ ,ynonym somctimt·s ll>t·d is the .\"apier. One attcnuation unit is cqui\',tlent 
to Q. t i -l "SIJO-cydc milcs of standard cahlc," anti to 8.1'lS6 TU. The l'l' tr.ans
mission unitl isthat unit which dcsignatcs a power ratio of lU 1, aml th<' numhcr ol 
Tl' is tcn tinws the common logarithm of the power ratio. 
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These four cases will be de,·clopcd in de ta il a nd eq ui,·alenee n·lation,.; 
for CC' rtain se ts of terminal combina t ion,.; sh own . 

Funda mental Formula 

Thc formula which is gencra l a nd funda menta l to what fo lluws is 
thc onc giving thc current recci,·cd thruugh a passi ve transd ucer in 
terms of the sendin g clcc tromoti\·c force, the te rminal im peda nccs, 

a b 

e 
t 

- -Ia lb f ~ ~ 
~ Vo vb ~ 

I I 
a b 

Fig. 3 Genera l Linea r Tra nsoucer 

a nd thc transfcr cons ta nt 7 a nd image impcd a nce,.; of ih l' tran,;ducer. 
Rcf,·rrC'd to Fi g. : ~ the recci,·cd currC'n t is 

(3) 

whl're 
Ea = setHiing clcct romotiYe forcc , 

Za. Zb=sendin g aml receiYin g impC'<I a nccs, 

T= D +iS= tra nsfer con sta nt of the tra nsduccr, 

a nd 

/J, S= diminution cons ta n t a nd a ngular con,;tant. dt'fincd as 
the real a nd imagina ry pa rts of thc tran,.;fcr constant. 

ll'a, Jl'b = image impedanccs of thc transducer a t tL' rminal,; a a nJ fl, 

ra, rb=current rcllc<tion cocfli cicnts a t termina ls a a nti b, 

W.,-Za 
ra = ll 'a+Z.' 

7 T lw tcrms lra nsfer C<IIISI<llli, T a nd imagr impcdallcrs, II'. and I I"., as applicd 
to a d issy num·t rica l pa"ive t ranstlucer, are tldincd in t lH· ,\ppl·ndix. Th ese thrl"e 
paranwt~rs arc to bc di»I i n ~o: u ished fro m another ~l'!, th" propagation con~tanl, 1' , 
and characlcrist ic impedances, K. and K ,. l n a symnwtrical structnre T = I' anu 
II". = II", = K.= K ,. 
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Formul.t ~;~). dl'rin-d in tlw ;\ ppt'JHiix with ~l'\"l'ral gl'l1l'r.d tr.tns
dun•r formulal' and rl'l.ttions, i~ especially usl'ful wlwn appli .. d to 
etllllpo,..itl' w.tn·-tiltt·r network,.;, sinn•, as we :,hall ~l't', it contains 
tlw n.ttural p.tranlt'tl'rs for such structures. l 'pon cornparing Fig. ~. 

which rt·pre,.;ent,.; ,.;uch a gener;tl net work , with Fig. 3 we find that tlw 
two c;m be madl' to correspond exactly if the mid-part of the wan·
tiltt•r,J,t·twet·n h'rminals a and bin Fig. ~ . is con~idered to Le tlw trans
dun·r oi Fig. :~. and if thc wan·-tiltC'r termination"- combined with tlw 
n•,_j._(,li1CCS R ;trl' con,..idered to Iw the terminal impe<lancl'S z.d and zb 
of Fig. 3. Tlw rl'lation Ul'lWt·en the electrumoti\·e force, R, applicd in 
R allll that, l~a . . tcting through Za depends upon tl!c partietdar wan·
tiltt•r termination at ll'rmin,ds a. ~imibrly, the rl'btion lwtween tlw 
Cllrn.'nb, 1 and Ib. Iransmitted to R and zb. respcctively, depends 
upon tht• termination at terminal;; b . 

. \s alrC'ady statcd, tlw mid-part of the compo;;itc waYe-fdtcr cnn~ists 
in gl'neral of mid-,.;crit·,.., mid-,..hunt, and mid-half sections. propcrly 
eomhirwd a,.; to tlwir impedancl' relatiuns at thc junction pnints. 
1'/tc metltod of combinalion emp/oycd in a composilc u•m•e-fi/ter consisls 
in connecling I<L'O seclions <L·hose image impcdances a/ tJrcir j111rclion 
<lrt' eqrw/. (An ,tnaloh'!. which might Lc giYC'n is the matehing of 
dominot•,.. in a line hy tlw correspond ing ends, numbcrs refcrring lo 

im,tge irnpedanees.) 
Let us a,.;:'olJillt' for the moment that the mid-part, a"- thus madc up, 

j._ termin.tted Ly impedanccs respecti,·cly cqual to its imagc: impe
dann·;;. There is thcn an ''imagc condition" for thc irnpcd.tnces 
nwa,.,urt.-d in thc two dircction,; not only at cach of thc~c terminal 
points but ~1l,;o at cach junction point throug-hout the nctwurk; and 
in this casc cach scction transmits undcr thc "image condition" of 
ih t~·rminating impcdanccs. :\s a rc,;ult wc ohviou,.;lr oht~1in tlw 
following properlies for the mid-part. 

1. The /ransfer co11slant of !Ire mid-parl of a composilc 'i.l.'lli't'-jilta, 
consistin~ of nrid-series, mid-slzrml. and mid-lra/f sations. is thc sum 
of lhe /ransfer cons/an/s of a/l thc indh•idrw/ satio11s. 

2. Tlre image impedances of /Ire mid-par/ of 11 compositc <•om·r·-jilta 
are lhe ex/emaf image impedanccs of /Ire /u·o end salions. 

In .tddition we havc thc following important rclatiotb hl'twel·n the 
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tran,.,fer constant and imagc impcdanccs of a singlc scction, and thc 
propagation constant and micl-point charactcristic impcdances of thc 
corrc,.;ponding ladder network. 

;{. Tlte /ransfer conslan/ o.f a S)'llllllelrical 111id-serics or lllid-sl111111 
section is equal /o tltc jHoj;agation cons/an/ of tlte corresponding ladder 
type; /hat of a diss;mnnetrical mid-ltalf section (ltm•ing mid-series and 
mid-sl11111l /erminalions) is equal lo one-half tlte abo;•c propagation 
cons/anl. 

-!. The imagc impedancc of a mid-poinl section a/ a mid-serics or 
111id-shunl poinllcrmination is equalto the mid-scries, K 1, or mid-sl111111, 
K2. charac/cristic impedancc, respecti<•cly, of thc correspondiug ladder 
ne/<J .. •ork. 

Formula (:3) is for tlw pres("nt purposc supC'rior to thc weil known 
formula for transmittccl currC'nt (dcriYed for comparison in thc :\p
pcnclix) ,,·hich contain,; the tran,.;dun·r rccurrent paramC'tc>rs in thc 
form of its propagation constant, 1', and charactC'ristic impcdanccs, 
Ka and Kb. Thc rcason for thi-; is that in a dissymmctrical com
positc \Ya,·e-filtcr wlwre Ka differs from J\b, thc usual casc, no simple 
relation,; cxist bctwecn thcsc latter paramC'lcrs of thC' transducer 
and thc corrcsponding parameter,.; of thc indi\'idual scctions com
pri,.;ing thc net work. In the ,.;pccial casc of symmctrical nct works. 
howcYcr, thc lattcr formula hL•come,.; identical \\·ith (:3) which follows 
from what has alrcacly hecn said . 

• \nothcr mcthocl of ohtaining thc tran,.;mit ted currcnt, which may 
hC' tcrmcd thc "section-by-section elimination method," consists in 
calculating hy tlw aid of thc KirchhoJT la\YS thc currC'nt ratios and 
total impedanccs from section to st.•ction hack through the entirc 
twtwork beginning at thc n•ceiYing impedance. From thc standpoint 
of tinw ecn11omy certain ohjection,.; may bc raiscd to tlw possiblc use 
herc of this gcneral long hand method of cakulation. The method 
carrics with it tlw dt•tcrmination of thc phasc as weil as the amplitmlc 
of tlw trallsmitt<·d current; but ~incc tlw amplitudc only is required 
in thc traibmi~,.;ion loss fonnula, this nwthod does morc than is 
IH'CC~~ary. ,\gain, a11 alteration in the composite netwnrk ::;tructurc 
rcquirC's a more or lt·~s complcte recalculation when this mcthod is 
<·mploycd, whercas hy tlw application of (:~) it will he found that this 
i~ not IH.·n•s,.,ary. l Jmn·n·r, this mcthod is useful whcrc irregularities 
exist in thc network, or wlwre the partindar method of dcsign which 
had lll'c·n followed in obt;tining thc composite structure cannot rcadily 
Iw found, hut its impt•dance clcmcnts and Rare known. 
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c;,.,tcral Form of l'ralls111issio11 !.oss Formu/11 

Formul.w (:.!1 .111d (:~l eorn·,-p<mding to Fig..;. 2 and :~ 111.1y Iw conl
hinnl. Ii {:1) j,- writtt·n in tlw gcrwral form 

(.i) 

(Ii) 

\\ Ia-re thc four f.1ctor"' compri:-ing tlw curn·nt ratio 2RI I~ .rrl' 

/-~ = e T = tlw tran"fcr factor l•ctwecn terminal,- a and b; 

2 \ ~I I . I f • I b Fb = -
1
1';+Lb h = t 1e tt·rmrna .tetor at termrna,; ; 

I·~= 
1 

1 
----:;-

1
. = the intcrat·tion factor duc tn rcpcatcd rl'llection,; 

- '"'bt' -

.11 terminab a and b wherc thc currcnt rctlcction cocllicicnt:' are 

and tlw tran:-mi,..,..ion ln,->'e>' corn·,..ponding to thc ah,;olutc \·ahrt•,; uf 
thc..;e factor,; arc called, rc.;pectin·ly, 

L 1=the tran,;fl'r lo,..,;; 

L •. Lb=tlw tcrminallo,;,..t·s at tcrmin.tl>' a and b; 

.rnd L, = thc intcraction I"""· 

Tlw tot.d transmi".,..ion lo,....; j,- tlw ,;um of the,;c four Jo,..,;(•,;, thu,-, 

Tlw rebti\·c importa11n· of the thrcc typt•,; of lo,;,..L·.;. tran,;fcr, 
tnmin.d. and inter.1ction, j,- u,;u.dly in the order g-in·n. llerwt·, ,,,.. 
.1 tir,..t approximation the tran-.mi,;-..ion lo,;,- of a l'"IIIJl""'itt· w.l\c-tiltt·r 
j,.. ~in·n by thc tran,..fcr I"""· 1.1, hut tlw Prror cluc lo tlw omj,..,..jon of 
tht· othcr lo.:.,..c,; j,; oftt·n c-on,;idl'rar,lc. .\ ,;l'cnncl approxim.ttion j,.. 

ohtain(·d hy induding tlw lt•rminal lo,;,;t•,;, /," ancl f.h. ;rnd for m.rny 
pllrfl""L'" thi" j..; ,..ufticit·ntly at·curatc. Tllt' tinal .;tep ior .wcur.rcy j..; 

tlw iurtht·r addition of tht· intt·rartion Jo,..,.., L,, \\ h<N' l'ff('rt on thc 
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total tran~mis~ion lo~s is usually appreciable in the tran~mitting band 
of a wa\·c-filter ncar the critical frequencies. 

The three types of Iosses will nm\· be considered separatcly and in 
detail. 

1. Transfer Losses 

The transfer loss, L1, is by (ß) equal to D, the diminution con~tant, 
which is the real part of the transfer constant, T, of the wave-filter 
mid-part taken between mid-points. 

\\'e have previou~ly establislwd the following: 

(1) T is the sum of the lransfer conslan/s of all tlze indiz•idual 
sections, i.e., T="'::.Tj; and (2) tlze transfer cons/an/ of a mid
series or mid-slzunt section is equal /o the propagation constanl, 
1' =.:1 +iB per Juli section, of the correspanding ladder type; !hat 
of a mid-lzalf section is I' '2. 

IIence, to get the transfer loss we need to know only the attenuation 
constant, A, of each full mid-section, the half or whole of which forms 
a part of the composite wavc-filter structure. Hü\\·ever, since the 
interaction factor which is to he discussed later requires a knowlcdge 
of the phase constant, B, as weil, wc shall consider both parts of the 
propagation constant at this point. 

Propagation Cons/anl af Ladder Type Net·wark. The relation het\\·een 
the propagation constant r =A +iB, and the series and shunt im
pedances, z1 and z2 , respecti,·ely, of the ladder type in Fig. 1 i~ known 
tobe 

(S) 

Thi~ applics as \\TII to any recurrent ~tructurc if ;;1 and z2 <'orre~pond 

to thc analytieally C'quh·alcnt ladder type. 
Let u~ introduce two variables U and V by making thC' ~uh~titution 

(!)) 

The reason for this chnice i~ that this ratin appcars frequently in 
impedance formulae. Then in non-dis~ipative wave-filt<'rs, wlH're 
V=O, thc transmitting hands includc all frcqucncies at which [.; 
~atislies the relation 

-I~U~O. (10) 
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co,..h .I t-zH)-n,,.,h .I co,., U+i,..inh .I ,.,jn U=l+:!l'+i:!l', (II) 

\\hc•lJn• 

.llld (I:?) 

Tlw ,.;olntion ol' thi" p.tir nf ,.,imultaneons eqnations Ieads to Sl'par.tle 
rel,llions for .I and H. 

and 

(I-tl 

.\,. j,., \\eil knm\ 11 fn•m ( 1:~) l'!Jilal atten uation constant loci are repre
"t'llll·d in the l', 1· plane by n>nfocal ellipscs with foci at l'=- I, 
l'=O anrl l"=l>. 1"=0, thns ha,·in~ symmetry ahont thc l'-axk 
Tht• loots for .I =0, tlu·limilill.f!. casr, is a slrai.l!,hlline beluwn Ihr foci 
and 11 wrrt·sponds lo Ihr lransmilling band in a 1/0n-dissipali<·r um•r
.fllla. '->imil.trl~ from ( II) t·qual phast' constant loci an• n·pres<"nted 
h~ cnnfocal hyperholas which h;n·e the s;tmc foci as ahm·e ;tnd are 
orthogonal to th1• <"qua! attenuation ronstant ell ipses. l t will he 
a,.,sumed that the pha:<e constant, B, lies hct wecn - rr and +rr, which 
.mwunt:< to ncglecting multiplt's of 2rr. T hen from (12) B has the 
,..,une sign .ts 1·. so that loci in tlll' upper half of the pbnP correspond 
to a positin· phase cnn:<t.tnt while those in thc lower half corre:o;pnnd 
to .1 nq::ati\e one. 

lt j.., po-.sihlt•, hmH'\'l'f, to repn·,.,l·nt all this in just tlw npper half 
oi the plane u,..ing Coordinates [" and I'. l 'u t 

l'=r I', 

\dwrc r= ±I, tht• ,..ign l)('ing that of 1·. 
independl'nl of thc -.ign of 1', i.e., of c. 
\H' gl't from (12) 

. :! ~· 
,.,,n cU = ,..inh '], 

.1nd 
O~rB~ +rr. 

The attenuation Cl>n,.,tant j,.. 

But for the plHbl' constant 

()lil 

Tlllls, a" hcn.• con,.;iderl'd, Ihr producl rB, ••·hrre c =±I ltc1s Ihr si~•1 of 
I', is ah•·ays posilil·e <c·ilh a t'lllur lrss lhan or rquallo rr. 
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Explicit formulae for A and B from (!:~ ) and (14) arc 

and 

Tlw ahon· formulae are general ancl applicablc to any ladder type 
structurc or its equi,·alent. 

ln thc case of wan'- filters ccrtain approximatc formulae are oftl'll 
usdul. .-\t frcquencies in thc attenuating hancls away from thc 
critical frequcncics aml the frequencies of maximum at tenuation, 
anu 'ii:lzcm•cr 1'2 is negligible compared 1i.•ith (U+lT'2)>0, 

A =sinh-1 2,/U+ [!2, 

ancl (I!)) 
cB =0 or 1r. 

At thc critical frcquencic:; anrl thc frequencies of maximum at tcnu
ation, 1i.'lzcre ( l"+ U2) is ncglir.iblc comparcd 1i.'illz P, 

and 
A =cosh - 1( Vl+ 1'2+ 1' 1), 

cB =cos 1±hii+J'2-I V I). 
(20) 

ln the lattcr the po"iti,·e sign applies to a critical frequcJH"Y at whic·h 
U=O, and tlw negatiw sign to om· at which U= -1. 

[ 1 and I' .for "Conslant k" and Jf-typc Jl'a'l•c-Filters. Sincl' tlw 
wa,·c-filter structurcs under consideration han· "constanl k" or 
dcrin·d JJ-typl' terminal iuns, t he U and I· variaLies corresponding 
to thcsc wan~-filtl'rs will always he required. Hence, formulae for 
thc variable:; a re gin·n lll'rc, limiting them to thc four lowcst wan:
tiltl'r classcs gc·nerally used. 

Rcsistance in an induC'tancC' coil of inductance, [," is Iaken into 
accounl hy expressing the total coil impedance a:; 

\\ lwre d, thc "coil di,.,sipali<;n c·onslant," is thc ratio of coil re;.i,.,tance 
to coil reactancc. Tlw value of d is ordinarily hl'lwl'l'll t/=.001 and 
d = .01, a nd it docs not ,-,uy rapidly with frequcncy. Similarly, 
dissipation in a condr1her of caparity C1 can hc included hy cxprl'ssing 
tlw total condt·n;.c·r ad mittann· as (d'+i) C'.hr.f, illlt sinn· d' is u:;u.tlly 
Iwgligil•l<' in praclin· it will hcrc Iw omittcd. 

Thl' formuLw dt·ri\·t·d frnm (D) arc hasC'U upon thosc gin·n in I his 
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Journ.d. _1.111., 1!1:.!:{, pagt·-. :~!1 to II, ;md cont..in tlw nitic.d fn·q110·11· 
, .j, .. , ;111d fn·qut·ncic,.. of 111aXi11111111 attenuation. Suh~nipt~ k .11111 ,., 

\\ illl~t• n-,ed to dl'note thc:' "nlll~tanl /,:" .11HI .lf-typt• [ ';Jilcl I' \',lrio~hh·~. 
Thc "const,llll k" formul.w for tlw fonr d.•~~~·~ follow. 

Lm•• Pass. 

anti 

1/igh l'ass. 

and 

Lmc-alllf-lligh Pass . 

• mcl 

ßa11cl Pass. 

and 

L'k = - (-j~) ~ 1 ( I + cP), 

l·k = -d(;) 2 

{I +d'!). 

:!I 

.-\t tlw rnicl-frC'CJUl'IH.')', '\ jJ;, th1• point of conllllt'lli'Y .,f two l•.lll•b 
in thc:' tran:<mitting hanrl of thi-. \\an·-filler, \H' ohtain appro,imatl'l~· 
from 1 1!'1), whC'n d j,.. -.mall, 

ß=O. 
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Thc dcriYcd JI-typc Yariaulcs of any class arc gi,·cn dircctly in 
tcrms of thc "constant k" Yariablcs of that class and thc paramctcr 
111 IJy thc gencral relations 

and 

[T _ m2 [Uk+(l-m 2)(Uk2 +l'k2
)] 

",- ( I +(1-m2) UkJ2+(I-m2) 2 l'k2 ' 

(:?ti) 

This assumes that thc ,li-type has the samc grade of coils and con
dcnscrs as its "constant k" prototypc. Tbc paramctcr 111 has a 
different formula dctcrmining its valuc for cach class, thc gcncral 
rclation ucing (ncglccting dissipation) 

m = \ /1 + ( ~J "", (~7 ) 
wlwrcf"" is a frcqncncy of maximurn attcnuation of thc .V-type. Thc 
particular relations for thc ahO\·c four classcs follow. 

Low Pass 

(28) 

lliglz Pass 

(29) 

Low-and-Iliglz Pass 

(:30) 

Band Pass 

(:H) 

2. Trrmi11al Losses 

Thc gcneral terminal Iosses L,, and Lb an· determined I>~· (!i) from 
thc absolute Yalues nf tlw terminal factors Fa and Fb, which factnrs 
wc haYc assumed apply to thc scnding and rccei,·ing ends, rcspL·cti, ·cly. 
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TIMt cithcr f.wtnr i-. th·pt·tHh·nt "nly liJl"ll its own typt· of termin.r
.tion and not IIJl"ll it-. pq,..iti"n .11 tht• ~ending or n·n·iYing t·nd, c;t:~ 

readily he ,..ho\\ n. B~ 1 ht· n·ciproc;tl tlwnrem thl· product F,F.FbF, 
is indepemleut .,f the clireetinn of t·urrent prnpagation, and from 
tlw forms of F, .rnd F, rhe l.rtlt•r are also, wlwncl' the product F. l·i, j,.. 

indl•perHieut of dirt.·l·tion. Sinn· in addition F. and Fb are indt·
Jll'ndent of each other thcy cannot clepend upon po~iti.,n. Thi,.. i,; 
l'()tri\·alcnt to the ~tatenwnt that thc rati"s Ea I~ and I h which 
any particular terminati"n would gi,·c at the sending and n·cei\·ing 
end,;, re,.pt·ctin•ly. are equal. l t will then be sutncit·nt to con,;icJer 
thc f.lctor for a gi,·en termination at eithcr end, say thc n•rei,·ing end. 

The four terminations founcl practical giYe terminal lo,.;,..e,; which 
are reducihle to two, n.unelr. Lm and Lx now to (,c derin·d. 

Terminal Losses. Lm. -.citlt Jlid-.ll-type Terminations. Tht·,..e 
tcrminatiorb, alre.Hiy mentinncd. are 

I. mid-,..Jmnt of a mid-serit•s ''ron;;tant k" t•qlJi\·;tll·nt .\!-type, 
(!\ ~ 1 (111) ) ; and 

~- mid-;;erie,., of a mid-shunt .. ctmstant k" t•quiYalent .\f-type . 
(Kt:(m) ). 

TIH' rclations hetween the .li-type characteristic impedanc-cs K2 1(m) 
and K.~(m), thc paramctcr m, and the variables L'~: and 1 '~: of the 
"cnnstant k" prolotype arc, from formulae 8 in a p rcYious papt·r 

R Kdm) ± '- '1 + U~: + i l 'k 
K2r(m) R. l +(1-m2)( L'~:+il'~:)" 

Since Kr2(ml · K:r(m) =R~. Kr2(m\ and K2r(m) are inYer,.;l' rwtwmb 
of impedancc product K-. :\,., (•ither of tlwse terminatinn;; is at a 
mid-point, it form-. an end for thc wan·-tilter mid-part and in the 
terminal faetor Fb. arbitrarily chn"en, Zb = R and I h =I. lea,·ing 

( :~:~) 

ln thi,.. fartor the image impedancc H'b i;; either K2r(m) or Kdm). 
dl'pcnding upon tlw typl· cof termination. By (:32) the fanor is the 
,..ame for l•oth typ•·s pro\·iclecl they han· thc same paranwter 111, ,..co 

'Thc radicals whi.-l1 occur in rhis and surcecdim: formui.Jc ar<' proportional '" 
ph\;ical imp<'(l.tnl'<'s with po~itin• rc,i~t.tnn: compun<'nls. ll<'ncc. in c.11·h c,,_.. 
th<' tlouhlc ~i):;n 1s tn hc intl'rprell:d ,uch as to makc thc r.·al parl of tht• raclic.d 
positiw. 
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that \H' may put for ei ther of them the siugle /erminalloss !. ,. defined 
br (ü) as 

which upon thc su!Jstitution of (32) gi \·cs 

Terminal Losses, Lx, -,,•ith x-"consta nl k" Terminations . The 
terminations are 

:3, X-shunt of the "constant k" wa\·c-filter, (/\x2); and 

-l, x-scrics of the "consta nt //' wa vc-fi ltcr, (K x1). 

Thc x-shunt a nd x-scrie>< chara•teristic impe<lanccs, K x2 a nd K xlo 

a rc rclatcd hy thc formul :w 

R _ K xt_ K ik+(x-.f>)Zik_ I I+U + ·v ('>·- I )· Iu + ' 1' c·~~) Kx
2
--R - - ---R----±"\ k I k± -.\ V k l · k , <J;) 

and 

whcrc I\ 2k a nd K 1k a re thc mid-shun t and mid-series Yalucs corrc
spondin g to x=.:i. \\'ith cithcr tcnnination K x2 or K xi it is assumcd 
that thc mid-part of th e \\"a\'c-fi lter begi ns at thc mid-point, i.c., at 
thc position correspondin g to K 2k or K 1k, rcspectin•ly , c\·cn whcn x 
is less than .;). In thc latt er case a n illlpcdan ce is thcorctically addcd 
which is sufticicnt to " huild-out '' the wan·-filter to thc mid-point, 
a ml a n cr]ual impcdance is similarly suhtractcu from thc terminal 
impedancc. 

For termina tion :~. that is Kx2• the clements of factor Fb in (G) 
han· the values 

a nd 

Z b=:::2k R. (::;2k+(x-.;) )R ), 

I h =:::2k ' (::;2k+(x- .:i) R ). 

For termination ·1, K xi· they arc 

and 

lf'b= K 1k. 

zb = R +(x- ,;))::;Ik· 

I 'h = I. 
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Tlw ,.;uh-titution of l:Hi l or (;\ j' ) in Fb gin•,.; an idt·nti,·al re,.,ult, a,., 
,.;hown l>y rt•l.ltion,.; (:t-ll, prm·ided .\' i,.; thc ,.;ame in hnth. .- 1 sing:c! 
laminafloss !., may lhoz apply /o cillzrr, which j,.; delined from lli) as 

. r., _ :! \ l R2 K ZJ: l R _:! \ K 1k R 
I -. R~ K..2+R - K. •• +R I' 

gi\'illl!' hy l:~.i) 

!., = '"I.!•C 1 ± , 1 + l'.~r+il'k± (:!x - n , ruk+i 1·k;. 1 + L'k+il'k 
1
).l:\S) 

.\ cnmpari,.;nn nf (:\ I i and (:~ s) ,.,lwws that wlwn 111 = l and x = .. i. 
L".=L:r ;~,., ,..hould Iw tlw ca,.;e. 

:t I nlerac/ion Losus 

Thc intcraetion lo,.,,; ddincd in \ Ii) is exprcssiblc in its gcncr,d form as 

I t depcmb not only upon thc transfer constant T, includiug hoth 
diminution and angular con,.;tants. but also upon the complex rctlec
tion coctlleients, ra and 'b· at thc two ends. That i,.,, it i,; a function 
hoth of thc internal structure and of the termin;ltion,; of the wan·
tilter. For thi,- rcason its determination oiTcrs thc most cmnplexity 
of alt thc threc types of lo,;,.;es and. in fact, requirc,; a knowledge of 
the tran,;fer lo,.;,;, On the othcr hand, it i,; u,;ually tlw least important 
part of thc total tran,.;mj,.;,..ion loss and may nsnally he omitted except 
at frcquencie,; within a tran,;mitting hand and near a critical frequency. 

The transfer con,.;tant T=D+iS is gi,·cn hy the relation,; aud 
formulac den·loped when considering thc transfcr los,;. 

The multiplication of the retlection coeHicients and the squarc of 
the transfer factor j,; simpliticd to a problem in addition hy exprcssing 
cach of thesc coct1icicnts in thc exponential form, 

and 

(lll) 

where 
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Thc subscripts. as bcforc, mcrcly rcfcr to the terminations. Thc G 
and li expressions \\·hielt corrcspond to the reflection coefficicnt with 
cach of thc four particular typcs of tcrminations, 1, 2, 3, and 4, fol low. 

Rejlection Coefficiwts, rm2 and rm,, witlz J1Iid-JI-type Temzinations. 
For terminat ion 1 arbitrarily assumcd at b we ha\·c ll'b=K21 (m) 
and Z, = R. Introducing for this casc thc subscript m2, signifying 
11!-type and mid-shunt, it follows by (G) ancl (32) that 

and its cquivalcnt 

K21(m)- R 
Ym

2 = Kz, (m )+R' 

e-G,..,-iHm•=r = 1 +(1-m2)(Uk+iirk) -(±.,.1 1+ Uk+il'k1 
mz 1+(1-m2)(Uk+i Vk) ± I+Uk+ii 'k. 

(·11) 

\ \'ith tcrmination 2, Wb=I\ 12 (111) and Zb=R, so that by (32) thc 
corresponding cocfficicnt Ym1 bccornes 

or (-!2) 

Sincc -1 = e-ilr, 

and (43) 

Rcjlcction Cocfficicnts, rx2 and rx1, witlz x-"constant k" Terminations. 
In thc casc of thc X-shunt tcrmination 3, Kxz, rclations (36) giw 

K zk-Z2kRl(z2k+(x- .5)R) 
rx2 = K zk+=zki<; (Zzk+(x- .5)Rf 

Introducing (3;j) this is 

e-cz2-iuz2=r •=~2x-l) vlh+il'k- (± Vf=t=U,;+TP~J. (4-1) 
"- 1±(2x- l ) \ IUk+il'k±'\fi+Uk+il'k 

Thc x-scrics tcrmin.Jtion ·1, l\x1, has a cocfficicnt '"' dctcrmined 
by (:3i) which is rclatcd to rxz· thro11gh (:3;j) as 

Yx1 =- Yxz· (-lii) 

It follows from thc corrcsponding cxponcntial cxprcssions that 

and (46) 
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litlla, lht t•,·o lllt'lllbas of mch pair of rrjlation cot:Llicimls, r".z, r".r. 
a11d r,2 , r, 1, tfüfa only i11 si.~ll so tlwt Jluir G's art" lht• samt• bul tluir 
I J's dijTa by 1r. 

I. Jl'm•t·-Frlta ."itruclurts llm•i11g l~quil'llll'lll Transmission Lo.Ht'S 

Tlwn· ,Ht' ~i' group~ of pw .. ,;illll' wan·-filter IH'tworks ill\·oh ing 
tlw four tcrmination~ abon·, caeh group of \\ hich is madc up uf pair~ 
h.n·ing cqui\·alt·nt eurrl'nt r;Itio,; '!.Rl I~ and lwncc cquivaknt trans
mis:-ion los~c~. By (;'i) this nwans that thc nwmhers of ~uch a pair 
h.1 n· produets for t !wir four factors, F1FaFbF,, which arc equal. I t 
may n-.Hiily hc shown frorn prcn·ding rclation,; that thcsc groups, 
rcprcscntcd syrnholically by hrackets endosing the transfcr constants 
of tlwir mid-parts and thc tcrminations, an: thc following: 

~a) (T, K~. (m), K~r (m') ] = (7', K,2(111), Kdm') ). 

(b) (7', K~ 1 (m), K.~(m') ] = ( T, Kdm ), K21 (m') ). 

tfl (1', K~. (m). K.d = (T, Kdm ), A~. d . 

(d) ( 1', K21 (m), K.r) = (T, Kdm ), Kd. 
(t') (T, K,~. Kx'd = (T, K. ••. Kx'r]. 

(f) (1', K.~. K.r'd = (T, K..r. K/2). 

(.ti ) 

Thi,; ,;yrnbolic reprcscntation in (c) , for examplc. rneans that a 
compo:<itc wa\'c-tiltcr whosc mid-part has a transfer con~tant, T, 
and whosc terminations arc thosc dcsignatcd hy K~r(m) and K.~. 
will gi\·c thc samc currcnt ratio '!.RI E as anothcr \\'a\·c-filter whose 
mid-part has thc same transfer constant. T, but whosc terminations 
arc thosc dcsignatcd hy K 1~(m) and Kx 1 whcre 111 and x arc rcspccti\·ely 
the s,1mc in hoth networks. 

111. C'tt.\RTS FüR 0ETEIOII:\l:s'G TRA:\S~llSSI0:'-1 LOSSES 

Thc accompanying charts apply to thc thrcc group~ of transmi~sion 
losscs, transfer, terminal, anu intcraction, and arc dcri\·cd from thc 
gcncral formulae alrcady gi\·cn. Thc cur\'cs rcprescnt constant 
~Mrarneter loci for .·I. cB, L"., Lx. G".2, c!I m2• G.~. eil,~. and L, as 
functions of sc\'cral \'ariablcs and indudc thc most practical range: 
whcrc further cxtcn~ion is rcquircd thc original formulac may bc 
consultcd. Thc U and r· \·ariablcs for thc ladder type of recurrent 
network (or its equi\'alent) whicb form thc basis of this chart eaku
btiun mcthod arc to l1c found as a function of frcqucncy, in thc gt·ncral 
ca~c from furmula tV), 
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and in the lmn~r dass "constant k" and ,li-type waYc- filter~ from 
formulac (21) to (:H). Owing to thc !arge numucr of intermediate 
<'<Jilations which it \\·as necessary to obtain bcfore dircct computa
tions could suitahly he madc for thc charts, these cquations will not 
hc giH·n here, l>ut only a !>rief dcsignation of the rcsulting charts 
togcthcr with thc approximations im·oh·cd, if any. 

The units employcd throughout are the attenuatian uni! and the 
radia n. Thl• formcr unit applics to A, D, Lm. L", Gm2. Gx2. P, L, 
and L, anu the lattcr unit to B, S, Ilm 2, Ilx2 and Q. 

Transfer Lass 

This is dctcrmincu thruugh the propagation constant, r =.·1 +iB. j 

Charts l, 2, and 3.-A and cB in and abaut /rausmilling band; 
c = ± 1 has the sign of 1'. 

Clwr/ ·L - A in atteuuating band; 
P ncgligihlc compareu with ( U + U2

) > 0. 

Charl i'L - A at maximum allenuatian; 
( U + U2) ncgligible comparcd \\'ith 1'2• 

Terminal Lasses, Lm and L .• 

Clwrt G. - L". in lransmil!ing band; 
T'k ncglectcd. 

Char/ 7.- Lm a/ rri/ical Jrequenry; 
uk =- 1. 

Clwr/ 8. - Lm in alll'llztaling band; 
I 'k neglectcd. 

Char/ !1 .- Lm al maximum allcnuatian of .li-type; 

Uk=- -
1
- · 

1-m2 

Clwr/ 10.- L" iu /ransmitting·band; 
l rk neglected. 

Clwrt 11 .- L" a/ rri/iral frcqucnry; 
uk = - 1. 

Clwr/ 12. L" in allcnuating band; 
l 'k ncgll·etl'd. 
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:\oll' 1h.11 

G",. =(;",~. 

<11111 

abo 1ha1 

Char/ 1:3. G",2 and IJ", 2 in lransmilling band: 
1'.~: neglcelcd. 

Clwrl II. G", 2 and d/", 2 al aili,-al frcqucncy; 
L'k =-I and c= ± l has thc ~ i gn of l 'k· 

( 'harl .. -" G",2 and cll", 2 in al/cnualing band; 
l'k neglecled. 

Clwr/ lli.-G .. ~ and eil .. ~ in /ransmilling band; 
l'k ncgll'eled a nd c = ± 1 has I hc sign of l'k· 

Clwr/ li' . G_, 2 and fllx2 a/ crilical frequcncy; 
ck = -1. 

Clwr/ l~.- G .. 2 and cllx2 in a//cnualing band; 
1'k ncglectcd. 

lnlcrac/ion Loss, L, 

:\oll' thal T=D+iS=Iransfer ronstanl of mid-parl of wan·-tilt1·r: 

and Q= Ila+Ih+ '2S, 

whcrc a and b rcfcr to 1 hc tcrminations. 

Char/ Hl.-L, as a ju11r/ion of P and Q. 
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J\". ll.lt -.rf{.\fi\"E ;\t'I'I.IC.\1"10' OF TtiL :\lt·:rttoll 

ln tlll' followin~ iJiu,.,tration a ,.,m.tll lllllllher of h;lllcl p.l,.,,., \\,1\l'• 

tilter ,..,·ction,.. h.l\·ing ditlerl'nt dtar.tcteristirs i,., dto,..l'll purpo,..t·l~ 

"'" ,,,.. to .tlltm .111 .lppreri.thlt• intt•raction i.wtor and tlll' ll"l' of <tll tlw 
ch.trt,... 

Tlw mid-p.1rt of tlw contpo,.,itl' \\.1\l'·liltl'r i:- made 11p of Olll' mid
"t'ril'" "'l'l'tion oi type l"/ 1 .uul nllL' mid-half ,.ection of Jl-typt• /l'~o 

tlw dt·,..i:.::nations lwi111.: tho,.,l' of a pn·,·iolls paper. The tl'rmination 
.1t olll' l'lld i,.. m.ull' Kxt hy adding (x- .. i):;lk in ,.eril's with type 1'/I 
.llld at tlw otlwr is /\~ t(lll), as is diagrammatieally rPpn·,.cnted at tlw 
top of Fig. I. Tlll' ,·,dues of all tlll' p;1ranwters were rho,..l'll as follows: 

R=lillll oluu,.., 

/1 = J.llOO-, 

h= l.llllll-, 

x=.SO, 

.\!-type, f~" = S,OOU- , 

and d = .111 (as,..Hmed cntbtant for romputation p11rposes). 
\\"ith the,..e ,·ahtt's tlw magnitucll's and loeations of induetanl·es and 

cap.tcities an· as shown in the centcr of Fig. -!, whcrc the series imped
.IIH"l' p.trts han· l.wen merged togetlwr. 

The \"ariahles Ck anrl J'k fnr the "ron,..tant k" band pass wan'
tiher ""' weil as l'"., 1·",. anti 111 of thL· .\/-type are gi,·en hy formulae 
~II. ( :!fil. and (:{! ). l n the :{-elenwnt typt• 1'/ 1 

. . . I - (f f1 l2 . U ftF 
L 1+111 =T.r~ fd~-1 +ul U2 ftl~-1· 

Tht•,..t• \ariahk·-. ha\·c ht·t·n l·omplltl'd in tlw prescnt case for frv
l)lll'lll'ie..; on hoth ,.ide,.. of the tr.lllsmitting hand and are tahulatl'd 
l.Jl'low. Theotlll'r tahJe,., induding that of tran,..mission lo,.,sl's an· hasecl 
upon this tahle and the charts. 

The next tu the la,.;t. and tlw Ja,..t columtb gin• tlll' total trans
mi-.-.inn Jo,,,l.,.. a,.. ol•tainl'd hy thi,.. dtart nwthnd .llld hy clirect network 
computation, rl'..,pt•ctin·l~·. ( 'ompari-.on ,..hm\,.. that tlwn· is a n•ry 
-..tti,..faetory .tgrtTllll"llt lwt\\l"l"n tht·m. tlll' dillen·nn·-. .tt all fn·
quencit·,.. l•eing tll'gli:.::ihlt• in practin·. Tlll' gn·att·..;t dilll"rt·nn·,., of 
.1pproxim.1tel~ .o.-, ath·nnation uuits ;ll frl"qllt"lll'it·,.. :~j";)tl <llHI l.iOII 

cydl",.. pt·r ,..,·cond. jnst out,..ide tlw tr.tn,..mitting hand. can rl"adily 
he t•-.:pl.tirwd .1-. dut· to the orni-.,..ion of di,..,..ip.tti<lll in tlw rwo ll'rminal 
lo,..-. bl'tors anti 1 he n·lh-ct ion cot·flicit·u b. Thl" 1 r;tn,.mi,.,~ion lo,..,., i,., 
,..ftm\n gr.tphically at tlw hotturn of Fig. -L 

lt is helie\·ed that the 11,..e of thi~ t·hart ml"!hod will n·..;uJt in eon
,..iderahk time cconomy with cakulations nf thi~ kind. 
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TABLE I 
U and V Variables 

"Constant k" Type \'1 1 J/-type, m =. i454 
f ----

Cycles. 'sec. 
c. I '• u, J', L'm ("m 

1000 - 81.0 -. 870 .455 .0003 I. 29 .0004 
1500 -32. i -.385 . ·tli .OOOi 1.34 .0012 
2000 - 16. 0 -. 213 . 364 .0012 1.45 .0032 
2500 8 .41 -. 132 . 296 .OO I!J 1.71 . OO!J8 
.moo 4 .4h -. 0868 ' 212 .0027 2 .5.1 .050 
3250 3.20 -. 0707 ' 165 .0032 4 21 0 220 
3500 2 0 25 - .0575 . 114 .OO.H .36 - 48 .9 
3750 1.53 - .0463 .0586 .0042 - 2.67 '253 
4000 1.00 -. 0367 0 .004() .99i . 065() 
4250 .607 -. 0282 .0625 . 0055 .461 .0293 
4500 :~6g31 1 - .0205 . 129 .0061 ' 214 .0156 
5292 0 .364 .0085 OOOli 0 
6500 0 534 .0263 0 796 .0128 . 389 .0252 
6750 . 752 .0315 . 897 .0138 . 627 . 0395 
7000 I .00 .0367 - 1 .00 .0148 .9!JS .0659 
7500 1.58 .0470 - 1.22 . 0170 -2. 90 .290 
8000 2.25 .0575 - I .46 .0194 '85 48 .9 
8500 3.01 .0682 - 1.70 .0219 4 .92 .329 
!JOOO 3.85 .Oi92 - I .97 .0246 3.00 .0866 

10000 - 5. 76 . 102 -2. 55 .0303 2.05 ' 0234 
11000 - 7' 94 . 12i - 3.18 .0367 I . i5 .0110 
12000 - 10.4 . 154 -3.88 .0436 I .60 .0065 

TABLE II 
Transfer Cons/an/s 

l\1 id-series :\lid-half :\Iid-part of 

f Type \"1 1 J/-type 11 ·. \\"ave-filter 

Cycles. 'sec. 

T1 =.·11 +iB1 Tm =HAm + iBml T = T ,+ Tm = D+iS 

1000 I ' 26 - . 97 - 2.23 -
1500 I ' 21 - . !J'l - 2.20 -
2000 I ' 14 - 1.02 - 2' 16 -
2500 104 1.08 2' 12 -
3000 .89 I .23 - 2 12 -
3250 . 7<J - 1.46 - 2. 25 -
3500 ,()(> 2.64 - 3.30 -
.'1750 . 480 + i 02 I .077 - i i .SI I 55i - i l 4!J 
4000 ' 100 + i ' 10 .181 - ii.3!J .281 - i l . 29 
4250 ' 025 +i . SI .Ol!J - i . i5 054 - i .24 
4500 .019 +i . 73 ' .01() - i .48 038 +i '25 
5292 .018 +i l .30 .013 + i () . 031 +i l .30 
6500 .032 +i2.20 .026 +i . 67 .058 +i2.87 
6750 .04.l +i2.48 .040 + i .92 .083 +i3 40 
7000 . IB + i2.97 . 181 + i1.39 .354 +i4 .36 
7500 .910 +i3. 10 I . 125 + it.51 2. 035 + i4.61 
8000 1.27 - 2. 64 - 3 ' 91 
8500 !.52 1.53 3 .OS 
!JOOO 1.74 1. 31 3 OS 

10000 2 'O() I. 15 -~' 24 
11000 2.36 I. 0() 3. 45 
12000 2.59 I 06 3 65 
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1'.\lli.E 111 

X .~II "' .i-154 

( ·, .-lt·~ ~l.·(~. 
l' (J 

c:,. Il,, (;_! ll. , 

37.'\11 .:'X 2 I~ II -2 .ll J h<l .l II 
41HHI .w .l Ot• .t'l .'\0 I .l.'i - 02 
4!.'\0 01 .l ;~ .? Si\ 0 .l i3 .l 2i 
4.'1HI 5i -l 11-l .l ~5 II 5 Stl -l ,q 
.'2'>2 
fl.:;IHI I; 2 .t.'i 2 110 () I 111 ~ 111 
hi50 . i~ .! . hi I <l.! 0 2 Si 'I -Ii 
iOOO Jll J 2.! .jl) so I so 1.! 4-t 
i.'\110 hO 4 H 0 .l<l .t (Jj 15 75 

T .-\BL E 1\' 

Tmrzsmissio11 Losses 

Transfer Terminal Interaction Total =L 

f ---- --
( 'ycles scc.l 

L, L, L. L, ~Li 
'\ctwork 

Computation 
---·-

1000 2 23 .i\8 .0.! 3. u 3 .IJ 
1500 .! .!0 65 -.11' 2. 6i 2. 68 
.!IHHI 2.16 48 - .• 0 .! .• H 2.35 
.!500 .! . 12 .l.l - 35 l. 10 .!. II 
.lOOO .! 1.! .l<l -.25 2.06 2.0i\ 
32511 2. 25 1.! 01 .! .36 l . .li 
.1500 .l .lO ()() 21 4 57 -1 .59 
Ji50 I 557 0-t.! l<lO 0.!5 I 43-t I. -lili 
-1000 . 2.~ I H.l 08.! - .lOO .50() .508 
4150 05-l O()i 00-t OH . J-11) . IS-t 
-1500 038 023 001 001 . 063 .06~ 

52'>2 .031 I Kill 000 . (HIO .O.ll O.l(l 
6500 058 052 .OO.l 005 . II~ l.!i 
6i50 .0.1\.l 11.'1 Ol l .05.' 26i .!ih 
iOOO .. l5-l HJ 08.! . .!SO b.!<l 6.1.! 
7500 .! OJ5 O.lil 150 .0011 'l.l.? ()~j 

xooo J 91 ()(l 21 5. IX I 'I 
8.'00 3 OS II 06 3 22 .!·1 
'100<) .l.OS 16 IX .l.O.l 3 05 

10000 .l.H 2-l ll J. I i .l 18 
11000 l 45 .ll .l-1 .l. .t.! .1.-l.l 
120m l IJ.'i .l.~ l.l 3 j() l io 



610 BELL SJ"S1E\J TEC IIN!CAL JOURNAL 

. 02426m.f. .02.158m.f . 

600"' 600 "' 

~5 
.....> ·c: 
::::l 

c 
0 4 :;:; 
Q 
::J 

I\ 

\ / 
c 
Q) 

.....> 

.....> 3 
<( " --V 

\ I I 
II) 
II) 

0 
_I 2 

c 
.Q 
II) 
II) 

"'-) I 
I 

I I 
E 
II) \ I 
c 
CO 
L 
f- Jl ~ 

0 2000 4000 6000 8000 tO 000 12 GOO 
Cycles per Second 

Fi~: . 4 Transmission Loss of Composite Band J'a ,.s \\'a\'c-Filtcr 



.\I'I'F\1>1:\ 

rtw ionnlll.t ll'l'd in thl· t1·'t ior ,, di,..,ymnwtric.tl t'Oillpo,..itt· \\.1\1'· 

tiltl·r ,..tnwtun· n•nt,1in, tlw im,l)-:1' p.tr,lnll'tt·r,.;, anti i-: ,, ,.;peci.tlca,..,· 

r>l .1 \!t'llt'r.tl fllrtlllll.t '' hid1 j,.. .1ppli1\lhk to .uty linl'ar trarbdncn, 
,t\'li\\· or l'·'''i\\· l"hi,.. ).:\'11\'r,d inrmula i,.; dt·ri\ cd hen· togl'tlwr 

"it h ot lwr u"dul <>IH',, 

.\ litw;tr tran,.dtwl'r "ill Iw ddirwd "" .tn l'll'ctrical rwtwork which 
h.t,.; t\\" input .tnd t\\o output terminal,; and .1 structure ,;uch th;tt "o 
f.tr ·'" tlw-.t• tt•nuin,d,.. an· l'llllet'rtll'd tlw currl'nt,; <trt• lint·ar function,.; 
of tlw jl.lll'ntial clifft·n·ncl'' itlld tlwrdorl' the principle of ,.,:tpnpo:-i
tion hold,.. Tlw ,..trtwtun· m.ty cont;tin ,;oun·t·,; ;1,; weil "" ,.,ink,; of 
encrg~; that j,.., the tran,..dun·r m;1y Iw <tctiYe or pa,;:-in·. In tlll' 
mo,.t \!t'llt'r;tl ca,.1·. th.ll of an .wtin· di,.;,.ymnwtric<tl linear lratbdtH't•r. 
four intl!'pt'lllknt p;tr.tnH'tl'r" .tn· m·ce,;,;ary tD ,;pt'cify it,; clectrical 
propcrtil',.;. Tw11 "1·t,.; of ,.;uch p.tr.lllll'l<'r,.; will IH' con,.;idered in deri,·
ing corre,.;pondin:,! formulat•. tlw imag<· paranwter,.; ;~nd the recurrent 

jlolfilllll'lt'f'. 

I. ht.\t.t·: P.\IU~IETER" 

I. Goraal /.inmr 7'mnsducer. Tlw par,lllll'lt•r,.. 111 thi,.; ca,.•· are 

tldirwd with rderenn· ltl the ,.inglt· tran,.;duct'r in Fig. :~. Lt·t the 
termin;d intpl'd.IIH.L'" in thi" tigure Iw ,.;o cho,.,en that thc impedann·,.; 
in tht• twn directiotb from terminal,.. t1 are equ;d, that i,.., the bttl'r 
impt•d,IJH'l'" are the "im,tge" of e;l('h nther, and at tht• stillt' time a 
,.,imil.tr "im.tgt· nmdition" hold,.; "ith n·fen·tHT to tt·nnin;tl,.; b. \\'ith 

the tr;~n,..dut·t·r "" tt·rmin.tted. it" diralionallransfa conslanls are hen: 
delined a,; '/',,=log,(/, /1 \\hen tr.lll,;mitting from termin;tl,., a tn 
tt•rmin;tl,.; b. and 7',., -log,(h !,,) wlll'n tran,;mitting from termin<tl,; b 
t11 tt·nnin.tl,.. 11. Tht· ima~c imprdanrc 11"a of tln· tran,;durer i,- tlw 

impl'd.tnn· ;wn'"" termin.tl,.; 11 in eithl'r direction, <tlld the imngr im
pfdlli/U' Ir i-: "imil.trly dt.fllt<:d at terntin;d,; b. In gvtlt'r.tl, "I'at• .111d 
r"., .tn· difflTcllt . .t-: an· ;tl,;o ll",, <tlld 11",,. 

l'IH" tr.tn"dut l'r i,; tww to !lt' terminatt•(l l•y tht• ).:t'llt'ral impl'd<tnn·:' 
.l, .tnd .l with .tn t·l,·rtromotin· forn' 1~, .tpplit•d in ,-l·rie,- with .l,,. 

'Th,· rt·l.tllnll• .tllllltlJ.! lin· u1h1·r di.tincl •l·h of [>.&r.ltlll'lt'f< lor .1 lr.ln"'lnn·r 
-uch ,)• .• 1'·1'-i\(· Oll!' \\hi,·h J',(ll Iu· ., ..... iti.-d I·~ rhnT !'lllll(lln; p.tr.llll<'IN• \\t'rC 

-:•n·n h\ f • \ ( l'llplwll in I·,, nd.d I ,,,·jiJ,llion'. Tr.lf>-. \ I 1·:. E., \ "'- XX X. 
l'.lrl II. T.thlt- I, I'· ''~. 1'11 t. l'h<· dilh·renl ,,.h ""rr.-•P'"'" '" tht· fonr norm.tl 
nl'l\\ork, de•i.:n;~ted ,,, tlw T, tht: tt, the tr.tn,fornu·r, .111<1 lhl' .trtilici.d lint•, ;~nd 
lo rh.- '" lplt- cirrnil <lllt'·(~>inl .tnd two-poinl impt·lann·- \ ,i,th "''· onc pomt 
.tnd l\\n·r~•int ... tmill.tnn·>, "''' ll•<·d in .\ppt·ntli, I of my p.l(IN in 1h1· II . ...., T ]., 
j.Ul. 111!.1. 
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I t is desired to obtain, among others , expressions for the sending end 
and receiving end currents Ia a nd Ib which contain the imagc para
meters. 

Each terminal impedance will be considered as cqui\·alent to the 
image impedance at that end plus another impcdance whose potential 
drop is to be replaced in the usual manner by an cqual opposing 
electromoti,·c force. In cffect this equivalcnt elcctromotive force 
substitu tion rcduccs thc system to onc in which the transducer is 
terminatcd by its imagc impcda nccs andi n which determinate electro
motive forces arc actin~ at botlz ends. From this vicwpoint, the total 
effecti,·e electromoti,·c forccs acting a t the cnds a and b of the trans
ducer terminated hy its ima~e impedances Wa and Wb are, respcctiwly, 

and 
E.+(JI".-Z.)I •. 

(JI"b-Zb)h. 
(·Hl ) 

Supcrposin~ the currcnts duc to these electromot i\·e forces at both 
ends we may writc thc current cxpressions immccliatcly from thc 
dcfinitions of the paramctcrs im·okcd. 

Thus 

I . 

and (50) 

Thcir solution gi,·cs thc explicit formulae 10 

I Ea ( I + rbe -lT••+T••>) 
J=JT". +Za ( 1-rart.e -CT"•+T!.l)' 

and (:jl ) 

wherc r. and r,., thc current rctlection cnefficicnts at terminalsa <tnd b, 
a re 

a nd 

IV. - Z" 
'• = ii'.+Z~' 

10 These formula· may also Iw derivetl syll! hclic.d ly by lhc ··urn·nl r .. l! .. c!ion 
method. 
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Ahhuu~h thc transduccr has four indcpl·ndcnt p.1rametcrs , it will 
be scen th.1t thc scnding end currcnt in,·olvcs I.Jut thrcc effl·rti,·e trans
duccr JMramctcrs, the s11111 (Tob+ T".,), Ir •. and trb. .-\s a rcsult, 
thc four um·-point impl•d,lllt'l' llll'asurements which ean hc m,1dc upon 
thc transdurcr it:-df. thc opt·n-rircuit and short-cirnrit driving-point 
impcd.IOrt'" at hoth crHb, mu,;t ha\'l' .1 relation hl'twt·t·n tlwm. Ll·t 
.\.",. and L dcnotl' thc dri,·ing-point impcdances arro"s tl·rminals a 
whcn tcrminals b arc opcn-cirruitcd and short-cirruitcd, re,;pecti\·cly. 
Thcn if in (."l I) z .. = ll and terminals b arc opcn-circuitcd hy putting 
z~ =X , tlll' imped,JilCl' at terminaJs a, the open-cirwi/ impcdallCl', is 

\• F. .. II' I 1(7' +l') • "= / a = " l'Ot 1 ~ <Jb ba • (:i2) 

Simii,Jrly for thc slwrl-circuil impcdance, whcn Z,,=ll and Zb=O, 

For the other end wc get I.Jy interchanging sui.Jscripts 

and 
Xb= ll"b coth !{T .. b+ Tba), 

l'b= ll'b tanh ~(Tab+ Tb.). 

These gin· thc necessary r('lation a,; 

x. xb 
Ya G,' 

(5 1) 

(;i(i) 

Hence, in lhe mosl generallinear transduccr the ratio of the open-circuit 
to slwrt-circuit impedances al one end is equal to thc corrcsponding ratio 
at the other end. 

Other important dl·rin·d formulae are 

Wb= " Xd-:;;, (,'}!1) 

11".-ll"b= \ '(:\.".-.Yb) ( f.-= }'b ). 
and 

((i(J 

Thus thc opcn-circuit and short-eircuit impedance measurl·ments 
determinc the sum of the riirectional transfcr ronstants anri hoth of 
the image impedanres. 
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Tu ohtain the separate Yalue,; of l'ub and 1't.u. it i,; neces,;ary tu 
make at lea,;t one t\ro-point measurement, as seen from the formula 
for h whirh contain:-; four di,;tinct tran:-;durcr parameter,;. For 
cxample, tn tind 1'.,& pcrhap,; the ,;implc,;t method i,; to terminale 
with the imagc impedancc at terminals b, whenrc 

Tlll' con,;tant T~oa is the difference hetwcen the ,;um ( Tu~J+T~oa) , 

ohtaim·<l from (;ii ), and T a& ; it may al,;o Iw detl'rmincd hy a two
point mea:-;urcmcnt ,;imilar to the abon· for tran,;mi,;,;ion in the oppo

,;ite dircction. 
For somc purpo,;e,; it is con\·enient to han· formulac irn·oking tlll' 

potential differences 1·,. a nd l '& arro:-;,; thc l\\·o pair,; of terminal,;, 

rather than the terminal impedance,; Za aml Z11 and the serie,; applicd 
electromoti,·c force E,,. Such formulac in c-omhinatinn with the 

abon· ran hc u,;ed to adntntage in detcrmining the rurrent,; and 
potential ditTerence,; at point,; \\'ithin a rompo,;ite tran,;ducer. They 

arc deri\wl rcadily IJ~· making tlll' ,;uh,;titution:-; in thc ahon•, 

'/ ='~"- , .. 
/4, , f a ' 

and 

For !'llrrent trarbmis,;ion from terminal,; a to terminal,; b 

a nd (Ii I ) 

.\J,.,o, 

(ti.i ) 

. - . ll'"(cr•·•+r r.,.) . (ch•-t' r ... ) . 
l t.- 1., 11"., ~ -/,.1 1 11 ~ 

Interdr anging the :-;uh,;cript,; and cha ng ing tlw ,;ign,; of tlw currents 
in (Ii I ) will al:-;o Iead to (li;i ). 

:! . l'a ssi<•t• l.inl'llr J'mnsduar. Sinn· the n·ciprocal tlll'orem hold:-; 
here one rclation exist,; he t\H'l'n tlll' four parameter:-; lea\·ing thrt'l' 



indl'pt'nolt·nt otl!'". Thi-- rt'l.ttion i" !-:iu·n olirl'ctl\· lt\ tlw tht·t~n·nt 

in thl' , .. ," •. \\lwr .. X., II",, .tnd z,.-11", .. thl' "'llli\idt·nt tr.ttt--fn 

currt·nt" lwin!-: 
t' r.,,. •. r .... 

tili) 

.\lthou~h .111~ thn·t· oi tht'"l' p.tr<~nll'tl'r,.; might Iw .~"",,nwd .t., indt·
JWndt·llt, it i,.; coll\TIIil'nt to t<lkl' "" tlw indqwnd!'nt p.tranH·tn" 
1'. Ir., .. uul Ir~. wlwr!' 

lti71 

j., thu,.; d .. fuwd fnr tlw passit·c lranst!uar "" tlw /ransfer t'onslanl. J'/t,· 
lransfcr ro1tslanl is lht• arilhmdi( mcan ·~{ lhc l«'o dirf't'/innal lransfer 
<mtslan/s. Thl' re01l 0111d im.tginilr\' p;trts of 1'. nilnH'Iy /) ;llld .o."·, " ·ill 
ht• callt-d tlll' diminu/in11 t'OI/shlltl and thl' 111/.f!.lllar Wlts/anl to di,.;tin
~uish tlwm from the ;tttl'llll;ttion const.lfll and tlw pha"l' const.tnt 
oi the onlin.try prop;q.!;ttion •·•nt,.;tant to which tlwy redun· in tlw casl' 
nf ,, ,_,·mnwtri•·al tr;tn"ducn. Tlwn thl·"e paranll't!'rs an· ~in·n hy 

tht.• fornwlal' 

I
. I I ! ·,, I I !·,, 
= 1.111 l \ .\',, = 10111 l \ .~: 

II",, = \ .\"" !',,, ( ti:-. 1 
and 

.111!1 .tre comple!t'ly deterrnined hy tht' open-circuit 0111d ,.;hort-circuit 

dri,·ing-point impedann'"· 
\\'ith thl',.;t' par.tnwter,.; thl' ntrrt'nt formulae ht.·rome 

I I~.. (I +r,,,. 21) 

,,=ll·.,_._z,, ll-r.,rht' ~·r!' 

I - 1·:,, I Ir,, I I+,",, . .,. 
~-lr,,+X., \ Wb 1 l-r"r1,,• 21)' 

tfi! l ) 

:2 f~a \ Jl"., ]I"~ C T 

(lr"+Z .. HII",.+Xhl(l-r"rM' u,· 
tlw l.tt tt·r lwing tlw om· lt--l'd in tlw t•·xt. ( ltlwr form" ;tn· 

I,,= J·:.,tL~ "inh 1'+ Ir~ co"h 1') 
11".,11"~+/.,,Y,.J --inhl'+tll':J.~+ IJ"hX,,l co"hl" 

t70) 

I~a \ ·w .. ll"b 
h =I ll".,lrb+X .. Xb) :-inf'o 7'+ ( Jl",,Xh + lr,,X,, I co:-h r· 
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Introducing the potential diffcrences, for current transmission from 
terminals a to terminals b 

1 = I f1f\ vb . 
a b\ -

11
, cosh T + _ 

1
_ smh T, 

a V ll'a ll'b 
a nd (71 ) 

Also, 

fW;, . Va . 
h=la'J~ cosh 7 - , l ll'all'b smh T, 

a nd (72) 

I I. RECURRE:\T PARA:O.IETERS 

1. General Linear Transducer. Here four parameters 11 of the 
transducer in Fig. 3 are defined in tcrms of its propcrties when it is 
one sect ion of an infinite rccurrent structure which is made up of 
identical sections, similarly orientcd. \\'ith such terminal condi
tions for thc transducer, it s directional propagation constants are 
defincd as follows: I'ab =log, Ua l h) when transmitting from terminals 
a to tcrminals b, a nd r ba =log, (h/ Ia) when transmitting front termi
nals b to tcrminals a. The clzaractcristic impedance Ka is the im
peda nce across terminals a in the dircction from a to b, and the char
acteristic impcdance Kb is similarly defincd for thc impedance across 
terminals b in the opposite direction. 

Terminating the transducer by the gencral impedanccs Za and Zb 
a nd applying a n electromotive force Ea in scries with Z a, the current 
formulae contai ning the rccurrent parameters may be derind in a 
manner a na logous to that uscd with the image parameters. In this 
case the total e fTective clcctromotivc forces acting at the ends a and b 
of thc transducer terminated by its charactcristic impedances Kb 
and Ka are , rcspcctively, 

and 

11 These pa rarnctcrs rnay also hc designa ted in thc gcncr;d casc as those o[ a 
gcncralizcd artificial linc. 
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llenn·, 
I J·:~ ( I + Pbl' ' .... + ..... ,) 

.. = K.+l.'., ( l -p~pbe-<1···+•· .. ,)' 

.llld 
I 1~., ( I +Pb)e-~"·• 

6= K.,+l.'. ( l -p.pbc -< 1'••+~"•·• 1 )' 

whcn· th1· currl'llt rl'll1·1'tiou eol'IYwienh .tt tl'rminals cz aud b arc 

.md 

Kb-l.'a 
Po= Ka+l.'a' 

Ka-l.'b 
Pb= Kb+Zb' 

(i' ·t) 

lntroducing thc opcn-circuit and short-circuit dri\'ing-poiut im
pcdanccs X •. .\band l"a. }'b of the transduccr it follows that 

~:} = ~ [ \,!(.\·.- .\"6)2+2(.\'., }'b+Xb l 'a) ±(Xa- Xb) j, (ili ) 

Ka-Kb=Xa-Xb, (ii) 

and 

Any three of these measured impcdances are sufficicnt, Lccausc 
of rclation (;)ß), to obtain the sum (rab+rba). Ka. and K b. 

r\ directional propagation constant may be obtained separately 
from one two-point measurement; thus 

(i'!l ) 

Thc current and potential difTerence at one pair of terminals in 
terms of those at the other are gi\·en by the following. 

For current transmission from terminals a to tcrminals b 

and (~0) 
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.-\l;;o , 

a nd 

~- Passh·e Linear Trcw sducer . lkc;llt>'l' of the rcciprocal 1 hcorcm 
the dircctional propagation con"tants hecome equal gi\·ing a single 
propa?,alion cons/anl , 

which is ohtainal>le from thc gcncra l formula (/ .i ). Here .~ 1 i;; l he 
al/cnualion cons/a n/ and H is the phase cons/anl. 

Thc current formulac J,ecome 

I Ea ( 1 + p~oc - 2 ~') 
"= K a+Za ( 1- PaPI>e 2 ~')' 

and 

1~. ( I +Pb)c-~' 

h = K.+ Z a ( I - p,,pbe 2 ~")' 

l n t he ot her form tlwy are 

a ml 

I _E"[( - Ka+ K b+ :!Zb)'-inhl' + (l\"+Kb)cosh r] 
a- [(2(/\aKb+ Z"Zb)- (1\a- 1\b)( Z. - Zb)) ,.,inhr' 

+ (K.+K,,)(Z"+Zbkoshl' ] 

I _ l~a( K.+ K,.) 
"_ [(2 ( /\ .K"+ZaZ") ~(K~Kb)(Z.- Zb) ) ,.,inhl' 

+ ( !\.,+ K,.)(Z.+Z,.) co;;IJI' ) 

lntroducin g the terminal potl 'llli a l diffcrcnces, \\ll('n tran;;mittin g 
fro nt tenninals a to lt'rminals b 

;t llll (S;i) 

I . l ' ( I I'+ /\.,- 1\,.. I ·) I K . K ,, · I ,, = I• ('{)SI K.+K,,"''II l I + "K.+K,? >'lll I I'; 



.111d 

1 ( ..... h r /\. 1\,. · 1 r) 
1\ . t-1\ ,, ... 11 l 

1\, 
/\., 

1\ I· . I 1') 
L '111 l n,. 

I !\.,/\·,, ., . I · 
., 1\ ,, +I\ h- -.111 1 I . 

( ~lil 

t · .. mp.tri,..t>l1 -.h11\\"' 1 h.t t t Iw ).!l'tll'r.d formul.w for I lll' t•urrt·n 1,.. /,, 

.111d /. gi,t·n J,~ :>)) .tnd 71• in ll'ntb of tlw '""" ,..t•t,.. ,.f p.tr<ti1H'tt·r,.. 
,trl' of tlw ,..,lllll' i unct ion.d f11rlll ill\'llh ing I )wir n·,..pt·t·t i\ t' rl'llect ion 
,., t•Hici,·nt,;. 1lw l.tttt·r .trl' 11i ,..Jightl~ diiTt•JTlll function,ll iorm,;. Thi,.. 

-.imil.trtl\ j .. "h.tt ont· t'\pt·t·t,.. wlll'n tlt·ri' ing tlw iormui.H· ,.., ntlwlic;d)~· 

hy tlw cllrrl'nt rt'llt-ctinn nwtht•tl. 
ln .dl c,t,_, ... hy til .tnd ;-. 

Tlw :-lltll Ir. + r. ), II",, and II',, of an~· lran,.;duccr art· oh\'iou,;ly 

,JI,..,. cqual to tlw pr"p;tgati•m con,..tant and n·,;pcni\'c characleri,..tic 

impcd.tJH"t•,.. of thc two ·"'Ylllllll'lrical lran,;ducer,; which can indi,·idually 

hc iornwd \\ith t\\o ,..uch idt·ntical lran,;dun·r,.;. 

lf "/",,0 l"h,. tlll' rccipnwal thcoa·m hold,; only '"hcn II",,= ll'h. 
f"r whit h ca .. t· the t ran,;dun·r i,; ,..ymmetrical. < ln thc olht•r hand if 
l',h= I',, thi,; tht•,.rt·m hold-< irrt·,..pecliH· of lhc \'ahl(',; of K, and Kh. 
In caeh of t!w .. l' c;J,..c,.; \\hich :-ati,;t'tc>' thc llwort·m llw lran,..ducer may 
ht• acli\c or pa-.,..iH•. 

ln an electric.dly ,..ymnwtrical tr;m,..dun.'r, whetlwr actiH· or pa,;,.;in·, 
lwo par.tttwtcr,; ,.;pccify it,; pn>pt·rtic,; 

wht·re 

and 

111 \\ hich ca-.l' thc corrc,_p,.nding formulac art· idl'ntical in thc po~ra

ml'lcr,... '-,tructural .. ~ mnwlr~ i,.; 11111 ncn·,..,..ary hcn· a,.; m.t~· hc ,..t·t·n. 

ior e'\.tmpll', in tlw c.~:-t· of .1 t·omp<>,..itl' \\a\T-Iilter madt· up ,.f dilll'r

''111 mid--.eric-. ,..,•ctiotb ''IHN' t·haraclt'ri,..tic impt·d.uwt•,.. arc t•tpti\'alcnt. 
ln a pa-. .. i\'1' di,..,..nnnwtrical lran-.dun·r tht• r .. rmulat• conlaining 

h~twrholic iuncti"tt.. an· "f ,..impln form with tht· p.tranwtt·r,; F, Ir •. 
• llld ll'h than wi1h 1h(' p.tranll'll'r,.. r. K.,, and K &. Tlw im;tgt· par.t

nll'tl'r fornml.tt' .trc rl'.tdil~ <tpplir;il>lc wherl' 1 ht· lran,.;dun·r j,.. m.tdl' 
up of p;trt,.; who,..t· imagt· impcdance,.. al tht• junclion,; arl' cqui\'alt·nt, 



620 BELL SYSTE.ll TECl!XlCAL JOURX.r/1. 

as in the present casc of a composite wave-filter. Simple rclations 
exist here between thcsc paramcters of the transducer and of its parts, 
as shown in the text, which is not true with the othcr parameters. 
The recurrent parameter formulae, on the other hand, apply more 
naturally when dealing with a succession of idcntical dissymmctrical 
scctions, or of different dissymmetrica l sections whosc characteristic 
impedances in onc dircetion are equivalent, in which cascs thc propa
ga tion constant of thc transduccr is equal to thc sum of thc progaga
tion constants of the parts. In concl usion, it is sccn that thc set of 
parametcrs most suitable for use in any case depends upon thc par
ticular structure of the transduccr. 



Some Contempora ry Advances in Physics-V 
By KAR L K . DARROW 

ELECTRtCITY I=' SoLtos 

I :\ con~idering- ~ut:h topics as the flow uf electrieity through solids 
and thc outtlow of eleetricity aern,.,::; their bounda1 ies, we han· to 

forego the assist.uu·c of thc grcat sysll'lll of laws, nwdds, and word
pictures whieh eonstitutcs thc contl'mporary theory of thc structure 
of thc atom. This imposing and truly powcrful theory, which now
adays sccms to bulk )arger than all of the rest of physics, is after all 
limitcd to certain restrictcd tields; it deals successfully with par
ticular properlies of isolatcd atoms, and also with ccrtain qualities 
of atoms which scem to bc localized in thcir inner regions; but it a\"ails 
little or nothing in the study of thc bchavior of liquids and solids. 
:\I uch of thc present-day thcory of electrical conduction in solids is 
hascd only on the very simplcst assumptions as tu thc nature of thc 
atoms of which they are built, somc would cvcn remain valid undcr 
the old-fashioned ideas of continuous electrical tluids; and profoundly 
as we may belie\·c that solids are built of atoms rcsembling Bohr's 
famous modcl, it is highly doubtful whethcr that model has nw 
helpcd to interprct a single one of the phenomcna of conduction or 
done more than to prO\·ide a new language for ohl idcas. 

\ \"e ha\·e first to make the distinction bctwccn the substanccs in 
which atoms migrate along the path of the tlowing current and ap
parently carry the mo\"ing charge, and the substances in which thc 
atomsstand still while the current llows past thcm. l t is uni\·cr;;ally 
concedcd that elcments, and likewise the alloys of metals and a num
ber of solid compounds, bclong to the lattcr dass; whatcvcr it is that 
earrics thc current tlows through and past the substancc, lea\"ing it 
at the end as it was at the beginning. Weber said in l~;j~, ''ln the 
metals there are electrically-charged particles as weil as atoms; somc 
of the former are frcely n:wbilc and others vihratc ahout thc atoms; 
they are the cause of thc concluction of clectricity and of hcat, and of 
magnetic phcnomcna as weil." Considcring that in \\"eher',; cla~· 

clectricity had ncver becn observcd apart from ponder.thlc matter 
and electrons were unknown, this is entitled to rank as a daring 
anticipation. 

:\ext we have to distinguish between conduction by met,tls and 
conduction by non-metallic elements. Strictly we shoultl hegin hy 
dcfining a "meta!"; but this task had Letter be lcft to thc chcmists, 
as being really their affair; and they han found it no easy atTair to 
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-.ct llp ol ddinitillll "' \\ hil'll t'\t'f\ l''('llll'nt l".ln lll' l'lllllidl'lltl~ .t .. ,..i).!tll'd 
toolle cl.t-.,.. ur to tlw otht·r. ln f.ll't thne i,.. .r tl·ndt'IH'Y to lll'~in L~ 

ddiuin!o! tllt't,dlic cotHiurtiou, .md tht'll ddinc llll'ta],; ;1,.. tlll' l'lt'lllt'llt.. 
'' hich tli-.pl.t~ it ~ Th1· diffwult~ .. 1,; u .. u.d. i,.. to lll.rk1· thl' dl'liuition 
-.h.trp t•nough lo dt·cidl· ol ft'\\ illll'rnwdi.llt• or ll'illbitioual l'il,..l'"· 
\uynth' 1'\1'11 -.li).!hth .wqu.tinll'tl with l'lll'mi-.try or phy,..ic,.. would 

in .. t.utth rt·t·ngni~t· ,1,.. nwt.d,.. tht· 1'11·nll·nt.. in th1· lir .. t colunlll of 
tlw 1\·riodic T.1hlc .• tnd tiHN' .11 tht· lu>tlolll of thl' t,d>ll' in all thl' 
columrt..; .111d ,, .. tH>Il-11\l't,d,.., with tlw ,..,um· l'<L,..I', thc clemt·nt.. in tlw 
lopnw,..t rt>\\ of tlw t.thlt- .tnd down the right-hand .. id1·. Thl' lir .. t 
t•lt·nwut of en·ry column ;tftt·r tlll' lir,..t two j,.. non-met.dlic. anti tlw 
notl-lllt' t.d lic ch.t rac tcr .11 h·.rnct·,.. f.1 rt hl'r ;uu I fa rt lwr do\\ 11 t ht· 
cohntlll,.. ,,,.. tlllt' pnwt•t·d,.. an""" the Tal>il' front ldt to right. Ont· 
might "·'~ th.1t the clt·nwnt,.. whidt are not llll'ta],; ot'CIIPY tlll' north-
1'.1,..1 ,..t·ctor of tlw T.thlt·, anti tlll' dehatahll' ont'" cro,..,.. in a di;~gonal 
h.111d fro111 nortlnn·,..t 111 ,..outht·a,..t. T hl' elt·ttll'llh which an· ga,..,.,.. 
undt·r the lbll.d cirnnu .. tann·,; oi tt•Jnperature <tnd pre .... un· an· 
l''tn·nte iu,..t.mn·,.. of non-nwtal,..; hut ,..l>llll' of the ddinitl'ly nou
nwt.dlic l'it·mt•nt,.., .111d all oi thL· tll'hatahlt· Oll('"• aa· .. olid or liquid 
undcr tlw u,..u.d condition,;. 

\'l'ry littlc could Iw ,;.tid ;thout tlw l·k·n~t·nt,.. \\·hich undt·r ordinary 
Cl>lldition,.. oll'l' ga"l'"· for n·ry little j,.. known ahout tlll' lllalllll'l' in 
which tlwy c11ntluct dt:ctricity when liquL'Iied or irozen. l 'mh:rhly 
tht• n·a,..llll i,.. that the (''Pl'riml'ntal cnuditi111b would lll' unu .. u;dl) 
ditlicult .• uul the .. uh,..t.tnn·,.. pwhahly \Try had condiJI'tor": it j,.. not 
t•.t,..y t11 im.t~int• ,;11lid hydrogell nwuldL·d into a cyliudcr. dr;Jwn into 
o1 wire. d.unped 11r .. eakd hei\H'l'll electnule,... or tilled into ;1 ,..h1·at h 
lt·,.. .. conductin· th.m tht· hydrogt·n it,..elf. T he diftindtil',.. ntay not 
he iJhupcrahlc; hut tlwy ha,·e n11t ht'l'll gl'nerally 11\'l'rcoJnt• . 

. \,.. for the ,..o}id l'kment,; \\ hirh an· ddiuitt·l)· not meta(,.., ur whirh 
hdon~ to the dt>h.ttahle group. tlwre i,.. an ahundaJll'l' oi data in 
prin l, .md yl't not m·o~rly "" llllll'h ''" Wl' Jll'l'l I. l n J.!:l'JH'ra I t lwir n·
-.i,..t,lJln·,.. o~n· trellll'tlllou,..h· ~rc.tll'r th.ru tlw n·,..i,..t;rnn·,.. of nwt;d,..; 
''trl'llll'tHintJ,..Jy" for onn· i,.. not an l"\tr.t\'itgant word. for tht· con
ducti,·itit•,; oi thl' l'll'l1lt'lll,.. .trt· -.prl'.lll 11\'l'r a "'"''t'ping rangt· of 11rtler,.. 
of magnituclt· \\ hich ft·w if any otlll'r qualitil'-. of tlwir,.. l'olll ri,·al. 
Tht· ma,..,.. oi tlw ht·a,·it·,..t known aton1 difl1·r,.. front tlw m,\,..,.. of tlll' 
li~,:-htl';.l only lry ol i.tctor oi :!10: tlll' den,..itit·,.. of tlll' ,..o(idilied l'll'llll'llh, 
thl'ir conlpn·,.,..it.ilitit·,.., thl'ir otlwr llll'l'hanic.d .llld thl'rmal propt·r
til·,. r.lll).!l' o\l'r 11111 mon· th.rn on1· or t\\o, .tt th1· llto,..t thrl't' order-. of 
magllitudl': t'\1'11 tlw t•nt·r!o!y rl'quirl'd toe,tract thl' inllt'rJilo,..t l'lt·t·trou 
of oll\ ,\10111 ri-.t·,.. l>y i1 i,H tor of only J()· in pa-.-.ing iront th1· lir,..t to 
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thc last eleme11t of thc series; but the conductivity of sih-cr stands 
to the conducti,·ity of sulphur in the ratio 1021 • The distance from 
thc sun to thc ncarcst star is some 1018 cm.; we see that a sheet of 
sulphur a thousandth of an inch thick would offer morc of an obstaclc 
to thc passagc of clcctricity than a cable of silver of the samc diametcr, 
cxtcnding from thc earth to Alpha Centauri. The , ·ariations of 
conducting-power frum elcmcnt to elcment are thus as fanta~tically 
grl·at as thc ,·ariations in scalc from the world of common lifc to the 
world of in tcrstcllar spaccs. The conducti,·itics of the mctal:-o, hm,·
eYcr, are conlincd within a narrow fraction of this range ; it is hetwecn 
thc metals aml thc non-metals, and bet\\·een one non-metallic clement 
ancl anothcr, that thc leaps arc surprisingly great. 

In gcneral, too, the rcsistance of a non-metallic elemcnt dccreases 
as its tcmpcrature is raised; the cun·e of resistance versus lernpera
tme ( I shall oftcn call it clwracteristic, henceforward) slants down
ward, the derivative and thc temperature-cocfficient uf rcsistancc 
arc negative. ?'\car room-tcmperature this is thc usual !Jchavior, 
but not always o\-er the cntirc accessible rangc; of some elements it 
is obscrYcd that thc resistancc dcclines less rapidly as the temperaturc 
is raiscd, thc curvc is concavc upward; evcntually the decline ccascs, 
the rcsistancc passes through a minimum , ·a luc at a certain char
actcristic tempcrature, and thercaftcr incrcascs with thc tl'mpcraturc 
as thc rcsistanccs of metals do. At least onc clcmcnt of tlw dchatahlc 
dass (german ium) cxhibits a characteristic curve that slants upwanl 
instcad nf downward at room-tcmperaturcs; but whcn thc eun·c i:-o 
followcd towards lowcr tempcratures, it too is found to bc conca,·c 
upward with a minimum of rcsistancc bclow-100° C. This suggcsts 
that for a ll of thc non-metals thc rcsistance-tcmperaturc curve may 
l•c a loop hulging downward, with a minimum at a ccrtain temperaturc 
that varics from elenwnt tu clcmcnt; on this gcnl'ralization mw of 
thc contcmporary theorics is founded. 
Tlw~c rulcs can bc illustrated hy mcntioning briefly the beh;n·iur 

of thc non-metallic clcments onc by otw. Bcginning at the foot 
of the proccssion of elcments, wc pass ovcr hydrogen (nu data ), lithinm 
and l•l'ryllium (mctals), aml commcnce with boro11. Boron has a ,·cry 
high resi~tancc at room tcmpcraturc, which clrops a hundrcdfold 
when it is hcated to 1~0° C. and tcn-million-fold wlwn it is raiscd to 
a red heat. On curbon a trcmcndous amount of work has bccn done, 
which unfurtunately largcly gocs to show that the word "carbon" 
usually !-<ignilit•s a franwwork of earbon atoms pal·kecl with occluded 
g;tsc,.;, organic <"lllllJli>IIIHis, and impuritics uf din·rs kincls, whieh 110 
known Illodt· of treatment ;n·ails to cxpcl cntirely, although almost 
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;mything which is done to the suhstance alters its constitution enough 
to .11Tcct its resistancc. (\\"e shall latcr sec that thc situation wi•l1 
m.my of the metals is almost as bad.) :\lost of the cxpcrirncnts 
rcveal a stcady dccline of rcsistance as thc tempcraturc is raiscd, 
whethcr thc s;unplc uscd hc amorphous or crystallinc (graphitic) 
and whate\·cr its history; but Xoyes rcccntly traced sc\·eral vcry 
com:ordan t rurws fnr ::-c\·eral s.unples of graphitc (all howc\·cr of 
the ::-,1me pro,·enicncc) showing a minimum of rcsistanre near S00° C. 
Di.uuonds han· excccdingly high rcsistanccs, which fall when tlwy 
are heatcd. 

Passing oH·r four gascs and three metals, wc come ncxt to silicon; 
the curve traccd by Kuenigsherger shows the resistancc descending 
as the temperature is inrrcased, until at a certain critical temperaturc 
it lcap::; ::;harply upward; from the ne\\' high valuc it dcscends again 
a::; thc silicon is further warrned, only to rnake a secund upwanl jump; 
from this second maximum it drops steadily away, at least as far as 
thc highest tcmperature attained in the expcrimcnt. This illustratcs 
another perplexing propcrty of somc elements; they have several 
di::-tinct "allotropic" forms. each of them more ur less stable m·cr a 
distinct range of temperature which rnay or rnay not overlap with thc 
rangcs of the others; each rnust he regarded, sofaras its conducting
power is concerned, as a distinct elernent. In some instances thc 
several forrns of an elcment are ,.j,·idly contrasted in appearance and 
in generat heha\'ior; such is thc case with phosphorus, all of the forms 
of which have high resistances, but littleis known about their trends 
with tempcrature. In othcr cases the anomalaus changes of temper
aturl' with resistancc arc not accornpanied by other striking changes; 
and there is a tendency to explain any de,·iation from an expected 
trend-such as, fur example, a maximum in a resistance-temperature 
curH~by saying that the suhstance is gradually changing from onc 
form intu another. 

Sulpl111r is the extreme case of high resistance. I know of 110 data 
for scandium, which is to be regretted. as there is snmc rcason from 
generat atomir theory for supposing that this elernent ::;tand::; at a 
turning-point of the l'criodic Table. Titanium, like silicon, h,.,.; 
~e,·eral moditications, in some uf which the characteristic riscs whilc 
in others it dcsrcnd::;. Germanium has becn studied lately by Bidwell; 
it is the clement mentioned above which displays a minimum of 
resistancc at -11G 0 C. Arsenic resernbles the metak Srlcnium in 
the dark h;JS an extremelr high resistance; its character when il
luminatcd is too nmch of a suhjert to he discussed in this placc. 
Xirconium wa,.. found. at least by one obsen·er, to display .L minimum 
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'f re:-i,.,tance at 70 ( '., thou!-:h in eomlm·tiYity it comp;tn·,; fa, ·orahly 

''ith the accepted nwtak .-Jntimony, although r;tnked amon~ tlw 
meta!,;, i~ u,;ually to lll' found among t he except ion,.; to any rules laid 
d!lln1 for tlwm; the ,.,anw can lll' ,.;aid of bismutl~. Tellurium j,; an 

out,.;tanding in,;tann· of an elvment with two nJOditications, and a 

,.,ample taken at random i~ likely to be a mi:-..ture of tlwm in un

predicta!Jie proportion:-.. which rhange when it i~ llL'ated: the rhar

acteri,.,tic:- are corre,.,p•mdingly crooked, and rarely agr('l'. Iodine 
ha:- a n·ry high n·,;i,;t;tnn·. 

Comparing the nwtal,; a,.; a group ,,·it h the non-met;d,;, the lir,.;t 

"triking rule i,- that tlwir rondurtiYitit·,.; are much higher and rather 

cJo,.,t· togL·ther; frum sih·er ( tlw most cotHlucti\·e of all ,.;uh,.;tanres at 

room-temperaturl'), to hi,.,muth, tlw mo"t re,;i~tant of the e!emt·nt,.; 

comnwnly atTL'pted as meta!", tlw ronducting-power descend,.; in the 

relatin·ly small ratio of 7.) to I. The next anct familiar rule is, that 

innl'a,.;ing temperature and incn·a,.,ing re,.,i,;t<lllCl' alway,; go together; 

tlw charactt·ri,;tic alway~ ~lants upwanl to the right. the derivatiH· 

and the tempt•r<tture-coefticil'nt of n·,._i,.,tance are positin· . l t i~ 

cu,;tom ;try to "ay that the n•,;i,.;tance j,., alwa~ · ,.. approximatl'ly pro

portional to the tt·mpl'rature. and that tht• ten1perature-coeffirient 
of n·,;i,;tallt't' alway,; has approximatt'ly the one unin·rsal ,·alue, 

\\·hich i~ the , ·alttt· of tlw ll'mpcrature-coeftit·il'nt of \'!Jlume of an 

ideal ga ,; at con~tant pre,..sure (or its lt'lllJH'rature-coeliicient of pre~
sure <tt con,;tant ,·olume ). That i,- to ~ay. when the tt•tnperature of a 

pil't'l' of meta! is incn·a,;ed hy a gin·n amount, its re,._i,.,tann· increa,.,es 

approximately in tlw ,..amt• proportioll a,; would tlH' pre,;,;ure of a 

lixed quantity of an ideal ga,;, L·nclo,.,L·d in a non-e:-..panding Container 

and rai,;ed from tht• samt· initial (ll tlte same rmal lt'lllJll'r<ltllrl' a,; the 

llll'tal. \\'ere the~l' "l<tll'l1Wnts lit<·rally tnw. ;tll tht.· re:-i,;tann·
temperatun· curn·,; for lll('t<tls would lw ,.;traight lint·,., intn·,.,ecting the 

a .\i,; of ll'll1Jll'f<llllres <II ah~olutL' Zl'l"IJ. Hut tlw "l'ClJIH l ,.;t<tll' llll'lll 
cannot t'\'l'll lll' ('(Jibidered a good appro:-..illlation, unlL·,.,~ ont• is willing 
to confer tlw tith- "good approxin1ation" ou a nuuH·ric;d ,-,dut· .tiO:{ti.) 

\\·hi.-!1 j,., •·:-..pt·•·ted to .tgn•t• \\ith a "et of olN·nTd Y<tllll'" whid1 range:> 
lljl\\ <trd,., to .00:1:-- (pota,.,,., ium ) and .tiiHi>l (iron). (I refrain from gi\·

ing <t lowt·r Iimit for tlll' r<tllgt.', for a n•;t,;on whil'h will prl',.,l'lllly lll' 

lll<tdt· ch·ar. ) .\J,.,o tlw dtar<t l'teri,;tic curn·s an· not rigorously 
,; tra ight lines, .dtltough it i~ not unn•a,;onallll' lo c;tll ,;onw of tlwm 

(1/J/Jroxi ma/t'/.\' ,.. tr.ti ght. wlwn <ll1t' •·on,;idt·r,., how widt· i,; tlw inlt-rY;tl 

(JI tt-n tpt•r.tt u n· IJ\t 'r \\hi('h "<llllt ' 11f them h<t\'l' !Jt'l'll tr<tet·<l. ln 
"'Jllll' ('<t,.,t '" .1 qu.ulr.tti L· h ·rm ;u ldL·d to tlll' line;tr t•xpn ·s--ion. re,.;ulting 

in a f11nlll d.t I< R. +at+bt.~ i,.. ,.,ufti c iL ·ut !11 t·xpn·"s tlw dat.t. l ' sually, 
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hut not ,d\\,l~ "· tlw I'Xtra !'odlicil'nl h i,- positin·; the ch.tr.wtni,.ti!' 
i,. cont'.l\l' lltl\\,Jrtl. "l.,.u.tlly l•ut 11111 alway:-;" i,; a phro~:-;t• llllll'h 

in d1·111.\lld \\ lwn 11nt· is l.tying- down rull':-; for n•tuhtl·ting hodi l'". 

ln thi,. 1',1,.1' llll'l.d,. of th1· pl.ttillltnl triad furni,.h tlw I'X!'l'ptiur•"· 
ln otlwr in-.t.HH'l':- nthic 11-rlll,. n111:-l hl' addl'd lo 1111' formul.c·, ,tnd 

in ,.tillotlll'r,. 1'\l'n thl',.l' .tn· in.t~h·qu.ttl'. ()Jw of thl' long1·,.t ch.tr.w

tt'ri,.tic,. l'\ c·r tr.tn·d, thl' otH' dt'll'rtllinl'd hy \\'orthing .tnd For,.~ tlll' 
for tung-;.lt·n front 11110' 111 :~~.i0° l' .. conforms to the l'qllation 
R -(ll11S/. '/'

1 
:! . 

. \ 11 thl',.l' ckt.til,. .tlulllt \ .dtrl'" uf n·,.;i,.taniT,; .uul ,.hape,.; of n·,.i,;t.llll'l'

tt•ntpl'r.ltllfl' curn·,; ilrt' >-t'd.ttt• and conllnonplacl' t·nough: 11111 thl're 

i-< one quite extr.wnlin.uT phen .. nll'IIOll in thi,- lield. onl' o! tlw ,.;trangl' 

di,.continuitie,.; which itppt•ar hl're and tlll'rl' in the theatre of natnrl' 

.1nd l'ontrihute morl' of dram.ttic intl'rl':-;t to tlw ~pectade than any 

.llllllllnt of :-mooth t"urrelati"n" het\H'l'll eontinuou,.; ,·ariahle,;. Ex
lt'lbion,- oi thl' characteri,;tic,.; downw;Jrd,; towanl lhe absolute Zl'ro 

ha\·t• to follow upon impro\TIIIl'llls in the .trt of producing: and main

to~ining \ l'ry l11w ll'n1p1·r•• t ure,;; and fnr I ht· la:-t t wen ty years t hl' 
;Hh-ance,; in thi,; art ha,·c ht'l'n madt· in the Cryogl'nic Laboratory 

uf the l'niH·r:-ity oi l.eydl'n. aml there thl' curn·s han• heen extended 
downward:- ,;tep hy ,;tcp ,.,.. additional range,; nf cold were madl' 

atTt·,;,-ihll'. Thl· tt·mperatun·,- down to 11 ° K . attained with liquelil'd 

hydrogen did not a!Tect t he n·,.i,.tann·,- of meta],- in any \Try ;.tart ling 

\\.ty, alth .. ugh thl' eh;tral'tl'ri:-tic,. .1re gcnl'rally ntore ,.harply cun·ed 

thl'rt· th.tn .11 ordinary lt•ntpl'ratun·,-; hut when with the aid oi liquelied 

ht·lium K.lllll'rlingh I lnnt•,. penetrated to with in !in· degrt•e,.; of the 

al•:-olute zt·ro, :-omething a:-toni,-hing Iook plan:. 
K amcrlingh t)nllt'" had heen l'Xpcrimenti ng with platinum wire, 

.md he h;ul found that mTr the interYal of tl'mperatures newly madt· 

.l\',til.thle, the intcn·al irom -t .:~o tn 1..)° K . (a ~mall range when mcas

un·d in dl'grt·l"•, hut a gn·at nne wlll'n con,.idcred in tt·rnb of the di,.;
t.utn·lwtWI't·n ib lowcr Iimit anti thc ah,.;olutc zcrn) tlll' n·,..i,-t.tnn· of 

tlw \\in· did not ch.mgl'. Thi,. he thought might llll'illl that tlll' propl'r 

n·:-i,.talll't' of thl' rnet.tl harl ht·1·ome l'XCl'edingly ,.;mall. lt·a,·ing .1~ 

tht· chid t·ontpllnt·ut of tlw oh:-t·n·1·d n·:-i,.li1111'1' a tcrm uu.Jfft·t·tt·d l•y 
tl'lllperatnn· and dm· po:-,..ihly to :-omt• :-lll'h thing a,- di,.continuitil·,. in 

the \\in·. for l'Xamplt· het\H'l'll tlw platintun aud hits of impuriti1·~ 

mi"·d iulo it. To han· a purer nwtal hl' n·pl.tn·d th1· pbtim1m l•y 
rl'pt·.ttl'tlly-di,.tillt·d llll'rcury. lt ,, ...... !'cllltainl'd in .1 :-lt-ndl·r gl .• ,. ... 

rapillary tulw, forming ,.;o tim· a libnwut that tht· re:-i,.t.Jnn· .rt room
tt·mpt•r.ttun· ,,.~ ... r.tther con,-id{'r,thle; in ont· "(ll'l'itied in,..tann·. 17:~ 

ohm,... \\'hen lll' lowert·d thi,.; tilamcnt oi mcrcury tu tlll' templ·raturl' 
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of fruzen helium, at a certain point the re~istanc-c suddenly Yanishcd. 
Litcrally it ,·anishcd: the word is justificd, for the ,·aluc to whic-h it 
had droppcd was, if not truly zero, at all e\·ents not so much as one 
liH·-hillionth of its \·alue at room-tempcrature, and not so much as 
one ten-millionth of its Yalue just hcfore, at about -1. 1° K ., it suddenly 
disappeared. Thc merc-ury had altogether lost what had always 
secmed to he as inseparable a quality of matter as its incrtia or its 
weiRht. 

A few other elcmcnts werc latcr found to share this property; 
tin, of whic-h thc resistance Yanishcs at :3.18°; Iead, hm·ing its thres
hold-tempcraturc at 1.2°; thallium, at 2.:3°. Thrce of thesc four arc 
eonsccuti,·e in thc processinn of elemcnts. Othcr clemcnts werc 
dcfinitcly found not tu bceomc ''supra-conductiyc" within thc ac
c-e~siulc ranRe: gold, cadmium, platinum, copper and iron. l n the 
,·icinity of the ausolute zcro cach of thcse nwtals has a eonstant 
resistanc-c independcnt of tempcraturc. This as I mentioncd was 
interprcted tu mcan that thcsc metals, or at lea~t thcse samples, 
bchaYcd thus bceause they werc impurc- that impurities prC\"Cnted 
thc ,·anishing of rcsistance- hut ~incc mereury eontaminatcd in
tentionally with gold or "·ith cadmium was found to bceome supra
conducti\"c, and tin amalgam likcwise, it has hecome nec-essary to 

savc this intcrpretation, if at all, IJy a~suming that in the li,·e spcci!icd 
metals thc impuritics eoalesce "·ith the metal in somc partiettlar way. 
I t is intcrcsting to notc that the threshold-temperaturc of tin ama lgam 
lies abO\·c that of either of its eompnnents- at 4.:2\1° K., to hc com
pared with thc 1.1 ° of mcreury and thc :tiS0 of tin. These thres
holds arc not entirely independcnt of circumstances; they diminish 
whcn a !arge eurrent-dcnsity is u,.;ed, and also when a magnctic ficld 
is applied, possihly from the samc reason in both cascs . 

. \ numher of fantastie things c-ould happen in a world from which 
eleetrical resistann· had Yanishcd. anti onc of thcm was actually 
rcalized hy Kanwrlingh ( >nnc,.; within the c:ompass of his lwlium
cooled chaml)('r, wlwn a cttrrent of thtTl' hundred and twt·nty ampercs 
llmn·d for half-an-hour around and around a leadcn ring with no 
applied 1~.1\I.F. whatL'\l'r to maintain it, and did not lo~t· as much as 
lliH' otl!'-llllndrl'dth of its initial strength. l n anotlwr e:\periment 
a ClllTl'llt of forty-ninl' ampt•rl'" 1111\n·d for an hour around a coil of 
ll'ad wire of a thousand lltrns, wound upon a hrass tulw. and did not 
lost· quill' one per cent. of the intt·n,.ity with which it had hl'l'll started 
hy renwving a magnet of whid1 tlll' l"1l'hl had interlaccd tl1l' coil. 
,\t this rate it would han· takl'n m·er four days for the currcnt to 
drop to the l 'c th part nf it s initial \·aluc, if the coil could havc hcl'll 
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kept cold so Ion~. This corrc~ponds to <1 n.:sistilncc hmt·r than 
:tiO ' ohms: tht• resi,..t.mcc of the coil at roum-tcmper.tturc w:ls 
;:~-1 nhms. Few di"co\·crics in physics can han· Ileen :-o cxcitin~ ;'!-.; 

this oJil', .md further ncws from LepJcn is awaited with keen <~ntici
pation. l'ntil tlw pre::-ent liquctied helillm has Ileen milde nowlwr(' 
eist•, hut irom now Oll the proccss will bt• carried on at Toronto abo. 

l'ressure atTects tht' resist.mce of <1 nlt'till much less than temper.l
ture: that is to s.ty, douhlin~ the hydrostatic pressure upon a metal 
makes 110 perceptible ditTercnce with its resistance if the initial pres
sure is Olle <~tmospherc or less, and usu<~lly alters it only hy a few per 
ccnt. if the illtial pres,..ure anHntnts to thuusands of atmosphere. Thc 
art 11f applyin~ enormaus pressurcs undcr controllahle conditions has 
lll'cn de,·eloped furthest by Hridgman in thc Physic<~l Lahoratory 
of Han·ard l'nin·rsity, which throu~h his work holds tlw samt· unique 
rank in high-pressure in\'Csti~ations as 1\:;unerlin~h C1nnes' lahoratory 
at Leyden ill low-temperature re,;eilrch. The higlwst pressure which 
Bridgman has applied to met;tls during rcsistance-measurenwnts 
cxceeds 1~.000 kg m1 2, which amounts practically to tweh·e tlwusand 
atmospheres. :\o one has en·r applied temper<~tures tweh·c thousand 
times as great iiS room-temperature, nor e\·en four tlwusand times 
as grcat as the lowest ill'cessil>k temper<~ture; hut when the pressure 
is altered in this enormous ratio the resistance challgcs only hy a fcw 
per cent. The \·olume likewise changes hy only a small fraction, 
which rather sllg~ests that it is the change in do~cne:-s of packing 
of atomsrather than the neation of intense internal stresses which is 
rcsponsihle for the chan~e in C"onducti,·ity: lwwe\'er, therc is no dose 
cnrrclation hetWtTn relatin· challge in \·olumc and relati\·e change 
in resist.mce; sometimes tht' two an: of oppositc signs. LTsnally, hut 
not always, thc conducti\"ity increascs with the pressure; as if squeez
ing- the atoms to~cther facilitated the tlow of electricity acro~s thc 
metal. Thc rulc applics to thirty-fiYc denwnts, distributed as 
follows in thc l'eriodic Tahlt-: in thc tirst column, II ~a. 1!1 K. 2\l Cu, 
Ii .-\~. 7!1 .\u; ~ccond column, 12 :\lg, :m Zn. -1"1 Cd. )',() Hg; third. 
J:L\1, :H Ca. 1!1 ln, ~I Tl; fourth, tiC, 2~ Ti. 10 Zr, .iO Sn. ~2 l'h; 
Iift h. I ;j 1'. ;);~ .\s, ;;~Ta; sixth. ·I~ :\lo .. i~ Te, 7 I \\'. !12 l'; :>ewnth. ;j;~ I; 
t•ighth, 2ti Fe.~; Co, '2-"' ~i. l.i Rh. W Pd. ;; Ir. ;:-; l't; rare carths .. i7 
La. tiO .:\d. Scn·ral of the non-metallic elenwnts arc found in the li~t. 
Thc cxn·ptions are thl' li\'e curiou,;ly a,..sorted ml'lals :~ Iithium, 20 
cakium, :~s ,..trontium, .il antimony, ~;{ l1ismuth tin· dcmcnts 
distriiJutcd O\"Cr threc columns of thc Periodic Tablc. each of which 
contains ~cn·ral othcr clcments which conform to the rult'. Onc 
moditication of ;j.'i caPsium bclongs undcr thc rulc, anothcr among 
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t hl· l'XCeptiuns. Thi s illustrates how the beh;n- ior of metals in con
durtin g elec trici ty i~ li a hle to cut across the da~~ilication of tlw 
Pcriod ic System , which rontrols nearly all of the properlies of ciC'mt·nts 
exccp t tho~c that \'ary uniformly from one element to tlw next all 
a long- t he ~crics. 

:\ s for the magnitude of the effect. the resistanees of nwst llll'tals 
<tre dcrreascd through less than 10' ; hy applying a pre-;~ure of ten 
thousand atmosplwre~. sotlll' only through onc or two pcr n·nt.; 
l•ut thc dccreasc is 10' ~ for -;oditllll, 10'·; for pota~~ium. IO~' ; also 
for the ''dehatahle" element tellurium, a nd !l'i'~ for hlaek pho,.;
plwrus; hisnlllth gains allout '2:.' ~ in resistance and antimony al•out 
lW'~. The cun·es repre~enting- resistance as function nf pres,.;ure 
a re somewba t cun·ed, latt not greatly so; howc,·er tlw e11n·ature 
frequent I)· varies along thc cun·l· tn such an extent that a two-constant 
formula is not sufficif'nt to exprcs>' the data. I t is an intere~ting 

fact that t hc pcrcentage hy \\·hich a gi\-en pres,.;ure changes the re
si,.;tancc of a meta) is apprnxi mately indepC'ndent of it,.; temperature, 
and consequently tlw perrentage hy whicb a gin·n risc in tempcrature 
r ha ngf's the resistance is appruximately indcpendcnt of the pressure: 
,.,o that thc combined !'!Tecb of a prcssurc-ehangc j,p and a tempcrature
ehange J,.] " on a nwtal changC' it,; re,.;i,;tance from Ro to Ru ( I +uJ,.p) 
( t +bJ,.T). 

Tension, which is cquiYalent to negati,·e pre-;sure acting along a 
p.trticnlar direction (there is 1111 way of applying a negatin: hydro
static pressure ) results in lcngthcning the meta! along one dircction, 
slwrtening it along all directions pt•rpt•rH..Iicular to that onc, and 
dilating it as a wholl'. !\l ost of thc information ahotll what it do('s 
to l'lectrical re~istance is owed to Hridgman. Psually, lmt not alway~. 
tl'nsion increa~es the rc~istance to c urrl'nt-llow along the directiotl 
of the strl'""· The cxccptions are hismuth and ,.;trontium. Com
paring tlw 1bta ahmtt thc !'!Tects of pressurC' a nd of tl'nsion, \H' ~l'l' that 
Hi and Sr are L''\n•ption,.; to th(' common rules for hoth, while Li. ( 'a 
and SJ, an· I'XCl'ptions to the usual rule for p rC'ssure hut not to tlw 
n,.,ual rulc for tt·n,.,ion. T hi,., helps to show why it is so diflicult to 
~~·t np a thoroughly ~ati,..factor~· theory of conduction in n!l'tals. 

Hy llll'lting a ~uhsLtllCI' ih 1lensity ca n he a ltered withont altl'ring 
eithl'r its ll'lllpl'r;ttnrT or its pa·,.,sure: of cour~e, the halance of inll'r
atomic forn·~ is al,.;o alterl'd in som1· rnysterious hut \·l·ry potent wa~· . 
:\ll'lting <1 solid usuall~· l•rings ahont a dt•crl'a,.;l' in densitv; thc solid 
... inks in the liquid; hut then· ;trl· L"\<'l'ptions (bismuth: antinwny, 
~allium ). Thc condul"li\·it~· always changes in the sa ure Sl'nsc as the 
d1·n,.,ity; hl'nre for nw ... t metals thc solid is more conducti \·c than the 
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liquid. htll j,j,_llllllh, .llllilllllll\, .111d ~o:.dJi11111 h,l\1' l:fl'.!ll'f n·,_i,.,I,IIIIT'

frt~/1'11 1h.111 lliPIII'Il. l"hi-. i-. Pllt' "' IIH' h•\\ nd1·s in this lit·ld lo \\hich 
uo 1'\I'I'Piion-. h.!\1' \1'1 111'1'11 di-..-o\l·rt·d l"ht• ol•-.l'ned \,dw·s .,f tlw 
l'.lliP in•-.i-.l.tlll't' of liquid! (l'l',.,j-.l.lllt'l' .,f ,.,.,Jj.j), \\111'11 l.d•tdalt'd .llld 

c\.llllilll'd, -.ho\\ .1 lcndl·nn lo dtbll'l' .dnllll \ .due,.; which an· ralios 
of simpll' il11l'l.!l'l',.,, -.uch ,.,., :! :I, I::~. I: I. II \\ould prol•ahly fl'<Jllirl' 
.1 cardul .111d l':\Jll'rl ,lll.tly-.i,., to ,.,how whelher lhis lt·udency i,., mon· 
pronou11n·d th.tn .1 quilt' ra11dtnn di,.,triiJtlliou might rea,..onahly Iw 
t'\Jlt't'led to di,..pl.1\·. :\lern1n· h.1s tlw higlu·-.1 ratio of all, ·I :1. 

llther <tl.!t'l11'ies which an· harder to mt•asun· or control may han· 
distrt·-.,.;il1gly \!l'l'<tl cllect,.; on tlw condut·ti,·ity of a nll't.d. Thc \·ariou,.. 
nwl;~lhirl.!ical pron·,.;-.t·,.;, .11111ealinl.!. cold-worki11g a11d tlw re,.;t, all't·ct 
tlw re-.i-.tdlll'e; ,..onll'time,.; thc -.ign of tlu· 1·hange can he explai11ed hy 
-..1yinl.! that thc pron·-.,.. ho~-. causcd tlw 111<111)" ,.,m;dl ny,.;tal,.; forming 

lhe nwt;ll to ftl--t' into .1 fcw largt• ones. dimil1i,..hing the n·,..ist,llll'l' 
ollered hy the il1terny:-t;dlinl' partilion,.;; ,.;onwtimes thi,.. explanation 
f.1il-. lo work. lmpurit it•,.. may han· <I ,.;eriou,.; effect; for t''\ampll' 
Bridgm.111 remark-. of hi-.nlllth th.lt '';1 fraction of a pn n·nt. of Iead 
or tin m.1y change tlw tl·mperattln•-coefticient from po:-iti,·e to nq?;<l
ti\'l' and innea,.,t· tlw "Jll'Cific n•,.,i,.;l;mce Sl'\Tralfold." I )ften im
puritit·,.. lll'tray tht·nheln·s l•y an ahnormally low tempt·rature-codti
eient of the ml'tal; this nwan,; that the absolute r.1te of increa,.;e i,
unu,.,tlally :-111<111 comparl'd to tlw \·alue of the resistalll'!' ihelf. Thi,.; 

j,., ,..o gener.11ly thl' l'<bl' that a \·alue of lt·mpt·rature-coefticient which 
tat ll° C.i i,- much helow, ,.,,1y, .IHII is usu;dly taken to llll'<lll that tlll' 
-..unplt· of meta! undl'r inn·:-tigation i,., impure; and the "standard'' 
,-,dw·,., for indi,·idu.d llll't.d,.. '-1'1 down in taJ,Je,-; han· often Llkl'n 

-.uddt·n jum1b upward, when lll'tter-pmilied ,..amples hecanw a\· .. il
.lhlt· for mt•a,..un·nwnr,.,. For lhi,.. n·<~son I bid mon· ,..tn·,..,.., in .1 
prccedin~ paragrc~ph, on the ,·,dm•,.. which f.u· cxn·t·d .oO:{t);} rathl'r 
than tlll' \'.lllll·,., which fall far hdow it. ,\ meta! contaminatl'd hy 
,, ,..mall .Himixture of anolher meta! may hl' reg;mled as tlw limiling 
~'""~' nf .111 .dloy. Tlwre is .111 t·normou~ litt·raturl' of tlw elcctric.d 
!l!'ha,·iour of <~lloys .• llld ,.;onll' of the rl·,;ults can llt' l'\tl'lllled to this 
limiling C<bt'. l t is found, for t'\<1111ple. that if lwo llll'tal,.; .I and 8 
form mixed cq:,.,tab with lllll' another, <111 alloy r .. rmed hy mixing " 
:-mall pl'rcent.lgt· or a fraction of ••nt· Jll'l' cent of .I inro B, h,.,- a :'llr
pri,..ingly gn·.11er n·,.;i,.;t .. nn· than R; and ,·ice n·rs.t. The lt·mperature
nll'lfKil'nt of the alloy i,.; on tlw 11IIH'r hand much ~mallt·r than that 
of 1lw llll'tal. and m.1y t'\·en he nl'gatin·. Thus. although an <lllo~· 

nf thi,.. typt· lll<~Y st·t·m to he "" lhnrnughgoinl.! a nwl.d ,.,.. either of rlw 
pure t'll'mt·nh of which it j,., 111.1d1·, it has .1 thoroughly .lnom.tlou-. 
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electrical heha\'iour; and the alloys as a whole, instead of as,.,isting us 
to understand condul'lion in mctals, rontrihute gcnerou:-;ly to tlw 
alrPady abundant supply of difticultics. lt rl'mains tu he Sl'Cn whcther 
the nwasuremenb upon :-;inglc crystal:-; of nwtals, \\·hich are heing 
publishcd at a steadily-incrcasing rate, are going to darify tlw sit
uation or increase tlw perplexity. 

\\ 'hi le I han· ldt unnwntioned a larg.c ntunlwr of the phcnomcna 
which a thcory of conduction must he requircd to explain, thc fcw 
which I hm·e descrihed will gi\'e quite an adcquate basis for bcgin
ning a discussion of somc of thc extant theories. lt mtbt be conrcdcd 
at once that tlw situation is bad. l'erhaps therc is somc set of assu mp
tions or of postulate,.; hy which the wholc chaotir crowd of phenomena 
can he unificd into a harmonin11s system; hut if so , no one has yet 
formulated it. Thc thcorics, such as they an·, may Iw diYided into 
two groups: theories in which the electrons are suppo:-:ed to mo\'L' 
frecly within the atoms and hc stopped whcn tlwy n·ach an inter
spacc, and theories in whirh thc clectrons arc assumcd to moye freely 
within thc intcrspaces and he stopped when tiwy collidc \\ith atoms. 
Those of thc first kind start out with thc ad\·antagc of lwing hctter 
adaptcd to thc usual effect of prcssure on resistance; mnst metals 
hecome more conductive when compres:-:cd, as if rondttction wcrc 
assistcd by squcezing the atoms closer together. Still thc oldest, 
thc bcst-known, and the most highly claboratcd of all thc theoril'" 
belongs to thc second kind. This is the onc formally knmn1 as the 
clcctron thcory of metallic condurtion, or more briefty as thc l'lcctron 
thcory of metals, and C]Uitc commonly as thc "classical" theory of 
conduction (it docs not takc an idca so long to bccome "classical" 
in physics as it docs in thc arts). Founded by Rieckc and by Drude 
in thc closing years of the last rcntury, it was dcn·loped by Lorentz and 
has since hec ·n worked oycr by l'lanck, \\'ien, Boh r, and othl'r ~a,·ants 
of thc first emincncc. I ts pnpularity is largely dm·, I suspect, to thc 
fact that it can Iw formulatcd with great if SJK'Cious exactncss: that is 
to say, as :-;oon as a few definite as:-;umptions are marle (such as thc 
:-;imple, if unplau:-;ihlc, a:-:,.;umptions that thc atoms arc hig t•lastic 
spherl's and thc <'lel"lrons little ones), numercial con~cqm·nces can hc 
ralculated with any degree of pn·1·ision. ln this respect most of thc 
compl'ting tlworic·,., arl' sadly dl'fcctin·. T\\'o or three of thc numcrical 
dl'ductions madc from simple auxiliary assumptions ha,·c agrecd 
rathl'r weil with cxpl'rimental data; and thcy ha,·c cnntrihuted to 
thc fn·ling that there must hc somc kerne! of truth in thc mathcmaties, 
C'\"l'n if not in tlw physics of thc thing, although it hreaks down in so 
many otlwr comparisons with !'Xpcrinwnt. 
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Fund.lnlent.dh- tlw tht·or~ is n·n· "implt-, .111d h.1s not hl·t·n hl·lpt·d 
to .111y ~rt'.lt nJt•lll h~· thl' nlurt· ~ophi"tit·.tll'd lll.lthe111atit·s \\hich it 
t'lllt'IHI.Ilor" h.l\ t' introdun·d into it. \\'hat j.., uhsern·d iu l'll·ctri.-.tl 
cond11rtion j,.. thi,..: wlwn a pntPntial·ditkn·IH"l' j,.. e"t.thli,..hed acro,..,. 
,l pien• of llll't,d, the dectron~ do 11ot iall frePI~· ciPar arro"s it .111d 
l'llll'r~l' ,1t tlw po,.itin· end with all the kint·tic l'IH"rgy which tlll' 1'.1>. 
,..hould ha\l' commtmicalt'd to them; tlwy nnzl' ~radually throu~h tlw 
llll't.d, he;lling it ;b tlwy gn ,dn11g and enll'rging with 110 111111~11.11 

.1mount of l'lll'rgy, as if thcy h<~d mhbed along through tlw nwtal 
like lwa,·y p.1rticles dropping at ronst,lllt ,..pced through a gas. "Ruh
l•in~ alo11g" hcing .1 concept foreign to tlll' atomie scale, wc han· to 
interpret that earh electron fdlls frcely through a small di-.;tann·. 
collides with ,..omething to which it gi,·es up the energy acquired from 
the lil'id during its fall, f.IJJ,; again acro,..,; ;~nnther ,..lwrt distann·. 
gin's up its lll'\\' quoLl in anothcr rollision, and so forth from side to 
,..ide of thc meta!. Furthl'rmnre thc cnergy which it gi,·es up at each 
stopp<lgc nnbt lind its w.1y dircrtly or indirectly into the hcat of the 
metal. i.e., into thermal agitation of its ;~toms. Rcprc,;enting l>y T 
the timc-inten·al hetwcen two consccutiYe colli,.inns, by E the lieltl
strength in the meta), hy e and 111 the charge and mass of thc elcctron. 
by U the a\·er;~ge kinetic energy acquired hy the electron from thl' 
tield in its free fall hetween two collisions, we ha\·e 

L. = 1(eET m)2m. (I) 

lf there are 11 elcctrons in unit cuhe of thl' metal, and each is stoppl'd 
I T timcs in unit time, the rate at whid1 hl'at appears in tlw unit 
cuhc i,. nl", T; out this ratl' is l>y definition the product of tlll' ron
ducti,·ity q hy the square of the lit·ldstrl'ngth E, lll'nce 

Thl' -.;anll' cquation (::!) can he rl'<lched, if onc prdcrs to think of 
nmductiYity as the ratio of current-dl'nsity to tidlbtrcngth, hy con
sidcring th;~t dnring l'ach frel' fall. the field augnwnts tlll' spl'ed of 
each clcctron in the din·ction of tlw field-,·ector hy the amount eET 111, 

which on the an·ragl' is lo:-;t at the colli~ion terminating thl' fall; ~~~ 

that thc rl'sult is as if the field imprinted a constant drift-spel'd equal 
to ~eE 111 upon all the eleetrons. :\lultiplying by ne to gt't the currl'nt
den:-;ity and r:li,·iding hy E to gl·t tht' condllcti,·ity, we ;~rrin· again 
at (2). 

Equation 121 is the fundamentall·quation of the ell'ctron thcory of 
nmduetion, and indel'd of mo~t of the other theorics. Let lts bcgin 
hy trying the !<llpposition that thl' electrons are at re:-;t nntil tlll' lil·ld 
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is ;lpplil'd, and arl' hrought to a full stop at each collision. Rt·prL'st·nt 
ll\· I tlw ;l\erage dist;lllce tran·r~1·d lwt\\L'l'll collisions. Thl' pro

p;•~ed as,..lllllpti<:ll ll'ads to "/' = \ 1'2ml/ r!~. Tlw •·ondlwti,·it~ · tlll'rdorl' 
would dl'pl'nd o11 thl' lil'ldstrl'llgth. which would \·iobte t >hm's law. 
Ohm\ law l•l'ing rigorously \·alid exeept under l'\.lrl'nll' conditions 
(Rridgman found tlll' lirst slight cleviations from it, in gold and sih-er, 
at CUITl'IIt-densities of the nrder of 10" amps 011~) \H' haH· to discanl 
the idea. The lcsson is, that the electrons must IX' supposed to l1e 
normally in motion at speeds enornwusl~· greater than tlw speed 
imparted by tlw field during a frce fall. Let 11 stand for tlw natural 
a\·eragl' speed of tlll' eleetrons: wc ha\·e T=l1 11. and 

prO\·ided ah\·a~·s that u> eET 1111. 

This condition is almndantly fullilled if \\'l:' make the oiJ\·ious and 
appealing assumption that the elcctrons are mm·ing \\·ith the same 
aH·rage kinetic enl'rgy as atoms of a gas at the same temperature: 
in fact, if the free path I is no Ionger than the an·rage distanee he-
1\\een atom-cent res, tlll' de,·iations from Ohm\; law should not appear 
l'\Til under such extrl'me circumstances as tho:-.c of Bridgman's ex
periments. :\laking tlwrdore this assumption, which in symhols 1s 

;{ 
~11111 2 = :2k1", we lind 

(-t\ 

\'ot much at tention slwuld lll' paid to tlw numerical factor, which would 
l•t• slightly ditlerent if \H' shouhl assumt• .:\LtX\\·t·ll's law of distrihution 
for tlll' ,-~·locities of tht· l'lectrons; thc essential faetur is tlll' last oJll', 
111 \. r. Examining ( Ii in tlll' light of the fact that tlw COIHiucti\·ity 

of most nll'tals decreases dist inct ly more rapidly than I \ / T =in fan, 
;1s rapidly as 1, For still nwrc so-as the temperature inereasl's, wt· 
"l'l' that tlw product nl \rill ha\·c to Iw supposcd to ,·ar~· ,,·ith templ'r
,Jtun·. I t s~·(•ms natural to suppo:-.e that I dcpends altngetlwr on thl' 
distann· lll'l\\l'l'll adjacl'nt atoms, which \·aries comparatin·ly littit· 
with tl·mperatun·, an d anyway Yaries in the wrong direl"tion for tlw 
purposl' of tlw tlwory; ~o that the burden of accounting for the pro

portionality of u to the lirst or a higher power of I T must l•c laid 
upon 11. 

:\m\· it has UlTttrrl'd to a numhl'r of people that tlll' frt'l' l'll·ctrons 
an· dis:-ociatcd from the atoms, a nd the nullll)('r of fn·1· l'kctrons 
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,,. .,:1\cll I•\ IIH" dq.:rct· ol di ... ,. .. ,·i.11io11, \lhich in 111r11 ,.,hould \.11'\ 

\\llh lht· lo·llljlt'l.lllln· in,, 111.111111'1' pr•· ... nil ... d .d1 .. ~,:•·1lw1 J,, 1lw .11111>.1111 

ol ,,.,rJ., llt't'l'"'"'·ln 111 11'11111\1' ,111 t•lt't'll'oll lr11111 .111 .1111111 i111o lho 

prt..,lllllo·dl in1cr ... p.1n· \\ho·11· 11 pl.&\,.. .d•"lll ln·d\. B111 \\\' ,.,iJ.,IIId 

n·r1.1i11h l''\Pt't'l 1h.11 lhi ... \Iork \\ollld Iw po,..ili\l·, ""' i1 i,.. for IIH· 
l''\lr.ll'lioll of ··kclron.., irolll fn·•· .IIom,..; in \\ hich ca,..•· thl· dl't:rl'l' oi 
di,....,oci.llion .1nd tlw nu1nl•l'r oi frt'l' ell'l'lron,.. ,.,honld incn·a,..•· \\ilh 

h'lllJll'l'alllrl'. rlw 1h1·on i,., llwrdorl' ad.1p1ed \o l''\pbin .1 n·,..i ... I.IIHT 

\\ hich dl'l'l'l'.l,..l'" ,.le;u)ily wilh incn·o~,..ing- tl'lllJ>l'ratllrl', as do 1h1· 

n· ... i ... t.llll'l'"' oi ... ~>nw non-nll'tallic el•·menh; it i,.. adapled to e'\plain 

.1 n·..,i,..t.llll'l' '' hich .11 lir ... t dimini,..h•·,.. and then, "" tlw ll'lllpt·raturl' 
innea,.., . .., iurthl'r. go•·,. through a minimum and ri,.;t•s, for tlll' dt'CI'l'<l>-1' 

in thl' f.H·tor I \ 1' lin.dly pr .. dominatl':' m •·r the incn·a,..,· in tlll' f.wtor 

11; it i,. not .ul.qltl'd lo e'\pl.1in a re,.;ist.mce increa,.;ing with ll'll1Jll'l'<ltllrt' 

on·r the whol•· range, "" do tho;;e of the nwt.d,.;. (Jne might ""'"'llllll' 
1h.11 thl' work of e:-..tracting .lll elt-ctron from an ;&Iom in,.idt· tlll' 

ml'tal is lll'g<~tin·. Thi,.. i,.. c;;,..entially llw alternatin· emhran·d IJy 

\\",Jterm.m. \\ ho po,.;ttil,lle,.. that the wurk in qm·,..tiun i,.; ,1 function ui 

••·mperature, uf thl' ionn Ir= 11".,-t'T, 1'>0. For nwtal;; II~. i;; lc• 

he cho"'l'!l lll'gati\·l· ur zerco, "" that Ir ;;hall he negatin· throughcout; 
for non-nw1allic ell'ment,.; Ir. i,.; to Iw gin·n sonH· po,.;iti\·e \'alul', ;;o 

that II' ,;hall ··hange in "ign at ;;ome point in the templ'ratun·-r.tnge. 
Thi,.. unu,;u,d tlll'ory n111,..t l:e jmlged hy it,.. e!Tet·tin·ne;;,.;; that it 

,..lwuld r .. dun· t'oiHiuclion in alt .. lem,·nt,.;, metallic <llld non-nwt<dlic 

.dikl'. lo .1 plwnoml'non of .1 ,..ingle type i,.. a fl'ature appealing ,.;trongly 

in ih f,l\or; lllll \'o~•·,..· 1'111'\"l',.. c:i re;;i,.;t.JIH'l' \'er"u" lt'lllperatun· for 

gr;1phite did not agre•· with ih demalHI,.; in a ,.;ati,..f.Jctory man1wr. 

The a ...... umpl ion und .. rlying ( I ha,.; howe\-..r in\·oln·d th in a ccol· 

Llll'r;d dillinilty. lf \ll' helil·n· that th(' 11 free •·lt·clron,.; pl'r 1'1'. of 

I I I :{ .. k' . t ll' me1,1 1<1\.l' an ;1\·erat:•· l'ner~· :..! kl and a lot.d 'llll'lll' l"nergy 

:: nkT, we are Cl'rt.linly forn·d to .11lmit that wlwn tlll' unil cuhl' pf 

I . I I , . ;{ k nwta 1~ w.ll,·c through I lill' electrun~ mu,.;t take d1e1r ... har•· ·J 11 

cof tlw lwat imp.1r!t'd t" it; hu1 thl' :-pecilic lwat Pi mo"l nwl.ll,.; i,., 
,..urh lhat i1 ,.,.,.nb th.1t 1he atom,.; nw,..t take it all .111d le.11·,. nolll' 

o\'er for tiH· de•·tron,.;. Ii "'' t:l',lrle thi,.; difliculty hy •• ,..,.umin~ 11 

tco hl' quite ,..m.lll •·nmpared with the numiJer of .1tom,.. p•·r cc .. 1 lt'\\ 
pt·r cent. of il or ),.,.,,.,, we )o,.;e certain nunwrical agn'l'nH·nh \\ hich 

"ill Iw m•·nlionerl later, and wc ha\·e al,.;o to mak1· I quill' l.1rgt·, 
.nnounting to ,..,., ... ral time,.; lhe rli,.;tance het\\l'{'n adj.wenl .ltOill!:i; 
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yl'l all tlw tendency of modern atomic tlwory is to makc it secm likely 
that the atoms lill almost tlw whole space within tlw meta!. 

Anotlwr way to a\·oid thc diflindty with tlw specitic heats consists 
in assuming that the high natural spced with \\·hich thc clcctrons 
lly allout is altogt·ther indepcndent of tempcrature; thc burden of 
making a as cxprcs>'ed in (:~) \'ary in the proper ma1mcr with tcmpcr
ature is then laid upnn /, which, \\'icn suggested, should be supposcd 
to \'ary in\'ersely as the amplitudc of ,·ibration of the atoms-that 
is, a fn·t· clcctron collides with an atom only if and when it is in \'ibra
tion, and thc chancc of a collision incrcases with the amplitude of thc 
\'ihration. Tbc \'ariation of resistancc with pressure may then he 
explaincd, sofaras thc usual sign gocs, by saying that when an onli
nary meta! is compres~ed thc amplitudc of oscillation of its atoms 
diminishcs, though thc tempcraturc rcmain thc samc; the frequency 
of oscillation must thcn ,·ary in\'crscl:> as thc amplitude, to keep 
thc m·cragc encrgy of oscillation constant; therc is somc reason for 
cxpecting this to happcn. Bridgman's thcory son1Cwhat rcsembles 
this onc, cxcept that thc elcctrons arc supposcd to glidc through the 
atoms and collidc with the gaps; gaps hctwccn atoms arc compara
th·cly unusual, and occur chictly whcn two atoms arc ,·ihrating with 
grcat amplitudes in oppositc scnses, so that thc ,·ariation of con
ducti\'ity with pressure again has thc proper sign. ßut to cxplain 
the hehavior of thc threc metals of which thc rcsistancc increascs with 
prcssurc and with tcnsion, Bridgman wcnt back to thc idea that in 
thesc thc clectrons glidc through thc intcrspaccs. 

As I ha\'e giYcn only the phcnomena of conduction which thc 
t"lertron-theory explains with difficulty, I musl in justice mC'ntion 
the o11es on which its reputation chictly dC'pcnds. l n the firsl placc 
i t is a theory of thermal conduction as weil as clcctrical conduction; 
the electrons in thc hottcr part of a meta! maintained at an tlllC\'en 
temperature are assunwd to ha,·c a g-reater a\'cragc cnergy than the 
~·lectrons in the cooler part, so that they di!Tuse down the tempcrature
gradit·nt and rC'alize .1 conn·ction-current of heat. The theory Ieads 
to ;ts definite a numeriral ,·aluc of thc one conducti\'ity as of thc 
othl'r, and tlw ratio oi ell·clrical tothermal conducti\·ity is prcdicted as 

a uni\'t:r:,a l t·onstant for ;tll nll'tals, multipliec.l into thc absolute tcm
perature, a nd dC'\·oid uf tlw quantitics 11 and I \\·hieb ha\'e caused us 
~o much trouhle. This is oJH' of the prcdictions which is nearly 
l'llou~h tn1e to Iw impressi\'c; tlw ratio X aT dncs indc<:>d yary sur-
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pri~ing1y littll' on·r .1 \\ idl' r.tn~t· of mt·t.tl,; ;I( roont·lt'lliJll'r.ttllrl' .tnd 
n\·cr a f.tirly widt· r;utge uf lt'lllll!'ratun·,; for p;wh of m.tny nH·I. :..J,... 
lt i,- u,;u.tlly ,..onwwh.tl !arger 1 lt.tll tlw pn·dit·t Pd \'.thtt· (.-) ): 1otll 1 h i,.. 
c.m he con\enicull~· C'\pbinC"d loy ,;.tying th.tt tlwn· llltt-.t 1)(' an .ulcli 
tion.d nwchani,;m for tran,;milting heat, ,;onlt'thing in tlw nature of 
the ela~tirity of tlw ,..uh,;t,IIH'l', whidt ,;uperpo,..t•,; ih t·onducting
power upnn the conclucting-powC"r of the C'lt·rtrotb, and ,;o inllatl',; 
the numcratnr of thc ratio in (.)). ThC' r('a,:on for ,..uppo,..ing ,..twh an 
extra mC"chanism i,; primarily that there mu,.t hc ,;onw ,;udt merhan
isnt to perform thC' thermal condurtion in ,;uh,;tann·,; \\ hic-h an· 
elcctrical insul.ttor,;. :'\o clenl('nt ronduct,; heat a,; hadly a,; sulphur 
and boron conduct electricity; and if we imagine a ~pecial clastic 
mechanism for conducting hcat in horon and sulphur, wc can hardly 
dcny it to copper and sih·er. Bridgman found that for ,;ix lllC'Ltb 
out of ele,·cn testcd, the thermal conductiYity decrcased when high 
pre~surc wa~ app1ied, although the e1cctrical l'onducti\'ity inCica,..t·d. 
\\'e mu"t hopc to find an explanation for this anomaly in the hdta\·iour 
of the elastic- mechanism; likewise an explanation for the dc,·iation,; 
front (.)) which occur at high and at low temperatures. In tlwories 
such as thc one mentioned O\'C"r \\ 'icn\ namc in the last paragraph, 
in which t he aH·rage t•is t•im of thl' electrons is supposed not to ,·ary 
from a hotter place in a meta) to a cooler plac-c, wc ha,·e to lay tlw 
cntirl' hunJcn of thl'rmal conduc-tinn upon the elastic mcrhani,;m. 
This makl's it ditlicult to explain the uni,·cr,.;a) relation (.)) . 

.-\nothC"r ,.;triking featurc of thc thcory is that Lorcntz suc-nwlcd 
in deducing thc Raylcigh-Jcath radiation-law front it. llc obtainC"d 
imm it an C'Xpre,;,.;ion for E, the ratliant emissi,·ity of a thin ,.tratum 
of metal, a,.. a function of tC'Illpl'rature T of the meta) and wan·length 
A of thl' radi;ttion; anotlwr for .-1, the ab,;orbing-power of the nwtal. 
likcwi,;c a function of T and X; di,·idcd thc first hy thC' ;;l'contl, 
and olotained a dclinitl' quotient. By Kirc-hholT's thC"nnodynantic 
law,., E .-1 i" equal to E .. , the radiant cmi,.;si,·ity of a perfcctly hlack 
body. ThC" l'Xpre,.,,.,ion deduccd hy Rayleigh and hy Jean,.; for Eo 
and thc expre,;,..ion declucecl hy Lorentz for E , •. J are identical. Lorcntz 
a,.;,;unted th.tt the colli,.;ions of the C"k·ctron:-; with tll!' atom:-; (or wh.tt
C'\'Cr it is they collidC" with) are ,·cry "hort in duratimt comp;tred with 
thC" inter\'als of frce unacn·ll'ratecl flight from one colli,;ion to thc 
lll'Xl, ancl that tlw spcecls of thC" ('lt·ctrons arc clistributed accnnling 
to ~laxwdl's law ahottt the nwan valuc corn·,.ponding to thc mean 
cnergy :3kT, :?. He abo madc ccrtain a,..:-;umptinn,; whic-h restriet 
thc validity of his expression for E, .-1 to racliations of grl'al wan·
length; thc Rayleigh-Jcans t•xpression for /~0 is restric tecl in cxactly 
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tlw s;~ nw \\ <ty . .\t ll•a,.,t a,- llltll"h, it :-.l'l"lllS, :--hould be denliltHll'd 
fr"m a ny tlwory of c"ndtH'tion olT1·n·d in competition with t hc "das
,.,jc;tl"' otH·. 

Tlw c·oncl'ption of fn·l· l"ll·l·tron,., in llll'ta),.; also gin·:-. a i.ll"autifnl 
qualitatiYI' l"Xpbnatiun uf tlw tlwrmoelectric effeets, although un
fortunate ly it uol's not du Yery weil as a quantitatin.• thcory. lf 
in two metals at a certain ll' lllpl'rature the uensities of free elect ron,
<tn• different 11 1 frec l'lvctrons per cc. in one and 11 2 in tlw other 
<ttl<l tht·se two ntl'tab are hrought into contact with one another, 
t·ll·ctron,.; ,,·ill Ho\\· from tll(' OllC' \\lll'rc the den,.;ity is grea ter into tlw 
O IH" \rJll'rl' it is Jess; anu thi,., flow \riJI l"OI1tillUC Ullti} arrestCU hy a 
c-ount{'r-dect ronwtin·-forcc l ', of which t lw cqui lihrium -\·alm· can 
!Je shown, in any nm· nf a , ·ariety of \\·ays, to h c 

Such an vll'ctromotin· force would account for tlw l'eltier e!Tcct: 
and con \"t•rsely, if t he tllC'ory Wl'rl' correct, mt•asun·men ts of I he 
l'elti<·r dTect hei\H'l'll I\Yo nwtal,.; ;~t a gi n ·n lt"lll JWrature and pre:;
:-.ur<' would gi\·e tlw ratio lwtwn·n the densities of frec clectrons in 
tlw t\\"o meta\:; tmder the Sj)l'Cilied l"l>nditinns. Such uata, comhined 
with data on conuucti,·ity interpreted hy suC'h an C'quatiOil as (.t ), 
shou ld gin~ informationallout tlw free paths /1 and /2 in tlw met a ls. 
The Thomson elTect is more dirtwult to dl:'al with, a s thermal equi
librium does not pn·Ya il: howen-r it ca n Iw st·cn that there will IH' 
a counter E.:\I.F. in an unt·Yenly-lwated metal. :\kasun·ments on 
tlll' l'vlt icr and Thomson coefficients for many nwtab, on·r wid1· 
ra nges of lt'lllJlL'Iatun· and pn·s,;un·, would IH· n·ry ,·aluallk; hut 
t lwy are :-.o l'XIrL'nll'ly hanl to make l'\Tn under the ill's t of conditions, 
that tlw outlook for oht ai ning a really exiL'nsin· :-:oet is 1111promising. 
l 'os:-.ihly there is a hL'IIer chanel' with tlll' indirl'l"t nwthod (detetmin
ing thc lirst and seeond d eri,·atin·s of the cun·e of therm :t! L'kctro
nwtin: force \Trsus l<'mperature). Such data of the Thomson effect 
a:-. cxist an· not lwlp ful to th e simple tlwory. 

;\notlwr phl·nonteiHlll whi rh h:nd:-; it:-:ol'lf n·ry rl';ulily to l':-;plana
tion hy tlw theory , and ,.o contrilniil'S a rertain anwunt of support 
to it, is tlw tlwrmionic dTtTt the spontant•ous outllow of ekrtruns 
through the surL1<·1·s of hot ntt·tals. ( Hut rarl1on like,,·isC' exhihits 
it n·ry vffi1 ·i ~·ntly, and we mu:-.1 ll!"ware of formulating any theory of 
it which n·post•,., on "Jll'Cific propvrties of metals not sharcd by carhon!) 
To intl"rpret thl' tlwrmionit· t·Ht·t·t only one Ill'W fl'atllrl' lll'l'd l>e added 
to the thl'ory, and thi,., <t fl'atnre which in factwas all thc timl' latent 
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in it thl' idl'.l th.1t thl'rl' i,; a n·rt.tin li:...l'd pott•nti.tl-diiTt·rt·nn·lll't\\l'<·n 
thl' int•·rior of .1 nwt.tl ;md tlw rq.:ion out,;i«k of it. re-.ulting i1• .a 

pott·nti.tl-drop lot".tlitl'd in a thin ,;trat um at !Iw ,.mbn·. \\ hich an 
t'll'ctr<lll \\ ithin tlw llll't.tl 11111:-t :-llrlllOllllt in onl•·r to ,.,, . .I)H' front 
tlw nwt.d into .1 cotttic:uou,; \";tl"lllllll. Such a Jl"ll'llti.d-dr"p \\ollld 
for in:-t,tnn· n·,ult from a "double laver" ,dong tlw :-urfan· ••I tlw 
llll't.d .. 1 -.lwl't of po.;itiH· chargl',; \\ithin ;ntd a -.h,·t·t of llt'gati\T 

··h.1rgl'' "l'l"''itl'. p.trallt·l. ;111d clo:-l' '" tlll' po:-iti\1· ,..b,·t·t 1111 tlw 
out-.ide. lt h,,, lwl'll pointl'cl out tho~t. :-inn· proJ,;tl•l~ · h.di oi tlw 
nrloit.d t'l<Ttfllll" lll'lon~in~ to tlw atolll,.. at tlll' frontin of ,1 IIH't.d 
lit· out:-icll' tlw pl.llll' nmtainin~ tlll' ntwlei ol t)w,_,. at<llll,.., tiH·y '' ith 
the nudei con,..titute .1 .;ort of douhll'-layl'r: it ha,.. al,;o het•n ,..ugg«·,..ll'd 
th.u .1fter ,1 Cl'rtain 1111111her of electron,; j,..,;ue from tlll' •m·tal. they 
.lrl' lll'ld ,1,; ,tn ell'ctron-atllllbphere al,m·e it hy the fon·e,; due to tlll' 
di:-trihution oi re,;idllal po,;itin· char~e within t lw nwtal I Keh·in',.. 
dl'ctrical-image conceptionl. and the electron-atmo:-phere with tlw 
po.;itin· ;;urLtce-charge togl·tlll'r form a douhle-layN. f lowt·n·r ,,,. 
may concei,·e thi,; doul,ll'-layer, it i,; oh,·iou,; that if \\l' po,;tubte 
in·e l'lectron:- within tlw meta!. \H' 11111,;1 al,;o po,;tubtl' a h,,rril'r 
in the :-h<lpl' of an oppo,;ing potential-drop lll't\\l'l'll the meta\ and 
the l'Xterior worlcl to keep the l'i•·ctron,; frnm wancll'ring away. 

I ll',;ignate thi,; potential-drnp hy b. ,;o that cb j,. the l'nl'rgy which 
,111 electron mu;;t gi,·e up in tran·r,..ing it from in.;ide to outsidl' . 
. \,.,;tnne fmther (di,-regarding tlw nld "Jll'Cilic-lwat clit"tindty l that 
the n·lncitie,; of the electron:- in,..id•· tlw llll'tal are di,;trilllltl'd i:-o· 
tropically in direction. and ;tccordi ng tn \l axwell\ di,;trilllltion-law 

in :-pu·cl. with thl' Oll'.tn kinetic enngy ~ kT appropriatt• to tlw ll'm

pt:ratllrt' r uf tlw nwtal. lmagilll' tlll' llll'l al :-urLII't' to IICl"llp~· tlll' 
plane x=O. nll'tal 111 tlw ldt ;111<1 \·;l<'lllllll to tlw right. Con,;idvr 
thL· ckctron,; whieh Cllllll' from within tlw nwtal and "'trikc Hnit an·a 
oi the ht~undary in unit tinw: tho,..t• "f tlwm which han· \docitiv,.. 
oi \\ hich th<: x-component lit·-. lwtWl"l'll 11 and 11+d11 are in 11111111wr 

l"<JII<ll to 
Ull ""' dl = r ~Hc/11, 

"\ ' '!.;rkF m 
Ii 

11 llll'LIIling a,; ht•rt·tofon• th<: llllllllll'f of eJectron:- JH'r 1111it \·olllllll' or 
met.tl. The total numh1·r which :-trikc unit an·a .,f tlll' IHlllnd.lr\· 
irom within j,- l'qu.d to thl' intl'l!r;d "f thi-. l''pn·,.,..ion from 11 -II '" 

11 = :r.. ''hich i-. 
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Those which escapc are those for which ~11111 2 cxceeds eb; we obtain 

the numher of them by integrating (6) from u = v/2eb/ m to 11 = oo, 

anct find 
(8) 

This, ~upposing 11 and b to bc independent of tempC'rature, is Rich
anlson's well-known formula for tlw saturation-currcnt from a hot 
hody as function of temperature. .r\11 of the multitudinous obser
vations agree with it; but this does not nwan so much as might be 
thought, for thc experts inform us that all the rlata, no matter how 
accurately taken, would agree quite as weil with a formula in which 
T, or 'P, or en:'n 7'0 , stood in the place of thc factor 7'J 2 by which 
the exponcntial is multiplied. l ncidcntally this wou ld permit us to 
make 11 , ·ary as some ~mall powl·r of temperature, such as the im·erse 
square root, if we cho>-c to make tlw resistancc-temperature relation 
in (-1) agree with ex1wriment at such a price. Or if wc asswne 11 

independent uf tcmpf'raturc, wc can calculate it from measurements 
on thcrmionic saturation-currents. Thc measurements usua ll y give 
for 11 \ ·alues of tlw orrler of magnitude of tlw number of atoms per unit 
, ·olunw. 

\\'hat i,.; mun· ddinitdy significant is, that the ,·eJocities of the 
emergi ng electrons arc actually distributed in a manncr compatible 
with tlw assumptions made . Ll'tus cnquire how man~· of the electrons 
issuing from unit arca of tht• meta! ha\·c \·elocities of which the x
component lies hetween 11 and u+du. These are thc \·cry same 
electrons which struck thc surfacl' frum within, ha,·ing velocities of 
which thc x-component lay hetween u' and u' +du'; u' anct du' being 
relatcrl to u and u+du hy thc equations: 

}mu~+cb = -~111(11')2, u'du' = udu. (fl) 

Tlw IIIII1ll1er of tlll',..l' ell.'ctrons is hy (Ii) 

(10) 

which uy \'ir!uc uf thc relation,.. (!l) rl'duccs to 

rh Jlll "'"' 
e kl'· - c 2kTdu, 

\ 
1'2rrk'f' 111 

(li) 

\\ hid1 j,_ idl'nti<'al with ( lil l'Xn·pt for ;1 coii!'tant fal·tor; which means 
in tum that tlw distrihution-function of the enwrging elcctrons is 
id('ntical with thl' distrilnnion-function of the internal eleclrons, 
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lwin~ in f.wt the :\1.1'\\l'll di~trihution-function with the ~.um· mt·o~n 

kinetie energy; kl'. Tht· .trgument a>- gin·n pro\'C~ the point nnly 

fnr thc di,..trihution in the ,·eJocity-t·omponent 11; but thc di:;tribu
tion-function~ in l' .md ,,., the n·locity-rompont·nt~ paralld tn tlw 
bound.tr~· of the nwt.d. are unatlected by the tlouhle-layer, sinn· l' 

.111<1 lL' for any partindar eil'ctron are unatkcted hy thc p.l>-,.;age 
through it: ;md :;ince it i~ the l'>-,.;cntial featun· of thc :\laxwl'll di,.;
tribution-l.iw that the di,.;tributions in t• and w arc illcntical for co~ch 
and e\·e~· Yalue of 11, tlw condusion fnllow,.; as ~tall'd. :\l'\'erthelc~~ 

it doe~ sound par.tdoxical. 

Thi~ condusion ha>- hl'l'll n·ritied repcatedly by experinwnt. 
Riebarebon hegan hy ,.;imulating the simple mathematical condition,.; 
of infinite plane electrodt·>- a,.; do~ely a~ practieable; Iw inscrted a 
small tlat incande,;ccnt ~urface in an apcrturc in the middle of a !arge 
tlat cold plate, charged tlw two to the stme potential, and placcd op
posite and parallel to thcm a !arge ftat collecting-clectrode. Charging 
this latter to \'ariou,; potcntials 1· inferior to thc potential of thc emit
ting surface, he plottcd the elcctron-current which it recl'in·d as func
tion of 1·; this j,; the di,;trilmtion-function of thc spcl'd 11 of cquation 
( G) and the following equations translatcd into terms of tlw corrl',;pond
ing kinetic energy ~ mu2 as independent \'ariablc. To ascertain thc 
distribution-functions in t' and Li' he i,;olated a small area of the collcc
ing-electrode. mo\·cd it to and fro in a plane parallel to the plane of thc 
emitting surfaec, and mea::;ured thc current into it in it,. \·arious posi
tion,;. .:\Iany nwasun·ml·nb ha\·e sincc Ul'en madl· upon the rurrcnt>
into cylindrical collectors from hot wires stretehed along thl' axes of 
the cylinders; it is somcwhat more difficult to write out thc fonnul.t 
for the expeetl'd relation betwccn current and retarding-potential, hut 
the experimental comlition,; are much mure under thc experimenter\ 
rontrol. ,\11 the"e inn•,;tigation::; ha\'c confirmcd the tlworem, except 
a singlc di>oconbnt um· which wa~ later l''-plained away; the >otronge>-t 
\'erification i,- furni,.;lwd hy thc experinll'nts of Cernwr, \\ hose pre
c.tutions of preparation and accuracy of nwa,;urenwnt,. f.1r surpa~"l'd 
e\·el)·thing that h;ul gone hcfore. -

The cvidcnce thus is quite fa,·orahle to tlw idca of <111 eleetron
g,ts within the meta! with its electrons mm·ing with n·locities a,. 
prescrihed l•y :\laxwcll's di>-trihution-law, and kept from difTu,.ing 
away hy a douhle-layer con·ring the surface. Other C\'idl'ncc for 
the cxistence of a double-layer i,.; furni~hed by the photnl'lectric 
effect and hy the exi"tenrc nf cnntart-pntential-ditTt·n·nn·,.. \\'hen 
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light of frequency v falls upon a meta!. ell'ctrons enwrgc from it with 
n•locities which are distrihuted in a manncr quitc di~tinct frnm 
:\]a,wt·ll's distribution and han· nothing tn do with tlw tempvratllrt' 
of tlw llll'tal. The kinetic energil',; of somt· of the elcctrons attain a 
<"Crtain llpper Iimit ll'm, hut lllllll' surp.tSSl'S it; rrl/l isalinear function 
of '' gin·n hy the t·quation 

1!'111 =lrv- P, I I:! ) 

fllll'ing l 'bnck',; c••Ihlant. Pa positin· constant characteristic of the 
meta!. This is an C\:reedingh· stwng intimation that each uf tlw 
emcrging clectrons, while still in~ide the mctal, suddenly absorhed 
a qHanttnn of energy lrv from tlll' light and dcpartC'd "·ith it. gj,·ing 
up a fiwd quantity P in passing through the surface. (Tlwsc which 
issue with encrgics dcarly lcss than !!'." can bc supposcd to haYc 
started distinctly bcneath the surface and to haYc lost additional 
L"llcrgy in struggling throllgh the meta] to it ). Translating J> into 
potential-drop, we st·e that it represcnts the potential-cliiTcrcnce or 
the "strcngth" of tlw surfacc douhle laycr. l t may he dctennincd 
hy measuring ll'm for light of \ 'a rious frcqucncics, plot ting it agains I 
frequency, and e\trapolating tlw rl'sulting straight line to it,.; inter
sertion with tlw a\is of frequeneics. t lr it may , in principle. Iw 
detl'rminl'd hy plot ting t he photoelectric rurrent as a fnm·t ion of 
fn·qut·ncy, and t·:...trapolating the cun·c to its intl'I"Sl'Ction with thl' 
a:...i~ of frequencil's, whea· no electrons escape and the photosl'llsitin~

lll'"" l't•ast·s; hut curn·s arenot so ea,.;y to extrapolatl' as ,;traight lines. 
;md tlwrl' are sonH.' anomalous results \Yhich arc still llllt'\Plained. 

lt \\ould :-<l'l'lll an easy matter to measun.· the stren~th of the double
Ja) t•r l1y hot h photoelectric and thC'rmionic lllC'thods upon a :-;ingl<· 
:->ll llstann·. Hut it is rather dillicult; for onc rca:-;on, the :-;uhsta JHTs 
for which the photoelect ric currents are eas)' to produce and nw;tsurt· 
are pn·t·iscly the metal s upon which good thcrmionic nwasun·nH·nt" 
;rrl' lll'XI to impossible, and Yice n·rsa. Thl' hc,:.t photol'l<·ctric nH·;rs
lll'l'llll'lliS han· l>el'll madc upon tlw alkali llll'tals. which ;tn• n·ry 
:-ensiti\·l' to Yisil1le light; hut tlwy cannot ht• fomwd into \\ ire,:., and 
\·olatilize furiously \Yht·n !H"at<·d t'IJnugh to produn· ;111 important 
tlll'rmionic eiTect, lilliug thl' I'\.;H·uatt·d tllhl' \Yith d<·nst· ,·apors \\ hich 
ruin tht'illTllracy ,,f tlH·nJt•;~surcnwnts. Th .. lll'SI tlH"rllli•mic lllt"asun·
nH·nts han· ht·t·n made upon platinum ;111d lllll,l . .:"ten. which are not 
:::.l'nsitin· at all to yj,;il•lt• light, and l•t·gin to llt' st·nsitin· far out in 
tlw llltr;tYinkt wlwre l'\Jll'rinwnts with radiation arc diflicult. Fur
tlwrmorc therl' i" thl' c.Ipital difliculty that the photol'ltTtric nwasurl'
llll'llls Inl!st he nmlined to tcmperatures where the thcnnionic l'UJTl'l\t 
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.,.. ;ntpl'rtt·ptihll': if one \\l'rt' 111 irr.uli.tlt' .111 inc.nuJe,..n·nt lllll!o:"lt'll 
til.lllll'lll thl' t'\\r,l n1rrent ol photot:lt·etron,; \\ottld hl' Ion ~m.t!l 111 
notin·. lf \\l' .1~,..llllll' outri!o:ht th.1t I' dlll'" not \,Ir~ gn·.1tly fr!llll 
nwltll-ll'tllpl'r.IIUrl' up 111 tht· lt'IIIJil'r.IIUn•,.. of itll'.lllclt· ... l'l'IIC'I', .111d 
thl'rl'ion· comp.tn· ph11lllt'll'rtri1· d.1t.t 11pon coolnwt.t!,. with th,·rntinnil' 
d.tl.l 11porr thl' ,..,tnh· llll'l,tl ... "ht·n hol, \\t' lind that th1'1t' j,.. .t f.tirl~ 

~ond .l~rt'l'llll'lll. \'.tiiH'" 11f tht· thnminni1· rntbl.tlll b lll'l\\1'1'11 I .111d .-, 
\·olt~ corn·,..pond 111 photoelt'l'tril' :-l'n,..itin·m·,..,.. l'lltllllll'tll'ill!o: 111'1\\l'l'll 
:tltlll .111cl :!,.-,oo .\ng,..trotll unit,.., ancl thi,.. l'orrl'l'tl~ dl·,.rril•t·,., tlw 

hdl.t\·ior of :-t'\Tr;t! of tlw ht•a\·y high-llll'lting-point llll'tal ... ; photn

t•lt·t·tric ,.l'll"itin·ne"" 1'\lt·ndin!-: '' t·ll up into tlw 'j,..ihlt· "lll't'lrttnt. 
,;twh ,1,; tlll' ,t!kali nwt.JI,; di,.,pl.ty. corre>'pond,., to ,·;JIIIl'" of [> c of tlw 
onkr of :! \·olt,.. and lcml'r, <11111 ,..uch ,·,tlne,.; an· indil'.ttecl hy tlll' 

thermionie t'\.pl'rimt·nh lll.Hit· IIP'"' :-odium and pota,..,..inm J,~- Richard
,..on undn tlw im·,·itahly had comlition,... 

Cont.wt-potl'nti.tl-diiTt·n·nn·. om· oi tlw longl',;l kuown of all l'lec
tric,ll phl'nomen.l \'olt.t di,;l'on·red it agree,; admirahly with thi,.; 

intt·rpn·t.Jtion of thl' photoell'ctri·· con:'t<tnt r. I lll<lgine that \H' ha\'(' 
pil'n· ... oi two llll't.tb. pot<t,.;,;ium and ,;iln·r for l''\<llllple. whidt an· 
dr.l\\ 11 out .tnd Wl'ldl'd together at ont· t·nd. and <II tlwir 11tl1t·r emb 
.trt' ,..pn·;HI out into pl.ttl'S anti fan· nne anotlwr acn1s:' a \',ll'lllllb 
-p.1n·. \\'e kn11w that the opposing fan·s behan· as if they werc at 
~-,..enti.t!ly diiTl'rl'llt potential,;, thl' potential-diiTerence I' I'L't\\'L'l'll 
thetn ht·ing characteristic 11f the tw11 metals and independent 11f tlw 
~izt• or st·p.tr.ttion of the opp11:-ing farl',;. \' l't thi:- Jlllll'ntial-diiTl·n·m·t· 
1' i~ not cqual t11, is indel'd usually mnch greater than the potential

di!Terl'tH'l' hetWl'l'll the interior,.; of the meta! across the wclded joint. 
"hich j,- dedun·d from tht· 1\·ltier dTt·ct. T lll' only way to re,.;oht· 
tlll' nmtr.1dictinn i:< tn as:-tnm· that it i" tlll' rcgion ju:-t out,;idl• tlw 
pot,t,..,..ium whi('h diiTl'r" hy 1' from tlll' rer:ion ju"t out,;ide thc ,..jh l·r; 
the 11\l't.tl,.. them,t•kt•" <Ire at ne<trly the same potential. hnt thl'rt' j,.. 
.1 donhle-layer at tlw ,.;urfan· of t·ach which estal,Ji,-lll's a li,t'd pntenti,tl

drop hl'twt·t·n it <tnd t!IL' ,·acHHm. Represcnting hy / 1
1 c and by r~ c 

tlll' \·nltagl'-drops at the,..c· t\\'<1 douhiC'-Iayers. hy .1/ the pott·nti;tl

dillt-n·nt·l· het\\l'l'll the interiors of the llll'tals ,.,.. inflorrcd from tht· 
l'l'ltit·r l'ITt·rt, hy I' the potcntial-diiTerenn.' hetwt•t•n tlw rq:ion,.. jtbt 
outside thc meta!-; whil'h we identify with thc ('ont.tcl potl'ntial 

diiTerl'llCl', wc find 

in whidt .1/ j,.. "'n ,..nt.t!l !·ompan·d "·ith the ntlwr tl'rtl"- th.tt lH·tH'l'

forth \\T will IL';l\·e it out. 



BELL Sl'STF.M TECJJXIC..JL JO['RX . .JL 

:\uw imagine that light of a high frequency Vo falls upo11 the pota,..
"ium; it elicits electrons of which the maximum energy at emergence 
is hv.,- P 1 ; tlwse highest -speed electrons arrin· at the sih·er plate 
with energy (hv,.- P 1 e-J'), haYing had to oYercome tlw additional 
potential-drop l ' in pas,;ing from the region just outside the pot.tssium 
to the region just outside the siln·r. (The reader can makc tlll' changes 
in language required if l' happens tu Iw of the sign corresponding to 
a potential-rise). From (1:3) we see that this energ~· of arriYal is 
equal to (h z•o-P2 'e)-an expression from which P1. the only quantity 
characterizing the irradiated meta!, has fallen out! Tlll'rcfore the 
electrons arri,·e at the siln~r plate with the same maximum speed, 
whether tlw irradiate<l meta! he potassium, sodium, si ln·r, or any 
other meta!! (unless we hit upon a rnetal for which hv .. < P 1 e, in which 
case we shall neYer get any a t all ). 

This experiment is usually performed Ly putting a Lattery hetween 
the sil\'l'r and the irradia ted meta!, and adj usting its E.l\T.F. until 
the fastest elec-trons are just turned Lack hefore reaching the sih·er; 
this is known as "determin ing the stoppin g potential." lf our inter
prPtation of contact-potcntial-difference is correet, the stopping
potential must l>e independent of the irradiated meta!, and dcpt·nd 
only on the material of which the collect ing-electrode is made; further. 
the dilTerence hetwt•t•n tlll' stupping-potentials obsern·d with two 
different metab as collecting-electrodes should he equal to their 
cont act potentia l di!Terence. These predictionf' haYe Leen \ 'Nilied 
in sen~ra l ~ets of experiments, notably l>y Richanlson and Compton. 
:\lillikan dewloped the interesting theoretical consequl·nces which 
they suggest. There should he similar rclation s ill\·olYing thennionic 
cu rrcnt s; ol>ser\'ations confinn ing thcm haYe hecn made. but not so 
t·xtensi\·cly puhlished; they are more difticult to make with an·uraey 
hccausc the thermionic electrons ha\'e JlO dl'linite recognizahlC" maxi
llllllll ye]ocity. 

\\'<· Sl'C'lll to han· mar,.;halll'd a formidab le anwunt of l'\·idence in 
fa,·or of thc clcctron-t heon· of conduction with the ;Jssociated iclea 
of the ~urLI<'e dou]J]e- layer.. \'et it would he misleacling not to point 
ollt that an cquation quitc as satisfactory as (S) in reprcsenting the 
thermionic <"liiT<'llt as function of temperature can he deduced hy 
rcasoning in an entircly different fashion from en tircly di!Terent 
postulates. This , tlw tlll'rnwdynamical method of speculating ahout 
the thl'rmionic l'llect, was originated h,· 11. A. \\ 'ilson: it consists 
e~sl'ntia lly in as,.;uming a thoroughgoing :lllalogy het\\Tl'll thc outllow 
of electron,.; from a hot mt·tal and the eYaporation of molcculcs from 
a solid or a liquid. \\\· know that if an c\·acuated chamhcr is partly 
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tillcu \\ith liquid \\.ltl'r nr ,..o(id ('at't)J, tht· rt'lll.llntng ,.;p.tn· in-.id(' 
the ch.unht·r j,.. quirkly (wn·.uled \\ith l l ~<l nr ('(l~ molt-cuh-,.; c·ono

jll>,..ing ,, !-:·'"· ih prt·,..,.;un· and clcn,.,ity lwing dctl'rmilll·d ah,.;o,lull'ly 
hy tlw lt'tiiJil'r.tture J'. \\'e infer th.tt if an t"\ al'u.ttl'cl chatnl,er, 
with ih \\,111,.; m.tde pf ,.;l>llll' itbttlating ,.,uh,.,t.mn·. cont.1in,.; .1 pit·n· of 
met.tl ,uHI i:< he.tted tP a high ll'lllper;tturt•, tlll' \\ holl' t'\·;u·H.ttl'd 
"I>.ICt' will he pen·.tdccl \\ ith l'kctroth rompo,.,ing a ga,.;. ih prl':<"llrt• 
p .llld den:<ity 11 bt•ing detl'rminl'd ah,.;olutdy l>y thc telllpl'r.ttnrc 
uf thc :<y:<tem, T. \\'e must ;~,.,,;umc that tlw l'lertron-ga,; outsidl' 
the met.1l confurms tn thc ideal-ga:< l.tw 

P=nk1' (1-t) 

.tnd \\l' ,;hall abo prt•:-t•ntly a~,;unw that its ,.;pccilil' hcat,.; haH· thl' 
\·alue:< ch.tractl·ristic of monatomic ideal ga:<es, 

(l.'i) 

I u:-t' 11 to repre,;ent thc numl>er of clectrons pcr unit yo(umc of the 
ga,;, a~ the numl>cr within the meta( 110 Ionger cnters in any way 
into thc rl'a,;oning; .\' to rcpre,..ent the numl>cr in a grammL·-mole
culc (:\\ ·ogadro',; constant). Thc:<c are thc only a,;:-;umptions which 
im·ohL· a kinctic theory in any \\"ily. 

lm.tgine now a wirc of which one end pmjects into an c\·acuatcd 
chamlwr of thc sort dcscrihcd, maintaincd at T, and thc othcr into 
anothn ,;ul'h chaml>cr maintaincd at T+dT. \\'c considcr a process 
which con~i:-ts of incrca,.;ing the \·olumc of thc lir~t ch;11nh('r hy just 
cnough to rcquire .\' additional clL·ctrons to COllll' out of thc wirc 
to fill the .tdditional ,.;pacc, ilnd simultanl'ously dt·crca,.;ing thc Yolumc 
of the ,..l'l'ond chamhcr by just cnough to crowd .\' l'll'rtrons into 
the wirl'; so that in clTect X ckctron,; arc tran:<fl'rrcd from thc one 
chamhcr to thc othcr through a wirc of which thc two ends are at 
temper.ttures T +dT and 1'. Thi,.; pron·:-.s will ill' carried on re
' er~ihly. Designale by L thc hcat whirh mu:<t hL· imparted to thc 
met.d at T. to remo\·c lllll' electron from it undl'r thc circumstancc~ 
11f the l''l.pcrimcnt; hy srlT thc hcat whil'h i,; ah,.,orlll'd whcn onc 
dcrtron is trarbfcrrcd thruugh thc mctal frnm a pnint wherc thc 
tl·mpcraturc i,; T to a pnint wherc tl11· tt·mpcr;tture i" "F+dT. s i,.; 
thc codlicient of the Thollbllll I'ITl·ct, rdern·d t11 .1 single cll·ctroll 
instcad of a cottl"mh. L collt.tin,; .1 term kT, \\hirh corre,..ptHHI,; 
to thc mechanical work d11nt· in forcing hack tlw \\illls of the ch.11nher 
t11 makc place for thc e\·aporated clertron-gas. Suhtrarting it we 
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obtain ( L~k7 '), to be called ecp, as thc actual encrgy expcndetl in 
pul ting thc eiertroll across the boundary of thc meta!.* 

In thc proce!'-s which I han· ju~t de!'-crilwcl, the input of lzeat con
!'-ists of the following terms: .\'L which gol'~ to t>'\lract the X clertrons 

from thc llH' Ial in the fir::<l chamher. - x( L +~;~.dT) whirh is liherated 

when .Y eleetrons condense into the meta! in the seeond ehamber, 
ancl - XsdT \\'hich is al1sorhed hy tlll' electrnns in traYelling through 
the win·. The outpul ofwnrk is .VkT dnring the expansion of thc !in;t 
chamher, -.VkT - .\'kdT during the contrartion of the serontl cham
her. The input of entropy is XL T ehrring the e\·apuration in thc 

. I I \'(/ 7'+ d(L T)) 17' I . I I . . I !trst c 1a111 >er, -, ~ dT 1 c unng t w l'OIH ensatron 111 1 11~ 

!'-Cconcl chaml>er. aml (- X s T )dT lluring the n,n,· 11f elect rons through 
the \\·ire. 

\\'e 110\\' completc tiH' cyde by changing the pres,;ure and tem
perature of the gramme-molecule of elcctron-gas in the lirst chamher 
from p, T to p + dp, T+dT, after \\'hieb it hccnmes equiYalcnt with 
the grammc-moleeulc in thc second chamhcr at the heginning of 
tlw process. Calculatcd in the usual way~isothermal eontraction 
at T fron1 p lo P+dp, i,.;oharic expansion at P+dp from 7' to 7'+dT 

we frnd: input nf lz cat , ~ Xkd7' - XkT[d (/11 p ) dT]dT; nutpul of 

-,,•ork , .\'kd7' - .YkT[d (/11 p) d7']d7'; i11put of c/1/ropy, ~ (Xk T)dT

,\'k[ d (l n p) d l' jdF. 

The two prol't•sses Iogether nmstitute a eompkte l'l'\Trsihle cycle. 
\\'e therefore l'fjllate the sum of thl' inputs of l'lltropy to zero, and 
o l1tain : 

(l(i) 

anti eqn;rte the tl il'ferenee of the inputs of he;II ;md the outputs of 
""' 1rk to t.l'ro, wh ich gi \ , .,.. : 

-c d cp -~+ ;~ k = O 
d'J' . 2 ( 17) 

. • Thi~ d.-linilion 'nggt·,ls a llll'rlllal lllt•lhod of measurin g /., whic h h.1s sen •ral 
llllll'' ho·o·n pul in111 pr.ll'l in·. T lw t'\ J>o·rinwnl , an· dillil'nll and tlw dat a lllll'l 
l>t• •·•.u-ro·o lt·d lor 111'111\ inllnl'lll't''• hul tlw lu·,l n ·,nl h indicalt• th.11 1/. -k T ) j, ap
p~u\llll.llt·l~· •·•.111al lt> t•h of 1 S I. T lw d.11.1 o f I l,, ri"on and ( ;ernwr indi!'alt' a ~light 
dliTo·ro·noT, whu-h lll.IY 1 ... an i111p11rlant ll''l of suggl'st cd tlworit•s of !'ondnction. 
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"hieh intq~r.tlt'd, ~ icld,.. 

I ."" ,IJ 

I '}' . kl /J - ,. tl!l) 

\\"t• ,..till h.l\t' to m.tkc tlw l•ricl~t· ht'l\\t'l'll thi,- form11b. whidt 
rl'l.tt•·~ t 1 tht· pn·,;,;un· of tlll' l'lt·ctnm-ga,.. in l'quilil•rium with thl' 
mt·t.tl .• tnd thc qu.tntity .wtu.tll~· oh,;cnt'd. whit·h j,.. tlw ,..;~turation

currcn t out ol t Iw mt·tal ><urLwt· in an aen·lt·ra t in;::- liel<l. In t lll' 
l'qttilihriltm-,..t.tlt•, tlll' mtmb!'r of dt•rtron-. whid1 j,..,;ut· frnm tht· 
mctal i~ l'qu.tlto thc mtmht·r which. c·•ming frnm tht· l''\tl'rnalt·k·t·tron
g.t,., ,..trikt· it,; h:lltndary .111d d.1 not rchound. Thi,; j,. indi .... plltahlt·; 
111 makc it u,..dul \\l' ha\l' 111 nwkc two tll'\\ a,;,;umptiotb: om·, that 
thl' numhcr of dl'rtron,; whid1 j,;,;uc from tlw nwtal j,. tlw ,..,tnll' in an 

.n·cdl'rating lield ''" in tlll' t•quilihrium-"t;ll"; tlw otl~t·r, that 110 

cl!'ctron,.. n·hound from tlw ><ttrfacc. Thc lir,;t a,;,.umptioll h.ul to hl' 
m.tdl' in tlw pn·n·ding tkduction that i,-, \H' had to """lllll..' tacitl~· 

th.tt tlw ttiH'OIIlJll'lbilll'd o11tllow of t•lt•t·tron,; through tlw ,..u~fan· of 
thl' met.d did not apprcci;thly di,;tort tlw \ lax\\L'll di,..trihution within: 
tht· ,..t•rotHI j,; a dr,l\dl<H'k (ll'CIIIiar to tlw tlwrmodyn.unic nwthod . 
. \n·t'Jlling tht•,..t• two """umption,; along with all thl'ir preclt•t't'>''',rs, \H' 

li~tally n·ach tht· c\pre,.,..i"n for tlw numhcr of elet·troll" l'llli: tl·d per 
unit .trt•a pL'r unit tinw frorn thc ,;urfan· of tlw hot mt·tal: 

/ 'oJT 
l=CT',, .. k 7 .• (:!0) 

Thi,.. i,.. the t•qu.ttion for thc thcrmionit· ,.. ,tturatioa-currt·nt attailll·d 
hy tlw tht·rmodyn;unic;tl n·a,.:•ning. 

l.t•t '"' tin;11ly try ,..omt· hyp:~tlw,;t•,.. abilitt tlw \ .triation ,.j <tJ with 
templ'rature: for ,1 lir,;t lllll', tlw hyp:~thl'"i" <!J=con,;tant. Tlw 
g!'nl'ral t•quation ht·,·omt'" 

1:!() 

which j,. pt·rft.nly idt•ntic11 with (~I which \\<b dl'dttrl'd from thc 
L"ll'ctron-tht·ory with the .tdditional """umption of a douhle-layt.•r 
indl'pt·ndt•nt 11f telllpt·ratun·. \\'l' cannot hmH·n·r fn·Piy makc ;tn 
;b,;umpti"n likt· thi,;, for nur l'IJII<ttion (Jj') -.llllw" that an ·'""umptillll 
.lh1111t t/<!J dF implit•,.., and conn•r-.ely i,- implit·d hy, ·"' ,..,..,..umpti11n 
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about the value of the Thom~on coefficicnt s. In making- cJ> inde
pendent of temperature wc in l'ITect a~sumcd that thc Thomsnn 

cocfficient ha~ the \·alue s=~k (pcr electron), which happens to he 

prccisely the ,·aluc demanded (and \·ainly dcmanded) hy thc electron
thcorv of conduction. lf on thl· other hand we choo~e to accept 
from .thc expcrimcnts the fact that s is extremely small compared to 

+k, thc cqnation ( Hi) compels us to ~et 
3
kT' + cJ> = '2 , e cl>o· (22 ) 

ln:-.erting- thi~ into (ID) \\·c ohtain 

(2:~) 

which i~ commonly knuwn as the T 2-law, and is at the moment the 
fa\·oritc way of exprcs"ing the variation of thcrmionic currcnt with 
tcmpcrature. As [ said carlier, expcriment i~ thus far pmn:rle~s to 
di:-,tinguish bet\H'l'l1 (S), (20) and (22). 

This hrief and superlicial skctch of the thermodynamic argument 
is meant partly to farniliarize the rcader with thc T 2 formula, and 
partly to show that the oh~crvations upon thc dcpendence of thcr
mionic current on temperature do not nccessarily su~tain the parti
cular type of thcory which has ligured most in the~e pages, as agai nst 
its ri\·als actual or conceivahle. Of course it would he unjustifiablc 
to say that any argumcnt of thc thermodynam ical type is ipso fac/o 
stronger t han any argumen t based on a physical model. I t may hc 
true that the laws of thernwdynamics are valid e\-erywhcrc without 
exception ; llllt it is certainly true that in any partindar casc it is 
extrcmely diflicult to feel surc just hü\\' they should bc applicd to 
arrin· at aiNllutely hinding conclusions. In this case, fnr instancc, 
we han· a~sunwd as hoth possihle and ren·r~ihle a proces~ which 
110 one ha~ en•r carril'd through. and IHJ om', in all likelihood, en·r 
will: and in tlw nn1rsl' of analyzing- the transfers of encrgy hct\H'l'll 
the :-~·:-,1<'111 and tlw t·xtt·rnal world in thi~ imaginecl proce:-,s, we han· 
cla~silil'd :-,onw a~ tran,.ft·r~ of lwat and ~ome as tran:-,fers of mechan
it·al work, anrl po~,_j(J(y ignor<'d yl'l others, so that the analysis re
quin·:-, cardul thonght and has in fact heen made in diiTerent \\·ays 
by diffl'rent autlwritit·~. ThtTl' is for t•xample the prohlem of thc 
allowann: to be made for work donc in transferring the clcctrons 
from placc to place against dectromotin· force~, which might or 
might not be nil whl'n sumnwd arou nd the complete cycle; II. ;\ . 



SO\If t't>.\"f/:.11/'0/?.1/\l" .111/".1.\"U·\· 1.\" 1'1/l"SilS /" l•·l'l 

\\"ibon h,,,.. ren·ntly m.ult· ,, ")l!Tilit· ''""11111ption rl'"g;utling tiJ, .. ,..., .. 
For :-till further :-uhtktit·,... Bridgman',... thl'"ort·tical artide~ may ),,. 
con,..ulted.. I mu,..t howt"n·r add th.tt .111 t'\.tt'tbion of thc tlwrnw
dyn;uniC<ll argnnll'n t, \\ i t h t Iw ;~,..,..j,..t;ull"e 11f :\ crn,..t's "I hird law of 
thennndyn.unic,.;," )t';ub to tlw condu,..ion that tiH' ronstant C of 
equ.Jti11n (:!:~) ,..)wnld h.tn· for .dl ,.),·nwnb, if not indt·t·d for all ,..ul•
,..t.nll'"c,.;, tlw ,.,um· nnin·r,...d \ .due, c;tlnd.thle in tl'nns of certain 
unin~r:-.tl Clltbtanb.. Tlwre j,... ,..IIIIH' L'\·idL·m·t· that thi,... m.ty ht· trut· 

f11r L'llli,.."ion from pure demt·nt,.;. \\"cre it ""· tlw rc:-ult W1111ld 111' 
of fundanH·nt.d imp11rt.tnec; but an11thcr artielt• almo:-t as long as 
this Plll' Willlid he requin·d to •·xplain it pmpl'rly. 

Tlw genl'ral llllll' and characll'r of thi,.; artidc will prohahly lcan· 
tlw lin.d impn·:-,...ion that thc l'"leetricallwha\·iom of solid,.; is an uttcrly 
confu,;cd and rh.totic dcp;trtnwnt of physirs, a hopt· IL·,;,.; cntangk
lllt'nt of innmgruuu,.; nde,.. din·r,.;ilied hy mtmherlt·,.;,.. c·xccption,... 
I fcar that thi,.. impn·,..,..ion l'XCl'pt pt·rhap,.. for thc hopclcs,..nc:-,.. of 
tlw ,..itnation i,.. :-uh,..lanti,dl~· llll' correct one.. In fact this pres
t·nt.ttion ha,.. pul tlw :-tatt· of affairs in rather too faYorablt- a light, 
f11r I ha\ l' P·'""ed on·r a numl•t•r 11f tlw pl't plt-xilit·,.... I han' searrely 
nwntiotwd tht· tht·rmoell-ctrir l'lkcts, or ,.;pokt·n of tlw complexities 
of thc ph11toelt'c1ric l'ITt·ct, or of thc cmi,..~ion of dt·etrotb frnm metals 
which arc lullnhanled hy ollwr l'lt·rtrons or hy ionized atonb; and I 
h.tn· not nll'ntioned <II all the gal\·;mom;tgtll'tic a nti tlwrmomagnetir 
dTerb. the nw,..t haflling and hewildcring of all.. I n fact it ,.;cem,.; 
only loo proh;1hle that if OIH' ,.;hould ~lllTeed in L·n·cting a thcory hy 
'' hich all the phcnomt·na I han· de,;crihl'd could he l•rought into 
onc cohcrent ,;y~tt·m. ,;onw gakanomagnetic l'ITcet would he lying 
in w.1it for it to hring it to thc du~t.. Clairaut i,.. ,.;aid lo han· ht·t·n 
,..,uldencd hy feding that :\t·wton had di,.;co\·crcd all the l;m:- of 
n·k,;tial nwchanics, lca,·ing nothing for nll'n horn aftcr him to do 
L'Xn·pt to impron· thc mcthods of ealculation. ..:\ mhitiou,.; :-tudents 
of phy,;ic;; who, through too t·xclu:-<iH· a !'"'lUdy of tlw ratliations from 
aloms, m.ty han· rornc to fed in the ::->allll' way ahout Bohr, should 
lind con,_;olalion in contl'mpl.tting tlw pn·,;l'nt :-Iatus of thl' Thl'ory 
of Conduction in Solids .. 

I..ITEI<.\Tt"RE 

The chici ren:nt compil.1tinn of data upnn t'nnrlucl inn in solid~ is Koen1plwr~o:er':; 
arllcll' in !;ral'tz' l/arrdbuch da J~lrktrizita/, K. B.wdt·ker \Hüll· an excellent ,hort 
ollTOIIIll of the data and the theori ..... , t•ntitlerl /)j,· drktriscll<'ll Ersclu·illllll~t'l/ ;" 
IIU/<J/Il.<Cht•1l Ui/t"rll, which aJthough puhJishl'd in II)JJ is not }'l'l 'llpt•rsetJed. Jlid
\\l'"II'"S papt·r un germanium is in Phys .. lü·v. 12 /fl, pp. Hi -l.'i.'i ( JQ22 ; :\oyt< 
article on ,.,,rhnn in l'hys .. Rev .. (2o .!.;, pp .. t'l!l-I'IQ (IQ2-l. The invc,tig .. ltions on 
,upracondunivity arc rt·port•~l chil'lly in thc L•·ydn1 Cm•lllllllliwlrmrs; l'romnwlin 
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ha, ;.:i\'ell a ClllllJ>reht·n,i,-,. account of thl'lll in l'hy,, ZS. !1 ( 19211 1, with a Libliog
r.tphy of all of thc work: two or thr<'L' ~ul"'''lllent communications are re,·iewed 
in Science .\l"tracts. Brid;.:man'" work on the eiTect of pre~~ure and of tensiou on 
the electrical and thermal conducti\'ities of thc clements is printt·d dtielly in the 
Procecdillf!.S of thc Amcrica11 .-lcadcmy of ..Iris a11d ~'icinzces from l9li onward, with 
m'!'a>'ional announcements in thc l'hysical 1{1'\'iew, whcrc also his thcoretiral papl•rs 
are puhlish .. d <l'hys. Re,·. n. pp. 3UCJ - 3-li (19 19 ); 17, pp. lol-195 (1921 1 an<l l!J, 
pp. ll-l-13-l ( 1922 ). For thc eiTect of mclting', consult Bridgman's papers, and 
one by \'On llalJ(·r, in :\nn. d. Phys. 51, pp. 1~9 219 ( l<Jlö l. 

The "classiral" theory of conduction is prcsented in l.orcntz' book The Tht•ory 4 
l~lt·ctrolls , which Lcars his signature as of 1915. Bohr wrotc a dissertation upon it 
which is hig'hly praised hy those who ha,·c slll'!'t'eded in reading it in the D.mish. 
\\'icn's and l'lanck's modifications of it are puhlished in the SiiZUilf!.Sberirhte of the 
Bcrlin ,'\cademy for 1912 and 1913. ln the Philosophical :'llagazine of l9lS therc 
are a numllt'r of artkles on thc tlwory by (;. 11. Lh·cus, likc Baedt·ker a ,·irtim of 
the war. The conception of quantity o( frcc e lectrons determined hy dissociation 
of atoms is pn·sl'ntcd Ly Kocnigshcrger in .\nn. d. l'hys . . U, pp. li0- 230 (l!JlO) and 
\\'aterman's t•xtcnsion of it is in l'hys. Re\', ll, pp. 259- liO ( 1923). Somc ehaptcrs 
in J. ]. Thomson's Corpusru/ar Theory of .lla/lt•r dcal with thc theories: in an articlt• 
in l'hil. :\lag. l!J (l!Jl.'i ) he oiTers a thcory im·oh·ing an attcmpt on supra-conduc
t i\'ity, which t hc others do not touch. 

The fielt! o( thermionics is thoron;.:hly co\'ercd in Richardson's Emission of E/('(.. 
tricity from Ilot Bodies (2d etlition, 192]) . Suhsequent theorctical papers by Rich
artlson are inl'roc. Roy. Soc..·IW.'I, pp. 3.S7- -!05 (192-ll and Proc. Phys. Soc., Lontlon, 
.m, pp. 3~3 399 ( l!JH ), and one by II. :\ . \\ 'ilson on what l han.' callctl the "thermo
dynamical ar;.:ument" in l'hys. [{, ., .. (2 ) 1.:, pp. 38 -!8 ( 192-l ). For \'arious intcrprc
tations o( the ~nrfan· douhle-layers sec Debye, .\nn. d. l'hys . . M, pp. HO- -l.S9 ( ]Q10 l ; 
Schottky, ZS. f. l'hys. 1.:, pp. (>3 ]()() (l!J23) ; anti Frcnkcl, l'hil. :\Ia).:. 33, pp.2'Ji 322 
1]9li ). (;ermcr's investigation of thc tlistrihution-in-energ'y o( thermionic electrons 
is hrielly rcported in Science, 42, 392 (]923), and a (ullcr account is to lw puulishetl; 
l>avisson and Cermer's dctermination o( L in l'h ys. Rev . 10, pp. 300- 330 (l!J22 1. 
For t he photoelectric measurements cstablishing equation ( 12 ), consult :'llillikan, 
l'hys. Re\·. 7, pp . . ~S5-3SS (1 916) ; (or the rclation hetween values of P anti contact
pott·ntial-diiTerence consult i'ag'c, .\m. Journ. Sei .. ]!,', pp. SOl 508 ( 1913) and :\lilli
kan, l'hys. ){,., .. 7, pp. 18-32 (1916). \ 'alues of the thermionic constant b arc tahu
latl'tl in Riehanlson's hook and in llushman's articlc, Phy~. Re\', (2 I ll, pp. (>23-636 
1 l'l23 1. \'a lucs of the photoclectric constant P are tabulated by Kirchner, l'hys. 
ZS. j.-;, pp. 303- 306 1192-l) and by I lanwr (Journ. Opt. Soc !J, pp. 251 - 257 (192-l ). 
For the argumcnt s that the constant C o( cquation (23 \ is a uni\'ersal constant, 
ronsult the rcferenn·s g'i\'cn by Dnshman (/. c. supra) and Richardson, l'hys. Rev. 
( 2) ::J, pp. 153 155 (192-l ): for the data, I >u shman in l'hys. Re,·. (2 I l.J, p. 156 ( 1!J2-l). 



Theorems Regarding the Driving-Point Impedance 
of Two- Mesh Circuits* 

By RONALD 1\1. FOSTER 

" ' , .,,.,,, l' hc · nc ·n ''"-lr\ .uul ,lll"iic·ic·n t nllldi tinn' th .1t .1 clri\ in.-:-point 
illtpc·d.tllrc· ht · n·.tlil.thlt· J,,· llll'ollh of ,, t\\n-mt•,h ··irr11it t'llll,i,till>: of rc·· 
:-. .... l.lllH':-., r.IJ'Mntil' ..... 1nd indut·t.anct·:-. .tn· :o.l.llt·d in tt·rnts o( tht· fuur rool:"t 
.111d io11r pnlt·, llli'IHdill~ t llt' pu),., .tt lt·ro .uul inlinit ~ 1 of t lll' impc·cl.tncT 
Tlw rtM>t, .uul th•· polt·, .Ir<' tlll' timl' l'll('flit·i•·nh ior thl' fn·t· ""·ill.ttiHih ol 
t hl' t' lrt'llit "it h t ht· dri' 111>: l>r,ull'h l"ln"·d ancl opened, rt''l"''·tin·lv. Fnr 
.1 ... :-o.J~nc:d \,dut· ... of tltt.· ffH)l:-o, tht' poft•:-. .tn• n::-.trit·t('d to a n·rtain dorn.tin, 
which is il111,t r.ttt•d ll\ li~llrt'' inr '''''l'ral t \ pic.d ,-,,,;e,;; t ht· c.t"<' oi n·.cl 
pn),., "hich .tn• nnt •·nnt inHnH,;I~· t ralbl'nrm.thlt· i11 tn n ll ll Jll l'x polt·, is oi 
'1''·.-i.d inh·n·,t. .\ 11 dri\'ill~-:-puint impt·dann·,; ,, ,t i,fyi ll ~ tl lt' gt·Jlt•r.tl 
t'tllltlitinn, t',lll he re.dizt·cl hy .111\ "'"' ni l'l t'\'L'll lll't works, t·ach nmsi,t in).! 
ni two n·si,r .• nn·s. two cap.ll'itie,, .1nd two "·lf-incluC'l.liH't•s with mll t ll.tl 
induct.mn· hl't\\l't'll rlwm: tht·"· are thl' only lll't work, wit hout 'IIJl<'riiHnlls 
t·l··nH·nts hy "hich t ht· t•ntin· rall).!<' nf pussihle impt·tl.lnn·s can ht· n·;dizt·cl; 
tht· thn·t· n·maining nl'lwork, nf rhi, type gin· 'Jil'!'ial t'<l"'" onlv. Fnr 
..... -h of tht'''' !'lt-n·n n•·twnrk,, fnrnml;" an· ).!in·n for the <'olkHiatinn of tlw 
\,dm·, of tiH' t•lc·IIH'Ilts frn111 tlll' ,t><,i;:twcl \',tlut·, ni tiH" rtHJt,; a11d polt·'· 

I . Sr.\ 11-.\11·::\T OF Rt -: ... l'I .T" 

T lll ·: ohjt•t'l of thi,., p. q >t'r i,.., lir ,. t. to cktl'flllitll' tlll' nen·,..,.., try a nd 

,.ull'wit·nt cnnditintb t h;tt a d r i\'i ng-po in t impcdann· 1 ht· n ·aliz.thlt

h \· lllt' ,t ll-. of a l\\ tl-lll l',.h circttit n ll~:--i ,..ti n g- o f re,.;i,.;t.tnn·,.;, ca p;tc itil·,.; , 

.111d indnct;lfln•,.., a nd ,.;l'cnnd . ' " dt ·tt·rmine thl' rll'twork,.. ~ rl' ;tlizin g

;tny "IWl'ilied d ri\·ing-poi n l imped.ttHT ,.; tai,.;fying th,.,..,. conditiotb. 

Thl'"l' m ·c· t·,.. ,a ry and ,..ufti!'il'n l cnndition,.; an· ,.;t ;tted in tlw form of 

tlll' fnllllwing th l'nn·m : 

Tlrrort·m I . .· l ny dri;•in,r,-poinl impl'lillnn· S t~( 11 l<i.'0 -11/t'slr rirruit 
I'Onsistinr. r~f rt'sislanas. wp,l(i/irs. 1111d indut'111nas is 11 Junt'lion of 
litt· timr t'ot'ffir it'lll X= ip of /Irr for/11 

S _
11

1X -tYd(X- a~)( X -aa)( X- er~) 

X1 X- p~)( X - Pa) 

a.,X'+a 1X '+a~X~+r1,X +11~ 
b,X '+b~x~+b,X 

( Ja) 

• l'r.·-c·ntl'd I>\ titlt· .tt the lnt!'rn.llion.ll :\ l. tthl'm.ttil'.d Congn·" .tt Toronto• 
.\u~u-.t II lh, 1'1.?-t. '" "T" o-mt·~h Elt·•·t ric l'ir .. uit, r .. alilin;: .llly ,,,.,.,·itit·• I I lri' ing 
pnint lmpt·d.tnn·" 

1 Tlw dri\·m~·IH>inl impt·dam..- oi ·• l'irnJit is tlw r.ttio oi an impn·,'t·d l'i<'l'tro
murin· iorn· .tt a point in a l>r,llll'h of t h .. cirnrit tot lll' n·,ultin~ l'Hrn·nt at tlw ,,lmt· 
point. 

-: Thl' nl't\\•,rk ... nHl:--iclc·n·cl in thi~ Jt·'l'l'r con~i:-.t oi .lny .1rran~t·nu·nt ,,f n· ... i:-.t.ln•·l· .... 
• .lparitH ·~. anti inclut·tance, "it h two .HTt:>"ihlc tl'rmin.tl, such that, ii tlw t "" 
tl'rmin.ll~ .Ht· -.hort-.-irl'nit .. d, th•· n·suhin).! ··in:uit ha, t\\1> indqwndt·nt nw,lu·,. 
Th1r- tht· impt·d.ln•·•· llll'.bllrt~l lwtwt••·n tht· lf'rminal-. of the Jll·twork j, tht: "'""'' 
.b th<' drl\ · in~-point imp<"l.wn· ni tlw l'orn•sptmdin~ two-mt·,h •·in·uit. Throuj;:hout 
th .. p.qwr thi, di-tinttion will IH.· made in tht· u"· oi tht• t•·rnb "rll'l\\cork" .111<1 
"t·ir.-Hit." 
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'<<'here 11 '2::. 0, at+a~~ o. ata2'2::. 0, a3+a~~ o. a3a~'2::.0, 

ß2+ßa~ O, ß2ß3'2::. 0, (:!) 
anti bt 2(aJ2 - -latd ) +b~~ [(a~-d)~- -1a ua~ J +bi(at2 -4aud) 

- :!btb~ [ a 3(a2 -d)- '2ata~ J - '2btb J[a tlla- '2d(a2-d) ) 
- :2b2bJ [Il t(ll2-d)-'2aoaJ) = O, ( :~ ) 

for all ~·tilues oj d '2::. 0, prm•itled 
-a~b2~+a3b2b3-tlb32 '2::. 0, (·l) 

-aub32+(a2-d)babt-a4bt2'2::. 0, (;i) 

-dbt2+atbtb2-aob22:::::. 0 , (ti ) 

and, com.'ersely, tlll)' impedance S t~( the fo rm (1 ) satisfyin?, these condi
tions (2)-( ti ) ran bc reali:ed as the driz•in?,-point impedance of a t·wo-
11/ esh circuit consisting of resista nces, rapacities. and inductances. 

Theorem I thus gi,·es the most genera l form of this type of im
pedan ce , showing that it isarational function of the time coefticient, 3 

comple tely detennincd, except for a constant factor, hy assigning: 
four roots and two poles , in aduition to the poles at zero and infinity, 
suhject to certain conditions. The assigned roots anu polcs are the 
time coefficients for thc frec oscillations of the circuit with the dri,·ing 
l>ranrh closed and opened, respccti\·ely. That is, the roots and polcs 
correspond to the resonant and anti-resonant points of the impcdance. 

Thc conditions arc as follows: The real part of each root and pole 
is ncgati,·e or zcro; the roots and polcs occur in pairs of real or con
jugatc complt·x quantitics; certain additional rcstrictions must he 
satislied, as statcd in terms of thc symmetric functinns of the roots 
and poles l>y formulas (:~) (li ). 

By ,·irtuc of these restrictions, the pair of poles, for assigncd Yalucs 
of thc two pairs of roots, is Iimite<! to a ccrtain clomain of ,·aha's. 
This domain is mm·eniently illustratcd l>y plotting. in the uppcr half 
of thc complex pbnc, the locus of o11e pole, the othcr pole hcing its 
conjugate. For real polcs , a dc,·ice is used to inuicate pairs of points 
on t Iw real axis. Figs. :~ ;) show t Iw domain of thc pol es , plot tcd 
in this manncr , for st·,·eral typical cascs. 

l'rm·idul tlw roots arc not all real, this dolllain consists .of a con
nectcd rq~ion of \·al ucs, so tiLtt it is possihlc to pass frolll onc pair 
of p<.!cs to any otlwr pair sati:-fying tlw salll<' conclitions hy a con
timtolls transfonuation. In the case of four real roots, howen·r, the 
dolllain consists, in gem·ral, of t wo non-connected rcgions, ;ts illus
trated in Fig .. -). l'ndcr thc:-e circumsta nces there is a region of n·al 
polt•s which are not cnntintloll:-ly Iransformahle into complex poles. 

Thc nct\wrks rcalizing any spccilied dri,·ing-point impcdance are 

• .\11 •·h·•·tril'al '"cillations con~id•·n•l in this paper are of 1he form eM, wherc the 
I inw coellici•·nl >- = ip may h,t\'1' any v.due, real or •·omplex. 
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~chrre /1 :?::. 0 , a.+a~:$; 0 , a1a~:?:. O, aa+a~:$; 0, aaa4:?:.0, 
ß2+ßa:$; O, ß2ßa:?:. O, (2) 

and b1
2(aa2 - Ia ~d) +b22( (112- d) 2 - -la oa~ J +ba2(a •2 --laoel) 
- 2b 1 b2 [ a a(a~-d)- 2a •a~ J - 2b.bda .aa- 2d (a 2- d ) ] 
- 2b2ba [a . (a2-d)- 2anaa] = O, ( :~ ) 

for a/1 mlues of d :?::. 0, prm•ided 
-a 1b22+aab2ba-dba2 :?::. 0, (-I ) 

-a 0ba2 +(a 2 -d)b:lbl-a~bt2 :?:. 0 , (ii ) 

-dbt2 +alblb2- aub22 ~0. (Ii ) 

and, ram•erst•/_v, any impedanre S of the f orm ( 1) satisfying lhese rondi
Jions (2)-(li) ran be rea/i:;ed as Jhe driv.'ing-poinl impedanre of a lt<•o
mesh rirruil ronsisling of rt•sisla nres, raparilies, and indurlanres. 

Thcorem I thus gin.'s the most gcncnl form of this typc of im
pedance, showing that it isara tiona l function of tlll' time codlicicnt, 3 

complctcly detennined, cxcept for a constant factor, hy assigning 
four roots a nd two poles, in addition to the polcs at zero and inlinity, 
~uhject to certain condition s. The assigncd roots and polcs arc tlw 
ti me coeflicients for the frec oscillations of t hc circuit \\'ith tlw dri\·ing 
hranch dosed and opened, rcspectin·ly. That is, the roots and poles 
correspond to the resona nt and anti-rcsnnant pnints of the impedance. 

T he conditions are as follows: Thc real part nf cach root and pole 
is uegati\·e or zero; the roots a nd polcs occur in pairs of rcal or con
jugalt' con1plex qu:llltities; n·rtain additional restrictions must hL· 
satislied, as stated in terms of the symnwtric functions of the roots 
and poles hy formulas (:~) (ii}. 

By \·irtue of t hese restriet ions, t hc pair of poles, for assigned \ 'a lucs 
of the two pair~ of roots, is limited to a ccrtain dnmain of \·alues . 
Thi~ donwin is CIJnn·niently illustrated Ly plotting, in thc upper half 
of tlll' complex plane, the locus o f one pole, the other pole heing its 
conjugatt·. For real pules, a de\·ice is used to ind icate pairs of points 
on tlll' real axis. Figs. :~ ·.'i show t lll' domain of tlw polcs, plottcd 
in this manner, for sen·ral typica l cases. 

l'rm·ided tlll' roots arenot all real. this dmnain consists of a con
nL·<·tcd region of \·aha·s, so that it is possi hle to pass from onc pair 
of poles to any other pair satisfying the sa me conditions h~· a con 
tinuous tran~formation. l n tlll' ca~t· of four real roots. hmn·\·er, the 
do1nain con~i~ts, in general, of two non-connL·ct ed regions, as illus
tr.Ited in Fig. :,. l'nder tlw~e circunlstances there is a reginn of real 
poh·~ \\ hich an· not continuou~ly Iransformahle into con1plex poles. 

Tlw n<'lwork~ rl'alizing any ~pecilied dri\'i n g- point impedance a re 

'. \11 <·I<·<·Irical o,.,·illations ron~icl(·n·d in this papPrare of 1111' for m rM, wlwre 1hc 
tillll' l'odlici•·rtt X=ip may ha\'l' any \'aluc, real ur I'Ompll·x. 
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dl't~·rntim·d I>\' tlll' arr.tll).:l'IIH'III .uni lll.l).:llitwk" nf lla· ~'~•·ntt·nh . .1~ 

gi,~·rt h~ tlw fo1lowi11g th~·on-111: 

J'l!fnrl'/11 II. .111 drli'inr,-poinl llll{>l'ritllli'I'S .111/tsfyznr, 1111· llt'(l'5.wry 
allll w,{lil'ioz/ I'Oilllilions, a.~ 5/llll'd in J'lzl'nrt'/11 I, nuz br rmli::n/ hy uny 
Oll!' nf tlzc l'lt1'1'11 llt'l«·nrks slzmcn by Fig. I, upon assi_l!,llill.l!, lo lht• dt'/111'1115 
t~f t'lldl nl'l<cnr/.: lhl' t•alllt'S gil·t'n by J'ublt• / . Tlzrst• t'lt1't'll 1/t'/<,•or/.:s art• 
ilzl' n11ly lll'l<cnr/.:s <cillzoul supajluous di'IIII'IIIS by <clzidz lht• t'nlin rtllll!,t' 
~~r pn.uible impnlaiiU'S mn bc rt'llli::l'd. 

Hr T hl'ort'lll II , .111y network ohl.tim·cl front ;1 IWtHIJt•"ft circoil 

10 

~·~, 
o-+-l,~w,-f ~ 

Ll Rl 
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L2 Rz 

~ 
Ll C, 
II 

I t,:. I :"<·lworb rcalizinlo! any <lri\'in~:-/'"inl imrw•l.tn•·•· of .1 lwo-llw,h l'ircuic 
t~on ... i..;.tillC" o( re~i-.l.tnn•,, ('c.lfl.tCitit•-.., ~c·l · inducl.HlC<'S, and llltlftt.liHHhWI.tnn•' 
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cou,..i,.ting .,f re,_i,..t.lnt·t·~. ~·ap.witit·,.., and inductance~ can be replaced. 

in ,..o f<~r "" the impedancc lwt\H'cn terminal:,; is conccrned, hy any 
one 11f tlw e1en?n nei\YIIrks sh11wn l1y Fig. 1, upon a~~igning tht• propt·r 
,·a1ut·,.. 111 the elenwnts. Each of these net\\·orks ron~i~~,; of two 
n·~i~tancL·,.;, two eapacities. and two self-i nduetance,.; with mutua1 

inductann· het\H'L'n t1wm. 

l·:ach 11f tlw,.;e elcn·n lll't\\·o rk,.; rC'alizL·,.; impedance,.; with arhitr;~rily 

a,.;,.;igned 1"11111,.; and with p11k,.; an~·whcre in the cntire domain of po,.;
,.;ihi1it ie,.;, ,.;uhject to tlw genera1 condition,.; statl:'d in Theorem I. 
Special ca~es 1 1f t he,.;e m·t" orks n·;dize, for a rbit rari1y assigned roots, 
nnly crit iea1 line,.; and points in tlll' domain. .-\11 the~e specia1 ca,.;e,.; 

are li,.;ted in Tahle 111 . with a "lwcification of the linl:'s ur point,.; in 
tlw d11main rca1izab1c hy each. a,.; illu,.;trati:'U by Figs. -1 and ;). 

Certain limited r1:'gi11n,.; of tlw domain can 11(' rC'a1ized by Ill.'l\\'llrks 
which contain no mutual inductann· and whi ch are not specia1 casl:',.; 
of t1w networks gin·n hy Tlwort'lll 11. T1w.'t' IH't\\·orks an· gin·n 
l1y the following thl'lll'l'IIl: 

Tlzcorclll 111. .·lny dri<•ing-poinl i111pcdann• of a l"<<'o-mrsll circuil 
ronsisting of rcsislann·s. wpacitirs, and scU-indurlanres can be reali:rd 
hy al !t•asl tlm·r a nd not nzore tlza 11 .fi<•e of the l"<<•eh•e uct-.corks slzot<•n by 
1-if!,. :!. upoii assigning lo Ihr rlr111ents of raclz nel7.i'ork Ihr mlues git•rn 
/Jy Ta/Jle II. Thrsc l"<<'rh·r nel«•orks urr the only networks ·witlzoulllllllllal 
indurtanCI' and ,,·itlloul superjluous t•lclllrnls by "<<•hich any i111pedanrr 
ran, in .f!.rlleml, hr rrali:ed. 

The,..L· 1\Yeln· m·t\\'IJrks, taken 111gC'thC'r, con•r that portioll of the 
tl11111ain rea1iza1Jie with1ntt mutual int luctance. :\etworks \Yith tnutual 
inductance an· lleedt•d in 11rder tn Cll\·er thc cntirl:' domain. The,..t• 
1\\l·ln· an· the on1y networks, without ~11perlluous e1ements, rC'alizing 
1imited regions in tht• domain. Each of the:-e network,.; Cllnsist~ of 1\\'ll 
re~i,.,tann·:-;, t\\·o capacitie~. l\\'11 ~e1f-inductann•s, and olle <Hidition;tl 
rt·~i-.tann·. capacity, or ,..elf-inductance. The 1\\'t'h·e network,.;, with 
tht'ir ,.;pt'cial ca~e,.;, are all li,.;tt·d in T al1lc 111 . with a ,.;pecilication 11f 

tllt' rl'~ion~. 1ines, ur points n·;dizahl!' h~· !'ach. 

ln addition lll tht· "f>l'l'ilic formub,; fm the nt·tworks of Figs. I and 2, 
it j,., t'oll\l'llit·nt to h;l\l' gt·nera1 f11rlllub~ for t11l' compllt<llion nf all 
llt'l\l'llrk,.; IIIL't'ting tlw gin·n conditi11n,.;, induding tho~l' networks 
\\ith ,.,uperlhtou,.. element,.. a~ we11 as all ~pecia1 case:-;. The most 
getwr;tl l\\11-llll',.;h circuit is :-h11\\11 l1y Fi~. Ii; accordingly, thC' most 
getwr.tlnel\\llrk undt·r con:-ideration isthat shm,·n l1y Fi g. I . Fllrmulas 



Iw 

'.\ • 

l'd 



BEU. Sl"STF . .\1 TECIIXICAL JOURNAL 

<'on,_i,_t ing nf rl',_i,.Lttln·,.;. c;tp.tci t iL·"· and induct.tlllTS can hc repbced, 
in so iar a" thl' impL·dann· IJl'tWL'cn terminal;; is cuncerned, hy any 
onc of tlw ell'n·n nl'tworks shown l1y .Fig. 1, upon assigning tlll' propn 
Yalues to the ell'nH'nts. Each of tiH'sc nctworks cunsists of two 

rl'"istancL'S, two capacities. and two self-inductances with mutual 
itH!twtanlT lwt\\Tl'll tlll'm. 

l·:ach of tht•sL' elcn·n nct\\·orks realiZL·s impedanrC'" with arhitrarily 
a,.,;ignl'd root,; and with poles anywhere in thc entirl' domain of pos

,._j!JilitiL·"· suhjcct to the general eonditions stated in Tlwon·m I. 
:-,pl'l'i;tl ca,;l's of thl'"l' networks realize, for arhitrarily assigned roots, 
only nitical lim·s and points in thc don1ai11. :\II these ,.;pecial ea:-<l':-< 
an· li,;tL·d in T;tblc !II, with a spl:'eification of tlw line,; or point,.; in 
thl' domain realizaiJIL• hy cach. a,.; illustrated by Figs. -1 and ;}, 

Cl'rtain limitcd rl'gions of the domain can lll' realized hy networks 
which l'ontain 110 mutual inductancl' and which a rl' not spl'l'ial case,.; 
of t lll' tll't works gin·n hy Thl'orem II. TlwsC' net works an· g-in·n 

I 'Y t Iw follow i ng t hcorcm : 

Theorem 111. .· ln y driz•ing-point impedunre oj a l"<<'o-mesh rirwil 
(Onsisting ~~r resistan(es, nzparities, 1111d self-indurtanres ran be reali::ed 
by at least three and not 11/Drl' tlwn fi•·e of the t-,••eh·e nel<eorks shmen by 
l·ie,. :!. upo11 assigning to the elcments oj earh nel<eork the mlues gh·en 
by Table II. These l<•·eh•e nel"<<'orks are the o11ly nel"<•'orks -.eitlwut mutual 
indudan(e und <..itlwut superjluous elements by 'l.i'hirh any impedanre 
tllll, in general, be rcali::ed. 

ThL'"l' t\\'l'ln· lll'twork,;, takl'n togethl'r, con·r that portion of the 
domain rl'alizahle without mutual inductance. Xct\Yorks with mutual 
indul·tann· arl· ncl'dl'd in ordl·r to coYer tlll' cntirc domain . The,.;e 
twl·h l' an· tlw only lll'tworks, witlwut superflu ous clemt·nt:-;, realizing 
limitl'cl regioib in tlw domain. E;tch of tlw:-;v nctworks consi,;ts of two 
n·,_i,..taiH'l'"· two cap;tritiL'"· two self-i nductanres, <tnd om• addition;tl 
n·,.;i..;talllT, c;tpacity, or :-<L·If-inductancc. The twel\'l' network!", wit h 

tlwir "lH·rial c;t,..l':-<, arL· ;tllli:-<tL·d in TahiL· 11 1, with a specilication of 
tlw rl'gions, linl's, c1r points rl';tliz;thlt• hy l'ach. 

In addi t ion t o t Iw "PL'cifw formula:-; for t 11l' net \\ urk,; of Figs. I and '2. 
i1 is <·onn·nicnt to h;tn' g<·m·r;tl fonnula,.; for the comput.1tion of alt 
m·twork" lllLTting the gi' L'Il comlition,.;, including tho,;l' lll'tworks 
with "upnlluou,; l'iellH·nt,; <b weil as alt ,.;pecial casl'S. Thl' most 
gem·r;d t\\o-nH·,.h circuit j,., ,.,!Jm,·n hy Fi g. H; acron lingly , thl· mo,.;t 
gl·m·r;IIIwtwork lliHh·r con,.idl·ration j,; that ,., Jwwn hy Fig . 7. Formulas 
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by any nel7<'ork of tlte form of Fig. i'. pror•ided tlte elemenls of tlte ne/7toork 
satisfy the foiiM<'ing relations: 

L/L2'+I-1'L3'+L2'La' =auk2, 

RIR2+RIR3+R2R3 =dk2, 

D1D~+ DdJ3+ D2D3 = a 4k2
, 

L/ + L3' = b1k2
, 

R2+R3=b2k2
, 

D2+D3=b3k2, 

u•ltere 

llllll 

R2/J:1- R3D~ = ±k3
( -a4bl+a3b2b3-db32)1 2 , 

lJj.3'- DJL2' = ±k3[ - aubJ2+ (a2- d)babi-a4bl2)' '2 , 

L2' R3-L3' R2 = ±k3
( -db12+a1blb2-aob22)12 , 

Li'= LI+.II12+JI13+.1123, 

L2' =L2+Jfi2-.lli 3-.\l2 a. 

La'= f.a- .\J12+J/13- .lf23, 

( i' ) 

( ~ ) 

(U) 

( I 0) 

(I I ) 

(12) 

(1:3) 

(1-t) 

( L> ) 

(Iü) 

( 17) 

(IS) 

( l!l ) 

tlte positir•f dirertions in Fig. i' a/1 being assigned arbitra rily lo the right. 
Tlte sigus of ():~) (!.)) are rltose11 so as /o satisfy the idenlily 

( R2D3-RdJ2)(!,/ +La')+(D21- a' -D3L/J(R2 + R 3) 
+U-2'R 3- L a' R2 )(D2+ D3)= 0. (20) 

1'/te t•a!uf of d is gi<•en by equation (:~). wltich may be 7<•ril/en in lhe form 

d2(b2 2 - lb1ba)- 2d(2a.,bi2+a2b22+2a0ba2-aabib2- 2a 2b1b3-a1b2b3) 
+ [a:l2b, 2 + (a 2

2 --laua.,)b22+a,2ba2 - 2 (112113- 2a,a4)b1b2- '2a1a 3b1b3 
-2(a,a2-211ulla)b2b3) = 0. (21 ) 

Tlte parame/er k may lwl'e any real r•alue other t!tan :ao. 
In the~e fornmla~ the \·allll' of k i~ independent of thc impcdanre, 

hut ran hl· cho~en ~c1 a~ to gin· partindar form:; of the nctwork. lf 
the m·ce~~ary and ~ullicient eondition:.-; as ~tated hy Theorem I are 
~ati~lil·d. the \·;dues of the ell'llll'llts gin·n h~· thesc formulas are 
po~itin· or zero, and tlll' \·alues of the imlurtances satisfy tlw usual 
r<'~tricticllls. The formtdas of Tahll's I and II, for example, can all 
IH' rolll)llli<'d l•y means of Theorl'lll 1\'. 

2. Tlll·. I>J<I\'I:-.;c,-l'cli:\T l\ll'El>.\:\<"E oF .\ T\\cl-:\IE~Il CII<Cll!T 

l'rl'\·ious ill\e~tigation~ of thl' (\\'CJ-llll'sh cireuit han~ Ileen dirl'cted. 
for the mo~t part. toward tlw dl'termination of thl' frl'l' periods (reso-
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n.lllt lrcqlll'lll"ie-. .uul .t-.-.rwi.ttnl d.11npi11g l'l>lt-.l.tl1t-.) of tlw l'irl'uit 
irom thl' kl1tl\\11 \',dut·-. oi tlll' elt'l1ll'llt:-;. Thi-. prol>lt·m j,., intim.ttc.·l:. 
rei.H<•d 111 tlll' dl't('('lllil1.ttion of tlll' dri,·in~-point impt•d;uwe of tiH· 
circuit, -.i11n· thl' frt·t· period,.. of tlll' t'ircuit r·.tn l>c found hy "'l'tting 
tlw dri\ i11g-point i11tpl'd.tnn· in .un· onc nw:-;h cqual to l.!'fiJ. 1 By 
thi,.. nwthod the frcc 1wriod-. .trt· found .1:-; tlw n>ot:-; of .1n r·qu.1tion of 
tlw fourth degn'!', 0 tlw n .. tct ,.,o)utionof \\hich ill\·oht·:-;, in gc.·nr·r.d, 

cuntlwr:-;omc.· formub". l n onlcr to obtain fornwl.ts \\ hich an· lwt ter 
.ul.t(ltt·d to numerical l'lllllllllt.ttit>ll, ,·,triou:-; appro'\illlations art· 

tbu.dly madt·.6 

T hi:-; elct·tric<ll prohll'lll of thc frc.·t• o,..cillo~tions of a circuit is formally 
tlw :o;anw <1s thc dyn.unical prohkm of tlw "mall oscillaticllls of a 
sy:-tt'lll ahout a position of c.·quilihrium. T he dctl'rmination of thl' 
frt'l' pt·riods of a circnit can loc made directl~· front tlw -.olution of thi-. 
dynamical prohlem.' 

The lir-.t JMrt of thi-. paper trl'at" a nlll<"h 11\Circ gt·neral pmhlem 
than tlll' dl'termination of tlw dri\'ing-point impedann· of a partindar 
circuil from tlw gin·n \·allll·,.. of llw l'll'nll'nls, nanwly, tlw dl'tl'rmina
tion pf thl' c.·nlirc rangc of po-.,;ihilitit·:-, togt.•thl'r with tlll' inlwrcnl 

Iimitation,.., of "uch an impcdance. Thc nll'thod c.·mploycd is to lind 
t he gener<ll iorm of t Iw i nqwdance a,.. a f unct ion of tlll' t iml' cm·flicicn t. 
and thcn to ill\estigatl' 1lw re:-;triction,.. which mu:-;t l>c.· :-;;lti:-lied hy a 

function of thi-. character in orckr that it may rl'prcsl'nt an imJwd.llll'l' 
rl'alizahll' hy mean" of a cirruit ron:-i,.;ting of r!'sistances, capacitic~. 
anrl inductance:-;. In tlw prc,;ent paper. this inn·stigalion is limitl'd 
to the dri,·ing-point impl'd.tnn· of a two-rncsh circuit: tlw dri\'ing
point irnped.1nn·of an 11-me-.h circuit will I](' treatl'd in a futurt.· papcr. 

The dri\·ing-point impedann· of .my circnit containing 1111 fl'si-.t.llln·,.., 
ha,; lll'l'll in,·c·stig;:lled in a pr!·,·iou~ papl'r,' whcre it h;h l>c.·c.·n ,..hm\11 
th.tt any such imp(·dann· is a pun· reactann· with a lllllllhl'r of n·,.,onant 
and <lllti-rl'snnant frl'<Jlll'll\il's \\hich altl'rnate with l'<trh otlwr, and 

'C .. \. Camph .. ll, 1'rcm.wutio11s of tlu .I. I. F.. /~ .•. 111, 11111, pagt•, ~i.l 1 11~1. 

• .\n t·xhalhlin· di,..·u"iun ol lhts fourrh dq.:rce t·qu.llion h.t,; lwo·n gin·n h~ J. 
:-.nllfllt•r, .lrlllllft·rr tftor Physik, fourth "-·rit·s, .'i~. I '>I 11, I'·'K''' ,Ii.'\ .\II.?. 

For 1ypic.11 mcllwds ol solul ion ,.._.,. thc papers o( 1 .. ( 'olwn, Httllr/ill o( Ihr· ßurmu 
of Sl<111d11rds, S, I !)OS-Q, p.>!(<'S ,:; II 54 I; B. \lac·ku, Jahrlmch tlt'r dr11htlou11 Tdt·· 
.erc~pla;,. 1111d Td~phmu~ • .?, 11111'), pages .?SI 293; \'. 1\u,h, Prorudillf,.f of tlrt' I. R. J·:., 
5, 191 i, pil!(t'S .IIJ.I .\~.!. 

1 Reprl'"-'lll.lli\e inn•sli!(.ltions of I his d~ n.11nic.d prohl .. m ,1n· !Iw-. ol l.ord 
Raylci~o:h, Pm.-udi11f,S t>( /Ir~ l.mltf..,, .l/c~tlat'mlltiml .'ioc irty, ·1, ISi.l, tMI.!t'' .15i .lr>S, 
Plai/nsopiJir!ll .1/cr~cr:illt', fifth ,.._-rir·s, .?1, l."SC., pa~o:•·s .\C.'I .1.'<1, .uul si,th "'nt''• .1, 
1110!, p.I!(CS 'li-lli 1":-.·ll'ntitic l'.tp..r,," I, liO 1.'<1, II. Ii.' ISS, olllcl \', s !l>l; 
E. J. l<outh, '.\d\',tnn·d Rigid llynamit·,," ,.j,Jh <"lilion, 11111.'\, (MI.!<'' 2\2 21\, 
.\. <;. \\'chsh·r, "l>ynamics," ,...mncl •~lition, I'Jll, p.lg<·s t.:;i 11>1 

'1<. \1. Fostt·r, Bdt Syslt'm Tul111iwl Jmmwl, .1, 1'1!-l, p.q,:cs 25!) 21>i. 
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that any ~uch impcuancc may bc rcalizcd hy a nctwork con~t:-llll g" 

of a numhcr of ~implc re~onant clcmcnh (inductancc and capacity 
in ~nie~) in parallel or a numhcr of simple anti-rc~onant clcmcnts 
(i nductancc and capacity in parallel ) in ~cries. 

\rith re~i~tancc~ addcd to thc circuit, the impcdann· is, in gcncral, 
Clllll plcx: that i~ . it has hllth rcsi~tance and reactann· compotwnts. 
For a 1\HJ-llle~h circuit the impcd;mce i~ expre~sed as a funrtinn of 
1 ht• I imc cocfticicnt hy Theorem I. 

Formula (I) gin·~ thc dri, ·i ng-point impedancc of a two-me~h circuit 
for any elcctrical oscillation of tlll' form eAt, where the time l'odlicicnt 
>. may ha,·e any , ·a luc , real or complex . The time coefticicnt~ for 
tlw frce o~ci ll ation~ of thc circ uit with the Jri,·ing brand1 doscd are 
tlw roots of thc nutncrator (a •. a2, aa, a,), as gi,·en by ( la ); the free 
pt'riods of the circuit with tlll' driYing hranch opencd an.· thc mots 
of thc dcnominator (1'32. ß a). that i~ , the poles of tlw impedancc func 
tion. Fora complt'x , -; duc of tlw time col'fficienl, A=A 1 + i>. 2 , >. 1 is 
thc damping factor and A2 is thc frcqttcncy multiplicd hy ~lT. 

Thc two forms of formula (l) arc cqui,·a lent, hut each has its 
~pccial adY;mtagl·s. Sllmetimcs one, somc(imes tlw other, form is 
tlton• C<lll\'l'll icnt : tlwy will IH' usl·d interchangcalll)' throug"hout the 
pa pcr . 

Fonnula ( Ia) gin·s the impt•dance din·ctly in terms of tlw roots and 
poll•s. Fomlllla (II> ) gin·s thc impcdancc in tcnns of tlw ~ymnwtric 
ft llll 't inth of the mots and poles, with the addition of an arhitr;try 
factor. Thu s, without changing the impcuance, all thc cocrticient~ 
of tlll' 11\lllll'ratm and denmninator of ( lb) may hc multiplied hy the 
"a nw con~Ltnt factor ha,·ing- a ny ,·allll· otlll'r than zc-ro . Formtdas 
~ta tl'd in tcrms of tlll' col'ilir il·nt s of ( lh ) are in homogelll'OUS and 
"yn n•wtrical form, and han· tlll' adlh·J at!Yant;J~l' of in, ·oh·ing real 
quantitil'" only. 

Tlll' SJll'Cial casl' of Otll" rool l'qual to Zl'ro i,.; ohtained hy ~l'tting 
a, = 0 in ( Ia ) and a,= CJ in ( lh ). For otll' root infinite. )w,n·n·r , 
in ( Ia ) it i,.; lll'ces,.;ary to St't cY 1 = z. and II = 0, with thc prnYision !hat 
fltt & lll' r111ite; Wlll'rl'a~ in ( JI J) it is ,.;im ply nt•ccs~ary to St'l au= O. 

l t is ,.;o nwtil11l'S con\ellil'nt to add tlw notation p,= O and ß•=z., 
corresponding to tlw poles at z(:ro and infinity . ln fonnula ( lb ) tlw 
Cllrfl•,.,pntH Jing addition to t}ll' ltO!dtion Collsists of the cneCfiricllh 
b .. - 0 and b1 = ll. 

lh tlll' J.:l'lll'ral rl'stri,·tions (~ ) tlw con~tant Jl is po~itin· or zero, 
.111d lhl' ro111~ .111d pol!·~ an· drrangl·d in thrc-<' pair,; , (<Y,, a 2), (cr.l. nal . 
. IIHI (pz, J:i.oJ. l'ach pair l1l' ing the roots of a qu;ulr;~tic l'qu;Jtion with 
po,.,itin· rl'al nll'flicil'llh. Thu~ t•ach p;1ir of tlll' rooh a nd pole,; is 
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t'itht'r .1 p.tir of conjug.ttc colltplt'\ qu.111titie" or .1 p.tir uf rc.tl quo!n
titie..;, with tlw addcd pro,·i~ion th.tt tht' re.d J>.lrl of •·;wh root ancl 
Jlt>le j.., neg,ttin· t>r /l'rt>. 

~t.lled in ternb of ( lhl. the~t· J.:l'lll'r.tl n·"tri•·tiott:-. (:!) rt·•ptin· .dl tlw 
n>dtil·il'nh to he n·.tl and to h.tn· tlw ~.lllll' "ign. Throughout thi,.; 
p.tper tlw~· ~igns will alw.tys hl· t.tkl'n po~itin·; thu,.; .dl tlw "',.; .tnd 
b',.; .trl' p·>,;iti,-e ur zt•ro. l n ordl'r to pro\·idl' th.tt tlw n·al p<trt of 
l'.tl'h root l>c lll').!<lli\·e or lt•ru, thc codlici•·nt~ of tlw llllllll'r<ttor llllbl 
:-.tti:-fy thc .tddition.d n·qnircnwnt 

.111d .tlso 

-a4a,z+a,u~al-lloll3z;;::o, 

azz_ lao!14;;:: tl . 

(:!:!) 

Thc secund cundition (2:~) j" ".,tti",lied antuma t ically by ,·irtlll' of tlw 

tir~t condition (2:! ), unlc~" hoth ''' and aJ are zcro; in that c.t;;c (:?:~) 
j" n:quircd. Thc::.c are prcci::.dy the ncn·ssary and sullicient condi
tion::. that thc numcrator of (lb) he factor.thle into two real quadratic 
factor" with po;;iti,·c cociTicient:-. 

ln addition to thc gcm·ral rt·strictions (:.!J li J>t>ll thc indi\'idual roots 
.md pole,;, thcrc are ccrtain atld itional cond itions which nwst he 
,,ltislied hy all thc rocH,; and poles togethcr. Thc~c condition~ arc 
morc conn·nicntly :;tatcd in tcrm:; of the cocfficients hy prcsnibing 
a n·rt<tin dom.tin of ,-,tlucs uf thc cight cociTicicn ts (au. a 1, llz, IIJ, a,, 
b1• bz, bl) "uch that thc cocflicicnh of any dri,·ing-point impt>dancc 
uf .1 two-nw:-h circuit lic in thi,; clomain. and. con\·cr~c l y. an~· set of 
\'alut>s in this dom;tin c.an hc n.:alized as thc coeflicicnts of a dri\'ing
point impedanec of a two-möh circuit. 

By a rcalizahlc cireuit j,., under,.;tood a circnit con~i:-ting uf rc,.;i,.;t
.wccs, cap;tcitics, and ,.df-indu•·tancc", with pnsiti,·c nr zcro ,·alucs, 
Iogether with mutu.tl induct..tncc,., with Y.tlucs such that cn.:ry prin
cip.tl minor of thc dctcnninant of thc incluctancc,.; is po,.;iti,·c or Zl-ro. 
l n thc ca:-c of two :-clf-inductancc,., with nultual imluctann· llt'tWt'l'll 
thcm, this rcduccs to tlll' Wl'll known condition f. 1Lz-.\[z;;::o. 

Thl• dom.1in i,; dl'linl'd an.tlytically hy formula,.. (a) (Ii), in ll·rms 
of a paraml'lcr d. Thi.., par.lllll'll'r j,.; intitll<ltl'ly n:l.ttl'd lt> the re-,ist

ancc,.; in the circuit. a:- will h~· ~h"'' 11 latl'r. l n onlt-r th.1t this donl.lin 
m.ty contain real ,-,tlul':-, tlw followin).! rcl••tion nHlst Iw :-.ati"li1·d; 

-d·'+'!.tt~o~P-ta 1 tl.: l-11~~ lu.,•tdd+( -ll~tt,z+a,u~•h a,tl,~) ~II. 1:2-1) 

or in l'quiv.tlt.·nt (ornl, 

- [d -u 0 (cq+uz)(u 3 +n,J J[d -uo(•q +uJ)Iuz+u 11) 
[d-a0(a1+a 1)(az+ul ):::::0. (:!.i) 
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l'roYided thcre is one pair of conjug-atc complcx roots of the numerator 
of the impedance, a, and a2. the Yalue of d is restrirtecl to the range 
frum zero to thc smallest real root nf (2-l), that is , 

(2(i ) 

In the case of four real roots, a,;;:::az;;:::aa;;:::a~ . thc paranwtcr d is 
restricted to the Yalm·s 

() ::;, d::;, 11 11(a, +uz)(na+u~). 

a"(n, +aa)(nz+a.d :=;,tf <;ll"(n,+n.,)(uz+u-:.). 
(27) 

Thns therl' are, in general, two distinct range:-. for the Yalue of d in 
t his C<l~t·. The corresponding domain of Yalue,; of the roots and pole,; 
nlllsi~b of two rwn-connt·Ctl'd regions, so that it is impossible to pass 
by a continuons Iransformation from a sL"t of Yalues in une rcgion tu 
a ~L"t in the other. 

Fornwbs (a) ((i ) are symmetrical in three different re~pects . sinn· 
tlwy remain unaltered upon inl!·rchanging certa in pairs of elements, 
which may he any one of the three following sets: 

(a) b, and bz, ao and d, aa and (az-d). 

(h ) b, and ba, a 0 and a 4, a 1 and a a, 

(c) bz and ha. a4 and d, a, and (a z-d). 

The~e thrt•t• ~e t s correspond to interchanging resistances and in
dnrtances, inductances and capacities, and resistanrcs and raparit ies , 
respectin~ly. 

Sincc d is a lways positin· or zero. formulas (-! ) ((i ) Iead to simple 
neeessary conditit1ns , namely, 

aaba- a/lz;;? 0, 

- a ,h.2 +az[J,ba- a 0b32 ;;::: 0, 

a,b,-aobz;;::: 0. 

Thl' lirst aJHI third of tlll'~e conditions are conn·nil'ntly interpreted 
in tt"rms of thl' roots and poles: tlw :-u m of tiH' reciprocal~ of the polt•s 
is algehraically greater 1 han m eqnal to tlll' snm of tlw rl'ciprocals 
nf tlw roots; and tlll' su m of tlw poll's is algl"hraically greater than 
or equal to tlll' ~um of thl' roots. 

:~. ]) o~l.\1 :\ OF l'oL ES Ft lR .c\S!--11 ;:'\Eil RooTS 

The conditions (:.!I ( li l ddint• a dont;tin of \·ahu•,; fnr the roob and 
poles witlwut distingui:-.hing in any way tho:-.e roots an<i pnles which 
may llt' cho:-.t·n indepl"ndently. For many purposes it is conYenient 
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to "lx.·cialitl' th!' problcm lo the t''lenl of ,,,.,,.,igning delinite \alu('s 
to tht• root,.;, suhject. of cour,.,t•, to tlw n·,.,triction,., (~) •• llld then to 
inn·stigalt' tlw dom,Jin of tlw pole,; which co~n Iw as ... cwiat<"d with tlwse 
.1ssigned roots. 

For tlw lll.Lihem,Ltic.d o~nalysi,., of the prohlt'lll it i ... con\ enienl to 
,,,.,,.,ign ,-,dut·,., of the cot'llicienh lln .••• a 1, ,.,uhjt"ct to tll<' n·,.,trit·tions 
... 1.11ed in tlw preceding "l'Ction, and tlwn lo plot tlw domo~in for the 
t'ot'lrwit·nb h,, b:. bJ, treating the !aller·'" honwg!'lll'ou,.. coordin.lles ~ 
in tlw pl.uw. \\ ith .\' =b~ b. and y =h:1 h1. 

\\'ith thi,., nwthod of rt•prt•,.,t•ntation, l'<Jli.Liion (:l) i,.,, for .111y li,ed 
\,dlll· oi d. tlw equation of a conic. CoJbidl'ring d o~s ,, \.Lrio~hlt· p;~r.L

Illt'lt·r. (:~) rt•prt·,.,enb a om•-paraml'lt•r family of conics. l·:,,ch t·un·e 
of this iamily is tangent lo the four lines 

(j= I. :.? .;{,-!). 

Tht•,.,t• lim•,.. are re.tl linl',.. in the planl' if. and only if. tlw c<~rn·sponding 
root,.; art· real. Tlll'y are all langen! to thc parahob 

(:n) 

which i,.. the limiting c.be of thc conic (:3) a,., d lx.·comes inlinite. This 
parahol.t is a critical curn· for the pnles; l'\Try pnint in the plane ahn\ e 
tlw p.1rahola c<~rrt·,..pond,.. to a pair oi conjugate c<~mple:-o; poles, en·ry 
point heltm thc cun·e to a pair of n·al and di,..tinct pole,.,, and cn~ry 
point on thl' curn· to a pair of real and cqu;JI pnles. 

The complell' f.1mily of conics, that i,.,, thc sct of cunt•,., for ;dl real 
,.,,Iw·,., of d, might he delim·d a,., the family of conics tangcnt to the,.,<· 
iour line,.,, which art· thl' four line,; t;•ngl'nl tn the rritic.d parahola 
(:~:H corre,.,ponding I•> tlw four roots 11f the impt·<bnee. 

:\ot all thl' curn·,., of thi,.. Llmily lie in the domain of polt·,.,, h<~Wl'H'r. 
... ince tht• conditions I I ) lliJ mu,;t abo Iw ,;ati,;lied. For any li:-;cd 
\ .dut• of d. l'at'h of the thn-e equati<~n:-; (-Ii (Ii I is a degeneralt• conic, 
th.tl i,;. ,, p.tir of ,..traight lines. The ,;j:-; linl',; ddined hy tht•,..t· condi
ti<~n,.. .lrt· all I.Lllgl'nl to the conic (:~) corre,;ponding to thi,., ,.,,lllll' ,·,dut· 
of d. Tht· inequalities ( l) (Ii) thu,.; rft.mand. in gent·r.d. th;Lt tlw 
dom.tin of polt·,., lil' within thc an·a hotllHied hy the,.;e ,;i:-; line,.;. Thus 
only tho,.,t• conics ni tlw family (:~) which an· re;d ellip,..e,.;, or tlll'ir 
limiting ca,.,es, lil' \\ithin the domain. 

Tht· c<~ndition that tht· c<~nic (:3) hc an dlip,..t· j,., preci,..ely thc nt·n·,.,. 
s.1ry re,.triction on the ,·alut· of d alread~· ,.,latcd. inrmul.t (:!I 1. Ellip,.t•,; 
art· oht.tincd for all neg,lli,·e ,·alues of d, hut tht•,.t· an· not in tlw 

1 I· or ~olll(' Jlllrt"'"''~ I ht· n! h"r <"hnin·~ nf x .md _v mi~o:hJ IJ<· 11 ... ~1. 1 hi~ ··hoin· 1s mun· 
, . .,n,·o·nien! herc in.l•lliUI'h .b x j, thl· •11111 .uul y lhl' pro•lut'l nf !Iw polt·•. 
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domain , ~ince l>y thc cunclitions of the electrical problem d must be 
postttn· ur zero. Ellipses for values of d from zero up to the ~mallest 
real root of the equation (24) are in the domain. lf the roots of the 
impedanee arc all complex, cquation (24 ) has three real roots, a nd 
thus tlwn: i~ a range of \'alues of d from the second to the third root, 
arranged in the order of magnitude, for which the cun·es are cllip~cs, 
htll t he~e ellip~cs are imaginary, that is, there are no real points on 
them: thu~ therc is only the one range of d which gi,·e~ points in the 
domain. lf two roots of the impedance are real and two complex, 
cqttation (24 ) has only the one real root, and thus thcre is only the 
one rangc of d. lf all four root s of the impedance are real, howc\·er, 
equa tion (2-l ) has again three real roots, and hoth ranges of d gi\'e 
rl'al ellipses. l n thi s case the two sets of ellip~es are separate ancl 
distinc t. 

For the limiting \ ·alues of d. that is, for the roots uf l'quation (24 ) , 
the corresponding ('()nie ( :~ ) degcnerates into a pair nf coincic.knt 
s traight lines. Only tho~e ~egments nf the~e linc~ whidt satisfy the 
corresponding inequalities (-~ ) (!i) are in the domain. Such segmcnts 
a rc the limiting cascs of the realellip,.;cs for , ·alues nf d aiHJ\'l' or helow 
the critical \'a lues, a,.; the case may hl'. 

The doma in of poles, plotted in tl'rtlls of thc rocfficients in tiH' 
mannc.·r descril>ed, consist::; of that domain cm-ercd hy these rl'al 
ell ipses fo r d :?. O, a domain hounded hy the en\·elopc of the curn·s. 
The em· elopeconsists of tlw conic for d = O and the four line~ (a2 ). 
For the rase of four l'omplcx root~ of the impcdancc, therdore, thc 
dmna in l'o n si ,.; t~ simply of thc rcgion bounded by t he cllipst' (:3 ) for 
ri = O. For two complcx and two real ruots, the clomain consists of 
the region houmled by thc ellipse with the addition of the corner 
houndcd h y the cllipse and the two tangent lines to the l'l lip~e cor
rcsponding tu the two real roots. For four rl'al roots, the domain 
consis ts of ti!l' region hounded hy the el lipse Iogether with the two 
conwr~ boumbl hy the cllip~c and the tangent lines, one hy the 
two lincs corre~ponding to thc two smallest roots and the otlwr the 
two largc~t roots; a nd a ~econd rcgion ron~isting of the quadribtcral 
hound ed IJy t he fou r ta ngen t linc~. 

,\11 points in the d omain lying on or aiHJ\·c thc critical parahola 
lit· on a sin~lc curw· of the f.tmily o f conic~ composing the domain, 
points belmv thc parabola 1111 two l' llrn·s of the family. The eorucr 
region~ and the q u.ulrilatt:ral arc entirely l1elo\\' thc critical parahob. 
\ \'here the re i,. a curner rcg ion, thc cllipst• goc~ helow tlw p;traiJola, 
••therwi~e n••t. 

The fore~oin g d i:-cussion has a ll I JCl'll fm the gt·neral casc of un -
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n·-.trit"tt·d rnnt-. Fnr :-J'~< 'Ci.tl c~::.t·-. of t.CrCJ. pllrt> im.1gin.tr~·. or intinitt• 
ront.-, tlw rorrt?sp.mdin~ rlomain"' an· thf' limiting t'.J~P1' of lhf' genPr<~l 
clom.1in. dP"nil>t'li <~hm·t>. Such limiting ra,..t',.. 111<1\' n·rluct' tn a ~inglt· 

-.egnwnt nr to .1 region holttlllt·d in p.1rt h~ thr lirw at inlinit~·. Tlw 
hotlln).:t'llt'OII" t·oonlillatc-. t•mplon·d .1n· YNY tbdul in dealing with 
tht•,..t• ..;pt'ci.ll t·a,..t•..;, 

I. Ftt.ll<t·:,.. lt.t.t -.TJ<.\rt~t. TIIF Do\1.\l~ oF l'ou·:-. 

Tht· preceding ..;('ction pn·,..entt·d a di..;nr..;,..ioll of tht· domain of tlw 
polt•..; .ts.-.oci.ltl'd with any fo11r <ls...;igned rooh, tiH' domai11 heinv, 
plotted in term:-; of the col'llicit'nt..; of the deltominator of tht· impt·
dann·. th.lt i..;, in tt•rm..; nf :'iymmetric function>' of the polt·s. ln order 
to show tht• nHitu.tl relatiotb betwt·t·n the aetual \·alut•s of the root,; 
<lnd tlw polt•s, it i:'i 1'011\Tilil'nt to plot, in the upper half of tlw complt·:-. 
pl.lnt'. the domain of onl' pole, the other pole heing it,; conjugatt·. 
Thi..; prm·ides a t·nmplete repre..;entation for the ca,..e of t·omplex pole,... 
ln onkr to inchnie the domain of real pole..;, an au,iliar~· graph can 
l>t' prm·ided to intlieate pairs of point..; on tlll' real axi,;. 

The matlll'matieal analysis for thi..; form of representation can l•t· 
ohtained from that of the preceding ,;ectiort hy ,..uh,;tituting i32 +ßJ= 
-h~ b, and ,3~J=ba b •. For cnmplex pole,;, p2 =u+it• and i3a=u-ii•, 
thi,.. tran,..formation from the x. y plane to the II, ,. plane is simply 
:.?u = -x and u2 +t·2 = y. Thu,; a conic in the .\', y pl.llll' ht'CIIIIIe..;, i11 
gcm·ral. .1 curve of tlw fourth degree in the 11. t' plant·. The analy..;i,; 
of tht• run·c,.. ohtained in the 11. t• planeisnot ,;o ,..imple as in the otlll'r 
pl.111e, bnt there i,; a decided advantagc in the interpretation of the 
results i11 thi,- plane, ,;ince the connlinate 11, the rral part of the pole, 
c·orre ... pond~ to the damping factor. and tlw roonlin.tte !', the im
.tginary part of tlll' pole, corre..;pond~ to tlw frl'qm·tH'Y Lwtor. 

ln the <·ompkx plant', tht· nere~,;ary condition~ (2!1 1 (:H ) n·quin· 
tht· domain of complex polt·,. to lit· entirely within tht' region honnded 
hy tht' vertical axi,.;, a Yt'rtical line to the ldt of tht· axi,.;. two rircl t·,.. 
.1bout tht• origin a,; l'l'nl<'r. and a circlt· thrnuJ;:h tlll' origin with it,; 
!'l'llter nn the real a:-.i,;. Fnrtlwrnwn·. tht· hounclary cnrH· of the 
domain mu,;t ht• tangent to each of tht'se lim·,; ancl cirrlt·,.;, ,.;int'l' thL' 
corresponding conic (31 for d=!l i,; 1<1ngPnt to tht' corresponding 
lines ( 1)-(fil for d=O. 

For the ,..pecial ca,_;t• of ont· root a po,;iti\1· pun· imaginary. tht· 
,..econd root h:ing i~..; mnjugate. thr dnmain in the upper hali of the 
compll'x plane rerluces nwrely to tlll' point~ nn an arc of a cirrlt· with 
it,; center on the real axi,.;. lf the third root i,.. romph·x with a pnsi
ti\'e imaginary part. the fomth root l•l'ing it,; nmjngatt•, the domain 
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i,; the circubr arc t':\tt'ncling fn11n tht' lir"t root tu tlll' thinl root. 
For a pure im;tgin;n·~· v;tlue of t Iw t hircl root t he rarlius of t Iw circlc 
hec·onw~ inlinite. ancl thc tlom.tin i~ thc ~cgnwnt of thc \'l"rtical axi,; 
hctwcen thc lir,;t and thircl rooh. T hi,; i~ prcc·i~ely thc rc~ult already 
ohtaincd for thl" rc~i,;tanccle,;,; circuit. 

For tlw limiting cast' of the thircl root real, with the fourth root 
equal to it, thc domain i,; the circular arc extending from the root on 
thc imaginary a\is to thc double root on thc real a\is. W hcn the 
thinl and fourth rnot,; arc real and di,;tinct, the domain is the circular 
arc from thc lir,;t roc1t to the point on thc real a\is midway betwccn 
1hc two real rooh. The <om plcte domain al~o includt's rl"al poles in 
the scgnwnt hctween thc two real roots, equally spa<C'd about the 
midpoint of tlw ~cgment. 

This <as(' of one pair of roots on thc a\i~ of imaginaric,; is illus
trated by Fig. :3a, with the lir,;t root fiwd at the point a, ancl the 
thinl root lying on any one of tbc family of cir<u lar arcs clrawn through 
a, tlw fourth root heing its conjugate; or tlw third and fourth rooh 
lying on the real a:\is equally spaced ahmtt the end-point of one of 
tlw arc·~. 

Starting with one pair of roots on the a\is of imaginarics, it is inter· 
e~ting to in,·estigatc tlw <banges madc in the domain by mo,·ing this 
pair of roots olT thc a\is. Tbc domain hroaclcn"' out into a rcgion 
lying ahotlt tbt· <ircnlar arc, as shown hy Fig. :3h for four typical casc:-. 
Tlll' lirst <a:-<l' is for thc tbinl root also near the a\is (at= -O .. )+i:{, 
a a= -(l.;)+i!l); and tbe second ca~e is for tbe tbird root somc di~tancc 
from thc axi~ (at= -(). ] +i:3, a 3 = -;)+iS). T he third section of 
Fig. :Jb shows thc clomain whcn tbc third and fourth roots arc real 
anclcqual (a. = -O.l+i:{, n3 =a~=-D); in this <ase the rl"gion has 
a cu~p at this double root. Thc fourth section shows tht' clomain 
of <omplex poles wlwn the thinl and fourth roots arc real and dis
tinct (a. =- O.l + i:{, a 3 = -li, a 1=- IO); in this <a"C' tht' rt'gion of 
c.·omplc.:x poil's tt'rminatl'S along a sC'gment of the real axi" lying in 
thc intcn·al hctWl'Cll thc two real roots, thc.·r(' i" also a domain nf rt'al 
pole·" which i" not shown. 

1t i,., intcre"ting to nntc that, when hoth pairs of roots are ncar 
t lw axi~ of imaginarics, that is, for !imall damping, t he frcqlll't1ly factor 
of 1he polt· m;ty always he takc..·n outsidl' the rangc of the frequem·y 
factors of the roots; whereas for zcro damping the pole must lit' 
l )('tW('Cll tlw roCits, as noted aho\·c. 

F ig. :k ~hows tlw domain nf the pnlcs for two pairs of equal roots. 
lf tlw lirst and third mots arc cqual, the ~econd and fourth roots 
ht' ing t lwir conjugatt'" and thu" also cqual. thc domain i" houndecl 

I 
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),, .1 nrc h- t,lll).:l'llt t11 thc \c·rth .d ,c'\i.., \\ith ih c c·utn \l'ftic·.dl\ ,cJ,.,,,. 
tltt• ololllhlc· root. l f. for t''\,llll)'lc·, thc· douhlc• root dt·..,nil•c·.., .1 nrdo· 

.chollt thc· origin throll)..:h tlw point 11 oll tlll' \t'rtic·.d .c'\i ... , tht· n•rrc·

'l''lllding circlc· j.., t.tngc·nt tu thc· \l'l'til'al .n;i-. .tt 11. Thu-. in Fig. :k, 

- 10 tC' 
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h;: l I Jom.lln of th e pole, of th<' llrl\111.:-pmnl cmpt·.l.tnll oi ,, 1\\0·IIIt•,h ,·irncir 
\\ tth .a ont· p.ur ol root ... on tht• ~•~"" of Jlll.t~ln.tru·.... h 1 onc. p.tir of roac ... nt•ar I he 
.1\.i ... nf irn.t~in.trit· .... c· l\\tl p.tir-.. of t•qu.tl rool ... , .uHI d l\\o p..tir.,. ot' rtH•l:<o \\ilh 

t•qual .cn.:ll's. 

ior double roots at .·1 1, /~ 1 • C,, tlw corn·,..ponding domain i-. hotcndL·d 

hy tht• cirrlt·"' .·1. B. C. rt·sptTtiq·Jy. The CTiltt•r,.. oi tlw-.e cin·ll',.. an· 

·1ll on the horizont.d line thmu~h u .• tnd tht· d .. uhlc· rooot .... cre ..,eJt·ctcd 

'o ,,,.. to "11.1Cl' tht• n·nter,.. uniformly. Ii .111 iour root... .trt· n·al .cnrl 

equ.tl. tht· dom.1in i-. l•nurHied ~~~-<I t·irck /) t.tngt·nt tu tlw \c·rtictl 

...... i ... . tt II ·""' to tlll' hnri;ont.d ol'\i,.. .tt thi-. fourfold root n.. II tht• 

,10 
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root,.. arc all real ~ncl equal in pair~ the domain i~ houndcd hy a cirde 
E. tangcnt tn the venical axi,.; and pa,."ing thrnugh thc two double 
ront;;, /~ 1 and Ea. and hy thc reftcction nf thi" cirrle in the rcal axi;;. 
Thu;; the d1lmain has cusps at the douhle rools. For two pairs of 

d 

-4 - 3 -2 -I 

Fi~ . -l I lumain uf tlw poks of the driYing-point impedancl' of a two-nwsh cirntit 
with two pairs of rnmplex roots, showing- the portiuns nf tlll' domain realizahh, hr 

earh net work listed in Tahlt· II I. 

l'qu,d roots, whethcr real or compll'-.:, tlw cli;;tancc Oa is thc geo
nwtrical mean ,·aluc of all four roots. 

:\notlwr kind of ,.; pecial c;~,.;c it-ö shown hy Fig. :~d. the ca;;c of two 
pair~ of root;; wit h cqual angles. Tlll' lir:-t and third root,; are on 
,, linc with the origin, ~n thal the semnd and fmtrth root~. heing 
their ronjttgatc•, arc al;;o on a line with tlw origin. Fig. :~d shows 
tlw llllllndary CIII'\'CS (A ... /~) for rl\'(' :-ct;; of roots (A ,, A a ••. E,, Ea) 
:-ati!'fying thc~l' conclition,.; and with tlw samc ahsol11te \'alues of thc 
root:- in eadt !--Cl, ~o th~t tlw roots lic on two circlcs ahout thc nrigin. 
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Tlw lifth "-'l PI roo!:-o (E 1, E~t ha~ ,\ dom.tin cof !Iw ~.11111' !Ypt• d~ !Iw 

mrre~pnnding ~~ nf roots on Fig. 3c. ~incc thic; ~1'1. ht>ing on tlw r.:al 
.txi~. i~ .1 double ~e!. The sixth r.un·p F i~ !he l•tlltnd.try of !Iw domaiu 
fnr four real roo!~ so chosen 1h.11 r\FJ=l~.2 anrl F~F,-=R,~. Thi~ is 
thc s.unt• type of dumain a~ will he dcscril•t·d la!t•r undcr Fi;::. ;,, Thc 
t·urn·s of Fi!-!. :~d arc all 1<111!-!l'llt to !hc H'r!ical a'is a! !hc s.mw poirll 
a; for cach of thc~t· scts of roots !he di..;!;mn• Oa is !hc I!;Conwtrical 
nw.m \·alm· of all four rt111ts. 

Tlw ~cner.tl l"<bl' of four t'CJIItple:-. rooh i,.; illtt,.;!ratt·d l•y Fi~ . .t for 
tlll' numcrical \';tlues a.=-l+i!O, a2=-l-il0. aJ=-2+ii.-,, 
n1= -2-it.-,. For all compk·' roots thc pole,; must also he Ctllll]Jiex; 
tlw pole with po~iti\·c im.tginary part mu~t lic in thc region houndcd 
hy the Cllr\l' I'= r.+r2+· ... + 1'7. This curn· is tangent to the 
n·rtical axi,.; at thc point a, and tangent to a \·crtical linc at thc left 
.tt thc point d. Thc largest absolute value of any point in the domain 
ot·cur~ at thc point c, and the smallest at f; thc~c two points arc the 
pnint,.; of tangcncy of the cttr\'c r with circles allout thc origin as 
ccntcr. The cun·c r is tangcnt at the point e to a circlc through 
thc origin h;n·ing it,.; centcr on thc real axis. The conrdinatcs of 
the,.;c points an· all gi\·cn in Tahlc \". 

The generat ca~t· of four real root,.; is illu~tratnl hy Fig. ;'j for the 
numcrical \·alucs a 1 = -1. a 2 = -2, aa= -.\ a .• = -i. The tlnmain 
of complex poles is bottmied by thc cun·c 1', with tlw critical pnints 
detined and lahcled as in Fig . .t. Thc dom,tin of complcx polcs is 
bounded in part hy t wo segmcnts on t hc rc;~l axis, onc lying in thc 
interY.tl between a 1 anrl a2, thc othcr betwecn a3 and a~. Appruxi
m.ltely, these segnwnt::. .1re from -l.l3 to -l.!l~ and from -;).1:~ 

to - 6.iU, for this numerical example. The poinh on these segments 
an· in the domain of polt>s, eorrcsponding to double real pole,;. Tlw 
domain of real polcs i~ ~hown hy thc graph helow tlw axi~. each point 
oi this graph n·pn·sl·nting tw11 real \'<tlucs, thc l\\'11 p11int,.; on tlll' real 
axi,.; re.tehed by f"ll"wing tlw ±-15° lincs throngh the p11int. Thc 
tl11main of real pole:- is luHtndetl by the continuation of tlw curn· r 
and the tangent lincs corrcsponding to the fom rll11ls. This gi\·es 
!wo corner::; as,.,ocialed wi1h the two segmenh on !hc real axis. ;md 
an isolated rectangle. ( 'orre,..ponrling tn thc points in the rectangle. 
one pole may he ('ho,.;en anywhPre in thc rangc from a1 to a~. ancl 
thc ~ccond polt· anywhcre in thc rangc from cc3 Iu a,. Bo!h poles 
may be cho~en in thc ran~c from a 1 to a 2• or in thc range from cc3 to 
a., with ccrtain rcstriCiions as shown by thc tigun•, ~incc thc Cllr\l' I' 
cnts ot1 the points of the triangles. The two corners anrl the reetangle 
art• shown hy Fig .. -~;1 on a !arger ::wale, with grcater accmaey. 
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ln ,..,11111' n·,..lll'l'l>', thl· ,.,t,..t' illtt,..lrdletl hy Fig . .i i,.; tlll' mo,..t ).!l' lll'r<tl 
, . .t..,l', from "·hieb all other <'<t>'l'"'l'<t ll Iw ohtaitwd hy a n llltinttOll>' tran,.;
fonnation of the root,.;. Two of the adjarent real rollt:-; may hc hrought 
togetlwr to a "ingle double root; the C"orresponding houndary cun·e 
tlll'n ,.;hrink" to a cu:-;p a t t hi,.. poi nt on tlw real axis, and the reetangle 

-11 

h~. ,:; llum.tm uf llu· p:olt ·s of llw dri,·in~-point impl'tlann• of a 1110·111\''h l'ircuil 
11 <I h (unr n·al rool-., -.hol\ im: tlw porl ion, of t Iw tlomain n•alizahlt• h~· ,·,u·h nt·l work 

lislt·d in T.thlt· II I. 
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111 1111' ·'""li.tn •"·•~r.tnt tt.trl~>\1-. d11\\1l 111 .1 -.in~l·· line --··~ttH·nl. 
l'lu·n II llu· 111lwr l\111 n·.tl r11oh .tn· lorollgltl log•·llwr. rlw '"'IIIHI.tr' 

1'111'\t' ll.t-. .1 'l'l 'lllld 4'1hJI .tnd llll' dollt.lill in lho· .ltl\tli.tn di.tgr,lfn 
"hrink-. lo ,1 ,..jnglt· i-.ol,lll'd Jlllilll. lf, IHl\\, Oll\' ol 1111' p.air,.. of ('<jll.d 

n·.d root-. j,- ,..t·p.n.tlt'd in111 .1 p.tir of conjllg.tll' im.tgin.tr~ rn111,.., tlw 

r 

rorn._•,.,pondin~ nt"l' i,; roundl'd oiT away from rlw a\i,;, ;111d rlw JH•int 

in 1he am:iliary diagram \·ani,..}w,;. \\'hl'n 1lw olher p;tir of l'fJIIal rl'al 

rooh ,..eparatl·,; into conjugate comple\ rooh, the f'a"l' illtbtr.tll·d 
I·~ Fig. 4 is ohtairwd. .-\,.; IIIH' pair of t·ompll'' root,; ;q>prn.lf'ht·,.. tht• 

imaginary <l\i:-;, thl· dom.tin narrow,.; until. for fllll' pair of rnot,; on thl· 

n·rtical '"i". thc domain "!trink,; lo a circular are a,; illu,;trat!'d hy 
Fig. :~.1. Thi,; ,;nrt of tran:-;formation m.ty hl' follo\H'd lhrough in 

ditTt·rent wa~·., in onler to oht.tin any dl',;in·d di,.,trilnnion of 1lw rnol,; . 

Thl' complctl' domain .. art· uniqut•, th.ll i,.;, <llt~ · Oll!' d11main i,; gin·n 
hy only one .. et of root:-;. 

En·r~· rlomain inrludt:" tiH' point .. corn·-.p11nding ro tlw root,; for 

which thl' dom.tin i,.. ddirwd. Fnr thl'"l' point-., th,tt j", for .1 polt' 
coinciding \\ ith ,, root , tlw impl'd.tntT 1'\pn·-...ion ha" .1 ,·ornmon f.11· ror 
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in nunwrator anJ dt·ll<llllinatnr . \\'hen lullh pole,; coinridc with root,; 
t h<' corn'"lnnrling impPdanc<' ~' " PrP~sinn ran he ohtaint>d h~· nwans 
11f a o n<'-lllf"-.h circuit. 

.i. Two-:\IEstt CtR< t'l'r~ .\:'\1> .-\~sonxn,;t, :\t·:T\\.oRK,.. 

The sccond ohjcct of this paper is the determination of tlw net\nlrks 
rea lizin g any spcciliC'd dri,·ing-point impedancC' whieh satislics thc 
<'OIHiit ions cstahlislwd in t he lirst part of t hc paper. I t is neccs
,...ary to lind tlw numher, rharacter, and arrangement of the ciC'ments 
in tll<'"\' networks. a..; \rell as 10 lind tlw \·alues of thcse elements. 

Thus the prnl1lem nwt in this inq·stigation difTcrs from thc usual 
network prohlcm in that it r alls for the cictcrmination of thc elements 
o f a network \\·hich has a rcrtain spccificd impedancc, !nstcad of 
callin g for the determination of the impeciance of a network which 
ha~ certain specified ell'mcn ts. 

Tlw mosl gencral t\\·o-mcsh rircuit has three hranrhcs connccted 
in parallel, each hranrh containing rC'sistanee, capacity, and self-

L, R, C, 

I· i~ . I• \Jo-.t J.:<'lll'r<tl two-mesh c ircuit consistin g- of rl'sistances, c.<paci t i ...... and 
ind<Ki ann·,, 

induct ann·. \\·ith mutual indu<·tann· lll'l\n•en each pair of hranc!ws, 
;ts shown hy Fig. Ii. 

T lw mo~t gcneral net \\·o rk Im der eonsiderat ion is, 1 herdore, tlll' 
lll't work oht a in<'d l1y opening lllll' branch of this 1\\"0-IlH'Sh circuit. 
as shown I 'Y Fig. i . .-\II 1 he nct worb considered arc spccial rases 
of this gem•r<JI n<·t work, ohtained h~· making a sutrtcient numher of 
th t· ell'men ts cit lw r zero n r in fi nite . lf. in particular. all thc element:; 
in on1· hr<IIH"h ;1re rep lan·d hy a ~hon circuit, the nel\\·ork splits up 
into two ,..eparate ,...ection s •·oniH.Ttcd essential~\' onh· ll\· mutual in-
du!"lancc, "" ,..htl\\11 J, y Fig. ia . . . . 
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lt j,.. t"llll\l'lliellt tn Iimit thi,. ill\l'sti).:.ttion to tht· Jetennin.1tinn of 
tho~t· lll'l\\ork,. which, \\ithout ,.upt·rlluotls elt•ment,.., Tl'ali1.c .111> 

dri,·in~-poillt impt·d.tnn· h.l\·in~ .trhitrarily a..,~i~ned rooh. .\ llt't
Wilrk j-. t"oll,.idl'rl'd ln h.t ,.,. snpl'rlluous t'lt·men ls if t here t".:i,.t otlwr 

I·•~;. \losl l;t'lll'r.tlllt'l work obt.tilll.'(l hy 0(11'11111).! "'"' br.IIH"h u( .tl\\"O·IIIl'"h c lfl ' llll 

nt·twnrh with fewer t'lenwnt,; which, indi,·idually or eollectin·ly. 
realizt· the ,.,llllP range nf po,.,;ihle imped;tnces. l mpedaiH'c·s '' ith 
t.t•ro, pure ima):!in;try, or intinitt• rooh can hl· rc•alizt·d hy the limitim: 
ca,;c·,.. of tht•st• rwtworks. 

~\ network realizing an impedanc·e with arhitrarily a,.-.igrH·d rooh 
mu,.t cn11sist nf itl least live elements, lllll' n·,.i,;t;tnn·. two ctpacitic•,., 

Fi).!. ia-Sp<·cial case of Fi~. 7, ohtainl'rl by rcplarin~ thc l'ient!'nls of onc hr.ull"h 
hy a short rirruit 

and t\\o "l'lf-indll\lillll'l'", innnll'r th.tt tht· lllllllc·r.ttor of tlll' irnpc·d.UH't• 
e~pn·,.,..ion llhl m.1y co11tai11 odd powc·r-. of :\, a t"Oibl.llll term, and a 
tc·rm in :\ 1

, n·-.pt>ctin·h· . 
S inn· the ~l'nl'r.d t·xpn·,.,.i.,n for tlw clri,·in:-:-point i11q>t·oli111c c· 1"1>11-

tain,. c·,..-.ellti.tlly St'\'l'll t"on,.tant,.. \\ hid1 rll.l\' ht· """i:-:nc·d .1rhitrarily. 
,.uhjt·c·t to tht· re,.,trictinllS .tln·.uly t·,..t.d>li,.lwcl. it i-. to Iw c·xpt·t·tc·cl 
th<il thc entirc r.111~l' of Jl"""ible illlpt·cl.tnc c·-. t".lll 111' rt"alit.t·d l•y tllll' 
ur mure nl'twnrk,. cnllsi,..ting of "t'\"t•ll elelllc'nh only. This pro\,.,. 
to l•e the l"il,.t' . lle11n· all network,. with mnrl' tho~n "l'\1'11 l'll'IIH·nt ... 
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contain supcrftuous elemcnts. I I is also to Le e:-..pected that onc 
additional condition must he satislied by the ruub anti poles in order 
that an impcdance may Iw rcalizcd by a six-elcment nctwork. and two 
additional conditions for a lin·-elenll'nt nctwork . 

• \ccordingly, a n·nsus has hecn madc of all networks consisting of 
not mon· than sc\·cn Plcments, each network containing at least one 
resistance, two ca pacitics, and two self-imluctances. This census 
is shown hy Tahlc 111. 

l·:ach two-mt·:-.h circuit lllL'I'ting these requin·nwnts a:-. to tlw numher 
of l'lcmcnts is rcprt•:-.t•ntcd in symholical form in Tahle 111. Tlw 
Iet tcr:-. L, R, and C, printl'd in thc lirst, second, or third linl's of tlw 
sy mhol, indieate the presence of :-.l'lf-inductanee, resistancc, and 
capacity in thc lirst, sccond, or third l1ranches of tlw circuit, respcc
ti n~ly. The Ietter J/ is printed in the two lines of tlw symhol cm
rcsponding to tlw two hranchcs which are connectcd hy a mutual 
inductancc. Thus thc first circuit in thc tahlc is reprcscnted hy tlw 
symhol 

LRCJI 
L CJI 
L 

\\ hich indicatcs sdf-inductance, rcsistance, and capacity in thc lirst 
l1raneh, self-inductancc and capacity in the second hranch, and self
ind uc ta ncc in thc thinl hranch, with nllttual inrluctann· lJl'tWl'l'n tlw 
lirst two hranchcs. 

Thn·l· nt·tworks, in general, arc ohtainc1l from each of thesc circuits 
hy o1wning cach of tlw thrt'L' hranches. 1f two of these hranchcs are 
alike, only two distinct nctwmks arc ohtained. l f one hranC'h of 
;1 circuit is a slwrt-circuit, tlwrc hcing no elemcnts assigncd to that 
l1ranch. thc network ohtaincd hy opening one of tlw other hranches 
is of tlll' type shown hy Fig. ia: if tlw short-circuited brancl1 is opcned, 
tlw tll'twork consists simply of tlll' parallel comhination of thc othcr 
lW«J l1randws. 

\\'ith circuits JT)ltTSL'nll'd in this symholical mannt·r, thcre is, oppo
:-.itl' each lint• of tlll' sy mlllll, a reft'ITncc to thc domain of polcs indi
cating tlll' portion of the domain realizahlc hy the nctwork ohtained 
hy opt·ning tlw nHTt·spmHiin):! hranch. Two likl' hranches in a circuit 
an· IJr;wkett·d to~ether with ;t single rcfcrence mark, since they each 
gin· tlw :-.anw Ill'twurk. Tlw t•ntire dom;tin is indirated hy ~: thc 
hound.Iry curn· uf tlll' donwin l•y 1', this heing di,·idcd into sen·n 
:-.cgmt·nts, 1'1, 1'2, ... , 1'7; ten eritical lines in thc domain l1y the 
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n u mher~ I , 2 . . . . , 10 ; a nd "e,·en critical poin~,; hy the Ietten; a, 
b, ... , J!. a~ illustra ted hy Figs. -! and 5. 

:'\e tworks with supcrtluous clcments are indica ted hy placing 
pa rcnthc~cs a round thc corrc~ponding refcrence mark, singlc parcn
t lw"es for onc supcrfluou:-; clemcnt and double parenthcscs for t\\'O. 
in ordcr t ha t a sc\·en-element nl'twork may nmta in no supcrHuous 
dcmcnt s it mu :-<t gi,·e thc cntirc domain or a region in it, a s ix-elcnwnt 
nc twork a critica l line, a nd a ti,·c-ch·ment network a critical point. 

That is, a n impcdancc with arhitra rily assigned roots, and with a 
pole choscn arbitrarily in the domain correspondin g to these assigncd 
roots. can be rea lizcd with thc minimum number of elemcnts only 
hy a sc , ·cn -element nctwo rk . lf thc pole is chosen so as to sa tisfy 
onc addit iona l condition, namely, chosen at a point on onc of thc 
critica l lines of the domain (including thc boundary c-un·e) , thc 
impcdancc ca n !Je rcalizccl by the six-elemcnt nctwork gi,·ing that 
linc. lf thc pole is chose n so as to satisfy two additional conditions, 
namcly, choscn at onc of thc critical points, thc impcdancc can hc 
rca lized hy the corrcsponding li\·c-element nct\\·ork. 

The conditions for thc rritical lines and for thc critical points are 
gi,·en hy Tahles )\ ' and \ ', respccti,·ely, in terms of the coeffiricnts 
of thc impl'dancc. 

T :\BI.E I\ ' 

Cril iw l Lim·s 

1'. ujbi+ l4u,u,-2u,u, )b,b, - 2a,a,b,b, - (.Jaoa 4 -a~)b~+ (-laoa3 -2a ,a2)bzb3 +aib1 = tl. 

t. (Xa ,u i · l <12<1 3a,+u~ 1b l - ( 16uotd +2a,a ,u,- -la~a , +a,a} l bib, 
+(Xa.,a,u, - ~a,a,a, +a,a ~l bib3 + (8ao(l 3a,- ~a 1a,a , +u ,,d _l btf,~ 
- Muo•d -aia, lb,b,b,- (15a.,a ,ti4 - -l flotloll 3 + cda,)b,b} 
- laoal-a fa,) b~- (Xa,tl t11 4 - -la011,<t a +a1a,) b~h3 + ( l<lll rft,+2u 0a,a, 
- -I <I oll~ +a fa ,)b,b}- (Xala , -! 11 011 '" '+tr/ )bj = 0. 

2. 2a ,b,b,b3 -a3h,hj - a,IJ1 +a3b~ l·~ - a,b,b~+a 1bj = 0 . 

.!. u~b·l -a,bil•,-a,bib,+a , b 1 b~ + 2a 0b,/, ,l,, - 11 0h~ = 0. 

~ . a,hiiJ,-",hil•3 +<tth,hj-a 0/,,h~ = 0. 

-'· "'""';/,, +a~h/h, + la,a, - a }li>Ib~- (11 ,a , - a ,a,)bfb,b, 
- 2a,",bfid - 11 ,a.f,,b~ + a 1a ,h 1b~b3 +(a .,a 3 - a 1a ,)b1b2b} 
+uft,,!,J +•t,lti•~ -au~t 3b; t,,+a,;t ,b~l.} - aott 11•,b1 = ll. 

ft. a,t/•;t,, ajf,/1•, •t,•tl• fhi (11 1<1 4 <1 .<13lbft,,h,+ la 1a3bibj 

t- '''""''''~- a ,a.f•,h~h., 1-(fl o</ 3 - a ,a ,)b ,b ,1>1 - a{b ,b:l - ",.a,l•1 
t · e1,11. b~l•, (a,n, ai 1h1b~ -Ciu<ltb ,l•{ = 0. 

i. a,a,l•lb, -a}b·/b, -a,.,l,i•fi•~ + (a 1u, +•t ,.a,ibfb,b3 - 2<1 1<1 3bild 
+a ,a.f•,b; -u 1 a3b,b~h3 + (aott 3 + a 1a ,)b1b,b} - 11fb,b1-•to·t,h1 
+•tu<tah~b, -a"a,b~/1~ + ao(l 1b3bJ = 0. 
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·'•1 1<l! 4•IJ<l.o<l,+<ll b~ -(S.I.,.d t2<J,,I,a, -I<J1a,+a,.z~Jb1b, 
• 4,J.,.IJ1It +-a,<J1--I<lt<l:<lt b:b,+ (2<lull,<l,+<l,cd- ·l<lt<lJ<lt\b;b~ 

~J.,.I:<It- Ö<dcJ,lb;b,b, + 1-lcl,~l,cl, ·•lfa,)h:b~- (<Jn<l.~- -l<l.,a,.,, 
cl/<l, b~b1- s,, .. ,,<l, +•d<l, \bfb~/., +(!doll ,a, +ai<ltihfh ,h_i 
a·:hfh{- .!•lo<lt<l 1h 1b~ +( .!•l{tJ, +.!clo<1 1 <J,lh 1 h~b3 
a{p, + !<lo<lt<lJib,b~b~+ z,, .. dh,lr,b: t-<r?~'·"~ -a:.".,b~h, 

+<l~l,b;bj -a~l,b~b.: "'U. 

I) <IJidiJ:bi- .!<l~<l,h:b,b,+cl~b:b! -<l:<d/rlf>i +(a,ai + 2ci:<IJ11tlbf!J1!J, 
-!.?<l 1<lJ11 4 +a.ajlbfb,bj- -'''"''"'' a,,d•hfh1+a,oih,b~ 
- l<~o~li+la,a.a, b,b1h,+rs,,.",,a,+a,,dlb,b~bj 

+ '"""'J<l• -wocd•b,b,b~- '""'''"' 4""'"'• +•da,)b,b~ 
-o.,dll~ +.!<l.,.,,.,,h~h 1 - <-I<Jo~l:<l,+ao~d -afa,\bibj 
- 1,,.,,,a,-4,,.,l,a1 +<lfa,lb~b{ + Suf~,,+2•1oll 1 11 1 --lao~d+•,fa,)b,h: 
- ~.I{,.J 1 -4ao~J 1a 1 +a:lh~ =0. 

10. a~.,,b:b,+<J~h:b, -albfb~ -l<J,a,a,b:b,b,- ,\,,,,db{b3 
+ -la.,.d -aja,+a:o~d>bfb; +<-'•loiiJ'I•+Ja,u} -a~a, bfbil>, 
-I <lold -afa, bfh,b3 +J,,f,,,hfh1 
- -l<loOJ'I 4 -1a,,,,.,,+a,,d b,h~-Oao<lt<l,+.lafa,-a,a~ b,l>~hi 
+.?ao<~,a,b,h,h{ -ath,b~+(clo•d <Jfa,•h~ +(-lao<J,a, -2<1oll!<l> 
+afa,\h~b,- I o~,,f,n, -uo<d +•'f''' h;b3 +a:b~b:; -a.,,fh,b~ = 0. 

l'oint 

0 

T.-\BLE \. 

Crilical Poi11/s 

Coordinates 

a, 
a, 

b, 
T, 

a.,ai+a;a,-a,n,.,, 
a0(a 1n, -a,a1 ) 

/I<Jil:oll,+<l,<J,a, -aia, 
n0(a,n,-a,a,) 

f ~+ la"a,-a,a, 
2ao .?t1 0 \ra~--laotl• 

O<IJ~ +aia, -a,<J,.:J, 
a.,a 1a,+a"''"'' -a 1 a~· 

"•'''~'~-a,a1l 
aod td • +aotJ :tlJ - tJ ,,,i 
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The~e eritical !im·~ and puint~ are illu~trated, for numerical ca,.,e:-, 
by Fig~. ·l and :1. The graph showing the dumain of real poll·~ in 
Fig .. ) i~ inaccuratc to the extent that the eritical lines han· !JeC'll 
~prcad ~o111<'\\·hat apart frum each other in onler to show tlw st·qtwncc 
in \\·hich tlwy on·ur. The actual curn·s arC' shuwn accuratel~· drawn 
and on a !arger scale in Fig. ;)a. En·n on this scale, Curn· ::? cannot 
he distingui~lwd from the sid<· of the n·ctangle. 

The diagrams for the domain of complex polcs, as illu~tratl•d hy 
Fig,.,. ·I and ;), are approximately symmctrical with re~pect to the inter
changing of induetanccs aml eapacities, with corre~ponding intC'r
changc·~ in all the curn·s and fonnulas. Thus b and !! eorrC'spond, 
r and f, d and e, :2 and :{, 5 and (i, Sand \1, at and aa. a2 and a3: whilc 
a. I, -1, i, and I 0 remain unchanged. In the domain of real poles shown 
hy Fig. :i, thi~ ~ymmctry does not appear. The explanation of this 
apparent di~cn·paiH'Y is as follows: l"pon interchanging induetances 
and capacities. the Yalues of thl· roots are changcd to thl·ir reciprocals. 
Thus Fig .. 'i is symmetrical with thc eorresponding ligurc drawn for 
tlll' case of roots 1·qual to - 1, -1 2, -1 ;), and -1 i , and thus 
~ymmetrical with the figure dr;mn for ronts at - i. - i 2, - i :>. 
and - I, ~ince the relatiYe distrihution nf thc rnoh is thc ~amc. Thi~ 

:-et of roots ditTers not n•ry considerahly frnm thc original :-t•t of 
roots, in rcn·rst• order. l n tht• main, thcrdorc, the two ligures may 
be t'XIWC'tcd to Iw approximatcly the ~amc, that is, the original llg-ure 
symnlt'trie;tl with itself. In thc rcctanglc, howe\·er, n~ry small 
llllllll'rical changes in the eonstants makc relati\·ely !arge changcs in 
tlw cun·es: so it is not surprising to find a Iack of :-ymmetry here. 
lf the roots are a,..,..igncd so that the produet of two roots is equal to 
the product of the other two, therl' \\·ill ll(' tmc symtuctry in tht· 
cor-rt·,.,potHiing- diagrant. 

'Lthle II! li,..b :)s circuits, giYing a tot,tl of 10:! 111'1\\orks. Of tJw,..e 
ll!'twork,.., threc ;m· !'""entially tht· equi\·;dent of lll'tworks ol>tained 
irolll .a Olle-nu·,..h circuit, om· ITalizt•s only those in1ped.1nn·s \\·hich 
hil\!' Oll!' p<~ir of pnre imagin;ary roots, and. of the !IS rem;aining, I I 
h.t\ !' "IIJlt'rlhtoll~ denwnts. This h·a\·(·~ a total of ;)i net\\·ork:-, of 
\\ hich II rcalizl' the t•ntire domain as giq·n hy Tht·on•m II . I ::? realizc 
n·gions in tlw domain ;1s gi\!'ll hy Tht•otTIIl II I ,::?:) realizc niticallines 
in tllt' domain. and II re;alizt• critical points. 

Thc ei!'\TII network,.; of Theorem II ;1re inchukd in thc tir~t column 
of 'Lai>IP III and shown in detail lay Fig. I. Fnrmulas for the eom
putation of their ell'llll'nts ;m· gin·n hy Tahlc I. Thu~ tht· ,·alues 
of tJw._,. ch·tiH'IIh can l>e computcd directly in tcrn1~ of tht· codlicif'llh 
of tlll' i111ped.JIH'l' !''\pre,..,..ion a~ ,..tated in thc form ( II> ). Tlw following 
llll'lhod of coni(Jtltation is Coll\!'llient: Fir,..t cotllplltt· d ;b tlw root 
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nf tlw qu.1dr.11i•· •·qu.ttion t:.!l), \\hi.-!1 i-. rq•~.·.tted .11 tlw lu•ttom 
ol tlw t.thlt•. Thcn lind r hY -.uhtra~.·ting thi-. \.du•· of d fromtJ!. :"\e\t 
I'PlllJllllt' 'f'~o f' .. . md 1'~. ,t..,..,igning -.i).!:ll>< ~o th.tt tlw idl'ntity h,'J', 
+b~F~+b.f'3 -U i-. ..,,,ti-.tit·d; thi,., is po,.;-.ihl<' ~inn· thl' t•qu.ltion for 

d \\,1.., ••ht.lint·d hy r.tti~>n;dit.ing thi,.; rd.ttion .tnlong llll' J",.;. There 
.lrl', in ).!l'lll'r.d. t\\n ~•·t-. of ,..ign-. for \\hich this idt·ntit\ is -.ati-.l'll'd; 
it i-. imnl.lll'ri.d "hich ,..,., i:-o ch<N'Il ,..inn· tlw -.ign,.; of ;dl tlw J"s may 

Iw ch.1nged \\ith•ntt ch.1nging th(' \alue,.; 11f <~II) of the dl'llll'llh. 

Tlwn cnmputt· l't. l'~ . . md l':~. """igning pn-.itin· ,·ahll's t11 each of 
tlw-.t•. \\'ith the \,dut'>' of .dl tlll',..l' quantitie-. dt·lt·rmint·d. tlw \·;dues 
of tlw ell'nll'nts of tlw m•twork,.. ean hl' c.tlculatl'll dirl'ctl~· from tlw 
fnrmul.1s gin•n in tht· hnth· of tlw t.lhll'. lf thi,.; ""lution turnsout to 
ht• impo,.;,.ihll', th.lt i,.;, if thc ,·,dut• nf an eh-nwnt j,., found to l•e lll'):!<l

ti\l· ur compll'' or ii tlw \ .dut• of a mutu.d inductann· j,; ft~und to he 
gre.lter th.1n thl' ,.;qu.•n· root of tlw produrt of tlw a-.,..ociatl'd ~l'lf

inductann•,.;, it nH·.ul~ that thl' nlllditions upon thl' root,.; .llld pole-. 
.m.• not ,.;ati~lil'd. lf thl' , . .,tHiititllb l'-.tahli,..lll'd in tlw lir-.t part of 
thi,.. p.lpt•r an· sat i,.;lil'd, tlw ,.o]ution i,.; po,..,.;ihle. 

These formula,.; giH· .dl thc ,.;pecial caSl"" oi tlll' dt'\Tn nl'twork,.. 
autlllllatically. that i,.;, the ,·alue,.; of the ;tppropriate cknwnh will 
turn out to he Zl'rn or inlinitc, as tlw c-a-.l' may 111'. Sinn· carh nf tlw,..~.· 

ekn·n lll'twnrks ro\·l·r,.; thl' ~.·ntire d11main, tlwy <tn· all nHitu.llh
c<JIIi\·all'nt at all fn·queiH"il',.;. Tlw~e arc tlw only lll'tworks withnut 
supcrlluous dcnll'nts which con·r thc cntirc domain, that is, any 111'1-
W~>rk c-on·ring tlw cntirc dnmain must l>l' on•· of tht•,_,. l'll'\·cn or a 
nctwork ohtainl'd from one of thcse hy introducing .11\dition;d elc
nwnts. Earh of thc dcn·n contains just sen·n elt·mcnts; thtb the 
prcdiction that a ~en·n-dl·mt·nt nctwork W~>Uid c-on·r the t·ntire 
dornain is n·riticd. The thn·t· remaining m·tw11rk,.. of thi,., sanw typt·, 
<>lll' from Circuit Ii and two from f'ircuit !I of T.thlt• I I I gin· -.pecial 

'""l'" nnly, in thl' sen,.,l' that l'.ll'h of thc-.l' can realizl' <>nly tho,..t• im
pl.'d.tnc~.·,. which ha\'C a pole lying on Linl' ~; thu>o t·ach of tlwse thn'l' 
,.,,.lt<~ins a ,..uperlluiHb dcnll'nt. ,.,inc-e all tlll' point~ on Linl' ~ can J,~.. 

realizt·d hy ,..i,-elcnwnt nctw<>rk~. as ~hown in thl' fourth column of 
tiH' t<~hle. 

:\l'twork I of Fig. 1 i,- of partindar inten·,.,t ~illl'l' it consists :;impl~ 
of two l>randll'-. in par.dld, t•ach containing resist.l!lC'l.', c;tp.tcity. and 
,..~.·lf-inductann·. with mutual inducrance lwtwl'cn thl'lll. 10 B~· Theorem 
II. this m·rwork can l•t• m.lllt• (•qui,·;dent to any lll'tw.,rk wh.llsll(.'\ er 
oht.tinl'tl from .1 t\n>-rne,;h circ-uit. 

II will .... ,ho\\ n in ol .-nl>-<·qut•nt pap··r I h.JI .10\' olri\'in~o:·p<>inr imped.tlll'l' of olll 

"nw,h nrcuil •·an Iw n·o1li/l'<l hy a n•·l\\ork of " hr.lll•·h··· in p.lr.tll..t. t·.ll'h hr.lll< h 
n•nt.tin1111: rt·-i~t.mn·, '··•P.•cily, anti -.·lf .indut 1o1nn·, "tl h mulu.tl tndut·I.Hil'e hctwet·n 
t".tdt p.tir of hr.lllcht•,, 
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The l\\ch·e IH.:tworks of Theorem III arc indudcd in the semml 
column of Tablc I Jl and shown in detail by Fig. 2. Formulas for thc 
computation of thcir elcment:-< are gi,·en by Tahle II. The \'alnes of thc 
denll'nts can !Je computcd by tlw same mle as that gi,·en ahO\·e for 
Tahlc I. 

Earh of thc~e twdn· nctworks realizes thosc impcdances which 
han• poles lying in a certain rcstrictcd arca or region of the entirc 
domain of possihilitics, as indicated fm each nctwork in the tablc !Jy 
a specification of the honndary cun·es of thc arca. For each par
tindar impedann· in the domain ,·arious sets of thcse tweh·e networks 
an.' mutually equinJient. Some points in the domain can not be 
n ·alizcd by nl'lworks witlwut mutual inductance . Of the remaining 
puints, earh is rcalizable, in gcncral, by at least three. and hy not 
mor<' than lin·, of thc:-.e tweh·e nctworks. This region of the domain 
,,·hieb is rcalizablc withuut mutual inductance is cm·ercd, with no 
m·erlapping. hy cach of the fo ur following sets of nctworks: 13. 11. 
and 2 1; 1:~. IS, and 22: 1-1. I i' , and 2:~; lii , l!l , and 21; thc numhers 
rder to the nctworks nf Fig. 2. 

That portion of the domain which cannot he realizcd hy nctworks 
withoul mutual inductancc comprises the thrce regions bounded by 
1' 1 and 5, 1'4 and i', and I'; and 11, resp<'cliwly, as illustrall·d hy Figs. 
-1 and 5. 

Thc thinl and fuurth columns of Table I Jl shuw a total of 23 net 
works, cach with six clcment s , realizing lines in the dnmain. Of 
thcsc, elc\'CII are dcrived as special cases of the networks of both 
Figs. I a nd 2, six as spccial cases of Fig. I but not of Fig. 2, and six 
as Special cases of Fig. 2 a lone. Thc fifth colmnn of the tahlc shows 
thc elcven netwnrks. each with live elements, realizing points in tlw 
clomain . 

ti. Futntn .. \'-i FoR C .\LCI ' L .\TIO:'\ oF CE:'\ER.\1. :\'ET\\"ORK 

Fonnulas fnr tlw calndation of the \'alnes of the ele nwn ts of tlw 
g•·Jwra l network of Fig. i' are gin·n in Theorem 1\·. These arP gin·n 
i11 tlw form of nint· cqnations (i') ( 1.-J ), indnsi,·c, ill\·oh-ing the tweh-c 
l'lt·lll l' ll\ s of tlw nctwork anti two parameters, d ancl k. The para
mt·lt ·r d, howt·n·r, is Iixed by the impcdancc, sinn~ the lcft-hand nwm
l •er~ nf t'<jllillinns (1:~ ) ( Li ) sati~fy the idcntity (20). llpon snh 
stituting thc right -hantl mem!Jt•rs in the identity and rationalizing, 
l'4 lla tion (:!! ) i ~ ohtaint'd, this lwing a 411adratic cquation in d with 
I'IJI.'fticil·n ts w hich ;1rc fnnction s of tlw known codlicients of the im
ped;Jnt'l'. Sincc d is lixcd in this way, thcrc are csscntially eight 
cquations in t h irl<:l' l1 , ·a ri a hles. the tweh·c elcmcnts and thc arhi-
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tr.an p.ar.tlllt'lt•r k. ln !-:I'IH'r,al. tht>rdorr. tin• of tlw rll'ntC"IIh nt.t~ 

l>t' ~Jwritic-d, nr li\l' rPbtion~ ;tiiH>ng thP f'lf'lllt'lll'\; whl'rt'upnll tlw 
cquatinn,.; c.\11 l>t' :<ohed. Thus it i" to Iw l'xpt·ct•·d th.at a :<t'H'll

clt•mt'lll tll'twork will re;rlizl', in gc-rwr.rl, any "llt'citi .. d dri,·ing-pnint 
impedanrl'. 

Thi:< nwthod nf :-;olution i,.; hc:-<t illu:<tratt>d by n>Jhidt·ring a p;ar
tinrl.rr ra:-t•. Takt', for t'Xantplc, tht' dl'ri,·;Hilln of tht• fornwl;a,.; f11r 
:\t·twork I oi Fig. 1. a:-< giwn hy ·r. ablt' I. Thi:< j,.. the :-p•·•·ialca:-1' of 
thl' gerll'ral rll'twork of Fig. 7 ohtaint>d hy nwking L 1 = R 1 = C1 

1 = .1/ 12 

= .1/u=O. S uh:<tituting tht'~(' ,·alut's. togt'ther with tlw nntation of 
T.al>l(' I, equation:-< (7) ( l.i) hernme 

L~L3- .11:3 =auF. 
RzRa=dk2 • 

DzDa=n~k~. 

L~+La- ~-lln =btk2
, 

R~+Ra=hzk2 , 
/)~+ /)3 = bak2, 

RzfJa- Ra/Jz = Ttk\ 
fJzLa- /JaLz- ( fJz- Da).\/ za = Tzk 3

, 

L~Ra-L~R~- (Ra- Rzl.lln= Tak 3
• 

Eliminating R~. Ra. o~. and fJ 3 from the ,.;econd, third, tifth, ,..ixth, 
and :sen·nth of these equation;;, thr ,·al ue of k is found to hc ('qual to 
± C, Tt. K nowing the ,·alue of k, t he t>quat ion,.; may then he soh ·ed 
for the ,.;cn·n elt'mrnt:>, ohtaining the results gi,·en in Tahll' I . T he 
two ;;ign choict';; for k in this t•xample corrcspond to the po:<sihility nf 
interchanging hr.mches '2 and :~ in thr nl'twork. Tlw ,·ahrr;; givrn in 

Tahle I art' computt'd for k t.tkt·n with the ncgatin· ,..ign. 
l n tht· gt.'neral ,..olution, the parameter d is ol>taineJ from thc 

quadrat ic equation ('2 1 ). Tht.· t'xplicit :>olution of thi:o t·qu;llion i" 

d = '2a 1b 12 +n~bz:+'2anbi -nabtbz- ~tlzbtba -atbzha± :!J. l;~ I) 
bz2 -lbtbl 

wlll're 
.;,z = n~2b,~ +aua 1bz~+au~ba~ -I/all .b,3bz- ( '21lzllt -nJ2)b,3ba- n ,a,btbz3 

-l!tßah:3b,- (2aoll: -a,:)btbi -au~-z,b:baa 
+a::a1h1:bz2 + (az:+ :.!aoll~- :?alna)b,:ba:+aoazhz1hl 
+(an ,n 4 -n~3lb 1 2b 2b3- (4ann,-n,nllh,bz:ba 
+(~llolla-a,n:)b,b:ba:. C~.')) 

~ llo1ta,1b, +ntb:+baHa:2b, +azb:+ba 
(a 3

1b1 +a 1h:+hal(a/b 1 +a~h:+bJl, I :~ti) 

=no:b,~(al- ß:)(al- P3)(a:- ~:Ha:- ihl 
( a3- ß:)(a3- ß3)(a~- ßz){ a ,- ß~l. t;~j) 
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ln tlw ca"L' of real and distinct pole,.;, formub (~-t) ~in·", in gL·neral, 
two po"itin· y;tlue,.; of d sati,.;fying thl' nen·,.;,.;;1ry condition,.; (-1 )-( li), 

and thu" two solutions for any particular network. For comple-.: 
pole,.;, only onc ,.;uch \·alue uf d i~ ohtained, and thcre is thus a uniqm· 
,.;olution in cach casc. For real and equal poles, b2

2 --lb 1b3 =II, anti so 
formula (:H ) does not apply dirl'ctly: in this case. lwwl•n•r, (21 ) 
redun·s to a linear cquation in d, so that the solution can hc rcadily 
found . 

..:\n ohvious ncccssary condition for a solution is that ~2 ~ 0. for 
othcrwisc the \·alue of d woukl bc comple-.:. This cunditiun is satislied 
for any choicl' of poles prO\·idcd therc is not an odd numher of real 
rnot,.; lyin)..! hct ween t wo real poles. Thus for thc casc of all complcx 
roob or for thc casc of complex poles with any choicc of ruots this 
eondition is autolllatically sa tisliecl. I t is intercstin~ to note that 
an impedancc cxpression with poles failing to satisfy this condition 
ea nnot he rcalized by any net wmk with positi\·e or ne~at i\·e resist
ances, ca pacitics, and intluctances; it ean he realizcci only hy a nct
work with elcmcnts ha,·in g complex \·alues. 

i . :\ET\\"O!Ui.S \\Tfll :\EG.\TI\'E RE:-t,.;T.\'>CES 

lf nc!!ati\(~ rcsistanres arc a llowed in the two-n1csh circuit, the only 
changc nl'<"cssary in thc :-.tatemcnt of thc results of this inYestigation, 
as !!in·n in Theorems r I\', is t he rclllO\'al of the restriet ions al + IY2 ~ 0, 
a 3 +aa ~ o. ß~+ßa~ O. and d~O. This remm-c•s the re,.;triction of 
th1· real part of each root and pole to negati\·c or zero , ·a lues. The 
rC'llln\·al of tlw restriction on d ad<ls to thc domain of polt•s, considercd 
in the x, y plane, all the ellip~cs of thc family - rx <d <O. thus lillin~ 

out the region ahoYc the critical parahola (3:~). Iogether with thc 
corner" in tht· casc of real roots. ln the 11. <'plane the dnmain com
priscs thc entirc upper half of the complex plane and, in thc auxiliary 
diagran1, the complete triangular enrners and thc rectangk•, with the 
pr{)\·i,.;ion that the rl'clangll' is not included in the case of two roots 
po,.;itin· and two lll·gatin~. · 

B~· nll'ans of a two-mesh circuit L'lllploying ncgati,-e rc,.;i,.,t ;wces, 
any impedance l':\pression of the form ( I) can bc realizctl, with roots 
arhitrarily assignl'd in conjugatl' pairs nr in real pairs, suhject only 
to thl' ,·ontlition that the ntnnhl•r of pnsitiYe root s is e\·en, ancl with 
any pair of complc-.: pole,.; or with a pair of real pnlcs lying anywhere 
in the ranges from tlw lirst to the Sl'COIHI real roots anti from the third 
to tlll' fourth real roots, ar rangecl in ordcr of magnitude, suhject nnly 
to the rondition that hoth poles must hL· positi,·e or hoth negatin·. 
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1'111' IH'I\\ork tli.~gr.un,.. .uul . .II tlw formnJ.•.., ior tlw •·.dnll.1ti"n of 

tlw l'lt·nH·nt-. n·m.tin tnu-h.tng•·d. 

"· :\1 \Ttlt \l.\1'11 \1 I'RonF 

Tlte ,·in·uit,.. tre;ltl'd in thi,., irl\ ,·,..tig.ltion .tn· "pt·t·i . .J ct,_, . .., of tht• 
!-:l'lll'r . .J t•ircuit \\ hich h.t-. olll~ 1111111JI('r of ll'rlllin,.J,_ 111 I'OIIIIl'C'Il'd in 
]Mir.., J,~ 111 111- Ii :2 hr.urcht•..,, I'.!Cir of \\ hidt con:-i,.,h of a ... ,·lf-induct· 
.rnn· .• 1 rl'"'i ... t.rncl' .• 111d .1 <-.lp.wit~ in :-l'ril' ... , \\ itlt nHrtn;d inductanc.
l~t·l\\l'l'll t'.tt'h p;~ir oi hr.111du·:-. Tltt• only n·,.,trit·tiorb impo-.t•d an· 
tlro:-t• inlwrent in .111 l'lvctric;.l circuils. n.~mdy. th;1t tlw m;rgiH'Iic 
l'llt'r!-:~. tlw dis,-ip.ll ion, .md llll' l'll'ct ric t'lll'rgy ;m· l'.H'Ir po,.,i t j, l' for 
.rny po-. ... ihle di,-trihntion oi currl'nt,., in tlrt· hranclw,... {'in:nit:- with 
.111y .trrangenwnt of elenll'nt:- in :-erit•,; or in par.tllt·l or in :-l'par.ttt·d 
llll',_h,·,; can ht· derin·d .ts limiting ca,..e,; of thi,.; j.;:l'lll'ral circuit hy 

m.1kin).! .1 ,;uflirient numher of tlw inductarH'C'o<, resist;utn·,.;. <tnd capaci
tit·:-- eithl'r zt·ro or inlinitt·. 

Tlri,; general circuit connt·t·ting 111 terminal,; or hranclt-point ... ha,; 
11 =1m- II ( m- :21 :2 tkgrt•t•,.. of freedom, that i,.;, 11 indqwndent 
mt•,..he" . Thc di,..criminant 11 of the 1·ircuit i,; the dt·tt•rmin.uH .I 
h.t\'ing tlll' clellll'l\1 zjk in the jth rm\ .IIHI kth column, Z.k heing the 
mutual impt:d.1nce l>l'l\\t'l'll nw,-he,- j and k (:o;elf-imped.lnce when 
j = kl, the dcterminant includin;:! 11 independent mc:o;he:o; of thc circuit. 

The dri,·ing·point impedo~nn· in tlw qth mcsh S,1 j,.; equal to the 
ratio .I .1.1'1. wherl' .1 1•1 i,; the cobctor of the clenll'nt in the qth 
row and qth colnmn oi the dctcrminant ..1. ln gcneral. thc cofat·tor 
of the produrt of the t.:IC'ment:; locatcd at the intl'r:-el'tion of rows 
j, q. s . ... with columrb k, r, I . ... , re,;pt·ctin·ly, will ht• denoted hy 

.1,,.,/F 
rlw dl'tnmin.lllt .I ior tlrt· general ,·irnrit de,..criJ,,·d .thon· i,. of 

onlt-r 11 with the eh:melll 

wht·n· L,k. R,L .utd c~ an· tlw indw tann·. the n·,..i,.talln·. and thl' 
l'apacity, n·,..pt"ctin·ly. 1·ommon to tlll' two nH·-.ht•,.. j and k. Tlll' 
inductancl' L-t indmJ.·,.., therdore, tllt' ,.,·lf-indurt.IIICI'" of tlw ilrandw,.. 
common to tht• two llll'"lw,. togl'tlwr with tlw nHIIual iuductann·,.. 
connecting l'ach hranch of om· me,..h \\ ith each hr.uwh of the nth•·r 
nu·"h. Thc detl'rmin.lllt i ... ,..ymnwtric.tl, that i,.. z.k=Z~,. :-inn· 

I.~= Lk,, R. = Rk, . • 111d C.k = c~.-. 
I \ rnmplt•lt' di:-~·u--ion .. r rlw ,.,)llllr>ll nr ··iro·uit.- I·~ nh·.Jih "j ''''ll'rlllill.llll, h,,, 

J,.·,·n ~:i' l'n h~ I;, \. l'.tmpl,.·ll, I·~. nl, J~ll:l'~ .~~.l ''h. 



BELl. !)TS1L.\/ TECIIX/ CA J. JOL'RXAI. 

The~e cocfti r icnt s L jk . R jk, and Ck are suhjeet tu the energy mn
ditions sta ted ahon·, namdy, tha t thc magnetie energy, tlw dissipa
tion, a nd the elertrir l'tlergy , 

re~pect iYely , are carh positiYe for any possible distrihution of the 
cmrents (zj, ik, . . . ) in thc branches uf the circuits. 12 In other wonls, 
thc cueffi cienb L jk , R jk , and I Ci k are subject to the cumlition that 
t hc three quadratic furms of which these arc the coefficients must be 
po~ i ti\-e for all real , ·alucs of thc Yariables. .-\11 the principal minors 
of the dcterminants 

IL" L" 
L1 n I R1n I_!_ __!_ IRII R12 c11 c 12 C1,. 

L 21 L 22 L 2n R2 1 R22 R2n 
I I I 

c21 c22 C2n 
, and (40) 

I Ln\ Ln 2 Lnn 
1

Rn 1 Rn2 R""l C"\ c;,; c"" . .. 

a rl' pusttt\'e ur zero hy , ·irtue of this cunclition.13 This same cuncli
tion holcl s for thc inductances if thc coefficients Lik apply to branchl's 
instead of meshes. 

ß y cxpa nding thc det crminants in the numeratur and denominator 
of the cx prcssion for thc dri,·ing-point impcdancc gi,·en ahO\·e , wc find 

S = .·1-=ao(ip)"+al(ip)" 1+ a 2(iP)" - 2+ .. . +a2n- 1(ip)-"+1+a.2n(ip )-n 
•J ~ l qq b1 (ip )n - l +b2(ip)• - 2+ ... +b2n- 1(ip)- n+l (-l I ) 

12 Fora rcn·nt statcment of the c·Iw rgy conclit ions in th is form sec 1.. Routhillon, 
l<n•ue Ghrrrulr t!e 1'1~/rrtr icilt'. II , ICJ 22, pao:cs ()5o- o61. 

" t\ llt"Cl'~~ary anti 'u t1icic·nl condit ion that thc real quaclt-a t ic form in 11 va riables 

Iw positi\·c for .dl real \·alne' of tlll' variablesis that earh of thc 11 d eterminant s, 

a11 a, ~ . .. a 1nl 

a,, a:.: ... a,,.\ 

l
tl l) lll 21 

11 11 , , • •• , • ••••• 
a 21 a 22 • • •.•• , 

a:, a:,:: : n~. \ 
Le poBili\'e. Fora proof of I his Sl'e, for exam plc, II. llancock, " Theory of :\laxima 
.t lltl :\linima," I'JI 7, pages Ml-91. 



/1/\/1'/\t,-/'(1/.\'/ /1//'/-/1./.\l'/. tl/· 111"0-.\/f \II t 11\t'/ II' t.'\.1 

pon :-uh:-titutin~ X- ip, 11111lciplyin~o: llllllll'l',tlor .llld dC'IIIIIItin.ttor 
h~ >.", .tnd droppin~ tlll' :-ul ·nipt lf, formul.t ( I I ) ll('n>nH·,.. 

. aoX2 ''+a.t.2• 1 +az>-2• 2+ ... +112• t>-+a2., 
.'i= "·"2• ·+"~"::" ::+ ... +h::. ·" (1:.!) 

which may Iw taken .1,; tlw 111o,..t ).:l'lll'ral form of a dri,·ing-point 
illlpl·d.IIH'l'. Thi:- formul.t, tlwrdore. gin·s the imped<IIH'l' of tlll' 
circuit for any electrical o,;cillatilln,; of the form 1'·''. wherc >. 111.1)' 
h.tn· .my , -,dut•, real or cnmplc:\. Formub (-I:.! I ma~· hc \\'ritten in thl' 
,dll'rn<Jtin· form 

S=/I(X-nd(f.-<tz){l.-aal ... (X-a2.-t)(X-o::,,l_ 
f.(X-ß~l(X-Ja) ... ~ 1.-ß::.-tl 

Tllll,; thcre are :.!11 root,; of ,)', rcg;mlcd as a function of X, which arc 
the '211 resonant point~ of the \ircuit. Therc ar<' also :.!n polcs of S, 
whid1 arc the :!11 anti-rcsonant pnint,; of the circuit, nanwly . znn, 
intinity. all(l thc :!n-:! rc,;onant point,; of the circuit ohtainl'd hy 
opt•nin~ the branrh in which the dri\'ing-point impedann· i:-" rncaHm·d. 

l ' pon ,;etting 11=2 in cquation,; (-1:~ ) and (-1:! ), fnrmub,; (Ia) and 
(lb) art• obt;1incd. rc"pcctin·ly. 

Frotll thc fact that thc col'fhcil'nh L1~-.I<.1k, ancl I (jk :-o~ti,..fy tlll' 
quadratic form cnndition,.. (:~!1), it ran l>e ,..hnwn mathematirally 
that thc codlicients ao. 111, .... ~~~. of (-1:!) an· all positin· and that 
the rooh o 1, oz, ... , az., nf ( 1:~ ) han· ncgatin· n·;1l part,;. 11 Thi,; 
can al"o hc shown from tlw fact that tlw frce oscillation:- of tlw rirruit 
arc of thc form,; e''', /'1

, ••• , e''·'. Thus the roots oa·cur in pair,.. 
l'<ICh of which h;1,.. lll'gatin· real \·allll·,.. or conjugate romple:\ \'<thll',; 
with m:gatin· real parts. 

Thl.· ,;arm• rt•strirtion,; hold ior thl.' rocfficienh b1, b~ . ... , b~. 1 

and tlw polt',; P~. ;3,, ...• a~ .. I :-iii<T tlll' denominator of S, with tl\(' 
CXl.'l'ption of thl' factor >.", is al:-o tlw disniminant of a circuit. Thus 
the gerwr;ll restriction..; (~) an· ohLtined. 

I n onln to oht.1i11 tlw tll'ressary an<l :-ullil-il'nt nmclition:- th<ll .1 

function of th(' type (I hl reprl':-t•nt a <lri,·ing-point imped.ulet' re.diz
ahlc by a two-mesh cirnlit, :-:.et this function eq11al to the impt'd.uu-e 
of the mo,;t gener<ll twn-mesh circuit and ill\·estigate tlw condition:
whic-h must hold upon thl' Cl•dlicil.'nts in order that tlw two forms 
may be equi\'alent. 

"The mathemalicdl work is identical with thc lll.lthcm.1tics of thc <"orrt•sJ>Ondin;: 
tiynamical problem. .-\ dctailcd proof i~ given by A. G. \\'l.'l."tcr, lnr . ril. 



.-1 = 

U/.1./. Sl":•;FJ:'M 1 F.CII.\"/C.-1/. JOC"R.\".:IL 

LllX+R.,, +!>,,X I 

1 L.2x+R,~+ n,2x • 

'·12X+R,2+D.2X I 

L~~A. + R22 + /J22X -• 
(-t-t ) 

\\ lll'rc tlw thrl'e ~l'h of coefticient~. u,;ing D1k in~tcad of 
,.,uhjt·t·t to tlw n·,;trirtion that tlll' three determin<mts 

/,11 /.12 

L,2 /.22 

n,, n,2 

/)1 2 /)2 2 

are all po~itin· or Zl'ro, ••~ weil a,; /. 11, R. 1 ~o and D 11 • Thi~ rondition 
requirl's L22• R 2; , and /J22 also to he positi \ ·e or Zl' ro . 

Tlll' most genera t dri\·ing-point impedance uf a two-ml·sh circuit 
may he taken as tlw imp<'dance in the tirst mesh of the circuit deiincn 
hy the di~niminant (-t 1). Set .·1 .· ! 11 equal to the \ ·a lue of S gi\-cn 
hy (lh). Expanding into p olynomials in X, and equating coefticient::. 
of the numerators and denominator,; uf the two t•xprcssions, thl: 
following rdations are ohtailll'd: 

L11L22 -L;,=auk2, (HiJ 
L,,R22+I-22R11- '2L12R 12 =a,P, (· Ii' ) 

L.,u22+I-2~1J~~+R,1R22-'!.L12D,2-Ri,= a2k2 , (-tS ) 

R,,D22+R2 2D11-'2R,~D1~=a:~k2 , (-t!l) 

D,,D22-Di2=a1k2• (.'iOl 
L22=b1k2, (;"> I ) 
R22=bzk2. (;'">'!.) 
Dz2=bak2, (;i:n 

\dwn· k ha,; <tny rPal \ ·ahll' ollll'r than zero. ln trodure the notatinn 

when· d is positi\·t· or zt·ro. Then , using (· lli ), (;i-t ), ancl (;iO ), diminate 
/., .. R , .. ancl 1>, 1 from l'lJllations (- Ii ) . (-t!l ), ohtaining 

(/.,2R.22-L22R1 2l2=k2( - dLj!+a.LzzR22-anR;,) , (:>:> ) 

( /Jd-22 -/J""'· •2l2 = F [ llc,/Jj,+ (a2- d!D z2 L22- a4/.~, ) . (;i li ) 

( N.,~/J22- R22 /) 12l 2 = k2( -a4Ri2+a•R22/)22- d!Ji,l. (.ii') 

1\.ing (.il l (,};{), t·limin.ttl' /.22, R22. and l> z2 from the right-hand 
memlwrs of (;).}) Uii' J: l'Xtral'l tlw ~quan · ront; re;trrangc the nnln 
of tlw t'qll;ltions, olllainin.t.: 

R12/J22- R22/J12= ±k3( -a4b22 +aab2b.1-db :~ 2 ) 1 2 • (;">S ) 

f),d•22- IJ22L12 = ± ka [ -aub32 + (11 2- d )babJ - 114b12 ) 1 ' 2, (.->\1 ) 

I.,~I<~z- l-~21< 12 = + 1.: 3(- db1 2 + 11 1 b,b~ - a.,b2
2) I, 2. (_ Ii() ) 
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1"1111-. .-ondilion-. (I I llil .m· oh1.1i1wd d11T1 lh frn111 ,,-, ~ llill Tht· 

ld1-h.111d lllt'llllwr-. of t:•~ llill -..11i-.f~ 1lw idt•nlil\ 

IR t:IJ~z R::IJ ~~I!.~~+ ( /J,.:I·:: /J::I.t: l R:: 
!-i/. 1:R::-L::R 12 liJ:: 0. llill 

<.;uh-litntin~ (:•t l (:,;o .nul (,-, ..., , lliOI in thi" identil\" (Ii) l, .n1cl r.tlion.d

it.in~. l'ljll.tlion 1:~ .tnd it" t•qui\·,denl (:21 l an· oht.tilll·d. 
For I ht• genn.d IH'I work of Fi~. 7. 

/.,, = /.,· + L:'. 

R .. =R, +R:. 

IJ,,=IJ,+/Jz, 

/.1: = f.z'. 

R 1 :=R~. 

IJ,:=IJ:. 

!.~:=I./+ /.3'. 

R:z = R~ + !(,, 

IJ:z = /): + IJa, 

(Ii:.! I 

when' L 1', Lz', and /.3' an· d!'litH·d hy I 17) (l!ll. For lhi,. "l'lof con
"'·lllh. hranch:! i,. madt• 1lw hr.uwh common lo 1he two llll',.lw,.; tlw 

choice of hranch a ·'" I Iw l'lllllllHlll hranch wonld not ;tiT,·ct I Iw linal 
formula,.. Sul."titulin~ lhl'"l' \,dut·,. ( Ii~ I in ( lli l, (.-,!), (;illl (.i:{l, 
and (.i~ ) (liO), l'qn.ttion,. (7 1 ( ~,-, ) arl' ohlainl'd dirl'clly. 

Thu,. Tht·on·n"' I and I\' .trt' compll'll'ly prm l'd. Tht·on·m" II 
and I I I arl' n·ritit·d h~ lhl' .wtu.d formula,. i••r 1lw elt·mt•nl,. ~i' t·n in 
Table" I anJ I I . and hy 1he cen,;u..; of llt'l Wllrb prt'"t'llll'd in Tahlt· I I I. 

I am indd>tt·d to I )r. Cl'orgt• .-\ . ( 'amphl'll for in~pirinc; 1111' wri1in~ 
of thi,. p.tpt.•r and for ~pl'citic ;Hh·ice upon many point~. and 111 :\Ii,;~ 

Frann·-. Thorndike for tlw prl'paration of llw lahll'" and li~url',;. 
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