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Relays in the Bell System

By S. P. SHACKLETON and H. W. PURCELL

Nore: Before they can converse people must either he brought together
or virtually be brought into one another's presence by the telephone.  Any
telephone system must establish talking connections hetween its subscribers,
and these connections must be built up, supervised and disconnected when
desired.  This work is accomplished by the use of relays of various kinds,
and the speed and accuraey of service is largely dependent upon them.
There are completed daily in the Bell System about 42,000,000 telephone
calls.  These involve the successful and accurate operation of over onc wnd
one-half billion contact connections daily.

Many kinds of refays are employed in the Bdl S\ stem, varying from the
simple electromagnetic drop to the sequence s , the therntionic vacuum
tube and the panel sclector. Today a ¢ ('uil connection between two
subiseribers served by manual exchanges in a large multi-oftice district
involves about 21 rel: Vhen these subseribers are served by machine
switching oftices, the numlur of relays in a local connection nuy be as
great as 146, 1t not infrequently hay ens that in setting up a toll con-
nection more than 300 relays are unph sl

In the present paper the relay developments leading up to, and making
possible the present communication system, are outlined with particular
reference to electromagnetic relays. A few typical circuit applications are
given with a discussion of the rululrumms imposed upon relays which
influence their design.  Several types of relays are illustrated and their dis-
tinctive features are described.

The subjects of relay design, mannfacture and maintenance and also
telegraph relays will be dealt with in future papers.

[NTRODUCTION

N the vast systems of networks which comprise the Bell Sys-

tem one of the most important and varied devices necessary
for giving service is the relay. From its use in small numbers
in telegraph circuits and as a “drop’ in the early magneto switch-
board it has come to be numbered by millions and varies in type
from the simple electro-magnet which operates a single contact to
the vacuum tube and the complete structure which effects an entire

series of switching operations.

When a small number of stations is involved in a communicating
system complete flexibility of connection may be obtained by means
of simple relays controlling a small number of contacts.  \s the
number of stations increases the number of switching operations
becomwes so great that the use of simple relays which control small
numbers of contacts is not cconomical.  The use of power driven
sclectors and sequence switches and clectro-magnetically operated
switches for completing a series of switching operations has therefore
become neeessary.
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In present day systems the relay is as essential o a telephone
conversation as the transmitter or receiver. Some idea of our de-
pendence on the device may be had from a consideration of the num-
bers of simple relays involved in a typical connection. A circuit
established between two subscribers served by manual exchanges
in a multi-office district will involve 21 relays. When these sub-
scribers are served by machine switching offices the number of relays

AN

Fig. 1—Relays in a local mannal office
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involved in a local connection may be 116.  When toll connections
are involved even greater dependence is placed on relays to render
service. A New York-San Francisco connection requires over 200
relays and very frequently connections are established which require
more than 300 relavs.  The majority of these relays are normally
available for doing their bit to provide telephone service to any one
of a large number of subscribers.  As a matter of fact, approximately
90 per cent of the millions of relays in the Bell System today are
available for and may be called upon to serve any subscriber or user
of the telephone.

A typical manual office serving 10,000 lines would have from 40,000
to 63,000 relays and their total combined pull if applied at one point
would be sufficient to lift ten tons. In the larger machine switch-
ing offices there may be as many as 140,000 relays which require in
some instances power plants capable of handling peak loads of 4,000
amperes at 48 volts.

Referring to Fig. 1, the space required for mounting some of the
refays in an office will be seen.  This is a picture taken in one of the
New York offices which has over 60,000 relays and the racks shown
contain about 22,000 of these. The covers have been removed
from a number of the relays in the foreground. Instead of group-
ing the relays compactly as in a manual office it is the practice in
machine switching offices to mount them in close association with
the related apparatus units. This is illustrated by the photograph
of sender circuit relays shown in Fig. 2.

INVENTION OF THE ELECTROMAGNET

Prior to 1820, the clectro-magnetic structure, now known as a
relay, was an impossibility because the scientific facts on which it
is based had not been discovered. In the winter of that year, Ocrsted
of Copenhagen established that a mechanical effect could be produced
on a magnetized needle by a current of electricity. Oersted dis-
covered that a magnetic needle would be deflected from its normal
position when held parallel to a wire conveying an electrical current
and that the deflection would be to the right or left, according 1o the
direction of current flow. This discovery aroused such interest among
scientists and philosophers that the best minds in urope were
engaged in speculation and experiment, so that further discoveries
of great importance followed rapidly. Arago in Paris and Davy in
London, working independently, soon observed that, if an electric
current passed through a wire of copper or any other material, the
wire had the power of inducing permanent magnetism in steel needles.
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Oersted’s discovery suggested to Schweiger that the mechanical
effect on the magnetic needle would be increased if the current were
made to pass several times around the needle.  He made a coil,
clliptical in shape, of insulated wire and suspended the magnetic

104
gl

Fig. 2 Sender relay eabinel in machine switching oftice

needle within it. When current passed through the coil, the result
was as he anticipated, and the device became known as Schweiger's
multiplier.

Ampere, the brilliant French scientist, in secking an explanation for
Ocrsted’s discovery, evolved an ingenious theory of the relation
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between electricity” and magnetism.  According to this theory, all
magnetic phenomena result from  the attraction or replulsion of
clectric currents supposed to exist in iron at right angles ta the length
of the bar, and all the phenomena of magnetism and electro-mag-
netism are thus referred to one principle the action of ¢lectrical
currents on one another.  \mong other things, he proposed a plan
for the application ol clectro-magnetism to a system for transmitting
intelligence.  This svstem was to operate by the dellection of a number
of needles at the receiving station by currents transmitted through long
wires. By completing a circuit the needle was to be deflected and
was to return to normal under the intluence of the attraction of the
arth when the circuit was opened.  This proposed system of Ampere's
was never reduced to practice, however.

All these discoveries and results were prior to 1823, and they
resulted in the development of needle telegraph systems, which were
at one time employed extensively in Europe. These systems utilized
a coil of wire around a magnetic needle pivoted in the center and with
a pointer attached to the needle, which was suspended over a dial.
Detlections to the right or left signified letters and were produced
by sending pulsations of one polarity, or alternations of both, as
was required.

In 1824, Sturgeon, an Englishman, discovered that, if a current
of electricity flows in a coil ol wire surrounding a bar of annealed
iron, the latter hecomes a magnet, and when the current ceases, the
iron loses its magnetism.  Sturgeon bent an iron rod into the form of
a horse-shoe and wound a coil of copper wire around it loosely, with
wide intervals between the turns to prevent them from touching
cach other. Through this coil, he transmitted a current. The
iron under the influence of this coil became magnetic and thus, the
first clectro-magnetic magnet, now known simply as the electro-
magnet, was produced. This discovery of Sturgeon's is of great
interest to the telephone and telegraph engincer, because it was the
direct step which made the invention of the electro-magnetic relay
possible.

In 1828, Henry, in America, after repeating the experiments of
Oersted, \mpere, Sturgeon, and others and investigating the laws
of the development of magnetism in soft iron by means of electrical
currents, designed the most powerful clectro-magnet that had cver
been made.  This he accomplished by associating Schweiger's mul-
tiplier with Oersted’'s magnet. For this purpose he wound 35 feet
of silk insulated wire around a bent iron bar so as ta cover its whole
length with scveral thicknesses of wire.
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FirsT TELEGRAPH RELAYS

In 1824, Morse utilized the electro-magnetic phenomenon, revealed
by Sturgeon, and produced a telegraph system which was destined
to be the basis of all modern systems of communication. The at-
tenuation of the current from the sending to the recciving end of
the cirenit had limited the satisfactory transmission of signals.
Morse overcame this difficulty by constructing an electro-magnet
which would repeat or “relay’ the transmitted signals to another
circuit having an independent source of energy. The first electro-
magnet or relay designed by Morse was a cumbersome structure
weighing about 300 pounds, but it exerted a tremendous influence
on the art of communication as it served as a stimulus for the devel-
opment of the complex systems of the present day. When this
relay was redesigned its weight was reduced to 70 lbs., but as the
laws of electro-magnetism became more generally understood and
new materials became available, such great changes occurred that
the present telegraph relay weighs about 3 pounds, and one of the
modern telephone relays of latest design weighs but 3.6 ounces.

THE GENERAL PRrROBLEM

The needs of the present day telephone and telegraph system have
produced a multitude of devices but none of them is of greater im-
portance than the relay, as it affords the means whereby the engincer
may put ideas into practice. When the limitations of available
relays prevent the satisfactory solution of a problem, requirements
for new relays are outlined and their development is undertaken if
a survey indicates that the advantages to be obtained warrant the
expense.

This does not mean that compromises are not made in the matter
of using standard designs, for in some instances, it would not be
cconomical to design a new type. Frequently, a relay is required
to meet certain conditions in the plant for which the demand will he
comparatively limited, and it is obviously uneconomical to spend
time and money developing a new type provided a standard struc-
ture can be adapted to meet the requirements with sufficient precision.

Just as the art of defense in warfare has matched the art of offense,
the art of relay design has kept pace with the demands of the cir-
cuit engincer.  Relays are now required to operate on direct, and
pulsating current, and also on alternating current throughont the
entire range of frequencies which are used in communication.  Fhere
are fast relays, slow relays, polarized, high impedance, low impedance
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and so on.  Consequently, a relay designed for one purpose may be
wholly unfit for any other use. On this account, as the telephone
art has grown, new conditions and new requirements have resulted
in the development and manufacture of a large number of relays.
At first, this undoubtedly followed previously established precedents,
s0 that new forms were brought into existence which fulfilled im-
mediate needs, but did not receive much consideration from the
standpoint of cconomy, standardization or consistency of design.

At the present time, the Western Electric Company manufactures
for the Bell System about 100 types of simple electro-magnetic relays.
These types are subdivided into about 3,500 kinds, which differ in
minor ways, such as windings and contact arrangements. In 1921,
the Western Electric Company produced over 4,800,000 of these
relays.  These figures serve to indicate the economic importance of
the relay in the present day system but do not give any adequate
conception of the dependence of the communication network on
relays of all types.

From a design standpoint it is possible, as has been pointed out,
to attain practically any desired result in an electric circuit, subject
of course to certain limitations as to time, and provided no limita-
tions as to economic application are to be met. The methods and
means for securing the desired operations involve the use of relays
of various types and designs, and may lead to new developments
which are obviously not economical. The relay may be called upon
to perform a single function, necessitating the opening or closing of
a single contact, or it may be required to effect a complicated scrics
of transfers or circuit changes. [Its operation may necessitate an
accurate synchronizing with other circuit operations involving a
time lag in its operation or rclease, and other requirements as to
impedance, power, etc., may be imposed. It frequently happens
that the conditions imposed by circuit requirements necessitate a
choice between new features of relay design and a complication of
the circuit to overcome limitations in existing types of relays.

The ecconomic considerations which govern the final application
of circuits in the telephone system are, to a large extent, dependent
on the costs and performances of the various types of apparatus,
particularly the relays. Frequently, there may be a number of
possible methods of accomplishing a given result in an electric cir-
cuit and the most economical mcthod is, of course, desired. This
does not necessarily indicate the least number of relays or the cheapest
but rather the most economical combination, taking into account
reliability of circuit operation and its effect on service, cost of equip-
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nient and cost of operation and maintenance.  The more compli-
cated circuit or the one necessitating additional equipment may be
sufficienty more reliable to justify its use.

In considering the application of relays in any telephone circuit,
a given problem is usually presented and the various possible methods
of accomplishing the desired end are considered.  These methods
may involve combinations of relays or of relay parts which do not
exist and may even involve combinations which are entirely imprac-
tical or uncconomical of application.  Any simplifications which mav
be effected are considered and in case the design of any apparatus
may cffect appreciable savings in the circuit or otherwise appear
justifiable, this may be undertaken.  Such requirements on relay
design are, of course, subordinated to any general design consider-
ations, such as relay structure, ete., which may be governing from the
standpoint of the cconomic production of the relays themselves.

A few considerations which influence the selection of relays and
which are very closely associated with the fundamental relay design
may be considered from the standpoint of their elfect on telephone
circuits and their application in the field. 1t would, of course, be
impossible within the scope of this paper to describe all the relay ap-
plications in modern telephone practice, but a discussion of the relay
requirements for a few typical cases will serve to illustrate the prin-
ciples involved.  While the first relays used in the telephone system
were telegraph relays adapted for usc in signaling, the vast majority
of relays now in use in the Bell System are designed primarily for
telephone circuits.  The requirements are usually quite different,
particularly as regards the energy available for operation, the speed
of operation and reliability of contacts and in most cases the cost.

Earey TELEPHONE RELAYS

In the first telephone switchboard for commereial service which
was installed in 1878, the electro-magnetic devices consisted of a
telegraph relay and an annunciator for cach subscriber’s line, and a
call belt common to all lines.  Of these three the telegraph relay was

the largest and most costly, so the desirability of reducing the num-

ber required and of providing a smaller and cheaper apparatus unit
was apparent.  Changes were soon made in the magneto system that
removed the relay from the subscriber’s line and associated cach
relay with a group of lines for supervisory purposes.  In the carly
switchboard, patented in 1879, from which the standard switchboard
was developed, a modified telegraph relay appeared as a clearing out
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relay to control a clearing out drop.  This maodilied telegraph relay
is shown in Fig. 3 and is of particular interest as representing the
first step in the development of the telephone relay.

In the magneto systems the indicator or drop was of the first im-
portance, so its development was rapid, It was hnally arranged in
one extensively used system with two coils, which were known as

IFig. 3 Early telegraph relay used as telephone drap

the line coil and the restoring coil.  The magneto current from the
subscriber’s station energized the line coil to drop a shutter which
was restored through the agency of the restoring coil when the operator
inserted a plug in the associated jack. The early development of
the drop undoubtedly influenced the forms of relay structures which
were developed a little later. The analogy between the line and
restoring coils of the magneto system and the line and cutoff relays
of the common battery system is very close.  In the latter the cur-
rent over the subscriber’s loop energizes the line relay which lights
the line lamp. The insertion of the plug in the subscriber’s jack
energizes the cutoff relay which opens the circuit through the line
relay and thus extinguishes the light.  In addition, the line and cutoff
relays are assembled on a common mounting plate, forming an ap-
paratus unit, although they are not parts of the same structure as
were the corresponding coils of the drop.

The carly telephone relays resembled more closely in construe-
tion and form the carly drop than they did the telegraph relay,
although the influence of design work on the telegraph relay appears
in the development of later types of telephone relays.  The carly
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telephone relay shown in Fig. 4 has little relation with the modified
telegraph relay of Fig. 3. It is much smaller and lighter than the
first relay and, in addition, there is a distinetive structural change
in that the armature is suspended by a reed hinge.

At this time the limiting conditions controlling the operation of
cither telephone circuits or the apparatus in them had not been

Fig. 4—Early telephone drop relay

established with much preeision, so that the requirement for a relay
was, roughly, that it should do the work required and any arrange-
ment more sensitive and reliable than a previous arrangement was
an improvement. The principle of the reed hinge for an armature
support was sound, in that it provided for a good magnetic circuit
and an easy means for close air gap adjustment and it is now used
extensiveh with relays of the latest design.

LLINE, CUTOFF AND SUPERVISORY RELAYS

When the common battery system was developed, however, it
was found that the reed hinge relay was not capable of meeting the
additional requirements imposed by the new system. The common
battery cord circuit originally suggested is shown in Fig. 5. 1t is
apparent that the relay shown in the diagram must indicate positively
to the operator the position of the switech hook in the substation set
and must respond to the motion of the switch hook if the subseriber
moves the hook up and down to interrupt the circuit. In addition,
as this relay is in the transmission circuit it must not introduce
objectionable transmission losses.  The reed hinge relay conld not
meet these additional requirements, and accordingly a new relay
was designed especially for the common battery system that was
the most important single factor in making the new system possible.
In order to obtain an armature that would respond quickly to any
change in the holding magnetic force alt forms of support for the
armature were rejected.  The reluy developed is shown in Fig. 6
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and was first used in the common battery board installed in Wor-
cester, Mass., in 1806,

This relay consists of a tubular magnet with an iron disc armature
in the form of a truncated cone. This disc is brought to an edge
at its periphery and rests in an annular groove in the cap.  When
the armature operates, it closes against an insulated contact stud

L g
e

6= No 15 Induction Col L-Answering plug
H - Common talking battery. M-Clearing plug
I - Clearing-out. signals..

Fig. 5—Early common battery cord circuit

projecting from the core and when released drops away from the
core by gravity and rests against a stud projecting from the end of
the cap which provides the adjusting means for regulating the arma-
ture air gap. As the contacts of this relay were enclosed in the case,
they were protected from dust and this arrangement proved so desir-

Fig. 6—Early line rclay

able that it has been an accepted feature of nearly all relay designs
that have followed. This arrangement had the disadvantage, how-
ever, of not providing a means for determining the value of the
armature air gap or the contact separation. This condition was im-
proved in the next design which is shown in Fig. 7 by making the
cap longer and associating the armature with the magnet structure
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instead of the cap. The knife edge armature hinge and the gravity
control of the free armature were the fundamental principles re-
tained in the new design.

Fig. 7 Early supervisory relay

The tubular shield for the return magnetic path was abandened
for a return pole picce which provided a means {or mounting both
the armature and the air gap adjusting serew.  The cover protected
the contacts from dust but it was soon [ound that magnetic inter-
ference between adjacent relays was responsible for both faults in

Substation Loop Subscribers Jack

S e 5

Substation Set

Tig. 8= Line and cutoll relay cirenit

operation and crosstalk, so the cover had to meet the additional
requirement of being an effective shield.  This was eventually accom-
plished to best advantage by making the cover of copper.

As has been shown two general types of structures were now avail-
able for common battery system relays.  In one, the armature was
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suspended by a reed under tension to provide a restoring force.  In
the other, whicl was more sensitive but less capable of carrving a
heavy spring load, the armature operated in a knife edge hinge and
the restoring foree was gravity.

Each subscriber’s line required a I'ne relay for lighting a kump when
the substation receiver was removed from the hook, a cutoff relay for
removing the line relay from the circuit when the operator responded,
and a supervisory relay for controlling lamp signals to inform the

¥

[Fig. 9 Line and cutofl relays

operator whether the substation switch hook contacts were open or
closed.  The circuit arrangement for the line and cutoff relays is
shown schematically in Fig. S.

The rapid extension of telephone service necessitated establishing
standards of excellence, and definite requirements for apparatus
units were gradually formulated. At first, the available relays were
adapted as closely as possible to existing conditions, but as require-
ments became definitely established, relays were designed specifically
to meet them and eareful consideration was given to manufacturing
costs, mounting space, maintenance expense and all other factors of
cconomic importance. By 1910 several million of the line and cutoff
relays shown in Fig. 9 and the supervisory relay of Fig. 7 were in
service.

The cutoff relay armature was of the reed hinge type, while both
the line and supervisory relays were assembled with the more sen-
sitive knife edge armature. The line relay was eventuoally wound
with 12,000 minimum turns to a resistance of 2000 ohims = 5 per cent.
and after considerable service experience requirements were formulated
for a line relay which would be a satisfactory substitute. These
requirements were as follows: ¢

(1) Battery potential, 2025 volts.




14 BELL SYSTEM TECHNICAL JOURNAL

(2) Maximum line resistance, including subscriber's station,
1000 ohms.

(3) Resistance across line to represent maximum insulation leak-
age, 10,000 ohms.

(4) Winding of relay 12,000 turns, 2000 ohms = 5 per cent.

(5) Minimum operating ampere turns =

Turns X Minimum Voltage _ 12,000 X 20

B = - =— = 77.4.
Maximum Resistance 1000 + 2100
(6) Maximum releasing ampere turns =
Turns X Maximum Voltage _ 12,000 X 28 s

Leak Resistance + Minimum 10,000 + 1900
Relay Resistance

Reference to the circuit will show that the line relay must release
on a low resistance loop in case the subscriber flashes the line lamp
to attract the operator’s attention. Due to residual magnetic ef-
feets, a relay does not release after operation on short loops over
which the operating current is high as quickly as it does after operat-
ing on long loops, with a lower current in the winding. It is, there-
fore, necessary to specify the maximum ampere turns the line relay
may receive and adjust it to release immediately afterward with
the maximum leak across the line.

12,000 X 28

(7) Maximum ampere turns = = 176.8.
1900

In addition:

(a) The relay must close one set of contacts which controls a
signal famp as shown in the circuit.

(1) Contacts must carry the encrgy for lighting the lamp with-
out undue sparking, sticking or wear.

(¢) The relay must operate reliably on 77.4 ampere turns.

(d) The relay must release on 282 ampere turns immediately
after operating on 176.8 ampere turns.

(¢) As there is a constant potential between windings, the coil
must be protected from corrosion, so the materials chosen for the
construction of the relay must not contain substances which tend to
encourige or assist clectrolytic action.

It was found that the line relay introduced high maintenance
charges hecause of the knife edge armature hinge and the close adjust-
ment required. The armature being comparatively light in weight,




RELAYS IN THE BELL SYSTEM 15

a slight amount of dust or corrosion in the armaurre slot frequently
made the contact resistance in the slot so high that the line lamp would
lail to light.

The supervisory relay in the cord circuit also introduces main-
tenance charges for the same reason. It had to meet the same re-
quirements as the line relay but, in addition, it required a crosstalk
proof cover that would also adequately protect the contacts from dust.

The solution of this problem was very difficult because the only
means of obtaining relays of increased sensitivity or greater operating
range was to make mechanical refinements, which would increase
manufacturing costs quite out of proportion to the advantages ob-
tained, to discover new magnetic materials of higher permeability
at low Hux densities and with a lower remanence characteristic or
to develop an entirely new relay structure.  To obtain any advan-
tage from the development of a new structure built from the same
magnetic materials, it would be necessary to design it in such a man-
ner as would enable the engineer to obtain the proportion of copper
and iron required for maximum efficiency, greatest economy, extreme
sensitivity, maximum operating load or any other specific require-
ment which was the controlling factor of a particular design.  Ana-
lytical studies had shown that smaller relays with less iron could
be substituted for those in use but such a change could not be made
without increasing manufacturing costs because a reduction in core
diameters would increase breakage during manufacture as well as
entail a greater cost of handling the smaller structures.

Tue Frat Type RELAY

An analysis of the manufacturing costs had shown labor costs to
be greater than material costs in the production of relays so that
any changes which would result in large savings would have to be
of such a nature as to reduce labor charges. This could be accom-
plished only by changing production mecthods which had already
been established with reference to greatest economy in manufacture
considering the volume of production. The demand for relays,
however, was increasing steadily and it was evident that with in-
creased production the prevailing manufacturing methods would
not continue to be economical. With other pieces of apparatus
manufactured in large quantities, it had been found that production
costs could be reduced to a minimum by designing a unit which could
be assembled from interchangeable parts stamped out by a punch
press and formed in bending fixtures to the desired shapes. To ac-
complish this for relays, it was first nccessary to conceive of an
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entirely new type of structure composed of parts that could he made
casily by the punch press method, and it was then necessary to de-
termine the modifications which must he made in such a structure,
in order that the proportions of copper and iron required for any one
of a number of design conditions might be obtained. §

The design of a punched type relay was first attempted in an
effort 10 find a better relay than the line relay, and with the intention,

Fio. 100 First punched frame relay

il the design were successful, of employing the same structure with
a different winding as a substitute for the cutoff relay. 1t will be
remembered that the lne relay had a gravity type armature, whereas
the cutoff relay had a reed-hinged armature so the effort to replace
two relays of different construction by a single structure was the
beginning of an attempt to standardize a type of relay structure
which could be used universally.

After some years of development work, a commer
completed and  punched-type relays were produced as substitutes
for the line and cutolf relays. “Che structures were exactly alike,

il design was
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the relays differing only in windings and in the number of contact-
carrying springs with which they were equipped.  The development
of these relays resulted in a price reduction Tor the line and cntofl
relay unit of about 25 per cent. and a reduction in the mounting
space ocenpicd of 10 per cent. The tlat core and the manner of
suspending the armature on a reed hinge, in order to present the
armature to the pole face, were the distinetive leatures of the new

*737 TYPE MOUNTING PLATE

30 meiavs e svee

10 wrLars
erae

Fig. 11 Mounting plate for steip of punched frame relays

relay structure, as will be seen by referring to Fig. 10, in witich the
line and cutoff relays may be distinguished because they are equipped
with a single pair and a double pair of contacts, respectively. The
method of mounting the relays and protecting a strip ol 20 with a
common dust cover is shown in Fig. 11 from which it will be observed
that the mounting plate. all the mounting details and the cover, are
products of the punch press.

When it was seen that the development of the new line and cutolf
relays was proceeding favorably, development work was also begun
on a similar punched-type substitute for the round core supervisory
relay which has previously been described. 1t was known that the
quantity of iron in the supervisory relay was greatly in excess of
the amount required, as the core flux density was far below satura-
tion when the relay operated over the longer substation loops and
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the magnetizing ampere turns were reduced by the high resistance of
the loop. Advantage was taken of silicon stecl, a new material at
that time, which had a higher permeability than Norway iron and
less pronounced residual magnetic effects, after saturation. In
addition, it had greater tensile strength and, since the new type
relay core was rectangular in shape and therefore had the stifiness
of a beam, it was possible to make a core of silicon steel of such small
cross section that the flux density was much higher with a small

Fig. 12—"B” type relay

magnetizing force than it would be with a Norway iron core of the
minimum cross section necessary for structural strength. A super-
visory relay was, therefore, produced which was similar in con-
struction to the line and cutoff relays and occupied the same mount-
ing space. 1t was nceessary to develop a dust protecting cover for
this new relay which was also cross-talk-proof, in order to prevent
the reproduction of conversation by mutual induction between
adjacent relays. The design of this relay was such that spring ten-
sions and contact adjustments were controlled by screws mounted
in a brass plate at the front of the relay. The increased sensitivity
of this relay over that of the round core type permitted the limits
for substation loop resistance to be increased from 750 to 1,000 ohms,
and the combined resistance of the windings to be reduced from 12
to 9.1 ohms, which decreased the transmission loss in the relay about
30 per cent. I addition, this new relay was superior i Hashing
ability and also released on a higher number of ampere turns.  The
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mounting space was reduced 25 per cent. Large savings also resulted
[rom a reduction in maintenance costs from approximately $5.00
per switchboard position per year to a negligible amount.  The new
relay is shown in FFig. 12, which shows the adjusting serews in the plate

Fig. 13—“E” type rclay

in the front of the relay, the cover and the cover cap. By removing
the cover cap these screws become accessible and the replacement
of the cap does not influence the magnetic conditions or disturb
established adjustments.
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A GeENERAL UTiLiTy RELAY

The success of the punched-type line, cutoff, and supervisory
relays suggested the use of this type for a general utility relay which
would carry a load of either one pair or several pairs of springs and
permit an almost unlimited number of contact spring combinations
to be made.  This was accomplished by increasing the cross section
of the core and armature of the line relay as the increase in iron cross
section provided maximum Hux with large magnetizing forces.  This
relay is shown in Fig. 13 and is now manufactured in large quantities
with about 3,000 varictics of windings and spring arrangements.
About twenty million such relays are already in service and the
number is increasing constantly.  Tad it not heen for the develop-
ment of this punched-type relay, it would have been necessary to
greatly increase the manufacturing facilities over those now provided
because of the magnitude of the manufacturing operation on the
old basis.

CERTAIN RELAY GROUPS

Having outlined the development of the most commonly known
relays and given the reasons responsible for major design changes,
it will be interesting to consider uses of simple relays in the full mechan-
ical system. In this system the removal of a substation switehhook
causes a line relay in the central office to operate and associate a line
finder with the calling line, after which a cutoff relay removes the
line relay from the eircuit as is done in manual practice. 2\ sender
is associated with the calling line and the cireuit is completed through
the substation set dial and a relay in the seuder, known as the pulse
relay, because it reproduees the dial pulses.

A schematic for llustrating the principle of this circuit is shown
in Fig. 11, Referring to this figure, it will be scen that the opera-
tion of the pulse relay provides a ground for a slow release refay which
in turn extends the circuit of the stepping switeh to the back contact
of the pulse relay. Suppose that the digit O is dialed.  Then the
resulting current interruptions consist, as shown in Fig. 14, of ten
break periods and ten make periods, the final make period being
permanent and the remaining nine consisting of approximately one-
third of the total time of a single pulse.  The first break of the dial
opens the circuit through the pulse relay, which releases and opens
the circuit of the slow-release relay, but the latter remains operated
throughout the break period.  The pulse relay when released, pro-
vides a ground from its back contact, for the magnet of the stepping
switch, through the make contact of the slow release relay.  The
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stepping switch magnet operates the switch armature and holds it
in «a position to advance the switch a single step when the magnet is
released.  When the dial contacts close the circuit again the pulse
relay re-operates, releasing the stepping switeh, which advances one
step, and reestablishing the circuit for the slow-release relay. This
cvele is repeated for cach break and make pulse period in order to
advance the stepping switch over the number of terminals correspond-
ing to the digit dialed.

The adjustment of substation dials is such that pulses are sent at
a rate of speed of not less than cight, or more than twelve pulses per
second.  The break period of individua! pulses may vary from .045

1s1/7\ 2 3 4 5 6 7 8 9 10 th
Stey Switch Step
0" Currenl
Slow_Release Rela
*0" Current edprl el i e L g B
Dial and

Pulse Reay 13t 2 5 4 5 6 7 8 9 10 [Final (10 th) Make
0" Current ?;

Step Switch Relay Resistance

Fig. 14 -Curve showing pulsing impulses

to 100 sccond and the make period may vary from 025 to .050
second.  The magnet of the stepping switch must, therefore, com-
plete the movement of the armature in a minimum of 045 second
and the switch must advance a single step in a minimum of 025
second.  In addition, the slow-release relay must remain operated
for a maximum of . 100 sccond; for if it releases during the break-pulse
period, the circuit to the stepping switch will he opened.  These
time values assume that the pulse relay accurately reproduces the
dial pulses and it is evident that to accomplish this, its time of opera-
tion and release must be independent of the battery potential, be-
tween the voltage limits preseribed for the battery, and must also
be independent of the differences between the electrical constants
of different lengths of substation loops.  These are difficult require-
ments and a punched-type general utility relay, shown in Fig. 13,
was used for the purpose as it appeared to be the most suitable avail-
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able relay.  Its time constant, however, is influenced by the clectrical
constants of the loop with which it is associated; so that the length
of the loop effects the speed at which the armature operates and releases
and thus causes the relay to introduce some pulse distortion.

AN ACCURATELY ADJUsTABLE FrLar Typr RELAy

In order to decrease this distortion a new punched-type relay was
designed which reproduces dial pulses with much greater accuracy.
It will be seen from the picture of this relay shown in Fig. 15 that
the armature is light, that the air gaps can be adjusted closely and
with great precision, and that the reduction in the inertia of the
armature was obtained by changing the position of the supporting

Fig. 15—"1.” type pulsing relay

reed hinge.  The core of this relay is of small cross seetion, so that a
condition of magnetic saturation is obtained with small current
values.  With maximum flux on long loops, the increase in current
as the length of the substation loop decreases produces very little
change in the total flux.  Also, changes in the armature air gap as
the armature approaches the core do not reduce the reluctance of
the magnetic circuit appreciably, so that the armature operates and
releases with little time variation irrespective of changes in the elec-
trical constants of the loop.

The slow-release relay, in Fig. 11, is a round-core relay with a reed
hinge armature, similar in general construction to the cutoff relay
previously deseribed in connection with the early manual system.  Itis
provided with a copper sleeve on the core which acts as a short circuited
secondary transformer winding of very low resistance.
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RELAYS 1IN FUNDAMENTAL SELECTING CIRCUIT

For another interesting example of the importance of relay opera-
tion in machine switching circuits assume that it is desired to seleet
the fourth teeminal in a particular group of a final seleetor bank as this
terminal represents o subseriber’s line which has been called from
another station. A\ schematic illustrating the principle of the funda-
mental circuit for selecting this terminal is shown in Fig. 16. The
calling subscriber, by dialing the number of the called station, has
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Fig. 16-Schematic of selecting cireuit

established the circuit condition shown in this figure through the
medium of the sender, so that both the line relay on the final frame
in the called office and the stepping relay in the calling office are
operated.  The circuit is also closed through the up-drive magnet
of the final frame, and the selector multiple brush is advancing toward
the bank terminal to be chosen. As the selector is driven upward,
the commutator brush making contact with the first commutator
segment, of the particular group desired, places ground on the inter-
office trunk in the called office which shunts down the stepping relay
in the ecalling officc. This releases the stepping relay, which had
established a circuit when operated through the lower relay of the
fourth pair of counting relays and had shunted the upper relay of
the pair so it would not operate. The release of the stepping relay
removed this shunt and permitted the upper relay to operate, locking
both relays through the make contact of the lower relay and trans-
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ferring the start lead to the lower relay of the third group which
operates when the start lead is again grounded through the make
contact of the stepping relay.  This eyele is repeated for cach seg-
ment which the commutator brush passes over until the upper relay
of the fourth or zero group of counting relays operates and opens the
fundamental sclecting circuit, thus allowing the line relay in the final
frame to release when the commutator brush again removes the shunt.
The line relay, on releasing, opens the up-drive circuit and the selector
stops with the multiple brush resting on the particular terminal
desired.

There are three different types of relays in this circnit. The line
relay on the final frame is the general utility punched-type relay of
Fig. 13 with the contact spring assembly and mechanical adjustments
required by the specific circuit condition. Tt is evident that this
relay must release quickly enough to enable the up-drive clutch
magnet o release before the sclector is driven beyond the desired
terminal or a false bank terminal selection will he made.  An exam-
ination of some of the factors influencing the release time of the line
relay will therefore be of interest.

When the commutator brush made contact with the commutator
segment both ends of the inter-office trunk were grounded but hefore
the brush left this segment the condenser charge on the trunk leads
was dissipated and the distant end of the trunk was opened by the
operation of the upper counting relay of the zero group.  On leaving
the fourth commutator segment the brush opened the circuit of the
line relay which could not release instantancously because of its own
time constant, the transient current through its windings for charg-
ing the truink capacity, and the leak current in its windings resulting
from trunk leakage.

The time constant is determined by the electrical and magnetic
constants of the relay and for a given winding is inherent to its struc-
ture.  If the time constant is such that adjustments, for armature
air gap, spring tension and contact separation, cannot be made which
will enable a relay 1o meet all the circuit requirements, a different
type of relay stracture having a more favorable time constant must
be used.

The magnitude of the charging current for the trunk is determined
by the trunk capacity and is in direct proportion to the length of the
trunk which is limited 1o 12 miles corresponding to a maximum
capacity of ahout 0.84 mf.  The lmiting open civenit resistance of
the trunk is 30,000 ohms and the standard of maintenance is such
that the insulation resistance is not allowed to drop below this value.
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To addition the maximum resistance of the trunk is 1300 ohms.  The
line relay must therctore be adjusted 1o operate over this resistance
ond dn series with the stepping relay when the battery potential is
i minimum of -Hovelts. Tt must also be adjusted to release quickly
cnough to insure the positive selection of a particular terminal when
the battery potential is a maximum of 52 volts and both the trunk
capacity and trunk leakage are masimum.  These are very severe
requirements to be met by a relay which is produeed commercially in
large quantities at a small cost; and more severe conditions such as
would result, for example, from inereasing the length of the trunk
could not be imposed on this particular relay unless the iron struc-
ture were made from some new material having more favorable

magnetic constants.

The requirements for the stepping relay, however, are more severe
than those for the line relay, for the stepping relay must continually
operate and release as the commutator brush alternately grounds
and frees the trunk in the distant ofhice. Mo the insulation resistance
and capacity of the trunk exert a ssmewhat different influence on the
functioning of the stepping relay than on the functioning of the line
relay.  ‘The trunk leakage current resulting from low insulation
resistance interferes with the operation of the stepping relay, instead
of its release, <o it must be adjusted to operate on a minimum hattery
potential of 11 volts and a minimum trunk insulation resistance of
30,0000 ohms. The trunk capacity interferes more seriously with
the release of the stepping relay than with the release of the line relay.
When the ground is removed from the latter the trunk is at zero
potential and the charging current through the relay windings is
maintained for a very brief period of time but when the incoming end
of the trunk is grounded to release the stepping relay in the distant
office, the trunk capacity is fully charged and the discharging current
i~ sustained for a much longer time interval.

Tue STeepPiNG RELAY

The time constant of the line relay is such that it cannot be given
adjustments which will enable it to meet the more severe require-
ments of the stepping relay, and conscquently an entirely different
type of structure, as shown in Fig. 17, is uscd for a stepping relay.
This design is of particular interest because it is not used for any
other purpose and is the only relay of its tyvpe in the telephone plant.
Many attempts have heen made to replace it with same sort of punched
type structure that is more adaptable to the established manufactur-
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ing methods but they have been ineffectual as yet, for the equivalent
combination of sensitivity and reliability and a delicate means of ad-
justment is difficult to attain. In order to satisfy the scvere circuit
conditions the stepping relay is adjusted to operate on 10 mil-amperes
and not to operate on 9 mil-amperes, a difference of only 10 per cent.
in the operate and non-operate adjustments.

The stepping relay must reproduce the pulsations of current orig-
inated by the commutator brush with sufficient accuracy to insure

Fig. 17—Stepping relay

the positive operation of the counting relays, for any failure of the
latter will result in false selection.  The stepping relay must there-
fore maintain a circuit through its make contact for a sufficient time
to cnable the lower relay of any counting pair to operate and must
open the circuit through the same contact long enough to permit the
upper relay of the pair to lock up in series with the lower relay.
Since the stepping relay does not always reproduce the commutator
pulses perfeety and since any pulse distortion must necessarily
reduce the operating time margin for one of the relays of a counting
pair, it is evident that rapid operation and reliability of operation
are essential characteristics for the counting relays. A punched
type relay similar to the line relay cannot operate with sufficient
speed. The stepping relay would qualify for speed, but a complete
set would require considerable space and would be inconvenient
to mount.
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Tue Caunnne Rerav
The relay designed for o counting relay is shown in Fig, I8 and
has the qualities of speed and reliability that are required. Tt is
equipped with « light armature, on a pivot suspension, that operates

Fig. 18 —Counting relay

through a small air gap. The contacts are mounted on rigid springs
that eannot be adjusted readily, but which maintain a given adjust-
ment, without change, for a long time. This relay, like the stepping
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Fig. 19—Call indicator circuit

relay, is unique, in that, it is not used for any other purpose in the
telephone system, and in addition all attempts to design a punched
type relay that is a satisfactory substitute have, so far, been un-
successful.
CERTAIN MARGINAL AND POLARIZED RELAYS

Another interesting and unusual use of relays is the arrangement
at the terminating end of a call indicator trunk from a full mechanieal
to a manual office. This arrangement consists of three relays in
serics in the manual oftice, as shown in Fig. 19. One of them is a
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marginal relay adjusted to operate on any current greater than a par-
ticular value.  The other two are polarized relays, one being adjusted
to respond to negative pulses only, while the other responds only
to positive pulses.

Each digit of any number transmitted over the trunk to the manual
office consists of four pulses.  The second and fourth of these pulses are
always negative, but either or hoth of them may be a light or heavy
negative. The first and third pulses may either be positive or
zero, a zero pulse representing a no current interval.  This com-
bination of pulses is shown in the following table:

As cach pulse interval may consist of cither of two kinds of pulses,
there are sixteen combinations which can be transmitted but six of
them are not used, as only ten are required.

The marginal relay is adjusted to operate on heavy pulses only
and as all the positive pulses are light, it does not respond to any
positive pulses or the light negative pulses.  The negative polarized
relay responds to both light and heavy negative pulses and the positive
polarized relay responds to all positive pulses.  During a zero pulse
period all of the relays remain unoperated.  For the second and fourth
pulse periods the negative polarized relay will be operated and the
marginal relay may or may not be operated. During the Arst and
third pulse periods the positive polarized relay may be operated or
all the relays may remain unoperated.  From the operation of these
relayvs an arrangement of register relays is set up which lights hefore
the manual operator the lamps corresponding to the digits trans-
mitted.  The marginal relay used is a counting relay of the type shown
in Fig. 18, as this relay has the qualities of sensitiveness, stability
and permanence of adjustment that are essential for satisfactory
operation.  The other two relays are very sensitive polarized relays
with micrometer adjustment serews and are representative of the
best standards of design for relays of their type. This type of relay is
shown in Fig. 20.

TUE SEQUENCE SWITCH
Most of the relays previously deseribed were designed to meet

speeific requirements of unusual severity which Hmited the design
to individual structures having their armatures in close association
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with the contact carrying springs.  Many of the switching opera-
tions required for relaving a circuit from point to point through an
oftice can be performed under conditions allowing greater latitude in
relay design which has led to the development of several interesting
and unusual forms of multi-contact relavs in which the armatures

Fie. 20—Call indicator polar relay

indircetly coutrol groups ol contact carrving springs.  In the develop-
ment of the machine switching system the work of establishing cir-
cuits performed by human relays was transferred to mechanical
relays and it soon became evident that the number of individual
relay structures of the conventional tvpe required for such a sub-
stitution would be so great and the circuit arrangements would be
<0 complicated that the eost would be prohibitive.

The 21 cam sequence switch shown in Fig. 21 is an interesting
example of the remote contact control multi-contact relay that not
only performs the functions of a multitude of individual relays but
actually replaces entire circuits which would require large numbers
of rela

to control the particular relays that transferred the circuit
from point to point. The relay sequence switch shown in the figure
iz assembled with a shaft that may be rotated into any one of 18
positions which are stamped on an index wheel and are indicated by
the position of the wheel with reference to a pointer fixed to the frame
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of the switch. Each of the circuit switching cams is associated with
four brushes and it is possible to so arrange the contact carrying
segments on these cams that 6621 different circnit combinations can
be established by advancing the switch successively into each of the
18 positions. N

The switch is propelled by a driving dise mounted on a power driven
shaft that revolves constantly at a speed of 36 r.p.m. The driven
dise on the switch in association with the driving disc constitutes a

Fig. 21—24 cam scquence switch

friction clutch under the control of an electro-magnet which deflects
the driven dise to bring it into relation with the driving disc when it
is desired to advance the switch. The electro-magnet corresponds
to the winding of an individual relay structure and the driven disc
is the armature, the combination of the winding and armature simply
serving as a means for controlling the contact relations of a mul-
tiplicity of springs.

Tne PowER DRIVEN SELECTOR

The power driven selector shown in Fig. 22 is another example of
an entircly different form of multi-contact relay for transferring the
three contacts of any one of 500 circuits ta the contact springs of a
brush that will velay that circuit to any desired point.  These 500
circuits are assemblec in five groups of 100 each in five bhanks that are
mounted on a frame as shown in the figure.  Five brushes, one for
cach bank, are assembled on o vertical rod in such relation to the
banks that the mechanical tripping or release, of any brush brings
its springs in contact with the terminals of the bank with which it
is associated.  The corresponding springs of each of the five brushes
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Fig. 22—Power driven selector

ticular group of terminals is referred to as a process of sclection and
is accomplished by driving the brush rod upward until the desired
terminals are reached. When the ciccuit arrangement is no longer
desired the brush rod is driven downward to a normal position where
the tripped brush is also restored mechanically to its original con-

dition.
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The power for elevating and restoring the brush rod is provided
by continuously revolving motor driven steel rolls covered with cork
and mounted at the base of the frame.  The driving of the brush rod,
the tripping of the desired brush, the stopping of the rod and its
restoration to normal are all controlled by a series of clectro-magnets
assembled ina single structure called a cluteh which is also mounted
at the base of the frame directly in front of the rolls.  When a brush
rod is driven cither up or down, a cluteh armature establishes a frie-
tion contact between a flat strip of phosphor bronze fastened to the
lower end of the bruash rod and the cork on the revolving rolls.  This
clutch is comparable to an individual relay structure with a mul-
tiplicity of windings and armatures that are so related that cach
armature will operate only when its associated winding is energized.
The clutch thus does the work of either an exceedingly intricate
individual relay or a whole group of less complicated relays. The
clutch windings are in effect, relay windings that control the posi-
tions of remote contact springs through the operation of armatures
which  associate or disassociate electro-magnetic and  mechanical
energy as is desired.

The STEP-BY-STEP SELECTOR

Another type of multi-contact relay in general use that differs in
form from both the sequence switeh and the power driven selector
ix the step-by=step sclector shown in Fig. 23, It consists of six semi-
circular contact levels assembled in o hank and an clectro-magnet
which drives a set of

ix, double ended, rotary brushes over the ter-
minal are by means of a driving pawl and ratehet wheel.  Each time
the magnet is energized and released the driving pawl engages the
next tooth on the ratehet wheel which rotates to advance the brushes
asingle step so that they make contact with the next set of terminals.
In 41 successive steps the six brushes move through a complete revolu-

tion but as they are double-ended all the possible circuit combina-
tions are set up in the first 22 steps and are then repeated.

In this sclector the winding ol the electro-magnet corresponds to
the winding of an individual relay. Fhe armature in operating
clongates a spring that is shown in Fig. 23 and the ener

v stored in
this spring restores the armature to normal and advances the six
contact making briushes to the next set of contact terminals. Thus
the relay winding and armature control the position of the contact
springs through the ageney of a flexible mechanical link.  The relay
winding may be alternately energized and released by current inter-
ruptions from an outside sonrce or the armature may be arranged to
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interrupt the circnit through the winding by opening a pair of con-
tacts in the operated position to advance the selector by self inter-
ruptions.
Repays iy Torn Crrevirs
Supers ision on all of the longer toll circuits and on most of the
shorter ones is provided on what is known as a ringdown basis.  This

Fig. 23—Siep-by-step rotary switch

usually invelves a ringup relay at cach end of the line, which operates
in response to 20-cycle signaling impulses.  These impulses may be
transmitted over the line from one office 1o the other or they may
originate in the same office as the relay and be impressed on the line
by the operation of a so-called composite ringer in response o signals
of a different frequency. The ringup or drop relay provides the
signal in the toll switchbourd. It is usuaily removed from the cir-
cuit when the line is taken up by the operator and the supervision
is then transferred to the toll cord.

The toll cord supervisory circuit is shown in Fig. 24 and illustrates
a typical condition which has imposed particular requirements on
the relays involved.  The signal receiving relay oF may be bridged
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direetly across the line conductors, in which case its winding must
be of such high impedance that it does not materially affect the
efficicney of the talking circuit.  Experience has indicated that with
the windings commonly used on relays there is some chance of suffi-
cient short circuited turns to materially reduce the inductance of
the winding. This may occur in a relay which would otherwise give
satisfactory operation, the short circuited turns merely reducing
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Fig. 24—Toll cord supervisory circuit

slightly the low frequency or direct-current efficiency.  For this
reason, the relay winding has been divided into two parts, on separate
cores, cither one of which has sufficient inductance to safeguard the
telephone transmission.

The incoming 20-cycle signaling current may be of small value and
the partion through the relatively high impedance of the relay will
be still smaller so that this relay must be extremely sensitive.  The
relay has small moving parts and a comparatively light spring ten-
sion.  These factors contribute to sensitive operation but also permit
the opening of the contact on impulses other than those intended for
signaling.  Such impulses are usually of short duration and the other
relays of the circuit have been designed to limit their effect to prevent
false signals.

Both relays * B and © C"" are of the same type, designe:! to operate
with a slight time lag so that other things being equal they would be
expected to operate at the same time when the cireuit is closed at
yand y. Relay “B," hawever, receives, under the worst condition,
130 per cent. of its rated operating current, while relay *“C" receives
105 per cent. Phis will tend to make refay “B" quicker in opera-
tion than relay " so that when the battery and ground are
connected to the cireuit, relay “ B will operate first and open the

winding of relay “¢.” This is therefore the normal condition of the
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cireuit and is further insured by the faet that the opening of the wind-
ing of “C"" oceurs at a back contact of relay “ 8" while the locking
of " occurs only after the relay has pulled up o close its front
contact.,

The sequence of operation and release resulting from this scries
of relay operations atfords protection against false signals since relay
U1 must operate continuously until “ B has released and “C" has
operated before the lamp circuit is closed.  Relay “B,” in addition
to being slow in operation, is also slow to release, so that the time
interval thus introduced tends to bridge over any transient impulses
that may tend to operate the signal.

The slow operation of relays is seenred by means of a copper slecve
over the relay core.  Slow operation results from the transient condi-
tion existing during the time between the application of voltage to
the relay winding and the building up of the magnetic ficld to a
steady state. Slow release results from the transient condition
existing during the time between the removal of the voltage from the
relay winding and the decay of the magnetic field until the magneto-
motive force falls below the armature restoring force.  These condi-
tions are more casily seen when the relay winding is considered as the
primary of a transformer and the copper sleeve as a short-circuited
secondary winding consisting of a single turn having a very low
resistance.  The operating current, belore it reaches its steady value,
may be considered as an alternating current of one-quarter of a cycle,
starting from zero and building up to a maximum value. Slow oper-
ation of the armature results from opposing the building up of the
flux in the core. Slow release is due to retarding the decay of the
flux in the core. The speed at which the armature operates or re-
leases is not changed but in the first case the application of the magneto-
motive force required to move the armature is delayed, and in the
second case the removal of the magneto-motive force holding the
armature in the operated position is also delayed.  When a voltage
is first applied to the terminals of the winding, the current tends to
build up and establish the magnetic flux at its maximum value in the
relay core. The instant the tlux threads the copper sleeve, a voltage
is induced in the latter, causing it current to flow in it.  This current
in the copper sleeve sets up a flux in the same magnetic path which
opposes the flux building up from the current in the relay winding.
Due to lcakage, the winding flux is greater than the opposing tlux
set up by the sleeve and the resultant flux continues to build up until
it reaches a maximum value. This opposition of the winding tlux
and the flux produced_by the induced current in the copper sleeve
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increases the time for the building up of the magunetic force neces-
sary to move the armature from the normal position. It also in-
creases the time for such a reduction in the magnetic force as will
permit the armature to release.

The slow release feature is further seenred by omitting the stop
pins which are usually provided between the armature and the pole

Key
MegrerEiCicist. winding

Fig. 25—Scctional view of No. 162 type relay, a slow operating relay

picce. This tends to delay the decline in flux through the magnetic
circuit when the current is interrupted.  Fig. 25 illustrates diagram-
matically the structure of these relays.

RELAYS OF THE COMPOSITE RINGER

A somewhat similar use of relays is to be seen in the composite
ringer circuit mentioned above.  The relay circuit of such a ringer
is shown in Fig. 26, in simplified form. This circuit is designed to
receive 20-cyele signals from the switchboard and transmit out on
the line signals of a higher frequency and to receive the higher fre-
queney impulses and in turn transmit 20 cveles to the switchhoard.
In this case, the 20-cyele relay “U17" does not meet the requirement
for high impedance since protection to the telephone circnit is af-
forded by coil “C." A single core is thercefore satisfactory and a
positive make-contact relay is usell.  In this case, the chicf require-
ment is that relay “ B should he slow in operating.
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The chain of relays operating from the high frequency signals
consists of relays D, E and F. Relay "D must be a very sensitive
structure in this case and a polarized relay with a vibrating contact
has commonly been used.  The circuit requirements are such that
the energy available for the operation of this relay is seldom more
than a few hundred microwatts and may be much less. The cir-
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Fig. 26— Composite ringer circnit

cuits are being designed on the basis of giving reliable operation on
20 microwatts. The operation of relay D releases relay “E"
which in turn operates relay F.

Where such a circuit depends on the operation of a vibrating con-
tact relay, the current through this contact is of vital importance.
Whenever the contact is closed, current tends to flow through the
winding of relay “/2."  Fig. 27 illustrates the effect of very weak
signaling currents and of currents sutficient to give proper operation.
The current values through the vibrating relay winding and through
the winding of the secondary relay are shown for two different typical
conditions. \lso, the average or cffective value in winding “E"
is shown.

A circuit feature which has recently been introduced to increase
the sensitivity of relay “D" and to improve the operation of the
secondary relay consists in the introduction of a condenser and the
operation of the vibrating contact as a normally open contact.  The
closing of the contact charges a condenser which tends to operate
the secondary relay by its discharge as soon as the contact opens.
By this combination, the elfect noted in Fig. 27 is climinated and
positive operation of the secondary relay is secured as soon as the
armature vibrates sufficiently to make contact. The local circuit
embodying this feature is shown in Fig. 25, Referring to this figure
and to Fig. 26, relays “D°" and “E" represent the alternating current
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relay and the secondary relay in each case.  In the one case, however,
relay £ operating when relay D’ operates gives positive release
of relay “E" instead of introducing an uncertain resistance in its
circuit.

This circuit embodies several features which are not common in
relay systems.  The operation of relay £’ is dependent on the values

CURRENT IN A CSIGNALING RELAY
AA Current 10 Winding
BB - through Lontoct
Fig. 27—Curve showing signal impulses in a.c. signaling relay
ANY current in winding
BDY, current through contact
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Fig. 28 Circuit for a make contact 135 cycle relay

seleeted for resistances R and R and for condenser K. These values
must he such that the current in the relay winding is maintained
during the opening of the contact of relay “D*" by means of the dis-
charge current from the condenser. On the other hand K and R?

must be proportioned to limit the arcing of the contact of “D" at
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the frequeney of the signaling impulses. The method of releasing
relay £ by short-circuiting its winding has advantages over open-
ing the circuit for the purpose under consideration.  The arcing at
the contact of relay £ is less severe than would be the vase if an
inductive circuit were broken.

A added feature which has been incorporated in the mechanical
design of relay D and which has an impartant bearing on its per-
formance clectrically, is an adjustment limiting the armature travel
This Hmitation of movement prevents a wide deflection when the
relay receives excessive eurrent. Such  dellection would  tend 10
set the armature into vibration and woukl result in a sufficient num-
ber of impulses to operate relay £ and causce false signals.

Tuer Vacvem Tuse

The vacuum tube i~ used for the relaying of energy in a number
of ways. It may be connected in circuit to amplify the received
impulses in which case it sends out energy from a local source with
the same wave shape as that of the received current.  In this case
the tube serves to relay the impulses with as little distortion as pos-
sible.  In the case of a tube used as a modulator or a demodulator
it is required to combine or separate impulses of dilferent character,
the two operating together to preserve the same impulses at the out-
put of the demodulator tube as is received at the input of the modu-
lator. The impulses which are transmitted between the two tubes
have an entirely different wave form and may be amplified any num-
ber of times by means of amplifier tubes without affecting the action
of the modulator and demodulator.

The vacuum tube may also be used as a rectifier to convert alter-
nating current to direet or pulsating current or it may be used as an
oscillator to produce alternating current from a local source of direct
current. In all of these applications of vacuum tubes, the tubes serve
as relays to introduce a fresh supply of energy or a desired wave
form or a combination of the two to serve their purposes in the com-
municition system.

s,

RELAYs FOR TELEGRAPH CIRCUITS

The use of relays for telegraph circuits presents an entirely dif-
ferent set of problems than those usually encountered in the con-
sideration of telephone circuits.  Most telegraph relays are used for
repeating signals from one circuit to another rather than for switch-
ing local circuits. While some marginal operating conditions are
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imposed on telephone relays there is not the wide range of operat-
ing conditions to be met under which most telegraph relays are re-
quired to operate. The numbers involved are usually much less so
that economies in production play a somewhat less important role
and the cost is not quite such an important item. Similarly the
methods of assembly and mounting afford a somewhat wider latitude
than can be permitted where many thousands of relays must be
mounted in comparatively small space.

Because of the exacting requirements imposed on telegraph relays
and to insure continuity of service as far as possible, they are usually
made interchangeable to a much greater degree than telephone relays.
They may be connected by means of screws instead of soldered con
nections or they may be inserted in the circuit by means of spring
clips in a connecting block.

In a telegraph system speed of operation and reliability are the
most important requirements and are very large factors in determin-
ing the mechanical design of the relays. The relay must operate
quickly and accurately so as to cause as little distortion as possible
to the signals.  In addition it must be extremely rugged and main-
tain its adjustment well throughout long continued operation. A
very ordinary day's work for a telegraph relay requires the reliable
operation of its contacts several hundred thousand times and it may
be called upon to open and close its contacts a million times a day.
Where a telephone relay might hesitate and still pull up and perform
its function properly or might make uncertain contact at first, such
behavior on the part of a telegraph relay would result in false
impulses and would quickly call for a readjustment or a change of
relays.

With the exception of some of the alternating current signaling
relays in telephone circuits the energy available in telegraph relays
is usually less than that available for telephone relays. The more
sensitive relays are called upon to operate from line current which
has been attenuated by leakage or by parallel paths and which may
have been limited at the distant station. Systems operating over
open wire lines are usually restricted to about 075 ampere at the
sending end and in cable the normal current is about 005 ampere.
This difference is not as great in actual operation as would appear
since the open wire system operates on a ground to ground basis and
the cable on a metallic basis. In operating from ground at one
station to ground at another differences in ground potential and
leakages occur which require a greater margin than is necessary with
the metallic system.
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Il satisfactory telegraph service is to be rendered, particularly on
long circuits involving a number of relaving points, it is essential
that the telegraph relays employed have such operating character-
istics that they introduce as little distortion to the signals as possible.
It has been found that the polarized type of relay fuliills this con-
dition to a greater extent than the neutral type of relay which is
used in local eircnits and in some telegraph circuits where extreme
accuracy is not required.  The polar relay permits arrangements of
circuits which minimize the efiect of poor wave shape and line leak-
age. It also is more casily adapted to variations in current strength
and may be adjusted to give more accurate repetition of the signals
under all conditions.

A number of important developments in telegraph relays have
led up to the relay shown in Fig. 20, This relay gives reliable opera-
tion with -amperc turns in the winding and by careful adjustment
may be nade to operate on a small fraction of that.

Fig. 29--Photograph of telegraph type relay

While the telegraph relay may be called upon to operate on very
small energy, its contact must be capable of handling much larger
quantities. Due to the speed of operation desired and to the de-
pendence on accurate transmittal of cach impnlse the contacts must
operate without chatter or vibration.  Great care has been taken in
the design of the relays and the circuits to protect the contacts and
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insure good operation.  Chatter can be largely eliminated by careful
mechanical design and the effect of the are set up when the contact
is called upon to break the current in a circuit carrying several watts
can be minimized somewhat by means of, so-called, spark killers.
These consist of condensers and resistances so proportioned as to
absorb the foree of the arc in the charging of the condenser when the
contact opens.  They can be utilized still further in modifyving the
shape of the transmitted wave by the charging of the condenser when
the contact is opened.

Telegraph relays and their applications have been referred to in this
paper only in the most general terms because of the variety of their
forms and uses. It is planned to cover this as well as other subjects
pertaining to relays in a series of later papers.




Some Applications of Statistical Methods to the
Analysis of Physical and Engineering Data

By W. A, SHEWHART

Syvopsis: Whanever we measiire any physical quantity we  eus-
tomarily oltain nuny ditferent values as there are obseryvations.

‘rom a consideration of these measurements we must determine the
most probable value; we must find ont Jrote much an observation may
be expected to vary from this most probable value; and we must Jearn
as much as possible of the reasons why it \.nrirs in the particular way
that it docs.  In other words, the real value of physical measurements
lics in the fact that from them it is possible to determine something of
the nature of the results to be expected if the series of observations
is repeated. The best use can be made of the data if we can find from
them the most probable frequency or occurrence of any observed
magnitude of the physical quantity or, in other words, the most prob-
able law of distribution.

It is customary practice in connection with physical and engincering
measurements to assume that the arithmetic mean of the observations
is the most prolable value and that the frequency of occurrence of
deviations from this mean is in accord with the Gaussian or normal
law of error which lics at the foundation of the theory of errors. In
most of those cases where the observed distributions of deviations have
been compared with the theoretical ones based on the assumption of this
law, it has been found highly improlable that the groups of obscrva-
tions could have arisen from systems of causes consistent with the
normal law. Furthermore, even upon an a priori basis the normal law
is a very limited case of a more generalized one.

Theretore, in order to find the prolability of the occurrence of
deviation of a given magnitude, it is necessary in most instances to find
the theoretical distribution which is more prohable than that given by
the normal law. The present paper deals with the application of ele-
mentary statistical methods for finding this best lrcqucnq distrilmtion
of the deviations. In other words, the present paper points out some
of the limitations of the theory of errors, hased upon the normal law,
in the analysis of physical and engincering data; it suggests methods
for overcoming these ditliculties hy basing the analysis upon a more
gencralized law of crror; it reviews the methods for finding the best
theoretical distribution and closes with a discussion of the magnitude
ol the advantages to he gained by either the physicist or the cngineer
from an application of the methods reviewed hercin,

INTRODUCTION

\\ < ordinarily think of the physical and engineering sciences as

being exact.  In a majority of physical measurements this is
practically true. It is possible to control the causes of variation so
that the resultant deviations of the observations from their arithmetic
mean are small in comparison therewith.  In the theory of measure-
ments we often refer to the “true value’ of a physical quantity: ob-
served deviations are considered to be proaduced by errors existing in
the method of making the measurements.

43
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With the introduction of the molecular theory and the theory
of quanta, it has been necessary to modify some of our okler con-
ceptions.  Thus, more and more we are led to consider the problem
of measuring any physical quantity as that of c»-tahlhhlm: its most
probable value. We are led to conceive of the physico-chemical
laws as a statistical determinism to which “the law of great num-
bers” ' imparts the appearance of infinite precision.  In order to
obtain a more comprehensive understanding of the laws of nature
it is hecoming more necessary to consider not only the average value
but also the variations of the separate observations therefrom.  As
a result, the application of the theory of probabilities is recciving
renewed impetus in the fields of physics and physical chemistry.

Statistical Nature of Cerlain Physical Problems. As typical of the
newer type of physical problem, we may refer to certain data given by
Prof. Rutherford and H. Geiger.?  In this experiment the number of
alpha particles striking, within a given interval, a screen subtending a
fixed solid angle was counted. Two thousand six hundred and cight
observations of this number were made.  The first column of Table 1
records the number of alpha particles striking this screen within a
given interval.  The second column gives the frequency of occurrence
corresponding to the different numbers in the first column.

TABLE 1

No. of Alpha Observed Frequency
Particles of Occurrence

0

e SO IS U b -

Tt

1t is obviously impossible from the nature of the experiment to at-
tribute the variations in the observed numbers to errors of observa-
tion. Instead, the variations are inherent in the statistical nature
of the phenomenon under observation.

"Fach class of event eventnally occurs in an apparently definite proportion
of cases. The constancy of this proportion increases as the numher of cases
increases.

? Philosophical Magazine, October, 1910,
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The questions which must be answered from a consideration of these
data are typical.  For example, we are interested to know how a
second series of observations may be expected to differ if the same
experiment were repeated.  The largest observed frequency corre-
sponds to four alpha particles, althongh what assurance is there that
this is the most probable number?  What is the probability that any
given number of alpha particles will strike the screen in the same
interval of time?  Or again, what is the maximum number of alpha
particles that may be expected to strike the sereen?  All of these
questions naturally can be answered providing we can determine
the most probable f{requeney distribution.

Statistical Nature of Certain Lelephone Problems. The character-
istics of some telephone equipment cannot be controlled within
narrow limits much better than the distribution of alpha particles
could be controlled in the above experiment.  We shall confine our
attention primarily to a single piece of equipment.  The carbon micro-
phone. For many reasons it is necessary to attain a picture of the
way in which a microphone operates. 1t is necessary to find out
why carbon is the best known microphonic material.  In order to
do this we must measure certain physical and chemical characteristics
of the carbon and compare these with its microphonic properties
when used under commercial conditions. In the second place it
becomes necessary to establish methods for inspecting manufactured
product in order to take account of any inherent variability, and
yvet not to overlook any evidence of a “trend’” in the process of manu-
facture toward the production of a poor quality of apparatus. In
the third place it so happens that the commercial measure of the
degree of control exhibited in the manufacture of the apparatus
must be interpreted ultimately in terms of sensation measures given
by the human car. That is, the first phase of the problem is purely
physical; the second is one of manufacturing control and inspection
and the third involves the study of a variable quantity by means
of a method of measurement which in itself introduces large variations
in the observations.

In one of the most widely used types of microphones there are
approximately 50,000 granules of carbon per instrument. 1<ach of
these granules is irregular in contour, porous and of approximately
the size of the head of a pin.  If such a group of granules is placed
in a cylindrical lavite chamber about }-inch in diameter and closed
at either end with gold-plated clectrodes; if this chamber is then
placed on a suspension free from all building vibrations and carefully
insulatedd from sound disturbances; il automatically controtied
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mechanical means are provided for rolling this chamber at any desired
speed; if all of the air and sorbed gases are removed {rom the carbon
chamber and pure nitrogen is substituted; if the mean temperature is
kept constant within 2° C; and if means are provided for measuring the
resistance of the granules when at rest by observing the voltage
across the two clectrodes while current is allowed to How for a period
less than 1 200 of a sccond, it is found that the resistance (for most
samples of carbon) may be determined within a fraction of one per

cent. I, however, the button is rotated (even as slowly as possible)
and then brought to rest, the resistance may differ several ohms from
its first value. If a large number of observations are made after
this fashion, we may expect to find for certain samples of carbon a
set of values such as given in Fig. 1. The 270 observations of re-
sistance reproduced n this figure were made on a sample of carbon
at 11y volts under conditions quite similar to those outlined above.
The observed variation is from approximately 215 to 270 ohms.
The upper curve is that of the resistance vs. the serial number of
the readings.  There is no apparent trend in the change of resistance
from one reading to another.  The lower curve in this figure shows
the frequency histogram of the results.  Attention is directed to the
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wide variation in the observations, and to the fact that the frequene
histogram appears to be bimodal.*  Methods of dealing with such
distributions will be considered.

Samples of carbon having different molecular surface structures
have different resistances.  To put it in a still more practical way,
il the manufacturing process is not controlled within very narrow
limits, wide variations are produced in the molecular properties ol
the carbon. The microphonic properties of these carbouns are there-
fore different.  One of the problems with which we have been con-
cerned is to determine the relationship existing between the physical
and chemical characteristics of the carbon and the resistance of the
material when measured under different conditions.  We are obvi-
ously dealing in this case with problems involving the measurcment
of physical quantitics which cannot be controlled ¢ven in the labora-
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*If curves which toueh the axis at + 2 and ~- % have morc than onc value
of 1he variable for which the derivative of the frequency in respect to the
variable is ecqnal to zero—the points being other than that for which the fre-
quency is z(rn—lhcﬂc curves are referred to as himodal, trimodal, ete. The
modal value is the most probable one and is of mrucular interest in uni-
modal curves.
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tory. 1 we remove the air and measure the resistance at different
voltages, we may cxpect to hnd changes in the resistance similar
to those indicated in Fig. 2. Curves 1 and 2 were taken for increasing
voltages. The return curves were taken with decreasing voltage.
Removal of the air from this particular sample of carbon produces
comparatively large changes in the resistance.  The resistance at 11,
volts is several times that at 48 volts.  These curves were taken
under conditions wherein all of the other factors were controlled. A
sufficient number of observations was made in each case in order to
establish the probable errors of the points as indicated by the radii of

Fig. 3—Possible Types of Breathing of Granular Carbon Microphone.

the circles. If this same experiment were carried on at a different
temperature, radically different results would be obtained.

If, instead of allowing the current to flow for a short interval of
time, a continuous record is made of the resistance of the carbon
while practically constant current flows through the carbon, the
resistance will be found to vary.  The maximum resistance reached
in certain instances may amount to several times the minimum value.
In general, this phenomenon is attributed to the effects of gas sorbed
on the surface of the material.  Transmitters cannot be made of
lavite so that the expansions and contractions of the piece parts
thereofl augment  the changes in resistance.  This phenomenon,
termed “breathing,” may be, but seldom is, regular or periodic.  An
exceptional case of breathing is shown in Fig. 3. This was obtained
with a special type of carbon in a conmmercial structure. The cury
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thenmiselves represent the current through the transmitter and, there-
fore, are inversely proportional to the resistance. All five curves
were obtained with the same carbon in the same chamber by varying
merely the configuration of the granules by slightly tapping the carbon
chamber.

All of these effects can be modified to a large extent by varying
the process of manufacture of the granular material.  In practice it
is neeessary to know why slight changes in the manufacturing process
cause large variations in the resistance characteristics of the carbon.
The same process that improves one microphonic property may prove
a detriment to another. s in the solution of some of these problems
that statistical methods have been found to be of great value in the
interpretation of the results.

Whereas the physicist ordinarily works in the laboratory uunder
controlled conditions, the engineer must work under commercial
conditions where it is often impractical to secure the same degree of
control. More than 1,500,000 transmitters are manufactured every
vear by the Bell System. Causes of variation other than those intro-
duced by the carbon help to control the transmitter. For example,
variations may be introduced by the process of assembly, or by
differences in the piece parts of the assembled instrument. The
measure of the faithfulness and efticiency of reproduction depends
fundamentally upon the human car. Obviously all transmitters
cannot be tested.  Instead, we must choose a number of instruments
and from observations made on these determine whether or not there
is any trend in the manufactured product.  Naturally we may expect
to find certain variations in the results according to the rules of chance.
To take the simplest illustration, we may flip a coin 6 times. Even
if it is symmetrical we may expect occasionally to find all heads and
occasionally all tails, although the most probable combination is
that of 3 heads and 3 tails. We must, therefore, determine first of all
whether or not the observed variations are consistent with those due
to sampling according to the laws of chance. If there is an apparent
trend in product, the data should be analyzed in order to determine,
if possible, whether it is due to lack of control in the manufacture
of carbon or to some other set of causes such as mentioned above.
Because of economic reasons we must keep the number of observations
at a minimum consistent with a satisfactory control of the product.
Here again it has been found that the application of statistical methods
is necessary to the solution of the problems involved.

Before considering the problem of the measurement of efficiency
and quality of the transmitter, let us consider the schematic diagram
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of the tclephone system as shown in Fig. 4. Essentially this consists
of the transmitter, the line and the receiver. The oldest method
of measurement is to compare one transmitter against a standard
in the following way. An observer calls first in the standard and
then in the test transmitter, while another observer at the receiving
end judges the faithfulness of reproduction. The pressure wave
striking the transmitter diaphragm varies with the observer and also
with the degree of mechanical coupling between the sound source
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Fig. 4

and the diaphragm of the instrument. The judgment of the observer
at the receiving end in influenced by physiological and psychological
causes. Obviously it is desirable that such a method be supplanted
by a machine test which will eliminate the variabilities in the sound
source and in the human ear. Up to the present time the nature of
speech and the charaeteristies of the human car are not known sufh-
ciently well to establish cither an ideal sound source or an eleetrieal
meter to replace the human voice and ear respectively.  The best that
can be done is to approximate this condition. Even though the
meter readings may be the same, the simultaneous observations
made with the car in general will be different. A calibration of the
machine must, therefore, depend upon a study of the degree of correla-
tion between the average measure given by the machine and that
given by the older method of test.

Thus, we sec how special problems arise in the fields of both physics
and engineering wherein it is impossible to control the variations.
In what way, if any, are these problems related, or is it necessary to
attack cach one in a different manner? We shall see that all of
these problems are in a way fundamentally the same and that the
same method of solution can be applied to all of them. This is true
because it is necessary to determine in every instance the law of
distribution of the variable about some mean value.
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Way Do Wi N\
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D o KNow 1 Law oF DEVIATION OF THE
ENT ORSERVATIONS ApoUT Some Meay Vave?

In all of the above problems as in every physical and engincering
one, certain typical questions arise which can be answered only if we
know the law of distribution y=f{x) of the observations where y
represents the frequency of oceurrence of the deviations x from some
mean value. At least three of these questions are the same for both
tichls of investigation.®

et us consider the physical problem.  From a group of » observa-
tions of the magnitude of a physical quantity, we obtain in general »

distinet values which can be represented by Xy, X, o From
a study of these we must answer the following questions:

1. What is the most probable value?

2. What is the frequency of occurrence of values within any two

limits?
3. Is the set of observations consistent with the assumption of a
random system of causes?

The answers to these questions are necessary for the interpretation
of Prof. Rutherford’s data referred to above: They are required in
order to interpret the data presented in Fig. 1 which are typical of
physical and chemical problems arising in carbon study; these same
answers are fundamentally required in the analysis of all physical data.
These questions can be answered from a study of the frequency dis-
tribution. If this be true, it is obvious that the statistical methods
ol finding the best distribution are of interest to the physicist.

Let us next consider the engineering problem where we shall see
that the same questions recur.  Assuming  that manufacturing
methads are established to produce a definite number of instruments
within a fixed period, one or more of the characteristics of these
instrunmients must be controlled.  We may represent any one of
these characteristics by the symbol X. The total number of instru-
ments that will be manufactured is usually very indefinite. Tt is,
however, always fnite.  Even with extreme care some variations
in the methods of manufacture may be expected which will produce

*In order to cabbirate the machine referred to in a preceding paragraph
and also to determine the relationships between the physico-chemical and micro-
phonic properties of C‘lrln-n‘ it was necessary to study the corrclation between
twe or more yvariables, hut in « case il was necessary to determine first the
law ¢i distribution for cach variable in order 10 interpret the physical signiti-
cance of the measures of correlation because this d«lumlx upon the laws of
distabunion. The reason Tor this is not discussed in the present paper, for
attention is here confined 10 the method of establishing the lest theoretical
trequency distribution derived from a study of the ohbseryvations.
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variations from instrument to instrument in the quantity X. After
the manufacturing methods have been established, the first problem
is to obtain answers to the following questions:

1. What is the most probable value of X2

2. What is the percentage of instruments having values of X
between any two limits?

3. Are the causes controlling the product random, or are thev
correlated? ®

In this practical case we must decide to choose a certain number
of instruments in order to obtain the answers to these questions;
that is, to obtain the most probable frequency distribution. We
must, however, go one step further. We must choose a certain
number of instruments at stated periods in order to determine whether
or not the product is changing. How big a sample shall we choose
in the first place, and how large shall the periodiec samples he?  Obai-
ously it is of great economic importance to keep the sample number
in any case at a minimum required to establish within the required
degree of precision the answers to the questions raised.

The close similarity between the physical and engineering problems
must be obvious. Naturally, then, we need not confine ourschves
in the present discussion to a consideration of only the problems
arising in connection with the study of those microphonic properties
of carbon which gave rise to the present investigation. Several
examples are therefore chosen from fields other than carbon study.
However only those points which have been found of practical ad-
vantage in connection with the analysis of more than 500,000 obscrva-
tions will be considered.

The type of inspection problem may be illustrated by the data
given in Table II.

The symbol X refers to the efficieney of transmitters as determined
in the process of inspection: N represents the number of instruments
measured in order to obtain the average value .X. The first four
rows of data represent the results obtained by four inspection groups
Gy, Go, Gy and Gy The results given are for the same period of time.
The next three rows are those for different machines M, M. and My,
The last row gives the results of single tests on 68,502 transmitters, a
part of which was measured on cach of the three machines.  The third
column in the table gives the standard deviations. 1t will be observed

® The significance of this question will hecome more evident in the course of
the paper. We shall find that, it (he causes are such as to be technically termed
random, we can answer all practical questions with a far greater degree of
preeision than we can if the canses are not random.
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FABLE TH

INSEECTION DATA ON TRANSMITTERS

z R } PPear-
X o N k %% | B2 |%3 | Ox |30 3o son
A 1 | kP Type
Gy REE R (Il.(l| 1510/ 214 0364 152] 073 0L 108 219 18N
Gy 740 890 0533 2540 980 0194 426) 97 018 147 2910 V]
Gy 700, Th2 0508 1620 109 0015 170/ 122,019 183; 3606 V1
Gy 031 077’ 0308 zr.m‘ I 1131 0487 677 (l‘)b‘ 013 141 288 IV
! | |
My —1 66 1 32 0386 10855 — 70 | 0243 1280 047 013,.072) 141
My =169 107 030011577 — 84 | 0234 240, mo; 010, .069| 138
My —-179 104

0510] 3749 — 56 | 0403 628] 080 017 1.’o| 240

| ] '

Machines —1 6411 (4 ()131‘05‘5()3‘— 80 | 009 Out
) } |

om‘ 027‘| |

that comparatively large differences exist between the averages
obtained for different groups of transmitters by different groups of
observers.  Similarly, comparatively large variations exist in these
averages even when taken by the machines (the large difference
between the sensation and machine measures is due to a difference
in the standard used, corrections for which are not made in this table).

Are these differences significant? Is product changing? That is,
are the manufacturing methods being adequately controlled?  Are
these results consistent with a random variation in the causes con-
trolling manufacture? These are the questions that were raised in
connection with the interpretation of these data. The ordinary
theory of errors gives us the following answer. [t will be recalled
that the standard deviation (or the root mean square deviation) of the
average oy is equal to TU—\- Also, from the table of the normal
probability integral we find that the fractional parts of the arca
within certain ranges arc as follows: For the ranges X 40, X #20,
and X +30, we have the percentages 68.268, 95.450, and 99.730
respectively.  Obviously, it is highly improbable that the difference
between averages should be greater than three times the standard
deviation of the average, providing we assume that all of the samples
were drawn from the same universe: In other words, that all of the
samples were manufactured under the same random conditions.
The fourth column, then, indicates practical limits to the variations
in the averages. [t is obvious, therefore, that the differences between
the averages are larger than could have been expected, if the same
system of causes controlled the different groups of observations. In
other words the differences are significant and must be explained.
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Why do these variations exist?  We shall show in the course of
the discussion that the normal law 1s not sufficient to answer these
questions.  We shall show also that the variations noted are largely
the result of the method of sampling used at that time. The sig-
nificance of the other factors given in this table is discussed later.

Wiy Is THE APPLICATION OF TilE NORMAL Law LisiTep?

Why can we not assume that the deviations follow the normal taw
of error? This is

25° (1)

where ¢ is the root mean square error \ 7\":;'\: and y is the frequency
of oceurrence of the deviation x from the arithmetic mean and n is
the number of observations? If they do, the answers to all of the
questions raised in the preceding paragraphs can be easily answered
in a way which is familiar to all acquainted with the ordinary theory
of errors and the method of least squares.  This is an old and much
debated question in the realm of statistics.  Let us review briefly
some of the a posteriori and a priori reasons why the normal law has
gained such favor and yet why it is one of the wost limited, instead
of the most general, of the possible laws.

A Posteriori Reasons. The original method of explaining the
normal law rests upon the assumption that the arithmetic mean
value of the observations is always the most probable.  Since expe-
ricnce shows that the observed arithmetic mean seldom satisfies the
condition of being the most probable we may justly question the
law based upon an apparently unjustified assumption.

Gauss first enunciated this law which is often called by his name.
The fact that so great a mathematician proposed it led many to
accept it He assumes that the frequency of occurrence of a given
crror is a function of the error.  The probability that a given set of
n observations will occur is the product of the probahilities of the »
independent events.  Tle then assumes that the arithmetic mean is
the most probable and finds the cquation of the normal law. Thus
he assumes the answer 1o the first question; that is, he assumes that
the most probable valne is always the arithmetic mean.  In most
physical and engineering measurements the deviations from  the

arithmetic mean are small, and the number of observations is not
sufficiently large to determine whether or not they are consistent
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with the assumption of the normal law.  Under these conditions this
law is perhaps as good an approximation as any.

The Tundamental assnmptions underlying the original explanation
were later brought into question. What a priori reason is there for
assuming that the arithmetic mean is the most probable value?  Why
not choose some other mean? ® Thas if we assume that the median 7
value is the most probable, we obtain as a special case the law of
error represented by the following equation

=l 2)

where ¥ represents the frc([uvn(‘\' of occurrence of the deviation x from
the median value and e is the Naperian base of logarithms.  Both
b and & are vonstants.  H, however, we assume that the geometric
mean is the most probable, we have as a special case the law of error
represented by the following equation :

_\,=A{,—Ix’(lug X —loga)? (3)

where in this case y is the [requency of occurrence of an observation
of magnitude X, “a” is the true value, and .1 and & are constants.®

Enough has been said to indicate the signilicance of the assumption
that the arithmetic mean is the most probable value, but, why choose
this instead of some other mean?  No satisfactory answer is available.
So far as the anthor has been able to discover, no distribution represent-
ing physical data has even been found which approaches thé median
law. Several examples have been found in the study of carbon
which conform to the law of error derived upon the assumption that
the geometric mean is the most probable.  If the arithmetic mean
were observed to be the most probable in a majority of cases, we
might consider this an a posteriori reason for accepting the normal
law. We find the contrary to be the case.

Furthermore, we find in general that the distribution of errors is
non-symmetrical about the mean value.  In fact, most of the distri-
butions which are given in textbooks dealing with the theory of
crrors and the method of least squares to illustrate the universality

*An average or mean salue may be defined as a quanlity derived from a
given set of observations by a process such that if the observations became all

equal, the average will coincide with the obseryations, and if the observations
are not all equal, the average is grealer than the least and less than the greatest.

“1f a series of n observations arc arranged in wccunlmg order of magnitude,
the median value is that curn:pun(lmg to the observation occurring midway
between the two euds of the series.

* A very interesting discussion ol the various laws that may be oblained by
assuming different mean values is given in |. M. Keynes” "\ Trealise on the
Theory oi Probability
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of the law are, themselves, inconsistent with the assumption of such
a law. Prof. Pearson was onc of the first to point out this fact. He
considers among others an example originally given by Merriman *
in which the observed distribution is that of 1,000 shots fired at a
target. The theoretical normal is the solid line in Fig. 5 and the

S . - . ° ©

Fig. 5

observed frequencies are the small circles.  \When represented in this
way there appears to be a wide divergence between theory and ex-
perience. Of course, some divergence may always be expected as
a result of variations due to sampling; and, too, we must always
question a judgment based entirely upon visual observation ' of a
graphical representation of this character. Prof. Pearson uses his
method—which will be discussed later  for measuring the goodness
of fit between the theoretical and observed distributions. He !t
finds that a fit as bad or worse than that observed could have been
expected to occur on an average of only 15 to 16 times in ten million.
We must conclude, therefore, that these data are not consistent
with the assumption of a universal normal law.

A Priori Reasons. IFrom the physicist's viewpoint the origin of
the Gaussian law may be explained upon a moie satisfactory basis.

*“NMecthod of Lecast Squares,” Eighth Edition—DPage 14.

*This point will be emphasized later :i—first, by showing that these data
appear consistent with a normal law when plotted on probability paper, and
sccond, by showing that some frequeney distributions appear normal when

plotted cven though they are not. The other data in this table will be re-
ferred to later,

" Reference to the original article and a quotation therefrom given in the
cleventh edition of the Encyclopedia Britannica on the article “1’robability.”
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It is that which was originally suggested by La Place.  If, however,
we accept this explanation, we must accept the fact that the normal
law is the exception and not the rule.  Let ns consider why this is
true.'?

This method of explanation rests upon the assumption that the
normal law is the first approximation to the frequencies with which
ditferent values will be assumed by a variable guantity whose varia-
tions are controlled by a large number of independent causes acting
in random fashion.  Let us assume that :

a. The resultant variation is produced by n canses.

. The probability p that a single cause will produce an effect A x
is the same for all of the causes.

c. The elfect A x is the same for all of the causes.

d. The causes operate independently one of the other.

Under these assnmptions the frequency distribution of deviations of
0, 1, 2. .. u positive increments can be represented by the successive
terms of the point binomial N(g+p)" where N represents the total
number of observations.

Under these conditions if p=¢ and n==, the ordinates of the
binominal expansion can be closcly approximated by a normal curve
having the same standard deviation.  These restrictions are indeed
narrow. In practice it is probable that p is never cqual to ¢, and it
is certain that n is never infinite.  Therefore, the normal distribution
should be the exception and not the rule.

There is a more fundamental reason, however, why we should
seldom expect to find an observed distribution which is consistent
with the normal law. {n what has preceded we have assumed that
cach cause produced the same elfect A x, and that the total effect in
any instance is proportional to the number of successes.

l.et us assume that the resultant effect is, in general, a function of
the number 7 of causes producing positive effects, that is, let X =¢(n).
Thus we assume that the frequency distributions of the number of
causes and of the occurrence of a magnitude X are respectively

y=f(n)
and

n=h ()

for two values of n, say n and n4dn, there will e two values of .,
say X and Y4+dX. The number of observations within this interval
of n must be the same as that within the corresponding interval of X

" Bowley “Elements of Statistics,” Part 1.
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If the distribution in X" is normal such that we have

_(X—a)

then

lp(n)--a]*

—olme 22 (1)
T

where a is the arithmetic mean value, therefore, the distribution
of the causes need not be normal; conversely if the causes are dis-
tributed normally, the observations will not in general be normal.

This idea is of great importance in the interpretation of observed
distributions of physical data.!® To illustrate, let us assume that the
natural causes which affect the growth of apples on a given tree
produce a normal variation in the diameters of the apples. Obviously,
the distribution of either the cross-sectional arcas or the volumes
will not be normal.™. [f the distribution of the diameters is normal
as supposed, the arithmetic means of these diameters is the most
probable value. Obviously, however, neither the arithmetic mean
area nor the arithmetic mean volume will be the most probable,
because in general

1\* o ¥ I\‘ 5 2
S0OFASC 2N, ()

As already indicated, the deviations dealt with in the present investi-
gation were not small. The form of the observed distribution may
be expected, therefore, to depend upon the functional relationship
between the observed quantity and the number of causes.  We shall
7 Kapteyn, J. C.—Skew Freqnency Curves—Groningen, 1903,
"In the theory of errors this fact is taken into account by assuming that

the variations arc always small. Thus, if the variable X' can be represented as
a function I of certain other variables U, U ... Um so that we have

X =8y, Uy oL Um),
we ordinarily assume that we can write this expression in the following form
N=L(a+w, a: 1, oo am+ tm)

A further assumption is made that the u's are small so that 2nd and higher
powers and products of these can be neglected.  Under these conditions the
distribution of N is normal and has a standard deviation given hy the following

expression
Aly? SR\ 2 aF \?
=\J ("l‘l,;ll") + (aﬁcélr;) +... (”!'..Tqrm) E

But, thus, we are led to overlook the \lklllh(‘.lllt( of the form of I, particularly
in those practical cases snch as are of interest in the present paper where the
quanutics w, Wi, ... W, are not small,

ZX




WeLIC 1 11oN OF SELISEIc . MEHITODS 0

illustrate the signiticance of these ideas as an aid in the interpretation
of data by reference to the results of our sundy of the law of error of
the hnman ear in measuring the eficiency of transmitters.

Let us consider the problem of determining the minimum audible
sotund intensity.  Let us asswie that there are 2 physiological and
psyehological eauses controlling this sensation measure, and that the
probabilitics of the causes producing 0, 1, 2. .. » effects are dis-
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tributed normally. Because of these differences in human cars
different amounts of sound energy are required to produce minimum
audible sensations.  What is the distribution of encrgies?

The data are given in Fig, 6. These have been previously reported
by Fletcher and Wegel of this laboratory.®  The method of making
these measurements was deseribed in their original papers. 1t is
sufficient to recall that the results are given in terms of pressures in
dynes per square centimeter.  Seven hundred and ten observations
covering the frequency range of from 60 to 8,000 cycles are included.
The data include results for hoth ears of 14 women and 20 men, and
one car only for two women and two men.  Only cars that had been
medically inspected as being physiologically normal were selected.
These results, therefore, include variations in the obs=ervations of a
single observer with those of different observers.

The nawural logarithms of the intensities were added and  the
average of these wa~ obtained. The distribution of the natural

® Fletcher, 11 and Wegel, R L~ Proceedings of the National \eademy of

Scieace - Vol VI, pp. 3 6, fanuary, 1922,
Physical Revies, Vol NIN, pp. 330 seq. 1922,
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logarithms of the intensities is given in the second column of the
table in Fig. 6. The smooth line is the normal curve based upon the
observed value of standard deviation. The distribution of the
logarithms of the intensities is normal.’® The arithmetic mean of
the logarithms is the most probable. Therefore, the distribution
of intensities is decidedly skew, and the geometrie mean intensity is
the most probable. Here, then, is an exeellent example in which
it is highly probable that the distribution of the causes is random
and normal, but in which the resultant effect is not a linear function
of the number of causes.”

Cax WE EvErR ExpEcT 10 FixD A NORMAL DISTRIBUTION
IN NATURE?

The answer is affirmative. If the resultant effect of the inde-
pendent causes 1s proportional to their number, the distribution
rapidly approaches normality as the number of causes is increased
even though p+=q.

To show this, let us assume that the variation in a physical quan-
tity is produced by 100 causes, and that cach cause produces the
same effect Ax. Also, let us assume the probability p to be 0.1, that
each eause produces a positive effect.  The distribution of 0, 1,2, . . .z
successes in 1000 trials is given by the terms of the expansion 1000
(9411, Obviously such a distribution is skew, p is certainly
not cqual to ¢, and » is far from being infinite.  If the normal law

*In fact this is an exceptionally close approximation to the normal law.
This will be more evident afier we have considered the methods for measuring
the gooduess of fit as indicated hy the other calculations given in this figure.
For the present it is sufficient to know that approximately 75 times out of 100
we must expect to get a system of observations which differ as much or more
from the theoretical distribution calenlated from the normal law than the ob-
served distribution differs therefrom in this case, The fact that the second

approximation does not fit the observed distribution as well as the normal—
i.c. the measure of probability of fit £ is less—indicates that the obscrved value
of the skewness & is not significant.

""These results are of particular interest to telephone engineers. The fact
that the distribution of the logarithms of the iutensitlies is normal is consistent
with the assumption of Fechner's law which states that the sensation is pro-
portional to the logarithm of the stimulus, The range of variation (that is,
X = 3o) in different observers’ estimates of the sound intensity required to
produce the minimum andible sensation is approximately 20 miles. The range
of error of estimate depends upon the intensity of sound and decreases as the
sound energy level inereases. Thus for the average level which prevails for
transmission over the present form of telephone system in a three mile loop
common battery circnit it is less than 9 miles. Even at this intensity, however,
it is obvious that although scarcely any observers will differ in their estimates
by more than 9 miles, 50% of them will differ by at least 2 miles. These
results also furnish experimental basis for the statement made in the beginning
of this paper: that is, the variations introduced in the method of measurement
of transmitter efficiencics are large in comparison with the average cfficiency.
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were fitted o such a distribution, would it be possible to detect casily
any great difference between theory and observation?

Let us compare the two distributions.  The data are given in
Table T First, the average value must be the most probable in
order to be consistent with the normallaw. Tt is, because the observed
most probable value corresponds to 10 successes, and the average of
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Fig. 7

the hypothetically observed distribution is 9.998.  This under ordi-
nary circumstances would be considered a close check between theory
and practice.

The normal distribution is given in the third column of the table.
LLven though there is a difference between the frequencies given in
the second and third columns, would the average observer be apt to
conclude that the hypothetically observed distribution is other than
normal? He would probably base his answer upon a graphical
comparison such as given in Fig. 7. The solid line represents the
normal curve; whercas the frequencies given in the second column
of Table 111 are represented by cireles. 1t is obvious that the normal
law appears to be a very close approxinition to the terms of the
binomial expaunsion.

Thus we see that for even a small number of causes the difference
between p and ¢ may be quite targe, and yet the difference between
the distributions given by the binomial expansion and that given by
the normal law is apparently small and not casily to he detected by
ordinary methods. s 7 inereases the closeness of fit does likewise.




APPLICALION OF STALISTICAL METHODS 03

If pis equal to g, the number of causes must be very small indeed
before we are able to detect the difference between the terms of the
binomial expansion and those given by the normal law.  To show
that this is true | have chosen i case corresponding to a physical
condition where there are only 16 causes and where p is equal to q.
The data are given in Table 1V

TABLE IV
Normal Law
Successs S+ 58 with same o
i i

1] VOO 53 OUON66Y
1 0002441 MN4363
2 D083 L0022159
3 83449 0087041
+ M277710 0269935
5 0666504 0647580
o 1220825 (1200853
7 1745005 1700320
8 1963806 1994711
9 1743605 1760320
10 1220825
tl +
12 0269955
3 L0087641
14 00183t ! 0022139
15 0002441 | 0004363
103 0000153 0000669

Obviously, therefore, the limitations imposed by the assumptions
as to the number of causes and the equality of p and g are not as
important as they might at first appear. It is probable that this is
one of the reasons why we find approximately normal distributions.
If, however, p is sufficiently small, the difference between the observed
distribution and that consistent with the normal law can casily be
detecte 1. We shall show in a later section that (his is true for Ruther-
ford’s data.™

Is Turre A Untversat Law oF Erroxr ?

Obviously from what has already been said, the normal law is not a
universal lTaw of nature. It is probable that no such law exists.  We
do, however, have certain laws which are more general than the
normal. We shall consider briefly some of these types in an effort to
indicate the advantages that can be gained by an application of them
to physical data.

* Loc. cit.
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Binomial Expansion (p+¢)". We have already scen that the
distribution is approximately normal when p=gand n==. Following
Edgeworth'?, Bowley * shows that if p#g¢ but n==the frequency
v of the occurrence of a deviation of magnitude x is given by the
following expression where k£ represents the skewness® of the

distribution :
\'——~1—(\)—- l:l— S ;
“ _o\/-_); S ') a 5;1)]' (6)

This will be referred o as the second approximation.
If p is very small, hut pan=NX\ is finite, we have the so-called law of
small numbers * which was first derived by Poisson.  The successive

¥ A OA? ;
terms of the series e ( 1 +}\+T S = > represent the chances of
- 3]

0, 1, 2. .. n successes.  Theoretically, if we are dealing with a dis-

tribution of attributes,® it is always possible to calculate the values of
*® Cambridge I’hilosophical Transactions, Vol, XX, 1904, pp. 36-65 and 113-141.
* Loc. cit.

*In statistical work the practice is followed of using the moments of the
distribution for determining the paramcters of the frequency curve, The ¢ th
moment g, of a {requency distribution about the arithmetic mean is by definition

gruupul ahuut the mid- pmm of lhe class murnl and un!css lI\ls mtcr\'\l is
very small certain errors are introduced which can be partially climinated Ly
applying Sheppard’s corrections as given by him in Biometrika, Vol 111, pages
308 seq. If Ax be taken as unity, we have

m=0 L 4
pr=pgn=qa* \ pyn v
M= pgnig—p) L, 1-6p
. 2 . B:=3+ P
wi=3(pgn)?+png(1—tipq) pan
and if p is approximately cqual to g and # is large we have op=1\ '\"; and
L2
%8: =\ v

21t ds of interest to note that several investigators have derived this law
independently,  Thus 11 Bateman derives this expression in an appendix to
|)n article of I'rof. Rutherford and H. Geiger previously referred to.  This
is, in a way, an illustration of the apparent need of a broader dissemination of
mfurm"nlnn relating to the application of statistical mcthods of analysis to
engineering and physical data. It s also of interest to note that this law has
ficen used to advamage in the discussion of fetephone trunking prohlems.

i the classification is based upon the presence or absence of a single
characteristic, this characteristic is often reforred 1o as an attribote,
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£, ¢ and n from the moments of the distribntion?  Even when p,
g and n are known, the arithmetic invohved in caleulating the terms of
the binomial is often prohibitive, and, therefore, it is necessary to
obtain certain approximations corresponding to the three laws of
error; that is, normal, second approximation, and the law of smal
numbers.  Tables for the normal law and for the kaw of small numbers
are readily available in many places, while those for the second ap-
proximation are given by Bowley.®

Even under conditions where the binomial expansion does not hold,
Edgeworth has shown that it is possible to obtain the following general

approximation :
AR k2 B e e
-zaﬂ)[‘”-z(a_ 373) +s(_ 3T AT 3T b?)

CENEED] o

This holds providing the observations are influenced by a large number
of causes, cach of which varies according to some law of error but
not necessarily to the normal law.

Gram-Charlier Series. Gram, according to Fisher,® was the first
to show that the normal law is a special case of a more generalized
system of skew frequency curves. He showed that the arbitrary
frequency function F(X) can be represented by a series of terms in
which the normal law is the generating function ¢ (X). Thus

1
y vy 27}(cxp.—

F(X) =cop(X) 16/ (X) +ep” (X) +- . . . 8

where ¢, €1, €3, etc., are constants which may be determined from the
moments of the observed data. This scries is similar to that already
mentioned in the above equation (7) which Edgeworth has obtained
in several different ways. This law is of interest from the viewpoint
of either a physicist or an engineer in so far as it gives him a picture
of the casual conditions consistent with an accepted theoretical
curve. Thus, if either the causes of variation are within a certain
degree not entirely independent, or the errors are not lincarly ag-
gregated, the observed frequency distributions may be expected to
conform to an equation such as 8. This equation has been found to
fit a much larger group of observed distributions than the normal taw

*Sce foolnote 26.

= See for example Pearsnn, K.—Tables for Biometricians and Statisticians—
Cambridge University Press.

* Fisher, Ame—Theory of Probabilities—page 182,
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and the publication of the necessary tables by Fisher 7 and Glover 28
makes the study of such a curve more feasible. The author finds, for
example, that this series furnishes a much closer fit to the distribu-
tion of shots, Fig. 5, referred to above than any other that he has
tried.

Theoretically we should be able to improve the approximation by
taking a large number of terms of the scries. Such a procedure,
however, involves the use of moments higher than the first four,
and the errors in these moments are so large as to make their use
impractical.

In spite of the uncertainty attached to the interpretation of the
physical significance of fitting any of these curves to data, one very
practical observation has been made: that is, if an observed series of
frequencies could not be fitted by a theoretical curve in any of the
ways already mentioned, carcful consideration of the possible reasons
for the observed poor fit have in practically every instance suggested
the cause or causes thereof.  We shall refer to only one practical
example.

The data have alrcady been given above in Table 11, 1t has been
noted that in this instance the variations in the averages of groups
of several thousand observations showed that the differences were
significant.  1f the observed distributions had been normal, it would
have been necessary to assume cither that the methods of making
the measurements were different for the different groups of observers,
and for the different machines, or that the manufacturing methods
were experiencing a trend.  Although the observed frequency curves
for the different groups were found to be smooth, the observed fre-
quencics could not be readily fitted by any curve previously de-
scribed.  This naturally led to a search [or the existence of any one
of a number of causes affecting the observations which might produce
such a divergence between theory and practice.  One by one these
causes were found and eliminated and as they were the degree of fit
between the results of theory and practice increased.  For example,
it was found that some of the groups of observations were for trans-
mitters assembled from only two or three lots of carbon. Trans-
mitters assembled from one lot of carbon had a different average
efficiency from those assembled from another lot.  Naturally the

# [isher, Arne—Loe. cit.  \s noted by Mr. Fisher, page 214, the values of
¢ (1) and its first 6 derivatives to 7 decimal places for values of x+ up to 4
and progressing by itervals of 0.01 were given by Jorgensen in his “Frekvens-
flader og Korrclation.”

= Glover, 1. W.—Tables of Compound Interest, Functions, ete. 1923 Ediuon
published by George Wahr, Ann Arhor, Michigan.
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resultant distribution was a compound of a few separate but similar
distributions about different averages. When the distributions of
the etliciencies of the different lots of carbon were determined separ-
ately they were found to be consistent with the second approximation.

Thus, although it nmay be mpossible to conclude that the a priori
asstmptions underlyving a given Low of distribution are fulfilled because
the observations are found to be consistent therewith, nevertheless,
the fact that the observed and the theoretical distributions do not
agree suggests the necessity of secking for certain typical causes
which may be expected to introduce such discrepaneies.  This point
i~ of special importance in connection with the study of ways of
sampling product in order to determine whether or not the manu-
facturing process is subject to trends.  Thus, if a product is sampled
at two periods, and the distributions of both groups of observations
are found to be random about different averages, it is highly probable
that the difference indicates a trend in the manufacturing methods,
providing the ditference between the averages is greater than 3 times
the standard deviation of the average. When, however, the two
distributions are found to be inconsistent with a random system of
causes, it is quite probable that the condition of sampling has not been
carefully controlled.

Hypergeometric Series. Pearson has shown several ways in which
a frequency distribution may be represented by a hypergeometrie
series.  Thus the chances of getting r, r—1, .. .0 bad transmitters
from a lot containing pn bad and gn good and where r instruments
are drawn at a time may be represented by the terms of such a series.
More important, however, is Pearson’s solution *? of what he calls
the fundamental problem of statistics. He shows, following the line
of reasoning similar to that originally suggested by Bayes, that if in
a ~ample of &y = (m~+n) trials, an event has been observed to occur m
times and to fail # times, in a second group of k. trials the chances
of the event occurring r times and failing s times are given by the
stccessive terms of a hypergeometric series.  We cannot consider
here the questions underlying the justification of this method of
solution, for, as is well-known, the application of Bayes' theorem is
questioned by many statisticians.  We ean profit, however, by the
broad experience of I’rof. Pearson, for he has apparently accumulated
an abundance of data which are consistent with the theory.

The answer to this problem s of special importance in connection
with the inspection of product which in many instances runs into
millions vearly.  We must keep the cost of inspection at a minimum,

® Pearson, K. Biometrika, October, 1920—pp. 1-16.
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which means that the sample numbers must be small, and yet we see
from the solution derived from Pearson the significance of the sizes of
baoth the original and the second sample. Thus, he *° shows that the
standard deviation ¢ is given by the equation

= hepo(1452). )

Multimodal Disiributions. These occur frequently in engineering
work and particularly in connection with the inspection of large
quantities of apparatus. One such instance has already been referred
to in the discussion of the data given in Table 1I, and another is
illustrated by the data given in Fig. 1. Prof. Pearson 3 has developed
a method for determining analytically whether or not the observed
distribution is such as may be expected to have arisen from the com-
bination of two normal components, the mean values of which are
different. The method involves the solution of a ninth degree equa-
tion. As a result, the arithmetic work is in many cases prohibitive.
This method cannot be applied to the data given in Fig. 1 primarily
because the number of observations is not sufficiently great.

Pearson’s Closed Type Curves.®® One of the best known statistical
methods for graduating data is that developed by Prof. Pearson. His
system of closed type curves arises from the solution of the differ-
ential equation derived upon the assumption that the distribution
is uni-modal and touches the axis when y=0. 1n the hands of Pcarson
and his school great success has been attained in graduating data
collected from widely different ficlds, although primarily from these
of biology, psychology, and economics. The choice of curve to
represent a given distribution rests primarily upon a consideration
of a criterion involving two constants, g1 = vk and B2, both of which
have been defined previously in footnote 21.

In the carly study of the distributions of efficiencies of product
transmitters an attempt was made to apply this system of curves.
l'or example, the Pearson types are indicated in Table 1. In no
instance, however, was it possible to obtain a very satisfactory fit
between the observed and the theoretical distributions. Further-
more, the arithmetical work required to calculate a theoretical dis-
tribution in this way s excessive. We must also consider what
physical significance can he attached to the different types of curves.
The answer is not definite.  Under certain conditions the generalized

2 Pearson, K—Philosophical Magazine—1907, pp. 365-378.

" Pearson, K.—hilosophical Magazine—\ol. 1, 1901, pp. 115-119.

" Elderton—Frequency Curves and Correlation,
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equation of Pearson breaks down to the normal law and the sceond
approximation.  These, of course, can be explained as previously.
The fundamental equation, however, serves to cover the condition
where the causes are correlated.  Thus, because of the lack of a
clear conception of the physical significance of the observed varia-
tions in the type of curves indicated in Table 11, it was not possible
easily to st up experiments to find the cawvses of these variations.
For this reason preference has been given to the uvse of frequency
distributions derived upon a less empirical basis following the original
lines laid down by La Place, Edgeworth, Kapteyn, and others previ-
ously referred to.  Another very practical reason for choosing the
latter type of curve is that it involves for the most part the use of
only the first three moments of the distribution instead of the first
four required for differentiating between the Pearson types. In
those cases where the interest is less of physical interpretation than
of graduating an observed set of data, preference may go to the more
genceralized system of Pearson.

How Cax WE CHoosE THE BEST THEORETICAL FREQUENCY
DISTRIBUTION?

We have already briefly reviewed some of the different methods
for obtaining a theoretical frequency: distribution from a consider-
ation of the moments of the observed frequencies. We have seen in
Table ITI that by using different methods we obtain different degrees
of approximation to the hypothetically observed distribution which
in this case corresponds to the terms of the binomial expansion
1000(.14+.9)'°.  Similarly from Fig. 5 it is scen that the Gram-
Charlier series is a much closer approximation to the observed dis-
tribution than that derived upon the assumption of the normal law.
In any given case we arce naturally confronted with the question:
What is the best theoretical distribution? We shall consider four
methods for obtaining an answer.

The oldest, simplest, and in many instances the most practical,
is that of comparing graphically or in tabular form the theoretical
distribution with the one observed. This method is, however,
inaccurate and qualitative. Tt does not furnish us with a quantitative
method of measuring the closeness of fit between theory and practice.
and in certain instances it is absolutely misleading. Tt is of interest
to see how all of these things can be truly said of one and the same
method.  The first two characteristics, that is, oldest and simplest,
are perhaps readily granted. [t remains to be pointed out more
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definitely wherein the method is sadly deficient as a quantitative
measure, and therefore often misleading: whereas in certain instances
it may be, nevertheless, the only practical method that can be used.

Graphical Method. The graphical method itself may be subdivided
into two parts. Let us consider first the plot of the observed and
theoretical frequencies.  As an example of the unsatisfactory nature
of this form of comparison, it is of interest to consider certain data
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given by Yule ®® in which 12 dice are thrown 4,096 times, a throw of
4, 5, or 6 points heing reckoned a success. 1 the dice are symmetrical
p=q=15and the theoredical distribution if given by 4,006 (14 14)'2,
the terms of which as given by Yule are presented in the third column
of Ilig. 8. It is suggested that the reader, before going further,
consider the graphical and tabular representation of these data.
The smooth curve is the theoretical distribution 4,096(1 64 15)'™.
It has been the author's experience to find that in practically every
instance in which this curve has been shown to an individual for the
first time that the impression is that which Yule evidently desires
to produce by the illustration: that is there is a very good fit between
theory and practice. This distribution is, however, not symmetrical :
it is skew.  The dice used in this experiment were not symmetrical:
that is, ps£¢.  How do we know that these statements are true?
Let us consider the normal and sccond approximation as given

# Yule—“Introduction to the Theory of Statistics.”
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in the fourth, Nhfth, and sixth volumns.®  Obviously the degree of
hit is closest for the secomd approximation, although that between
the normal distribution and the observed frequencies is closer than
that hetween the terms of the binomial expansion and the observed
frequencies. Fo be sure, the normal law is only an approximation
to the point binonnal when p=q¢ and n==. The normal distribu-
tion, however, is calenlited about the obseeved average 6.134, instead
of about the theoretical average 6. If the dice are non-symmetrical,
the average will not be 6, and, therefore, the center of the distribution
will be shifted after the fashion obscryved. The improvement in fit
corresponding  to the normal distribution is  therefore primarily
attributable o that introduced by shifting the center of the dis-
tribution indicating that ps£¢.  However, if ps£g, the second ap-
proximation should improve the fit and for cither value of £ this is
found to be the case.  Thus even though we cannot measure quanti-
tatively the improvement of fit, the qualitative evidence presented
in this iigure is sulficient to warrant the conclusion that the dice were
non-symmetrical, and therefore, that the smooth curve is an unsatis-
factory graduation of the data. In fact, by using a quantitative
method for measuring the goodness of it to be discussed in a suc-
ceeding paragraph. it follows that only 15 times out uf 1,000 can
we expect a divergence from theory as large or larger than that ex-
hibited by the frequencies corresponding to the point binomial.

We have also previously called attention to the fact that in Fig. 7
the eye does not serve to ditferentiate satisfactorily between the dis-
tribution calenlated upon the assumption of the normal law andt that
given by the binominal expansion when the conditions under-
Iving the normal law are far from being satisfied.

Regardless of these eriticisms, such graphical methods cannot be
entirely dispensed with. Thus the graphical representation of the
data given in Fig. 1 shows very clearly that the distribution is prob-
ably bimodal, although with no more observations than are available
it is practically impossible to show that this is true in any other way.

Instead of plotting the frequency v of occurrence of a variable of
magnitude x as ordinate. and x as abscissa, the practice is often
followed of plotting as ordinate the percentage of the total number WV
of observations having magnitndes of x or less.®

Any curve ¢ (¥, ¥) =0 may he replaced by a straight line.®  In

#*Two values of & were caleulated as indicated in the lower right hand corner
of the figure.

* Heindlhotfer, Ko and Sjovall, 11 Endurance Test Data and their Interpre-
tation ~ \dvance paper prescuted ar the Meeting of the American Socicty of
Mechanical engmeers, Montreal, Canada, May 28 10 31, 1923,

® Runge, C. Graphical Mcthods, p. 53.
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this way we can transform the integral curve into a straight line by
choosing an x-scale proportional to the integral from 0 to & of the
probability curve.¥ When plotted in this way, a normal distribution
appears as a straight line on such paper. At first it may appear very
simple to determine whether or not the data conform to a straight
line, but in practice this is not always so casy. Thus, we have seen
that the distribution of shots presented in Fig. 3 is not normal, but

* mbee man - Lac
4 (Acedloeatara ssitammza’ Paoaaniiny

Fig. 9

when these results are plotted on probability paper we have the
curve given in Fig. 9. The reader should be cautioned that in such
a case there is a temptatidn to consider that the observed points are
approximatcly well fitted by the straight line, although this is not
the case.

Probability paper could be ruled for different theoretical distribu-
tions, but in its present form it serves only to determine whether or
not the distribution is approximately normal.  Its use leaves much
to be desired in the way of a quantitative measure of the degree of
it between the theoretical and observed distributions.

Calculalion of o, fy= Nk, and Bs. l.et us consider what informa-
tion can be obtained as to the best theoretical distribution from only
i consideration of the first four moments ol the observed frequencies.
Let us consider the values of 2 and 8. presented in Table V. These
have been caleulated for the point binomial (p+¢)" where p, ¢ and n
have been given different values.  For the normal law corresponding
to p=q and n=1o, we have k=0 and g:=3. Thus, if in a practical

* Whipple, G t ~—The Elements of Chance in Sanitation—Franklin Institute
Journal, Vol. 182, July, December, 1916—pp. 37-59 and 2035-227.
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case we find an observed distribution for which k=0 and B8.=3, it
is highly probable that the distribution is approximately normal. It
is true, however, that in sampling from a universe in which p=¢ and
n= %, the obscrved values of & and g2 will seldom be exactly equal to
0 and 3 respectively.  Then we must ask what range of values may be
expected in these two factors for distributions which are practically
normal. For such cases the variations in % and B. are practically

normal 38 and have standard deviations Uk=\{(\"-: and ¢
where N is the number of observations. Thus, theorctically any
series of observations for which the calculated values of k and 8. fall
within the ranges 0£30x and 3+304, may have arisen from a normal
universe.  Since, however, the errors o and a5, of sampling are so
large, this method does not furnish a very practical test for distribu-
tion consisting of only a few observations. This is particularly
true since, even for very skew distributions, the values of 2 and 8.
do not differ much from 0 and 3 respeetively (see Table V). If, how-
ever, the number of observations is large, the values of & and 8: in
themselves often indicate very definitely that the observed frequencies
are not consistent with the normal law. For example the calculated
values of & and Bs given for the inspection data in Table 11 show
conclusively that in practically every instance the observed data
could not have arisen from a normal universe.  So long as we do not
use Pearson's system of curves, all that these two factors indicate
is that the observed data do or do not conform to the normal law
and in this respect their use is limited as is that of the probability
paper mentioned above.

In order to show that the factor 8, is not in itself a very sensitive
measure of the variability from the normal law, 1 have constdered
the following special case.  Let us assume that the observed dis-
tributions can be grouped into two parts depending upon whether
or not the observations cluster about the average .Yy or X» measured
from a point which is the arithmetic mean of the entire distribution
taken about a common origin.  This corresponds to the practical
case such as that indicated by Fig. 1 which as already pointed out
often oceurs in practice.

* Ior a critical sticly of the conditions under which the probable errors of
these constants have a real smmm ance, reference should he made 1o a dbtuS-
sion of this problem by Isserhs in the I'rocecdings of the Royal Socicty, serics
A, Vol 92, pp. 23 seq.—1915. Obyviously even for the normal distribution all of
the moments will be skew. This follows from a consideration of equation 4.
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The value of Bz for the entire distribution is then given by the
following expression :

X 2yt N D) 602 DN et D)

Ba=
( }__\'1 5 2__\':)1-1‘:‘

1Y ma } +-(2 2M, 2 va) + (qps 2\‘1 2ly 2
Frud,

_\':_"l+

where g, and 2 refer to the adjusted ith moments of the nh\cr\ ations
about their respective mean values,  Let us assume that N=X,=X;
Ei=k:=01 32=23:=3; sy =ou} 2_\\:2_\'-_\; and oy=0: where
Eyl and z-‘"—‘ represent the total numbers of observations in the first
and second groups respectively. [t may be shown by substitution in
this cquation that, if X =loyf, B2=2.5, whereas, if .\ 1004, B:=1,
approximately.  Thus, if the numbers of observations in cach of the
two sub-groups are the same and the component curves are normal,
the value of g for the entire distribution about the mean of the two
will, in general, decrease as |X| becomes large in comparison with
oy. Differences in 82 of this magnitude are difficult to establish.
Furthermore the skewness is zero, and therefore does not indicate
the bi-modal character ol the distribution.

Let us consider the case where @ Xy = Xao; bi=k2=0; B2=23:=3;
E_V. =a§'\'g; wi=api. U, a=10and | X, =Ia|: then 3. =85+ whercas

if X1 =10g;. then 82=100, approximately.®  Thus, for compara-
tively wide differences in the averages. it requires a large number of
observations in order to increase the precision of 8s to such an extent
as to prove the significance of deviations in this factor of the magnitudes
noted above.

The skewness in this case is not zero and its significance could be
established with a comparatively small number of measurements.  In
any of the above cases a carefully constructed plot would serve to
indicate the bimodal characteristic of the curve better than the study
of the factor g..

Pearson's Criterion of Goodness of Fiu. X much more powerful

» [lere again it should be noted that the values of 8: are independent of the

actual frequencies of cach of the two groups and depend only upon the ratio
of these frequencies and upon the ratio of (X1 loaw.
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criterion has been developed by Prof. Pearson 0 in a series of articles
in the Philosophical Magasine. Tt is true that this test for goodness
of fit cannot be used indiscriminately. In fact the application of this
criterion is subject to numerous limitations clearly set forth in the
original papers by Pearson and in more recent articles on the mathe-
matics of statistics. In the use of the method it is necessary that
these be kept in mind by the individual making the original analysis
of the data. Trrespective of these facts, however, the method itself is
one of the most useful tools available for measuring in a gquantitative
way the “goodness of fit”" between two distributions.  The significance
of the values of P given in Figs. 5, 6, and 8 now become evident.

Engineering Judgment. The fourth very practical and one of the
most usciul methods of comparing the theoretical with the observed
distribution is that of applying common scnse or engineering judgment.
To quote from a recent article of Prof. Wilson  we have: “And as
the use of the statistical method spreads we must and shall appreciate
the fact that it, like other methods, is not a substitute for, but a
humble aid to the formation of a scientific judgment.” Even with the
use of all the statistical methods known to the art, it remains im-
possible to determine the true nature of the complex of causes which
control a set of observations.  We can present plausible explanations,
but we can never be sure that they are right. Sometimes we can
present two plausible explanations and then we must fall back on
engincering judgment or common sense to decide between them. A
striking illustration of this fact is presented in the following paragraph.

Prof. Pearson * has recently presented measurements of the cephalic
index of a certain group of skulls. The object of the investigation
was to determine if variation had gone on to such an extent as to
indicate the survival of the ftter inside a homogeneous population,
or the survival of two races both of which were in existence many ages
in the past.  Pearson shows that, by a solution of a nonic equation,

“1f we divide the catire range of variation into s equal intervals for which
the observed frcqucncncs are ]x, f2eo..f s and the corresponding theoretical
frequencics are fi, fi,o...... fs, Pearson calculates the function
S

7

X' Ly

from which he is able to determine the probability that a series of deviations
as large as, or larger xh\n that found to exist could hi e ariscn as a result
of random sampling. Tables have been prepared which give the probability of
fit in 1erms of the number of intervals into which the entire range has been
(Inxdcd and ul the value of y.

“\\ilson, B. The Statistical Significance of Experimental Data —scicence
—New Hcrlcc, Vol. 58, 1493, October 10, 1923, pp. 93-100.

“ Philosophical Magazine, Vol. 1, 1901  pp. 110-124.
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he is able to hnd two component distributions which when added
together approximate very closely to the observed frequencies. The
observed data are given in the second colimn of Table VI and the
frequencies of Prof Pearson’s compound curve are given in the thied
column of the table.  The probability of fit between these two dis-
tributions is seen to be approximately 96, which is indeed very

TABLE V1

ROWGRAWE SKULLS *

Cephalic Observed | Compound | 2ud Approxi- .
Index Distribution | Distribution maltion (fi=4)2
h f2 Ni
o | v 1 1 0 0
68 1 2 2 30 .50
69 3 + 4 23 525
il 8 ] 0 8 14 0
7 13 y 11 14 .30 07
72 ‘ 13 18 2 1.39 368
3 33 ‘ 28 30 .89 30
4 36 39 39 23 23
75 49 30 48 02 02
6 59 39 33 0 29
77 69 65 59 .25 1.69
78 70 06 o0 .24 167
79 54 ! 60 38 } .60 28
S0 38 52 53 l 60 47
st 10 43 16 21 .78
82 31 35 39 46 1 1.64
83 ! 25 28 32 .32 1.33
81 28 23 26 [ 1.0 15
85 21 20 21 [ 05| 0
N6 20 17 16 .53 0 1Loo
87 9 14 13 1.79 123
88 10 11 10 | 109 0
80 6 8 7 .50 14
90 10 6 5 2.67 500
91 2 1 3 ‘ 1.00 33
92 3 3 2 50 50
93 2 1 1 1.00 1.00
94 1 1 1 0
95 0 ! 0 1 1.00
= 675 675 676 15 77 23.75
Probability of fit P ! | 937 694
Ave.=8,=3.181 Ave.=g, = 0943
g, = 178 g, = 180
a,= .126 Gk

* Phil. Mag., Vol. I, 1901, pp. 115-119.

high, meaning, of course, that 96 times out of 100 we may expect
to find a system of deviations as large or larger than that actually
found. The author finds, however, that the theoretical distribution
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(column 4) based upon the assumption of the second approximation is
also a very close fit to the observed frequencies, the probability of fit
being in this case .69. -As a result of these caleulations shall we con-
clude that the distribution is composed of two normal components as
indicated in FFig. 10, or shall we conclude that the distribution is homo-
gencous?  In other words, do the skulls helong to two or to only
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Fig. 10

one race?  The measure given by the probability of fit is, of course,
in favor of the first alternative. 1t is highly probable, however, that
if we had been given the observed distribution without any discussion
of what it meant we would have decided that it probably was con-
sistent with the assumption of the random system of causes such as
might underlie the second approximation.

In other words, if we had been given merely the above set of skull
measurenments, it is reasonable to suppose we might have concluded
that the distribution was homogeneous.  However, when our judgment
is colored by the facts which cannot he presented in the array of
observed frequencies we must conclude that it is highly probable
that the observed data have arisen from a non-homogencous pop-
nlation.

Statistical methods alone do not answer all of the questions that
are raised in this problem nor do they answer them in many others.
There is almost always room for judgment to enter.

Thus, analyzing a group of measurements of some characteristic
of a large number of transmitters, it often hecomes necessary to
determine whether or not they can be subdivided into normal com-
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ponents as in the above problem.  1n our case the subgroups corre-
spond to different kinds of carbon.  Here, as in the data given by
Pearson, it often has been found necessary to beise our final conclusion
partly upon facts not reveided by the data themiselves,

The integral curves corresponding to the normal and  observed
distributions are given in Fig. 10 in order to show that they do not

Fig. 11

serve to indicate the difference between the abserved and theoretical
distribitions nearly as well as the actual frequeney curves also given
in this figure.  Fig. 11 presents the result on probability paper.  In
this case the probability curves are as good as the frequency curves
for showing the divergence between theory and observition. Tt will
be recalled that this is not true for the similar curves given in FFig. 9.

SUMMARY STATEMENT OF SUGGESTED METIOD TO BE FOLLOWED IN
THE ANALYSIS OF ENGINEERING AND Privsicar Data

We have briefly reviewed the different methods for determining
the best theoretical distribution to represent observed data. The
following four steps indicate the ordinary procedure:

1. Obtain the first four corrected moments.
2. Caleulate the average, standard deviation, k& and ga, and their
standard deviations.

3. Caleulate the theoretical distribution of distributions warranted
by the circumstances.
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Apply one or more of the four methods of comparing the theoreti-
cal and observed distributions to determine which one is
theoretically the bhest. 3

An illustration of the method of applying this form of analysis to
inspection data on transmitters is indicated in the schematic chart
Fig. 12. The object of the inspection of apparatus in the process
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of manufacture is obviously to determine the most probable law of
distribution, and from this to determine whether or not there is any
indication of a trend in the quality of the product. In the light of
what has heen said, it is obvious that a complete report of this char-

acter shonld contain the items called for in Fig. 12, The corrected

“1If the observed distribution could not have arisen from a random system

of causes, it may be advisable to attempt to transform it into an approximately
random one, such as was done in connection with the data in Fig, 6.
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moments and the factors, such as the average, standard deviation,
k and Bs shoukl be given.  These factors provide us with measures of
the lack of symmetry, and can be used as pointed out in the previous
sections of this paper. Recording this amount of data makes it
possible for anyone interested, cither to check the calculations of the
theoretical frequencies and the conclusions derived thercefrom, or to
caleulate a different theoretical distribution based upon fundamentally
different hypotheses in a way such as has been illustrated already:
in the discussion of the distribution of measurements of the cephalic
index, as given in Fig. 11.

In most instances, however, it is highly probable that the man who
originally prepares the chart is charged with the responsibility of
choosing the best distribution, and, therefore, the chief interest of
those reading the report is centered upon the conclusions indicated
therein.  The graphical representation of the observed distribution
by means of the histogram is hopeful.  The comparison of this with
the theoretical curve represented by a solid line shows qualitatively
whether or not the product is changing.  The probability of fit gives
a quantitative measure of the degree of fit.  The set of curves given
in Fig. 12 is drawn to illustrate a condition which may sometimes
happen when, for example, the standards used in the machines have
been changed. This is only typical of the results which may be
expected.  Obviously, the form of such reports designed to meet
specific conditions will vary. That presented above is only typical
of one which has been found to be of value in presenting the analysis
of the results of inspection of certain types of apparatus.

SOME ADVANTAGES DERIVED FROM A COMPARATIVELY COMPLETE
STATISTICAL ANALYSIS

It has been pointed out that the value of either a physical or an
engineering interpretation of data depends upon the success attained
in deriving the best theoretical distribution. This is the equation
which fits the observed points best, and which, if possible, can be
interpreted physically.  The previous discussion indicates the way
in which different causal relationships tend to produce typical fre-
quency distributions, and also the way in which statistical methods
may be used in finding a theoretical distribution which yields a
physical interpretation.

This point has been illustrated by several examples. 1t has been
shown that by a proper choice of theoretical curve a very close ap-
proximation to an observed distribution can be obtained. This
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has already been indicated in Table 111, To emphasize this point,
however, let us consider onee more the distribution of alpha particles
given in Fable L. These data together with varions theoretical ¢
distributions are given in Table V1L

let us consisler the duta given in Table | by following the pro-
velure of analvsis outlined in the previous section.  The factors £
and 3: when compared with their errors should indicate whether or
not the distribution i~ normal.  .\s shown in Table VI, & and 3.,
differ from O and 3 respectively, by more than 3 times their respective
standard deviations. s has alreidy been pointed out, this is sufli-
cient evidence to indicate that the distribution is not normal.  In
order to show, however, that if we follow the next step and caleulate
theoretical distributions based upon the assumption of the different
laws; that i~ in this case, normal, second approxinuition, and the
law of small numbers, we are naturally led to the choice of the best
distribution.  This choice is materially intliuenced by the measure
of the probability of it as recorded in the table.  The Law of small
numbers is obvioushv a very close approxinuition to the observed
frequencies.

One of the obvious things to do in this problem, hut one that has
not been done previously, is to calculiate the values of p, ¢ and n, and
from them the terms of the binomial expansion 2608(p+¢)".  The
probability of it between the terms of this expansion and the observed
[requencies s the highest given in the table.  This increases the
evidence that the distribution is random. 1t also does nore. It
serves o establish the facts that the probability: p that an alpha
particle will strike the sereen is .06, and that the maximum number
of alpha particles which may ever he expected to strike the sereen
is of the order of magnitude of St Granted then that we can always
find the most probable theoretical frequency distribution, let us
consider next the influence that the result may have in our determina-
tion of the most probable value, the number of ohservations between
any two limits and the casual relationships governing the distribution.

Let us consider Arst the dependence of the most probable value upon
the type of distribution.  In our present work in the study of carbon
the resultant distributions have been in most instances cither random
or such that through a proper transformation they could be reduced
to such.  For any distribution consistent with the second approxima-

*The source of all distributions previously calenlated are indicated. The
I'oisson-Charlier series is similar to the Gram-Charlier scries, except that the
Law of smull numbers is the generating function.  [L serves as an admirable

method of graduating url.un classes of skew distribution as illustrated by this
example and by that given in Table 11
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. . . ko X .
tion the most probable value is at a distance =% from the arithmetic

mean. Many distributions have been found for which % lies between
.5 and unity, and, therefore, this difference is from '{ to 14 of the
standard deviation. Thus, the efficiencies of certain standard types
of transmitters are found to conform to such a law, and the difference
between the modal and average values is of the order of magnitude of
0.4 mile.

Obviously the geometric mean of the sound intensities (Fig. 6)
and not their arithmetic mean is the most probable. The difference
between the two is quite large. The difference between the arithmetic
mean and the modal value for groups of data such as given in Fig. 1,
Tables 11 and VI are quite large. To use again the illustration ot
the alpha particles the observed most probable number is 4; whereas,
the observed average * is 3.87. Judging from the best theoretical
distribution the most probable number of alpha particles is 3. Choos-
ing the number 3 it is seen that either of the other two numbers differ
from this by approximately 14 the standard deviation. Such results
are, however, not confined to the work of the present investigation
nor to the examples previously cited as is evidenced by the data given
in the last column of Table VIII.

TABLE VIII

o Percentage | Percentage | Percentage |\verage
N=Number of Source of | \Vithin Within Within —odal
Obscrvations Data Ferue N sl e

1000 E *54 66.6 97.2 99.6 .803

251 E 66 78.1 94.8 97.6 1.042

9154 E 10 67.7 95.5 99.6 .03t

2162 E 79 70.1 95.1 99.3 —.311

368 E 84 73.4 94.6 97.0 422

675 Table V1. ........ 68.7 941 99 .6 L2247

Normal Law. .. ... 64.26 95 .44 99.73 0

* Elderton “Irequency Curves and Correlation,” published by C. & E. Layton,
London, 1906.

We should not leave this phase of the discussion, however, without
pointing out that in a large number of purely physical experiments a
sufficient number of observations has not been taken to make it pos-
sible to choose the best theoretical distribution.  In general more than

“Of course, such an average has no significance, except for a continuous
. . . .
distribution.
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100 obsery ations are required.  Thus, in Prof. Millikan's * determina-
tion of the electron charge e only 38 observations were nade.  The
values of o, £, and 8; for this distribution are (128 anits, =196 and
2,358, EFaven though the observed distribution is consistent with a
normal system of causes, values of & and 3: may be expected to occur
which differ from 0 and 3 respectively, as much as these observed
values do.  [n this case even if & is real and not a result of random
sampling, the correction to be added to the average in order to obtain
the most probable value is insignificantly small.

Next let us consider the problem of determining the number of
observations between any two limits. The physicist is ordinarily
eoncerned with the probable error: that is, the error such that 14 of
the observations liec within the range X'=+ probable crror.  Its mag-
nitude for the normal distribution is 67150, and the errors are dis-
tribute | symmetrically on either side of the average. It is interesting
to note that the magnitude of the probable crror is also .6745¢ for
the second approximation, but that the crrors are not distributed
symmetrically on cither side of the average.

Anather important pair of limits is that including the majority
of the observations. For the normal law 99.73C7 of the observations
are included within the range X %3¢ which, therefore, is often called
the range. Not a single example has been found, however, of a
distribution for which the observed number of observations within
this range is less than 457 even though the distribution is decidedly
skew. In fact it is seldom less than 95C,. 1, however, we have a
case stich as that represented in Table 1 where groups of observa-
tions have been taken in what is technically known as dilferent
universes, and then averaged together, the average result is not the
most probable, and the standard deviation of the average is not
inversely proportional to the square root of the number of observa-
tions. Since this point is of considerable importance, it is perhaps
well to state it in a slightly dilferent way. Thus, let us assume that
we have a thousand samples of granular carbon which possess inherent
microphonic cfficiencies differing by comparatively large magnitude.
Transmitters assembled from any one of the groups of carhon cover a
range of cfficicncies. If we choose a sample of 10,000 instruments,
5,000 from cach of two lots of earbon which de not possess the same
inherent efficiency, we cannot expect, for reasons already pointed
out, that the observed distribution will be normal.  The average of
these observations will not in general be the most probable value,
and the standard deviation of the average will not be equal to the

“ Millikan, R. A—The Electron—Unizersity of Chicago Press.
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observed standard deviation divided by the square root of the number
of observations, in this case 10,000,

We have already sceen, however, that it is possible to detect such
errors of sampling, since in general the distribution cannot be fitted
by the second approximation or Gram-Charlier series.  If the theo-
retical distribution is cither normal, second approximation, or the
law of small numbers, the number of observations to be expected
between any two limits can be readily determined from the tables.
Experience has shown that in every instance where it has been possible
to represent the observed distribution in any of these three ways, the
data obtained in future samplings have always been consistent with
the results to be expected from the theory underlying these three laws.
It will he of interest to note the data given in columns 3, 4, and 5 of
Table VI and to compare the theoretical pereentages (last row) for
the different limits with those observed.

In closing it is of interest to point out further the significance of
some of the results discussed in this paper in connection with the
inspection of cquipment.  Here we must decide upon a magnitude
of the sample to be measured in order to determine the true perecentage
of defective instruments in the product. If p is the percentage
defective, and ¢ that not defective, then the standard deviation about
the average number found in a sample of # chozen from N instrunrents

is
o= pyn (l - :) '

In practice, however, we never know the true value of p unless we
measure all of the apparatus, and this is impractical.  In our caleula-
tions we must therefore use some corrected value.  We find, though,
that the average vilue of pis in most tstances the one that must be
used.  Assuming that we choose a value of p, the distribution of
defeetives in N samples of # in number will be represented by the
distribution of N'(p+¢)".  If one of the samples is found to contain
a percentage of defectives, which is inconsistent, that is, which is
highly improbable as determined from the distribution of N'(p+¢)",
it indicates that the product is changing.

Lf, however, we take into account the effect of the size of the first
sample in respect to the seeond as indicated by Pearson, we see that
the distribution of N’ samples may be different from that given by
the binomial expansion.  In accordance with this theory, if in a first
sample of 100, 109 of the sumple is found to possess a given attribute,

*Pearson, K. Loc, cit.  Fool note 30.
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the distribution of the pereentages to be expected in 1000 sach

samples is indicated by the last column of frequencies in Fable L
In order ta show graphically how this disteibution differs from that
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corresponding to the binomial expansion these two sets of Irequencies
are reprodueed in Fig. 13, The difference between them is a striking
illustration of the significance of the size of the samples used in con-
neetion with the inspection of cquipment, providing we accept Pear-
son's results.



Deviation of Random Samples from Average
Conditions and Significance to Traffic Men
By E. C. MOLINA and R. P. CROWELL

HE traffic executive deals with questions which lead him into
the consideration of problems of widely differing natures. At
almost every turn he is confronted by the fact that his decisions and
programs in relation to these different phases of the work must be
based on records which are seldom continuous and in most cases are
merely ‘‘samples.”  These sample records are assumed to measure
the characteristics of the entire volume of facts or data of which they
arc taken to be representative. In the use and analysis of these
records there are a number of perplexing questions which come to
his mind if he allows himself the luxury of a little theoretical speculation.
Practically all of his information regarding the cfficiency with
which his office is run and on which he must base his plans for con-
tinued efficiency is obtained from the peg counts. These peg counts
are records of the number of calls handled and are taken on two or
three days out of cach month. At the same time that the calls are
counted, the number of employee hours used in the handling of the
traffic is counted. The results of these peg counts are used to repre-
sent the performance of that ofhice for the month.  When the inquiring
traffic man meditates a little on the subject of these peg counts he
soon begins to wonder how nearly representative they are of his every
day performance. He can—and sometimes does—think up a number
of things which will explain any poor results which show up.

One of the means taken to insure the accuracy of the peg count is
to observe the counting of 25 to 50 calls each by as many of the oper-
ators as possible, with the idea of determining how accurately the
operators count. In this way from 1,500 to 3,000 observations are
made on the accuracy of the operators’ counting, in a period of two
or three days. The traffic man occasionally questions whether he
can rely on the results of this comparatively small number of checking
observations to give him an indication of the accuracy of the count
as a whole.

In order that comparisons may be made of the performance of
different offices and the cost of handling different kinds of calls, it
is the practice to translate all the work done into terms of traffic units
(representing the relation of the labor value of the different opera-
tions to a fixed value arbitrarily selected). In order to do this, at
longer intervals than the regular peg counts, the traffic is counted in

83
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more detail.  From certain classifications and snbdivisions of these
supplementary coumts, coethicients or eyuating factors are developed
which are applied to the regular counts to develop units. The specu-
lative traflic man pouders over these and wonders how representative
the supplementary counts are of the every day distribution of trattic.

This speculation leads him also to question the labor values which
have been assigned to the different operations and which have been
furnished him for the purpose of equating his traffic.  FHe knows that
because of the impossibility of making continuous stop watch obser-
vations on his operators, he has to accept the results of such observa-
tions made on a considerable number of calls handled in a similar
manner at some time in the past and probably in some other place,
as being representative of the work involved in handling those types
of calls at the present time in his office.

After thus puzzling himself over peg counts and similar records,
the traffic man may turn his attention to some of the service problems
and begins to scrutinize with considerable skepticism the records
which are maintained of this feature of his work. Among the most
valuable records of the way in which the service at his office is being
handled, are the records developed as a part of the central office
instruction routines. These are observations taken on ten calls
handled by each of the operators on the force, periodically. He looks
over the latest detail sheets and observes that the results of thesetests
on two particular operators show that the one he considered a very
careful and methodical girl has made a high proportion of mistakes
while the operator whom he thinks is the more careless shows an
absolutely perfect test.  Because of his other knowledge he suspects
these records and decides to check them up by examining the sum-
marics of similar tests taken for some months past. These sum-
marics show figures which bear out his original estimate of the ability
of the two operators, which relicves his mind but leaves him still
puzzled as to why the averaging of a series of figures which are not
representative, makes the summary more nearly representative.

There is another set of figures which the traffic man consults in
connection with the quality of the service and which causes him a
good deal of worry. These are the figures obtained from central
oftice speed of answer tests, tests of the speed of answer to recall
signals, cte. The speed of answer tests, for example, are made by
an employce in the central office who causes signals to appear and with
a stop watch determines how long it takes the opcerators to answer
each signal. The signals used in making these tests are distributed
in all parts of the switchboard and the number of tests made in cach
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hour is roughly proportional to the amount of trafhe handled.  The
results of these tests are summarized in such a manner as to show the
percentage of tests which are not answered within 5, 10 and 20 seconds.
The traffic man who gives this matter thought, is coneerned to know
how much reliance he can place on the results of these tests as being
representative of the pereentage of slow answers applying to all the
calls handled in the office.

The speculative traffic man by this time is in a frame of mind
which either leads him to doubt all figures or to feel that there must
be something in the figures which he cannot explain but which makes
certain of them quite representative, although there are certain
others about which he does not feel the same way.  He is sure that
some of them are representative hecause decisions and programs
based on them produce the results desired.  1le is also sure that
some of them are not representative because they imply things which
he knows are not so, as a result of observation.  Just how far he can
rely upon the figures which he is using, and where to draw the line
is a guestion which only long experience or an understanding of the
reasons which lie hehind the taking of these records can solve. It
will probably be of interest to discuss, from the purely theoretical
angle, certain simple traffie data with the idea of noticing how the
application of a ecertain mathematical procedure can aid in drawing
accurate conclusions from them.

The type of traffic problemt which will be considered may be stated
as follows:

A group of 50,000 calls originated in an exchange area.  An unknown
number of them were delaved more than 10 seconds.  Observa-
tions were made on 300 of the calls and of these 9, or 3 per eent., were
defayed more than 10 seconds.  With this information is it a safe bet
that the unknown pereentage for the entire 30,000 calls is below 52
Or better yet, are we justified in betting 99 in 100 that the unknown
pereentage for the 50,000 calls is below 52 Or again, may we bet
S in 10 that the unknown percentage is between 0.5 and 52 It is
taken for granted that the observer is justified in believing that the
calls under consideration ful(ll the conditions -of random sampling
such as that cach call is independent of every other call, or that an
appreciable number of the calls is not due to the oceurrence of some
unusual event,  the opening of the fiest game of the world series,
for example.

Assuming that the reader s unfamiliar with the theory of proba-
bility, a digression becomes necessary amd in order that he may enter
imto the spirit of the theory the reader is requested to forget for the
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present the telephone problem. O course, only a bird's-eye view
of the theory will be given here. Several Lacunee will be encountered
the filling in of any one of them would call for a volume of not very
small dimensions.

INTRODUCTION TO THE Tuneory or “2\ Posteriort”
Propasirry

The problem to be dealt with belongs to the class of problems which
gave rise to that branch of the Theory of Probability which is known
as “A Posteriori Probability™ or “Probability of Causes.” It is
frequently referred to as the Theory of Sampling.

To bring out certain of the ideas involved it will be helpful to
consider what may appear as a very extreme example from the traffic
man’s point of view, but which is nevertheless typical of the type of
problem in which a consideration of a posteriort probability enters.
We are told that at a student gathering a particular voung man won
7 out of 15 times. Our informant refuses to divulge what is going
on at the gathering. What probabilities should we assign to the

following hypotheses?

1. He threw heads 7 times out of 15 throws with a coin.
2. He threw 7 aces out of 15 throws with a 6 face die.
3. He won on points 7 rounds in a fifteen round bout.
4. The aggregate of all other hypotheses.

A little careful consideration will make it clear that with reference
to cach hypothesis (or aggregate of hypotheses) two essential ques-
tions must be answered before we can determine the a posteriori
probability.  Consider the six face die hypothesis; we must know:

Ist -~ What is the relative frequency or probability with which
gambling with a 6 face die is indulged in at student gatherings?

2nd—Given a six face die, what is the probability of throwing an
ace 7 times in 15 throws?

Quoting Mr. Arne Fisher! we may restate these two questions as
follows:

Ist —What is the a priori exislence probability in favor of the 6
face die hypothesis?

2nd —What is the productive probability for the observed event
given by the hypothesis of a 6 face die?

! Arne Fisher—The Mathematical Theory of Probabilities—2nd Edition—Art. L.
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In most problems of this type the determination of the productive
probability for each hypothesis is a question of pure mathematics.
But when we proceed to evaluate the a priori existence probability
for cach hypothesis or cause, common sense and guessing must fre-
quently be resorted to. The history of the applications of a posteriori
probability is so full of paradoxes resulting from appeals to common
sense that to some high authorities the whole theory is a fallacy.
Prof. George Chrystal 2 closes a severe attack on Laplace’s Theorie
Analytique with the statement—'The indiscretions of great men
should be quietly allowed to be forgotten.” Nevertheless, the writers
will assume the Laplacian view of the subject, especially as it has been
defended by such authorities as Karl Pearson and E. T. Whittaker.

The above typical problem has been introduced because its mere
statement leads us immediately to the conceptions of existence and
productive probabilities with reference to different possible hypotheses.
But, it is not our intention to bring any notoriety on the young man
by answering the questions raised. MNorcover, the hypotheses made,
differ qualitatively, whereas, our telephone problem involves various
hypotheses which differ only quantitatively. We, therefore, proceed
to another typical problem, a solution of which will give us at once
the solution of the telephone problem.

A bag contains 1,000 balls; an unknown number of these are white
and the rest not white. Of 100 balls drawn 7 are found to be white.
What light does this information throw on the value of the unknown
number of white balls? What is the probability that there are 70
white? Is it a safe bet that the number of white balls lies between
60 and 80?

Two cases of this problem may be considered :

Case 1. After a ball is drawn it is replaced and the bag is shaken
thoroughly before the next drawing is made.
Case 2. A drawn ball is not replaced before another ball is drawn.

These two cases hecome essentially identical if the total number
of balls in the bag is very large compared with the number drawn.®
In the following discussion Case 1 is assumed.

The information at hand is that 100 drawings resulted in 7 whites.
Obviously the bag contains at least one white, but we are free to
choose between 999 passible hypotheses.

3 Transactions of the Acturial Sociely of Edinburgh—Vol. 11, No. 13—0n Some
Fundamental Principles in the Theory of Probabilities.

? For the application to practice herein contemplaled it is thought that the number
of balls in the bag should be at least ten times the number drawn,
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1—The bag contains 1 white and 999 not white.
2—The bag contains 2 white and 998 not white.
3~ The bag contains 3 \\‘hitc and 997 not white.

997 —The bag contains 997 white and 3 not \\lutc
998 —The bag contains 998 white and 2 not white.
999—The bag contains 999 white and 1 not white.

Let 1(K) be the existence probability for the K'th hypothesis.
By ‘‘existence probability™ is meant the likehihood that the bag
contains exactly K white balls when the circumstances of the drawing,
but not the actual results of the drawing, are fully taken into account.
Its exact value may often be in doubt cither because we o not have
complete knowledge of the circumstances preceding the drawing
or because we are not able to deduce its exact value from this knowl-
edge. It is obvious, however, that there must be some such value
and we must, therefore, introduce a symbol to represent it.

Let B(7,100,K) =productive probability for the K'th hypothesis;
by this is meant the probability of obtaining the observed event (7
white in 100 drawings) if the bag contains K white balls and 1,000-X
that are not white.

Then the a posteriori probability in favor of the K'th hypothesis
(meaning thereby the probability in favor of the K'th hypothesis
after the 7 white balls were drawn) is*

pom IWUIBE100, K)_ "

> W(S)B(7,100, S)

s=1

Now to say that the bag with a total of 1,000 balls contains K white
balls is equivalent to saying that the ratio of white to total balls is

pr=K /1000
and that the ratio of not white to total balls is
qe=1—pe= (1000 — K)/1000.

* This is the celebrated Laplacian generalization of Bayes' formula. No attempt
to demonstrate it will be made here.  The subject is dealt with at length by Laplace
in the Théorie Analytique des Probabilités and by Poisson in the Recherches Sur
La Probabilité des Jugemenls A beautiful and relatively short demonstration
is given by Poincaré in his Calcul des Probabilités.
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We may, therefore, rewrite (1) as follows:

1 (pe) B'(7,100, pr)

I)k =Egg~_—_-'__' ) (2)

> W(p)B' (7,100, p,)
s=1

where 117, B” are the forms assumed by the functions W, B, respec-
tively, when the ratio pg is used instead of the number K.

The interpretation of the terms of the expansion of the binomial
(p+¢)' tells us that

B(7,100, ) = (190) 571 = p)or = (190) prge»

where (I(_;)()) is a symbol for the number of combinations of 100

things 7 at a time.
Substituting in (2) and canceling from numerator and denominator

the common factor (1([_)0) gives

po= 0PI =P 3)

999

> H(p)pi(1—p) s
1

From (3) we obtain for the a posteriori probability that the ritio of
white balls does not exceed Ks 1,000,

K:
P(KPKy) = Dx
1

Likewise, the a posteriori probability that the ratio is not less than
K1/1,000 is
999

P(KELK) =3P
K.

Finally, the a posteriori probability that the ratio is not less than
K1/1,000 or greater than R /1,000 is

K2
K, DU (p)pF(1 ~ ps)
- > e Do K
P(KiSK Ko = DPy = gp————— )
i DU (pApI— p)*
1
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SOLUTION of TiE TeiernoNe Pronirs

Obyiously the telephone problem is analogous to the problem of the
bag containing an unknown ratio of white halls.  The corresponding
elements in the two problems may be tabulated as follows :

Ist = 1,000 balls in bag versus 50,000 calls originated.

2nd 100 balls drawn versus 300 calls observed.

3rd 7 white balls drawn versus 9 calls delaved more than 10
seconds (e, defective with reference to a pacticular char-
acteristic).

Jth - To the 999 possible hypotheses with referenee to the unknown
per cent. of white balls correspond 19,999 possible hypoth-
eses with reference to the unknown per cent. of calls
delayed more than 10 seconds.

The problems differ in that a ball deawn from the bag is returned
before another drawing is made, whereas an observed call is com-
parable to a hall being drawn and not returned.  With the numbers
involved, however, the discrepancy may be ignored.

A formula of the same form as (4) will, therefore, give the answer
to our question.  We may, however, substitute definite integrals
in place of the finite summations since the dilfference between any
two consceutive possible values for the unknown ratio is very =mall.
The integrals together with some desirable transformations of them
will be found in the appendix to this article.  We will mention here,
however, that the transformations made involve an arbitriry assunmp-
tion i~ to how the a priori existence probability for the different
hypotheses varies. As stated above in conncection with Prof. Chrystal's
views, this is the phase of the subject which lends itself to consider-
able difference of opinion.  Fhe reader who contemplates using the
curves embodiced in this article should read the appendix with special
reference 1o the assumptions made.

The attached curves Fig. 1 show graphically the conclusions to be
drawn from the mathematical analysi A glance at the right hand
end of the curves will show that they are associated in pairs.  The
upper curve of a pair slopes downward from left to right while its
mate slopes upward.

Consider the pair of curves marked .03, For the abscissa 300
they give as ordinates the ues 0625 and .0FL. The interpretation
of these figures is as follows: if 300 observations gave 3 per cent. of
calls delayed then we may bet

Ist= 99 in 100 that the unknown pereentage of calls delayed is not
greater than 6.25.
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2nd—99 in 100 that it is nof less than 1.4 per cent.
3rd—9S in 100 that it lies between 1.4 per cent. and 6.25 per cent.

Likewise, considering the curves marked .06 if 1,000 observations
gave 6 per cent. of calls delayed, then we may bet

1st—99 in 100 that the unknown percentage of calls delayed is not
greater than 8.05.

2nd—99 in 100 that it is not less than 4.4 per cent.

3rd—98 in 100 that it lies between 4.4 per cent. and 8.05 per cent.

It is obvious from the shape of the curves that a few hundred obser-
vations do not give more than a vague idea as to the unknown per
cent. of calls delayved. On the other hand, the gain in accuracy
obtained by making more than 10,000 observations would hardly
justify the expense involved. The number of observations which
safety requires in any particular problem must be determined by the
conditions of the problem itself. If we are willing to take a chance
of 9 in 10 or 8 in 10 instead of 99 in 100 or 98 in 100, respectively,
the curves of Fig. 2 will give us an idea of the range within which
the unknown percentage of defectives lies.

APPENDIX
CASE No. 1— INFINITE SOURCE OF SAMPLES

An inspection of n samples has given ¢ defectives. The observed
frequency is then ¢/n.  Let p be the unknown true frequency and p,
the frequency of delayed calls which has been arbitrarily chosen as
being the maximum permissible.

The a posteriori probability that pb p; is

[ Pt v

P= 7 ’
[ et = xymeds
Jo

(N

where II” (x) is the a priori existence probability that p=x. This
formula is unmanageable if the form of 1’ (x) is unknown.
Assume first that 11 (x) is a constant b for 0 <x<g, where g>p).
Then
/‘m.ﬁ (1 —x)r<dx
P= 22 - -, (2)

T ST
f X (l=x)r-cdx+ /g ”;")x‘(] —xX)"dx
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Now assume that

VIR
[ b XE() —x)nedy,

is negligible compared with

<
/ x(1 —x)" v,
Jo
and also assume that g, ¢ and (1 —¢) are such that approximately
2 1
[ x(l—x)" dy= / (L =x)" Ay
oo s'o

Then, finally,

/‘m.\"(l—.\')" v

45 ( 1! /n ,
p=te. =r,’('"+_3),/ 2(1 —x)edy, (3)

/ X(l=—x)redx —

<o

This well known formula might have heen obtained by assuming
ab initio that 11" (x) is independent of x. 1t should be particularly
noted that this independence is not identical with the assumptions
made above. In the applications which are here contemplated the
values of py, ¢ and n are such that g need be but a small fraction of
the range o to 1.

In the “Théeric Analytique” Laplace transforms (3) so that it
can be evaluated in terms of the Laplace-Bernoulli integral

2 &
;./ e—lx{“'
\f mre

where £ is a function of pi, ¢ and n. This transformation is most
valuable when gy is in the neighborhood of 172, For small values of
b the transformation which converts the binomial expansion to
Poisson’s exponential binomial limit is more appropriate and gives,
writing (n py) =ay,

!’=rl!fmy‘¢' Ydy=Pc+1, ay). 8]



Photomicrography and Technical Microscopy in
Its Application to Telephone Apparatus

By FRANCIS F. LUCAS

Note - The following paper may be considered as introductory to the
subject of photomicrography. Doubtless everyone is casually familiar
with photomicrographs of the crystalline structure of various metals.
The application of this branch of “the optical art to the study of metals
is very important in the design and manufacture of tclq\hnnu apparatus
but its importance in telephony is more far-reaching than in the study of
metals alone.  Various of these applications are suggesied by the illus-
trations reproduced in the Appendix of this article.— Editor.

INTRODUCTION

Y photomicrography is meant the adaptation of photography
to microscopy, or the art of photographing a magnified image.
The scope of the art embraces the reproduction of images ranging
from natural size up to magnifications of several thousand times,
the degree of magnification being expressed in terms of diameters.
It will be scen that the image is not always magnified but in some
instances may be at a 1:1 ratio or when large subjects are being
photographed, at an actual reduction in size. Such low-power work
is often spoken of as gross photography but so far as the equipment
and technique of treatment is concerned it is low-power work.
Low-power work may be considered as treating with magnitudes
from 1 to about 30 diameters. Medium-power work deals with
magnifications from about 30 to about 500 diameters, and high-power
work extends from 500 diameters vpward. The [imit of useful
magnification is a much disputed question. It is sometimes contended
that 1,500 diameters represents about all that is worth while, but
the fact that very few pictures are published which exceed 1,500
diameters in magnification would lead to the conclusion that ecither
the limit is from 1,000 to 1,500 or clse the art has not been developed
to the state where substantial gains result by going higher. This
matter will be considered at greater length below.

GENERAL DISCUSSION OF APPARATUS

The reason that photomicrography is grouped under three classifi-
cations according to magnification, is because the apparatus used in
cach case is quite different and because the preparation of the subject
and its treatment also differ.  In fact for low-power work the micro-
scope often may be dispensed with entirely, the lens being secured
directly to the camera; in other cases, the microscope serves only as a

100
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convenient support for a lens.  lo the treatiment of most trans-
parent mounts an illnninating device termed a substage condenser is
necessary, the microscope then forms  very necessary adjunet to
low-power work.

Medinm-power work alway s requires the use of a microscope, and
beeause rigidity in mounting and aceuracy in adjustment are very
necessary to correct rendering of the image, some sort of a stand is
provided on which the microscope amd a suitable illiminating train
are mounted.  Usually this stand takes the form of a narrow wooden
or metal table supported by substantial metal legs. The table
carrics an optical beael which in practice s a metal bar or rail of
special and rugged eonstruction upon which the optical parts, the
illuminant and the camera are mounted and are capable of adjust-
nmient so that they may be aligned optically.  The description neces-
sarily, meets generalized conditions.  There is, however, a great
similarity in the product of different makes of cquipment and they all
follow the sanie conventional lines, improvements in one make quite
often being met by similar changes on the part of other makers.

There is no very well defined line between medium-power and high-
power apparatus so far as the stands are concerned, but when it
comes to real preeision apparatus the choiee in cquipment is limited
to possibly two or three makes. The difference is to be found in the
quality of the optical parts and in the general stability of the assembly.
A skilled technician may produce remarkable medium-power results
with quite ordinary apparatus but no amount of training and skill
can make good in high-power work for the actual shortcomings of an
objective.  Given a really good objective the skilled operator may
use an inferior type of stand and secure very fine results, but he will
be working under a considerable handicap and his work will not be
consistently good beeause lack of the right sort of apparatus is apt
to introduce variations in illumination, focusing, or adjustments
which will prove ruinous to good definition.

Thus far consideration has been given to apparatus capable of
vielkling a magnified image of some tangible sort of a specimen, but
there is an entirely different form of microscopic equipment which
reveals the presenee of partieles beyond reach by all other known
means of mieroscopic vision; reference is made to the ultra-mieroscope.
This instrnment is not ordinarily provided with photographic ap-
paratus although with certain classes of work and under favorable
condlitions it is poessible to reproduce the image photographically.
Both liquids and solids may be studied by this means but in each
case the specimen must be capable of transmitting light.
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Tur CoMporNp MICROSCOPE

1t is obvious that a complete technical discussion of the instrument
and cquipment used in photomicrography is not within the scope of
this paper nor would it be of interest to many readers.  In order to
appreciate the possibilities of technical microscopy as an aid in the
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Fig. 1—Optical Diagram of the Compound Microscope.

solution of definite engineering problems relating to telephone ap-

pitratus it is necessary, however, to consider more in detail the equip-
ment used.

The optical system of the compound microscope is shown diagram-
matically in Fig. 1, and in Figs. 2 and 3 are pictured two modern
representative  rescarch type microscopes.  In the diagram  three
parallel pencils of light are shown reflected upward into the condenser
which by proper focusing is caused to illuminate a transparent object

(suitably prepared and mounted as described later) placed in posi-
tion on the microscope stage.

As shown the objective would form
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an inverted real image of the object O at Op but the rays are inter
cepted by the lower lens of the eyepicee before the real image i
formed.  The lower eyepicce lens in combination with (he upper

Fig. 3— Research type of micre

scope by Spencer Lens Co. J
Fig. 2—Research type of micro- barrel for photo-micrography: a
~cope by Zeiss. Large barrel for large revolving stage with grad-
photo - micrography; cvolving vated circle, and a removable
mechanical stage, and sliding oh- mechanical stage.

jective changers.

eyepicee lens forms a magnified virtual image Oy of the real image O..
There are two magnifications of the object and the resulting final
magaification is the product of the magnifying powers of the objective
and the eyepiece.

It should be noted that the objective produces an enlarged image
of the object and that the eyepicce further magnifies this image;
from this it is evident that if detail is lacking or if the image is not a
good likeness of the object, the cyepicce will not make up for the
shorteomings of the objective.  The objective, then, becomes perhaps
the most important part of the whole ontfit.  No one objective will
serve for all purposes because of the limited range throughout which
each particular objective is most uscful; hence it is necessary to have
a whole battery available so that the objective may be sclected to
suit the requirenients of the work.
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Objectives are divided into four general classes: achromatic, semi-
apochromatic, apochromatic and monochromatic for use with ultra-
violet light.  These objectives do not consist of single fenses but are
composed of two or more lenses very accurately centered and perma-
nently mounted in a metal holder.  The component parts of the lens
system are chosen with regard to their ability to correet or compensate

_@@O@Qo

Fig. +—A battery of low-power lenses.  These lenses are used without eyepicees.
Each lens is equipped with a diaphragm for stopping the aperture.

for certain errors which are always characteristic of a simple lens.
The value of an objective depends on the degree to which these im-
perfections have been overcome.

The difference in quality between the first three classes of ob-
jectives is primarily a matter of correction for chromatic and spherical
aberrations. Chromatic aberration is the inability of a lens to focus
sharply at the same point the different colors which go to make up the
incident light and the inability to bring two rays of incident light of
the same color to the same focus is termed spherical aberration.

The achromatic objectives have the chicef optical defects corrected
in a sufficient degree for the physiologically most effective rays (yellow-
green) of the visible spectrum, while in the case of the apochromatic
objectives the correction of the image defeets extends approximately
evenly over the entire range of the visible spectrum from the red
to the violet regions.

In the achromatic lenses the fusion of the chromatic rays becomes
less and less complete for rays belonging to the extremes of the visible
spectrium under the ordinary conditions of illumination with white
light, and this imperfection becomes more apparent when highly
magnifying eyepicees are” used.  There are also residual imperfec-
tions in the fusion of the rays so that the colors of objeets are not
rendered with absolute precision in their finer shades.  In the apo-
chromatic objectives the fusion of the rays is so perfect that they may
be used in conjunction with high-power eyepicces, and because of
this perfect fusion the natural colors of the object are rendered with




PHOTOMICROGRAPIIY AND TECHNIC. AL MICR

great precision.  The semi-apochromatic objectives contain Huorite
clements and these objectives oceupy o position o quality inter
mediate between the achromatic and apochromatic types.
Objectives are classiticd and listed according to their optical char-
acteristics such as primary magnitication, numerical aperture and
focal length and as to whether they belong to the “dry™ or the “im-

Togonoe
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Innsetl

Fig. 5—A battery of medium and high-power objectives and eyepicees

mersion”" series.  The term “dry” significs that the objective when
properly used is separated from the specimen by a stratum of air.
In the case of the immersion objectives some one tluid for which
medium the objective has been computed, such as water, glycerine,
cedarwoad oil, ete., is used to connect the front lens of the objective
with the specimen. The fundamental difference between the dry
and the immersion objectives is one of resolution, where by resolution
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is meant the ability to sce separate and distinct lines as individual
units when these lines are spaced very close together. Resolving
power or the number of lines per inch resolved is expressed numerically:
by the equation
2 Nl

=

"=

7

in which N is the number of lines per ineh, N..1. is the numerical
aperture (defined below) and X is the wave-length in inches. An
ohjective of high resolving power when correctly used will resolve

Front lens ofan oil- Front lens ofa drylens
Immersion abjective

air
coverglass L )
d=01y nm x,-n 1,520
airn-10"" w “Mounting Medium

wject e~ [T =7
n-l,tgza: V < / = %« Water or oil
airn<ip oy “

Surface of the condenser:

Fig. 6—Diagram illustrating numerical aperture and the superior light gathering
powers of an oil immersion objective.

lines spaced 100,000 to the inch, whereas an objective of inferior
resolving power under the same condition will not be able to dis-
tinguish the lines as distinet units.

As will be seen from Fig. 6, an immersion lens has greater light
gathering power than a dry lens of corresponding focal length.  This
light gathering power is expressed as numerical aperture which term
in reality supplics a measure of all of the essential qualities of the
objective.  The magnitude of the numerical aperture is expressed by
the equation

Nilo=nsin U,

n being the refractive imdex of the medium contained between the
cover-glass and the front lens of the objective, and U the semi-apertua.
angle of the system.

For a given magnification and under comparable conditions the
resolving power is directly proportional to the numerical aperture.
The brightness of the image is proportional to the square of the
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numerical aperture.  As the numerical aperture increases the depth of
penetration (f.e., the power of the objective to resolve detail simul-
tancously at different depths or distances from the objective), and
the Qatness of the ficld both deerease, but usually when high resolution
is desired flatness of ficld and penetration are not of great concern.
The value of the numerical aperture varies from about 0.10 in the
very low-power achiromatic objectives to 140 for the oil immersion
apochromats.

The eyepicees for use with the achromatic objectives are generally
of the Huygens type but those for use with apochromats are termed
compensating because of certain eorreetive measures which they
apply to the behavior of this type objective.  High-power achromatic
objectives and the semi-apochromats may also be used to advantage
with the compensating evepicces. The magnifying power of eye-
pieces ranges from about  times to 20 times although another class
termed orthoscopic eyepicces may be procured with a magnifying
power of 28. These latter eyepicces are generally used with low-
power objectives only. A\ special type of cyepiece known as a pro-
jection eyepiece of low magnifying power is used for certain classes
of work when photographing with a long bellows extension. These
evepieces have correction collars which must be set to correspond
with the bellows extension used.

TLLUMINATION

The color of the light used and the illumination of the specimen
play a most important part in photomicrography and the behavior
of the finest objective will appear very ordinary unless critical il-
lumination of the specimen is attained. The illuminant is usually
some form of arc lamp or metal filament, gas-filled lamp. Both
types have their advantages and while many statements may be
found derogatory to the use of arc lamps, as a real source of light,
the author has found that a smoothly operating automatic arc lamp
equipped with suitable carbons is capable of yielding results of the
highest order. What is needed especially for medium and high-
power work is a point souree of light (or approximately so) of great
brilliancy; capable of being smoothly and uniformly controlled so
that the luminous end of the positive carbon will not Huctuate back-
ward and forward within wide limits. Most automatic arc lamps
are designed for a certain direct current value, usually about five
amperes and unless the current rating is closely adhered to in practice
the operation is apt to be irregular. Sputtering and irregular feeding
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of the carbons are due to lack of proper adjustment of apparatus or of
current and voltage or to the use of an unsatisfactory grade of carbons.
Lt may be of interest to know that the type of automatic arc lamps
used in the Bell System Laboratory are so steady and uniform in
their operation that they occasion no concern except for the usual
maintenance.  Since very small diameter carbons must be used to
approximate the point source of light condition, these lamps will
operate continuously with one set of carbons for about thirty minutes

&8 @b
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Fig. 7—Condensers and illuminators used in microscopy

only. Frequently exposures are made at high powers (6,000 to 9,000
diameters) lasting from 45 seconds to 3 minutes, during which time
the carbons may feed several times and no ill effects result, so perfect
is the operation.

Critical illumination is nothing more than bringing the rays of
light from the source of illumination to a state of proper focus and
optical alignment so that the surface of the specimen under examni-
nation will be uniformly and brilliantly illuminated. This matter
of sceuring uniform illumination is by no means the simple operation
that the designation implies since nsually an optical train consisting
of the light source, condenser, diaphragms and an object illuminating
device of some sort must all be brought into exact optical alignment
with the optical system of the microscope.

For very low-power work or for gross photography of specimens,
a gas-filled, metal flament lamp with a snitable condenser and mounted
on a portable pedestal which may be adjusted to all angles is very
useful.  In this case the optical train is dispensed with and the light
thrown at the proper angle on the specimen to be photographed.
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Great brillianey is not required for this work but rather a diffused
light, obtained by means of interposing o ground glass sereen in (he
illuminating bear.

The objecet in photomicrography is to record as clearly and as
faithfully as possible the structural characteristios of the specimen.
This is accomplished by a rendering of contrast hetween the structural
clements of the specimen and by intensifying or diminishing this
contrast to suit the particular characteristics which vhire to be re-
produced to best advantage.  This contirol of contrast is obtained
by control of the color of the light used for illumination.

A\ spectroscopic analysis of the light of the are shows a continuous
spectrum consisting of three dominant color portions, blue-violet,
green and red which pass by gradation to each other; the blue-violet
passes by blue and blue-green to green, and the green by yellow and
orange to red.

If an object absorbs some constituent of the white light falling
on it then the reflected light will be deficient in this color and as a
result the eve will experience the sensation of color.

The clfeet on the color of the residual light by blocking out a narrow
band at ditferent positions in the spectrum is shown in Fig. 7a.

L. A - Lox
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Fig. 8 * Diagram representing the spectrum of are light divided roughly into three
dominant bands.

A simple diagrammatie representation of the visible spectrum is
shown in Fig. 8, in which the tri-color division is broadly made as
follows:

Blue-Violet . . ............ 1,000 to 5,000 A.U.
Green, ... ... .. 5,000 to 6,000 **
Red........... . 6,000 10 7,000 ¢

An objeet which appears red to the eye when illuminated by white
light is absorbing the blue-violet and the green light, and the bulk of
what it reflects or transmits is red.  Similarly, an object appears
green because it is reflecting or transmitting the green eonstituents
of the spectrum and absorbing the red and the blue-violet rays. These
are simple cases assuming sharp absorptions and ideal eonditions,
but in the practice of the art of photomicrography we are dealing
with gradation in' color and oftentimes the structural characteristics
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of the specimen show little contrast, either within the specimen itself,
or between the specimen and the background. Therefore, to re-
produce an object faithfully or to aecentuate faintly revealed char-
acteristics, careful consideration must be given to the color of the
light used when photographing the specimen.  1For the purpose of
separating white light into well defined bands, light filters are used
and their function is to filter out rays or bands of rays of certain
given wave-lengths. These filters consist of colored gelatine films
mounted between flat pieces of glass or of liquids appropriately
colored and contained in rectangular vessels of glass with flat and

Fiz. 9 Hhilger wave-length spectrometer.  The camera is interchangeably mounted
with a reading telescope.
parallel side walls.  The “Wratten M™ series of gelatine and glass
Alters is probabli the best known and most widely used.  The selee-
tion of a light filter for a given specimen is usually by experimental
methods.  Successive filters are inserted in the illuminating beam and
the resulting image studied for rendering and definition. However, two
simple rules apply generally; if a color is to be rendered as black as
possible, then it must be photographed by light of wave-lengths within
the absorption hand of the specimen; when contrast is desired within
the specimen itself, the object should be photographed by light of a
wave-length which it transmits.  The first rule is of use when it is
desired to secure contrast between the object and the background; and
the second for hetter rendering of detail within the object.
Spectrometers are available for determining the characteristics
of filters; for determining the transmission spectrum of a micro-
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scopic mount; and for studying the effect of dyes or stains on certain
types of transparent mounts.  For the purpose of Glter studies the
Hilger wave-length spectroneter constitutes a very useful accessory.
Phis instrument is illustrated in Figs 0, amd in Figo 10 is shown by
direct color photography the residual light from an are lamp after
passing through vacious tilters.  The spectrometer is adapted for
cither direct vision work or photography, a camera and telescope
being interchangeable.  Instruments for observation with spectro-
scopically decomposed light censtitute what are known as spectro-
scopic eyepicees and are very useful Tor certain classes of work, since
they replace the usual microscopic eyvepieee and may be used with
any objective.  Precision instruments ol this type are capable of
measuring the transmission or absorption spectrum of very minute

-

Fig. 11\ spectroscopic evepiece by Zeiss.  This instrument replaces the usual

eyepicee of the microscope when it is desired to make observations with spectro-

scapically decomposed light. It yields an image of the transmission s ctrum of the

object with a superimposed Angstrom scale and if desired the transmission spectrim

of the staining reagent may also be hrought into the ficld of vision. The staining
reagents are placed in glass vials.

bodies such for example, as a single blood corpuscle, which state of
perfection is said to be attained by the Zeiss instrument, illastrated
in Fig. 11.

The wave-length of the light used in photomicrography also has
other useful functions to perform and for some classes of work these
take precedence.  NMention has been made of the correction of objec-
tives for aberrations which are inherent in the simple lens. When
an objective, not fully corrected, is used for photomicrography at
the higher magnifications, color distortions assert themselves awd
result in faulty performance of the objective unless filters are used
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to exclude light of wave-lengths other than that for which the objective
has been computed.

In high-power photomicrography of metallurgical specimens, the
purpose, of course, is to attain the maximum of resolution and here
the wave-length of the light used plays an important part. As
mentioned above the resolving power of an objective may be increased
by decreasing the wave-length of the light used. Assuming that a
Wratten “F" filter is used whose transmission band is from 6,100 A.U.
to the red end of the spectrum, then an objective of 1.4 N.A. should
resolve about 109,000 lines per inch. If a “C" filter is used whose
spectral transmission is from 4,000 A.U. to 5,100 A.U., the same
objective should resolve about 158,000 lines per inch. In other
words, by using the shorter wave-length light,! it is possible to effect
a theoretical improvement of about 45¢7 in the resolution. In
practice, these theoretical values are not fully obtained because of
other complications entering into the problem.

PoLaRrRIZED LIGHT

Polarized light is oftentimes a very useful aid in the study of trans-
parent objects. By combination with suitable sclenite plates color
combinations are developed in the specimen and between the specimen
and the background which facilitate identification of substances,
comparison of known and unknown substances, and the study of
their structure.  In the field of crystal studies, polarized light is
indispensable and it furnishes evidence of a very substantial nature
in the field of micro-chemistry. The problem has been presented on
occasions to identify the nature of some substance, resulting from
the corrosion of some small telephone part. The evidence in these
cases could easily be placed on the head of a pin but by the use of
polarized light in conjunction with micro-chemical methods, it has
been possible to form some sort of a qualitative estimate of the nature
of the substance. Polarized light is obtained by means of a nicol
prism contained in a suitable mount which is clamped in a ring beneath
the sub-stage condenser.  The illuminating heam from the microscope
mirror is thus polarized before it reaches the condenser. A second
nicol prism called the analyser is cither contained within a special
eyepicee or the analyser takes the form of a mount which may be
placed above the usual eyepicce.  Both polarizer and analyser are

! Regarding the use of n|l|r| -violet light sce  High-Power Uhotomicrogr .|phy of

Metallurgical Specimens, F ucas, Trans. Am. Soc, for Steel Treating; Vol.
p. 011, 1923,
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monnted so that they may be revolved.  Extinction angles are
read from a suitably graduated cirele nsually forming a part of
the analyzing eyepicee.

PREPARATION OF SPECIMENS

Specimens, to be investigaled or stidied by microscopic methods
must have a preparatory treatment in all cases except, perhaps, for
very low-power work. Many samiples require the preparation of
transparent sections: that is, a specimen of the object a few thou-
sandths of a millimeter in thickness so that it is transparent or at
least translueent; studies of woods, poreclains, papers, fibers, tissues,
insulating compounds, ete., are usually made with transparent sections.

Fig. 12—A sliding microtome for cutting microscopic sections. The work is held in

a clamp and a very heavy section razor, flat on one side and hollow ground on the

other is operated backward and forward on a slide rails. The return movement of

the razor operates the elevating mechanism to which the work is attached so that
the latter may be raised to cutting position by predetermined increments.

Hard specimens such as porcelain are prepared by grinding, softer
materials such as wood sections are first prepared by suitable softening
processes and then are cut in an instrument called a microtome, a
form of which is shown in Fig.

Delicate structures require strengthening before they can be cut;
these are embedded in paraftin, celloidin or glycerine gum. For
siiccessful results gradual and thorough impregnation of the parts
is required and this operation may take scveral weeks. After the
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sections are cut, they must be further prepared by being stained,
dehydrated and cleared after which they are finally mounted in
Canada Balsam or similar mounting medium between a glass micro-
scope slide and a cover glass.  Mounts of this kind are permanent,
but when it is not desired to retain the mounted specimen for record
or future examination, temporary mounts are often made in which
the mounting medium is some liquid such as water or glycerine, or

Fig. 14 Equipment for the preparation and preliminary examination of opaque
specimens.

in some cases, may be the staining medium itself.  An enlarged view
of a permanently mounted transverse radial and tangential scctions
of Douglas Fir wood is illustrated in Fig. 13.

The preparation of metallurgical specimens is accomplished by
different methods and if a specimen is to be examined at extremely
high powers, the utmost in skill and refinement of methods is neces-
sary.  The usual methad of procedure is first to file a flat surface
on the specimen, after which the surface is gradually hrought to a
semi-polished condition by rubbing the specimen on a sheet of French
emery paper, placed on a plane surface. A\ coarse grade of paper
is first employed and by gradual steps, finer and hner grade papers
are used, the rubbing on cach successive paper being in a direction
at right angles to the preceding paper and continued until the scratches




e 13 An enlarged view of a speannit preparal for microscopic examuialic

The coner glass shown by the circle measures ¥ inch in diameter. The monnts

are transverse, radial and tangential seetions ot a wood specimen and were

Wained to make their structure visible under the microscope.  The appearan

of a transverse seetion of Douglas Fir at 10 diameters is shown n the
lower atlustration.
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of the preceding operation have all been removed and finer ones
established in the new direction. This is continued to the 000 paper,
after which the specimen is further polished on a polishing machine
having . broadeloth covered lap capable of being revolved at varying
speeds to about 1,200 rpm. This Lap is kept moistened with water
and fine alundum is used as the abrasive.  This operation gives

Fig. 15—CGeneral view of the Laboratory for Technical Microscopy.

semi-polish and when properly carried out, leaves the specimen with
numerous very fine scratches. The final operation is carried out on
another lap covered with very fine broadcloth and with an exceed-
ingly fine abrasive such as the finest jeweler's rouge or magnesium
oxide.  For high-power work magnesium oxide is the only polishing
medium which has heen found to yield a satisfactory surface.  The
technicue for the development of surfaces at high powers has been
worked out in our laboratory so that it is now possible to study metal
structures with great clearness at high powers. Lquipment for
grinding and polishing specimens is shown in Fig. 14.

Metals, after polishing, as a rule, do not show their structural
characteristics, but must be treated in some way to etch the polished
surface. This etching operation is a simple matter for low-power
work, but as the magnification is carried higher and higher. the
problem becomes increasingly difficult.
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BELL SYSTEM PHOTOMICROGRAPIIC LABORATORY

A general view of the Laboratory situated on the fifth floor of the
building at 463 West Street, New York City, is shown in Fig. 15.
Some of the equipment is more fully illustrated in detail views.

It consists of two metallurgical equipments, one of which is the
large Zeiss mctallographic outfit shown in the foreground of Fig. 15.
This equipment is of precision quality and is used for all classes of

Fig. 16—The Martens stand of the large metallographic outfit. The vertical illum-
inator is shown between_the barrel of the microscope and the objective.

work involving opaque specimens. The optical parts consist of a
full complement of Zeiss apochromatic objectives and compensating
eyepieces for medium and high-power work. For low-power work
a full sct of Zciss micro-planar lenses and a Tessar lens are used.
The maximum bellows extension of the camera is 155 centimeters
and the plate holders are designed for 24 x 30 centimeter plates and
all smaller sizes by employing snitable kits. The illuminating train
consists of an automatic arc lamp, a condensing system, and cooling
cells, mounted on an optical bench and capable of adjustment to
meet the conditions of the work.

Illuminators of conventional types, for vertical and oblique light
may be assembled on the Martens type stand. This stand is a
departure from the construction of the usual form of microscope
stand. It is much more rugged and is arranged for use in a horizontal
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position only. In precision work a stand must be stable and sub-
stantial and the construction thronghout has been arranged with this
thought in mind. The microscope is equipped with a movable stage
for rough focusing and this is itted with a revolving mechanical stage
so that the speeimen while under examination may be moved about
at will for the purpose of study or exploration.  To facilitate focusing,

Fig. 17.—A vertical photomicrographic camera for transparent specimens.

gear is provided so that the operator may sit at the ground glass
screcn and by means of a wooden handle, focus the microscope. .\
ground glass screen for viewing and for rough focusing and a clear
glass screen for fine focusing with a magnifier are provided to be
interchangeably mounted with plate holders on the eamera back.

A second metallurgical outfit of Bausch and Lomb manufacture
shown in Fig. 14, is used for preliminary examination of specimens
while in the course of preparation and for photographing some metal-
lurgical specimens at medium powers. This outfit is also arranged
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for photomicrography and has a 3 x 7 camera of rather short bellows
extension.  The objective equipment is of the achromatic type.
For transparent work a Zeiss vertical camera outfit, Fig. 17, equipped
with the conventional Zeiss research type microscope is used. The
camera has a bellows extension of 80 centimeters and uses 3 x 7 or
smaller plates. It is fitted with ground and clear glass focusing
screens similar to the large Zeiss metallurgical outhit.  The illuminant
is a 500 watt metal filament nitrogen filled bulb with the filament
mounted so that a large circular arca of Mlumination is presented, or
if desired, the filament assembly may be turned sideways and a single

Iig. 18 A 500 watt metal filament, gas-filled lamp for use in photomicrography.

filament straud is thus presented to the optical train.  In medium
and high powers, this approximates a point source and for the lower
powers the large circular arrangement of the hlament provides a
relatively large area of illumination which is quite desirable.  The
lamp is illustrated in Fig. 18, The illuminating train consists of
condensing and cooling units adjustably mounted on a substantial
optical bench as in the case of the metallographic outfit. The ob-
jectives consist of a full set of apochromats and also several achromats
of low power. The micro-planars are also used with this equipment.

Tur UrLTrRA-MICROSCOPE

The ultra-microscope is an instrument for revealing the presence
of very minute bodies present as colloids in transparent solids or
liquids. The presence of these particles is made apparent by the
light rays which they intercept and diffract upward into the micro-
scope objective. It is a matter of common obscrvation that dust
particles are seen in an intense beam of light such as sunlight but
otherwise their presence remains concealed.  This principle of il-
lumination is made use of in the ultra-microscope as described below
and accordingly differs considerably from the conventional arrange-
ment of compound microscope and illuminant.

The appearance of ultra-microscopic particles in fluids and trans-
parent solids as scen by means of the ultra-microscope is, without a
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crate masses of particles merely float through the field of vision and,
compared with the individual particles, appear exceedingly sluggish.

Fig. 20 gives a general view of the Zeiss ultra-microscope as originally
devised by Siedentopf and Zsigmondy. The equipment has been
superseded to some extent by the later Siedentopf cardioid ultra-
microscope. The latter is a very powerful light-concentrating device

Fig. 20—The Slit ultra-microscope for transparent solid or liquid specimens.

and for this reason it is primarily adapted for the examination of fine
colloidal solutions and dilute precipitates as well as for the observa-
tion of micro-chemical and photo reactions. IFor transparent solids
and for the precursory examination of liquids and for rapidly passing
in review several fluids in succession, the original arrangement retains
marked advantages.  The cardioid ultra-microscope will be described
more fully later on.

Fig. 21 shows diagrammatically the path of the rays within the
preparation in the presence of ultra-microscopic particles and will
serve to make clearer what is to follow. In the original form of ultra-
microscope (IFig. 20) the horizontal incident rays which go to furnish
the illumination do not enter the microscope, the latter being set up
vertically and hence the background appears dark. The only rays
to enter the objective of the viewing microscope are the diffracted
rays which come within the aperture of the objective.

At one end of the base board is an automatic arc lamp mounted
on slide rails so that it may be brought in line with either of two
illuminating trains mounted on optical benches.

|
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One of these illuminating trains functions with a microscope which
has mounted on its objective a clamping device for hokling Biltz
cells in which the liguids are placed for examination. The other
train serves another microscope on the stage of which is mounted a
special objeet stage capable of being raised and lowered and provided
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Fig. 2t —Hlustrating diffraction of light impinging upon an ultra-microscopic particle.
[luminating rays represcnted by solid lines and diffracted rays by dotted lines.

with a plate at the top to receive the specimen to be examined. In
this case the specimen, if a hard solid, has been previously prepared
to have two ground and polished surfaces in planes at right angles to
cach other and is mounted so that one faces the illuminating train
and the other the objective of the viewing microscope. Plastic
substances or certain liquids not suited to the use of the Biltz cells
are placed in a special glass cell having a deep eylindrical recess
faced with a quartz window toward the illuminating train. V\arious
cells for ultra-microscopic examinations are shown in Fig. 22.
Placed next to the arc lamp is a fixed diaphragm and then a small
projection lens which is corrected chromatically and spherically and
brings the image of the positive carbon of the are lamp to a focus on
the adjustable slit.  The slit is provided with a drum bearing a scale.
The divisions of the scale embrace 50 parts anct a complete revolution
of the drum opens the slit T; mm. so that cach division of the scale
advances the slit 1,100 mm. The slit is fitted with two jaws at right
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angles to the principal slit, one being adjustable by a milled serew head.
The function of these jaws is to limit the length of the slit. The slit
head may be given a quarter turn so that it may be set horizontally or
vertically, which is necessiary in order to calibrate the instrument as
explained later. A projection lens next in order toward the micro-
scope projects the image of the slit into the image plane of a hori-
zontally mounted objective which is mounted on a stand with cross

tig. 22—Cells used for the exantination of Hujds with the ultra-microscope.

slides so that the objective which serves as an illuminator may be
moved horizontally in two directions, at right angles to each other.
The movement of the cross slides is controlled by serew adjustment
but for coarse adjustment in the direction of the illuminating train a
sliding sleeve adjustment is made. By this means the illuminating
objective can be centered with respect to the observing micrascope
objective. In the correct position the front lens of the illuminating
objective is about 1 mm. from the mount of the observing objeetive.

The Biltz cell has a rectangular cross section which permits of
accurately adjusting the cell in position. A\ thistle funnel at one
end is for the reception of the liquids; the other end is provided
with a picee of rubber tubing which has a pincheock to prevent the
escape of the Auid.  The rectangular section of the cell has two quartz
windows, once of which normally faces the iluminating objective and
the other the observing objective.  The eell is attached to the observ-
ing objective by mcans of the clamp mentioned and the ccll is focused
in the proper position in the heam of light by racking the microscope
draw-tube nupward or downward in the usual manner by the coarse
and fine adjustments.  The observing objective is a special water
immersion objective which makes contact with the upper window
of the Biltz cell through the medinm of a drop of distilled water.
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Quantitative investigations are made by counting  the  visible
particles in a given volume of the Huid and the maaner in which so
novel an investigation can be accomplished by optical means should
prove of general interest. One method consists in the use of the
eyepicce micrometer which is substituted for the ordinary eyepicee
of the observing microscope.  The eyepicee micrometer is ruled into
sqaares and the dimensions of these are found by calibration with a
stage mictometer.  The depth of the steatum is measured by turning
the shit head through a right angle and thus i solid is blocked out in
the path of the light rayvs, whose length and hreadth are defined by
the rectangular arca ol the micrometer eyepicce and whose depth is

Fig. 23 —Illustrating the adaptation of micrometry to the ultra-microscope for the
purpose of counting particles per unit volume.

that of the light beam and may be read from the known dimensions
of the eyepicee micrometer.  Fig. 23 shows the cross ruling of the
cyepicce and the pencil of light which traverses the ficld.  The length
of the side of each square as seen through the water immersion objec-
tive with a tube length of 160 mm. has an approximate value of 9 p
as referred to the object, which value is sufficiently accurate for
ordinary measurements. Where more exact measurcments are
required, the ruling is calibrated for the eyepiece and objective by
means of a stage micrometer in the manner to he described under
the subject of micrometry-.

For studying the behavior of particles in polarized light the eyepiece
is fitted with an analyser. In a measure, as the particles decrease
in size they become more 51ronglv polarized in degree towards the
plane which passes through the axis of the illuminating and ditfracted
rays, i.c., the principal plane of diffraction. The analyser also serves
to distinguish unpolarized from polarized light.

The apparatus for examination of solids is identical in so far as
the illuminating train is concerned with the apparatus for liguids
just described. It differs only in the character of the specimen or
of the cell used and, while designed primarily for transparent solids,
it may be used with a suitable cell for liquids also.  When liquids
are being examined, there is no need for searching the specimen since
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the particles are in constant motion, but when solids or semi-solids
are being examined it may be desirable to do so. The mechanical
stage of the microscope on which is mounted the adjustable specimen
stage allows any layer in the specimen to be brought into accurate
focus and hence various strata of the specimen can be examined one

Fig.” 24—Cardioid ultra-microscope.

after the other. As previously stated, the specimen must be pro-
vided with two polished surfaces at right angles to each other to
correspond to the quartz windows of the Biltz cell.

Sinee the observation of ultra-microscopic particles in polarized
light supplies useful information respecting their form and color, a
polarizer is provided with a hinged stand so that it may be swung out
of the optical train. The analyser, as previously mentioned, is
fitted over the eyepicce of the microscope.

The cardioid ultra-microscope illustrated in Fig. 24 dilfers only
in two important features from the ordinary form of microscope.
The itllumination of the fluid under examination is obtained by a
dark-ground condenser mounted in the sub-stage condenser collar
and to which Zeiss has given the distinetive name “cardioid con-
denser.” A diagram of the condenser and the paths taken by the
rays is illustrated in Fig. 25.  Since the aperture of the rays brought
to a focus by thie condenser exceeds 1.0, it follows that no light can
cmerge from the condenser if there he a stratum of air above the
condenser. It is therefore necessary to connect the object slide
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or cell chamber and the top of the condenser by a stratum of immersion
fluid free from air bubbles.  Cedar oil or pure water is used for this
purpose.  The chamber for the cardioid condenser is illustrated in
Fig. 22. The chamber is made of quartz glass and consists of a
circular disc having on one side a circular groove and an optically
plain central portion within the groove about 2 g below the plane
outside the groove. A\ drop of the fluid to be examined is placed
on this depressed central portion and a cover glass of quartz placed
over it. The excess Huid is expelled to the annular groove and a
stratum about 2 g in thickness is retained in the central portion of
the chamber for microscopic examination. The cell is assembled
in the metal mount which has a clamping ring and a recessed member

Fig. 25—Diagram of the rays in a cardioid condenser.

to receive it. The very brilliant illumination resulting from the
cardioid condenser would cause glass to fluoresce and for this reason
a quartz ccll is used. Mlorcover, glass is more liable to be affected
by corroding agents than is quartz.

The utmost care must be taken to prepare the cell chamber. This
includes washing with alcohol and water; dipping in boiling sulphuric
and chromic acid solution; washing in tap water; rinsing in distilled
water and then in redistilled alcohol; drying in a hot air current and
finally cooling under a bell jar; all of which is necessary to insure
absolute cleanliness.

An automatic arc lamp is used as a source of illumination and the
image of the crater is projected by a projection lens onto the mir-
ror of the microscope from which the rays are reflected upward into
the cardioid condenser.
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The objective used with the cardioid condenser is a special apochro-
mat 3 mm. 0.85 N.A. glycerine immersion lens which constitutes a
homogencous immersion lens for cover glasses of fused quartz.  This
type of objective is necessary because the success of the observation
is then largely independent of impurities and slight blemishes on the
upper surface of the cover glass, morcover, the lens confers a greater
immunity from the cffects of varving cover-glass thickness and the
immersion fluid prectudes the entrance of dust which would gracdually
cloud the image.

Slit ultra-microscopes are not arranged for photography because
in the case of liquids the particles are in a rapid state of motion and
the illumination is insufficient. Since in transparent solids the
particles are stationary, the image scen in the slit ultra-microscope
may be reproduced by making a lengthy exposure.  With a small
photomicrographic camera developed by the writer the image seen
in the slit ultra-microscope for solids has been reproduced and, by
instantancous photography, the moving particles in liquids as scen
in the cardioid instrument. Except for purposes of evidence or record,
there is little to be gained by photographing with the ultra-microscope.

DARK-GROUND [LLUMINATION

The dark-ground illuminator constitutes another aid to micro-
scopic investigation.  This, in reality, is a sort of ultra-microscope,
are viewed by diffracted light much in the same
way as in the cardioid type of equipment. This method of ilumina-
tion is accomplished by stopping out the axial rays and allowing
those of greater aperture to strike the specimen at an angle. The
usual form of condenser may be made to yield dark-ground illumina-
tion by the simple expedient of inserting a central stop in the path
of the light rays just below the sub-stage condenser in a ring provided
for such purpose. Better results are attained by use of dark-ground
illuminators which are special condensers designed with this object
in mimned.  Dark-ground illumination furnishes valiable means for
bringing into view objects which are smaller than about 1 x.  Examples
of such objects are furnished by fibers, fine crystalline needles, fissures,
cdges, rods, bacteria, cte.  Under dark-ground illumination methods,
these objects are casily seen and studied, whereas with transmitted
light, they can be seen with difficulty unless rendered distinguishable
by staining.  Certain bodies with laminar markings are also suitable
subjects for dark-ground studies and in this case the markings are
distinguishable more by reason of dissimilarities in refraction than
by differences in coloring.

since the obhjec
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Mic ROMETRY

Micrometry plays an important part in technical microscopy
because the dimensions of micro-constituents in i specimen are helpful
for purposes of identification or for forecasting physical properties.
In metallography the measurement of grain
for certain alloys and in some cases, specitications are so drafted as

¢ s assuming importance

to define this characteristie.

For measuring objects under the microscope, the eyepicce contains
a glass dise on which fine divisions have been ruled.  In some cases,
these rulings take the form of a cross-section composed of smali
stquares or rectangles. The reading of each division of the evepiece
micrometer is calibrated for each objective by comparison with a
standardized stage micrometer.  These stage micrometers are glass
microscope slides on which known units of length have been accur-
ately ruled, such as 1T mm. divided into one hundred parts or 3 mm.
divided into tenths and one-tenth divided in huadredths of a mm.,
cte. The stage micrometer is focused in the same way as a micro-
scopic specimen and adjusted into position so that the rulings of the
evepicce micrometer are superimposed on them. 1t is then possible to
evaluate the evepiece rulings in terms of the standardized stage
micrometer. after which the latter is removed and the specimen to be
examined substituted in its place.  Thercafter, the image of the eye-
picee rulings will be superimposed on the image of the specimen and
micasurement can proceed.  For precision work, a very accurately
made evepicee micrometer is used, a typical form of which has a
thin glass plate upon which is ruled a cross and a double line.  This
is mounted on a shide immediately below a stationary micrometer
scale and can be moved by means of micrometer screw.  The cross
is accurately set by the micrometer screw to coincide with the par-
ticle to be measured, the double line serves to count complete revolu-
tions of the screw with the aid of the scale which is seen in the field
of vision. The screw carries a drum which has 50 divisions and
each division corresponds to a displacement of the cross through a
distance of 0.01 mm. so that a complete revolution of the drum dis-
places the cross 0.50 mm. The actual readings of each interval of
the drum head must be accurately calibrated for cach objective by
means of a stage micrometer. .\ group of instruments for use in
micrometry is illustrated in Fig. 26.

APPLICATIONS OF PHOTOMICROGRAPHTY

In closing, attention is directed to the photomicrographs comprising
the Appendix of this paper, each of which was taken in connection with
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some definite engineering problem involving telephone apparatus.
As the useful range of microscopic vision is extended farther and
farther into the rcalm of higher magnifications, a more exact knowledge
of materials is obtained and the effect is learned of physical and
chemical forces acting to destroy or to build.

It has been conceded quite generally that about 1,500 diameters
of magnification represents the limit of useful magnification. As
previously stated this is a much disputed question. Laboratory
studies, painstakingly carried out over a period of several years, have

L L

IFig. 26—Various types of eyepiece and stage micrometers used in connection with
the microscope to obtain the dimensions of microscopic objects.

accomplished improvements in technique and in precision of adjust-
ment of the equipment which have shown that remarkable resolution,
depth of penctration and clearness can be attained in the case of
metallurgical specimens, at extremely high powers. There seems
little reason to doubt that our knowledge of metals can be augmented
very materially by studies of their structures at high powers.
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Morcover, it scems probable that the finest high-power objectives
are of a quality beyond our ability to use them to best advantage
because of our incomplete knowledge of how best to prepare specimens
lor examination at high powers.

It is impressive to evaluate magnification in terms more readily
comprehended.  For instance, the cross section of the average metal-
lurgical specimen may be considered as a square whose side nicasures
one-hall inch. If we magnify this specimen 100 times, obviousty
we have an arca measuring 50 inches on the side, but if we magnifly
it 10,000 times, then we have the equivalent of an area about 415
Teet on a side or roughly, about four acres.  An average picture at
6,000 diameters is 6 inches in diameter and therefore by a reverse
order of reasoning, the actual arca of the specimen under observation
becomes 11000 inch in diameter.



Fig. A. Meteoric iron eonsists of iron, nickel and the other clements usually found in steels such as carbon, sulphur,
phosphorus, cte. The study of metcorites has contributed much valuable knowledge 10 the science of metallography.
The Widmanstitten figures (shown by the arrangement of the constituents with reference to crystallographic planes)
were generally considered characteristic of meteoric iron and it was helieved that they were not to be found in manu-
factured iron and steel. Later this was shown to he an ineorrect view,

(a) A r.m‘lcnri(c which fell at Carthage, Tenn., containing 89.46% iron and 7.72% uickel and which shows the
octahedral Widmanstatten structure.  Maguilication 4 X,
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Fig. A

(h) Meteoric tUrastals. The figures are sections throuch an octahedron and
were developed by suitably etching a polished suriace of the meteorite.  Their
perfect form is indicative of very avorable conditions of growth and is a cor-
gt_v(l):(t))rQlinu of the octahedral crystalline form of the meteorite  Magnification
500 X.
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Fig. A
(c) A cast steel of 0.5% carbon in which the Widmanstatten or cleavage
structure has developed somewhat similarly to that shown in the meteorite. The
physical characteristics of the stecl are dependent on the structural arrangement
of its constituents, in this case pearlite (dark) and free ferrite (light). By
suitable heat treatment this coarse structure may be refined and the physical
properties of the steel greatly improved.  Magnification 100 X,
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Fig. A

(d) The same steel as illustrated in wut after being refined (heated to
©~ : O~ . . R . .
I&)}O C; air cooled; rcheated to 650°C, and again air cooled.) Magnification
100 X.




Fig. B, The application of high-power photography to the study of nickel
finishes.  One of the characteristics of an improved process for plating ductile
nickel on iron is the interlocking or “keving” of the nickel and the iron
Magnification, 6000 X.
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Fig. C. Distribution of filler particles in soft rubber insulation as re-
vealed by a transparent scction. The section was cut in a microtome by “flash
ing” the rubber with liquid air which hardened it just sufliciently to cut prop-
erly. The specimen was photographed by polarized light and with selenite
Ma\u to sccure contrast hetween the [mmhk and the embedding rubber com-
pound. Note agglomeration of the particles into large masses. The ideal con-
dition of distribution would be attained when cach individual particle s
surrounded by rubber.  Magnification 720 X.

FFig. D, olloidal particles seen through ||1< ultra-microscepe.

(a) lul\n.umi particles in a phenolic resin solution.  Taken with  the
cardioid ultra-microscope and the Luecas Photomicrographic camera
Instantancous exposure was necessary  hecause the particles were in
constant motion, Magnification, 220 N

(L) Coloring matter in glass.  The glass was colored saffranin and was
transparcnt to the eve or with any other method of microscopic vision
but with the slit ultra-microscope the colloidal coloring matter becomes
visible.  Also taken with the Lucas photomicrographic camera, a time
exposnre heing neeessary,  Magnilication, 100 X




Fig P’aper fibers by 97 X, Note the surface markings wdati
m col the appearance ol roundness possessed by some « wrs., Th
ph was taken with a modern medium-g pochromatic objective

Microscopic examination ¢

extile and paper affords a means ¢

ulentification second to none he fibers @ recognized by characteristics
peculiar to each and by col reactions to different stains.  Cotton, for exampl
appears as a t ribbon fiber twisted tly; linen round and shoy

“joints” and cross markings. The specimen illustrated consisted mostly of linen
with a small proportion « otton added
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Fig. G. Scason cracking of aluminum bronze ratchet wheels.
(a) Ratchet wheel at magnification 2% X.
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Fig. G

(b) Showing a large crack, at magnification of 23 X.
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¢) Intererystalline nature of the eracks and the severely worked condition
of the metal as indicated by several groups of slip bands traversing cach
crystal grain

se ratchet wheels developed radial eracks while in storage or in serviee.
Some of the eracks were so large as to be plainly visible to the unaided cye and
others were of microscopic dimensions.  They resulted from the metal being

cverely cold-worked at the time the parts were machined and then left in a
strained condition.  The intererystalline nature of the eracking is shown in “c”
which is characteristic of on cracking.  This illustration also shows the
erystal grains traversed by several groups of slip bands, indicating the severity
of the cold-working
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Fig. H.  Manila hemp rope is usad extensively in telephone work and the
fiber from old rope is used in paper for cable insulation which finds its wa)
mto the plant.

Microscopically the filier is identified by certain characteristics, prominent
among which are the siliciticd tabular cells known as stegmata.  If the fiber is
Iurned and treated with dilute acid the stegmata remain behind, resembling
strings of beads

Manila hemp makes the hest cordage but it is somewhat dithicult to dis
tinguish the fiber from that of sisal which produces infe cordage.  The
presence of the silicious skeletons of the stegmata and the color uf the ash
(eravish-black in the case of Manila hemp and white in the case of sisal) aid m
the identification of the filer

(a) Manila ITemp Filers, magnification 50 X.

a7

B

(b) Ash of Manila Hemp, magnification 430 X.
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Fig. 1.\ further illustration of low-power photomicrography in  the
study of telephone parts:

() lmtermediate pinion of calling dial.  Diameter of pivot 050 inch.
Magnification, 14 X

(b) The effect of laboratory wear tests on small shafts. Magnification, 4 X.
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i

(b) Showing mappreciable depth of carburized zone, and a large non-
metallic inclusion in the steel,  Tnclusions of this sort denote poor
quality or dirty steel.  Magnification, 100 X

Fig. K. Steel of 1L53% carbon heated to 823 C. and quenched in ol This
medium-power photomicrograph at 100 X really tells very little about the steel,
except that it possesses a fine structure,
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Under higher magnification one of these patches shows
cstige of laminated structure and the commencement of
Magnification 9000 X



Fig. 1. Dircet antochrome color reproduction of a stained specimen ol
Southern Yellow PPine showing sap-stain fungus mycelium. Magnification 100 X.

This particular fungus i~ harmful to the extent that it causes a discoloration
of the sapwoud, which assumes a blue color in plice of the usnal straw-yellow.
Wood-destroying fungi differ somewhat in their appearance from the one
illustrated

autochrome process ot o
X.  Mahogany is onc
in the telephone plant

Iig. M. Direct color photomicrography 1y the
rachal sectim of mahogany wood.  Magnification
the best of cabinet woods and finds wide applicatic







A Clock-Controlled Tuning Fork as a Source
of Constant Frequency
By J. G. FERGUSON

Nork:  The art of electrical communication employs such a wide variety
of methods for the transmission of inulligom\' that it utilizes alternating
currents whose frequencies cover the eatire range hetween a few cyeles per
second amd several millmn With the increasing use of these methods, it
beconies more and more imperative that determinations of the frequency
of any alternating current may he made with extreme accuracy. In pic-
ticular, recent developments in carrier current telephony and telegraphy
over wires have placed exceedingly rigorous limits on the frequency adjust-
ment of certain types ol appara It is many times necessary to hold
such equipment as oscillators or filters to within 0.1 per cent. of given fre-
quency values under commercial operating conditions.  This means that
calibrating devives used in the manufacture and maintenance of €ir-
cuits must be reliable to 0.0F per cent. and that the primary standard should
be good to about 0.001 per cent. or one part in 100,000,

The present paper discusses one of the methods recently developed in
the nu'l tem Laboratory for obtaining a source of practically constant
frequency with which other frequencies may be compared. It consists of
a clock-controlled tuning fork making 30 vibrations per second and, as is
shown, the maximum deviation of its frequency from the mean is less than
one part in 30,000,

A study has also been made of means for i improving the constancy of the
control clock and a new type of clock mechanism consisting of an electrically
actuated pendulum, the impulse of which is controlled by a photo-electric
cell, is suggested. —EpIToR.

INTRODUCTION

HI art of clock making is of such long standing that there have
been few tmprovements of note in the last fifty years tend-
ing to increase accuracy. The average rate of oscillation of a good
clock when taken over a sufficiently long period of time as, for in-
stance, a day, can be held constant to about one part in 1,000,000,
This accuracy is sufficiently high for all ordinary requirements in the
measurement of time, including the ficld of clectrical communtcation.
However, in electric measurements, the problems which present
themselves ordinarily require the accurate meastrement of intervals
very much shorter than a second which is usually the smallest interval
registered by the average clock. 1n solving these problems, we are
therefore forced to the alternative cither of designing a clock to have
a period very much shorter than those of existing clocks or of using
sonte form of short perioxl oscillator whose uniformity can he con-
trolled by the second impulses from a clock.
The first method has been admirably worked out as described by
othier members of the staff of this laboratory.! In this system a

' Paper by J. W. Horton, N. H. Ricker and W. A. Marrison, presented at the
annual convention of the American Institute of Electric Engincers, June, 1923
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hundred cycle fork is kept in constant oscillation by a regenerative
mcthod, the conditions being so controlled that the mean period of
the fork compares favorably with that of a good clock.

The attraction of the sccond method lies in the possibility of obtain-
ing a sufficiently constant standard of frequency with nothing more
than a good clock and standard auxiliary apparatus casily capable of
application to any oscillating system. Such an outfit could be made
available in cases in which the expensc incident to the installation
and maintenance of more claborate equipment would not be justified.

REQUIREMENTS OF A CLOCK-CONTROLLED FREQUENCY STANDARD

It is a comparatively simple matter to control or operate a fork, or
other oscillating system, by mecans of periodic impulses from a clock,
so that the total number of oscillations will be some definite multiple
of the number of impulses from the clock. However, the present
requirements are more severe than this. It is necessary to have the
oscillator operated so that cach oscillation will be sensibly equal in
magnitude and duration to every other oscillation. In other words,
it is not sufficient that the clock and the oscillator keep in step over a
given period of time, but the instantancous frequency of the fork must
not depart appreciably from the mean frequency. This requires a
form of control which will not be to any extent discontinuous, but
which will change uniformly in proportion to the divergence of the
oscillator from the clock. Such a form of control in turn requires
that the frequency of the oscillator itself be sufhciently constant when
uncontrolled, to reduce all momentary fluctuations and rapid fre-
quency changes to a minimum. This requirement is best satisfied by
an oscillating system having a low decrement. Since a mechanical
system is usually far superior to an electrical system in this respect,
and since the most available mechanical oscillator for the range of
frequency in question is a fork, our choice naturally falls on this form
of oscillator.

A good fork maintained in continuous operation by some clectrical
means, such as regeneration, or a make and break contact and a driv-
ing magnet, is a comparatively simple system and is capable of a high
degree of constancy.? It therefore satisfies all of the requirements
for our purpose, but there remains the devising of some control which
will be proportional to the divergence of the fork from the clock con-
trolling it. In order to use any such control it is practically neces-
sary to integrate the oscillations of the fork so that we may obtain a

2 }H. M. Dadourian, PPhys, Rev. 13, page 337, 1919, “On the Characteristics of
Elcctrically Operated Tuning Forks."”
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time interval equal to the number of eyeles of the fork which we
desire 10 make cqual to the time interval between suecessive clock
impulses.  This is readily accomplished by wcans of 4 phonic wheel
or syachronous motor operated by the fork.  This motor may be
connected to any form of gear train in order to get the necessary
integration.

The requirements so far outliped do not limit the lrequency of the
fork in any degree exeept that we must be able to integrate its periods,
and if a mechanical means 1s used as outlined, this probably scts an
upper limit on the frequency at 400 or 500 cveles.  However, prac-
tical considerations will generally make the most satisfactory fre-
quency considerably lower than this, sinee it is an casier matter 1o
compare unknown frequencies with a low frequency standard rather
than with one of high frequency.

MEeruop of THE CoONTROL orF THE FORK BY THE CLOCK

The fork used in the system described below is of the same type as
that tested by Dadourian. 1t is operated by a driving magnet and
make and break contact, and was originally designed for nse in mul-
tiplex printer telegraph circnits. Tt can be adjusted to operate at
50 cycles and is designed to drive a synchronous distributor which
rotates once for every 10 cycles of the fork. By means of a 5 to 2
reduction gear and a contact operated by it, an impulse may be
obtained once every 25 cyceles of the fork. If the fork oscillates at
exactly 50 cycles per sccond, the time interval hetween the impulses
will be exactly one-half second, and this time interval will he shorter
or longer, according as the speed of the fork increases or decreases.

The control system used is designed to affect the frequency of the
fork in proportion to the difference between half sccond intervals as
measured by the clock and the time required by the fork to complete
25 cycles. Fig. 1 shows the details of this control. Fig. 2 is the
schematic diagram. Referring to Fig. 2 the contact marked “Fork”
is the contact obtained every 25 cycles from the fork and the con-
tact marked “Clock" is that obtained every half second from the
clock. Each of these contacts is adjusted to remain closed for a
period of approximately .03 sccond when operated.

The control operates as follows. \When the clock contaet closes,
the relay operates and locks until the fork contact closes and short-
circuits the winding of the relay which then releases. During the
time that the relay is operated, the condenser C is charged through
the resistance ry by the battery By, The voltage of this battery is
such that when applied to the grid of the vacunm tube, it will_just
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reduce the space current to zero.  The condenser € continuously
discharges through the resistance r.. The mean potential on the
condenscr is thus applied to the grid of the vacuum tube and modifies
the space current, which, in turn, is passed through the damping coil
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Fig. 1 Clock Control of IFork Frequency

of the fork. A stable condition is reached when the condenser dis-
charge cach second is exactly cqual to the charge.  Any variation in
the condenser potential varies the eurrent through the damping coil
and changes the frequency of the fork.  Now if the period, during
which the relay remains operated, increases, the mean potential on
the condenser will gradnally increase.  This will increase the mean
negative grid potential, reducing the mean space current through the
tube and through the damping winding, thus reducing the damping on
the fork and increasing its frequency.
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This method of control is slow yet sensitive to very slight changes
in frequency'.

The method of controlling the frequency of the fork by a damping
winding was found to be the most simple and satisfactory method.
The amount of variation of frequency which this winding will produce
under extreme conditions should be slightly greater than the maximum
variation to which the fork is subjected in operation when uncon-
trolled.  This has been found to be abont .05, when temperature
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Fig. 2 Clock Control of Fork I'requency. (Schematic Diagram)
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variations are held to within a few degrees. The only requirement
for the coil is that the current available from the vacuum tube must
be sufficient to produce the necessary control.  This requirement is
easily met. It has been found possible with the equipment deseribed
to obtain an effect at least 10 times greater than necessary.

The change in frequeney of the fork due to the current in the damp-
ing winding is a combination of several effects. The current will
increase the decrement of the fork, due to the losses induced in the
metal of the fork while vibrating in a magnetic ficld.  This will cause
a decrease in frequency.  The magnetic force acting on the tines of
the fork, even though it be assumed to cause no losses in the fork, is
unsymmetrical, having a greater effect at the ends of the swing of the
fork. This unsymmetrical force may also be shown to cause a de-
crease in frequency. Again there is a change in frequency due to the
change in amplitude alone. For the type of fork here used this
change may be an inerease or decrease, depending on the range over
which the change occurs.

It is obvious that when the control is operating, the voltage of the
condenser and hence the space current of the vacuum tube, will
fluctuate each half sccond. Since it is only the mean value of space
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current that is used to control the fork, it is important that this
fluctuation be reduced to a small amount.  This may be done by
using a large capacity C or a large resistance R, However, the
effect of increasing the capacity or resistance is to inerease the time
required for the control to change, when compensating for changes in
the fork frequency. Accordingly the values chosen must be a com-
promise. If we assume that the control is capable of giving a max-
imum change in frequency of 197, and we allow a fluctuation in this
control of 57, cach half sccond, this will cause a uctuation in fre-
quency of 5%, of .17, or .0059;. However, the inertia of the fork
prevents it from following such a rapid fluctuation in damping cur-
rent and hence the actual change in fork frequency is very much
smaller than just indicated.

The fact that non-cumulative fluctuations in the control as great
as 57, have only a negligible cffect on the fork frequency is an im-
portant point. Such fluctuations are likely to arise through hunt-
ing in the synchronous motor, irregularitics in the time of operation
of the relay, etc., and since their cffects average one another out,
there is no danger of their being transferred to the fork.

The ratio of the charging resistance to the discharge or grid leak
resistance is not a governing factor, except that the charging resistance
must be less than the discharge resistance.  The phase position of
the fork to the clock under normal conditions is also governed by the
relative values of these resistances.  For the present cireuit 7, has a
resistance one-half that of rs, and these resistances and the condenser
are of such values that it takes approximately 15 minutes for the fork
to come into the correct phase relation with the clock when started
under the most unfavorable conditions.

While this method of control will hold the fork frequency for an
indefinite period in synchronism with the clock, it is possible that the
phase relation of the clock to the fork may change. This change
may be periodie, that is, it may take the form of an oscillation about
the mean phase position, or there may be a gradual change due to
changes in the various constants of the control occurring over com-

paratively long intervals.  For instance, any change in the ratio ;5.

'
such as might oceur with temperature, will change the phase relation
between the fork and the clock.

Chronograph records show that there are no phase changes greater
than one cycle of the fork over periods as large as 8 hours. To de-
termine the possibility of hunting, that is, of oscillation of the fork
frequency around its mean value, the phase relation was actually dis-
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turbed and a chronograph record taken of the readjustment. This
will give the period of the oscillation, if any, and the amount of
damping.

Fig. 3 shows one of these records. The chronograph was con-
nected in the circuit as shown in Fig. I and a record was taken over a
period of abont 20 minutes after starting the fork. This record
shows the length of time in cach half second that the control refay was
operated. At starting this period is about .11 sccond. After about
S minutes it becomes a maximum equal to .2 second and there is no
appreciable change over the next 5 minutes, showing a permanent
condition has been reached. Accordingly we may conclude from
this record that any oscillation about the mean value of the control
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Fig. 3—Chronograph Record of Fork After First Starting

is almost if not quite critically damped. Several other records
taken with even greater phase displacements bear out this conclusion.
This practically precludes hunting after the phase angle has been
once adjusted.

Accrracy of THE CLOCK-CONTROLLED FORK

The accuracy of the fork has been checked in two ways. For long
periods of time, chronograph records have been taken at intervals
over a period of 8 hours and the maximum variation of the fork from
the clock in this period has been found to be less than .02 second, or
one cycle. Smaller periods of time cannot be measured accurately
on the chronograph used. If we are dealing with periods of time of
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more than 15 minutes, this gives an accuracy as high as one part
in 50,000.

For small time intervals, an entirely different method for measur-
ing the constancy of the fork must be used. Two methods are avail-
able. We may cither compare the high harmonics of the fork directly
with some high frequency which can be held extremely constant over
short periods of time, and observe fluctuations in the relative values
of these frequencies, or we may compare the fundamental frequency
of the fork with a high frequency by some means which will enable
us to measure the divergence from an exact integral multiple rela-
tion in terms of the higher frequency.

To explain in more detail, we may pick out the one hundredth
harmonic of the fork by means of a filter and amplifier and compare
it with a 5000-cycle frequency obtained from a constant frequency
oscillator by some method of detection which will allow us to count
the difference in cycles. By this means we may observe variations
in the relative rate of the fork and the oscillator to an accuracy of
about one-tenth of a cycle over a period of a few scconds, and this
gives us a comparison to an accuracy of 1 part in 50,000. The prin-
cipal objection to this method is the difficulty involved in separating
the higher harmonics of any alternating current wave obtained from
the fork. For instance, the separation of the hundredth harmonie
from those immediately above and below it would require a circuit
so selective that it would probably be very difficult to construct and
cumbersome to operate.

If we had means to determine when some high frequency such as
5000 cycles was an exact multiple of the 50 cycles and to measure the
difference in terms of the 5000-cycle wave, we would be able to obtain
the same results, and avoid the above difficulty.

A deviee which will allow us to do this is the low voltage cathode
ray tube developed by Johnson®.  The two frequencies to be compared
are connected to the two pairs of plates of the tube and the combina-
tion of the two deflections causes the luminous spot to trace out a
path which repeats itself indefinitely if one frequency is an exact
integral multiple of the other, and a stationary figure is produced.
In this way any frequency which is a muliple of the fundamental
50 cycles may be accurately determined.  As the method of com-
parison is an cleetrostatic one practically no power is used.

IFor the type of tube used, a deflection of about 1 centimeter is
obtained for a potential difference of 10 volts between plates, and

3 . B. Johnson, Bell System Technical Journal Nov. 1922, "\ L.ow Voltage Cathode
Ray Oscillograph.”
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frequencies having ratios as high as 100 to | may be readily com-
pared. For ratios of the order of 100 to 1 the lower frequency is
preferably stepped up to a high voltage to give an equivalent deflee-
tion of as much as 23 centimeters, thus giving a spiacing between
cvcles for the high frequency of approximately 0.5 centimeter.  Of
course, the whole 25 centimeter dellection is not shown on the screen
but this is nnnecessary. The value of the ratio cannot be at onee
determined by this means, there being no appreciable difference
between the figure for a ratio of 100 to 1 and 99 to 1, but this ratio
may be readily determined by comparing cach frequency separately
with an intermediate frequeney such as 500 cyeles.

Having determined the ratio between the high and low frequencies,
it is possible, by drawing a reference line across the screen, to de-
termine whether or not they are keeping step with one another.  Thus
for a comparison of 50 cycles against 3000 cycles, if we get a motion
of 2 waves in 10 scconds, this represents a deviation from exact syn-
chronism of 2 parts in 50,000.

Comparisons made in this way between the 50-cycle fork and a
-acuum tube oscillator giving a constant frequency of 5000 cycles
show no deviation in the mean period of the fork greater than 1 part
in 50,000 for observations extending over several minutes.  If devia-
tions greater than this were observed, they might equally be ascribed
to the auxiliary oscillator but the fact that they do not occur means
either that the fork is constant to better than L part in 50,000 or that
both frequencies vary in exactly the same way which is very im-
probable.

The above method of comparison does not require a sine wave of
current from the fork. In fact it has been found advantageous to
have a somewhat distorted wave since an unsymmetrical figure on
the luminous screen of the tube is more casily observed. This is
due to the fact that one-half of the figure moves across the screen in
one direction while the other half moves in the opposite direction.
fn order not to confuse one half with the other, it is highly desirable
that they be dissimilar in shape and this is accomplished by using a
distorted wave as the lower frequency. Sufficient distortion is
secured by mounting an ordinary telephone receiver in close prox-
imity to one prong of the fork as shown in Fig. 1 and amplifying the
e.m.f. thus obtained as much as necessary to obtain the desired voltage.

By means of the simple control system described above, it has
been possible to obtain a fundamental frequency so free from fluc-
tuations as to be constant over short or long periods of time to ap-
proximatcly one part in 100,000.
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Accuracy oF THE CLock

So far we have not considered the possibility of error in the clock
as a factor. Of course, the fork cannot keep better time than the
clock which controls it.

The clock used at present was made by L. Leroy and Co., Paris,
electrically driven and beating half seconds. The drive consists of
an clectric circuit including a single primary cell mounted in the
clock, a driving coil and a contact which is closed by the escapement
wheel for approximately .1 second in each second. Attached to the
lower end of the pendulum is a steel bar which moves into the driv-
ing coil as the pendulum oscillates. The electrical impulse is so
timed that the driving coil gives the pendulum a slight pull as it is
entering the coil. This impulse is sufficient to keep the pendulum
oscillating. An additional contact on the clock is used to furnish
an electrical impulse for timing purposes.

Time records of the clock have been kept over a period of several
months and the rate has been found to be constant to about one-half
second a day, which is better than 1 part in 150,000. Since this
accuracy is not very much greater than the precision with which the
fork keeps in step, any further accuracy will require refinements in
the clock itself. With this object in view, an investigation was made
of the possibility of obtaining greater accuracy from the cxisting
clock.

Errors are of two kinds. First, if the timing contact is obtained
by the operation of the escapement wheel, there may be a cyclic
variation in the length of time between successive impulses extend-
ing over one revolution of the wheel, (1 minute) even though the
pendulum keeps perfect time. This has been found to be the case
in some of the best clocks in the country. This error can be over-
come by taking the contact dircct from the pendulum. The con-
tact we are using at the present time is of this type obtained from
the pendulum by means of a photo-electric cell.

The optical system is shown on Fig. 4. Light from the source 4
is concentrated on the mirror, which in turn reflects it on to the photo-
clectric cell. When the pendulum passes through the center of its
stroke, it momentarily cuts off this beam of light. This causes a
large increase in the resistance of the photo-electric cell, the change
taking place almost instantancously.

Referring to the diagram of connections on Fig. |, the potential
of battery B is divided almost equally between the photo-electric
cell and the grid of the tube if the grid leak is made approximately
cqual to the resistance of the cell when exposed to the light. This
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gives a negative potential to the grid sufficient to cnt off all space
current, and the relay Ry remains nnoperated. When the pendalam
cuts off the light 10 the photo-clectric cell, the resistance of the eell
rises immediately and the grid voltage drops to a very small vilue.
Enough space current will pass now to operate the relay Ry and a
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Fig. 4—Circuit for Obtaining Electrical Impulses from Standard Clock Using Photo-
electric Cell

signal is transmitted of the same duration as the time the light is cut
off the cell by the pendulum. There is no appreciable time lag in
the photo-electric cell or vacuum tube.

The principal requircment in setting up this circuit is to obtain
a vacuum tube having a resistance between filament and grid includ-
ing wiring, which is under all conditions considerably greater than
the minimum resistance of the photo-clectric cell. I this resistance
drops much lower, the circuit becomes inoperative even though no
additional grid leak is used.

The only irregularity introduced in this system is in the operiation
of the relay, and as this is a fast operating relay this error will be
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less than the accidental irregularities in a contact obtained from the
escapement wheel even excluding errors duce to eccentricity.

This method of obtaining an electrical impulse from a clock is of
great value as it may be applied to practically any clock which may
not have any other method of producing impulses.

The second type of error is due to variations in the rate of the clock.
Two fundamental requirements in the design of an accurate clock
are that the impulse delivered to the pendulum be symmetrical about
the mid-point of its swing and be not subject to irregularitics in
magnitude or duration, and that the pendulum be free at all other
parts of its swing. These requirements are fairly well met in the
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Fig. 5 Circuit of Photo-clectric Cell Drive of Standard Clock

present clock. However, the magnitude of the impulse depends on
the constancy of the voltage of the driving cell which is a single
primary cell of rather small size, and the duration of the impulse may
be somewhat variable due to the possible eccentricity of the escape-
ment wheel and due to the method of operation. The pendulum
too, is not entircly free from constraint at any part of its swing.
These errors may all be avoided or at least considerably reduced by
the use of the impulse obtained from a photo-electric cell to drive the
clock and by the use of a more constant source of primary voltage.

The use of this type of drive has accordingly been investigated in
connection with this clock. It is obvious, since the driving impulse
is one of attraction between the coil and the bar carried by the pen-
dulum, that it must be exerted only once per second, that is, when the
pendulum is entering the driving coil and not when it is returning.
The circuit used is shown on Fig. 5 and operates as follows:

When the relay Rp operates the first time in the sccond, it closes
the circuit through the winding 117 of the relay Ry and through relay
Rs. This operates the relay Rs and closes the circuit through the
driving coil of the clock. The current through the one winding of
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Ry is not sufficient to operate it. Vs soon as the relay Ra releases,
current will pass through all the windings on both relays which in
turn closes the relay Ry This opens the circuit through the driv-
ing coil of the clock.  The impulse given to the pendutum is, there-
lore, the duration of the operation of the relay Ra, or the time during
which the light is cut off the photo-clectric cell during the swing of
the pendulum to the left.  When the pendulum swings to the right
and the relay Rs operates, Ry is short-circuited and refeases, Ry being
held up by winding 1. When R: releases, it releases Ry bringing
the circuit back to normal. Since the circuit through the driving
coil of the clock is closed only when the relay Rj is closad, and the
relay Ry is released, there is only one impulse per second given to
the pendulum.

During a period of operation by this method covering several days
the clock gave as satisfactory performance as with the mechanical
drive, but while the present gear train is connected to it, no appreci-
ably better performance can be obtained than at present, and ac-
cordingly it is proposed to carry out further work along this line
with an experimental pendulum having no mechanical connections.
By using a good compensated pendulum and mounting it suitably in
a constant temperature hermetically sealed case, it appears probable
that a photo-clectric cell drive would produce a more constant rate
of oscillation than the best clocks of existing types. The advantage
of this type of drive over other types is the fact that the pendulum
is absolutely free from all mechanical constraint at all parts of its
swing. The problem of supplying an uninterrupted current for the
light and power could readily be solved by the use of duplicate ap-
paratus.

The general method outlined in this paper for synchronizing a fork
with a clock has a very wide field of usefulness, and is not limited to
the particular application described. For instance, in place of the
clock we may substitute another fork and distributor, and we are
thus enabled to hold 2 forks with their distributers in exact syn-
chronism by means of an impulse transmitted at a constant time
interval of about once every half-second.

By substituting the ficld coils of a motor for the damping wind-
ing on the fork, we are able to hold the speed of the motor in syn-
chronism with the clock, the only requirement being a step down
gear on the motor to furnish the desired contact.

The general principle involved is not dependent on the use of a
vacuum tube, and if other means of control based on this principle
be adopted, very large powers may be controlled in the same way.



Some Contemporary Advances in Physics—II
By KARL K. DARROW

\'on:. Dr. Darrow, the author of thc following article, has made it a
practice to prepare abstracts and reviews of such recent researches in
physics as appear to him to be of special interest. The results of Dr.
Darrow’s work have been available to the staffs of the Bell System lab-
oratories for some time and having been very well regarded, it is thought
that such a review, published from time to tinie in the TECHNICAL JOURNAL,
might be welcomed by its readers.

‘The review cannot, of course, cover all the published results of physical
rescarch. The author chooses those articles which appear significant to
lim or instructive to his readers, without attempting to pass judgment
on the scientific importance of the different papers published. 1t is not
intended that the review shall always assume the same form; at one time
it may cover many articles, at anolhu be devoted to only a few, and it
may occasionally treat of but a single picce of work

The present installment, which is Number 11, is devoted very largely
to the subject of atomic structure.—EDITOR.

E know quite definitely that an atom consists of a massive

positively-charged nucleus with a certain number of electrons
in its vicinity; but of the arrangement of these clectrons in the strict
geometrical sense we know very little—indeed, we do not certainly
know ecven whether they are in motion or not. Apparently there
are many possible arrangements for each kind of atom; one of these
is a permanent arrangement, in the sense that when once established
it is not changed so long as the atom is not disturbed from outside;
the others are transient. In addition to the arrangements of the
clectrons in the neutral atom, there are the arrangements of the
remaining electrons when one or more of the normal quota are lack-
ing. When an atom changes over from one of these arrangements
to another, it must take in or give out a definite quantity of cnergy.
Another way of saying this same thing is that to each distinct ar-
rangement of the electrons there corresponds a distinct value of
the energy of the atom. These values of the encrgy of the atom
are directly or indirectly measured, often with great precision; they
are the data of experiment. The very precise statements, or at
all events very definite statements, which are frequently made about
the “structure’” of the atom, usually refer only to these energy-
values and the relations between them.

The simplest quiestion that can be asked about the arrangement of
the electrons is, whether they all occupy identical positions —being,
for example, evenly distributed over the surface of a sphere or the
circumf{erence of a circle, with the nucleus at its centre. I this is
true, the same amount of energy will be required to remove any
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clectron from the atom as to remove any other.  In the extreme
opposite case there wonld be as many different amounts of energy
required to remove an cleetron from the atom as there were electrons.
Now, when radiation of a definite frequeney v falls upon o group of
atoms, any particnfar atom will either ignore the radiation, or clse
will absorb a dehlnite gquantity of energy v from it.  (The letter b,
as usual, denotes Planck’s constant, 6.56°10 2 ergs-scconds.) It

Fig. 1

follows that if an electron is extracted from an atom by this radiation
and the work II" required to extract it is not exactly as great as the
amount /v, the difference will be turned over to the clectron as kinetic
encrgy, and the speed # with which it departs from the atom will
be given by the equation

;nw‘-’=hv— 11"

and " can be determined by measuring 2. We can conveniently
refer to 117 as an “extraction-cnergy’” or “extraction-potential.” If
all the clectrons occupy identical positions, 11" will be the same for
all, and the emerging electrons will all have the same speed.  1f they
occupy various positions or “levels’ as is more commonly said, there
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will be as many different clectron-speeds represented in the emerging
clectron-stream as there are levels,! and from these speeds the extrac-
tion-cnergies characterizing (or indeed defining) the levels can be
deduced.

The apparatus in which the test is made is of the type shown in
Fig. 1. At S there is a long narrow rod or tube of the material being
tested, irradiated by X-rays proceeding from a source at the left. A
magnetic field, directed normally to the plane of the paper, sweeps

Fig. 2

the emerging clectrons around in circular arcs, some of which pass
through the slit; a few such arcs are sketched. The slower the electron,
the more highly curved the path in which it travels; and the speed
of lhc clectron ean be deduced from the curvature of the path. In
Fig. 2 electron-paths of this type are reproduced from a photographlc
film, which was laid parallel to the plane of the paper, in the posi-
tion of the rectangle marked I in Fig. 1. Fig. 3 shows arcs which
appeared on a film laid in the position of the rectangle marked 1.

LOf course there may be reasons why electrons in partuuldr positions cannot

often or at all be extracted by radiation, even though there is plenty of cnergy
available.
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These distinetly=separated ares show that the emerging electrons tall
into several distinet groups, cach characterized by a particular speed
In Fig. 4 we see the traces of the electrons on films Laid normally to

Fig. 4

the plane of the paper, along the top of the block marked “Ph™ in
Fig. 1. The appearance of the films at once suggests a line-spectrum
The lines. indeed, are the signatures of special electron-speeds instead
of special radiation-lrequencies;  but these two quantities, being
interconvertible, are not so profoundly different in their nature as
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used 1o be supposed.  Imitating de Broglie's term ©
pusculaires” we may call these “electronic spectra.”  But it must
be remembered that they depend not only on the properties of the
atom., but on the incident radiation as well.

Maurice de Broglic has undertaken an extensive study of these
clectronic spectra.  His most recent apparatus, similar in general to
the arrangement illustrated in Fig. 1 (with the photographic plate
laid normally to the plane of the ares) is improved in various respects
and enlarged to permit of using a plate 24 em. wide and electron-paths
of 26.cm. radius.  Unfortunately, the ideal condition of atoms irradi-
ated by radiation of a single frequency, is unattainable.  This is not
merely  because actual NXeray sources emit very mixed radiations
intense at several distinet frequencies and pereeptible at every fre-
quency over a wide range.  This difficulty could be partly remedied
by appropriate filters.  There is another dithenlty and an inevitable
one; the atoms from which clectrons are extracted by the radiation
promptly emit radiation of new frequencies, which extract other
clectrons themselves.  In the language of the opening paragraph. the
arrangement of clectrons which results when an electron is extracted
s not a permanent one: the remaining clectrons redispose them-
selves in one arrangement after another, eventually arriving at the
permanent one: to cach successive arrangement corresponds a new
and Jower value of the energy of the atom, and the energy-dilferences
A are successively sent out in radiations of frequencies A2 b, Thus
there are several frequencies at work extracting electrons from the

spectres cor-

atoms; and in the electronic spectrum, cach level is represented by
as many lines as there are frequencie:

The uppermost spectrum of Fig. 5 is sketched by de Broglie Trom
photographs made with the (Iv(lrnm emitted by silver atoms irradi-
ated with the characteristic Neravs of tungsten?  The electron-speeds
corresponding to the lines increase Trom left to right. There are
four of these tmgsten ravs, two forming the Ka doublet, while the
other twao, known as Ag and K3§, have higher frequencies. The lour
lines marked 4 and 5 in the electronic spectrum are made by electrons
extracted by these four radiations from a single level. This is the
K-level, the deepest or innermost level in the silver atom, the elec-
trons removed from it having lost more energy during the removal,

than any others observed, abont 346710 % ergs apicee. The two
following doublets, marked 6 and 7, are made by electrons extracted
by the Kea fregnencies from two distinet levels of (he silver atom,

2 Some photographs may be seen in the Journal de Physigue, volume 2 of 1921,

They were taken Tuefore the latest improy ements were wmade in the apparatus, and
do not show so much detail as the sketches; or perhaps the reproductions are imperfeet.
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known as the L and M levels respectively; the electrons from them
have more energy left over after escaping.  Line S is due to A3 ex-
tracting electrons from the L-level.  The electrons ejected from the
M-level by KB, and those cjected from the L and the 3 levels by K,
are prestimably moving too rapidly to be received on the plate. At
the other end of the spectrum the three lines £, 2, 3 are die o electrons
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expelled from the L and the M levels by two of the secondary N-ray
frequencies procecding from silver atoms:  the Ka-doublet  (not
separated) and the Kg-line of silver.®  Just below this spectrum,
we see the electronic spectrum of tin, in which the lines due to the
primary X-ravs from the tungsten are arranged - like the corresponding
lines in the silver spectrum, but displaced towards lower energies,
since the levels in the tin atoms are ditferent from those in the silver
atom; while the lines due to the secondary X-rays are also repeated
from the silver spectrtim but with an opposite displacement, for in
these cases both the levels from which the electrons are taken and the
energies available for taking them out have heen changed.  Next
come the spectra of gold and uraniam.  Each of these elements has
more clectrons per atom than the previous two (uranium has more

? From the nature of the rearrangements resulting in the Ka and K8 radiations,
it tollows that the electrons extracted by the former from the M level have the same
speeds very nearly ' as those excited by the latter from the L level: the two fre-
quencies acting on the two levels produce three separable lines.
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cleetrons, ninety-two, than any other element). The complexity of
the spectra results from this richness of electrons, but the electrons
extracted from the L and M levels of gold by its own radiations can
be identified.

It is not necessary to provide an N-ray tube to supply the primary
radiation; this can be supplied from the nuclei of radioactive atoms
mingled with the atoms being tested, or, by examining radioactive
substances, we can discover electronic spectra excited by radiations
originating at the nuclei of the atoms themselves.  Actually these
were the earliest electronic spectra discovered; the first to he observed
were photographed by von Baeyer, Fahn, and Meitner in 1910, years
before the interpretation was made (the frequencies of the nuclear
radiations were not then known).  The figures 1, 2, 3 and 4, used to
illustrate this article, are taken from a paper by J. Danysz, describing
work performed in 1911 at the laboratory of Madame Curie in Paris,
upon the electrons or heta-rays emerging from atoms of radium B and
radium C. The grouping of these clectrons, as we now know, results
from their being extracted from the various levels by the several
nuclear radiations and the inevitable secondary radiations which
they produce in their own atoms. The large number of distinct
groups (Rutherford and Robinson distinguished sixteen from radium
B and forty-cight from radium C) is very likely due to several co-
operating causes; there are several frequencies at work, the atoms
have large numbers of electrons, and extractions probably occur
exceptionally often where the radiations originate so close to the
clectrons.  The earliest electronic spectra produced from non-radio-
active atoms were excited by nuelear rays from radioactive sub-
stances, and the earliest rule discovered was that these spectra were
very similar to the speetra of the radioactive atoms themselves; heing
indeed identical when the excited atoms are isotopes of the atoms
which emit the exciting ravs. In a complete account of this topic,
many other names would he mentioned, notably those of C. D. Ellis
and R. Whiddington.

A reeently-published and relatively simple case is that of the
radioactive atom, uranium X, of which the electronic spectrum is
shown in Fig. 6 (from an article by I'rl. Meitner). This displays
three lines made by clectrons of which the speeds indicate that they
are extracted from the L, M and NV levels of the atom by a single
radiation, having itself the frequency of the natural Ke-radiation of
the atom. This radiation was itself detected and identified by ap-
propriate means.  Faster clectrons which were also observed, cannot
have been derived from any such source; they probably came from
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the nuclens, and some of them eject electrons from the K-level of the
«tom, thus prodncing the neeessary condition for the Ka-radiation
amdd all the others to be emitted.  These electrons from the A-leved
wonld escape with too little encrgy (o be registered in the apparatus.,
The question of the ultimate origin of these fastest clectrons is, how-
ever, still under debate by the leading authoritics on the subject,

Fig. 6

Imagine now that a bheam of X-rays including all frequencies is
directed against a thin sheet of metal atoms, and that the transmitted
beam is dispersed into a spectrum projected against a photographic
plate in the usnal manner.  Rays of frequency v can extract electrons
from a particular level when sy exceeds the value of 117 for that level,
but not otherwise. Advancing along the spectrum in the direction
of increasing frequencies, we should expect to find a sudden sharp
weakening of the transmitted rayvs wherever the frequency becomes
equal to one of the values 117 k£ which characterize the various levels.
Some of L. de Broglie's classical photographs are shown in [ig. 7
(borrowed from  Millikan's book, “The Electron”). The second
picture {rom the top represents two spectra of an X-ray beam trans-
mitted through molybdenum, one spectrum stretching away to the
right from the central dark band, the other to the left. The fre-
quency deereases as the distance from the dark band increases.  Com-
ing inwards toward the band, we see that the plate very suddenly
becomes whiter at a certain critical frequency; this is the frequency
at which A» beconies cqual to the IV of the K-jevel.  Similar spectra
of beams transmitted throngh cadmium,antimony, barium and mercury
arc presenterd below the molybdenum spectrum; the corresponding
absorption-cdge is discerned in each, its frequency rising with the
atomic number of the element.*  This is by far the most delicate and
accurate method of determining the various extraction-energies,

¢ The topmost picture shows the spectrum of the beam before it encounters the
absorbing layer; the various strong lines in ir, and the absorption-cidges impressed
upon it by the silver and bromine atoms in the photographic fitm, recur more or less

clearly in the absorption-spectra, but have nothing to do with the atoms in the
absorhing layer.
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although by itself it merely shows that particular transformations of
X-ri . The clec-
tronic spectra, although much less accurate for purposes of measure-
ment, are needed to show how this absorbed N-ray energy is used.
These absorption-spectra show that the levels in the atom are much
more numerons than the electronic spectra with their lower
ing power”" can reveal; for example, there are three L-levels and live

y energy become possible at particular frequenci
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M-levels. The five M-levels of thorium display themsclves (not
as clearly as might be desired) in Fig. 8, which consists of absorption-
speetra photographed by P AL Ross at Leland Stanford University.
LZach speetrum extends from low frequencies at the left to a max-
imum limiting-frequency at the right, the limit depending on the
voltage applied to the Xeray tube and not on the propertics of the
absorbing atoms. the limiting-frequency is increased by inereas-
ing the voltage, the absorption-edges resulting from clectrons being
extracted from the five M-levels successively appear.  Along with
cach new absorption-edge there appear one or two new emission-
lines, cmitted by the thorium atoms during the rearrangements
which follow upon the extraction of an clectron.®  These correspond

b Actually these lines were not emitted by llw same atoms as absorbed the X-rays
but by thorium atoms in the target of the Xeray tube whe snee the primary X-r;
came; the preliminary electron-extractions were performed in most cases by swift
clectrons. There is 1o reason to suppose 1hat the agencey effecting the electron-
extraction has anything to da with the subsequent rearrangements of the atom.
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to the secondary vadiations of silver and tin, which we found to
produce lines of their own in the electronic spectra of these clements.
These relations between absorption-cdges and emission-lines make

Fig. 8

it possible to use the N-ray emission-lines of atoms to identify and
map out their levels,

This discussion of clectronic spectra and N-ray absorptions has
served to illnstrate the remark made in the opening paragraph, that
our knowledge about the varions arrangenients of the clectrons
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forming the atom consists mainhy of data about their cnergy-values.
We have a key to the arrangements themselves, and this is pro-
vided by the deflections of clectrons as they pass through the
atoms. \n electron shot directly at an atom will be deflected by the
combined actions of the nucleus and the atom-clectrons; and by
postulating a particular arrangement of the electrons we could, in
principle at least, calculate the deflection.  This may be likened
to the performance of an astronomer who, observing a comet advancing
into the solar system from outer space, caleulates the path which
it will follow through the system under the influence of the sun and
the major planets, and the direetion along which it will depart. The
astronomer has the advantages of knowing exactly where the mem-
bers of the solar system are, and of being able to follow individual
comets.  We do not know where the members of the electron-system
are, and cannot shoot a single clectron at an atom and discern its path.
The latter disadvantage is not as serious as it may scem. By
projecting an cnormous number of clectrons in parallel directions
against an atom or a layer of atoms, and measuring the fraction which
are deviated through a given angle or range of angles, it is possible
to test a particular atom-model.  Assume that the atom possesses
spherical symmetry; then the deflection suffered by an oncoming
clectron will depend only on a single variable, the minimum distance
p from the centre of the atom to the line (extended) along which
the clectron approaches at first (before the deviation begins).  Des-
ignating by ¢ the angle between the initial and final directions of
motion of the electron (i.e., the amount of the deflection), we have

o =/(p) p=f"'(¢) (1)

the function f depending on the particular atom-model.  Suppose an
enormous number N of clectrons directed normally against a thin
layer of metal atoms, in which Q atoms le side by side.  The number
of electrons which will approach the Liyver along lines passing some
atom-centre—any atom-centre —at distances greater than a gi\’(‘,n
value p and less than a slightly greater given value p+dp, is

AN=NQ-2np-dp @

This is likewise the number of electrons which will be deflected through
angles lying between ¢ =/(p) and ¢+do=f(p+dp)=f(p)+(df/dp)dp;

which thercfore may be written as

AN =NQ-2rp(dp/df)df = F(¢)ds. (4)
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Ihe expressions for poand dp df are to be taken from equation 1.
The function
F(¢)=NQ-2xpdp'de) (5)

A
represents the distribidion-in-angle of the deflected clectrons. 1 it is
caleulated for any particnlar atonm-model and then determined by
experimentt, the comparison between caleulation and data affords a
test of the atom-model. Ao instructive comparison can be made
even if the value of NQ is unknown, since the form of the Feversus-o
curve, as well as the absolute height of its ordinates, depends upon
the atom-model.

For electrons or other charged particles of charge ¢ and mass m,
streaming with unifornt speed {against a group of much more massive
nuclei each bearing a charge £, the functions f and F assume the
forms

f(p)=2-arc cot (mL?p k) (1)
F(¢) = NQr(eE ' ml™) cot (1¢) cosec®(3e). (7)

This case, insignificant as it may appear, suddenly assumed the
greatest importance when, in 1913, Rutherford, Geiger and Marsden
established that the distribution-in-angle of alpha-particles (particles
of twice the charge and about 7,500 times the mass of an clectron)
deflected by metal atoms is of precisely the form (7). This means
that around each atom-nucleus there is an empty space so wide that
full-speed alpha-particles passing close cnough to a nucleus to be
detlected through 5° or more, undergo almost their entire deflection
within it; hence, most or all of the clectrons surrounding the nucleus
must lic bevond this vacant central region.  From the data of these
classical experiments, Rutherford and his collaborators deduced that
the radius of the empty region encircling the gold nuclens is at least
36X 10 ? em.  Mter the war, the problem was again taken up in
Rutherford’s laboratory in Cambridge.  J. Chadwick gave 14102
em. as a minimum value for the radius of the vacant space around
the platinum nucleus.  Last year 1. M. S. Blackett made a statistical
study of the deflections of comparatively slow alpha-particles, using
the C. T. R. Wilson expansion-method, which was described in the
last issuc of this Journal. Paths of some of these deflected particles
are shown in Ilig. 9. By using these slow-moving particles, which
begin 1o turn in their courses while still much farther away from the
nucleus than the minimum distance at which fast alpha-particles
begin to respond to its repulsion, Blackett was able to search farther
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out for the outer boundary of the empty space.  The deflecting atoms
were atoms of argon, each consisting of cighteen clectrons surrounding
a nuclens; atoms of oxygen with ¢ight clectrons apicee, and atoms
of nitrogen with seven (the latter two kinds of atoms not being dis-
criminated in the study of the data). Blackett concluded that the

.“«

Fig. 9

empty space in the argon atom extends out at least to a distance of
10 cm. from the nucleus in the argon atom, and to a distance of at
least 35X 10 10 cm, in the nitrogen and oxygen atoms.

We now pass to the case of electrons deflected by atoms. Since the
clectron is so very much lighter than the alpha-particle, and yet is
half as strongly charged, it will be much more seriously deflected
by a nuclens than an alpha-particle, approaching along the same
line with the same speed, would be.  This contrast is very strikingly
illustrated by two  results published  last summer. Harkins and
Ryan, photographing the paths of cighty thousand alpha-particles
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through air, found only three instances of detlections exceeding S0
. T. R. Wilson, photographing the paths of 503 fast electrons through
air, found forty-four instances of deflections exceeding 90° While,
in general, it would be hardly fair to make such comparisons without
allowing for the relative energies of the two kinds of particles, the
difterence in order of magnitude is so great that we may aceept itas
typical.

Morcover, the clectron will be deflected by the atom-clectrons
as well as by the nucleus, and will not disarrange the atom-electrons
so badly on its way through the atom-system. These detiections

Fig. 10

will he superposed upon the defiection produced by the nucleus, and
will modify the distribution-in-angle function £ from form (7) into
<ome uther form.  Such madifications have been suspected by several
investigators; for example, by Crowther and Schonland in their
<tudy of the deflections of very fast electrons by metal atoms. Tt
has been argued by Wentzel, however, that the distribution-in-angle
function observed in their experiments departed from the form (7
uot because the atom-clectrons were interfering with the fast clectrons,
but because some of the detlected electrons had been deviated by
several atom-nuclel in succession.

C. Davisson and C. 1. Kunsman, in the laboratories of the Western
Elcctric Company, made the first definite attempt to produce electron-
deflections under conditions in which the distribution-in-angle function
would disclose the influence of the atom-clectrons. Fo do this it
was desirable to use, not the fast electrons from radioactive atoms
which previous experimenters had employed, but slow clectrons of
controllable speed. .\ diagram of their apparatus i~ shown in Fig. [0
and a photograph in Fig. [1. The clectrons proceed from a hot
filament at Fp. strike the metal target at 77, and are detlected through
various angles; the shiclded collector By, swinging from one angle 1o
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another, successively receives the electrons deflected  through the
various angles.  The clectrons depart from £ with very low speeds
and reccive the speed U through acceleration by a voltage applied
between Fyoand the eylinder surrounding £y thereafter they move
with constant speed in an equipotential region, through the various

Fig, 11

slits shown in the diagram around C, and against the target.  Among
the electrons which emerge from the target, there are some which
have heen deflected by individual atoms in the way we have heen
describing, but very many more which have cither undergone several
deflections in succession or else were not in the incident heam but
have been dislodged from their places in the target metal by the
primary cleatrons.  H these latter were allowed to reach the col-
lector, the distribution-in-angle function of the once-deflected clectrons
would be blurred and concealed by the nnwanted electrons. s,
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however, they have not so much energy as the primary or the onee-
deflected electrons, they can be kept away from the collector by lower-
ing its potential to a value such that only such clectrons as have,
say, 905 of the energy of the primary electrons can reach it Ths
the filament may be at potential zero, the target at 500 volts; if the
collector is also at 300 volts, the distribution-in-angle function of the
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electrons it reccives has nothing in common with the function F
characterizing the once-deflected electrons; but when the collector
is lowered to 50 volts, the distribution-in-angle function which it
records assumies a new and characteristic form.

Some of these angular distributions are shown in Fig. 12 (for niag-
nesium) and Fig. 13 (for platinum). The latter curves were obtained
first, with a platinum target; then the target was overlaid with a
thin film of magnesium, formed by sublimation withont opening
or altering the wube, and the sharply-contrasted curves of Fig. 12
replaced the others. The distribution-in-angle of the enginecering
electrons is plotted, naturally, in polar coordinates; the direction
¢=0° i.c.. the direction of motion of the primary clectrons, is indi-
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cated by the arrow and the lettering. Such a symbol as “100-10"
indicates that the corresponding curve was taken down with the
target at 100 volts and the collector at 10 volts (the filament always
being at zero potential).  The reason for this has been explained
above; the family of curves in Fig. 12 iltustrates the point.

These arc examples of the curves from which the arrangement of
the atom-electrons is to be inferred.  The sinuous and serrated curves
for platinum, entirely different from the smoothly rounded curves
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[
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derived from cquation (7), surely owe their shape to the numerous
levels among which, as was shown in the foregoing pages, the electrons
of massive and clectron-rich atoms are distributed; the platinum
atom, with its seventy-eight clectrons, ranks among the most com-
plicated of all.  The magnesium atoms, with their thirteen electrons
apicee, are simpler and yield curves which are simpler, but not of
the type of equation (7).

To interpret these curves Davisson has caleulated the distribution-
in-angle function for electrons detlected by an idealized “limited-
ficld”" atom-model, in which there is a concentrated charge +FE at
the eentre and a charge — £ uniformily spread over a spherical sur-
face of radius R, This uniformly-charged sphere is a sort of first-
approximation substitute for a spherical surface on which several
clectrons are arranged. 1t is not implied that the magnesium atom
has all its clectrons at the same distance from the nucleus, which
would be most improbable, as its X-ray spectrum shows at least
two distinet levels; we can suppose that 7 out of the 12 electrons
are so close to the nucleus that together with it, they practically
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form a single point-charge (12—n)e, and the remaining (12 )
clectrons lic on the spherical surface, which encloses the “emipty
space” mentionsd above.  The functions £ and F assume the forms

3 pl2u—1) -
J(p)=2 arc cot tha)
e
Dy — 1R
F() = NQn cot (1¢) cosec? (1) o (Ta)

[coti(3e) +(2u—1 -]

inwhich g=3m R ek; the symbols have the same meanings as in (69,
] amed (7), with which these vquations become identical if R is made

infinite.

Thi> “limited-ficld” distribution-function has some odd character-
istics. At very high speeds large deflections naturally are rare, but
as the spewl is lowered they berome relatively more frequent; the
1,500-volt, 1,000-volt and 7i0-volt curves for magnesium ilustrate
this. This tendency gains rapidly as {7 is deercased: at a certain
critical value, given by p=1, the detlections are uniformly distributed
in all direetions 8 at a lower critical value, given by =1, all the
clectrons are turned through 1802 and return on their tracks. As
the spred is still further decreased, the condition of uniformly-dis-
tributed detlections is again approached, and we have the extraor-
dinary feature of the average duflection deereasing as the energy
of the clectrons goes down.”  In the family of curves for magnesium
there appears very clearly an intermediate velocity at which 1802
detlections are peculiarly frequent; the curves spread outward in the
direction o =180° whence the primary electrons come, as the energy
of the primarics rises from 21 to 73 volts, and retract themselves
again as the encrgy rises beyond 100 volts.  This is a particularly
important feature of the curves.

To make an adequate test of the new expression for F, it is neces-
sary to apply certain corrections to the curves presented, particularly
a correction required because the distance travelled by the detlected
clectrons within the target metal varies with ¢, so that the percentage
which goes astray, owing to loss of speed or otherwise, varies simi-
larly. .\ curve exempt from this correction can, however, be ob-

* Meaning that the number deflected per unit solid angle is independent of ¢,
which means that the distribution-in-angle function is of the form const. sin & .

? ft may be recalled from the last number of this Journal, page 110, that i
Wilson used this property as an explanation of the anonuilous variations of clm(rnn-
mean-free-paths with speed in various gases.

%l
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tained in a certain manner.®  On studying this curve, it is found that
the critical speed at which 180° deflections are most frequent is too low.
This indicates that an incident clectron approaching an atom is
accelerated toward it, by virtue of the total charge of the clectrons
on the spherical shell not quite compensating the nuclear charge;
the speed U which figures in the equations is therefore greater than
the measured speed with which the electrons are fired at the target.
(This interpretation also serves to explain the lobe observed on the
lowest-speed curves for magnesium, and suggests the reason for the
lobes of the curves for platinum.)

The curves are satisfactorily explained, if we build the magnesium
atom in this manner: a nucleus of charge 12¢, two electrons so near
it that the central charge is effectually 10e, and a spherical shell of six
clectrons with a radius of 1.28°'10~° cm.; the other four electrons
much further out, perhaps dispersed and wandering through the
metal.  The only arbitrary assumption made is that about the two
deep-scated clectrons; the radius R of the shell and the number of
clectrons upon it are prescribed by the curves, once that assumption
is made. If we assume three deep-scated clectrons, R becomes
1.15°10~° cm. and the number of clectrons in the shell drops to five.
The shell must be the L-level, and the deep-seated clectrons con-
stitute the K-level.®

The encrgy required to remove the loosest or outermost clectrons
of the atom is generally determined, as is well enough known, by
smiting the atom with an electron instead of with one of the radiation
quanta used in extracting the inner electrons.’® Usually the quantity
measured is simply the energy which the striking clectron must have,
in order to convert the atom or molecule into a positively-charged
ion; the negative charge removed from the atom is assumed with-
out proof to be a single clectron.  On the other hand, J. J. Thomson

® lmagine an clectron incident at angle 8 on the target surface, and deflected
through angle ¢ (in_ the plane of incidence) by an atom which it meets after pene-
trating a distance d in a straight line. If it continues in a straight line from the
point of detlection until it emerges, it travels a distance x = d (14-cos 8 *sec (y-6)),
where ¢ =x—0.  This distance a will be the same for any two values ¢ .md yaol ¢,
such lh.ll Yi+y¢2=20. Insofar as the number of deflected electrons emerging with
speed sufhicient to reach the collector depends on x, it will be the same for both
values of ¢, The curve representing the ratio of the number of electrons reaching
the collector, for two such angles, plotted versus U, is exemipt from this correc-
tion, and can be directly compared with a theoretical curve.

90r we could assume that there were no deep-seated clectrons, and give seven
¢clectrons and a radins 1.54°107% cm. to the shell; but then we should have nothing
to scrve as a K-level.

19 Generally the frequency required to extract the ontermost clectron with a
quantum lies in the most inconvenient region of the spectrum for practical work,
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oof donized atoms in

andd many others have measured the charges
discharge-tubes, and found them sometimes single and  sometimes
multiple electron-charges, but have not measured the minimum energy
required to produce a particular kind of jonization.  H, D. Smyvth,
at Princeton and Cayendish, was the first to combine both methods;
he tonizad atoms by electron-impaets in i tube designed for determin-
ing lonization-potentials in the aceepted manver, and after further
aceclerating the jons drew them through a channel into a sccond
tube where they were detlected in o« magnetic fickd so that their charges
conld be measured.  The ditheulty to be surmounted is that in the
tirst tube the pressure of the gas must be high enough to yviekl a satis-
factory number of ions, and in the second tube it must be low enough
not o interfere with the ares deseribed by the tons in the magnetic
ticld. At first he sent a beam of mereury vapor rushing transversely
across his first tube from a boiler into a liquid-air trap: by first sending
the atoms down a long tube with a system of diaphragms and so
stopping the obliquely-moving ones, he was able to prevent atoms
from straying out of the beam in the critical zone.  Later he attacked
a more difficult case, that of nitrogen; the g
into the first tube and a powerful pump drew it out before it could
diffuse scriously into the second tube.

< was continuoush: fed

While it is interesting to have direet confirmation that the first
and vasiest ionization is the extraction of a single clectron, Smyth's
most important results refer to the later ionizations.  Mercury
«toms that had lost two clectrons appeared in the second tube when
the bombarding potential attained 1% volts, nine volts more than
the tirst lonizing-potential; at a much higher voltage, triply-charged
atoms were detected, or at least suspected.  In nitrogen, the carliest
ionization, at about 16 volts, does not involve dissociation, but at a
potential 8 volts higher, a doubly-ionized single nitrogen atom makes
its appearance, and a little further along, Smyth detects an jon which
may be a singly-ionized nitrogen atom or a doubly ionized molecule

the two possibilities cannot be diseriminated by this method, but
the sccond seems improbable).  Valuable knowledge about the rela-
tions between ionization and dissociation- -between, that is, the
removal of an electron from a molecule, and the breaking of the honds
that hold the atoms of the molecule together - may be expected from
experiments of this type.

Samething more is to be said on two of the topics of the last article
in this series. A. H. Compton’s discovery that scattered Xeravs
consist of two distinct radiations, one with the frequency of the

Actually, the charge-mass ratios.
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primary rays and the other with a slightly lower frequency, was
mentioned in that article; he has since published an account of a
series of measurements made, not on the wave-length but on the
absorption-coefficient (in various substances) of the scattered rays,
and finds it altered from that of the primary rays in the sense and
more or less in the magnitude to be expected from the wave-length
measurements of the lower-frequency rays. The largest alterations
and the best agreements with theory are obtained with light atoms
and high-frequency rays. In the frequency-range of the visible
spectrnm, the scattered ray of lowered frequency, sought for by P. A.
Ross in light of the wave-length 5461\ scattered by mercury vapor,
is altogether lacking. The transparency of krypton and xenon atoms
to slow clectrons, discovered by Minkowski and Sponer, has been
confirmed by Ramsauer with his original (and better) method. The
transparency of argon atoms has also been verified by O. W. Rich-
ardson and R. N. Chaudhuri, by a method sufliciently different from
the others to rank as an independent test.
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High Frequency Amplifiers

By H. T. FRIIS and A. G. JENSEN

N this paper, a simplitied mathematical treatment of the theory
of high frequency amplifiers is presented, and the theory is verified
by experiment.  This methad of mathematical analysis provides a

ERRATA

ISSUE OF JANUARY, 1924

On page 162, line 11 from bottom of page, and on
page 163, line 4:

read K7 instead of Ka.

On page 173, line 3 from bottom of page:

read emerging instead of engineering.

at its natural frequency, i.c., the transformer inductance and dis-
tributed capacity must be in resonance. We have therefore, next
trcated the simplest type of resonance circuit amplifier, namely, a
single tuned circuit amplifier, and it is shown that exactly the same
method can be used for a choke coil amplifier or a close coupled
transformer amplifier.  Finally, it is shown that a loosely coupled
transformer amplifier can be treated like two coupled tuned circuits.

Considering a low frequency  transformer-coupled amplificr, in
Fig. 1 (a) there is shown an amplifier tube T with its output trans-
former 1" working into another tube 11 and in Fig. 1 () is given the
corresponding equivalent circuit. The equivalent circuit is obtained
by the theorem, that the plate circuit of a vacuum-tube may be

181
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treated as an ordinary a.c. circuit, consisting of the external impedance
in series with a resistance Rp, and in which the impressed emf. is
ueg, Ry heing the internal plate impedance of the tube, p the amplifica-
tion constant of the tube and ¢, the voltage applied to the grid.

In Fig. 1 () Cpis the plate to Klament capacity of tube 1, and the
input impedance of tube 11 is represented by a resistance R, in parallel
with a condenser C.

The maximum amplification which can be obtained by this amplifier
is given by the well-known expression

IR,

R
Rk (1)

\ R,
but this maximum amplification can only be obtained when

wLx B0 e Rp,

wle> > R

€
€

=

d wly _wly
an & "R

Large reactances w Ly and w Ls can only be obtained at low fre-
quencies because at higher frequencies the effects of internal tube
capacities and the distributed capacity of the coil become large. This
may best be illustrated by means of the table given below:

TavLe [

Natural Reactance at
Coil Inductance Tuning Half Natural
No. 15 Frequency } Tuning Frequency

f i xf L

1 L0025 henries 10° cyeles 8,000 ohims
2 | 23 o e 80,000 ¢
3 | 25 “ 100 ¢ 800,000

The tube capacity plus the distributed capacity of cach of the three
coils for which these data are given is assumed to be 10 puf. Since
transformers in order to give a flat band must work below their
natural frequency a much higher impedance than given by « f L in the
Table can therefore not be obtained. 1t is thus seen that only at
audio frequencies is it possible to build a transformer with an im-
pedance which is high compared with the tube resistances, the plate
resistance being of the order of 6,000 50,000 ohms for ordinary re-
ceiving tubes and (he grid resistance R being as high as 4 X 10° ohms
but often limited to 500,000 ohms by an added resistance.
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At higher frequencies suiticiently high impedances can only he
obtained by working at the natural freguency of the transformer, and
to illustrate this we shall in the following give some results of experi-
ments made with ordinary tuned eireuit amplitiers, choke coil ampli-
fices and loosely coupled transformer amplifiers at high frequencies.

Tusep Cirevit AND Cuoke Cotl AMPLIFIERS

In Fig. 2 there are shown to the left two different ways of conneeting
up a tuned circuit amplifier, and to the right are given the corre-
sponding cquivalent cireuits.  The input impedance 1o the next
tube is assumed to be a pure resistance R, thus neglecting the grid-

TUBE CIRCUIT EQUIVALENT CIRCUIT

SILE EROPWES 371

2
R'= R*Rz*'ﬁ‘s‘. L=Litlae2M, 2= wg ('—2R+l )
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0=2TJo, fo=resonant frequency

Fig. 2—Schematic of Tuned Amplificr Circuits

filament capacity and the grid-plate capacity of this tube.  The
effect of the grid-filament capacity, however, will only be to detune
the circuit a little and can, therefore, he compensated for by retuning
the condenser C (or C; and C.) and the effects of the coupling through
the grid-plate capacity of the second tube will be treated specially
later.

Fig. 2 gives the well-known formulas for the equivalent series re-
sistance R’ of the circuit at resonance and for the impedance of the
circuit Z,_p measured between points @ and b at resonance.
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From this we then get in Case (A)

e Zan . (Lot M) 3)
e ot Ry a0t (Lat PR R, R :
and, assuming that Rp> >w, (La+ M),
U S
=y

Henee, defining the voltage amplification K of the first stage as the
voltage impressed upon the grid of tube 11 divided by the voltage
impressed upon the grid of tube 1, we have

P u?o'.’L([.:—{-JI) 3 (1
e M (Lot MP+RR
In order to find the step-up ratio, which gives maximum amplifica-
tion we have to solve for L.+ ./ in the equation 6K 6(L.+.) =0,
which gives

R,

2 2
Sl *)

and by inserting this in equation (4) we get

Tl Wol
2 \/R,\/R"

Kpox=

(6)

From equation (5) it is seen that the condition for maximum voltage
amplification is exactly the same as the well-known condition for
maximum power amplification; namely, that the external impedance
Za_p inserted in the plate circuit must be equal to the internal tube
impedance Rp.

By repeating the caleulations given above for Case (B) in Fig. 2,
it will be found that this condition again holds good, and also it will
be found that the expression for Kpe is the same.

As already mentioned the resistance R’ in the formulas above
includes the cquivalent series resistance introduced in the tuned circuit
by the impedance of the input circuit of tube 11, but in many cases
this extra resistance will be negligible as compared to the resistance of
the coil itsell, and equation (6) thus gives us the very interesting
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information that the manimum amplitication obtainable with
tnned circuit amplitier is proportional to the ratio of the inductice
reactance lo the square root of the resistance.  hu the case of an ordinary
selective circuit such as a tuned loop antenna the output voltage
developed is proportional to the ratio of the inductive reactance to
the first power of the resistance.  This does not mean that low resist-
ance is less desirable in amplifier coils than in ordinary tuned cirenits
but it does mean that the penalty exacted by incrcasing the resist-
ance is not as great.

In order to test the formulas given by equations (5) and (6) a
series of experiments have been carried out.

FFor measurements of the maximum amplification of a tuned circuit
amplitier a circuit as shown in Fig. 3 was used.!  The grid of the am-

I c

d
i i

Fig. 3 Method of Measurement of Tuned Amplifier

plifier tube I is connected up to a known resistance, through which is
passed a known current, and the voltage across the tuned circuit is
measured by means of the tube-voltmeter 11, The inductance Ly\L.
is made up of a single layer solenoid closely wound with 173 turns of
solid wire and its value was 1.63X 10 2 henries.

Keeping the frequency and the input from the oscillator constant
the circuit is tuned to resonance by means of the variable condenser
C and the lead from the plate to the coil is then moved along the coil
until a point is reached which gives maximum detlection of the tube-
voltmeter.  During this process it is necessary to retune the circuit
for cach new paint tried. Having thus obtained the right step-up
for a certain frequency we then measure the amplification for different
frequencies and get the amplification curves shown in the upper half
of Fig. 4.  On the lower half of Fig. 4 are given the number of turns
(Ls) across the plate of the amplitier tube and also the capacity of
the condenser € for each of the four cases shown.

'For a more detailed description of the method of measurenent, see section en
titled * Measurements™ below.
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In order (o calculate the maximum amplification from formula (6)
it 1s necessary to know the resistance R’ of the circuit, the voltage
amplification factor g, and the internal plate impedance Ry of the
amplifier tube. R’ was obtained by running resonance curves for the
circuit with the tubes connected up as usual, but with no filament
current in the amplifier tube, in which case Rp may be regarded as
being infinite.

These resonance curves are shown in the lower part of Fig. 4, and
the resistance is then calenlated from the well-known formula

R'=2x(fi—fo)L, O]

in which f; and f, are the frequencies, for which E=E,x, V!

The resistance R' may also be obtained from the amplification
curves as these can be regarded as resonance curves for the tuned
circuit with the resistance Ry across part of the coil, and since this
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Fig. 4 Experimental Amplification and Resonance Curves of Tuned Circuit Amplifier

part of the coil is chosen so as o give Zs_p=R,, the equivalent
series resistance should have increased to exactly twice the value
found in formula (7). By comparing the widths of the amplification
curves in FFig. 4 with the widths of the corresponding resonance curves
it is scen that this actually was the case.

The internal plate impedance Ry and the amplification factor u
were obtained from the slope of the static characteristic of the ampli-
fier tube used (a Western Electric 215-A or “peanut’’ tube).
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The results of the calenlations are given in Table T and the calen-
lated vahies of Rmge are seen to agree very well with the measured
vitlues given in the last column.

T H
L - 1.63X10- henries, K, -~ 22,000 ohms, x - 6,1

Calealated Moaximum
Amplitication

R’ Measared
Fregqueney fif: 2xLifi—f: I Maximum
D I ) Amplification
2 \R,- K
Ll 1.t 10.7 .3
2,150 221 15.9 16.6
6,500 000 18.1 183
1, 100,000 16,000 164 181 17.8

The amplilication of the amplifier was also measured with no step-up,
L.e., with the plate of the amplilier tube conneeted across the whole

-
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Fig. 3—Amplification Curve of Choke Coil Caupluli\mplilicr

coll and the tuning condenser € omitted (choke coil amplifier) the
amplification curve shown in Fig. 5 being obtained.
From a resonance curve the following value is obtained:
R =2zL(f1—f2) =27 X 1.63X 1} 32X 13,000=153 ohms,
and, therefore,
FA2803, 0007 X 1632 % 10 -8
22.000)

Ao b e
Rm =R ar MR; =153+
=15343320=23523 ohms,

which inscrted in formula (7) gives
R 3523

h—f=, 5= ST =313,000 cycles

while the amplification curve gives f;—f2=35L000 cyeles.
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As a final check of formula (6) by means of this tuned circuit, the
maximum amplification was measured at 170,000 cycles with different
values of extra resistance, R, inserted in the circuit between ¢ and d
in ig. 3. The results of these measurements agree very well with
the formula as will be seen from Table I For R.=160 it was
found necessary to connect the plate across the entire coil in order
to get maximum amplification and thus a further inerease of R
beyond 160 ohms will make it impossible to obtain maximum amplifi-
cation with this circuit.

TasLe I
f=170,000 cycles, L=1.63X10~* henries, R,=22,000 ohms, u=6.1.
Calculated Maximum
Amplification
— Measured
R, Total & ol Maximum
R S e Amplification
0 11.6 10.2 10.7
10 21.6 7.8 .7
20 31.6 6.4 6.4
40 51.6 52 S

80 91.6 3.95 337
160 171.6 2.85 2.7

The variation with frequency of the resistance of the coil is shown
on Fig. 6. These resistance values are obtained from the resonance
curves in Fig. 4, and hence indicate also the losses in the variable
condenser and the loss due to the input impedance R,

The curve in Fig. 6 gives what may be called the “true’
of the circuit, which is to be distinguished from the “apparent”
resistance of the circuit as measured for instance by the well-known
resistance variation method. By this latter method, the resistance
of the eoil is assumed to be cqual to such an amount of extra resistance,
as inserted in the eircuit will decrease the resonance current to half
its former value, but this assumption is only true when the distributed
capacity of the coil is negligible as compared with the capacity of the
variable condenser €, or when the resistance is introduced in the

resistance

center of the coil.
It follows from formula (6) that for a given coil the maximum

wl,
amplification is proportional to - R and the measurements mentioned
A\

above scem to indicate that the maximum of this ratio has already
been passed in the last case (d, Fig. 4) when the coil is used simply
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as a choke coil or auto-transformer (without any extra condenser)
This, howeser, will depend upon the kind of wire used in making the
coil.  The coil nsed in the measurements above was made of No. 28
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Fig. 6 Effective Resistance of Choke Coil

solid wire, but earlier results obtained by other investigators have
shown that solid wire is superior to stranded wire at high frequencies,
wl
and thus it may be expected that the maximum of the raliu‘\"'—R)
a given inductance will occur at a lower frequency when the coil is
made of stranded wire.
For constant frequency the maximum amplification is proportioned

for

L, A ; : ;
to the ratio T already mentioned. It is thus desirable to adopt
RS

a construction for the coil, which will increase L without increasing
VR proportionally.  The highest amplification will in general be
obtained when L is as large as possible for the frequency in question;
in other words, it will be possible to obtain a higher amplification
when the tuning condenser in the tuned circuit amplifier is reduced to
zero, giving a simple choke coil amplifier.

For a tuned circuit amplifier with an ordinary good inductance
coil made of stranded wire and of an inductance of, for instance,
200 microhenries and a high-frequency resistance of about 5 ohms, the
amplification at 800 kilocycles will not be higher than about 9 times,
according to formula (6) (using the same kind of tubes as in the ex-
periments above), while with a choke coil an amplification as much as
IS times was obtained. This mcans that in order to get high am-
plification, small coils made of fine, solid wire and with large induct-
ance and small distributed capacity should be used, rather than large
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coils made of stranded wire and with smaller inductance, but with
larger distributed capacity.

In practice, it is not important to go to extremes in order to reduce
the distributed capacity by one or two ppf. because the coil will
always be shunted by the tube capacities, which are of the order of
10 puf. 1t may be mentioned that the distributed capacity of the
coil usced in the above experiment is 3.5 uuf. This means that the
constructional details of such a coil are not very important, and the
coil may be made as a single layer coil or as a coil wound in one or
several sections of rectangular or square cross-sections, but in all
cases it will be found that coils of the same inductance will have very
closely the same resonance frequency provided that the same tubes
and leads are used in all cases.

Some experiments made with a choke coil (or auto transformer)
at about 30,000 cycles show that the formulas given above may be
also used here.

The coil used in these experiments was wound on a core of iron
-section.  The total inductance of
the coil was .33 henries and provisions were made so that the plate
of the amplifier tube could be tapped across any part of the coil.

The circuit diagram was the same as that given in Fig. 3 with the
exception that the condenser € was omitted. The maximum amplifi-
cation curve for this coil, nsed as a choke coil, is given by Fig. 7,
curve A.  The step-up ratio necessary to obtain maximum ampliica-
tion was 1:16; i.e., the plate was connected across 1,16 of the total
number of turns.

The resistance of the coil is obtained from a resonance curve as
before:

dust and made with square cross

R =2zL(fi—f.) =27 X.33 X 1300 =2700 ohms,
and inserting this in formula (6) gives:

. 6.1 27 X51800X .33 =
Kuus="ar =" =15
<\ 220002700

while the experiment gave $1.5.

On Fig. 7 are also given the amplification curves B, C and 1 for a
step-up of 1:1, 1:1 and 118, respectively.

In the two cases B and €, the selectivity of the circuit is determined
almost entirely by Ry, the resistance of the circuit itself being negligi-
ble, while in case 1) the selectivity is practically determined by the
resistance of the coil itself.
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It is seen that the amplification curve C for a step-up ratio of 1:1
is extremely that as compared with the amplilication curve shown in
Fig. 5 for a choke coil working at 830 kiloeyeles.

In conncetion with these experiments with tuned circuits and
choke coils it may be mentioned that in order to separate the DC
plate voltage from the DC grid voltage, it will often he found of ad-

:
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Fig. 7 Curve Showing the Effect of Ratio of Transformation in the Characteristic
of a Choke Coil Coupled Amplifier

vantage to replace the coil by a transformer with very close coupling-
In all our experiments, we have found that the amplification curves
obtained in the two cases are identical when the coupling coetticient
for the two windings of the transformer is nearly unity.

Loosgry CotrPLED TRANSFORMER AMPLIFIER

From the amplification curves obtained with choke coils, it will be
seen that the frequency range obtainable with a choke coil amplitier
is not as wide as might be desirable in some cases.  This is especially
true for higher frequencies between 300,000 and 1,000,000 cveles, and
where a wide frequency band is desired these choke coils have, there-
fore, been replaced by transformers with a rather loose coupling, in
which case the transformers will have the characteristics of two
ordinary coupled circunits and give an amplification curve with two
peaks.

It has been found by experiment that such transformers can actually
be treated just as ordinary coupled circuits and the amplitication
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curves can be computed by means of the well-known formulas for
current and voltage conditions in two coupled circuits.

Before going into the details of these experiments, it is worth
while to consider briefly the general relations involved as indicated
by the curves obtained with two coupled circuits, cach tuned to
52,000 cyeles. These curves are shown in Fig. 8. The coils used
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Fig. 8—Curves Showing the Effect of Cecupling Inductive and Capacitive, on
Amplification Characteristic of Coupled Tuned Circuits

had an inductance of 10 millihenries and were tuned by condensers.
The circuit of the apparatus employed in obtaining the curves is
given in Fig. 9.

Curve 4 gives the amplification for inductive coupling alone.

Curve B is for capacitive coupling alone.

Curve A+ B is for both capacitive and inductive coupling aiding
each other, each coupling having the same value respectively as
in curves A and B.

Curve 1 =B is with the two couplings opposing each other and

Curve Cis the same as -1 — B but with different value of the inductive
coupling.

The curves have the same shape as the well-known resonance
curves for two coupled circuits with the oscillator input in series
with the primary circuit, where the peak frequencies are given by the
following approximate formulas:

Inductive coupling: f'= o

BRVA
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S . : 4 C
Capacitive coupling: [ =f,. "=/, \ Ct0”

Al L y
where f, = ! ek ] = coctheient of coupling.
W EC /8

Having thus demonstrated the general shape of the amplification
curves for a two coupled tnned circuit amplitier, the action of a loosely
coupled transformer amplitier for high frequencies will be treated,

The transformer used in this experiment was made up of two
stmilar pancake coils, 27 diameter, wound with 210 turns of solid
wire.  Fig. 9 shows the eircuit diagram.  Curves 4 and B in Fig. 10a

o

R

’_||n
%—mﬂ

Fig. 9 Method of Measurement of Loosely Ccupled Transformer Amplificr

show the measured amplification curves for a 3 8" distance between
the windings. The coupling condensers €’ were omitted hut even
then there was some capacity coupling left due to the distributed
capacity between the coils. The curves A and B eorrespond re-
spectively, to an aiding and an opposing action of this capacitive
coupling.  Interchanging the leads to either coil changes the ampliti-
cation curve from one type to the other.

The self induetance and mutnal inductance of the coils were meas-
ured at low frequeney and found 1o he:

L=21X10 3 henries, M =.95X 10 ? henrie~.
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The resistance of the coils was measured as described before by
taking resonance curves at different frequencies. The distributed
capacity of each coil was 11X10 * farad (including tube capacity).
By means of these values, the curve C was calculated.? The unknown
capacity coupling makes it impossible to predict the exact shape of a
transformer coupled amplifier from the constants of the circuits.
However, the calculated curve C (calculated for inductive coupling
only) will give a general idea of the shape of an experimental curve A.

Curves 4 and B, Fig. 10b, show the amplification curves for the
case of capacity coupling alone. A is the experimental and B the
calculated curve and they are seen to give fair agrecement. The
coupling capacity was 21X10'* farad and the distributed capacity’
of the coils was 19.3X10'2 farad, the increase, as compared with the
case of inductive coupling, being due to the ground capacities of the
coupling condenscr.

In connection with this type of amplifier it may be mentioned that
a higher amplification naturally can be obtained if the plate of the
amplifier tube is connected across a part of the primary circuit only,
maximum amplification corresponding to the circuit impedance
being equal to the plate impedance. However, the same effect will
take place here as was shown for the tuned circuit amplifier, namely,
that the band width will decrease with increase in amplification.
Using transformers at their natural frequency instead of coupled
tuned circuits with outside condensers will give broader bands or
higher amplifications corresponding to the single tuned circuit
amplifier.

? The following two formulas have heen used for caleulating the amplification of
the circuit shown in I<ig. 9.

Inductive Coupling:

Al e O i )
SRl == B A e A R S A Py B e e ) L

where Z = \ R+ (w].— wl()?, RY=R (1 -+ (w;—l) ) wl'=wl— (w}l)z(wl.—:—(‘)

Capacitive Coupling:

o Rl
Amplification = u T8
G € ! wl @
het = e L - e - :
where A l\’,,(- Jw'Le +2 e L((., R"'ﬁkw"l}w(") 7R(!+(.,).

e RR Y1
3 2 = » (1) =
: RR"“"( F(") ey T (1 *(') 3c
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AMPLIFIFRS WHHL SEVERAL Staces. “Fren Baok™ Ao

The experiments so far have shown, that with one stage of amplitica-
tion and with the amplifier working mto a deteetor tube without
grid condenser and leak, it is always possible 1o caleulate the amplitica-
tion curve from the constants of the tubes and of the eoils, regardless
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Fig. 10 Amplification Curves of a lonsely Coupled Transformer Amplifier Show
ing Effect of Coupling

of whether the connection between the amplifier and the detector
consists of a simple tuned circuit, a choke coil. two coupled circnits
or a loosely coupled transformer, the circuits being treated simply
as ordinary tuned circuits.

Also the experiments have shown that a higher amplification can be
obtained in the 30,000 cyeles region than around 1,000,000 cyvcles,
as might be expected from formula 6.

The next question is: What happens when more than one stage of
amplification is used? If, for instance, the amplification for one stage
is 10, will then the amplification for two stages be 100 or, in other
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words, in a multiple-stage amplifier is it possible 10 get the total
amplification curve from the curve for the amplification per stage by
multiplying them together?

The answer to this question is that the total amplification of a
multi-stage amplifier will, in general, be lower than the value obtained
by multiplving the amplificition values per stage, and the reason
for this is to be found in the input impedance of the tubes. So far,
we have assumed the input impedance of the tube after the amplifier
to be high as compared with the impedance of the tuned circuit (or
transformer) and this is correct for a plate curvature detector, in
which the impedance of the load in the plate circuit is negligible
at the frequency of the amplified current but if the next tube is another
amplifier it is only true at lower frequencies. It has been shown ?
that the input impedance of a vacuum tube can readily be calculated
by means of the constants of the tube and the output impedance.

For the tubes used in the foregoing experiments we have the fol-
lowing approximate constants:

Cy_»=Grid to plate capacity  =3X10" farad
C, =Grid to filament capacity =5X 10 * farad
Cy =Plate filament capacity =5X10"" farad
R, =Plate impedance =20,000 ohms

p =Amplification constant =6.

The output impedance including the plate-filament capacity will
be assumed to e a resistance equal to the plate impedance.

If the input impedance is represented by an apparent resistance
R’y in parallel with an apparent capacity €, we get for Ry and
C’¢ the values given in Table TV

Tanmee IV

WRECE 44

' = = P4 —
K WR,CE L pt2) Co=Cot2Coy R2CE 41
I'requency R { €
10 eyeles 710" ohms 17 X107 farad
o X 10 ¢ | tixio-12
108 Xt | 17x10-" *
108 e 7 5x10¢ ¢ I 16X 10=* *
|

211, W. Nichols, Phys. Rev., Vol. 13, p. 405, 1919, John M. Miller, Burcau of
Standards—Scien. Pap. No. 351, 1919,
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From this table it is seen that the effect of the input impedance is
negligible at frequencies up to about 100,000 eycles, but for frequencies
in the broadeasting range, the input impedance will introduce an
appreciable loss in the preceding eireuit, which will result in a drop
in amplificaton below the value obtained for a single stage amplifier.
It is seen that the input impedance R’ for broadeasting frequencies

oF " em £ ao T em o
poe or T Klweyoies | | {

Fig. 11— \mplification Curve of Two Stage l.oosely Coupled
Transformer Amplifier

is of the same order of magnitude as the plate impedance R,, which
means that it will be of no advantage to use much step-up in choke
coils or tuned eircuits for an amplifier with more than one stage, since
the amplification in no case will he much higher than u per stage,
except for the last stage, which is working into the detector.

The loosely coupled transformers of the type already discussed
will, on the other hand, work very well in a two-stage amplifier, since
there is no step-up used in these, and the amplification will be very
nearly twice the amplilication for a one-stage amplifier; as will be
seen from the amplification curve shown in Fig. 11. The width
of such an amplification curve can be increased by proper adjustment
of the transformer inductances but the amplilication will naturally
drop correspondingly.
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The vatues of R’; and C'; given in Table IV were calculated on the
assumption of a pure resistance load R in the plate circuit. If the load
in the plate circuit is an impedance Z=R+j &, it will be found that
the sign of the apparent shunt resistance R’ will depend upon the
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Fig. 12 Total Amplification of Transfermer Coupled Receiver and Effect of “Feed
Back” on Loop Resistance

sign of the reactance x. For a capacitive load, the resistance R’;
will always be positive, but for an inductive load, R’ may in some
cases become negative and we then have “feed back™ or regeneration
occurring through the tube. The negative resistance introduced in
the circuit below the resonance frequency may in certain cases be
so high that it more than neutralizes the positive resistance of this
circuit which means that the set will start to oscillate or “sing.”
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As an illustration of the effect of this “feed back™ action, there are
given in Fig. 12 some curves obtained for a two-stage high frequency
amplifier with toosely coupled transformer stages.  The input circuit
to the amplifier consisted of a foop antenna circuit tuned to the fre-
quency of the indueed signal.

Curve o shows the straight high frequency voltage amplilication
of the set, as measured with resistance input to the grid of the first
high frequency amplifier. (Same as curve shown in Fig. 11.)

Curve B gives the actual resistance of the loop used with the set.

Curve C gives the resistance introduced in the loop due to “feed
back' action from the first stage.

Curve D gives the resulting apparent resistance of the toop (Curve
B+ Curve ) and

Curve E shows the “feed back” amplification of the set. (Curve
B: Curve D.)

Curve F shows the total amount of amplification obtained by the
set which is the product of the ordinary voltage amplification (Curve

ELRESRG

(b)

Fig. 13 ~Schematic of Balancing Condenser Action

A) and the “feed back™ amplification (Curve E) and it is thus scen
that the feedd back action makes the total amplilication vary irregu-
larly in a very undesirable manuer, and also makes the set “sing’" at
certain {requeneics.

In order to avoid this, it is necessary to provide some means of
balancing out the effect of the grid plate eapacity of the tubes, and
Fig. 13 (a) shows how this may be done.t  The filament of the tube

: ¢Sce Patent No. 1,183,875 issued to R. V. L. Hartley, and Patent No. 1,334,118
issued to C. W. Rice,



200 BELL SYSTEM TECHNICAL JOURNAL

is connected to the middle of the coil, the grid to one end and the plate
is connected through a small balancing condenser to the other end
of the coil. In FFig. 13 (b) is given a schematic diagram of the circuit,
which shows that the effect of Cp upon the coil circuit is just opposite
the effect of Cy_p, so that the circuit can be regarded as an ordinary
bridge circuit. It will, thercfore, always bhe possible by proper ad-
justment of the condenser Cy to neutralize the effect of the feed-back
action as shown by curve G in Fig. 12,

The same kind of an arrangement can be used between the different
stages in a multi-stage high frequency amplifier, and it is thus seen
that by proper use of such balancing condensers, it will be possible
to obtain for a multi-stage amplifier a total amplification which is
practically equal to the product of the amplifications per stage. This
is true for a multi-stage tuned circuit coupled amplifier but for trans-
former coupled amplifiers, where it is more difficult to obtain a 180°
phase difference of voltages, the advantage of the balancing con-
denser is not so great.

Of course, this favorable result presupposes that the wiring of the
amplifier is properly done and the different stages shielded carefully
from each other so that no external coupling exists between them.

RESUME

What has been said about amplifiers in the preceding sections can
be summarized as follows:

With a given type of amplifier the same general shape of the am-
plification curve is obtained regardless of the frequency range at
which the amplifier is designed to operate.

Thus, a low amplification over a wide frequency range will be
obtained by using loosely coupled transformers or choke coils without
any step-up, while a high amplification over a narrow range of fre-
quencies can be obtained by using choke coils or tuned circuits with a
proper step-up. In this last case, it will be necessary to use a small
tuning condenser across the coils in order to make the frequency
range of the amplifier wider, and the higher amount of amplifica-
tion is, therefore, obtained only by a sacrifice of tuning facilities of
the set.  In a multi-stage- amplifier it may, however, often be found of
advantage to use a combination of low amplification stages and high
amplification stages so that, for instance, one tuned circuit stage with
high step-up and variable condenser is used in connection with one
or several stages of choke coils or loosely coupled transformers with
low amplification and a wide frequency range. The maximum amplifi-




HIGH FREQUENCY AMPLIFIERS 20

cation obtained with any kind of an ampliiee will, in general, be
higher at the lower frequencies, due to the lower loss and the higher
ratio of L over C obtainable.

The width of the frequency band for a choke coil amplifier will be
smaller, the higher the frequency due to the decrease in w Lowith
increasing frequency, and at broadeasting frequencies it will, there-
fore, in general be found advantageous to use looscly coupled trans-
formers rather than choke coils, whenever a wide frequency band
is desired.  In addition to giving a wider frequency band, lower
frequency amplifiers have the advantage of a smaller grid-plate
feed back action.

AMPLIFICATION MEASUREMENTS AT THIGH FREQUENCIES

In order to make a thorough study of radio frequency amplifica-
tion, it is necessary to have a dependable method of measurement.
Such a method developed in our laboratory and used very successfully
will be described here.

In order to obtain an accurate comparison hetween different types
of amplifiers, in which any type of resonant coupling is used, it is
essential that these amplifiers be operated from a resistance input and
not from an input containing a tuned circuit. With a tuned circuit
it is not only very difficult to obtain an accurate measure of the
voltage impressed upon the amplifier but considerable regeneration
may occur between this input circuit and the output circuit of the
first amplifier tube. There is, naturally, also a feed-back action
in connection with a resistance input circuit, but its effect is negligible
when the resistance is only a few hundred ohms. When the charac-
teristic of a radio frequency amplifier with a resistance input has been
accurately determined, its characteristic when used with a tuned
circnit input may be determined as will be described later.

A schematic circuit diagram of the apparatus as used is shown in
Fig. 3. To the left is shown the input apparatus which consists of
an oscillator, a sensitive thermocouple and a potentiometer.  The
drop across the resistance Ry of the potentiometer is used as the input
to the amplifier stage 1. The output of the amplifier stage is meas-
ured by the tube voltmeter 1 shown to the right in Fig. 3. The tube
voltmeter 11 may be a low frequency detector in the case of amplifi-
cation measurements of an actual receiver set.

It is necessary first to calibrate the tube voltmeter or detector 11
which is done by disconnecting it from the amplificr and connecting
it directly across the potentiometer Ry— Rs. Ry is then adjusted to,
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say, 500 ohms and the current through it adjusted to some convenient
value, such as 1 milliampere. This voltage of .5 volt will be sufficient
with most tubes to give a change in the plate current of 30 to 40
microamperes.

The tube voltmeter is then reconnected to its normal place in the
circuit and the resistance Ry is connected to the input of the amplifier,
Keeping the current constant at the value of 1 milliampere, the re-
sistance Ry is adjusted until the change in the detector plate current
is the same as before. It is immediately apparent that the amplifica-
tion will be the ratio of the known voltage on the grid of the detector,
that is .5 volt, to the voltage on the input of the amplifier, as indi-
cated by the product of the resistance Ry and the current through it.
The current having been kept constant, the amplification is the
quotient of the 500 ohms used when calibrating the detector and the
resistance value obtained with the amplifier included.

Considerable precaution must be observed to make sure that no
energy is getting into the amplifier circuit except that which may be
measured by the voltage drop across the resistance Ry, This neces-
sitates the most careful shielding especially when the amplification
is more than 50 times.

With the measuring apparatus described a dependable input volt-
age as small as 1 millivolt can be obtained. The maximum amplifica-
tion which can be measured directly is, therefore, of the order of 500
times when the output voltage to the detector is of the order of one
half of a volt.

For the measurement of higher amplification the following indirect
method may be used.

The amplification is artificially decreased in some manner such as
reducing the number of stages in the circuit and this reduced amplifica-
tion is measured in the usual manner. The input current is then
reduced and the input resistance increased keeping the plate current
of the detector constant, the voltage impressed on its grid being
determined by the previous calibration. The amplification is now
increased to its normal value and the input resistance decreased until
the detector plate current has its original value. The ratio of decrease
in input resistance will thus give the increase in amplification and the
total amplification will be the product of this and the smaller amplifica-
tion as first measured.

The smaller current through the lnput resistance, which is obtained
by this method and which will generally be less than can be determined
by the most sensitive thermocouple, will reduce the pick-up to a
sufficiently low value to give satisfactory results. In this connec-
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tion it may be noted that an excellent test for the presence of undesir-
able pick-up is the closing of a switch (8) placed at the input of the
amplitier.  With this switch closed there should he no appreciable
input to the deteetor.

Direct high frequency amplification measurements require input
units made up of very earefully constructed attenuation boxes or
potentiometers and well shielded oseillators.  Such units have been
developed in connection with field measurements and are described
in a paper on "‘Radio Transmission Measurements,” by Messrs.
Bown, Englund and Friis and "Note on the Measurements of Radio
Signals,” 3 by Englund.

On the right in Fig. 3 is shown, as mentioned before, the circnit
diagram of a “"tube voltmeter” such as is nsed in many high frequency
measurements.  The tube voltmeter is essentially a plate current
curvature detector.  The grid is made negative by means of the grid
battery E., so that the normal plate current of the tube is very small
(of the order of 50 microamperes or so), and this plate current is
further bhalanced out by means of the potentiometer arrangement
R:. R;, so that the plate current meter reads zero when the input to
the tube volumeter is short-circuited. This arrangement has the
advantage of making it possible to utilize the entire scale of the
meter and to obtain the measured voltage from a single reading
instead of the difference of two readings. Such a tube voltmeter
built with an “N"" tube will give a deflection of 1 microampere for an
input voltage of about 1 5 of a volt, and the calibration will stay
remarkably constant for several months and is independent of the
Sfrequency at which it is calibrated. The values of the resistances in
the resistance boxes used at high frequencies may, thercfore, be
checked by using the boxes for calibrating a tube voltmeter first
at 60 cycles and afterwards at, for instance, 1,200 kilocycles. If the
two calibration curves ohtained are exactly identical, then the resist-
ance has not changed appreciably within this frequency range.

In measuring the amount of ‘‘feed-hack’ amplification in a receiving
set, it is not possible to use a method as direct as described above.
The “feed-back’ or regeneration in a set is, as already mentioned,
due to the coupling between the grid circuit and the plate circuit of
the tubes through the grid-plate capacity, and will depend upon
both the load in the plate eircuit and the nature of the input eircuits.
If, for instance, it is desirable to measure the amount of “feed-back™
amplification due to the coupling between the loop circuit and the

$ Proc. Inst. R. E., Vol. 11, No. 1, February, 1923. Proc. Inst. R. E., Vol 11,
No. 2, April, 1923.
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plate circuit of the first amplifier in a high frequency amplifier set,
it will not be possible to measure this with a resistance input to the
amplifier since in this case the “feed-back”™ has no appreciable effect.
In order to get the correct value for the “‘feed-back” amplification,
the set must be connected up to the same loop with which it is going
to be used and the measurements can then be made in the following
way.

A resistance box is inserted in the middle of the loop and a tube
voltmeter is connected across half of the loop in addition to the
receiving set as shown in Fig. 14, With the filament circuit of the
set open, a strong high frequency emf. is induced in the loop and the
loop circuit is tuned until the tube voltmeter reads a maximum.

LooP

SGRID
UBE VOLT
o METER

Fig. 14 —Method of Measuring “Feed Back™ Amplification

A “feed-back’ action in the set will then produce a change in the
tube voltmeter reading when the filament current is switched on.
If the “feed-back’ action is positive, i.e., if the resistance introduced
in the loop is negative, then the tube voltmeter reading will increase,
and in order to bring it back to its former value, the resistance of the
loap 1s increased by an amount R’ by means of the resistance box.
If, on the other hand, the “feed-back’ action is negative, the resistance
of the loop must be decreased in order to obtain the former value of
the tube voltmeter reading.

R’ represents the equivalent series resistance introduced in the
loop circuit by the “feed-back™ action, and the apparent resistance
of the loop is, therefore, R—R’, where R is the actual resistance of the
loop. The voltage impressed upon the grid of the first tube is in-
versely proportional to the apparent resistance of the loop, and the
amount of “feed-back’ amplification is, therefore, defined as the ratio
K'=R/(R—R') where R' must be taken with the proper sign. This
ratio is scen to he a direct measure of the increase (or decrease) in
input voltage due to the “feed-back” action in the set and the total
amount of amplification in a set at a certain frequency will then
be given by the product of the ordinary voltage amplification factor
K and the “feed-back’ amplification factor K.
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In determining A, it is necessary to know the actual resistance R
of the loop and this may be conveniently obtained by the reactance
variation method using a tube volimeter across hall of the loop as the
voltage indicating device. 1t has been found that the loss introduced
by such a tube voltmeter is negligible, a fact which can be easily
checked by connecting two similar tube voltmeters aeross the loop
and determining the maximum reading of one of them. When the
other one is then disconnected and the loop condenser slightly re-
adjusted so as to again give maximum reading of the first tube volt-
meter, it will be found, that the two readings obtained are exactly
the same.

The discussion of the two types of amplification measurements of
high frequency amplifiers may be summarized as follows:

The ordinary wvoltage amplification K is defined as the ratio of the
amplitied signal voltage impressed on the grid of the low frequency
deteetor and the signal voltage impressed on the grid of the first
amplifier tube. This amplification is measured by using a resistance
input to the ampliticr and ineludes the effect of “feed-back™ action
between the stages in the amplifier.  This “feed-back’ aetion hetween
stages ean naturally be analyzed by a method similar to the one used
to determine the “fecd-back™ action between the amplifier and its
tuned input circuit.

The “‘feed-back™ amplification K' is defined as the increase (or
decrease) of signal voltage due the “‘feed-back™ action between
amplifier and its tuned input circuit.  The *“feed-back" amplification
depends upon the selectivity of the input circuit and will only vary
slightly from unity when the resistance of this circnit is very large,
while large variations, as shown in Fig. 12, may be found when a
selective input circuit is used.

The total amplification is defined as the product of the ordinary
amplification K and the “feed-back' amplification K’.



Design Characteristics of Electromagnets
for Telephone Relays

By D. D. MILLER

Note: The electromagnets described are confined to relays, although
the principles involved apply as well to selector magnets, clutch magnets
and electromagnets in general. A treatment from the viewpoint of the
telephone engineer is given of the important considerations which deter-
mine the design of the magnetic parts of relays and the economics of the
winding dimensions. A knowledge of these factors as well as of the general
considerations which are discussed is of great importance in the selection
and application of relays to the telephone system. The operating and
economic importance to the Bell System of the great number of relays
required in the operation of the plant has been described in a previous paper.!

[NTRODUCTION

LECTROMAGNETS or relays as gencrally used in telephone

switchboards are simply switches which are controlled electro-
magnetically. These switches may be required to open or close a
number of separate and distinet circuits simultancously or in a certain
sequence.  In many cases it is essential that the relay switch be
opened or closed very quickly as this time may have a direct influence
on the amount of apparatus required and consequently the first
cost of the plant. The operating time of the relays also has a direct
influence on the time required to establish a telephone connection.
The above statements are particularly evident in automatic systems
where sclector apparatus is required to establish a connection between
parties but is released during the conversation. It follows that the
number of selector circuits and relays therein depends upon the
amount of traffic and time required for the sclectors to establish the
connection.

To establish a telephone connection hetween two parties in certain
automatic telephone systems, requires the opening and closing of
about 2,000 clectric switches of which 1,200 are operated by simpler
types of electromagnetic relays. In a typical manually operated
system a call is completed by the opening and closing of about 112
switches of which 70 are operated by relays. 1t is therefore evident
that the relay switches must operate both quickly and reliably and
maintain a high degree of stability throughout a long period of service.

In controlling the various circuits in telephone systems by relays,
the character of the circuits determines the construction of the rélay
switches. If large currents are to he coutrolled the relay switch

! Relays in the Bell System, S. 12, Shackleton and 11 W, Purcell, Bell System Tech.
Journ., Vol. 3, p. 1, 1924,
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construction dilfers materially in ruggedness from the construction
where relatively small currents are to be controlled.  In the opera-
tion of the relays larger amounts of power, of course, are required
for those having the more rugged construction. It is also evident
that more power is required for fast operation than for comparatively
slow operation. Fast operation of relays is also dependent upon
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Fig. 1 Spring Combinations ~ Flat Type Relay

circuit arrangements which are effective in lowering the electrical
“time constant’ of the circuits in which the relays operate.
Electromagncts in telephone systems are designed and used for a
great variety of conditions. The more common uses are for relay
operation on dircet current batfery of 20 to 28 volts or 40 o 45 volts.
Such relays perform a great number of switching functions, a few of
which are shown in Figs. 1 and 12, Other designs are used for oper-
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ation on alternating currents, ranging from 16 cycles ringing fre-
quency to voice frequencies of 2,000 cycles per second. The load or
work required of these relays and electromagnets varies from a fraction
of a gram controlled through a few thousandths of an inch to 25 pounds
controlled through a distance of 1; of an inch. Some relays are
operated where the annual power charges are negligible while in other
designs annual power charges may be controlling. The technical
considerations which determine the design features, therefore vary
throughout a wide range as to the proportioning of the magnetic
parts and the design of the windings. Other general design character-
istics that must be carefully considered are as follows:

1. Operating capability of the structure—
(a) Switching conditions or circuit control required of the relay.
(b) Design of contacts required to safely carry the energy re-
quired by condition (a) throughout the estimated “life”
requirements of the switchboard.
(¢) Capability of the structure with respect to the input power
to satisfy condition (a).
2. Determination of winding best suited for the circuit.
3. Temperature limitation of the winding under extreme conditions.
4. Ease of adjustment.
5. Permanence of adjustment—
(a) For a period of service operations representing the “life”
of the relay in the switchboard.
(b) Under extreme weather conditions.
6. Size and mounting facilitics.
(a) When nsed for additions to old equipment where it should
mount in the same space as the apparatus it replaces.
(b) Economy of space for new equipments.
(c) Stability of mounting.
7. Terminals—arrangement and distribution for most advantageous
clectrical connections.
8. Insulating materials.
(a) Windings.
(b) Switch control of contacts.
9. Cover design.
(a) Protection from dust.
(b) Effect of cover on operation and protection from stray flux.
10. Speed of operation and release.
11. Transmission efficiency with respect to voice frequencies.
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12. Mechanical design features with special reference to manu-
facture.

13. Electro-mechanical efficiency.

LL First cost and annnal charges.

As it is not within the scope of the preseat paper to discuss in
detail all of the above characteristics the following have been sclected
as perhaps the more important and the most interesting:

1. The design of the magnetic parts for varions telephone switch-
board requirements.

2. Methods of caleulating windings and the determination of
temperature characteristics.

3. Considerations which determine the spool dimensions.

. Discussion of designs used extensively in the telephone plant.

DESIGN oF MAGNETIC PARTS

The fundamental requirements of an electromagnet or relay are
generally the load or pull, the distance through which the load must
be moved and the time limits of operation. The last requirement,
of course, is reflected in the load or pull requirement as an added pull
or force of acceleration. ’

The fundamental constants of design are the flux leakage coefficient,
the core flux density and the flux density in the pole face or area where
the pull is exerted. I the designer is given data which fix these
constants the remainder of the work is usually a comparatively simple
matter of caleulation.

The leakage coefficient has been determined experimentally through-
out a range of designs where the load to be controlled varied from
I gram to 3,000 grams. The results show that the leakage depends
almost entirely upon the armature air-gap reluctance and the ratio of
the core length to the core diameter. The leakage flux is defined
as that percentage of the total core flux which does not cross the
armature air-gap, and consequently can not be utilized for producing
traction. The per cent useful flux is then the ratio of the flux crossing
the armature air-gap to the total flux in the relay core.  The curves
in Fig. 2 for single spool electromagnets and Fig. 3 for double spool
electromagnets give the per cent useful flux for various air-gaps and
core lengths which are expressed in terms of the core diameter. In
cases where the core is round and the pole face arca is equal to the
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core scction these data may be used directly. If, however, the pole
face arca differs from the core section, the air-gap used in looking
up the leakage in Fig. 2 and Fig. 3 should be reduced to a value which,
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Fig. 2—Curves of Percentage Useful Flux vs. Length of Air Gap in Terms of Core
Diameter for Single Spool Relays

with a pole face area equal to the core scction, would give the same
air-gap reluctance.

The core flux density and the pole face density depend largely upon
the requirements of the particular design, but the considerations
outlined in the next four paragraphs are of prime importance.

In some cases the annual power charges are relatively animportant,
there being plenty of power available during the short intervals of
time required for aperation. Obviously in this case cfficiency of
operation can be sacrificed, and consequently power, in order to
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obtain a low first cost.  Referring to Maxwell's formula for traction
or pull
5 MBS
T 8080’

the pull P is proportional to the square of the armature air-gap flux
density B, consequently the total llux required will be less the greater
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Fig. 3 Curves of Percentage Useful Flux vs. Length of Air Gap in Terms of Core
Diameter for Double Spool Relays

the gap density. A high core flux density and pole face density gives
a small core section and consequently a small and cheap maguet.
The limit to the decrease in size is the allowable temperature limit of
the winding.

Of course, there is a limit to the sacrifice of efficicncy to obtain a
low first cost. If the reasoning in the preceding paragraph is ap-
plied to a 5,000 gram eclectromagnet, the results will show three to
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four per cent of the total ampere turns required to saturate the core
while on a relay which controls five grams the same assumptions
show over 50 per cent of the total ampere-turns required to saturate
the core.  Where small forces such as five grams are involved, we
are almost invariably coucerned in maintaining a high efficiency
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Fig. 4-~Curves of Core Section and Pole Face Flux Density vs. Pull

whereas in designs for the heavier forces a few additional ampere-
turns required in the core are relatively unimportant.

The work done by an electromagnet is W=980 F L ergs where
I is expressed in grams and L in centimeters.  The energy in ergs

oNT

required to magnetize the core is 117= T where NT represents the

ampere-turns required o force the flux ¢ through the core. The
ratio of the core energy and the useful work may be taken as a criterion
of the cfficiency of the core design. Applying this reasoning to
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various designs it is found that the most efficient core design is oh-
tained by choosing a core Hux density at the maximum permeability
of the core iron.  1f this reasoning is applied to a 5,000 gram relay
a saving of approximately five per cent core energy results over
working at a high density but the core section is increased in the
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Fig. 5 Curves of Core Section and Pole Face Flux Density vs. Pull

ratio of six to one. Obviously the small improvement in efficiency
results in an unrcasonable increase in size and consequently first cost
and is seldom if cver warranted by the requirements. Applying
the same reasoning. however, to a five gram relay we obtain a reduc-
tion in core energy of approximately 20 per cent and although the core
section has greatly increased this increase has practically no influcnce
on the size or first cost of the magnet. Of course, a further con-
sideration is mechanical strength as where light loads are encountered
the core section, nceded magnetically, may be entirely too small to
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give the requisite mechanical strength for winding or mounting. It
may, therefore, be necessary to use a very low flux density in these
instances in the core design.

The best flux density and arca for the pole face as regards clectro-
mechanical efficicncy is obtained by making the air-gap reluctance
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Fig. 6— Curves of Core Scction and Pole Face Flux Density vs, Pull. These Curves
Assume That the Pole Face Area is Greater than the Core Section

cqual to the reluctance of the remainder of the magnetic circuit.
Here again it is found that practical considerations must be carefully
weighed, otherwise an unreasonable design results. If, for instance,
the pole face density on a 5 gram relay is taken equal to the cus-
tomary core density, a very small pole face arca results. To make
the air-gap reluctance, then, equal to the reluctance of the remainder
of the magnetic circuit, it is found that an air-gap of possibly .001”
or less results. Such a small armature movement, of course, is gener-

.
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ally of no practical valne, and cousequently, very low pole face den-
sities are gencerally chosen.

As a result of the above considerations as well as the experieuce
gained in designing a great number and variety of relays and clectro-
magnets, the curves in Figs. 1, 3, b and 7 have been drawn which show
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Assume That Between Loads of 1,000 and 10,000 Grams the Pole FFace Area Will
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reasonable assumptions that may be made in working out new designs.
These curves are to be employed, of course, with due consideration
of the particular requirements in cach case.

From the above discussion it is evident that magnetic irons which
are capable of high flux densitics are particularly desirable for the
heavier magnets. The high densities permit of a small core seetion
and consequently a small and low cost magnet. The magnets which
control loads of a few grams, however, should be constructed of
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magnetic materials which have a high permeability and a low coercive
force, but not necessarily capable of working at high densities. A
relatively high permeability reduces the energy required to saturate
the core although due to the reluctance of the air-gaps there is obvi-
ously a limit beyond which no practical gain results due to increased

koo

S

Fig. 8

permeabilitics.  The most important single requirement of a magnetic
material for relays controlling light loads, is a low coercive force. A
low coercive force reflects the ability of the magnetic parts to return
to practically the same state of magnetization after repeated applica-
tions of magnetomotive forces. The effect of residual magnetism, if
large, may cause sticking or holding forces of the same order of mag-
nitude as the load requirements.  Vacuum anncaled silicon steels
of comparatively high silicon content and certain nickel steel alloys
which have low coercive forces are of great value for electromagnets
which must control efficiently light loads of the order of one to fifty
grans.

WINDING FORMULAE

Before discussing the cconomics of the winding dimensions it is
necessary to develop and carefully consider the winding formulac
and the factors which determine the temperature characteristics.

Iig. 8 shows the one-half cylindrical section of a spool. Since a
given wire occupies a similar space in both .1 and B we need only to
consider winding space 1. 1{ d in Fig. No. 8 represents the diameter
of the wire over the insulation, it is evident that cach wire may occupy
one of two positions with respect to adjacent wires.  In the uniform
layup cach wire oceupies an arca d?, and with the complete inter-
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meshing of layers one wire occupies an area S66 4% To actnal winding
practice a combination of the two layvaps is obtained which gives
A0 d* squuare inches as the space vecupicd by one wire. The area
A0 d* may be taken s indicating perfect winding so that if the total
winding space or arca is represented by 1 and the total turns by
N, we have under the best conditions

oA

5 =90 d?

N
The comparative merit or efficiency of any other winding may there-
fore be expressed as

0 d* X 100 g
= = per cent ctheiency.

As cach size of wire and insnlation winds with a somewhat dilferent
cfficiency, the variation in the value «1 NV is generally determined
experimentally for cach gauge of wire. Thus

4 _k-ca&

‘\: = =Ly 062 (1)
The constant C is often designated as a space factor constant and
may include the insulating or interleaving paper used throughout the
winding. The following are representative values of K for enamel
and silk insulated wire of Western Electric Company manufacture.

VaLtes ofF K

B. &S Enamel Silk

Gauge Insulated Wire Insulated Wire
21 000894 000936
22 000718 000755
23 0377 000614
24 000431 000477
25 J000437 0003825
20 000280 0003140
27 000225 0002015
28 000183 0002170
29 000147 000180
30 000120 0001510
31 000096 0001201
g2 OHO0781 0001069
33 0000628 N000866
34 0000516 DO0V8LS
35 _OU4 L0 DOOV6TS
30 0000338 OOUD37 7
37 0000269 | 000D300

38 0000222 | 0000428
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Referring to Fig. 8 the space or area available for winding is
A=La. )

From equations 1 and 2 the total turns possible are

A LA
Nz =% 3)

The total resistance of the winding is the product of the resistance
of the mean turn R, and the total turns N,

R;=RnN.

The length of the mean turn for a round core, Fig. 8, is

2n(F43) =r(Cta),

and if 7 is the resistance per unit length we have
Ry =7(Cy+A)r,

whence the total resistance is
‘Ry=#(Cat-2)rN;

or substituting the value of N from equation 3,

i w(cg-;{ay;;_

#)

For a core of rectangular cross section equation 3 holds for the total
number of turns and it will be found that the equation for total
resistance is

R="T2(L45), | *)

where p represents the periphery of the core in inches.

TEMPERATURE CHARACTERISTICS

The critical circuit conditions with respect to the relay winding
specify either constant wattage, constant voltage or constant current.
The constant voltage circuit is one in which a change in resistance
of the relay winding materially affects the current flow. The con-
stant current circuit is one in which a change in resistance of the
relay winding does not materially affect the current flow.  An ap-
proximate constant wattage condition is one in which a resistance
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such as a line in series with the relay is equal to the resistance of the
relay and where the resistance external to the relay winding does not
change appreciably with temperature variations.

The temperature formulae for the constant wattage condition are
developed as (ollows:

Let Q be the quantity of heat in calories supplied to the winding
per second, and Q dt be the amount supplied in a small increment of
time. Iet S be the produet of the specific heat and weight of the
total wire on the spool expressed in calorics. Let T be the tempera-
ture difference between the winding and the surrounding air. Sd T
is then the amount of heat used in raising the temperature of the
wire by the amount d T. Let p be the average dissipating constant
throughout the temperature range. [t depends upon the radiating
surface of the winding, metal eonducting parts of the structure and
external conveetion of heat by the air.  Given the constant p, p T dt
represents the calories dissipated during the interval dt.

The total heat supplied during the time dt is partially used in
raising the temperature of the wire, and partially dissipated, con-
sequently

Qdt=SdT+pTadt. (6)
If heat is continuously supplied the winding in the form of clectrical
energy, the rate of dissipation ultimately equals the rate of supply-

This is true for temperatures that do not fuse the wire or permanently
alter its resistance characteristic.  Ultimately

SdT =0
and
Qdt=pT pdt.
If the final temperature reached is designated as T’ then
Q = PTm (7)
and from equations 6 and 7
pTmdt=SdT +pTdt,

dTr

_p P R ——
T L i e

and integrating gives

== =T
51 log(Tw—T7)+C.
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Observe that when =0 the value of 7 is also zero and C=—log T
Hence

7‘='1‘,n(1—e 5') (S)

Equation 8 shows that the transient relation between temperature
rise 7" and time is exponential and ultimately the temperature rise
is I'=Tp,.

The final temperature T, reached by the winding may be deter-
mined by writing equation 7 in the form

Efl
= o
PTn= 1186 @n
where E I represents the constant wattage applied to the winding
and 4.186 is the Joule equivalent. 1If the room temperature is 7,
and the ullimate temperature rise 7., it is evident that the final
temperature of the winding is

Tr= T Ty

T’=3%8£67>+T"
By introducing a new constant K; which represents the ability of
the structure to dissipate heat and also includes the factor I.IISG'
we have ? )

n=284r, ®

in which 1, is the area of the winding but does not include the ends.

The value of K, can be readily determined by obtaining an experi-
mental curve between E I and 7,,. This is obtained by gradually
increasing £ I but holding the wattage constant for cach value long
enough for the final temperature rise to take place. The value of
T is calculated by observing the change in resistance of the winding.

The constant current and constant voltage characteristics are
determined in a similar manner with the important exception that
the quantity of heat Q supplied per second is not constant but varies
in accordance with the change in resistance with temperature.  Thus
for constant current conditions 4.186 Q dt=1* R dt and for constant
voltage conditions 4.186 Q dt = ]1; dt, where R= RO(J")‘.:;); ) for cen-
tigrade degrees and Rq is taken at 0° C.

* For single spool relays Ky =50 1o 60, and for double spool relays K; =35 to 50.
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The steps by which the solution fitting these conditions are obtained
will not be given but the resubts, stated in practical units, are included
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Fig. 9 -Relation Between Coil Depth in Terms of Core Diameter and Effective
Operating Ampere Turns

to bring out certain important facts relating to winding design.  The
final temperatures are
K\EI
A,
50901, +231.51° Ry K,
254.5:4, — PRk,

Constant Wattage, Ty= +20°; (10)

(11)

Constant Current, Ty=

Constant Volage, Ty=— 107+\ 16000—{—2*' i 02)
The transient temperatures of constant wattage, voltage and current
are all of the exponential form 7'=7, (1—¢ ), while the cooling
of the winding after current is stopped is of the form 7'=Tn, e .
In these equations ¢ is the constant pertaining to the particular
condition considered.

An tmportant observation in connection with these temperature
characteristics is the great difference in temperature rise in the three
cases with like initial conditions of energy input. Thus, it is important
to note that an electromagnet which is correctly designed and worked
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to its temperature limit in a constant voltage circuit, would overheat
in a constant wattage or constant current circuit. A relay properly
designed to work at a safe temperature under a constant current
condition, would be unnecessarily large and expensive in a constant
voltage or constant wattage circuit. It is, thercfore, evident that
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Fig. 10—Rclation Between Copper Volume and Percentage Loss in Effective Ampere
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exact rules can not be given for the correct proportioning of spool
and winding dimensions from a purely design standpoint without
consideration of the circuit in which the electromagnet is to operate.
Some general design features, however, can be indicated which will
cnable preliminary assumptions to be made that can be refined as
the design is worked out for its particular operating conditions.

SPooL DIMENSIONS

Certain important facts regarding spool dimensions are indicated
in Fig. 11. The spool dimensions for the winding may be investi-
gated by assuming that a definite radiating surface must he used to
dissipate the heat, and then determine the relative values of winding
depth, length, and volume in terms of the core diameter.  The volume
of wire used in the spool is taken as a measure of the first cost and a
variation in the length of the coil is reflected in the leakage flux which
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in turn may be taken as a measnee of the effective ampere turns. The
determination of the leakage Hux involves reasonable assumptions
from expericnce of the armature air-gap in terms of the core diameter.

I the cleetromagnet is to be operated on a definite voltage the
assumption of a definite radiating surface to dissipate a certain input
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Fig. 11

wattage will fix the resistance of the coil. Copper windings of electro-
magnets in telephone systems are generally wound with wire which
varies from No. 20 B. & S. to No. 39 B. & S. gauge. The resistance
generally varies throughout a range of 15 ohm to 2,000 ohms. Various
gauges of wire wind with different efficiencies due to variations in
the space factor but a number of different gauges may be assumed
and the calculations carricd out which give the relation between the
winding depth and the effective ampere-turns.  With a constant
radiating surface a variation in the winding depth causes a variation
in the length which, of course, is reflected in the leakage flux. The
results of a number of calculations on various windings are shown in
Fig. 9. [n Fig. 10 is shown the relation between the volume of wire
on the spool and the per cent loss in efficiency due to a variation in
the depth of winding which, with a constant * radiating area, causes

I The radiating area is taken as the surface only of the coil and the ability 1o
dissipate through the ends and otherwise is reflected by the heating constant K
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a corresponding change in the length of the coil.  Fig. 11 shows the
relative dimensions of three designs of spools taken from Figs. 9 and 10.

Some very interesting information can be obtained from Fig. 11
in regard to the relation between the volume of wire, as reflecting
the first cost, and the ampere turn operating efficiency. Design “A”
contains a volume of copper of 3.65 cubic inches, while in design
“B" the volume of copper has been reduced to 2.00 cubic inches
although the loss in effective ampere-turns is only 10 per cent. In
design “C” the volume has been reduced to 1.10 cubic inches with a
loss in efficiency of 30 per cent.

Obviously the design “C” is the cheapest in first cost because of
the small copper volume and will also give the Jowest annual charge
where the time of operation is very short and the charge for power
relatively low. Where the magnet is required to operate very often
and the price of power is high the design “A” will prove the most
economical.  Design “B’ may be considered as intermediate between
designs “A” and “C”.

In the above considerations of spool dimensions the examples
given should not be taken as an accurate generalization but simply
as a method which, with a given set of requirements, should enable
reasonable first approximations to be made. Thus, if annual power
charges are controlling, a relatively short and deep spool will give
the hest results, although there may be exceptions where for instance,
the operating current is reduced to a holding value and where the
leakage is relatively small due to the fact that the armature is oper-
ated. In such a case and unless operating efficiency is also of prime
importance the design “A” would be more expensive than necessary
in first cost. Other cases often arise where the input wattage is
very small but the operating requirements are very exacting so that
the most efficient winding is required and the first cost is relatively
unimportant. In this case a larger volume than “A” can be used to
advantage. ‘These examples may be used as a guide therefore, in
determining spool dimensions which are later refined as the design
is completely worked out.  The illustrations of designs given in the
latter part of this paper show how accurately certain final design
dimensions can be worked out to give the minimum annual charge.

DiscussioN oF DisiGNs USED LEXTENSIVELY
IN THE TELEPHONE PLANT
To any one familiar with telephone systems it is obvious that it is
impracticable to design all the relays required at maximum clficiency
and economy for cach particular condition that arises. Such a pro-
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cedure would involve endless equipment changes as well as the large
and  unnecessary mannfacturing expense of making an excessive
number of types of relavs.  Much of the relay engineering work of
the past few years has therefore been directed toward the standard-
ization of relay designs which would be Hexible, refiable and economical

Fig. 12

as a whole in the telephone plaut rather than the most efficient in all
respects for any specific condition. The flat or punched type relay
manufactured by the Western Electric Company represents largely
the result of this effort.

The flat relay is essentially a punch press product manufactured
yearly in large quantities and in about 3,000 varicties of windings
and switching or contacting arrangements. The punch press method
produces parts which are exact duplicates and therefore interchange-
able which is particularly advantageous both for assembly and re-
placements or repairs.  All the springs as well as the core and arma-
ture are punched and formed in bending fixtures to the required
shapes. The mounting plates are also punched and designed to
permit of uniform and economical mounting of the relays.

A number of these relays are shown on a punched mounting plate
in Fig. 12. Referring to the figure it will be seen that the relays are
insulated from the mounting plate by phenol fibre insulators “A."
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which are securely fastened to the mounting plate by means of metal
eyelets. The armature “B"" is hinged at the rear by the use of a thin,
steel reed, securely riveted to the armature.  The switching arrange-
ments which the armature controls are in the form of nickel silver
springs “'C” with the contacts “D", at the front and in plain view.

Fig. 14

The springs and contacts are mounted vertically which is particularly
effective in keeping the contacts clean. The contact points are made
from platinum or a recognized cquivalent, and are designed in the
form of points and discs to facilitate alignment and adjustment.
Two designs of contacts have been standardized; one size being
used for the customary electric currents and wear conditions en-
countered in manually operated systems and a larger size for the
somewhat more severe conditions of wear frequently encountered in
automatic systems. All contacts are electro-welded on their respective
spring supports and the two sizes are shown in IFig. 13 and Fig. 14,
respectively.

The springs and their associated contacts are designed in twenty-
six switching arrangements as shown in Fig. 1. A single relay may
be provided with one of these switching arrangements or any one of
these twenty-six arrangements may be paired with any other arrange-
ment. Thus on a single relay there may be chosen any one of 377
switching or contacting combinations. The 377 spring combina-
tions provide a great flexibility in circuit design and permit of uniform
and efficient cquipment layouts.

In manufacturing the relays the spring assemblies are elamped
together under high compression before tightening the screws which
hold them together.  This insures that the springs retain their posi-
tion and adjustment throughout a long period of time. Thearrangement
of the springs is such that definite stops or supports are provided
for cach spring cither on the front spool head or on the armature.
In tensioning or adjusting the relay springs against their supports,
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sutlicient tension is set up in the springs to insure a pressure of at least
15 grams between all contacts at the time of elosure.

The amount of current and power required to operate each relay
is dependent upon the tension and number of springs that must be
moved and the distance through which this movement takes place.
Relays or electromagnets operate most etheiently with the arma-
ture air-gaps set at the minimum required for the satisfactory opening
and closing of the contacts. Consequently a method has been care-
fully worked out for these relays in which the armature travel is
set in accordance with the requirements of the particular spring
combination by the adjustment of the friction lock nut “X" shown
in Iig. 12. This setting of the armature insures a normal separa-
tion of contacts of approximately .010 inch and at least .005 inch
“follow™ after closure of the contacts. The “follow™ allows for a
certain amount of contact wear as well as insuring a slight wiping
action which gives a certainty of contact closure. The eclectrical
operating current requirements are figured and specified on the basis of
obtaining 20 grams pressure between all contacts; this margin being
allowed so that no undue hardship will be experienced in maintaining
the minimum requirement of 15 grams.

The insulating materials used throughont have been carefully
studied and the best materials known to the present day art have
been uwsed. Thus the wire used in the winding is insulated with a
high grade enamel and the insulating papers on the core are prac-
tically inert from an clectrolytic corrosion standpoint. The coils
are covered with a serving of cotton, treated with unbleached shellac
which acts as a seal against moisture and protects the winding from
abrasion. The phenol fibre used on the spool heads and spring insu-
lators is much superior to hard rubber in regard to its ability to with-
stand a wide temperature range without appreciable expansion or
contraction.

For this reason it is permissible to work these relays at higher
temperatures without danger of fire hazard or deterioration of the
insulation than relays insulated with hard rubber parts.  These
higher temperature limits permit a wider usefulness of the relays in
circuits as well as economy in construction as the size of the coil
often depends on the necessary area for radiation and this arca is
fixed by the permissible temperature range.

Where the relays are to remain operated a considerable length of
time throughout the day the annual power charges become important
and the design of the winding and in some cases the size of the spool
must be altered to give the minimum annual charge. The group of
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curves in Fig. 15 show how nearly correct these relays have been
designed for conditions where the operating ampere-turns are 260
and the relays remain operated from 60 to 600 minutes per day.
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Fig. 15

The capital cost and annual charge figures should be taken as relative
only as the correct values will vary with manufacturing conditions
and with the cost of power for different localities.

—
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Other designs of relays used extensively in the telephone plant
are the relays that control the supervision of a telephone connection
amd the alternating current relays which operate on ringing currents
of 16 1o 20 cyeles frequeney.

Relays which are used for supervisory purposes and altermating
current relays are generally constricted ol silicon steel instead of
the customary Norway or magnetic iron.  ‘The silicon steel is very

Fig. 16

satisfactory for these relays because of its comparatively high permea-
bility, low coercive force and small hysteresis. The high permeability
is advantageons for relays that are required to operate on a very small
encrgy input and the low coereive force is very effective for obtaining
a quick and positive release of the relay armature, particularly where
a leak current exists due to faulty line insulation. A\ great improve-
ment in many of these relays can he obtained by the use of certain
nickel-iron alloys which have been recently developed and are known
as “Permalloy.”

A relay for use on ringing currents is shown in Fig. 16. The arma-
ture A" of this relay is attracted to the bifurcated extensions of the
core “B." One of these core extensions is completely surrounded
by a part of the copper spool head “C." This arrangement is known
as pole “shading” or phase splitting and is used to produce a sub-
stantially steady pull on the armature when the relay is energized
by single phase alternating current.

Referring to Fig. 17 the theory of operation is shown by consider-
ing the vector diagram in connection with the schematic drawing
of the relay core and armature. \When an alternating current is
applied to the winding we can assume that an alternating flux 2 ¢ is
generated in the core.  This flux divides into two approximately
equal parts in the two bifurcated extensions of the core. [If these
two fluxes can be displaced in time phase it is evident that the arma-
ture will be attracted by one of the bifurcated extensions of the core,
while the flux, and consequently the attraction of the other, is passing
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through zero.  This may be explained by the vector diagram in which
£Z; represents the induced voltage in the short circuited copper ring
due to the alternating flux ¢,. The current in the copper ring I»
lags behind the voltage E» as shown and the flux due to this current
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Fig. 17

is ¢,. This flux ¢, has a magnetic path through the bifurcated pole
picces and armature as shown by the arrows. Following out the
arrows it will be scen that this flux adds to the flux ¢,, in the upper
part and subtracts in the lower part of the two core extensions.

The vector addition and subtraction of these two fluxes results in
two vectors ¢m+¢, and é—¢,, cach of which represents a flux that
crosses an air-gap to attract the armature. These two fluxes differ
in time phase as represented by the angle “B” so that a substantially
constant attraction results on the armature. The operation of the
relay under these conditions is very much the same as that of a direct
current relay as no vibration or chatter of the armature or contacts
occurs. The minimum effective alternating current ampere-turns
required for operation are 70 to 100 ampere-turns.

Such a relay, of course, operates on direct current as well as on
alternating current and in fact the direct current supervisory relays
are quite similar to these relays in mechanical design.



DESIGN CHARACLERISTICS OF ELECIROMAGNETS 231

Fig. IS shows the design features for the supervisory and ringing
[requency relays. 1o this fgure the winding has been omitted so
a5 to show clearly the unosually small core.  This construction is
especially efficient in circuits where the relay receives at times a

very small amount of energy for operation and must also release
reliably against a leak current immediately after operation by a com-
paratively large amount of energy. The small core saturates mag-
netically on a relatively small current or energy so that excessive
energy does not store up additional magnetism which would retard
or prevent the release of the relay.

Referring further to Fig. 1S the micrometer screws A’ and “B”
are used to adjust the back and front contacts respectively, and to
fix both the unoperated and operated positions of the armature.
The screw “C” is used to control an armature restoring spring which
is in the form of a flat spring riveted to the armature. These
relays are generally provided with individual covers which are effective
in preventing cross talk of telephone voice frequencies when used
as supervisory relays in telephone switchboards.



A Dynamical Study of the Vowel Sounds

By I. B. CRANDALL and C. F. SACIA

INxTRODUCTION

HE study of the vowel sounds presents a problem which has

interested scientists and scholars in varied fields. A knowl-
edge of their nature is of fundamental importance not only in com-
munication engincering but also in acoustic science, phonetics and
vocal music.  From the earliest theories and the rough experiments
of Willis (1829) and Helmholtz (1859) to the later measurements
of D. C. Miller (1916) steady progress has been made toward the
accurate determination of their characteristics.

Further progress in this study has been made possible with im-
proved facilities now available in the telephone research laboratory.
It has been felt that there was need for more aeccurate records of
the spoken sounds and the development of improved transmitters,
amplitiers and other devices has made possible recording apparatus
of greater accuracy, range and power than any heretofore used.

In this paper will be given the results of an analysis of spoken
vowel sounds based on a set of aceurate oscillographic records.  The
recording apparatus was designed to record the wave forms of the
different speech sounds practically free from distortion over the
frequency range from 100 to 5000 cycles. A brief description of
this apparatus is given in the appendix.  The emphasis in the present
paper is placed on the composite frequency characteristics of the
sounds as revealed by a particular method of analyzing the records so
obtained.

ANALYSIS OF THE DaTa

The thirteen vowel sounds investigated are shown arranged in
a triangle in Fig. 1. The diphthongs eu, w, y and long i are not
included.  Eight records of cach sound were taken, four Dy male
and four by female speakers.  In speaking these sounds the only
constraint imposed on the speakers was that the sound should he
completely uttered within an interval of one second.  The recording
mechanism was so arranged that the whole of the sound from begin-
ning to end was recorded in one continuous graph.  In practice the

average duration of these sounds was about 0.30 sccond. Each
record shows a sequence of growth and decay in amplitude some-
what as follows: first a period of rapid growth in amplitude lasting
about .01 sccond during which all components are quickly produced

232
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and rise nearly to nuximum amplitude; second o middle period in
which the general wmiplitude is nearly constant but with varying
phase relations between the different components and lasting about
VA7 second; and finally a period of gradual decay lasting about
09 second in which all the components disappear. A typical record
so obtained is shown in Fig. 2.

A brief description of the method of mechanieally analyzing such
a record is given in the appendix.  The essential point of the analysis
is that the whole record from start to finish is taken as the uait for
analysis and the data obtained are therefore the average charac-
teristics of the sounds throughout their duration.

e(team)
iteip)
a .[lape 2)
er(pert)
e(ten)
a(ap)

y(tie)

It is usual 1o exhibit the properties of a vowel sound in a spectrum
diagram showing the amplitude of the component vibrations as «
function of their pitches or frequencies.  For each vowel sound there
are, in addition to fundamental tones, certain characteristic regions
of resonance which may be at high or low frequencies. Tt would
be possible from the results of this analysis to present the sound
spectra of each vowel showing the relative amplitudes for the dif-
ferent frequencies as present in the original air vibration! but this
treatment has been modified to take into account the relative im-
portance of the various pitches in hearing.  Using the data available

! In previous publications (Phys. Rer. X1X, 1922, p. 228, Fig. 7, and Bell System
Technical Journal, Nol. 1, No. 1, p. 124,) data have been given showing the actual
distribution of energy in average speech. The tremendous concentration of energy
in the lower frequencies is somewhat misleading unless account is also taken of
the much reduced sensitivity of the ear in this region.
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on the relative sensitivity of the ear at different frequencies® we
have multiplied the acoustic amplitude at each frequency by the
corresponding ear sensitivity factor and the results obtained are
taken to be the effective amplitude frequency relations which are
characteristic of these sounds.

The data from the four male records and from the four female
records of each sound are separately composited and the resulting
curves are shown in the diagram (Fig. 3). This compositing process
was somewhat laborious because the analyses of the separate records
were made not with reference to predetermined frequency settings,
but rather for those critical frequencies which best determined the
shapes of the spectrum curves. The individual curves were there-
fore plotted, and the average ordinates were then read off for small
intervals of pitch. These ordinates werc then averaged for each
group of four analyses. These average ordinates (after being cor-
rected for the calibration of the recording apparatus) were then
multiplied by the ear sensitivity factors for the corresponding fre-
quencies, and the curves so obtained were plotted on the musical
pitch scale according to the usual practice. The final spectrum
diagram thus shows the relative importance of the amplitudes of
all the components of each vowel for male and female speakers.

The amplitude units are entirely arbitrary; it is only the shapes,
not the sizes of these curves which have any significance. The order
in which these curves are arranged is based upon the vowel triangle
in Fig. 1.

CHARACTERISTICS OF THE VOWEL SOUNDS

The results. of the analyses, as given in Fig. 3 show the essential
dynamical properties of these sounds. Consider first the sounds
numbered 1 to VI, which include those vowels usually designated
as having single regions of resonance. Progressing through the
sequence from | to V1 this region of resonance rises in average fre-
quency and becomes narrower in range. The rise in average fre-
quency is of course a well known characteristic.  There is also, at
least with the male voices, a somewhat scattered and less well defined
high frequency range.of resonance, perhaps not essential in speech
but more highly developed in well-trained singing voices.

The sound a (No. V1) is as it were the center of gravity of the
vowel diagram and occupies the key position in the phonctics of

2 Sce this Journal Vol. 11, No. 4, October, 1923. The paper on audition, by H.

Fletcher shows a cut of the ““ Threshold of Audibility " curve from which these data
were obtained.
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most languages. Now cousider the scequence from this sound to
vo. NHI at the end of the diagram; these sounds include most of
those which are known to have two characteristic regions of resonance.
The main region of resonance now divides into two parts which
gradually recede from cach other as we follow the diagram down-
wards.  (Sound N (er) is difficult to fit into the diagram in an exact
position, but it is evident that it helongs in the series of doubly-reso-

nant vowels.)

Contour lines (nearly vertical) have been drawn on the diagram
to indicate the progressive changes in regions of resonance. View-
ing the diagram as a whole it is important to consider not only the
location of the resonant ranges but also their extent, and their relative
separation from other resonant ranges in order to arrive at the essential
characteristics of the vowel sound. In other words the individual
vowel characteristic depends not only on the absolute pitch but on
the relative pitches in case there is more than one region of resonance.
It is only in this way that we can explain what is a matter of uni-
versal experience in using the phonograph; namely that moderate
variations from normal speed in recording and reproducing speech
leave the vowel sounds still intelligible.

It is expected to deal in a later publication with the semi-vowel
sounds /, ng, n, m which scem to be related to the general diagram of
the vowel sounds, and on which a preliminary report has already
been made?.

Tte more interesting features of the original records as such will
also be dealt with in a subscquent publication.

APPENDIX
Recording and Analysis of Voiwel Sounds
RECORDING APPARATUS

The apparatus used in recording consisted of a condenser trans-
mitter, an amplifier, and an oscillograph, in which important modifica-
tions were macle.  The vibrator was given great stiffness and damp-
ing so that the frequency response of the vibrator was nearly uni-
form up to 3000 cycles. Instead of the usual 12 inch film, special
film 51 inches in length was used. This necessitated a4 much larger
film drum. Furthermore the desired length of the record was about
four times the circumference of the film drum, so the shutter was
arranged to stay open during four revolutions while the vibrator was

! Phys. Rev. 23, 1924, p. 309—"Preliminary Analysis of Four Semi-Vowel Sounds."
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given a slow uniform rotation about its vertical axis. With the
film on the drum, the record thus had a helical form. In this way
records of the requisite length were obtained.

The condenser transmitter was of the type developed by E. C.
Wente, its characteristics combining with those of the ampliher and
oscillograph vibrator in such a way that the combined amplitude
response for the whole system was fairly uniform up to 5000 cycles,
while the phase lag was approximately a lincar function of frequency
over the same range.  This apparatus was therefore well adapted to
the production of faithful records of the vowel sounds. The photo-
graphic cquipment permitted the use of a time scale as great as six
meters per second on the record (i.e. 2 inches=0.01 sec.)

TRANSFORMATION OF RECORDS FOR ANALVSES?

The oscillograms taken with the above apparatus were line records;
in order to analyze these wave forms by the photo-mechanical method
outlined below, it was necessary to transform the line record into a
black profile. This was accomplished in the following steps:

(1) A positive print of the wave form on the original record was
made on motion picture film.

(2) The emulsion of the positive print was then cut through to
the base along the line of the wave by means of a stylus.

(3) The entire strip was blackened (on the emulsion side) with
printer’s ink.

(4)  The emulsion on one side of the wave was stripped from the
base, thus leaving the profile.

(5) The beginning and end were joined to form an endless belt.

PHOTO-MECHANICAL ANALYSIs OF THE PREPARED RECORDS?

The principle of the photo-mechanical analysis is as follows:  The
motion of the strip past the image of an illuminated slit causes flue-
tuations in a beam of transmitted light which in turn, produce volt-
age luctnations in the circuit containing a selenium or photo-electric
cell.  This voltage is then analyzed by means of a tuned circuit,
an amplifier and a rectifier. The frequency of any component
selected in this manner is determined by the tuning frequency divided
by the ratio of speed transformation (analysis speed divided by the
original specd of recording).  The measured amplitude of the selected

4 Phys. Rev, 23, 1924, p. 309 I is planned to publish a more detailed descrip-
tion of this apparatus later.
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given a slow uniform rotation about its vertical axis. With the
film on the drum, the record thus had a helical form. In this way
records of the requisite length were obtained.

The condenser transmitter was of the type developed by E. C.
Wente, its characteristics eombining with those of the amplifier and
oscillograph vibrator in such a way that the combined amplitude
response for the whole system was fairly uniform up to 5000 cycles,
while the phase lag was approximately a linear funetion of frequency
over the same range. This apparatus was therefore well adapted to
the production of faithful records of the vowel sounds. The photo-
graphic equipment permitted the use of a time scale as great as six
meters per second on the record (i.e. 2 inches=0.01 sec.)

TRANSFORMATION OF RECORDS FOR ANALYsIs?

The oscillograms taken with the above apparatus were line records;
in order to analyze these wave forms by the photo-mechanical method
outlined below, it was necessary to transform the line record into a
black profile. This was accomplished in the following steps:

(1) A positive print of the wave form on the original record was
made on motion picture film.

(2) The emulsion of the positive print was then cut through to
the base along the line of the wave by means of a stylus.

(3) The entire strip was blackened (on the cemulsion side) with
printer's ink.

(4) The emulsion on one side of the wave was stripped from the
base, thus leaving the profile.

(5) The beginning and end were joined to form an endless belt.

PHOTO-MECHANICAL ANALVSIS OF THE PREPARED RECORDS?

The principle of the photo-mechanical analysis is as follows:  The
motion of the strip past the image of an luminated slit causes fluc-
tuations in a beam of transmitted light which in turn, produce volt-
age Auctuations in the circnit containing a selenium or photo-electric
cell.  This voltage is then analyzed by means of a tuned circuit,
an amplifier and a rectiber.  The frequency of any component
seleeted in this manner is determined by the tuning frequency divided
by the ratio of speed transformation (analysis speed divided by the
original speed of recording). The measured amplitide of the selected

S Phys. Rev, 23, 1924, p. 309 I is planned 10 publish a more detailed descrip-
tion of this apparatus later.
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component is determined by the rectifier output, the sensidvity factor
of the selenium cell and the area of the frequeney response curve of
the tuning apparatus.

Since the wave form of a vowel sound is not a true periodic func-
tion, it is represented analytically by a Fourier Integral, not by a
Fourier Series. The continued repetition of the motion of the wave
past the slit, however, builds up a periodic function consisting of
a fundamental and a series of harmonics.  The magnitudes of these
components bear a simple relation to those of the infinitesimal com-
ponents of corresponding frequencies in the Fourier Integral. It
is this series of harmonies which is measured by the above method,
hence the problem of analyzing the aperiodic function represented
in the record is solved by means of the related periodic function.



Humidity Recorders

By E. B. WHEELER

URING recent years, the study of atmospheric conditions and

their bearing on various industrial problems from the stand-
point both of their effects on human efficiency and on manufacturing
processes, is a matter that has received much attention, and the use
of air conditioning systems, which have been developed in the last
few years, has resulted in greatly improved working conditions, as
well as in increased outputs of manufactured products of better
quality than obtainable when air conditioning was not employed.

It is not so well appreciated, perhaps, that atmospheric conditions
have a material effect upon the operation of intricate electrical and
mechanical apparatus, such as those found in telephone systems.

Water vapor, and both gaseous and solid impurities in the air,
hasten oxidation and corrosion of metals and also reduce the value of
the insulation afforded by insulating materials. These effects usually
are greatly accelerated if the temperature is high and if the materials
are subjected to differences of clectrical potential. Telephone ap-
paratus and equipment consist of combinations of materials which
are subject to both of these effects and, in general, the parts are small
and the materials used in making them must be carefully chosen
with regard to the necessary physical and electrical properties required
for proper functioning of the apparatus. Thercfore, the severe
atmospheric conditions, which may be encountered in service, cither
must be eliminated by the use of air conditioning systems or the
apparatus must be designed to withstand those conditions.

Accordingly, in order that the problem may be handled intelligently,
accurate information must be available showing the character of the
atmospheric conditions which exist in typical localities where tele-
phone equipment is installed, so that the effects of these conditions
on proposed designs may be studied under carefully controlled similar
conditions in laboratory “humidity rooms.” An outline of some of
the work which has been done in an effort to obtain such information
may therefore be of interest.

Fhe lirst recourse would seem to be the data recorded by the various
stations of the United States Weather Burcau.  llowever, since
these data usually represent periodic observations of outdoor con-
ditions which are obtained primarily for meteorological purposes,
it was found that while they indicate the general climatic conditions
of different localities, they can not be taken to represent typical
conditions in central office buildings, and therefore it has been

238
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necessary  to devise methods by which we might sccure  such
information.

The subject of hygrometry has long been one of the problems to
which various investigators have given attention and the results of
their work arc a matter of record.

Thus it has been recognized ' that, because of its ease of manipula-
tion and its accuracy if suitable precantions are observed, the venti-
lated psychrometer is a spitable instrument for use in humidity
measurements.

Consideration of the varions types of hygrometers, commercially
available, indicated however, that none would be suitable if reliable
continuous records were to be secured.  The use of simple wet bulb
—dry bulb hygrometers would require praetically constant attendance
if frequent observations were made, and the results would not be
accurate unless arrangements were made 1o cireulate the air over
the wet bulb. A pen recorder of the circular chart type to record
wet and dry bulb temperatures had been used during one summer
in a telephone central office where the humidity conditions were severe,
but the results secured were not considered reliable because of the un-
satisfactory method used to ventilate the wet bulb, as well as the
sluggishness of the recorder due to pen friction on the chart.

Considerable experience in the laboratory with a recording hair
hygrometer also had shown that, in addition to the inaccuracies to
which hair hygrometers are commonly subject, the friction in the
lever mechanism and between the pen and the chart made the instru-
ment too erratic to be considered of possible use in the work being
undertaken.  Accordingly, a study was made to determine the
possibility of developing apparatus which would overcome the troubles
inherent in such recorders.

DEVELOPMENT OF A RECORDING HYGROMETER

A promising method, developed by D. T. May of the Bell System
Laboratories and operated successfully in the laboratory, consisted
in the use of accurate and matched mercury thermometers, the stems
of which were contained in a camera which would enable the heights
of the mercury columns to be photographed upon a roll of sensitized
paper. Arrangements were made for shifting the paper between

LU, S. Weather Bureau Psychrometric Tables for Obtaining the Vapor-Pressure,
Relative Ilumidity and Temperature of the Dew-Point from Readings of the Wet
and Dry Bulb Thermometers, by C. S. Marvin.

Proceedings of the Physical Society of London, Feb. 15, 1922. The Measurement
of Atmospheric Humidity, by Sir Napier Shaw.
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expostres, and a small exhaust blower was provided for circulating
the air over the wet bulb. The whole apparatus was controlled
clectrically by a clock and was arranged 10 record the wet and dry
bulb temperatures at any desired time interval. When the com-
plete record roll had been exposed it was removed and upon develop-
ment showed the thermometer readings from whieh the corresponding
humidities could be found in the psychrometric tables. While this
type of recorder would no doubt have enabled accurate informa-
tion to be obtained, it had two inherent objections. These were,
first, the bulkiness of the complete equipment which had to be placed
at the location where the conditions were to be determined and,

WY BULS  DRY Bu8
THLRMOMETLR  THLRMOMLTLR

Fig. 1—Bridge Circuit of Difference Recorder

second, the thermometers could not be read becanse their stems
were within the camera box, and therefore, the humidities and tem-
peratures measured could not be ascertained until the record had
been developed.

b Accordingly, at this time, consideration was given to a type of
mechanism which would produce a visible record upon a chart con-
tinnously available for observation by the operator. It was found
that the Leeds & Northrup automatic recorder had been in com-
mercial use for some time for the measurement of furnace temperatures,
by means of thermocouples in conjunction with an automatically
adjusted potentiometer circuit.  The same type of recorder also had
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been used for recording temperatures and differences between two
temperatures by means of resistance thermometers and a Wheatstone
bridge arrangement. As it scemed feasible to adapt this instrument
to mect our requirements, the double Wheatstone bridge eircuit
shown in Fig. 1 and the auxiliary wind tunnel equipment with resist-
ance thermometers shown in Fig. 2 were developed. Fig. 3 is an
illustration of the l.eeds & Northrup recorder used.

This recorder was arranged to measure the resistance of the dry
bulb thermometer and the difference between the resistances of the
dry and wet thermometers, and to record these values upon a chart.
Referring to the circuit diagram Fig. 1, it may be seen that, by mcans
of a relay whose operation is controlled by the commutator on the
recorder mechanism, the two \WVheatstone bridges, one containing the
dry bulb thermometer, and the other containing both the dry and
wet bulb thermometers, may be balanced alternately by the recorder.
After a sufficient interval has elapsed in cach case for the bridge to
become balanced the siphon pen is lowered into contact with the
chart by a cam mechanism and the point of balance thus recorded.
The record thus produced consists of dotted curves showing the
successive indications of dry bulb temperature and difference be-
tween dry and wet bulb temperatures.

In order to secure the desired accuracy and sufficient sensitivity
to follow the changes in temperature, the resistance thermometers
used consist of platinum wire wound on mica cards and encased
in flat nickel silver tubes with hard rubber ferrules. ‘These are
attached to a brass junction box in which is terminated the four
conductor cable leading to the recorder mechanism.

The thermometers are enclosed in slotted brass tubes through which
the air is drawn by a small blower driven by a universal motor.
Mounted below these tubes is a shallow, covered water tank having
a slot in the cover beneath the wet bulb thermometer through which
the wick projects into the water. The desired water level in the
tank is secured by an inverted water bottle, the neck of which projeets
into another opening in the cover of the tank.

The wind tunnel equipment? containing the resistance thermometers
may be placed at any desired distance from the recorder mechanism,
as the resistances of the thermometer leads have no effect upon the
measurements provided they are equal. leads consisting of a four
conductor rubber insulated lead covered cable from 50 feet to 100 feet
in length have been used.

*The wind tunnel and equipment is quite similar in operation to the “distance
hygrometer,” Sci. Am. June 0, 1914, p. 468,
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As one of the dithiculties encountered in the use of the wet bully the
mometer consists in the gradual clogging and drying up of the wick
due to the accumulation of impurities left in it from the evaporati
of the water, together with the dust which settles from the air whi
drawn over it, speeial care must be taken to guard against trouble
from this source. The cotton fabric used for the wicks which

i 4
Fig. 4+ Ventilated Psychrometer
the wet bulb must be treated to remove all traces of grease, with
subsequent thorough washing to remove all traces of corrosive material
After this, the wicks should be handled only with thoroughly cleaned
hands before they are placed on the thermometers. These wick
should be changed daily. [PPure distilled water must be used in

tanks and they must be cleansed occasionally bhecausc
contaminated by the impuritics washed out of the air as it |
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through the water. By rigid observance of such precautions no
difficulty should be experienced in securing accurate records by means
of this recorder.

LABORATORY TESTS

Several of these recorder mechanisms were built and after having
been adjusted to operate satisfactorily, ecach wind tunnel equipment
connected to its associated recorder was placed in a laboratory room
controlled by air conditioning equipment, and given a run to test its
operation under the range of conditions which might be expected to
oceur at the localities where the recorders were to be installed. During
this test, the readings given by the recorder were compared with
those obtained with a ventilated psychrometer, Fig. 4, equipped with
accurate wet and dry bulb thermometers. Table I following gives a
summary of the readings obtained in calibrating one of the recorders,
while Fig. 5 shows a typical 12 hour record obtained in one of the
laboratory rooms.

(EABITE ST
VENTILATED PSYCHROMETER LEEDS & NORTHRUP RECORDER
e e — Per
Dry | l{)ﬁe::emc Relative Dry Ll)'[.{':':e’ftc Relative |§;§l;:-_
Bulb | lctween | umidity|  Bulb AWCEN | umidity|  ence
Temp, Fo| .20y and Wet | bt Temp, 1200 e AL | or Cent | ¢
[ Bulb, Temp. F° D Buth, Temp. F°[ '€
7.9 s | 77.8 11.1 5555
T2 10.2 77.0 9.9 59.5
78.4 0.9 78.2 0.8 97.0
84.4 0.7 844 0.6 97.5
83.5 5.6 83.0 3.6 .S
83.7 10.8 83.4 10,3 60.5
98.3 10.5 98.2 | 10.3 65.5
08.3 13.4 98.3 13.4 57.0
97.4 1.3 97.8 155 94.5
072 1.0 97.6 12 95.5

Reference to these tabulated values of relative humidities obtained
by the two methods indicates that the recorder is capable of giving
reliable data particularly through the range of high humidities where
the effects on materials or apparatus exposed to these conditions may
be large.  Difficulty was experienced in comparing the readings of
the two instruments due to the sensitivity of the resistance ther-
mometers to slight temperature changes, and also due to the slight
differences in temperature between the two sets of thermometers which
necessarily occurred because they were not in the same wind tunnel.
This difficulty was encountered particularly when the “humidity
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room,”" in which the apparatus was located, was under a thermostatic
control which allowed a temperature variation of approximately
+0.5° F.  However, the calibration of the resistance thermometers
and the sensitivity of the bridges in which they are placed is such
that temperatures and temperature differences are recorded with an
accuracy of £1{°F.

FieLy TriaLs

In order to determine just what combinations of temperature and
relative humidity prevail in widely separated localities of the United
States, certain cities were selected in which moisture troubles with

MAY 1522
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Fig. 6 Comparison of Indoor and Outdoor Temperatures and Relative
Humidities at Savannah, Ga.

telephone equipment might be expected to oceur, and at which local
stations of the United States Weather Burcau were located, so that
comparisons might be made hetween our records of indoor conditions
and the observations of outdoor conditions.

Ten of these instruments were installed in central offices in New
York (3), Boston, Savannah, New Orleans, Chicago, Minnecapolis,
Houston and Scattle, from which records have been obtained during
the summer months of 1921 and 1022,
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From the data accumulated in these cities, comprehensive informa-
tion has been obtained as to the duration of conditions of average
and maximum severity which oceur during the humid months, It is
of interest to compare the vilues of the central office conditions of
temperature and relative humidity obtained from the recorders, with
the corresponding Weather Burcau observations.  The curves given
in Fig. 6 show a typical comparison from data obtained at Savannah,
Ga., during May, 1922, Study of these curves shows that the indoor
temperature averaged somewhat higher than that out of doors, and
that the indoor relative humidities were seldom higher than 757,
although the outdoor humiditics often were higher than 857 for
considerable lengths of time. The Weather Burcau data indicate
very definitely when rain storms occurred and also periods of high
humidity, due perhaps to foggy weather, although such periods are
not well defined by the humidity eurves showing the indoor conditions.

Since for a given absolute humidity, the relative humidity varies
inversely with the change in temperature of the air, obviously it
should be possible to keep the relative humidity in a central office
building lower than that of the outside air by keeping the windows
closed during periods of sudden temperature changes, and by the use
of heat in switchboard sections. This latter remedy for humidity
troubles has been successfully applied for several years to switch-
boards installed in some localities.  Also the effects upon the indoor
humidity and upon the performance of central office equipment, of
closing the windows of central office rooms has been the subject
of considerable investigation.

In the study of this method of reducing relative humidity, it is
very desirable to have records which will show continuously the dif-
ferences existing between indoor and outdoor temperatures and
relative humidities, and in particular to study the effects on the
indoor conditions when sudden changes in atmospheric conditions
occur such as rain storms when the relative humidity outside reaches
100€7. It was found that the automatic recorder deseribed above
would lend itseli admirably to the study of this problem and that
by the usc of a simple rclay switching mechanism on the recorder,
two wind tunnel cquipments could be operated with one recorder,
enabling temperatures and differences between dry and wet bulb
temperatures to be recorded alternately on the same chart for hoth
indoor and outdoor conditions.

A recorder of this type was operated during the summer months
of 1921 at the West Street laboratories of the Western Electric Co.,
Inc., to record the conditions in a well ventilated laboratory room
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about 25 feet x 27 feet and having two windows cach in the cast and
south walls.  The wind tunnel equipmient was installed at a height of
six feet upon a pillar in the center of the room.  About ten people
normally work in this room.  The ontdoor conditions were obtained
by mounting a wind tunnel equipment in a standard Weather Bureau
instrument shelter placed at the top of a tower, 11 feet high, which
stands on the roof of a three story building far enough away from
walls and other obstacles to permit free circulation of the air.

Figs. 7 and 8 show two typical 12 hour records npon which the
indoor and outdoor relative humidides have been plotted from the
curves of temperatures and temperature differences recorded by the
instriment. W\ study of these records indicates that large differences
often exist bhetween the indoor and outdoor conditions and that the
indoor conditions are much less severe than might be expected when
the outdoor humidity is high. This dilference is particularly notice-
able when the windows are closed, hut as soon as they are opened the
indoor temperature deercases and the humidity generally increases
to practically the same value as that of the outside air.  Fig. 8 is
of particular interest in showing the rapid decrease in the outdoor
temperature and increase in relative humidity due to a thunder-
storm.

The analysis of the records obtained from a number of recorders
which record temperature and difference between dry and wet bulb
temperature requires considerable labor in obtaining the correspond-
ing relative humidities from the psychrometric tables and, obviously,
periodic values only can be taken unless some rapid mechanical
method of doing this is employed.  Such methods have been developed

and used successfully for this purpose.

N NeEw Direct Reavisg Hosorry RECorDER

A much more satisfactory type of recorder is one which, in addition
to tracing the temperature curve, traces a curve of the relative
humidity. The only instrument of any prominence that has been
used in this way is the recording hair hygrometer, the objectionable
features of which have already heen mentioned.

An improved type of direct reading humidity recorder which has
heen developed by E. B. Woad, of the Laboratories of the American
Telephone and Telegraph Company and the Western Electric Com-
pany. employs the Leeds & Northrup automatic recorder mechanism,
to which has been added an electrical mechanism which will be de-
seribed, together with the principle upon which its operation is based.
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This novel improvement depends, for its operation, on the approsi-
mate linearity and common intersection of the ordinary humidity
curves as shown in Fig. 9.2

It is apparent that cach of the humidity curves is in effect a straight
line and that, with an aceuracy sufticient for practical purposes, these
curves, representing humidities of from 30€7 to 100, converge at a
point (@) whose coordinates are (b, ). Assuming that the bumidity
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curves are straight lines passing through point (a), it is apparent
that the value of humidity is completely determined if the slope of
the particular curve is known, since cach curve represents only one
value of humidity. Tt also is apparent that the slope is given by the
ratio of dry bulb temperature minus the ordinate of point (a), to
wet bulb temperatures minus the abscissa of point (a); or in other
words, the relative humidity is completely determined, if the dry bulb
and wet bulb temperatures are each known, above the datum coordi-
nates (b, ¢) of point (a).

I then, a resistance is set off, proportional to the difference between
the temperature of the dry bulb and temperature (b), and another
resistance is set off proportional to the difference between the tem-
perature of the wet bulb and temperature (c), the ratio between

! Bur. Stands. Cir. No. 35, p. 116.
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these two resistunces will indicate directly the relative humidity
corresponding to the dry and wet bulb temperatures.  The circuit
arrangement by mecans of which this is accomplished is shown in
Fig. 10, and the mechanism of the recorder employing it, is shown in
Fig. 1.

The recorder circuit contains three Wheatstone bridges with one
battery and galvanometer which are transferred in rotation from

ig. 10-~Circutt of Direct Reading Recorder

cach bridge to the next by the commutator and relays shown in the
circuit. The three bridges are arranged so that they remain at their
last positions of balance until mechanically connected to the balancing
mechanism of the recorder by the clectric clutch associated with cach
bridge whose operation also is controtled by the commutator. The
first of these bridges, designated the “dry bulb bridge,” contains
the dry resistance thermometer and mechanically associated with
its slide wire contact is a second slide wire contact operating upon
a slide wire resistance arm in the third bridge, designated as the
“humidity bridge.” The sccond of these bridges, designated as
the “wet bulb bridge,” contains the wet resistance thermometer,
and mechanically associated with its slide wire contact is a second
slide wire contact operating upon a second slide wire resistance arm
of the “humidity bridge.”

The consecutive balancing of the “dry bulb bridge’ and “wet bulb
bridge’ accordingly sets off resistances upon the two slide wire resist-
ance arms of the “humidity bridge’ proportional respectively to the
temperature differences deseribed in the second preceding paragraph.
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bridge,” thus recording the values of humidity direetly. Inasmueh as
successive operations of the recorder consist in the restoration of the
balance of cach bridge, if different from the last position of balance, it
is evident that the pens will trace continuously the variations of
temperature and relative humidity.

A recorder of this type with its associated wind tunnel mechanism
has been used for some time to record the conditions in a laboratory
" The temperature record given by this recorder is
accurate to £14°1°. as in the case of the difference recorder.  The
accuracy of the humidity record differs for various points on the scale,
depending upon the values chosen for certain resistances in the recorder.
When the recorder is adjusted for very close accuracy (167 relative
humidity) for relative humidities above 907, the accuracy for lower
values of humidity decreases until at 50¢7 the maximum variation
from the true value may be as much as 21,67 relative humidity.
If desired, the adjustment may be made to transfer the point of
greatest accuracy to any scleeted lower value of humidity. Experi-
ence with this model has suggested changes which should considerably
improve this accuracy over the whole range of humidities. Fig. 12
shows a typical 12 hour record of conditions in the “humidity room"
while under automatic control of an air conditioning equipment.

“humidity room.

This recorder also was used during the summer months of 1923
to record outdoor conditions with the wind tunnel equipment installed
in the Weather Burcau instrument shelter mentioned earlier. During
this period of 4 months’ operaticn, it required no attention save an
occasional oiling of the mechanism and maintenance of the wet bulb
equipment, and practically continuous records were secured. The
records are of particular interest for observation of the variations of
temperature and humidity which take place during changes in
weather conditions such as rain storms.  Figs. 13 and 14 are
reproductions of typical consceutive 12 hour records obtained for
outdoor conditions.

IFrom eonsideration of the humidity recording apparatus which has
been developed and the results which have heen obtained with i, it may
be stated that both the difference recorder and the direct reading
recorder are satisfactory instruments with which accurate data may
be obtained.  However, they are instruments which, in common with
other types of apparatus that have been developed to measure
humidity, require careful attention of the wind tunnel equipment
in order 1o secure reliable results; also the recorder mechanism itself
requires the attention of an operator skilled in its naintenance.
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While the mechanism of the direet reading recorder is more com-
plicated than that of the difference recorder, it is a more useful instru-
ment, both because the humidities may be read directly, thus saving
the labor of interpretation of the records, and because the records are
more significant.  The direct reading recorder, furthermore, may
be used to control the functioning of air conditioning apparatus at
any desired conditions, at the same time that it is actually recording
these conditions. Accordingly, it should prove particularly useful
in maintaining proper humidity in apparatus and operating rooms.




A Reactance Theorem
By RONALD M. FOSTER

Syxorsis: The theorem gives the most general form of the driving-point
impedance of any network composed of a tinite numt er of self-inductances,
mutual inductances, and capacities.  This impedance is a pure reactance
with a number of resonant and acti-resonant frequen which alternate
with ecach other. Any such impedance may be physicatly realized (pro-
vided resistances can be made negligibly small) by a network consisting of a
number of simple resonant circuits (inductance and capacity in series) in
parallel or 4 number of simple anti-resonant cireuits (inductanee and capac-
ny in paratlel) in serics.  Formulas are given for the design of such net-
works. The variation cf the reactance with frequency for several simple
eircuits is shown by curves. The proof of the theorem is based upon the
solution of the analogous dynamical problem of the small oscillations of a
system about a position of equilibrium with no frictional forces acting.

AX important theorem ' gives the driving-point impedance * of
any network composed of a finite number of sclf-inductances,
mutual inductances, and capacities; showing that it is a pure reactance
with a number of resonant and anti-resonant frequencies which
alternate with cach other; and also showing how any such impedance
may be physically realized by either a simple parallel-series or a
simple scries-parallel network of inductances and capacities, pro-
vided resistances can be made negligibly small.  The object of this
note is to give a full statement of the theorem, a brief discussion of
its physical significance and its applications, and a mathematical
proof.
THE THEOREM

The most general driving-point impedance S oblainable by means of a
finite resistanceless network is a pure reactance which is an odd ralional
Sfunction of the frequency p 2w and which ts completely determined,
except for a constant factor II, by assigning the resonant and anli-
resonant frequencies, subject lo the condition that they alternate and
include both zero and infinity. Any such impedance may be physically

! The theorem was first stated, in an equivalent form and without his proof, by
George A. Campbell, Bell System Technical Journal, November, 1922, pages 23, 26,
and 30. By an oversight the theorem on page 26 was made to include unrestricted
dissipation.  Certain limitations, which are now being investigated, are necessary
in the general case of dissipation. The theorem is correct as it stands when there is
no dissipation, that is, when all the R's and G's vanish; this is the only case which is
considered in the present paper.

A corollary of the theorem is the mutual equivalence of simple resonant compo-
rents in parallel and simple anti-resonant components in serics.  This corollary
had been previously and independently discovered by Otto J. Zobel as early as
1919, and was subsequently publisher by him, together with other reactance theorems,
Bell Sysiem Technical Journal, January, 1923, pages 5-9.

3 The driving-point impedance of a network is the ratio of an impressed electro-
motive force at a point in a branch of the network to the resulting current at the
same point.

239
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coustructed either by combining, in parallel, resonant circuits having
impedances of the form (Lp+(ECp) *, or by combining, in series, anti-
resonant circuits having impedances of the form [iCp+(iLp)~'). In
more precise forni,

(=5 (=) - - . (Bhas= )
=— itz :
S= il 5D . (PP

where 11=0 and d:pospl SpeS .. Spou 1 Spa=22 The induct-
ances and capacities for the n resonant circuils are given by the formula,

1 ipS T _
L= = (P pz)w (G=1,3, ..., 2n—1), @)

and the inductances and capacities of the n+1 anti-resonant circuils
are given by the formula,

(1

S ip i d
Cr=p o = (S(P’ 172))'” (G=0,2,4,....20—2,2%), (8

which includes the Iimiting values,

P Plaa
1pips . . Py’

Formula (1) may be stated in several mutually equivalent forms. ¢
This particular form is the driving-point impedance of the most
general symmetrical network in which every branch contains an
inductance and a capacity in series, with mutual inductance between
each pair of branches.  This includes as special cases the driving-point
impedances of every other finite resistanceless network.

Co= o=l N Con =0 A=

3 Since the impedance S is an odd function of the frequency, resonance or anti-
resonance for p =P implics resonance or anti-resonance for p=—P, In enumer-
ating the resonant and anti-resonant frequencies it is customary, however, to ex-
clude negative values of the frequency. Thus, in the present case, we say that
there are n resonant points (p;, P« oo, Paay) and n+1 anti-resonant points
(Po=0, pz, Pi, « + -\ P2n-2, P2a= 2).

4 The expression for S given ]!) formula (1) may be written in the mutually equiv-
alent forms,

(P =pY) (P3~P*) m...‘ p’) RN PPN (. i) (Phaz—p) ]!
[ =) - (P ] s ['"pmf—/ﬂ T (Pums— P

If the constant I and all the p,'s of these formulas are restricted to finite values
greater than zero, the four cases, obtained by separating the plus and minus ex-
ponents, are mutually exclusive, but together they cover the entire field.  1f py is
allowed to he zero, cither the first or the second p‘nr covers the entire field.  Finally,
if in addition po,_y or ps, 2 is allowed to become infinite, while 11[)2,. yor Hph, 508
maintained ﬁmlv, any one of the four expressions covers the entire field,  Some-
times one, sometimes another way of covering the field is the more convenient.
Formulas (2) and (3) apply to all of these expressions for S provided the p,'s include
all the resonant points and all the anti-resonant points, respectively.
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PrysicaL DiscussioN

The variation of the reactance X' =S5// with frequency is illustrated
by the curves of Fig. 1 in all the typical cases of formula (1) for n=1
and for n=2. For every curve the reactance increases with the
frequency,® except for the discontinuities which carry it back from
a positive infinite value to a negative infinite value at the anti-reso-
nant points. Thus between every two resonant frequencies there is an
anti-resonant frequency, no matter how close together the two resonant
[requencies may be. The effect of increasing n by one unit is to add
one resonant point, and thus to introduce one additional branch to
the reactance curve, this branch inereasing from a negative infinite
value through zero to a positive infinite value.

That formula (1) includes several familiar eircuits is seen by con-
sidering the most general network with one mesh, that is, an induct-
ance and a capacity in series, with the impedance iLp+(iCp)~t.
This expression is given immediately by (1) upon setting n=1, Z{=L,
and p,=l/\/L—C. Since L and C are both positive these constants
satisfy the conditions stipulated under (1), thus verifying the theorem
for circuits of one mesh. This general onc-mesh circuit includes as
special cases a single inductance L by setting fI=1L and p,=0, and a
single capacity C by setting /=0 and p,=c such that IIpj=1/C.

In Fig. 1 the rcactances shown by the curves on the right are the
negative reciprocals of those on the left. Fig. 1 also shows networks
which give the several reactance curves, the nctworks being computed
by means of formulas (2) and (3). The nctworks are arranged in
pairs with reciprocal driving-point impedances and with the networks
themselves reciprocally related, that is, the geometrical forms of the
networks are conjugate,® and inductances correspond to capacities
of the same numerical value and vice versa. This relation is a natural
consequence of the reciprocal relation between an inductance and a
capacity of the same numerical value, these being the elements from
which the networks are constructed.

For n=1, formulas (2) and (3) give identical networks, as illus-
trated by the reactances A, B, A’, and B’ of Fig. 1, each of which is
realized by a single nctwork. For the reactances C and €’ the two
formulas give distinct networks, ¢, and ¢z, ¢1 and cz, respectively, these

* This has been proved by Otto J. Zobel (loc. cit., pp. 5, 36), using the formula
f:?tr llr:e ;0‘3“ general driving-point impedance given by George A. Campbell (loc.

* For a further treatment of conjugate or inverse networks, see P. A. MacMahon,

El;ct;;cinn, April 8, 1892, pages 601, 602, and Otto ]. Zobel, loc. cit., pages 5, 36,
an A
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two Deing the only networks with the minimum number of elements
which give the specified impedance. In general, however, there are
four ways of realizing a given impedance when #=2, as illustrated
by D and D’ of Fig. 1; formulas (2) and (3) give only the first two
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networks, dy and da, di and da, respectively.  The total number of pos-
sible wavs of realizing a given impedance increases very rapidly for
values of » greater than 2; for n=3, there are, in gencral, 32 distinet
networks giving a specitied impedance.

Formulas (2) and (3) are 1o be used for determining the constants
of the circuits which have certain specified characteristics, whereis
most network formutas are for the determination of the character-
istics of the circuit from the given constants of the circuit.  The ap-
plication of these formulas is illustrated by the following numerical
problem:

To design a reactance network which shall be resonant at fre-
quencies of 1000, 3000, 5000, and 7000 cyveles; anti-resonant at
2000, 4000, and G000 eyeles, as well as at zero and inhinite frequen-
cies; and have a reactance of 2300 ohms at a frequency of 10,000
cycles.

By formula (1) the reactance of such a network must be

No i) (B p) (= p°) (pi—p7) )
p (pi=p) (pi=p) (=P '

where py, p3, ps. and p; are determined by the resonant frequencies

to be 1000X 2z, 3000X27, 5000X27, and 7000X 27, respectively;

2, ps. and ps are determined by the anti-resonant frequencies to be
2000% 27, 400027, and 6000X2r, respectively; and I must be
macle equal to (L0596 in order that the reactance at p=10,000X 2
may be 2500,  The variation of the reactance with the frequency
is shown hy the curve of Fig. 2.

A newwork having this reactance may he constructed by com-
bining n =4 simple resonant circuits in parallel, or n41=>5 simple anti-
resonant circuits in series. These two networks are shown by Fig. 2.
The numerical values of the elements are determined as follows:
Applying formula (2) we have

L=t = (5= P) (B P) (2= pi)

==l =0.349,
co =M= (pi=pp (pi—p) O
1 (pi—p3) (P —p3) (P2 —P2) <
== /] b —0.323,
L=wm-"p=m o=y pi—p 3
L= L o pBi=p) (BR=p) (B=pD _( 00y

TGPl (=Y (pi— P (2= pD)

L 5= ) (Bm ) (P )
Li=—<—==1 o =0.142;
cr = =) (=) (pi—pp) !
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and applying formula (3) we have

2 B2 /2
Co= 228 _0,0888 X105, Ly= oo,

~ Hpipipip:

- _ = B P ) _ .
C= LR G5 (-9 (i) B O XI0
N T = pi(pi—p0) (= 1Y) o .
CELET IG5 B8 G Gy X1
o “AG= @) oo

T Lt T HE—5) (Bi— ) (=) (P —bY)
Cs=0, Lg=II=0.0596.

These formulas give the numerical values of the inductances in henries
and the capacities in farads. The entire set of numerical values is
shown in Fig. 2. It is to be noted that the anti-resonant cireuit
corresponding to po=0 consists of a simple capacity since the induct-
ance is infinite and thus does not appear in the network, whereas for
ps= @ the anti-resonant cireuit consists of a simple inductance, the
capacity being zero and thus not appearing in the network.

MartieEMAaTICAL PROOF

We shall first prove that the driving-point impedance S, as given
by (1), may be physically realized by either a simple parallel-series
or a simple series-parallel network of inductances and capaeities, pro-
vided resistances can be made negligibly small.

The rational function 1/S can be expanded in partial fractions,

1 _dihp | illp illanrp

STE-rTH-pT T Th—
i (=2 i _
where H,—( ;'PS )p=pj(_1—l,3,...,2n 1).

Hence S is equal to the impedance of the parallel combination of the
circuits having the impedances (p2 — p2)/(i11;p) = iII; "p+li(JL;p7H)p] Y,
that is, # simple resonant circuits in parallel, each circuit consisting
of an inductance and a capacity in series, with the numerical values
given by (2). Furthermore, these numerical values of the inductances
and capacities given by (2) are all positive, an even number of negative
factors being obtained upon substituting p= p;, since in every case
i< pit1. Hence the network defined by (2) has the impedance S
as given by (1) and is physically realizuble.
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Likewise, by expanding S in partial fractions, it can be shown that

the network defined by (3) has the impedance S as given by (1) and is
physically realizable.
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IYig. 2~ Reactance curve and networks for formula 4 .
The values of the inductances and capacitics are (in hearies and microfarads):

L,=0.349 C,=1.0726
C3=0.00872

Cs=0.00384

C;=0.00363

C=0.0523
C.=0.0725
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The electrical problem of the free oscillations of a resistanceless
network is formally the same as the dynamical problem of the small
oscillations of a system about a position of equilibrium with no fric-
tional forces acting. The proof of formula (1) may be derived from
the treatment of this dynamical problem as given, for example, by
Routh.”

In any network the driving-point impedance in the gth mesh, S,
is equal to the ratio A,/A,, where 4 is the determinant® of the net-
work and A, the principal minor of this determinant obtained by
striking out the gth row and the gth column. The determinant of a
network has the clement Zg in the jth row and kth column, Zj,
being the mutual impedance between meshes 7 and k (self-impedance
when j=k), the determinant including # independent meshes of the
network.

Hence the determinant « has the element Zp=iLpp+(iCip)~t,
where Ly is the total inductance and Ci the total capacity common
to the meshes j and k. Upon taking the factor (ip)~! from cach row
and substituting — p?*=ux, the expression for A4 may be put in the
form A =(ip) "D, where D is a determinant with Lpx+1 Ci as the
clement in the jth row and the kth eolumn. This is of exactly the
same form as the determinant given by Routh ® for the solution of
the dynamical problem; it is proved there that this determinant,
regarded as a polynomial, has 7 negative real roots which are separ-
ated by the n—1 negative real roots of every first principal minor
of the determinant.

Hence, we may write D=E(x;4+5)(x3+x) . . . (Xan 14), where
X1, X3, . - ., You_y are all positive and arranged in increasing order of
magnitude, and where E is also positive since D must he positive for
x=0. The determinant D, may be expressed in similar manner since
it is of the same form as D but of lower order.

“E. ]J. Routh, “Advanced Rigid Dynamics,” sixth edition, 1903, pages 44-55.
In the notation of the dynamical problem as presented here, the cocflicients 4,
correspond 1o the inductances, 1,'Cy to the capacities, p (i2x) to the frequency,
and 8', ¢, etc., to the branch currents in the electrical problem.

A complete proof of formula (1) has heen worked out for the electrical problem,
without depending in any way upon the solution of the corresponding dynamical
problem.  This proof has not heen published here in view of the great simplification
made by using the results already worked out for the dynamical problem.

8 A complete discussion of the solution of networks by means of determinants
has been given by G. A. Campbell, Tre tions of the A, 1. E. IZ., 30, 1911, pages
873-909.

° The determinant given by Routh (loc, cit., p. 49) has the clement 1, p*+C,.

-
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The driving-point impedance is given by

E(vix) (543 o (v X))
PelXatx) . .. (Nepat )

M e
.sq=‘.llq=(.p) M = tipt

where DSy SuSusS ... Sy, aSXay g, sinee the roots of 1) are
separated by the roots of Dy Upon substituting x = — p? and intro-
ducing the notation II=E E;and p}'. pg. o, pi:l,. =010 Noy oo oo Xan- 1
respectively, we see that formula (1) is completely verified as the
most general driving-point impedance obtainable by means of a finite
resistanceless network.



Some Contemporary Advances in Physics—III
By KARL K. DARROW

LECTROMAGNETIC waves of every frequency from 10 to

10%° exist; they can be generated and perceived; their frequencies
in nearly every instance can be measured; their actions and reactions
with matter can be studied. This brief statement is the synthesis
of a great multitude of inventions, experiments and observations upon
phenomena of extraordinary diversity and variety. When Herschel
in 1800 carried a thermometer across the fan-shaped beam of colored
light into which a sunbeam was resolved by a prism, and observed
that the effect of the sunbeam on the mercury column did not cease
when it passed beyond the red edge of the fan, he proved that the
boundary of the spectrum beyond the red is imposed by the limita-
tions of the eye and not by a deficiency of rays. Almost at the same
time Ritter found that the power of the violet rays to affect salts of
silver was shared by invisible rays beyond the violet edge of the beam.
Maxwell developed the notion of electromagnetic waves from his
theory of electricity and magnetism, and described some of the prop-
erties they should have; and the light-waves and the infra-red and
ultra-violet rays were found to have some of these properties, while
the outstanding discordances were explained away by Maxwell's
successors. Hertz and many others built apparatus for producing
Maxwell’s waves with frequencies far below those of light, and ap-
paratus for detecting them, with consequences known to cveryone.
Years after X-rays and gamma-rays were discovered emanating from
discharge-tubes and disintegrating atoms, Laue proved that these too
are waves, lying beyond the visible spectrum in the range of high
frequencies. Radiations emerging from collapsing atoms and radia-
tions diverging from wireless towers; waves conveying the solar heat
and waves carrying the voice; rays which disrupt atoms by extracting
their electrons, rays which alter atoms by rearranging their electrons,
rays which almost ignore atoms altogether, were successively dis-
covered or created; and all these radiations were brought into one
class, and identified with light.

This enormously estended electromagnetic spectrum was inter-
rupted until lately by two regions unexplored. They were known
as the gap between the X-rays and the ultra-violet, and the gap be-
tween the infra-red and the [lertzian waves, according to the names by
which the various explored regions of the spectrum commonly go;
but to understand why they remained unclosed for so long, and what
kinds of rays are being found within them, it is necessary to consider
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how certain properties of the waves vary along the spectrnm. Enough
is known about the origin of clectromagnetic waves to justify using
it as a basis of classilication.  Classifyving the rays, therefore, by
mode of production, we can distinguish at least four sharply-contrasted
types: first, rays emitted from atomic nuelei in process of disintegra-
tion; second, rays cmitted from atomic clectron-systems in process
of rearrangement; third, rays due to atoms vibrating to and fro about
their positions of equilibrium as constituents of molecular groups or
of space-lattices; and finally, waves generated by oscillating electrical
circuits.! For cach of these classes there is a region of the spectrum
which is particularly, although not exclusively, its own.

The rays ewitted from disintegrating nuclei lic at the topmost end of
the frequency-scale; they overlap the rays of the second class, but do
not approach cither of the gaps. The rays resulting from rearrange-
ments of the electron-systems surrounding atom-nuclei extend over
an enormous range. The minimum wave-length of this range is
10754, the K-frequency of the uranium atom; it is and will almost
certainly remain the definitive limit, unless someone should succeed
in discovering a substance further up the periodic table than uranium,
or in removing some of the deepest electrons from the electron-system
of some heavy? atom. As maximum wave-length we might take
that of a line 40500\ lately recognized by Brackett as belonging to
atomic hydrogen; but this is certainly not the definitive limit. Emis-
ston-bands due to atoms vibrating within molecular groups are found
in and beyond the ‘‘near infra-red” (and indeed in the ultra-violet
around 30004, if we include bands of “‘compound” origin, resulting
from processes occurring together which if happening scparately
would produce rays of the second and third types, respectively);
while the “residual rays,”” which are ascribed to atoms vibrating within
the gigantic molecular group which is a crystal lattice, extend as far as
0.152 mm. (residual rays of thalium iedide). Between 0.1 mm.
and 0.4 mm. rays have been discovered emanating from the mercury

! This classification is obviously not an exhaustive one. Continuous spectra have
been omitted—rthermal emission spectra of solids, and continuous X-ray spectra,
which may be ascribed to random accelerations of free clectrons. The continuous
bands in gas spectra, of which one has just been explained by Gerlach (ZS. f. Phys.,
18, pp. 239-248; 1923 and others by Bohr (Phil. Mag. 26, p. 17; 1913), can be
included in the second class by a slight generalization; and so, probably, can some
fluorescence and phosphorescence spectra, at least if we extend ''atomic clectron-
systems ™’ to include *electron-systems of grouped atoms.” There is also the possi-
bility of rays due to changes in rate of rotation of molecules, not compounded with
changes in oscillation or electron-arrangement.

3 Meaning an atom with a large nuclear charge, which would have heaviness, or
more properly massiveness, as a secondary characteristic. A short and simple

adfecm:e to describe where an atom stands in the scale of nuclear charge, i.e. in
the periodic table, would be very welcome.




270 BELL SYSTEM TECHNICAL JOURNAL

arc, which probably belong to the second or third class, but it is not
certain which. If we gather all these classes together into a single
great class of natural rays, extending from .02\ or 2.10°'° cm. to
4,000,000 or 0.04 cm., they may be contrasted with the artificial
rays generated by man-made electrical circuits, lying entirely beyond
the long-wave limit of their range.?

One of the two lacunae in the spectrum, extending from 0.4 mm. to
7 mm., separated the range of natural rays from the range of artificial
rays. To close this gap it was necessary literally to invent new rays,
by designing oscillating eclectrical circuits which would generate fre-
quencies which perhaps had never existed before in nature.  The other
lacuna, extending from 13A to 12004, lay by contrast in the very
centre of the range of natural rays, and precisely where we expect to
find the frequencies resulting from certain peculiarly interesting and
important processes in the electron-systems of atoms. These pro-
cesses, it appears, are npot in all cases easy to incite by the usual
methods of stimulating atoms to radiate; but this difficulty is only one,
and probably the least serious one, of the three hindrances which com-
bined to delay the exploration of this region. A second impediment
comes from the limitations of our devices for measuring wave-length,
every one of which is unavailable over a certain sector of the region,
extending roughly from 13A to 150A (limits which may later be forced
somewhat closer together); but the most conspicuous obstacle 1s
the extraordinary obstructiveness and opacity of every kind of matter
to these rays.

The ability of electromagnetic waves to penetrate matter varies
enormously from one part of the spectrum to another. At the upper-
most end of the frequency-scale, the rays penetrate every sort of
matter with astonishing case. A layer of tead 8 mm. thick is required
to remove half of the energy of a ray of wavelength 025:; and even
this, it is probable, is not absorbed in the striet sense of being con-
verted from radiant energy into another form, being merely deflected
or scatlered out of s original direction of motion* With rays of
greater wave-length, a true absorption is superposed upon the scatter-
ing, and increases very rapidly, about as the third power of the wave-
length. The absorbed energy is used in extracting electrons from

3 The distinction between natural and artificial rays is striking, but I fear not
quite exact, since Hghtning-discharges and the causes of “static’ offer instances of
natural sources of radio frequencies.  Also the selective absorptions of certain
substances in the Hertzian range strongly suggest natural emission- frequencies.
Still the distinetion is not yet unsound enough to he dangerous.

1 A H. Compton's theory of Neray scattering is eventually triumphant, it will
be necessary to admit that some radiant cnergy’ 1s transformed into kinctic energy
of moving masses when scattering occurs.
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the deeper levels of atomie clectron-systems, as [ deseribed in the
sccond of these articles.  The absorption in any particular substance
does not inerease with an uninterrupted upward sweep; there are
occasional sethacks, cach of which oceurs at a critical frequency
where the radiation ceases to be able to extract clectrons from a par-
ticular level.  But though the tower-frequency rays cannot extract
the deeper electrons of the atoms, they more than make up for it
by expelling the euter electeons in greater and greater abundance; and
when wave-length 13\ is ceached, they can remove only the outermaost
electrons or shilt them from one orbit to another,® but they perform
these actions so often that the beam is rapidly absorbed (even at 0.5A,
0.01 mm. of lead is sulhicient to abstract half its cnergy).

Bevond 13\ there is a region of well-nigh total eclipse.  All we
know about it is derived from a few measurements by llolweck.
Aecording to him, ravs of wave-length 40\ lose half their energy in
traversing hall a millimetre of air at atunospheric density; at 1004,
the same proportion is consumed in a twentieth of a millimetre of air,
or in a quarter of a millimetre of hydrogen, the most tenuous of all sub-
stances; and even these are not the most absorbable rays. A sheet
of celluloid, .0001 mm. thick, which absorbs only N7 of the energy of
a beam ol wave-length 40\ and 367 at 100\, abstracts 9177 of the
energy at 250\, It actually absorbs 97.3¢¢ of a ray of wave-length
305\ ; but this may be the least penetrating radiation of the entire
scale, for the transmission apparently is a little greater at 400\
(although Holweck scems to distrust the reliability ol the last result).
It must be admitted that the various beams of radiation on which
these measurements were made are not monochromatic, but comprise
each a continuous range of wave-lengths extending down to the quoted
value, which is the minimum. Since the beam is in every case hltered
through as many absorbing layers as possible before the final measure-
ment of transmission through the celluloid sheet is made, and those
remove preferentially the longer waves, it is probable that each
datum refers to a finite, yet comparatively narrow, band of wave-
lengths with its lower end at the specified value.$

*Some of the absorbed energy may be utilized in other ways, but there is no
known alternative mechanism.
. * The curve of Fig. 1, taken from Holweck's article, shows his data for the absorb-
g power of celluloid plotted tlogarithmically  against wave-length. Al the points
refer to wave-lengths hetween 4.\ and 400\ except the one marked “a,” which
refers to the rays emitted by gaseous hydrogen hombarded by electrons of encrgy
between 13 and 38 volts the transmission is the same for every bombarding voltage
within this range1. 1t is probably a sort of *weighted-mean®” value for the various
radiations of the Lyman serics and possibly the sccondary spectrum of hydrogen,
and the value 1140\ which Holweek assigns as its cffective wave-length is probably
as good as any. The straight line on the left relates to nitrogen.
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Whether or not Holweck's measurements are accurate enough to fix
the point of greatest opacity, it is certain that somewhere between
300A and 1200A the eclipse begins to pass off. Fluorite commences
to transmit at about 12007, quartz and gelatine at about 1800A (each
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Fig. I Absorbing power of celluloid and of nitrogen plotted versus wave-length
in the region of greatest opacity. (Annales de Physique.)

of these was, for reasons of experimental technique, long the limit of
the explored region). Air begins to let through the light at about
18002 ; the atmosphere indeed arrests the rays of the sun and stars
as far along as 2900, but this is ascribed to ozone in the upper strata.
Henceforward the absorption of radiant energy in gases consists
mainly in shifting the valence-clectrons of the atoms from one level
to another, or in attering the amplitude of vibration of atoms built into
molecular groups. The characteristics of individual atoms become
steadily less influential; the groupings of the atoms into molecules,
crystals, liquid or solid continua determine the amount of absorption.
The question whether a particular solid is a conductor or an insulator,
entirely irrelevant at high frequencies, eventually becomes the only

b

e
1
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question that matters; and radio-frequencies penctrate great thick-
nesses of rock or brick more readily than the thinnest sheet of metal
foil.

To explore the region of the spectrum in which the absorbing-
power of matter is at its greatest, it is necessary to make a high
vacuum over the entire path of the rays from their source to the
recciver (photographic plate, ionization-chamber, or electrode for
photoelectric emission). This necessity can be escaped only if the
obligation of measuring wave-lengths is evaded, for then the path may
be very short; the receiver may be brought quite close to the piece
of solid substance or the stratum of gas in which the rays arc excited.
If the wave-lengths are measured, it must be done with a ruled or
erystalline diffraction-grating, which enforces a lengthy path (often
as much as two metres). No solid windows can be interposed in it
to confine a diffusing gas to the region where the rays are excited (the
only exceptions yvet developed are Holweck's .0001-mm. celluloid
windows, which when stretched over and sustained by a fine-meshed
gauze are said to be able to support a 5-cm. pressure-difference between
their two faces). The excitation must therefore take place, whenever
possible, in viacuo. This is simple enough when dealing with the rays
excited from solids by eleetron-bombardment, and originating from
displacements of electrons deeper down in the atomic system than the
valence-electron; for the bombardment can be carried on in vacuo.
But the arcs and sparks which are commonly used to displace the
valence-electrons of free atoms or molecules, and so produce the fre-
quencies for which these are responsible, are usually operated in an
atmosphere composed of a comparatively few of the atoms being
studied, mingled with a large amount of air or some other permanent
gas. Yet it has been found possible to operate both arc and spark
discharges ''in vacuo,"- that is, without the atmosphere of permanent
gas; though they differ in various ways from the like-named and
familiar discharges in air, and do not display quite the same spectra.

Vacuwm arcs, when once ignited, can be maintained with a moderate
voltage between electrodes of various metals; the mercury vapor
lamp is the familiar example, but arcs of such metals as magnesium,
aluminium, and lead were developed as carly as 1905, The name
“vacuum arc” is, of course, a misnomer; the discharge occurs in an
atmosphere of the vapor of the metal, but this congeals as soon as it
starts to diffuse away from the discharge, and does not impair the
vacuum in the light-path. The condition for an easily-maintained
vacuum arc is that the vapor-pressure of the metal involved be com-
paratively high. Yet arcs between carbon electrodes in vacuo scem
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to be casy to maintain, though the vapor pressure of carbon is im-
measurably small; one is led to suspect the gases inevitably occluded
in this element.” Saunders produced waves as short as 978A with an
arc in calcium vapor, and Simeon waves down to 375\ with a “carbon
vacuum are.”

These vacuum arcs are started either by heating the electrodes to
produce a momentary high vapor-density, and applying a transient
high voltage between them; or by touching them together and drawing
them apart while the moderate voltage is applied. If the latter
method is tried when the voltage is too low to maintain an arc, there
is a transitory flash, the breakspark; its spectrum in the visible region
has been noticed by von Welshach, who finds the relative intensities
of certain lines strangely altered from what they are in the ordinary
spark; but according to McLennan and Lang, it yields no rays of
wave-length inferior to 2000A.

The vacuum spark or hot spark cmployed by Millikan and his
associates is an altogether different affair; it is a hrilliant spark which
occurs between electrodes a millimetre or so apart (the limits 0.1
mm. and 2 mm. have been assigned) in an extremely high vacuum,
when a transient potential-difference of the order of several hundreds
of thousands of volts is laid across them. This is a mysterious phenom-
enon, which has been studied by several scientists, without satisfactory
conchisions. Whatever the vacuum spark really is, there is no doubt
that it exists, and that wave-lengths are found in its spectrum which
arce shorter than any hitherto observed in any spectrum of arc or
spark; and it is likely that these high-frequency rays are not excited
at alt in the ordinary clectrical discharges of relatively low voltage,
50 that the high vacuum provides the conditions for stimulating as
well as for transmitting them. The least wave-length yet measured
with an optical method (ruled grating), which is 1362, occurs in
the spectra of some of these sparks.

Most difficult of all is obviously the problem of detecting the rays
emitted by the atoms or molecules of a permanent gas, which must
ity occupy the entire path of the light from the place where
it is excited to the place where it is received, unless intercepted by
a solid partition which would intercept the desired waves also.  If
the discharge-tube containing the lnminous gas communicates only
by a narrow slit with the chamber containing the diffracting and re-
ceiving apparatus, it is practicable to connect a powerful pump to

of nec

7 The minimum maintaining voltage for arcs in vacuo is given by Simcon as
follows, for elecirodes of the following materials: € 30 to 40 volis, Na 3010 40, .1/ 80
1o 100, 87 95 to 105. The distance between the electrodes is described as “slight,’”
the degree of vacuum before arcing is not stated.
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a branch-tube opening near the slit into the latter chamber, and so
maintain in it a considerably lower density of gas than is required in
the discharge.  Hopfield has succeeded in maintaining an atmeos-
phere of one kind of gas in the discharge-tube, and an atmosphere of
another and a more transparent kind of gas in the chamber; the two
gases are prevented from mingling by the same pumping-arrangement.

As for the measurement of wave-lengths from 1200\ down to about
100\, it must be made with a concave diffraction-grating, which
separates rays of different wave-lengths and itself focusses them at
different places; for the rays cannot penetrate the prism of a prism
spectograph, or the lens which is commonly used® to focus the beams
diffracted by a plane grating.  Rowland of Johns Hopkins, the first
great master of the art of making diffraction-gratings, ruled them both
upon plane and upon concave surfaces. The plane grating was so
much the more casily ruled, that the concave grating fell into desuetude;
but it became invaluable as soon as Lyman began to work in the region
where the lenses extinguish the light.  One might have anticipated that
it would refuse to diffract rays the wave-lengths of which are only one-
twenticth, one-fiftieth, even one one-hundredth of the spacing between
its lines; but as Lyman and Mlillikan advanced farther and farther
bevond the earlier limit of the ultra-violet, the concave grating proved
itself competent to an extent which would probably have astonished
its inventor.  In one of Millikan's articles we may read an account of
the ruling of new gratings by Pearson of Chicago; the spacing of the
lines was by no means unusually small (about 500 per mm.) but they
were ruled “with a very light touch so as to leave a portion of the
original surface functioning in the production of spectra”—partly
so that successive rulings might be nearly alike, but chiefly because
if just half the original surface could be left intact, a large proportion
of the total radiant energy would be diffracted into the first-order
spectrum (this is the only usable one, hecanse the higher-order images
formed by the small wave-length ravs encroach on the first-order
images of the rayvs of greater wave-lengths). The arrangement of
apparatus in experiments with the concave grating has varied little
from the form which Lyman originally gaveit. 1In Fig. 2 (from an
article by Mclennan) one sces the cross-section of a large tubular
air-tight chamber, containing the grating at L (it is mounted on
a carriage Q sliding on rails O, P), the slit at S and the photographic

* There is no apparent reason against using concave mirrors instead of lenses,
unless the multiple reflections consume too much of the light. Luckicsh mentions
an instrument designed with focussing mirrors of nickel  Houston, I'roc. Roy. Soc.
Edinb., 1912), which, however, were found inferior to quartz lenses in the range
in which it was tested.
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plate at C. The rays are excited at the centre of a tube 1" communicat-
ing by the slit with the grating-chamber. In this instance the source of
light was a vacuum-spark between the clectrodes sketched; had it been
a vacuum arc or a glow-discharge in a permanent gas, the tube might
have been different in appearance, but would have been sealed onto

Fig. 2—Vacuum spectrograph with concave grating. (Proceedings of the Royal Sociely.)

the chamber at the slit in the same manner. The distance SL and
LC are each one metre, and the sum of them constitutes the major
part of the light-path (Lyman has reduced the sum to 40 em. by
using a more curved grating).

The extension of the explored or explorable region of the spectrum
from 1200A onward to 136A does not entirely elose the lacuna; but
it brings into the accessible range every one of a certain very im-
portant class of rays—the rays emitted by a free atom when its
valence-electron has been displaced and is returning towards or to
its normal position. The reason for distinguishing one electron of
the atomic electron-system above the others as the wvalence electron
(the name is chosen rather for its meaninglessness than for its mean-
ing) lies in the existence of line-series in the spectra. Magnificently
regular scries of rays are observed in the speetra of the atoms of
hydrogen and of ionized helium, each of which has an clectron-system
consisting of a single electron in the inverse-square ficld surrounding
the atom-nucleus.?  Series which resemble these, though they are not
arranged according to so elegantly simple a numerical law, are found
in the spectra of the elements of the first column of the periodic table
(Fig. 3) and suggest forcibly that one of the clectrons of the atom
of lithium, or sodium, or potassium lies so much farther out than all
the others that it moves by itself in a ficld which is almost identical
with the inverse-square ficld of a nucleus of charge e (the resultant
of the fields of the nucleus and the inner electrons approaches such a

? This inverse-square ficll seems to be assured by the experiments on deflections

of alpha and beta particles by atom-nuclei, quite apart from the successes of Bolir's
special assumptions about atomic structure and radiation,
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field as the distance from them increases). The same argument
apphes to clements of the second, third, and fourth columns, though
with diminishing foree, for the series become more difficult 1o trace
and depart greatly from the archetype.  In the crowded and com-
plicated spectra of elements such as neon, argon, and iron, it is very
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Fig. 3 Periodic table of the elements showing their atomic numbers and ionizing-
rotentials. (Cf. {ootnote 15.)

difficult, though apparently not impossible, to arrange frequencies
into series, and this is in accord with the belief (founded on evidence
of other kinds) that in these atoms there is no single outer electron
far bevond all the others, but rather an outer shell of several similarly-
placed electrons. Any one of these might imitate the behavior of a
valence-electron, however, when removed to an unusually large dis-
tance from the nucleus and from the rest. It is to be obscerved also
that when atoms are brought close together in the liquid or solid
state, the line series can no longer be excited.

Wherever, therefore, there are discernible line-series, one infers
an electron far enough beyvond all the others to have a behavior and
deserve a title of its own. Generalizing Bohr's wonderfully successful
model of the atoms of hydrogen and ionized helium, we imagine that
this clectron enjovs a particular set of orbits, in the narrowest and
deepest-lying of which it normally abides, while in any one of the
others it can make only a transient halt.'®

19 {t may not be supcrfluous to complete the description of Bohr's model by saying
that when the electron goes from one orbit to another, the difference AU between
the values of 1he encrgy of the atom in the two states is radiated in a ray of fre-
quency AU h.
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Now all the line-series observed in the spectra of excited atoms
and all which there iz any rcason to imagine as existent but undis-
covered, lic entirely at wave-lengths greater than 136A; indeed most
of them lie in the already-accessible region beyond 12007, but a
few of the most important are in the newly-opened range. Hydrogen
is entitled to first mention, being the leader of the procession of
clements as well as the most completely understood of them. The
visible spectrum of (atomic) hydrogen consists of the archetype of
all line-series, the Balmer series, extending from 6563A 1o 36504,
the frequencies of its lines being equal 1o the numbers of the series

(&)

and so forth, in which R is a certain constant (R=3.29 . 10"). Ac-
cording to Bohr's theory, this means that the energy-values! of the
consecutive orbits of the valence-electron (in this case the only elec-
tron) are given by the numbers of the succession

®) —ri (). —ri(5), —ri () —ri (L),

and so forth, and the consecutive rays of the series are emitted when
the electron drops into the first of these orbits from the second, third,
fourth and consecutive orbits.  Most people, on looking at the suc-
cession of numbers (B), would instinctively complete it by adding a
term — Rh at the beginning; and if there is truly an orbit of which
the energy-value is —Rh there must be an additional line-series,
the frequencies of its lines heing equal to the numbers of the series

(©) R(l—-zlz._,). R(I_LIT?)' R(l—iﬁ),nxltl so forth.

The first three lines of this series should lie at 12164, 1026\ and 972A.
They were discovered by Lyman in 1913, and the series bears his name.

1 The energy-value of an orbit is the energy of the atom when the valence-clectron
is in this orbit; the energy of the atom being set equal to zero, when the valence-
electron is removed to infinity. It follows from this last convention that the energy-
value of an orbit, with sign reversed, is equal to the energy which must be imparted
to the atom to remove the valence-clectron completely from the atom when it is
initially in the orbit in question.  Thus the energy-value of the orbit which the
valence-electron normally inhabits is «qual to the ionizing-potential of the atom,
when it is expressed in appropriate units and its sign reversed.  The practical ad-
vantages of this convention are so great that we endure its annoying and confusing
consequence of making all the energy-values of non-ionized atoms negative,

12 The existence of this series was anticipated long before Bobr's interpretation of
the Balmer series, being suggested by the form of the series itself.




SOME CONTEMUORARY ADVANCES LN DHYSICS—1 279

Helinm follows hyvdrogen in the procession of clements.  Its spec-
trum includes several line-series.  The frequencies of the first four
members of one of these series, the principal series of the singlet or
parhelium spectrum, are as follows (all the numbers in the successions
D, E, F. G, and H should be multiplied by 104):

(D) 1.457, 5.081, 7.567, S.300

Subtracting each from the frequency of the series-limit, which is
9.609, we obtain the succession of numbers

(E) (9.600—8.152), (9.600—3.625), (9.609—2.012), (9.609— 1.309)

which suggests a succession of orbits, having the following consecutive
encrgy values':

(F) — 9600k, —8.152k, —3.6280, —2.042h, —1.309.

The consecutive frequencies of this series are emitted when the valence-
electron falls from the second, third and consecutive orbits of this
succession into the first one.  One would suppose that the valence-
electron normally abides in this first orbit.  But if this were so the
energy required to ionize the atom would be 9.609% - 10", cquivalent to
3.96 volts; and waves of the frequencies given by (D) could displace
the clectron and be absorbed thereby. But the ionizing-potential
of the atom is about 25 volts and the frequencies (E) do not appear as
dark lines in the absorption-spectrum of helium.  Therefore there
must be still another orbit much deeper down, with a much higher
(negative) encrgy-value, than any listed under (I9). In 1921 22
Lyman discovered (with his highly-curved grating and shortened
light-path, and pumping arrangement for keeping the pressure low)
a new series of lines of wave-lengths 3ST\, 537.1A, 5223\ and
315.7A.  Their frequencies are

(G) 5131, 55.85, 57.44, 35.18
which may be written as the succession of numbers
(H)  (39.49—8.15), (39.49—3.64), (39.49—2.05), (39.40—1.31).

Comparing these with the succession (E) we recognize the same set of
subtrahends," and accordingly identify the common quantity 5949101

B0t is customary to designate the orbits by their encrgy-values divided by ke,
or 19.68« 1071,

"1t would not be necessary to call attention to this if we could calculate the
frequency of the series-limit, which would give the energy-value of the new orbit
immediately; but the four discovered lines are hardly suthicient for such an extra-
polation (there are fcurteen of the other series to use for calculating its limit .
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as —1/h times the energy-value of an additional orbit. If this orbit
is the permanent home of the valence-clectron, the energy required
to ionize the atom must be +39.49%k - 10%, equivalent to 24.5 volts.
When the new lines were discovered, the accepted value was 25.3
volts, largely becausc of a certain measurement by Franck. After
the publication of Lyman’s discovery, Franck re-examined his method
and data and found them compatible with the value 24.5 volts; and
very recently C. A, Mackay has ascertained that the ionizing-potential
of helium is 14.1 volts greater than that of mercury, which is quite
definitely known to be 10.1.  One could hardly desire a better illus-
tration of the confluence of measured values of the energies of atoms
and mecasured values of their radiation-frequencies, when both are
interpreted according to the contemporary theory of radiation.

Thesc newly-discovered waves must be the shortest in the spectrum
of helium; the atom cannot emit a ray of wave-length less than the
serics-limit 504, caleulated by the equation

hv=hc/Xx=energy-value of the deep-lying orbit =59.49 - 10",

They are much shorter than the waves of the Lyman series of hydrogen,
which Bohr's theory, together with the observed value of ionizing-
potential of atomic hydrogen, justify us in declaring to be the shortest
waves emitted by that atom. Furthermore, it is almost certain that
they are shorter than any waves for which the valence-electron of
any atom is responsible; for the ionizing-potential of helium is greater
than any other measured ionizing-potential, and there is no reason to
believe that any of the yvet unmeasured ones exceed it.  1ts nearest
rivals are the ionizing-potentials of the inert gases which share the
last column of the periodic table. The experimentalists have not
agreed very well in their estimates of these, although all agree that
the values are comparatively high.  Hertz, the latest to make measure-
ments upon ncon and argon, gives 21.5 volts for the first and 15.3
volts for the seccond. Both, therefore, should emit some rays lyving
below 1200\, but above 575A and 800\, respectively, and resulting
from transitions of the valence-clectron.  Dejardin gives 12.7 volts for
the fonizing-potential of krypton and very lately 10.9 volts for that of
xenon. I the other columns of the periodic table, the values of
ionizing-potential are prevailingly lower than in the column of inert
gases.  The value 10.F volts (for mercury) is the highest among
the metals; several of the non-metallic elements appear to have
ionizing-potentials between 12 and 17 volts, but for some of these
it is difficult to tell whether the observed value pertains to the atom




SOME CONTEMPORARY ADIINCES IN PHYSICS I 281

or to a molecule.  The experimental matertal is abundant® enough

ta give practical certainty that “valence-electron rays" below 1000\
occur in the spectra of only a fen clements, and below 500\ in none.

Nevertheless, Millikan and Bowen, phatographing the spectra of
all of the first twenty elements (neon and argon excluded, and chro-
wmium and copper added) down to the extremity of the region ac-
cessible with the concave grating, discovered great numbers of lines,
of which they attribute dozens or scores to particular clements (for
example, some forty lines aseribed to potassium, though its tonizing-
potential of four valts corresponds to a minimum wave-length exceed-
ing 2500\, Sowme of these may be lines of compound origin, resulting
from two simultancous changes in the cleetron-system of the atom,
one being a transitton of the valence-clectron and the other a re-
arrangement of the other electrons.  (Saunders mentions such lines
in the spectra of elements of the second column of the table.) Others
are due to rearrangements of internal electrons following upon a dis-
placement of one of these.  Many others are attributed to displace-
ments of the valence-electrons of ionized atoms. Of this new field
of research, the speetroscopy of ionized atoms, | wrote brietly in the
tirst article of this serics.  In the more casily accessible regions of
the spectrum, Paschen had discovered rays of doubly-ionized aluminium
and Fowler rays of trebly-ionized silicon.'®  Millikan and Bowen go a
step further by identifying certain rays of quadruply-ionized phos-
phorus: indeed they believe that, under the violent excitation provided
by their vacium-spark, the waves emitted by atoms whiech have lost
all but oae of the electrons from their outermost electron-shells (the
three just specitied are in this state) are especially abundant and
intense.

B n the periodic table of Vig. 3 the ionizing-potentials of the clements are given
.|Iung with their atomic gpumbers.  Overlined figures are values calenlated from
series-limits and confirmed by direct experiment; starred values are data of experi-
ment, for clements of which the serics have not been worked out; the remaining
values are caleulated from series-limits and have not been verified. ‘The data are
from the cited sources, from Foote and Mohler, and from Saunders’ graphie tabula-
tion * Science, volume 50, pp. 500 51, January 18, 1924;). Intcresting variations
with atomic number are observed which vield bases for estimating the values for
still other elements by interpolations.

¥ It might be mentioned that the spectrum of silicon was first scleeted for in-
vestigation on account of its astrophysical interest.  The lines representing suc-
cessive stages of onization of this element appear in stars which there is every
reason to belicve are at successively higher temperature The complete series-
data for the Tour spectra trebl ('I)Illll\—. onee- and non-ionized atoms| and the
jonization-potentials deduced from them, may be expected 1o find an important
application in fixing the lv of ﬂvlldr temperatures . . . Al the series predicted in
these Tour] spectra of silicon; in the spectra nf (hmhlh once-, and non-ionized
aluminum, of once-ionized and neutral magnesinm, and uf neutral sodium, have
been actually produced and have been found to have the character and conatants
expected.” FowLER.
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The ““valence-clectron” rays emitted by ionized atoms should lie
at lesser wave-lengths (roughly 1§ as great) than the valence-electron
rays of neutral atoms, and therefore should be particularly at home
in the region newly opened to exploration.  The highest frequencies
emitted by the ionized-helium atom are perfectly calculable from
Bohr's theory; they are the frequencies of the Lyman series, quad-
rupled, and the wave-lengths therefore lic between 304A and 230A.
They have not been reported, but Lyman in 1919 observed two lines
in the spectrum of violently-excited helium, near the positions 1214.9
and 1640.1A ealculated for the first and third lines of the next helium
series (having the frequencies of the Balmer series, quadrupled). The
place of the second member of the series was obscured by an alien line.

Fig. 4—-Spectrum of a vacuum spark between carbon clectrodes.  (Astrophysical
Journal.)

The once-ionized lithium atom, judging from the example of neutral
helium, should display higher frequencies than any other once-ionized
atom, and they should be arranged in recognizable series, somewhere
near the extreme limit of the explorable range as it stands at this
moment.  They have not, however, been reported; Millikan says
that his plates show no lithium lines of any sort from 1700A down
at least to 370A, if not farther.

As an example of a spectrum extending far into the newly-con-
quered field, a plate representing the spectrum of a vacuum spark
between carbon clectrodes is reproduced from one of Millikan's
articles as Fig. 4. The actual spectrum is in the middle; it is drawn
out for better intelligibility, at the side.  Most of the marked lines,
including the extreme line at 360.5\ and the strongest line at 13357,
are attributed to carbon; some to other elements, particularly the




SOME CONTEMPORARY ADITANCES LN PUHYSICS 1If 2R3

one at 1215.7 which is the fiest line of the Lyman series of hydrogen.
The interpretation of spectra like this i

s not

simple matter of putting
electrodes of the desired substance into the tube and aseribing to v
all the lines which come out on the plate. Tt appears that impurities,
even when present in what might be considered small proportions,
contribute their own rays to the spectrum in great abundance and
intensity.  Millikan fonnd that all the lines present in the spectrum
of the vacuum spark between magnesium electrodes were also present
when aluminium electrodes were used, and vice versa, and finally
assigned them all to oxygen.  Lyman found it extremely difficult to
decide which lines belong to hydrogen and which to helium, since the
spectra of glow-discharges in these gases have so many lines in common.
Helinm has a pronounced habit of encouraging excitation of the rays
of whatever other gases are mixed with it, since the helium atoms
reguire o much energy to displace their valence-clectrons that free
clectrons shot into helium gas are liable to bounce harmlessly from
one helium atom to another until they strike and excite an atom
of another variety. Even if one can be sure that all the rays in a
spectrum belong to a single element there remains the problem of
rning them to neutral or varioushy-ionized atoms. It is clear
that the completion of the spectroscopist’s task is deferred by this
extension of it to what the Germans call the unforeseeable time.

We return to the consideration of the lacuna in the spectrum, which
extends from 13\ up to a boundary which by the nse of high vacua,
concave gratings, and violent excitations, has been forced from 1200\
down 1o 136.\. This wave-length 136\ stands for the moment as
the lowest which has ever heen actually measured with the ruled
grating; and in spite of the unexpected and fortunate adequacy of
the instrument down even to this point, little more can be demanded
from it. The reason is, that the substance on which the rulings are
made must eventually cease to reflect the rays on account of its own
loosencss of texture. Being a congeries of atoms themselves separated
by finite distances, the metal will not behave as a continuum towards
waves of a length not very large compared to its own atomic spacing.
Below 13A waves are not reflected.  Little 1s known of the rate at
which the reflecting-power dwindles away to zero hetween 136\ and
13A and this little we owe again to Holweck. He directed a beam of
radiation (it was a mixed beam, as was previously made clear, and the
wave-length-value is merely the minimum wave-length in it) against a
polished bronze mirror at the very obligue incidence of 73.°8; the
reflected beam had one-third the intensity of the incident beam at
wave-length 1237 (practically the extreme wave-Jength of Millikan's
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experiments), but only 109% at 60\ and only 39, at 40A. The per-
formance was much Detter at a still more oblique incidence; on the
other hand Holweek thinks that it gets rapidly worse as the incidence
is made more nearly normal, and if this is true the outlook for the
concave grating, with its condition of almost normally-incident light,
is most unpromising.

Below the boundary 13A, the atomic constitution of solid sub-
stances turns from a hindrance into an advantage, and crystals serve
as natural diffraction-gratings of incomparable fincness too fine,
indeed, for our convenience in this part of the spectrum, since the
boundary is fixed by the smallness of the distance d between suc-
cessive layers of atoms in the diffraction-grating. Rocksalt, one of the
standard crystals, for which d =2.814\, has been used successtully
up at least to 4A (by Fricke) and the rest of (he way to 137 has been
explored with crystals of gypsum (d=7.58) or sugar (d=10.567);
in this region it was necessary to evacuate the light-path, precisely
as in the region bevond 136, The only possibility of a new advance
depends on the utilization of crystals of still greater inter-atomic
spacings. Holweck mentions a crystal with a formidable name, for
which d =19, and de Broglic and Friedel found that the oleates of
sodium, potassium and ammonium presented spacings of the order of
40\ between consecutive molecule-layers.  Tf these substances can be
adapted for use in crys

1l spectographs, the boundary of the explored
region may be pushed far beyond its present place. It may be found,
however, that the crystal absorbs the rays hefore they go deeply
enough to be diffracted.

As for the region between 13A and 1362, no one has ever measured
the wave-length of a radiation lying within it; but there is a method
which indicates the existence and something about the wave-lengths
of rays which almost certainly belong in it.  In applying this method
the photographic plate is replaced by a metal electrode (usually of
platinum) which, when irradiated by rays of any wave-length (less
than a certain critical one which always lies far above this range)
emits clectrons.  For this reason it is often known as the photoclectric
method, although the substitution of one kind of receiver for another
is not its most distinetive characteristic. .\ target made of the sub-
stance (o be studied is scaled into a tube, opposite a source of clectrons
(generally a filament for thermionic emission); the photosensitive
clectrode is placed somewhere in the tube where whatever rays are
excited at the surface of the target will fall directly upon it. Tt is all-
important to protect this electrode from electrons and ions, negative
or positive, proceeding from target, filament, or anywhere clse.
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Usunally the electrode is sereened by a family of gauzes, with their
potentials adjusted asis indicated in Fig. 5 (with the paths of intruding
ions of both signs, including those excited from the outer gauzes
themselves, mapped out to show how they are rebuffed).  Naturally

A

e ——
Bewoo-ta|eaas VS
VO

Crm===f= - -
VJ

Dam== alm =
Va

F
%
H

To Electrometer

Carbon

Figs. 5 and 6 Horton’s apparatus for determining excitation-potentials by the
g P c T g n-y ¥
“photoclectric method.”  (Philosophical Magazine.)

the arrangement of potentials in front of the electrode must be sich
that the emitted electrons are all drawn away from it, not driven
back onto it. The rate of emission of clectrons, the photoelectric
current, may be measured with an electrometer connected either 1o the
sensitive electrode or to a gauze so placed as to gather in all the
electrons emitted from it.  Figs. 5 and 6, the latter of which shows a
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completely equipped tube with filament at F, a row of targets which
can be moved consecutively into place at 7', and the photosensitive
clectrode at A4 with its gauze shields in front of it, come from the work
of Horton, Andrewes and Davies. A tube designed and used by
E. H. Kurth is shown in Fig. 7; the filament is seen in perspective at
C, the target at 7', and the sensitive disc at D; the family of diverging
straight lines represents a set of metal laminae, which being charged
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Fig. 7 Kurth's apparatus for determining excitation-potentials. (Physical Revicw.)

alternately to potentials 0 and 4135 volts gather in any i1ons which
start up towards the dise.  The method can also be adapted to gases,
and this application has an interesting and important history; but
as nearly all the data respecting gases refer to wave-lengths superior
to 12007, they fall out of the provinee of this discourse.  Foote and
Mohler, however, penetrated to 26A with the apparatus of Fig. 8,
filled with oxygen.  The flament is at 20 ; the clectron-aceelerating
voltage Vis applied between 4 and the gauze B, so that the target
is essentially a thin laver of gas enveloping B; the photosensitive
clectrode is the gauze €, the photoclectric current from which is
gathered in by the plate D (screened against positive ions by its high
potential).
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The art of detecting radiations by this method consists in giving
varions values to the “bombarding voltage™ 17 hetween target and
filamient, which is the measure of the energy of the electrons impinging
on the target; measuring the photoelectric current ¢, which is the
measure of the intensity of the rays; plotting ¢ (or better the ratio of 1
to the current of bombarding electrons) versus 17 and examining the
curve to see whether it displayvs sudden changes of slope. 1 it does,
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Fig. 8 —Mohler and Foote's apparatus for determining excilation-potentials of
gases and vapours.  (Bulletin of the Burean of Stundards.)

one infers that at the corresponding voltages new radiations suddenly
burst forth. The method therefore consists in finding critical bom-
barding-voltages, that is, critical electron encrgies which just suffice
to excite particular sorts of radiation; it is a method for discovering
excilation-potentials. Three excellent instances of such abrupt changes
in slope, or breaks as they are frequently called, appear in the (7, 1)
curve determined with an aluminium target by Horton and his as-
sociates (Fig. 9). Very many such curves appear in the literature,
with more or less conspicuous breaks; some are as striking as these
in the figures, some require a good deal of care and experience to locate
them properly, and some, one is driven to conclude, are visible only
to the eve of faith. But it is hardly possible to doubt that such a
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corner as the three here reproduced marks the entrée en scéne of a

new ray or set of rays.””
But a determination of an excitation-potential is not a measurement
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Fig. 9—DBreaks in a photocleetric-cucrent curve indicating excitation-potentials:
(Philosophical Magazine.)

i+ and while it is supposed that

of the wave-lengths of the excited ra
excitation-potentials hetween 1000 volts and 100 volts are associated
with rays of wave-lengths between 12\ and 1237, this is merely a
supposition.”  We require a theoretical relation hetween excitation-

" 1t is clear from this account that the photosensitive dise might be replaced by a
photographic plate, on which the opacity due to the rays produced by consecntive
values of 17 could be measnred; or by an ionization-chamber, in which the ionization-
currents could be measured. 1t is equally clear that neither method would be
so suitable for detecting slight discontinuities in rate of increase of radiant energy
with inerease of 1% Towever, both methods are used at higher frequencies, where
by dispersion of the waves a discontinnity in the intensity at a single wave-length is

nade more conspicuous.

" This is the hest_place to remark that electrons of voltage 1" bombarding a solid,
in addition to exciting (if 17 is high enongh) rays characteristic of the bombarded
atoms, excite also a continnous spectrum of rays of all frequencies up to a maximum
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potentials and exeited frequencies.  The question is of high impor(-
ance, not simply because we are interested to know whether some of
the excited rays really lie in the hitherto unpenetrated range, but
primarily because excitation and emission are among the fundamental
qualities of atoms. Excitation-potentials  exceeding 1000 volts
generally produce rays of which the wave-lengths are less than 12\
and can be measured with the erystal spectrograph, so that a rule or
law can be deduced from the two sets of measurements.  Exeitation-
potentials inferior ta 23 volts generally praduce rays of which the
wave-lengths are greater than 00\ and can be measured with optical
apparatus, and again a law can be deduced from the two sets of data.
But the law is not the same in the two cases; this is because excita-
= in displacing a deep-lying clectron,
s in a displacement of the valence-

tion, in the former case, consis
while in the latter case it con:
electron.  We are foreed to the disconcerting conclusions that excita-
tion-potentials between 1000 volts and 25 volts involve electrons of
an intermediate type, and that the still-unverifiable law conunecting
them with the frequencies of their excited rays is not identical with
cither of the faws in the accessible regions of the spectrum,

The law for excitation-potentials involving displacements of the
valenee-cleetron is twofold.  Each atom has at least two such excita-
tion-potentials. One of them is its ionizing-potential. When the
accelerating-voltage of an clectron-stream playing against a multi-
tude of free atoms forming a gas is raised just past the value 175 at
which an individual electron has just enough energy to remove the
valence-clectron of an atom, there is an ontburst of radiation.  This
comprises rays of many frequencies — probably all those which we
have called valence-electron rays - and they are emitted as the
valence-electrons descend step-by-step along their ladders of orbits.
All these frequencies conform to the relation

(1) hv<el’.

The other excitation-potential is the resonance potential of the atom
(there may be more than one of these ). When the accelerating-

equal to el” h. The heterogeneous heams used by Iolweck in the experiments
previously cited consisted chietly, if not entirely, of this continuous spectrum. Al the
excitation-potentials mentioned in these pages, however, relate to individual rays or
groups of individual rays characteristic ol atoms.

_ " This question is still incompletely solved, in spite of much labor. A\t one time
It was supposed that the valence-electron could he raised either altogether out of the
atoni, or clse to the decpest-lying of the transient-sojourn orbits (or to either of the
two deepest-lying orbits, if there are two complete families of orbits such as the
mercury atom possesses ; but not 1o any of the other transient-sojourn or *'virtual "
orbits. This restriction would apply only to displicements cansed by impinging
electrons; quanta of appropriate frequencies can lift the valence-clectron to any of
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voltage of the electron-stream is raised just past the value 1,
which the individual electron has just enough energy to raise lhe
valence-electron from its normal to one of its transient-sojourn orbits,
there is an outhurst of radiation. This comprises rays of a single
frequency, emitted when the valence-clectrons return in single leaps
from the orbits to which they were momentarily raised to the orbits of
their normal habitation. This freqtiency conforms to the relation:

(2) hv=el’.

The law for excitation-potentials involving displacements of deep-
lying electrons bears a certain resemblance to the first of the fore-
going laws. When the accelerating-voltage of an eclectron-stream
playing against a multitude of atoms assembled in a solid or liquid
is raised just past the value 17 at which an individual electron has
just enough energy 1o extract a certain deep-lying electron, say a
K-electron, there is an outburst of radiation comprising many fre-
quencies, all conforming to a relation resembling (1), to wit:

(3) hv<el.

But it would be misleading to assume that the processes resulting
in (1) and in (3) are identical. In the first place, it is not certain that
the deep-lying clectron need be completely extracted. Suppose it
possessed a set of transient-sojourn orbits in the outskirts of the
atom, their encrgy-values differing from one another and from that
of the “orbit at infinity” (the state in which the electron is quite
detached) by amounts less than the 25 volts which is the maximum
difference between the energy-values of any valence-clectron.  Then
there might be several excitation-potentials, differing from one another
by 25 volts at most; but this difference would be so inconsiderable a
fraction of the value of the extraction-potential 17, which ranges
from more than 100,000 volts for the K-electrons of uranium to ahout
1100 volts for those of neon, that they would be difficult to dis-
tinguish. Indications of multiple excitation-potentials have, how-

an immense number of orbits of a certain sct, but not to transient-sojourn orbits
of certain other sets. Lately it has heen affirmed that imping clectrons of the
right energy can lift the valence-clectron to any one at all of its transient- so;ourn
orbits, even those to which it cannot be lifted by q but this rule, if it 1s the
true one, has not yet been illustrated by any extensive set of experimental data,
though Iertz has lately intimated in a brief note that he hs mbled such a set
by experiments on helium.  Franck and Knipping detected c\ulatmn potcnllals
corresponding to the lifting of the valence-clectron of helium from its normal orbit
to several distinet P-orbits; but 1 gather from a later paper by Franck that nobody
has been able to reproduce lhu result.  Olmstead and Compton discerned excitation-
potentials corresponding to the lifting of the electron of hydrogen from its normal
orbit to cach of the next six transient-sojourn orbits.

e
i

al
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ever, been discerned in the “fine structure” of the K absorption-edges
of the lighter elements (notably the elements from sodium to potas-
sium). lu the second place, the process of emission is different in
the two cases described by equations (1) and (3).  In the former
case, the rays were emitted as the valence-electron (or another re-
placing it, which comes to the same thing) redescended its ladder of
orbits; but wlhien a deep-lving electron is extracted, the resulting
rays are emitted because of rearrangements of the other internal
electrons of the atomie clectron-system, which occur irrespective of
whether the departed electron gquickly returns to the atom, or remains
a long time away.

I will now risk the making of a distinction which may eventually
turn out not to be the most natural or practical, by reserving the
name deep-lying electrons for those clectrons which lie entirely within
at least one completed electron-shell of an atom, and designating
the others (exclusive of the valence-electron, which has already been
set apart from the rest) as the shallow-lying electrons. 1t follows from
this definition that the first nine atoms of the periodic table, up to
fluorine (inclusive) possess only shallow-lying clectrons; the next
eight (Ve to Cl) have one sct of deep-lying clectrons, the A set; the
next cighteen (¢l o Br) have at least four sets of deep-lying clectrons,
the K set and three L-sets (the last three can be grouped as one). 1t
follows also that every instance in which an excitation-potential has
been measured, and the wave-lengths of the excited rays have also
separately been measured, is an instance in which a deep-lying electron
is involved. For example, the excitation-potentials involving extrac-
tion of the K-electrons have been measured from the top of the
periodic table down to the twelfth clement (Mg), over which range
they decline from 115,000 volts to 1100 volts; the excited waves
have been measured over the same range and down to the cleventh
element (Na), over which range they rise (for the principal ray) from
J10A to 11.8SAL At this point, and just before the K-electrons pass over
into the category of shallow-lying electrons at the ninth element, the
wave-lengths enter into the inaccessible range.  The wave-lengths of
the rays excited when one of the L electrons is displaced have been
measured from the top of the table down to the twenty-ninth element
(Cu) where, arriving at 13.3\, they too pass into the immeasurable
class.

The general consequence of all this is, that the excitation-potentials
involving shallow-lying electrons must be below 1000 volts; that,
conversely, the excitation-potentials observed between 25 volts and
1000 volts are chiefly those of excitations which consist in displace-
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ments of shallow-lying electrons; and finally, that the wave-lengths of
the excited rays lic below 13A, many of them in the inaccessible range,
some in the range newly opened to exploration. This is a most un-
fortunate coincidence, for instead of being able to apply laws which
prevail in other ranges to compensate for our inability to measure
wave-lengths in this range, we have to expect distinct laws within
it. Must shallow lying electrons be extracted altogether from the
atom if they are to be displaced at all or have they certain transient
sojourn orbits to some or all of which they may Dbe raised by electron-
impacts? Do the emitted rays result from a step-by-step return
of the displaced electron? or from a return in a single leap? or from
a rearrangement of the remaining electrons? or from a compounding
of changes of the two latter types? So long as the emitted wave-
lengths are not measured, these questions cannot be answered with
confidence.

Some little can be inferred from numerical relations among excita-
tion-potentials. MelLennan and Clark, for example, observed three
excitation-potentials of lithium, at 37.0, 31.8 and 12.0 volts. The
first two of these voltages stand nearly in the ratio of the first two
frequencies of the Lyman series in the hydrogen spectrum, which
suggested to the discoverers that the processes involved in the excita-
tions were the raising of a K-electron to the first and second of a
pair of transient-sojourn orbits, standing in the same relation to the
normal orbit of the K-electron as the orbits of energy-values — Rl 4
and — Rh/9 stand to the normal orbit of energy-value — Rk in the
hydrogen atom. That is to say, they conceive these excitation-
potentials to be comparable to resonance-potentials, and the K-
electron of lithium to behave like a valence-electron.  They also
found excitation-potentials of beryllium at 20.3 and 16.0, and of
boron at 27.92 and 23.45.  The ratio of cach pair of numbers is about
equal to the ratio of the first two [requencies of the Balmer-series,
suggesting that these are resonance-potentials of an L-electron; the
details of the analogy may be Jeft to the reader to work out. Each
of the latter clements displaved additional higher potentials, to he
associated with the K-electrons.  Rollefson lately discovered seven
excitation-potentials of iron in the range between 160 and 264 volts,
expressible by a formula (a—b n?) if the integer values 5, 6, 7, 8, 9, 10
and 12 are suceessively given to n. If these seven potentials corre-
spond to clevations of a certain shallow-lying electron to seven tran-
sient-sojourn orhits, the extraction-potential for this electron can be
caleulated by an extrapolation (so also in the cases cited from Me-
Lennan and Clark). Rollefson interprets certain other excitation-
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potentials as corresponding to celevations of certain deep-lying elec-
troats Lo transient-+ojourn orbits,

Some assistance in ideatifying the excitation-potentials of the light
atoms can be obtained by plotting the recognized excitation-potentials
of the heavier atoms, and also the frequencies of the rays excited;
plotting curves representing them as functions of atomic number;
and extrapolating the curves into the range of low atomic numbers.
The best procedure is to plot the square roots of the exeitation-po-
tentials and the emission-frequencies, as then the curves are nearly
straight lines (Moseley's law).  Some of these lines are shown in
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Fig. 10—Curves representing square roots of emission-frequencies of heavier atoms
as functions of atomic number. (Physical Review.)

Fig. 10 (from Kurth). Sinee the atomic numbers are laid off (contrary:
to usage) along the axis of ordinates, the lowest-lyving line represents
the highest recognized emission-frequencies (the A and Ky fre-
quencies, which actually are slightly different, but are not indicated
separately upon the graph). The next line, marked Kea, represents
another particular emission-frequency.  Excitation is the same for
every ray of this group, and consists in extracting one of the deepest-
lying or K clectrons of the atom; and the excitation-potential for the
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entire group, the K excitation-potential, is also represented by a
straight line, the K line, which may be taken as coincident with the
lowest-lying line in the graph, provided that we translate frequencies
into potentials by the relation V=hy/e (both frequencies and
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Fig. 11—Excitation-potentials of light clements, correlated with displacements
of K electrons. (Cf. footnote 20.)

potentials are laid off along the axis of abscissae). This K line, it
must be realized, extends the whole way from atomic number 92
to atomic number 12,

The circles upon the graph represent excitation-potentials inferior
1o 1000 volts, observed by Kurth.  Three of these lic very close to
the downward prolongation of the K line; the almost inevitable
inference is, that in these three cases the excitation consists in the
extraction of one of the clectrons nearest the nucleus.  The others
lie so much above the extended K-line that they must belong to a
distinct class. Many additional measurements have been made
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since this graph was published, and in Fig. 11 1 have set down all the
experimental values known to me which have been given for excita-
tion-potentials of the lirst ecight clements, omitting those which are
so small that they obviously do not belong to the A class.® The
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Fig. 12—Emission-frequencies of heavier and excitation-potentials of lighter elements,
correlated with L electrons. (Proceedings of the Royal Society.)

2 The data are from various sources, as follows. The dots for hydrogen and
helium represent the observed ionization and resonance potentials of these atoms.
The dots {or Be, B, C, N and O are at values of excitation-potentials given by Mohler
and Foote from experiments on gascous compounds of these atoms. All the other
data except llolweck’s are values of excitation-potentials for solids. The ecrosses
for Li and Be stand for the excitation-potentials observed by McLennan, the eircles
for the extraction-potentials of the K electrons which they infer {rom these data.
The eross for B represents three values lving so close together as to be indistinguish-
able ([rom Mel.ennan, Hughes, and lioltsmark) and the cross (or C also three
coincident values (Kurth, Richardson and Bazzoni, Holweck'. The circle lor B
is at the potential corresponding to a discontinuity in absorption, obscrved by
Holweck. The triangle for € is a value ohserved by llughes, and the eross [or O a
value from Kurth (obtained with oxidized copper). ~ No data for F or Ne are avail-
able. At Ve measurements on the wave-length of Ka and at Mg measurements
on the K absorption-edge ecommence.
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lower of the continuous straight lines coming downward from the right
is the prolongation of the A line from the heavier ciements downward;
the upper is the prolongation of the Ka line. The fact that these inter-
sect proves that linear extrapolation from the range of heavier atoms
is unjustifiable.

Reverting to the graph in Fig. 10, the problem of properly extra-
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Fig. 13 - Excitation-potentials correlated with M electrons. (Philosophical
Magazine.)

polating the L and M curves is clearly not so simple as it was for the
K curve; since they extend over shorter segments and do not come so
far down into the range of light elements.  In Fig. 12 (from Mcl.ennan
and Clark) the circles for the elements from number 3 to number 17
represent observed excitation-potentials which they attribute to
displacements of L clectrons; those for the elements from number 30
to number 69 represent the highest and the fowest recorded emission-
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frequencies of the L-series for these elements, frequency being trans-
lated into equivalent voltage by the same relation as above. As
for the excitation-potentials of the heavier clements, few measure-
ments on potentials of the L class have been made, and very few
indeed upon potentials of the M class—not nearly enough for an
extrapolation. The deficiency is partially compensated by calcu-
lating the L and M excitation-potentials from the K, L and M emission-
frequencies —an elaborate process, requiring a good deal of care in
measuring and properly interpreting the various emitted rays. In
this manner the potentials for the group of five M levels have been
estimated for the various clements from the ninety-second down to
the fortieth, and Horton has attempted to link onto them certain
excitation-potentials which he and others observed when bombarding
elements between number 20 and number 30 with electrons (Fig. 13).
The curves must be supposed to hend, somewhere between the thirtieth
and the fortieth clements; it is in this region that the A electrons
pass from the status of deep-lying to the status of shallow-lying
electrons. The excitations and emissions involving the shallow-
lying electrons of the heavy atoms form a complicated system, of
which the study has scarcely been begun, and will certainly prove
perplexing. When research in this feld is completed, each of the
excitation-potentials and cach of the emission-frequencies of every
kind of atom will be entered upon curves, each of the curves corre-
sponding to a definite and definitely-pictured process of rearrange-
ment in the atomic electron-system, and extending over all the atoms
of the periodic table which can be theatres of that process. This
achievement may be reserved for a later generation.
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An Electrical Frequency Analyzer'
By R. L. WEGEL and C. R. MOORE

SyNopsts: An apparatus has been developed by means of which it
is possible to measnre and obtain a permanent record of the frequency
components of an electric current wave. The deviee has two frequency ran-

20 to 1250 cycles and 80 to 5000 cycles; the amount of power required
s not in g&mml exceed St microwatts; and the lum necessary for
making a record is about 5 minutes.  An attachnient is provided which
permits of the making of simultancous harmonic analyses of two complex
waves in the same length of time.

In principle, the process consists in feeding the complex wave to be
analyzed into a sclective network, the essential feature of which is a
sh.:rpl\ tuned cirenit whose frequency of tuning is controlled by varying
the capacitance m small steps with a pneumatic apparatus, similar to
that in a player piano. A maximum of response of the circuit occurs at
each frequency of tuning which coincides with a component of the com-
plex wave. An antomatic photographic recorder of the response to cach
frequency of tuning is provided by mecans of which the frequency and
magnitude of cach component of the complex wave may be cbrained.
For convenience of operation, an automatic control apparatus pro-
vided, so that it is only necessary to connect the complex source or sources
10 be analyzed and press a starting button.  The completed record of the
analysis is delivered after the machine has passed through the entire range
of frequencics.

The application has so far been principally to problems in the com-
munication ficld such as the analysis of performance and distortion at
audio Irequencies of vacunm tube and mechanical oscillators and amgli-
fiers, analysis of complex telephone ves and speech sounds, and the
effect on a complex wave of transmission through electrical and acoustic
apparatus. In the power ficld many applications are obvious, such as
for example, quantitative comparison as to frequency content of the
voltage and current supplicd to and delivered by transformers, voltage
and magnctic tlux studies in generators and motors, commutation, and
the effect ol wave-shapes in power transmission line problems and con-
trol apparatus.

INTRODUCTION

HE harmonic analyzer described in this paper consists of

variable tuned circuit into which the complex current wave
to be analyzed is introduced, and an automatic recording apparatus
to register its response as the freqtiency of tuning is changed.

The first recorded use of a tuned circuit as an analyzer was by
Pupin in 18912 He analyzed power waves by measuring the response
of circnits tuned to each of the harmonic frequencies. 1t has becn
the practise for a number of years to determine the frequency char-
acteristics of currents and voltages on power circuits and noise on
telephone lines by means of a variable resonant circuit which includes
a telcphone receiver for listening.

! Presented at the Midwinter Convention of the A. 1. E. E., Philadelphia, Pa.,
Fcbruary 4-8, 1924.

* Resonance Analysis of Alternating and Polyphase Currents, Trans. A. [
‘ol. X1, p. 523
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During the recent war a rapid automatic method was developed
for varying the tuning of a circuit in such an analyzer in connection
with the analysis of sounds radiated by submarines. The analyzer
deseribed in this paper is in principle the same as this apparatus
but includes such improvements as were found desirable by experience
to increase the speed, dependability and convenience of use. The
present apparatus is capable of recording the frequency and mag-
nitude of ecach component in a complex wave between 20 and 1250

L "
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L u \J RECORDING
5 — L&y T T AMPLIFIER- METER
2 e e TONED CREWIT % RECTIFER
|< L—o++o o+to
I [ ~smeeos

Fig. 1—Schematic Analyzer Circuit

cycles or 80 and 5000 cycles in about five minutes. This analyzer
does not measure the phase of the various components but has the
advantage that the frequencies need not be simple multiples of the
fundamental as is the case with graphical analyzers. With this
apparatus it is possible to measure quite accurately component
frequencies as close together as about fifteen cycles at the lower end
of the range and about 200 cycles at the upper end of the range, and
to detect components as close together as three to five eycles at the
lower end and fifty cycles at the upper end of the range.

Prixcieris oF OPERATION OF THE ANALYZER

Fig. 1 is a schematic diagram of the essential clements of the
analyzer circuit. The wave to be analyzed is introduced at the
input terminals from which it passes to an input equalizing network
and to the variable tuncd circuit.  The tuned circuit consists of a
variable condenser of capacitance € and a coil whose inductance
is L and resistance R, The value of the capacitance € is varied in
small steps by an automatic device to be deseribed in the next section.
The inductance L consists of four identical windings on a toroidal
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core which, by means of a switch, may be thrown in series or in
parallel, thereby changing the value of the inductance in the ratio
of 16 to 1. With the same range of capacitance values this change
in inductance gives the two frequency ranges of tuning, 20-1250
cyvcles and S0-3000 cyeles. By means of the high-ratio  trans-
former 7' the response of this circuit is applicd to a vacuum tube
amplifier-rectifier and registered by means of the recording meter.
This circuit arrangement will analyze a complex wave by virtue
of the sclective shunting of current by the tuned circuit from the
input network.  The impedance of the source of the complex wave
is in practise maintained high in value at all frequencies compared
to that of the input network so that the input wave-shape is inde-
pendent of the small changes in impedanece of the analyzer due to
the varying of condenser €. The current fed into the analyzer trav-
erses two paths, the input network and the tuned circuit. The
impedances of these paths are respectively,
_ (Ry+jwly) juCy
—R|+jwl<1+] ijx
and Z=R+jwL+1 juC.

Z,

The transformer T introduces into the tuned circuit a small resistance
and inductance, both of which are negligible. The input network
impedance Z; varics gradually from 0.t ohms for direct current to
about 10 ohms at 5000 cycles. The values of the elements are:
R, = 04 ohms, L; = 0.075 milhenrics, C; = about 15 microfarads.
Impedance Z of the tuned circuit depends on the setting of the vari-
able condenser €. The resistance R of the iron-core coil, varies
with frequency; its values for the parallel connection are 0.7 ohms
for dircct current, 1.5 ohms at 2500 cycles and 4.2 ohms at 5000 cycles
The value of the inductance L for the parallel connection is 23.4
milhenries and is practically constant with change of frequency.
For the series connection both R and L are sixteen times as great.
The capacitance is varicd from about 200 microfarads to about
0.05 microfarads. It will be seen that for each capacitance value
there is a frequency, f,=1/(‘27r\/ZL‘). for which the tuned cir-
cuit impedance, Z, is R. For other frequencies Z is much greater
due to the reactance. An incoming current of frequency f, is, there-
fore, largely shunted through the tuned circuit while current of any
other frequency passes through the input network. In this way
if the capacitance C is varied gradually the tuned circuit will shunt
sclectively from the input network the successive components of
the complex wave.
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The special features of design of this analyzer circuit can be hetter
explained by reference to a typical record made by the apparatus.
Fig. 2 is the record of anal

s of the current from a buzzer which
vibrates with a frequency slightly under 160 per second and gives
an irregularly shaped wave which is shown in the accompanying
oscillogram. In taking this record the windings of the tuning in-
ductance were in parallel so as to give the frequency range 80-5000
cycles.  The vertical scale gives approximately the r.m.s. current
in milliamperes at cach frequency (as read on the horizontal scale)
at which a peak occurs. Tt will be seen that a peak occurs at each
multiple of the frequency of the buzzer. The r. m. s. values of input
current at the corresponding frequencies as read from the peaks on
the record are: 160, 1.6 milliamperes; 320, 1.6 milliamperes; 180,
1.25 milliamperes; 610, 1.2 miliamperes; 800, 1.45 milliamperes;
960, 1.25 milliamperes; 1120, 1.2 milliamperes; 1280, 1.1 milli-
amperes; 1440, 1.05 milliamperes; 1600, 1.0 milliamperes; 1760,
1.0 milliamperes; ete. The root square sum of all components
shows that 4.7 milliamperes was the effective value of the complex
current fed into the analyzer.

The fact that the 80-5000 cycle records read directly the current
at each frequency component is due to the special design of the
input network. A small correction is still necessary but can be
neglected except where maximum obtainable accuracy is desired.
If the input network were a pure resistance the higher frequency
components would produce relatively lower peaks because of the
falling off of cfficiency with frequency of the amplificr-rectifier cir-
cuit and the increase in resistance of the tuning coil. The input
network was designed empirically so that with constant input cur-
rent the voltage drop across the input terminals increases with fre-
quency in such a way as to compensate for these high-frequency
loss The tests to determine this were made by taking records
of single frequencies of known amounts.

ft will be seen that the frequency scale is gradually contracted
as the upper end of the record is approached. Owing to the in-
crease in resistance of the coil with frequency, the sharpness of tuning
of the analyzing circuit decreases with frequency. Each peak on
the record corresponding to a single frequency is a plot of the res-
onance curve of the variable tuned circuit. The sizes of the capa-
citance steps arc so adjusted that a sufficient number of points,
necessary to trace a resonance peak at all frequencies, is recorded.
The length of the record and the time required for an analysis are
determined by the number of points needed.
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When peaks on the record are so close together as to overlap
greatly, the reading on the scale is untrustworthy. [If, instead of
a rectifier and direct-current meter, an alternating-current meter
giving deflections proportional to total r.m.s. values, were used,
it would be theoretically possible to determine the component fre-
quencies and amplitudes making up any composite peak, provided
the number of frequencies could be determined. This procedure,
however, would be impracticable. An examination of the theory
of the rectifier shows that the problem of separation of the com-
ponents of a composite peak is in general indeterminate. The rec-
tifier however resolves adjacent peaks somewhat better than an
alternating-current meter.

The analyzer has been most used in the analysis of audio-fre-
quency currents for which the higher frequency range, 80-5000
cycles, is more useful. For the investigation of power problems the
lower range would ordinarily be more suitable. In order to sim-
plify the change from one frequency range to the other the tuning
inductance only, is changed, leaving the mechanism for varying the
capacitance in steps the same for both ranges. Since the inductance
change in going from the high to the low-frequency range is in the
ratio 1:16 and the change in the frequency range 4:1, the abscissas
on the low-frequency records have one-fourth the value of those on
the high-frequency records.

Since the smallest frequency divisions at the lower end of the
high-frequency records are 20 cycles, these divisions on the low-fre-
quency records are 5 cyeles. There are, therefore, four times as
many steps of tuning in the same frequency interval on the low as
on the high-frequency record. The low-frequency record is there-
fore not of minimum practicable length. Since the same input
network is used with the 20-1250 range as with the 80-5000 range,
the low-frequency records are not direct reading in input current,
but must be used with a calibration. Our use of the low-frequency
range, however, has been so limited as not to justify the preparation
of additional equipment for this use of the analyzer.

The apparatus is equipped with a device which permits of making
simultancons analyses of two complex waves. The principal reason
for making such double records is to reduce errors in comparing two
sources which may vary with time. The device may also be used
simply to save time. 1t operates by connecting alternately to the
analyzer the two complex waves in such a way that the record for
cach wave is traced by points representing alternate tuning con-
denser settings.
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The mechanism of the analyzer is so designed that to take a record
it is only necessary, after starting the amplifier and connecting to
a H-volt power source, to attach the leads from the source or sources
to be analyzed and press a starting button.  Fhe completed record
is then automatically delivered in about 5 minutes after which the
apparatus returns to the starting condition ready to repeat the
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Fig. 3—\rrangement of Pncumatic and Electrical Apparatus

operation. This is accomplished by means of pneumatic apparatus
operating in conjunction with a photographic recording device.

The pncumatic arrangement is a modification of a piano player
mechanism in which a paper roll of standard dimensions is used.
By proper perforation of the roll special pneumatic relays are operated
in proper sequence to switch the condensers of the tuned circuit,
flash frequency lines on the record, stop the mechanism after a record
has been completed, rewind the piano roll, and perform other func-
tions necessary to leave the analyzer in the starting condition.  Elee-
trical relays for switching the tuning condensers were not found prac-
ticable on account of the disturbances induced into the analy zer circuit.

The photographic recording apparatus consists of the camera
motor for moving the sensitized record paper at a constant rate
proper arrangement of lenses and lamps for illuminating the mirror
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galvanometer and tracing the scale and frequency lines, and suitable
baths for developing and fixing the record. The record is drawn
through the mechanism by means of two motor-driven rubber rollers,
which also serve to remove excess solution.

The development of the pneumatic switching apparatus was carried
out with a view to making use of as many standard piano player
parts as possible. However, it was found nccessary to make some

//MEHFAA GMS
¢ AIR COMPARTMENTS
| ]

0 HEADER —=— (=

T — TO HEADER
AND TRACKER BAR n

AND TRACKER BAR

SPRING

LEVER

Fig. 4—Pncumatic Relay

modifications in method and apparatus; in particular a new pneu-
matic motor clement (air relay) for switching the condensers at the
requisite speed had to be developed.

Fig. 3 is a schematic drawing showing the principal features of
the analyzer. In this drawing the vacuum pump is shown driven
by an clectric motor, and connected by means of pipes o the auxiliary
and main headers and relays.  This pump maintains in the headers
an absolute pressure of about L or 5 b, per square inch.  The player
piano roll £ operates the entire mechanism by passing over the
tracker bar in the usual manner. The air motor and tracker bar
equipment are substantially as supplied by the manufacturers except
that the reversing mechanism is arranged to be operated electrically
instead of by hand.

The cssential features of the air relay which was developed for
this analyzer may be better understood by reference to Fig. 4. A
cylindrical casting is arranged to mount two flexible diaphragms and
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two end plites in such a way

as to torm at cach end of the eylinder,
compartments, one side of cach ol which is a diaphragm. When
assembled the two diaphragms face cach other and are connected
together by a circular spring made of steel strip. Inouse the two end
compartments are partially evacuated thus causing the diaphragms
to pull apart, straining the spring.  When distended the diaphragms
lie against the inner faces of the end plates which are shaped
shown,  Obviously if air be allowed to cnter either of the compart-
ments the diaphragm belonging thereto will be pulled toward the
other diaphragm by the spring.  Passing through the circular spring
is a lever pivoted at one end and carrying on the other end an insulated
metallic sleeve.  This lever is not attached in any way to either
diaphragm and will of itself remain in position where last placed.
Switch points are mounted in such a way that the sleeve may he
forced in or out between them by the action of the diaphragms.
This relay has proved very satisfactory in service and is particularly
fast in its operation.

Connections between the tracker bar, main header, and the pneu-
matic relays are made by means of rubber tubing. As shown in
Fig. 3 cach of these relays requires two rubber tubes teading to the
main header and two from the header to the tracker bar.  These
tubes are connected to the header by means of stop cocks D so con-
nected that the direct passage of air from tracker bar to relay is
practically unobstructed but the passage leading from the junction
to the header may be made as small as desired by turning the finger
valve. As adjusted, the opening to the header s small compared
to the size of the tubes so that if air be permitted to enter one of the
tube lines (as at the tracker bar), the diaphragm of the relay asso-
ciated therewith is immediately released.  When the tube is closed
again, the entrapped air is soon removed through the small opening
leading to the header thus restoring the diaphragm to its original
position. The relay lever, however, does not follow the diaphragm.

This arrangement possesses the advantage that small openings
only are necessary in the player piano roll, and that the opening
which connects a condenser into the eircuit is not in line on the rolt
with the opening which disconnects this condenser.  Also at the
beginning of an analysis by suitable perforations in the roll all air
relays can be set simultancously in the off position (condensers
disconnected), thus making sure of the initial conditions. The
apparatus is so designed that all the openings causing condenser
circuits to close are on one side of the roll and those causing them
to open arc on the other side.
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As before mentioned the tuned circuit is made up of inductance
L, having some resistance R, and a bank of condensers designated
by C. The function of the “Condenser Relays™ is to connect into
the tuned ecircuit any one or any combination of the 25 fixed con-
densers, thus tuning the circuit in small steps over a wide range of
frequencics.  The input is fed into this circuit as shown at A, and
the degree of resonance, that is the response of the circuit at any

o

Fig. 5—VYiew of Analyzer Ready for Use

a - Input and tuned circuits d  Recording meter
b Amplificr-rectifier e—Control box
c—Camera motor f —Starting button

g—Reversing key

particular frequency of tuning, is measured by means of the small
transformer 7', the amplifier-rectifier and the recording meter.

In addition to operating the tuned circuit a few of the air relays
are used to operate the control circuits, mark frequency lines on the
chart, cte., uses which required slight modification as indicated
schematically in Fig. 3. In two of these control relays only one
diaphragm is used, and the switch lever and diaphragm are fastened
together by means of a flexible link. It has already been noted
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that the analvzer is cquipped to trace two curves simultancounsly
on a single record. This is accomplished by means of air relay B
which is so arranged as to conneet two sources of input alternately
to the analyzer. These input connections are alternated rapidly
and are effected by appropriate punching of the roll,

The above covers the essential features of the analyzer but there

a— lnput and tuned circuits h—Condenser re
b—Amplifier-reetifier i —llolding rclay

¢ ~Camera motor j —Frequency lamp relay
d  Recording meter k—DMlain control relay
¢—Control box { —Plate battery

f  Starting button m .\ir motor

Main header

remain a few details having to do with assembly, control, ctc., that
may be of interest.

Fig. 5 shows the analyzer as completed and ready to operate. The
apparatus is assembled on a two-deck, structural-steel table equip-
ped with castors for convenience in handling.  Much of the equip-
ment is inclosed for protection against moisture and dust.  The
recording meter, camera motor, amplifier-rectifier, control relays,
and input and tuned circuits are placed on the top. Below arc
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mounted the batteries, the vacuum pump with its motor, and the
tracker bar with paper roll mechanism. The arrangement is clearly
shown in Figs. 6 and 7 taken with the protecting panels removed.
In Fig. 6, a is a moisture-proof hox eontaining the input and tuned
circuits. The inductance coil is placed in the center of the upper
half of this box together with the switch for connecting the windings

Fig. 7 View of Analyzer with Pump Side Uncovered

a—Input and tuncd circuits ! —Plate batiery
B—Amplificr-rectifier n—DPump motor

¢~ Source-alternating relay Q- Reversing solenoid
d—Recording meter t —Series-paralfel coil switch
E—Paper roll v —\acuum pump

w—Tracker bar

in series or parallel.  The smaller capacitances are of mica and are
arranged around the coil and switch assembly in such a way that
they may be connected with a minimum length o lead to the air
relays which are located on one side of the box. The larger capae-
itance units are made up of paper condensers and are placed in the
lower half of the box. The metal lined box b contains the amplifier-
rectifier, and at d is shown the recording meter.  Box e contains the
control circuits with the necessary relays. The method of mount-
ing the air relays, main vacuum header (attached to underside of
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table top), air motor, cte., is also clearly shown in this figure. ach
air relay is equipped with two rubber tubes leading to adjustable
cocks on the header which in turn are connected to the tracker bar.
The three-control relays are also shown in Fig. 6. The vacuum
pump is shown at v in Fig. 7. The piano roll £ moves over the
tracker bar w and is reversed by means of solenoid Q. In boxes
I are placed the plate hatteries for the amplifier-rectifier.

The control apparatus by means of which the analyzer becomes
practically an automatic machine will now be described.  Referring
again to Fig. 3 it will be scen that there is provided an auxiliary
header and an electrically operated slide valve. The functions of
these devices will be discussed presently.

The machine is started by pressing the starting button which
should be kept closed for a few scconds while normal vacuum is
being established in the headers. The air motor then starts and
the paper roll E begins to travel across the tracker bar. Perfora-
tions in the roll are so made that when the roll is in its initial position
an opening allows air to enter chamber .V of the holding relay. As
soon as the paper starts, however, this opening is closed, chamber N
is exhausted, and contacts K close. This short-circuits the starting
button which the operator may now release, and the machine is in
full operation. It will be noted that the closing of the contacts of
the starting button or contacts K puts into operation motors which
drive the vacuum pump and the camera apparatus.  Simultaneously
recording meter lamp /I and scale-line lamp [ are lighted. The
latter illuminates the record through small holes in an opaque scale
strip thus marking horizontal lines due to the motion of the record.

As the roll E traverses the tracker bar, appropriate perforations
control the condenser relays so as to switch the proper condensers
into and out of the tuned circuit. Proper perforations also control
the frequency lamp relay which flashes frequency lines on the record
by means of Lamp G. Relay F is inserted in order to make the
flash of short duration.

The tracker bar-paper-roll apparatus was received as a unit from
the manufacturer and was installed after making modification in
the reversing mechanism as mentioned above. This was done in
the interest of automatic control.  The paper roll is kept in its proper
course over the tracker bar by means of an automatic adjusting
device such as used in practically all high grade player pianos.

As the paper progresses over the tracker bar a point is finally
reached where the last condenser connections are made and it be-
comes necessary to rewind the roll and to restore the entire mechanism
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to its starting condition.  This is accomplished by means of a per-
foration at the end ol the record which admits air to chamber M oof
the main control relay, thus closing contacts J. - Relay S then operates
since its circuit to ground is completed throngh contacts 2. Oper-
ation of relay S opens contacts 17 thus disconneeting lamps 17 and
I, and closes contacts U and 170 1t will be seen that the closing of
contacts, {7 operates the reversing mechanism, and rewinding of the
roll begins immediately. ‘The closing of contaets 17 operates the
slide valve thus releasing the vacuum on the main header, allowing
the roll to be rewound with minimum meehanieal drag.

It may be noted that means are also provided for rewinding the
roll from any point in its forward travel by admitting air manually
at the reversing key. This will cause the main eontrol relay to
operate so that rewinding will begin.  Vaeuum is kept on the aux-
iliary header during the rewind so that control of the analyzer may
be maintained to the end of the operating cycle.

When the paper has been completely rewound perforations allow
air to enter simultancously chamber O of the main control relay and
chamber .V of the holding relay. This aetion opens eontacts J and
K, thus bringing the entire mechanism to rest in its initial starting
condition.

APPLICATIONS

To show the variety of problems in which the analyzer is a useful
means of investigation, a few illustrative reeords have been made
and will be discussedd. These records were taken in each case to
illustrate the use of the analyzer and are not parts of investigations
to which they are related. They cannot, therefore, be taken as
representative of the performance of the apparatus tested.

One of the uses of the analyzer has been in the study of the per-
formance of microphone buttons. Fig. 8, for example, illustrates
the character of the distortion in a button when driven at an exeessive
amplitude. The button was mounted so that its movable electrode
could be driven at a single frequency by a very heavy reed at its
natural frequency so that the motion was very nearly sinusoidal.
The frecquency of the motion was a little less than 450 eycles cor-
responding to the second peak on the record. The amplitude of
motion was 0.001 centimeters or 0.0004 inches which is of eourse
much greater than normally obtains in a transmitter. The cireuit
consisted simply of the button and a battery in series with the ana-
lyzer so that the record is an analysis of the current tluetuations in
the button. The record shows two series of frequencies generated
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by the button; a primary series having for its fundamental the
driving frequency, B0 cyeles, and a subsidiary series, haviong for
its fundamental halt the deiving frequency or 225 eyeles. The even
harmonic components ol the scecondary series coineide, of course,
with the frequencies of the primary series. The primary series can
be accounted for by the fact that with such large amplitudes the
changes in resistance are not a lincar function of the amplitude of

ovnes
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Fig. 11—Analysis of Organ Pipe Tones

motion. The subsidiary series is due to the non-symmetrical cffect
of the inertia of the carbon grains in vibration, the motion being so
violent that some of the grains are thrown free from their contacts.
For small amplitudes such as those ordinarily encountered in a trans-
mitter, a record would show only 450 cycles, the other frequencies
occurring in negligible amount; for intermedinte amplitudes the
primary series only occurs.

The analyzer has been used in connection with the study of sus-
tained sounds and of the performance of acoustical apparatus. Fig. 9
is a record of the noise in a room originating from a buzzer as
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picked up by a condenser transmitter?  The reverberation in the
room probably had a Lirge effect on the character of this record.
With such a source of fiequency the analyzer may be used to study
the acoustics of rooms,  Fig. 1 is a record of the same noise as in
Fig. 9 but as picked up by a common type of telephone receiver
placed in the same position as the condenser transmitter. .\ com-
parison of Figs. % and 10 will show the inadaptability of such a reeciver
for use as a transmitter.  The receiver, owing to the resonance of
its diaphragm, is seen to be relatively sensitive in the region of 60U
to SO0 cveles and insensitive at most other frequencies.  \When this
instrument is placed against the ear, as when used as a receiver,
the diaphragm resonance is damped so as 1o give more nearly uni-
form response.

By weans of the calibration of the condenser transmitter and its
amplifier, it is possible to make an analysis of the absolute intensity
of a sustained sound in the air.  This method has been used to study
the frequency characteristics of musical instruments.  Fig. 11 shows
the analyses of three low-frequency organ pipes. These are plots
of r.m.s. pressure change in the sound wave as obtained from the
analyzer records.  lZach vertical line corresponds to a peak on the
original record.  The upper chart shows the almost pure tone given
hy a tl-ecycle Bourdon pipe. In the case of the eello pipe, also hayv-
ing a fundamental of 61 cycles, the third harmonic is seen to be more
prominent than the fundamental or second harmonic. The third
chart is for a 128-cycle trombone pipe which was found to be rich
in harmonies. The pressure in the single components of the cello
and trombove pipes is less than in the case of the Bourdon pipe,
and a larger scale of ordinates is therefore used.

To illustrate the use of the attachment which permits the making
of two simultaneous analyses, a few double records will be presented.
M electric wave filter which has been used in the study of telephone
quality was connected to the buzzer source whose output is shown
in Fig. 2. Simultancous analyses of the current delivered to and
transmitted through the filter are shown in Fig. 12. This filter is
designed to pass all frequencies below 1000 eyeles and to suppress
all others. The input is represented by a more or less continuous
series of peaks along the entire length of the record.  The peaks
corresponding to the output coincide rather closely with the input

3°A Condenser Transmitter as a Uniformly Sensitive Instrument for the Ab-
solute Measurenmient of Sound Intensity.” 15, C. Wente, Physical Review, July 1917,

“The .\mm\m and Precision of the Electrostatic Transmitter for Measuring
Sound Intensitics.””  E. C. Wente, Physical Review, May 1922,
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peaks for all frequencies below 1000 cyeles and are not detectable
for the higher frequencies.

Iig. 13 1s a double record showing the analysis of the wave from
a buzzer as fed into a common type of loud speaking receiver and
the acoustic output as picked up by a condenser transmitter placed
in front of it at a distance of about 15 inches. The analysis of the
input current wave to the loud speaker is shown by the comparatively
continuously decreasing series of peaks. The acoustic output is
represented by the series having maxima in the neighborhood of
SO0 cycles and 2200 cycles. This record cannot be taken as an
adequate analysis of this loud speaker because of probable reverhera-
tion effects in the room.

The analyzer has thus far not been used in the study of power
problems. A few illustrative records have been taken, however,
on transformers and generators and will be shown as suggestive of
the use of this method of attack insuch problems.

Iig. 14 is a double record showing applied voltage and exciting
current of a small 110-volt, 60-cycle transformer operating at normal
voltage and frequency under the no-load condition. The presence
of the well known third and fifth harmonies in the exciting current
is clearly shown. Because of the rise in the calibration curve of
the analyzer at the low end of the lower frequency range, a scale
of ordinates is not shown on this record. Instead, the values of the
analyzer current at each frequency arc noted on the record. The
circuit used in making this record is drawn on the figure. A com-
putation of the components of the exciting current from the record
and constants of the circuit shows that at 60 cycles the current was
175 milliamperes, at 180 cycles, 65 milliamperes and at 300 cycles,
17 milliamperes. The total r. m.s. exciting current was therefore
187 milliamperes.

The operation of this transformer under full load is shown in Fig.
15, where, as before, the primary voltage and current are analyzed.
The transformer load consisted of a pure resistance. It will be noted
that the third and fifth harmonics have become very small com-
pared with the fundamental. The analyzer currents at cach fre-
quency are again noted on the record. In obtaining the analysis
of the current it was necessary to further shunt the analyzer. The
primary currendt was 310 milliamperes.

Problems relating to commutation may also be conveniently
studied qualitatively and quantitatively by mecans of the analyzer.
The use of an apparatus which will indicate the source and measure
the extent of parasitic frequencies is obvious. Information has
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been obtained on a small machine direct-driven by a ':-h. p., t-cycle
single-phase motor.  Data of importance relating to the generator
tested are as follows:

Capacity of tGenerator 1y kw

Number of Poles. . . 2

Speed . . . 1725-1800 r. p. m.
Voltage A

Field.. . . 5 ) Shunt-connected
Diameter of Commutator. . . e

Number of Commutator Bars 38

Number of Armature Slots . 19

Size of Brush ... o 3§ in. square
RakONS oy - s Ring type

Records obtained from this machine when operating under no-
load and half-load conditions are shown in IFigs. 16 and 17, respec-
tively. The corresponding speeds are  approximately 1800 and
1750 r. p. m.  In order to show what frequencies the machine gives
out over the entire range 20 to 5000 cycles each figure is made up of
two parts: a portion of a 20-1250 record and a complete record over
the range S0-3000 cycles.  On each figure is drawn the circuit con-
necting the d-c. generator to the analyvzer. Tt will he noted that
a large condenser is inserted to prevent the passage of heavy direct
current through the analyzer.

The consideration of these records leads to the conclusion that
there are at least three independent major causes of alternating
voltage operating in this d-c. machine. The fundamental frequencies
due to these causes are 30, 60 and 570 cyeles. 1t will be noted that
the B30-cyele peak occurs only on the no-lvad record under which
condition the average speed is practically 30 revolutions per scecond.
Sixty cyveles and a series of its harmonic overtones are scen to be
present under both conditions of load.  Under load the 60 cyeles is
angmented whereas its harmonics are reduced.  No harmonic over-
tones of 30 cyeles except such as might coincide with the harmonics
of 60 eveles are found in either case.  This indicates the existence of
independent canses of the 30 and G0-cyvele frequencies, that the 30-
cyvele cause produces an almost sinnsoidal voltage, and that the 60-
cvele cause under no load produces an irregular wave which becomes
smoother as the machine is loaded.

The no-load record, Fig. 16, shows 570 eyeles with no harmonics
while the lowd record, Fig. 17, shows 570 cycles with a complete series
of harmonics. This indicates that at no load the cause of 570 cycles




322 BELL SYSTEM TECHNICAL JOURNAL

feeds a relatively smooth wave to the line while under load this
cause feeds an irregular wave to the line. The fact that 1140 cycles
is about as strong as the fundamental and that its harmonics are
stronger than alternate ones which are overtones of 370 only, sug-
gests the likelihood of a fourth cause having a frequency of 1110
cycles.  Small irregularities at frequencies other than those already
mentioned occur in the record. These are more prominent under
load than at no load and indicate the presence of small, more or less
irregular pulses, which increase with load. All of the above fre-
quencies may be accounted for by a consideration of the construction
and operating condition of the machine.

The generator was driven by a single-phase, 1-pole, 60-cyele motor
which may give rise to torque fluctuations once per revolution, or
30 times per second.  Under no load this may produce considerable
corresponding fluctuations in speed while under load conditions the
gencrator acts as a damper, climinating these oscillations.

The 60-cvele peak may be due to any one or some combination
of a number of causes, e. g., cccentricity of generator armature, non-
uniform winding, non-uniform thickness of mica separators in com-
mutator, high mica between one or more pairs of segments, ete.
The records show that for this particualr machine in its present con-
dition (new) at normal speed the 60-cyele voltage developed increases
considerably with load indicating strongly that the cause is largely
influenced by an I R drop somewhere in the machine. The most
likely causes thercfore appear to be commutator eccentricity, irregular
spacing of the segments, or high mica.

The peak at 570 cycles may be accounted for by cvelic variation
of flux entering the armature core as the teeth pass the pole faces.
At no load the speed is approximately 1800 r. p. m.  The number
of teeth being 19, it is obvious that there will he 570 fluctuations of
air-gap reluctance per second.  Under no-load conditions the record
shows a comparatively pure wave form for this cause. This is to
be expected because of the comparatively uniform distribution of
flux under the pole faces at no load. As the machine is loaded,
however, the fickl is distorted and shifted giving rise to ar irregular
wave form of voltage which is responsible for at least a part of the
large harmonic content shown by the load record.

The presence of THO-cyele peak which is present only under the
load condition may he due to the eyelic variation of voltage produced
by the commutator bars leaving the brushes.  Inasmuch as the speed
is roughly about 29 revolutions per second the frequency with which
bars leave brushes is about 1100 cycles. This frequency is present
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under the load condition ouly, thus indicating that it is due to an
I R drop at the brush contacts or to an e. m. [ developed in the short-
circuited coil with the brush oft the magnetic neutral.

The very small irregularities on the record shown particularly
between peaks above 350 eyveles on the load record are probably due
to slight chattering of the brushes.

bt is of interest to note that the so called frequency of commuta-
tion does not appear in cither of the records. For this machine this
frequency at no load is approximately 316 eyveles per second.

From these records it is possible to determine the rom. s vadue
of the alternating voltage at any frequency of interest. Fhis is
computed from a knowledge of the circuit constants and analyzer
impedance.  We thus obtain for the 530-cvele peak (Fig. 171 a value
of 0.8 volts and for the 60-cycle peak a valuce of 1.1 volts.

In general the records taken by means of the analyzer on this
commutating machine. confirm quantitatively the well known fact
that such machines may give rise to frequencies in the audible range.
Consideration of the records indicates that these frequencies may
be divided into two classes:  FFirst, those pertaining to and controlled
by design, and sccond, those caused and controlled by the physical
condition of the machine at any particular time. It is also interest-
ing to note that the driving motor may produce an appreciable effect,
particularly under the no-load condition.

SUMMARY

In the above paper there has been given a short statement of the
theory and construction of an automatic, recording, clectrical fre-
quency analyzer, together with illustrations showing its use and
limitations in various fickls.

This apparatus has been found very useful in the laboratory in
the investigation of many different types of problems chiefly hecause
of the ~peed with which records can he made and harmonic analyses
obtained without computation.

In conclusion the authors wish to express their appreciation to
Me. C. 15 Lane and Mr. C. E. Dean, of the Western Electric Com-
pany, Inc., for their assistance in the building of this machine and
the preparation of this paper



Certain Factors Affecting Telegraph Speed

By H. NYQUIST

Svxorsis:  This paper considers two fundamental factors entering
into the maximum speed ol ‘transmission of intelligence by telegraph.
These factors are signal shaping and choice of codes. ‘The first is con-
cerned with the best wave shape to be impressed on the transmitting
mcdlum $0 as to permit of greater speed without undue interference either
in the circuit under consideration or in those adjacent, while the latter
deals with the choice ol codes which will permit ol transmitting a maxi-
mum amount of intelligence with a given number of signal elements.

It is shown that the wave shape depends somewhat on the type of
circnit over which mlclhgcna is to be transmitted and that for most
cases the optimum wave is neither rectangular nor a hall cycle sine wave
as is [requently used but a wave ol special form produced by sending
a simple rectangular wave through a suitable network., The impedances
usually associated with telegraph eireuits are such as to produce a fair
degree of signal shaping when a rectangular voltage wave is impressed.

Consideration of the choice of codes show that while it is desirable to
use these involving more than two current vatues, there are limitations
which prevent a large number ol current values being used. A table of
comparisons shows the relative speed cfficicncies ol various codes pro-
posed. It is shown that no advantages result [rom the use of a sine wave
lor telegraph transmission as proposed by Squier and others® and that
their arguments are based on erroneous assumptions.

SIGNAL SHAPING

EVERAL different wave shapes will be assumed and comparison
will be made between them as to:
Excellence of signals delivered at the distant end of the circuit,
and

2. Interfering properties of the signals.

Consideration will first be given to the case where direct-current
impulses are transmitted over a distortionless line, using a fimited
range of frequencies. Transmission over radio and carrier circuits
will next be considered. Tt will be shown that these cases are closely
related 1o the preceding one because of the fact that the transmitting
medium in the case of cither radio or carrier circuits closely approxi-
mates a distortionless line.  Telegraphy over ordinary land lines

! Presented at the Midwinter Convention of the . 1. 150 {2, Phitadelphia, %a.
February 4-8, 1924, and reprinted from the Journal of the .\ 1. . 15 Vol, 43, p.
124, 1924.

AL C Crehore and G. O, Squier. A Practical Transmitter Using the Sine
\\.nc for Cable FL le meln ind Mcasurements with Alternating Carrents upon
an Atlantic Cable.” AL L E ‘rans., Vol. XV1L, 1900, p. 385.

G. O. Squier. “On \n £ nlunh n Alternating Current for Cable Telegraphy.”
Prac. Phys. Soc., Vol. XXVII, .

G. 0. Squier. A \Iuhml o! lmnsnumm: the Telegraph Alphabet Applicable
for Radio, Land Lines, and Submarine Cables.”  Frankiin Inst., JI., Vol. 195, Nay
1923, p. 633.
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employing direet currents will next be considered. This will be fol-
lowed by a consideration of the more complicated case of trans-
mission over long submarine cables.

It will be shown that the waves produced by sending rectangular
signal elements through suitable clectrical networks which round
them off before they are impressed on the transmitting medium are
probably best in most cases. Comparsion will be made between
waves shaped by sending rectangular signal clements through suitable
networks and waves made up of hall eycles of a sine wave, bringing
out the inferiority of the latter.

DirEcT-CURRENT TELEGRAH TRANSMISSION OVER A
DISTORTIONLESS LINE

Before proceeding with this discussion two terms, which will be
used in this paper, and which are considered to be of fundamental
importance, will be defined — “signal clement” and “line speed.” It
is usually possible, especially when sending is done mechanically,
to divide the time into short intervals of approximately equal duration,
such that each is characterized by a definite, not necessarily constant,
voltage impressed at the sending end.  The part of the signal which
occupies one such unit of time will be called a “signal element.”
For example. the letter a in ordinary land telegraphy will be said to
be made up of five signal elements, the first constituting a dot, the
second a space and the next three a dash. The “line speed,” as
used in this paper, cquals the number of signal elements per second
divided by two.  [n ordinary land telegraphy the line speed is equal
to the dot frequency when a series of dots separated by unit spaces
is transmitted.

The discussion will first be limited to the case of direct-current
telegraphy over a distortionless line.  This case is the simplest, and
in addition the results will aid in understanding the more complex
cases. [t may aid in obtaining an understanding of this case to
assume that the distortionless line is made up simply of series and
shunt resistances.

A distortionless line, such as the one which has heen assumed,
will transmit all frequencies with equal etheiency from zero upwird.
In considering applying direct-current telegraph to this line, it will be
assumed that the telegraph cirenit will have assigned to it only a
limited range of frequencies from zero upward, the remaining fre-
quency range being assigned to some other nses, such as ordinary
telephone and carrier telephone and telegraph. 1t will also be as-
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sumed that the direct-current telegraph circuit is worked at as high
a speed as the frequency range assigned to it will permit.

A number of different wave forms which might be employed to
make up the telegraph signal elements will next be examined, con-
sideration being given first to the waves which will be received at the
distant end when the different wave forms are impressed at the trans-
mitting end and second to the interference which will be produced
in the higher range of frequencies which has been assigned to other
uses.

Three forms of voltage waves which will be considered are shown
in Fig. 1. 2 in that figure shows the simplest form of voltage wave,
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A—Rectangular Voltage Wave

B-—llalf Cycle of Sinusoidal Voltage Wave

C—Rectangular Voltage Wave Modified by Being Passed through Network
Shown at D or E.

namely, the ractangular form which is produced by applying a battery
for a given interval of time and then substituting a short circuit
for it. C in the figure is the wave produced by transmitting the
rectangular voltage wave A through an eclectrical network which is
the one indicated by the letter D in the figure. (Other forms of
networks might also be selected which would produce similar results.)
B in the figure is a wave which has the shape of a half cyele of a sine
wave.,  In what follows this wave will he referred to as the “half-
cycle sine wave.”

In considering the waves which will be received when the above
waves are applied at the transmitting end, use will be made of the
following general principles, which have been stated by Maleoln,?
for the case of a submarine cable circuit and discussed for the general
case in Appendix A.

311 \W. Malcolm. “Theory of the Submarine Telegraph and Telephone Cable.”
The Electrician Printing & Publishing Co., London, March 1917,
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When a telegraph cirenit is worked at a line speed as high as will
be permitted by the available frequeney range, the shape of the
received signal will be practically independent of the shape of the
transmitted signal, and firther, the magnitude of the received signal
will be approximately directly proportional to the area included
within the impressed voltage wave.

The arca included within the impressed voltage wave being of
principal importance so far as the wave received at the distant end
is concerned, the arcas under the three voltage waves shown in Fig. |
will next be examined. The areas under waves 2| and C will be found
to be substantially equal while the area under the wave B is only
about 0.6 as great. Consequently, it should be expected that waves
< and C will be about equally good from the standpoint of the received
signals, while wave B will be poorer, producing reccived signals only
about 0.6 as great in magnitude. 1f the maximum voltage (or power)
impressed at the sending end is limited to some given value, the rec-
tangular wave is seen to be the optimum, sinee this wave has the
maximum area. \While the area shown under curve C is approxi-
mately equal to that under the rectangular wave, the cffect produced
when a number of signal elements of the same polarity and magni-
tude are sent in succession is such that the maximum voltage trans-
mitted will exeeed slightly the corresponding voltage for the case
of the unmodified rectangular wave due to overlapping of adjacent
signal elements.

The above comparison of the three waves of Fig. 1 from the stand-
point of received signals holds not only for signal elements, but also
for complex waves comprising a number of elements. Since far the
speeds under consideration the received currents for different shapes
of signals applied at the sending end are substantially of the same
form, differing, at most, in magnitude, it follows from the prineiple of
superposition that any complex signal, whether built up of elements
of one shape or another at the sending end, will produce substantially
the same wave form at the receiving end, the differences in the shapes
of the elements at the sending end producing differences principally
in magnitude of the received waves.

Consideration will next be given to the relative interference which
the different wave forms of Fig. 1 will produce in the frequency range
assigned to other eircuits. Since interference into other cireuits
results from having the telegraph signal elements contain frequencies
which spread into the ranges assigned to other circuits, it is evident
that the wave will be the best from the standpoint of interference
which contains the least amount of these outside frequencies. By
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making use of a method which is discussed in Appendix C, the fre-
quency components of the three waves illustrated in Fig. 1 have been
computed and are shown in Fig. 2. The frequency marked 127
in the drawing equals the line speed. 77 in this connection has the
same value as in Fig. 1. The letters in this figure refer to the corre-
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A4 Frequency Components of a Single Dot, Rectangular Wave

B—Irequency Components of a Single 1alf ¢ vele of a Sine Wave

C Frequency (mnpumnu of a Single Dot, Rectangular Wave Passed through
Network Shown in Fig.

sponding waves in Fig. 1, A being the components of an isolated
rectangular wave, B the corresponding components for the half-cycle
sine wave, and € those for the rectangular wave after it has been
transmitted through the network D in Fig. 1. It is seen from Fig. 2
that the rectangular wave form < contains the greatest amount of
currents of higher frequencies and is, therefore, the poorest from
the standpoint of interference. The half-cycle sine wave contains
less of these higher frequencies although, as will be seen, the high-
frequency components are far from negligible. The wave € is the
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best from the standpoint of interference, since it contains the least
amonnt of these higher frequencies.

IFrom the preceding it is conchuded that for the case under con-
sideration, the wave form € in Fig. 1 produced by sending a rec-
tangular shaped signal clement through a suitable network is the
most suitable.  This wave formi is almost the optimum from  the
standpoint of the received signals while from the standpoint of inter-
ference into other circnits it leaves little to be desired.

CARRIFR AND Ranto

The results for the distortionless line are particularly applicable
to the cases of radio and carrier telegraphy because in these cases
we have a transmitting medium which is substantially distortionless.
We may again make use of Fig. 1 o illustrate three possible voltages,
it being understood thit these curves represent the envelope or outline
of the transmitted currents which are in reality of a frequency con-
siderably higher than the signaling frequency.  1f now we limit con-
sideration to the case where the carrier frequency is located in the
middle of the transmitted frequency band, then, this case becomes
very similar to the direct-current case and what has heen said about
the received wave shape being independent of the transmitted one
and its magnitude being directly proportional 1o the area under the
transmitted voltage curve still holds.  One important difference is
that, whereas in the direct-current case the network shown at D,
Fig. 1, is used in the alternating-current case having the carrier
located in the middle of the free transmitted range, the network
shown at E, Fi

ig. 1,is used. A\ further difference is that in the case
of radio where very high frequencies are involved, it may not he
practicable 1o construct the required networks.  In that case, how-
ever, it is practicable to produce the corresponding direct-current
wave and utilize it 1o modulate the radio wave.

What was said about interference from the circuit in question
into other circuits in the dircet-current case above also holds for the
cas¢ of radio and carrier with the difference that whereas Fig. 2
shows a band of frequencies extending from zero up, the corresponding
curve in the case of radio and carrier consists of two such bands,
The complete curve for radio and carrier is substantially symmetrical
with respect to the ordinate corresponding to the carrier frequency,
and the right-hand portion is similar to the curve shown in Fig. 2.
It will be obvious that the rectangular wave and the half-cycle sine
wave are hoth objectionable, as voltage waves to be applied to the
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transmitting medium, because they contain frequency components
which may easily extend into the range allotted to neighboring carrier
bands. For this reason it is customary in carrier telegraph practise
to make use of a transmitting filter to cut off these interfering fre-
quencies. The voltage impressed on this filter is substantially
rectangular in outline but after passing the filter it has a shape which
is approximately similar to curve C in Fig. 1, and which, therefore,
produces less interference than a half-cycle sine wave.

LAND LiNES

The case of land lines is somewhat different from the case discussed
previously because it is not cconomically desirable to utilize the full
frequency range available. In other words, the great expenditure
for terminal apparatus that may be proper in the case of submarine
cables and long distance radio circuits is not warranted. In land
circuits the highest frequencies transmitted are considerably greater
than the required line speed. When this is the case, it is usually
possible and desirable to make use of the available range (o increase
the steepness of the received wave. A steep wave front resnlts in
prompt operation of the receiving relay and this in turn results in
minimum distortion. If a half-cycle sine wave were to be employed
instead of the usual rectangular wave or if a network were to be
employed which were to round off the wave to the extent indicated
in Fig. 1, the received wave would necessarily lose a great part of its
steepness and as a consequence the response of the receiving relay
would be less positive and the signals would be distorted. It will, of
course, be understood that by means of suitably proportioned net-
works the wave can be rounded just enough to meet the interference
requirement, still retaining sufficient steepness to insure prompt
operation of the receiving relay. Therefore, rounding by means of
networks is preferable.

If it should be desirable and practicable to utilize the frequency
range to its fullest, what has been said above about a distortionless
line holds without any substantial modification and it would, in
that case also, be more advantageous to use a wave ronnded by means
of suitable networks than to impress on the line a wave of the half-
cycle sine form.

SuBMARINE CABLES
In the case of submarine-cable telegraphy, there is a limitation on

voltage which has not been emphasized in the simple direct-current
case discussed above. The voltage which may be impressed on the
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cable i~ lintited to a definite value,  Moreover, {or certain reasons, the
cable has an impedanee assoctated with it at the sending end which
nay make the voltage on the cable dilfer from the voltage applied
to the sending-end apparatus.  Inasmuch as the limitation in this
case is voltage limitation at the cable, the ideal wave is one which
applies a rectangular wave to the cable rather than to the apparatus,
because it insures that the arca under the curve should be the maxi-
mum consistent with the imposed limitations. 1t would be possible
to make the transmitting-end impedance approximately  propor-
tional to the cable impedance throughout most of the important
range.  Thiz would insure that the wave applicd to the cable would
have approximately the same shape as the wave applied to the ap-
paratus. It would probably be desirable for practical reasons to
make this impedance infinite for direct current.

In connection with the submarine cable a speeial kind of inter-
ference is particularly important, namely, that due to imperfect
duplex balance. For a given degree of unbalance, the interference
due to this source may be reduced by putting networks either in the
path of the outgoing current or in the path of the incoming current.
These facts, together with the frequency distributions deduced above
for cach of the several impressed waves as exhibited in Iig. 2, make
it apparent that the beneficial reaction on the effect of duplex un-
balance, which can be obtained by the use of a half-cycle sine wave
instead of a rectangular wave, can he obtained more effectively
by the use of a simple network, either in the path of the outgoing
or in the path of the incoming currents.  Either of these locations is
equally cffective in reducing interferences from duplex unbalance,
but the location of the network in the path of the outgoing current
has the advantage that it decreases the interference into other circuits,
whereas the location in the path of the incoming current has the effect
of reducing the interference from other eircuits.

Before leaving the matter of submarine telegraphy, it may be well
to point out that it is common in practise to shorten the period during
which the battery is applied so as to make it less than the total period
allotted to the signal clement in question. For instance, if it is
desired to transmit an e the battery may be applied for, say, 75 per
cent. of the time allotted to that e and during the remaining 25 per
cent. the cirenit is grounded. The resulting voltage is shown in
Fig. 3F. [rom the foregoing, it is concluded that this method is less
advantageous than the application of the voltage for the whole period,
because while the shape of the received signal is substantially the same
in the two cascs, the magnitude, being proportional to the area under
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the voltage curve, will be less. A cursory examination of the litera-
ture does not disclose that anything has been published on the experi-
mental side either to confirm or to oppose this result.

Cnoice oF CobEs

A formula will first be derived by means of which the speed of trans-
mitting intelligence, using codes employing different numbers of
current values, can be compared for a given line speed, i.e., rate of
sending of signal elements.  Using this formula, it will then be shown
that if the line speed can be kept constant and the number of eurrent
values increased, the rate of transmission of intelligenee ean be ma-
terially increased.

Comparison will then be made between the theoretical possibilities
indicated by the formula and the results obtained by various codes in
common use, including the Continental and American Morse codes as
applied to land lines, radio and carrier circuits, and the Continental
Morse code as applied to submarine cables. 1t will be shown that the
Continental and American Morse codes applied to circuits using
two current values are materially slower than the code which it is
theoretically possible to obtain because of the fact that these codes
are arranged so as to be readily deciphered by the ear. On the other
hand, the Continental Morse code, as applied to submarine cables,
or other circuits where three current values are employed, will be
shown to produce results substantially on par with the ideal. Taking
the above factors into account, it will be shown that if a given tele-
graph circuit using Continental Morse code with two current values
were rearranged so as to make possible the use of a code employing
three current values, it would he possible to transmit over the re-
arranged circuit about 2.2 times as much intelligence with a given
number of signal elements.

It will then be pointed out why it is not feasible on all telegraph
circnits to replace the codes employing two current values with others
employing more than two current values, so as to increase the rate
of transmitting intelligence.  The circuits, for which the possibilities
of thus securing increases in speed appear greatest, are pointed out,
as well as those for which the possibilities appear least.

THEORETICAL PossiBILITIES USING CODES WiTH DIFFERENT
NumBtERs OF CURRENT VALUES

The speed at which intelligence can be transmitted over a telegraph
circuit with a given line speed, i.e., a given rate of sending of signal
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elements, may be determined approsimately by the following formula,
the derivation of which is given in Nppendiv B,

W=K |ng nt

Where H s the speed of transmission of intelligence,
m is the number of current values,
and, K is a constant.

By the speed of transmission of intelligence is meant the number of
characters, representing ditferent letters, figures, ete., which can be
transmirted in a given length of time assuming that the circuit trans-
mits a given number of signal clements per unit time.

Substituting numerical values in this formmla gives the following
table which indicates the possibilities of speeding up the transmission
of intelligence by increasing the number of current values.

Relarive Amount of

Imelligenee which can
be Transmitied with a

Number of Current Given Number of
\alues Employed Signal Elements

4 1H0

3 138

4 200

5 230

3 300

16 400

This 1able indicates that there is considerable advantage to be
secured in going to more than two current values where the circuits
are such as to permit it and where the line speed 1s not lowered as a
result.  The limitations will he outlined below. 1t should also be
noted that whereas there is considerable advaniage in a moderate
increase in the number of current values, there is little advantage in
going 1o a large numler.

Cobes Now N Comyox Usg — CoMPARISON WiTIE [pEAL

In the case of printer eodes, the theoretical results derived corre-
spond closely to practise, as will be obvious from the method of
deriving the formula.

In order to compare the theoretical possibilities indicated by the
formula with the results which are obtained when non-printer codes
are constructed, several codes were assumed, and for each one the
number of signal clements required to produce an average letter
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was deduced.  The method of doing this is sct forth in Appendix D.
This work resulted in the following table:
Relative Number

Signal of Letters for a
Elements Given Number of
per Letter Signal Elements
American Morse (two current values) ... 8.26 4
Continental Morse (two current value 8.45 73
Ideal (1wo current values) 0. 14 100
Continental Morse (three current values . BLeT 163
1deal (three current values) ... ... ... 3.63 169

The column in the above table headed “Relative Number of Letters
for a Given Number of Signal Elements” makes possible direct com-
parison with the results predicted from the formula as given in the
table which preceded. 1t will be noted that the ideal three-current-
value code gives an increase in the number of letters for a given
number of signal clements as compared with the ideal two-current-
value cede which is in fair agreement with the theoretical ratio of
1.38:1. It will also be noted that the Continental three-current-
value code which is actually in use in the case of submarine cables
appears to come quite close to the ideal. In the case of the Conti-
nental and American Morse cedes, however, where only two current
values are used, the results fall short of the ideal, the ratio between
the results actually obtained and the ideal being approximately 1.4:1.
The reason for this is thal a certain proportion of the possible speed
is sacrificed in order to make it possible to read the signals by means
of a sounder instead of recording them. For instance, the dash has
been assumed to be approximately three times as long as the dot. 1
the signals were mechanically formed at the sending end and recorded
at the receiving end, it would be possible 1o make nse of markings
1, 2, 3, cte,, signal clements long, as well as corresponding spacings.
The ideal codes were so constructed.

It will be seen that the figures deduced for the Continental Morse
and the American Morse are substantially identical for two current
values.  This result probably does not correspond with practise;
it is thought that the difference in speed between these two cades is
considerably greater, say on the order of 10 or 15 p& cent. in favor of
the American Morse.  The discrepancy is due partly to the fact that
no account has been taken of Gigures and punctuation marks in the
present computations and partly to the fact that the assumptions as
to relative lengths of space is not strictly in accordance with practise.

IFrom the foregoing, it is seen that there is a two-fold gain in chang-
ing from the two-current-value American or Continental Morse
codes to the three-current-value Continental code. In the first
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place, there is a theoretival increase in the ratio of L6:1 which ac-
companies the change from the two-current-value to the three-current-
valie code.  In the second place, there is an incidental increase in the
ratio of L 11, due to the fact that the present two-current-vilue codes
are longer than woulkld be necessary, if receiving were done by means
other than the ear.  The total increase in going from the two-current-
value Continental or American Morse codes to the three-current-
value Continental cade is, therefore, in the ratio of 1L.6X1.1:1 or
2.2:1, provided the line speed is the same. In this eonncetion it
should be noted that in the case of the American Morse, the ratio
is probably somewhat less than this for the reasons pointed out above.

Liviranions 1N ArrivinGg CobeEs Wit MORE THAN
Two CURRENT VALUES

Certain inherent limitations which have to do with how much the
number of current values can be advantageously increased are as
follows:

1. Fluctuations in transmission efficiency of the cireuit,

2. Interference,

3. Limitations on the power or voltage which it is permissible to
employ.

In addition it may be stated that, in general, whenever more than
two current values are employed it is necessary to make the sending
and receiving means more complicated and expensive. There may
be nothing to gain. therefore, in using codes other than those made
up of two current values where the telegraph circuits are cheap.

Considering now the features which limit the number of current
values which can be employed, it is belicved that the importance of
the first factor will be obvious. 1If the line is subject to fluctuations
so that the stronger currents at certain times become less in magni-
tude than the weaker currents at other times, it will he impossible
to discriminate between the different current strengths making up
the code, particularly if the fluctuations are rapid.

In conucetion with interfering currents, it is evident that these
may be of such polarity as to add 1o or subtract from the signaling
currents and it is consequently necessary to separate the various
current values employed sufficiently so that one current value with
the interference added may be distinguished from the next larger
current value with the interference subtracted.

The spacing between the current values being determined by the
interference and fluctuations in transmission cfficiency, it will he
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seen that the maximum number of current values which can be
employed is determined by the maximum power which it is per-
missible to use.

In the case of land line telegraph circnits operated with direct
currents, it is well known that quadruplex circnits are much more
seriously affected by Hluctuations and interference than are circuits
employing only two current values. (A quadruplex telegraph circnit
employs four current values for transmission in one direction.) In
general, it may be said that the possibilities of improving ordinary
direct-current operated telegraph circuits in this manner do not
appear particularly promising.

In the case of wircless transmission over great distances all three
of the above factors are important in limiting the number of current
values which can be effectively employed.  In the first place, as is well
known, large variations take place in the efficiency of the transmitting
medium so that the received signals vary considerably in magnitude
from time to time. Sccondly, the interference, at least at certain
seasons, is great enongh to make it difficult 1o distinguish between
the current values even when the usual method which employs only
two current values is emploved.  Thirdly, the received power is
limited because of the great attenuation suffered by the wireless
Waves.

In the case of carrier transmission, it may be that there will be a
lield for the use of more than two current values. The relative
cheapness of the line circuits, however, will tend to limit the amount
by which it will he economical to increase the cost and complexity
of the receiving apparatus. Morceover, it should be borne in mind
that no allowance has heen made for the effect on the line speed of
increasing the nuniber of current values, this being considered outside
the scope of the present paper.

Changing an existing network of telegraph circuits so as to employ
a code with three instead of two current values would require new
types of (clegraph repeaters as well as new sending and receiving
apparatus, and new operating methods. Tt is considered to be out-
side of the scope of this paper to go into a discussion of the details of
this matter.

USINE WavET SysTiMs
Considerable interest and  discussion has been created by sug-
gestions which have been made to use so-called “sine wave” systems
of telegraphy. In view of this, a brief discussion of these
is given below.
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A brief analysis of what are the fundamental features of these
systems will be given and, based on the results which have heen de-
veloped in the preceding discission, comparison will be nude of these
systems with systems based on other principles. A particular effort
will be made to clear up what appears to be fundamentally incorreet
assumptions which underlie the argnments which have been advanced
sine wave'' systems.

o

in favor of these

Crehore-Squier System.  The use of a sine wave envelope to im-
prove the characteristics of telegraph signals was advocated by Crehore
and Squier.! The words “United States’
wave of this type are shown in Iig. 3d.  The code employed is the
same as the ordinary Continental Morse, the only dilference heing
that the signal elements consist of half-cyele sine waves.

In what has preceded, it has been shown that a half-eyele sine
wave has a smaller area than a rectangular wave rounded off by pass-
ing through an clectrical network and, consequently, the sine wave
is inferior to the latter from the standpoint of the received signals.
Frrom the standpoint of interference into other circuits, it has also
been pointed out that the half-cyele sine waves contain more high-
frequency components than properly rounded off rectangular waves.
Consequently more interference into other circuits will be produced
with the wave made up of signal elements consizsting of half-cycle
sine waves.

Squeier Syslem Applied to Submarine Cables. .\ more recent sug-
gestion of Squier ® gives the wave shown in Fig. 3a. This wave
resembles the one advocated by Crehore amnd Squier in that cach
signal clement consists of a half-cycle sine wave. s has heen pointed
out, there is no advantage gained by this.

The dilference between the two systems lies in the fact that the
wave in Fig. 3¢ uses three absolute values and crosses the axis once
every half cycle.  The code is the same as the Continental, a space
being indicated by a half-cyele sine wave of one unit amplitude, a dot
by a half
half-cycle sine wave of three units amplitude.

By referring to the fignre, it will be seen that the resulting wave
resembles a continuons sine wave, except for the fact that successive
half cyeles differ in magnitude.  For this reason, the code may be
termed an “‘unbroken-reversals” code.

In considering the application of this code to submurine cable
telegraphy. it is convenient to make use of an analysis which is carried

.

formed by means of a

cle sine wave of two units amplitude and a dash by a

' Crehere and Squier, loc. cil.
* Squier, loc. cit.  Proc. Phys. Noc.
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out in Fig. 3. Fig. 3¢ shows the words “United States” written in
the code advocated by Squicr.  Fig. 3b shows a constant sine wave
whose amplitude is equal to the amplitude of a dot in Fig. 3a. Fig. 3¢
shows the result obtained by subtracting the wave of Fig. 3b from
the wave of Fig. 3¢. On comparing this last wave with the wave

U n | te d S ETRE I RCS

Fig. 3

a—Unbroken reversals code (space = 1 unit, dot = 2 units, dash = 3 unils)

b— Constant sine wave, 2 units

¢~ Wave resulting when substracting b from a

d - Sine Wave code: note similarity between ¢ and d

e—Rectangular wave, unmodified

f—Rectangular wave, modified Ly grounding apex one fourth of the marking
time in addition to the spacing time

shown in Fig. 3d, it will be seen that the two waves are electrically
cquivalent. They differ only in having the signal elements permuted.

It is thus evident that the wave shown in IFig. 3a is made up of two
components; one being the inert component shown in Fig. 3b which
transmits no intelligenee, and the other the intelligence carrying
component illustrated in Fig. 3c.

The fact that the component shown in Fig. 3b does not carry in-
telligence from the sending station to the receiving station is made
clear when we consider that its value at any moment is predictable
and that the component can in fact be produced locally.

The net effect of this component is to reduce the voltage available
for intelligence transmission to one-third of the total voltage. IFor
example, if it is permissible to apply 60 volts to a particular cable,
40 volts out of these would be used up in transmitting the inert alter-
nating-current wave and only the remaining 20 volts would be useful
for the transmission of intelligence.




CERTAIN EACTORS MFFECTING TELEGRAPI SPEED 339
Radio and Carrier Pelegraphy.  Squicr has also advocated ® that

the combination of sine wave envelopes, unbroken reversals and o

three-current-value code be applicd to radio and carrier telegraphy.

The advantages and limitations in applying codes with more than
two current values have been fully discussed above, and do not need
to be gone into further here. bt will be evident that the combining
with llu-so of sine wave envelopes and unbroken reversals does no goad.

The matter of using sine wave envelopes was discussed above, the
discussion pointing out that waves with sine-wave envelopes are
iferior to waves produced by sending rectangular shaped signals
through suitable networks, hoth from the standpoint of the received
signals, and from the standpoint of interference into other cirenits.

The “unbroken reversals™ bring in again the use of an inert com-
ponent. Due to the fundamental difference between cable telegraphy
on the one hand, and radio and carrier as usually practised on the
other, the inert component in the latter case is somewhat smaller
than in the former.  In the code advocated by Squier, the current
which may be subtracted without greatly affecting the intelligence-
carrying capacity of the signals, is about one unit in value, which is
the current corresponding to a space.  When this current has heen
subtracted, the space current is reduced from one unit to zero, the
dot current from two units to one, and the dash current from three
units to two. This subtraction having been carried out, it is seen
that the maximum intelligence-carrying component is approximately
two-thirds of the maximmn current actually employed. (This
figure of two-thirds compares with the figure of one-thied for the
submarine cable.)

In the case of radio, the amount of power which must be radiated
from the transmitting station is of particular importance. Since
with the system advocated by Squier about two-thirds of the maximum
voltage which is radiated is cffective in transmitting intelligence, it
is evident that about twice as much power must be radiated as would
he required if the inert component were not transmitted.

Incorrect .Assumptions. Two incorrect assumptions are made
the papers referred to and underlie a considerable portion of the
arguments advanced in favor of the systems advocated by Squicer.

One of these is that a wave, whose clements are half-eyele sine
waves, lends itsclf to tuning. 1t is true that in the case of the “un-
broken-reversals” code a certain amount ol tuning can be secured,
but this tuning applies only to the inert unvarying component in the
wave, which carries no intelligence.  The fact, shown in Fig. 2, that

$ Squier, loc. cit., Franklin Inst., JI.
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the intelligence-carrying component contains no outstanding narrow
range of frequencies to which tuning can be applied should make
obvious the error in this assumption.

The other assumption is that a wave, which is ideal for the trans-
mission of power, is also ideal for the transmission of intelligence.
As a matter of fact, the transmission of intelligence inherently involves
rapid and unpredictable changes in the current, whercas the trans-
mission of power is best brought about by steady current, cither
direct or alternating. These two conditions are, of course, incom-
patible.

APPENDIN A

Use has been made of the following two principles:

1. In a telegraph circuit in which the line speed is near the maxi-
mum, the shape of the reeeived dot is substantially independent of
the shape of the impressed dot, and

2. The magnitude of the received current is approximately pro-
portional to the arca under the transmitted voltage curve.

The following general discussion of these principles has been fur-
nished by J. R. Carson.

Let the arrival curve, due to suddenly impressed unit battery be
denoted by £ (#); then the received signal S (4), due to the elementary
dot impressed signal f (1) is given by 7

Sty = [ 1) (1= )

the upper limit of integration being ! for (< T and T for {Z7. The
latter case will alone he considered since the conclusions arrived at
in this case are conservative.

IExpanding -1’ (t—=x) in (1), we get

s(r)-[x t)—lf;, 1(t) +”‘ ) ]ff(\w\ @
.
[ xf(x)dx
where /o= ,1‘.0 —s
2,/(; S(x)dx
,,,f(\hl\
hy= .., G
.;,[f(.\')ll.\‘

icnt Oscillations of Electrical Networks

7J. R. Carson. *“Theory of the Tra
Frans,, V'ol. XXXVIII, 1919, p. 345.

and Transmission Systems.” A, L L. E,
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Lt follows at once that, provided

i
/ S()dx#0
Jo

and provided the duration T" of the signal is sufficiently short, the
arrival dot is given approximately by the leading term

.
A [ e

and that this approximation becomes inereasingly close as the speed
of signaling is increased, i.e., as the duration 7" of the dot is decreased.

The conclusions from the foregoing may be stated in the following
propositions:

1. 1f the speed of signaling is sufficiently high the arrival signal
representing the clementary dot is independent in shape of the form
of the impressed signal, and is proportional in amplitnde to the time
integral or “area’” of the impressed signal.

It will be evident, however, that if no restrictions are imposed on
A’ (1) and f (D, the foregoing proposition requires, in general, that
the duration 7 of the dot shall be so small as to make the series expan-
sion rapidly convergent from the start.  This, however, requires a
speed of signaling very considerably greater than that actually neces-
sary in practise in order that the foregoing proposition shall hold
to a good degree of approximation, at least for the types of impressed
dot signals specially considered in the present paper. To show this,
it is necessary to establish two less general propositions, valid for
the types of impressed signals under consideration.

1. If the impressed signal f(f) is cvervwhere of the same sign,
then a value 7 exists, such that 0<, 7, <77, 2, and such that

T
SU+T 2= A"t +7). [ iy 3)

This proposition follows from the mean value theorem.
L. 1 £ (1) is everywhere of the same sign, and if further it satisfies
the conditions of symmetry,

S () =f(T—x), (x3T,2)

then a value 7 exists, such that 0<7 <7 2 and such that
T
S(U+T 2)=1 2[,1'(1+7)+.4'(z—1)1f f(x)dx )
0

This last equation also follows from the mean value theorem. Fur-
thermore, the conditions stated in proposition 111 are satisfied by
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the rectangular wave, the half-cyele sine wave, and the rectangular
wave extending through part of the dot provided the reference time
/=0 is properly chosen.

Returning to proposition 11, let us write

SU+T 2>=,1'(1+n,+r,-)f

(x)dx,

the subscript ; indicating the particular type of impressed dot signal,
and 7o the value of 7 for any type of signal, taken as reference. Then

o T
s,-(t+7:2)=[A'(z+ru)+%{1" (t+r0)+ ] ﬁ f(9dy (2

Now, the condition that proposition T shall hold to a good degree of
approximation is that the expansion (2a) shall converge rapidly.
Since the maximum possible value of 7; is T 2 and since in practise
it is much smaller than 7" 2, the required convergence obtains for
much larger values of 7', that is. slower speeds of signaling than that
required in the expansion (1). Furthermore, for the three types of
signals specifically under consideration 73, 72 and 73 differ from one
another by quantities very much smaller than 72 in all actual trans-
mission systems.

1f the conditions of proposition 111 are introduced, the approximation
is still closer and proposition I is valid for still lower signaling speeds.

In order to arrive at quantitative ideas of the minimum signaling
speeds at which the foregoing proposition is valid, it is necessary,
of course, to specify the arrival curve of the transmission system
under consideration.  An application of the foregoing analysis
representative transmission systems both with and without a “cut-oft™
frequency has shown that it is valid to a very good degree of approxi-
mation for speeds considerably lower than the highest attainable

under practical conditions.
APPENDIX B
Use has been macde of the formula

W=RK log m

where 11"=the speed of transmission of intelligence
K =a constant
and m = the number of current values employed.

The assumptions which underlie this formula and its derivation will
now be given.

Let us assume a code whose characters are all of the same duration.
This is usually the case in printer codes. I # is the number of signal
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elements per character, then the total number of characters which
can be construed cquats ™. In order that two such systems should
be cquivalent, the total number of characters that can be distin-
guished should be the same.  In other words,

m" =const. (D
This cqquation may also be written

n log m=const. (2

The speed with which intelligence can be transmitted over a circuit
is dircetly proportional to the line speed and inversely proportional
to the number of signal elements per character provided that the
relations above are satisfied.  Heonce, we may write

=5, n (3)
where s is the line speed.  Substituting the value of n derived from
the equation above, this equation becomes

. slogm
= 4
const. )
which may also be written
N'=K logm (™

In applying this formula to practical cases it will be found im-
possible to comply strictly with the condition expressed hy equation
(1). As an example, consider the comparison between a three-
current-value code where each character is made up of three signal
elements, and a two-current-value code where cach clement is made
up of five signal elements. [t is obvious that the speed with which
characlers can be transmitted in the former case is five-thirds the
speed in the latter case for a given line speed.  In other words the
ratio is 1.67:1 whereas the formula gives the ratio L3S:1. Tt should
be noted, however, that the former code possesses only 27 characters
whereas the latter possesses 32, In other words one character of the
latter code represents the transmission of more inlellizgence than one
character of the former. Thus the figure 1.67 for the relative speeds
of transmission of characters and the figure 1.58 for the relative speeds
of transmission of intelligence are not incompatible.

It will be noted that the formula has been dedueed for codes having
characters of uniform duration and that it should not be expected
to be anything but an approximation for codes whose characters are
of non-uniform duration. To establish the formula for the latter
case it would be necessary to make an assumption as to the relative
frequencies of the various characters. It scems reasonable to sup-
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pose that the formula will give a fair approximation to the facts in
this case also, but it should not be expected to be accurate.

APPENDIX C

The deduction of the curves given in Fig. 2 {from thie curves given
in Fig. 1 requires some explanation. Looked at casually, it would
seem as if an isolated dot would not possess any frequency character-
istics whatsoever.  Neverthcless, if a voltage, such as any of those
represented in Fig. 1, is applied to a network capable of being thrown
into oscillation, the network will respond to the voltage by oscillating.
Suppose, for simplicity, that the network consists of an inductance,
a capacity and a very small resistance in series, the response of the
network to the application of any of the voltages illustrated is that
it oscillates at constant frequency and gradually decreasing amphi-
tude. Further, the response varies when the natural period of the
circuit is varied.

There are two ways of looking at this phenomenon. We may say,
on the one hand, that the oscillations of the frequency in question
are manufactured by the network out of the voltage applied and that
the frequency does not exist in the original voltage. On the other
hand, we may say that the original voltage contains components
at or near the resonant frequency and that the circuit responds to
these components, because it offers them a small impedance, while
it does not respond to other components because it offers them a large
impedance.  Either of these views is permissible, but it is convenient
for the purposes of this paper to use the nomenclature of the second
view and to consider the applied voltages to he made up of an in-
definitely large number of frequencies.  The problem of determining
the response of oscillating networks is then solved by deducing the
frequency characteristic or the response characteristic of the im-
pressed voltage.  This characteristic may be determined by means
of the Fourier integral, whose computation is described in any stand-
ard texthook on the subject. The following is intended to outine
the considerations, from a physical standpoint, which lead to estab-
lishing this integral.

To deduce the frequency characteristic of an isolated dot, it is
simplest to start with a long series of dots which are uniformly spaced.
1f such a scries of dots is considered to extend indefinitely, it is possible
to analyze the resultant wave into a Fourier series by well known
mcthods.  Now, suppose that such a Fourier series has been ob-
tained for a given spacing of the dots. The next step is to increase
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the spacing between the dots. The result of this is to increase the
number of Fourier components in a given frequency range and to
decrease the magnitunde of each. I this process of increasing the
space between the dots is continued indelinitely, we approach the
condition of an izolated dot.  Morcover, as we approach this condi-
tion, the number of components in a given frequeney range increases
indennitely and the magnitude of each decreases indetinitely.  This
limiting result is known as the Founrier integral for the wave in question.

ABRENDIX 1D

A table has been given in the paper in which the relative efticiency
of various codes in transmitting intelligence is listed.  The deriva-
tion of that table will now be given.

The comparison will include the following codes based on two
current values: American Morse, Continental Morse, and the so-
called “‘ideal” two-current-value code. It will also include the fol-
lowing codes based on three current values: Continental Morse
and an “ideal” three-current-value code.

The assumption is made that the text is made up of five-letter-
words, no allowance being made for punctuation. The following
table gives the length of the spaces assumed in terms of signal elements.

Ordinary Special
Spaces Spacesin  Spaces  Spaces

Within “Spaced” Between Between

Letters Letters Letters  Words
American Morse (two current values).... . 1 2 3 +
Continental Morse (two current values) .. 1 — 2 3
Continental Morse (three current values). . = = 1 2

It is assumed that the dashes in the two-current-value codes are of
three signal elements duration, except for the letter 7 in American
Morse which is assumed to occupy five signal elements. It may be
that in practice, the dashes are somewhat shorter than has been
assumed but the resulting error is not great.  In connection with the
relative spacings between letters and words assumed for the Conti-
nental and American Morse codes, it is also questionable whether
they accord strictly with practise. It may be that these spacings are
on the average more nearly cqual than the table indicates.  THowever,
this assumption affects only the relative speeds obtainable with the
American Morse and the Continental Morse and does not materially
affect the comparison hetween codes based on two current values on
the one hand and codes based on three current values on the other,

The term “ideal”™ has been applied to two codes which will next
be explained. These codes are constructed on the same principles
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as the Continental and American Morse codes with an cffort to make
them as brief as possible without making the reading too difficult. Tt
is thought that the two ideal codes chosen are comparable in the
matter of easc of reading. In constructing the two-element code, two
steps arc involved. In the first place it is assumed that the markings
and spacings of any integral number of signal elements’ duration can be
used so that in addition to the values for markings and spacings as-
sumed above, there may be dashes of two, four, cte., units duration.
With these assumptions the 26 shortest characters that can be con-
structed are next made up. It is found that one character is of 1 unit
duration, 1 of 2 units, 2 of 3 units, 3 of 4 units, 5 of 5 units and 9 of 6
units duration. The remaining 5 characters are taken of 7 units
duration each. The second step is to ascribe the 26 letters of the
alphabet to these characters in such an order that the most frequent
letters correspond to the shortest characters. It is most efficient
to use the same spacing as was assumed above for the Continental
two-current-value code, with the addition that spaces of longer
duration than three units may be employed within a letter.

The matter of constructing the ideal three-current-value code is
similar. First, the 26 shortest characters are constructed. Two
characters can be constructed having a duration of 1 unit, four char-
acters having a duration of 2 units and cight characters having a
duration of 3 units. The remaining twelve characters are taken 4
units in duration. Next, the most frequent letters are assigned to
these characters in the order of their duration. It is best in this
case to use the same assumptions as to spacings between letters and
words as was used above in connection with the three-current-value
Continental code.  The use of spaces within letters is not economical
in this case.

A frequency table given by Hitt 8 was used to determine the relative
frequency of the various letters. The average duration per letter
was computed from this table and corrected for spaces between words
and letters.  The resultant average duration is as follows:

Signal Ele-
ments per

Code Letter
American Morse (two current values). ... . . . e . 8.26
Continental Morse (two current values). ... . . . 8 45
Ideal (two current values). .. 2 0. 14
Continental Morse (three current values) . R i
Ideal (three current valuesi . 303

* Parker Hitt. *““Manual for the Solution of Mlilitary Ciphers.,” Army Service
Schools 1’ress, FFort Leavenworth, Kansas.  Sceond edition, p. 7.
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The Auditory Masking of One Pure Tone By :Another and Its Prob-
able Relation to the Dynantics of the Inner Ear R. 1. W
C. E. Laxt. The authors used an air damped telephone receiver
supplicd with variable currents of two frequencies and determined
the amount of masking by tones of frequency 200 to 3500 for fre-
quencies from 130 to 3000.  Except when the frequencies are so
close together as to produce beats the masking is greatest for tones
nearly alike.  When the masking tone is toud it masks tones of higher
freqquency better than those of frequency lower than iwself.  1f the
masking tone is introduced into the opposite car the cffect occurs
only by virtue of conduction through the bones of the head.

and

It is shown that combinational tones result when two tones of
sulticient intensity are introduced simultancously, these combina-
tional tones being due to a non-linear response of the car.

A dynamical theory of the cochlea is given which ascribes piteh
dizcrimination to a passing of vibrations along the basilar membrane
and a shunting through narrow regions of the membrane at points
depending on the frequency.  This view of the action of the car
offers an explanation of the masking effects.

Distribution of Radio Wuves from Broadcasting Stations over City
Districts.> Raveuw Bows and G. D, Gttt This is a description
and analysis of the results obtained in a radio transmission survey
of the cities of New York and Washington, D. C., and contiguous
territory.  Measurements of the field strength of radio signals from
stations WCAP at Washington and WEAF at New York were made
at a large number of points.  Based on these data, curves are drawn
showing how different kinds of territory cause different attenuations
and showing radio shadows caused by mountains and by large masses
of steel buildings. In order to visualize the phenomena, the data
have also heen plotted on maps, contour lines of equal signal strength
being drawn. These contonr maps illustrate graphically the non-
uniformity: of transmission in city arcas and show the nature and
extent of the "dead spots™ and shadows.

' Phystcal Rezrewe, 11, Vol. XX, p. 265, 1924,
* Presented to the Institute of Radio Encincers, January 16, 1925 a1 New York.
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Measuring Melhods for Maintaining the Transmission Efficiency
of Telephone Circidts.! I°. H. BEst. The circuits involved in the
transmission of speech in a modern telephone plant, particularly
those designed for long distance operation, necessarily involve a
considerable amount of complexity. The use of telephone repeaters
the development of long toll cables, the application of carrier sys-
tems and other developments associated with these, while increasing
the efficiency and economy of telephone toll circuits have also in-
creased their complexity and have required the development of
more effective means of insuring that the circuits are maintained
at all times in good condition and adjustment.

Maintenance of the transmission efficiency of the telephone plant
is conducted by a special force, using methods and apparatus that
have been developed for this purpose. This paper gives a brief
description of the transmission characteristics of some of the com-
mon type of telephone circuits, outlines a general method for measur-
ing their transmission efficiency and describes several of the most
modern types of transmission measuring sets, together with a brief,
mention of the oscillators which supply the power for testing.

A Primary Standard of Light Following the Proposal of Waidner
and Burgess.? HErRserT E. IveEs. The primary standard of light
proposed in this paper consists of a black body constructed of plat-
inum; the light from which, at its melting point, constitutes the
photometric fixed point desired. The platinum black body consists
of a eylinder of highly polished platinum with a narrow slit for observ-
ing the interior.  Studies of the optical properties of reflecting cyl-
indrical enclosures show that at certain angles of observation the
interior is practically “Dlack.” The platinum eyvlinders are heated
eleetrically and the light from the interior is observed by throwing
an image of the slit on to a photometer field. Two series of observa-
tions were made, one by a visual photometric method, the other
by a photoelectric cell giving a photographic record by means of a
string clectrometer.  The two methods of observation gave prac-
tically identical results, yvielding a final value for the brightness of
the black body at the melting point of platinum of 55.4 candle power
per square centimeter.  The advantages of this proposed standard
over the present unsatisfactory lame standards are discusscd,

High Quality Transmission and Reproduction of Speech and Music?
W. B MarTix and Harvey FrLErcner.  Radio broadeasting has

1 Journ. A. 1. E. E. Y'ol. XLEI{, p. 130, 1924,

2 Journal Franklin Institute, Ncl, 197, p. 147, p. 339, 1924,
3 Journ, A. 1. . L Vol XLILE p. 230, 1924,

if
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1 I



ARSTRACTS OF BELL SYSTEM TECHNICAL PAPERS 349

drawn attention to the problems involved in obtaining high quality
in systems for the clectrical transmission and reproduction of sound.
This paper gives the general requirements for such systems, dis+
cusses briefly the factors 1o be eonsidered in design and operation
and indicates to what extent the desired results can be vbtained with
the means now available.

It was pointed out in this paper that broadeasting stations and
connecting lines can be made practically perfect but that most of
the loud speaking apparatus now extensively used for reproduction,
causes distortion. At the time of reading this paper the authors
demonstrated a laboratory maodel of a new loud speaker of unusual
design.  This apparatus reproduces all frequencies from the lowest
to the highest of the audible range with approximately equal facility,
This results in reproduced music which the car can scarcely dis-
tinguish from the original.

Telephone Transformers.! V. 1. CaspErR. After outlining the
varied scts of comditions which different types of telephone trans-
formers must meet, this paper discusses the design and construction
of transformers to handle efficiently the range of frequencies ordinarily
present in speech. Two winding transformers only are dealt with,
and the three most common impedance combinations of the two cir-
cuits connected by the transformer are considered; namely, both
circuits comprised of resistances, one circuit a resistance, and the
other a positive reactance, and one circuit a resistance and the other
a negative reactance.

The efficiency with which cnergy is transmitted is measured by
comparison with an ideal transformer, and the transformer is studied
by supposing it replaced by an equivalent T network. The varia-
tion of transformer losses with frequency is discussed and charac-
teristic curves arc shown for transformers of ditferent mutual im-
pedances. Characteristics are also given showing the operation
of the in-put transformer associated with the vacuum tube.

The mechanical construction of the common battery repeating
coil, telephone induction coil, and of certain types of transformers
for vacuum tube circuits, are shown. These transformers are all
constructed so as to give the desired accuracy of speech transmission
under their respective circuit conditions.

Radio Telephone Signaling—Low Frequency System? C. S. DeM-
AREST, M. L. ALyQuest amtf L. M. CLEMENT. The system described

q'zjournal of the American Institute of Electrical Engineers, Vol. XLII, p. 197,
4.

? Journ. A, {. E. E. Vol. 43, p. 210, 1024,
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provides a means whereby any one of about seventy-five radio stations,
operating on the same wave length, may be called without signaling
the remaining.  Obviously this is an important improvement in the
radio art for in many cases it permits a radio station operator to
pursue other duties which would be impossible if he were required to
listen in at all times.

The enginecring problem presented, heing remarkably similar to
many telephone problems, was solved in a very similar manner.
When it is desired to signal a station, an alternating current of a
very definite frequency is impressed on the transmitter. This mod-
ulates the power radiated similar to the way the undulations of the
voice modulate the power when speech ix transmitted. The station
to be signaled is determined by the code transmitted. This code
consists of a definite grouping of dots and spaces and dashes.

At the receiving station this modulated power is detected in the
usual manner and results in an alternating current identical in nature
to that used in transmitting the code. A special alternating current
relay of high selectivity and sensitivity, in conjuction with a more
common direct current relay system, converts the code into a series
of direct current impulses. These impulses pass into a selector like
that used in common train dispatching circuits. The mechanism
of this sclector will be unlocked and a local ringing circuit closed
if the code is that for which it has been set. Thus it is seen that
the code is received by all stations but only one selector of the sys-
tem will operate to ring its local annunciator bell.  The number of
stations which can operate in the same system is determined by the
number of possible combinations on the selector. At present this
is set at seventy-cight but this may be readily extended to include
more than two hundred.

Because of the high selectivity of the alternating current relay
and its associated direct current relay system, the apparatus is
particularly free from interference such as the operation of nearby
spark or LAV, Stations.  In fact, tests show that the signaling sys-
tem will continue to function satisfactorily long after interference
is so bad as to make conversation impossible. As designed, the
signaling system may be made an integral part of a standard radio
system without altering the apparatus already in use.

In
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Electrical Tests and Their Applications in the
Maintenance of Telephone Transmission
By W. H. HARDEN

IN rRODUCTION

HE installation and maintenance of the circuits in a telephone

plant employed for the transmission of speech require the vse of
various testing schemes to insure a high grade of commeretal service.
Circuits are engineered and installed to meet the established standards
of transmission in the most economical manner and this having been
done the next step is to provide an adequate testing program. A\
number of the eleetrical tests required in this program include well
known laboratory methods adapted so that they can be readily ap-
plicd in the field, while others have been developed for particular use
in telephone maintenance work.

Standard tvpes of test boards and portable testing arrangements
are as a rule made up of simple cirenits designed eleetrically and
mechanically in a manner to facilitate ready connection to the o er-
ating circnits in the plant. It has been found by experience that
many of the transmission maintenance requirements can be taken
care of by direet current testing methods and the simpler alternating
current tests.  With the advent of vacuum tubes, some of the more
complex cirenits such as repeaters and carrier called for the develop-
ment of testing appiratus to meet the additional maintenance recuire-
ments.  Fortunately, the vacuum tube furnished the means whereby
new testing devices have been provided which can be applicd as
quickly and readily to maintenance work as the simpler methaods.

In what follows is given a discussion of the more important electrical
testing methods together with the application of these methads in
maintaining the transmission efficicncy of the various types of tele-
phone circuits now in general use.  Direct current testing methods
are covered first and later alternating current methods are considered.
A typical toll connection is used to illustrate the general scheme of
applying the varions clectrical tests in everyvday installation and
maintenance work.

333
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Direcer CUrreNt Tests

The tests involving the use of direct currents and voltages provide
means for cheeking some of the electrical characteristics of telephone
circuits and insuring 1o a certain extent that these circuits will give
satisfactory speech transmizsion. The application of these tests to
the telephone plant reduces to a minimum the amount of alternating
current testing required and lengthens the interval at which alter-
nating current tests need he made.

1V heatstone Bridge Measurements. The various arrangements of the
Wheatstone bridge for direct current measurements and the principles
involved are well known and are therefore not discussed in any detail
in this paper.  However, due to the importance of such measurements
in the maintenance of telephone circuits and in trouble location work
a brief discussion of the general applications of the bridge is given.

Wik

(2) Loop Resistance (b) Grounded Varley Loop

(¢ Varley Loop to locate graunds (d) Murray Loap to locate grounds

Fig. 1

Fig. | shows four arrangements commonly employed in routine
testing and trouble location.  Diagram (a) of this figure gives the
bridge circuit for obtaining loop and single wire resistance measure-
mwents. Diagram () shows the cireuit for Varley loop measurements
to determine resistance unbalances in a pair when a third wire is
not available, while Diagrams (¢) and (d) show the Varley and Murray
bridge circuits used in locating grounds.  Various other arrangements
of the bridge cirenit are, of course, used where such arrangements will
facilitate the testing work.  For a condition of bridge balance indi-
cated by no deflection of the galvanometer the valie of the resistance
being measured is given by the well known bridge ratio formulae.  In

diagram () ol Ifig. 1, for example, Ry = Bl R.
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The testing circuits shown in Fig. b are commonly used in the day
by day maintenance of the telephone plant.  Resistance and resistanee
balanee measurements are made periodically on toll circuits to guard
against series resistance unbalances such as might be caused by high
resistance joints.  The Varley and Murray tests are constantly em-
ployed in directing linemen in clearing trouble such as crosses and
grounds.  The Wheatstone bridge is therefore an tmportant feature
ol toll test boirds where keys are provided to furnish a means for
quickly setting up the different bridge test ecircuit arrangements
'Il‘\ir("].

The Varley or Murray tests used in connection with pole line
diagrams in locating troubles provide a means whereby the test board
men can direct the movements of linemen to the best advantage.
Fnit resistance values with temperature corrections are available for
different types of circuits. I a good circnit of the same type and
gauge over the same route is available, the unit resistance can be
determined directly by a loop measurement of this circuit.  The
resistance values obtained by measurements on circuits having crosses
or gromds can then be used to determine the distance to the trouble
and the lineman sent to this point. By making measurements care-
fully and using the most aceurate unit resistances available, troubles
can be located and cleared in the minimum amount of time. In
trouble location work on cables where the cable needs 10 be opened
to repair the trouble, bridge measurements are made to give the ap-
proximate distance to the fault.  More exact locations can then often
be made by using an exploring coil test set by means of which the
cable repairman listens by induction to a tone sent out from the cable
terminal and determines in this way when he passes the point of
trouble.

Leakage or [usulation Resistance Measuremenis. An important
factor in the maintenance of telephone cireuits is to insure that there
arce no resistince leaks between conductors or between conductors
and ground. 1t is also important to insure that insulated conductors
will not have the insulation broken down by the voltages which are
met with under service conditions.  Two types of tests now used
extensively in the plant are described below:

(1) Voltmeter Method. This method is the one commonly used in
determining the leakage bhetween wires and to ground particularly
on toll circuits involving open wire and on subseribers’ circuits. s
shown in Fig. 2 the testing arrangement consists of a voltmeter in
serics with a battery connected to the conductors under test. Diagram
() shows the connection for testing the leakage between wires and
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Diagram (b) the connection for ground leakage tests. Since the
leakage resistance measured is relatively high, the most accurate
results are obtained by using a high resistance voltmeter and a fairly
high test voltage. In practice, a 100,000-chm voltmeter is generally
used with a test battery of from 100 to 150 volts. A test voltage of
200 is also provided in circuit with a milli-ammeter and protective
resistance for use in checking the strength of insulation of central
office wiring and subscriber’s lines.

/ o )
=E
(a)Leakage Between Wires (b) Leakage to ground

Fig. 2

Considering the circuits shown in Fig. 2, the voltage of the battery
E is equal to the IR drop over the voltmeter plus the IR drop or the
drop due to leakage over the remainder of the circuit back to the
battery. Designating the insulation resistance being measured by X,
the voltage of the test battery by £, the deflection in volts of the
100,000-ohm voltmeter by D and the current flowing by £, then

TS
D= 100,000 7,

and . L-D
X = 100,000 ( S f).

In practice, tables are provided from which the insulation resistance
or leakage can be read directly for various detlections of the voluneter.
When expressed in terms of insulation resistance, the most convenient
unit of measurement is the megohm.  1f expressed in terms of leakage,
the unit used is a reciprocal function of the megohm known as the milli-
micromho.  The results of measurements for complete circuits are
gencrally reduced to apply to a unit length of circuit such as a mile
so that the testing results on circuits of different lengths will be com-
parable.

The open wire toll circuits in the telephone plant are tested period-
ically Dy the method just deseribed. The leakage of circuits is ma-
terially increased by defective or broken insulators and by contact of
the wires with foreign objects such as trees, particularly under damp
weather conditions.  Troubles of this kind are detected by careful

Ll

!

il

T
a
k.

AU
Ly
1 |
e
i
Teter
i



FIECFRICAL TESTS AND THEIR APPLICATIONS 357

leakage meastrements add rontine tests, therefore, become very useful
in indicating when remedial measures, such as line inspections and
tree trimming work, should he undertaken.

If open wire telephone circuits are so situated that contact with
foliage growth will oceur during the growing season low values of
insulation resistance are certain to result even under dry weather
conditions.  This is illustrated by the curve of Fig. 3 which shows
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fig. 3

results of monthly day time dry weather insulation measurements
on 4 number of toll circuits over a period of a year under conditions
of this kind. The monthly testing periods are plotted as the abscissa
while the ordinates show the percentage of circuits which measure
10 megohms per mile or more during these monthly testing periods.
This curve indicates the need for periodic insulation resistance tests
and the use which can be made of such tests in instigating clean-up
work.

(2) Megger Method. The volumeter method is not applicable for
accurately testing the higher values of insulation resistance such as
are encountered in telephone cables.  Conductors in cables require a
very high insulation and in practice values of 500 megohms or more
per mile are specified.  The laboratory galvanometer method of test-
ing very high resistances, which is the same in principle as the volt-
meter method, can, of course, be used, but is not sufficiently rugged
for fickl testing.  To take care of cable testing work in the plant a
method known as the Megger method is employed.  Fig. | gives the




338 BELL SYSTEM TECHNICAL JOURXN.TE

schemntic circuit arrangement of the “Evershed” megger which s
the commercial form of instrument now used for this work. This
circuit is contained in a small portable box so that it can be readily
used at office frames or carried out on the line.

CIRCUIT ARRANGEMENT OF MEGGER” TESTING SET
—v‘-‘lh‘N!‘M'?N

L Ballast Resistance
rcuil Bafiast Resistance

Fig. 4

The circuit of Fig. 4 consists of a high potential direct current
generator, hand driven by means of a crank handle. This generator
is arranged to provide a maximum potential of 400 volts which is the
potential now employed in measuring insulation resistance on cable
conductors.  The potential furnished by the generator is impressed
on two coils in an indicating device, one of these coils being in series
with a fixed resistance and the other in series with the circuit under
test.  \When the cireuit under test is not connected to the megger the
full current from the generator flows thru the first coil of the indi-
cating device which for this condition causes the pointer to go to the
“Infinite” position. When a circuit is connected to the megger
“Line” and “lZarth™ terminals some current flows through this circuit
due to its leakage and through the second coil of the indicating deviee.
This causes the indicating device to move the pointer toward the
“Zero" position, the amount of the movement depending on  the
leakage in the circuit under test. The indicating device is calibrated
in megohms so that the results of insulation tests can be read directly.
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Current Flow and Volluge Measurements.  Tests o determine the
amonnt of direct current Howing in telephone civenits imvolve the
simple arcangenment of an ammeter or milli-immeter i series with
(e generator or battery and the circuit under test. The amonnt of
current lowing is, of conrse, a function of the resistance of the circuit
and the voltage applicd.  In testing arcangenents where it is neces2

e
i

~ary to know the battery or generator potential, voltage readings are
made by using ordinary voltmeters having the proper range and
resistance.  Direct current and voltage measurements can best be
described by considering two of their applications in the telephone
plant.

Fig. 5 shows a simple test circuit provided in the Dical test desk
whereby central othice battery is supplicd through a regulating rheostat,
4 standard cord circuit and a meter. Knowing the voltage of the
central office battery and the resistance in the test circuit, the reading
of the meter when circuits such asx a subscriber's loop or trunk con-
ductors are connected and shorted at the distant end gives a means
for determining the direet current resistanee of these.  Tables are
generally provided for use at the test desks by means of which ditferent
readings of the meter for different conditions of measurement can be
converted direetly into resistance values.  The rheostat in the test
circuit s provided primarily for adjnsting the current supplied to
subseribers’ loops and instruments to the same value for ditferent
lengths of loop.  Talking tests as mentioned later in conneetion with
substation maintenance can then be made from the instruments 1o
the test man in the central oflice under the same enrrent supply con-
ditions for different lengths of loop at the time substations are in-
stalled or when these are reported in trouble.  The arrangement shown
in Fig. 5 is useful in detecting high resistances in circuits when a
Wheatstone bridge is not available.  High resistances in the main
frame protector springs and heat coils of both subseribers” lines and
oll circuits are also determined by a current low method, a special
portable testing set, however, being designed particularly for this
purpose.
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Direct currents and voltages are very important factors in the
operation and maintenance of amplifier circuits such as telephone
repeater and carrier apparatus.  The battery supply arrangements
for a single tube amplifier are shown in Fig. 6.

It is necessary in order to insure efficient amplification without
distortion to regulate the currents and voltages to fairly close limits.
In practice provision is made for quickly reading the voltages of grid,
filament and plate batteries as shown by the voltmeter connection
(V) in the figure. The plate current is read by the milli-ammeter
M and the filament current by the ammeter A The filament current

input J

Output

Battery Battery
Fig. 6

is regulated to meet the operating limits by cutting resistance in or
out of the circuit with the rheostat R. The same applications of
current and voltage readings apply to the more complicated amplifier
circuits, although wherever practicable automatic regulating devices
are provided which reduce the amount of manual testing work to a
minimum.

Capacity Measurements. ‘Fhere is little occasion in transmission
maintenance work to make accurate direct current measurements of
capacity. A simple d.e. test, however, has been provided for use
primarily on subscribers' loops for checking the condensers in the sets.

As shown in Fig. 7 the circuit consists of a 100,000-ohm voltmeter
in series with a grounded 100-volt battery connected to one condnetor
of a subscribers' loop, the other conductor of the loop being grounded.

=



PLICIRICAL TESTS IND THIIR APPLICHTIONS 3nl

When the battery is connected o current will flow momentarily in the
cirenit charging the condenser C. This will produce a throw of the
voltmeter needle, the amount of the detlection depending upon the
capacity of the condenser C and the capacity between conductors
If the tip and ring connections of the loop are reversed the volt.

™

Fig. 8

meter needle throw will be in the opposite direction from that ob-
tained in the first condition. The capacity of the conductors in the
loop is relatively small as compared to that of the condenser C <o
that by knowing the throw which should he obtained under the test
conditions for known values of capacity a fairly good check of the
condensers in subscribers’ sets is provided by this method of measure-
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ment.  Different detlecuons of the voluneter needle will, of course,
be obtained (l}*;)clulixlg on whether the loop tested is a single party,
two-pirty or four-party hne and also on whether 1 g f. or 2 u f. con-
densers are provided in the substation sets.  These conditions must
be known by the testman if he is to properly interprec the testing
results and deteet missing or defective condensers.

Standard Types of Testboards.  Pictures of two of the latest types of
toll and local testhoards are shown in Figs. 8 and 9.Y These boards
provide circuit arrangements for making most of the direct current

e
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Fig. 9

tests which have just been deseribed and also some of the alternating
current tests described below.  The wiring of the test circuits o keys,
jacks and plugs and the provisions made for picking up various tele-
phone circuits for test greatly facilitate routine maintenance work
and the location of troubles which occur in service.  Madifications
and various arrangements of the tests described above have been
provided for in these boards to meet different operating conditions
which may arise.

The test board shown in Fig. 8 is designed primarily for testing
toll cirenits.  The vertical section of the board provides jacks for
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terminating the toll cirenits and the apparatus associated with them,
sich as phantom and simples coils, composite sets, ete. The 100,000
ohm voltmeter and the Wheatstone bridge and kevs for obtaining
various (esting arrapgements are mounted in the horizontal shelf and
connections are made o the toll circuit and cquipment Jicks by
means of the cords and plugs located at the back of the shell. The
telegraph instruments are used on order wires to distant test boards
antd the meter shown in the vertical section of the hoaed is for measur-
ing the voltage and current in telegraph circuits.

The test board shown in Fig. 9 is designed primarily for testing
the local plant, although tests on toll eircuits can also he made from
this board.  One transmission feature provided in the board is an
artihcial line which when ent in eircuit with a 300 ohm subscriber’s
loop, gives an overall equivalent of approximately 39 TU. This
line is teeminated on keys by means of which it can be connected
as a trunk circuit and used in talking tests on subscribers” loops at the
time of their installiation or when subscribers’ stations are visited in
connection  with trouble complaints.  Jacks are provided in the
vertical section of the board for terminating certain test trunks and
other test trunks are terminated on kevs. A\ Wheatstone bridge is
not normally mounted in this type of test board, but where required,
a portable bridge is supplied which is generally kept in one ol the
drawers of the hoard when not in use.

ALTERNATING CURRENT ThsTs

While the direct current tests just described tell a gread deal about
the physical and clectrical condition of telephone cirenits, it is very
necessary in naintenance work to consider also the alternating current
characteristics.  The transmission of speech is, of course, funda-
mentally a problem of the transmission of alternating currents of very
small values.  The inductance and capacity as weil as the resistance
and leakage of circuits, therelore, become important items in de-
termining the ctheieney of telephone circuits and means must be pro-
vided for testing these characteristics under operating conditions.  In
principle, alternating current testing methods do not differ materially
from direct current methods and their application in the telephone
plant is not difficult.

Alternating Current Bridge Measurements. These measurcments
employ Wheatstone bridge arrangements, the direct current source
of power being replaced by an alternating current source and the
condition of bridge balance being obtained by some alternating




364 BELL SYSTES] TECHNICATNIOURNAE

current detecting device, generally an ordinary  telephone receiver.
Four important bridge measuring methods are used extensively in
telephone testing work as described below:

(1) sllternating Current Capacity Tests. The bridge circuit ar-
rangement for measuring a.c. capacity is shown in Fig. 10.

Two arms of the bridge consist of fixed and equal resistances A
and B connected by a slide wire resistance, the position of the con-
tactor on this slide wire determining the total amount of resistance

=1

Receiver

Fig. 10

in each of the two arms.  The fixed resistances in <1 and B are simply
extensions of the slide wire and can be cut out of the circuit when not
requircd.  The third arm of the bridge consists of standard con-
densers C, and the fourth arm the circnit whose capacity Cy is to be
measured. A\ source of alternating current generally an 800 or 1,000
cycle oscillator is connected to the terminals of the arms 4 and B
while the telephone reeceiver is connected to the shide wire contactor
and to the junction of the standard condenser and circuit under test.
A balance of the bridge is obtained when there is minimum tone in
the receiver, for which condition the common bridge formula C.= lf @
applies.  The slide wire is calibrated to read the ratio B 1 dircctly.

For field testing work the above circuit arrangement is made up
in a portable box and a portable oscillator is used so that the apparatus
can be readily carried about as required.  The commercial form of
bridge provides three values of standard condensers which can be
used to cover measurements from about 500 micro-microfarads up to
1.5 microfarads.  This bridge finds its application in the plant in
measuring the capacity of short lengths of non-loaded cable, bridie
wire, switchboard wire, etc. Such me:
importance in connection with the installation of 22 type telephone
repeaters o determine the proper values of building out condensers
to use in the line and balancing cirenits.

rements are of particular
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Another use which is made of alternating cuerent capacity measure-
ments is in connection with the open location test provided at ol
test boards.  The essential features of the cirenit arrangement are
shown in Fig. 11.

The ordinary Murnty connection of the test board bridge is used,
the four arms of the bridee consisting of one tixed 1,000-0hm resistance
.1, a variable resistance R, a standard 1 gf. condenser € and the open

“e rder Teet
Xen

4

LRI
e
Galvanomater

Galvanomater
Revarsing Re'ay

Res stance Lamp Repeating Co

A=

Fig. 1t

condenser under test Ce. Ordinary 20 cyvele ringing current is used

as the measuring current and the galvanometer or voltmeter con-

nected through a reversing relay so that it will always read in one

direction.  For the balanced condition of the bridge as indicated on
; . R . ) S

the galvanometer the relation Ce= | C holds.  Substituting the nu-

merical values for A and Cin the above formula C; then equals m’&).

The above test provides a means for determining the approximate
distributed capacity of a circuit up to the point where it is open.
With previous measurements on known lengths and similar types of
circnits available and assuming the distributed capacity  propor-
tional to the length of circuit, this test provides a simple means for
determining the approximate distance out to the open. In practice
fairly good results are obtained on loaded or non-loaded open wire
cirenits np to 200 miles in length and on loaded or non-loaded cable
up to 10 miles in length. The degree of accuracy with which opens
can be located by this method depends, of course, on having good
unit capacity measurements for the different types of circuits involy ed
in the testing work.

(2) Capacity Unbalance Tests. [ the electrostatic capacities between
wires and between wires and ground in telephone circuits are not
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properly balanced crosstalk between circuits will result.  The effects
of capacity unbalances of this kind are particularly serious in pro-
ducing side to side and phantom to side crosstalk in quadded cable
circuits unless great care is taken in splicing the various pairs and
quads in consecutive lengths so that the resultant unbalances will be
a minimum.  This is to be expected since in cables the electrostatic
capacities between conductors and hetween conductors and  sheath

CW‘L__;'
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Black G C2 Black mate
Cs Ca C3 Cewm
White mate

AN Cwm

Fig. 12

are high as compared to open wire circuits and any irregularities in
construction may  produce very appreciable unbalance conditions
between these capacities.

Fig. 12 shows the direct electrostatic capacities in a quad which,
if they do not have the proper balance relations will produce ex-
cessive crosstalk.  The conductors of one pair are designated “white”
and “white mate’” and of the other pair “black™ and “black mate.”
The particular arrangement of the conductors in the figure to form
the arms of a Wheatstone bridge is used since this arrangement is
employed in the capacity unbalince measuring circuit described later.

Neglecting second order effects, side to side crosstalk is produced
by unbalances in the direct capacities between conductors in ac-
cordance with the following relation.

Capacity unbalance= C,4 C3— (Co+ Cy).

In phantom (o side crosstalk the unbalance relations of the direct
capacities of the conductors 1o gronnd (sheath and “bunch™) in ad-
dition to the direet capacities between conductors hecome important,

Again negleeting second order effeets, the unbakimee relations pro-

ducing crosstalk between the phantom and the “white

side s

Capacity unbalance =2 [Ci4 G = (G + Co) + 5 Crr — Cuean))-
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Similarly the unbalance relations peoducing erosstatk between the
phantom and the “black™ side is

Capacity unbalance =2 [Ci4Ci— (Co+ G + 3 Ca— Caanl

The factor 2 enters into the last two formule since the dilference
in direct capacities have about twice the effect on phantom (o side
crosstalk as they do on side o side erosstalk.

The capacity unbalances given above are wieasured on cach quad
in every loading section and give a measure of the side to side and
phantom 1o side crosstalk due 1o capacity unbalance in the cable.
Such measurenents are usually made at three points in every loading
section and the quads are spliced at these points in such a way that
the capacity unbalances in 1he two directions will tend to neutralize.
In thiz counection particular care is taken to neutralize the phantom
to side unbalanees since these are usually higher.

For making capacity unbalance tests a special portable bridge
known as the capacity unbalance test set was developed which has
been in general use since the introdnction of quadded cables in the
telephone plant.  Fig. 13 shows the schematie circuit arrangement
of this bridge for measuring the capacity unbalance as indicated above
between sules of a quad.

Mhite

nac c2
\3;.‘ mate var ah e
AC Bk / Co“‘e”ser
(33

W‘Mg mate

Fig. 13

The two conductors of each side cireuit of the quad are connected
to opposite corne o of the bridge. these being (l(\n:n.nu-(l as “white
and “white mate” and “black™ and “black mate.”  The direet
capacities hetween these conductors then become the arms of the
bridge.  An oscillator is connected through a transformer o the
“white” and “white mate” terminals of the bridge and a variable
aic condenser is connected o these same terminals, A\ telephone
receiver is connerted through a transformer to the “black™ and “black
mate”" terminals.  The variable air condenser is adjusted until a
minimum tone is obseeved in the receiver, this adjustment adding
capacity to one side oc the other of the bridge.  The variable con-
denser is calibrated to read the unbalances directly in micro micro-
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farads, the direction of the unbalances being indicated by red and
black scales and arbitrarily designated as (4+) and (—).

IYig. 14 shows the circuit arrangement of the bridge for measuring
the capacity unbalance between the phantom and “white” pair.
The oscillator, variable condenser and receiver are connected as
before, the “black” conductor and its mate however, being strapped
together at one of the remaining bridge terminals and ratio arms
R, and R, cach consisting of 2,000 ohms resistance, being connected
as shown to the fourth bridge terminal.  For the condition of minimum
tone the variable condenser reading then gives a measure of the
capacity unbalance between the phantom and the “white” pair, that

White

/‘_‘j:rr"'/”\' i 3
Variabls
AC Black a;n‘: e
/a[ack mate Gondenser
R2 b

White mate

Fig, 14

is a—b. The capacitics ¢ and b take into account in this case the
capacitics of the “white” and “white mate” conductors to ground in
addition to the direct capacities between wires shown in Fig. 13.
The unbalance between the phantom and “black™ pair is obtained
in the same manner as shown by interchanging the “white” and
“black” conductor connections to the bridge. The test set reads
only half the capacity unbalance as defined in the above formula for
phantom to side unbalance.

In practice the testing arrangement just described is used to test
unbalances of all quads in a cable in ecach direction. At any splicing
point where the tests are made the three unbalance measurements
in cach direction for each quad are carefully recorded and the splices
then made by combining (4) and (=) values so as to neutralize each
other as much as possible thereby reducing the resulting capacity
unbalances and the crosstalk in cach direction to a minimum. Both
the bridge and oscillator are readily portable and designed for out-
door use.  The bridge is equipped with keys, binding posts and leads
to allow connections ta be quickly made to the cable conductors and
the various conditions of wunbalance measured.

(3) Impedance Tests. The various bridge arrangements for capacity
measurements are essentially impedance measuring devices, the im-
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pedance of coudensers being negative ceactance. I telephone rir-
vuits amd equipment where inductanee is involved such as in loading
cotls, transformers, retardation coils, ete., the cffective resistanee
ax well as the indinctence becomes a factor which must be taken
account of in bridge testing work.  For measuring efiective resistanve,
inductance  aml impealenve, bridges have been developed  which
are similar o capacity bridges exeept that standard condensers in
the balancing arm are replaced by stamlard inductances and re-
sistances,

There are two general types of bridges in use in the telephone plant
designed to medsure impalance: one type for testing equipment male
up mostly of inductance, such as loading coils, and the other for
testing the impedance characteristics of various types of eqnipment
and circnits generally Jwithin the operating range of frequencies.

“Ls
Fig. 13

The circnit arrangement shown in Fig. 15 is for an impedance
bridge designed primarily for measuring tmpedance of equipment
having positive reactance chariacteristics. As in the capacity bridges
two arms are made up of fixed resistances o1 and B, connected by i
shide wire resistance.  The impedance to be measured makes up the
third arm of the bridge and the stundard impedance consisting of
known values of inductance and resistance is the fourth arm. To
obtain accurate measnrements requires that the standard impedance
be approximately the same order of magnitude ws the impedance
measured and the phase angles of the two must be very neardy the
same.  Values of standurd inductance are, therefore, chosen which
are known to be fairly near the values of the unknown inductances
and a variuble resistance R is provided which can be switched in
series with either arm of the bridge and adjusted until the resistance
components in the two arms are equal.  The bridge is balanced by
adjusting the slide wire resistance and the resistance R until a_mini-
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mum tone is heard in the receiver.  For the condition shown in Fig. 15

L, and R,=f1; (R+R). The

slide wire is calibrated to read the ratio

B
for L; and R, at various {requencies are supplied for use with the
commercial form of bridges. The value of R is read directly from the
dial rheostats on the bridge.

In practice this form of bridge finds its principal application in
measuring the inductance and resistance of cable loading coils when
trouble is experienced which necessitates opening up the cable and
loading coil pots. 1t is also used to measure the unbalance between
windings of coils as, for examiple, between the line windings or the drop
windings of repeating coils.  FFor measurements of the latter kind
one winding is connected in place of L, and the other in place of L,
and the unbalance between the two windings is then given by the
shide wire ratio. A further use of this scheme is in checking the cor-
rectness of loading of short cable circuits and a special bridge has
been designed for this purpose. A pair which is known to be properly
loaded is used as the standard and all other pairs of the same length
and loading are checked by connecting them one at a time into the
unknown arm of the bridge.

. . Il
when the bridge is balanced L"=B

directly and tables of values

Circuit under Test

I

Fig. 16

The form of hridge designed to measure the impedance character-
istics of circuits and equipment at any desired frequency or at a num-
ber of frequencies is shown in Fig. 16.

The fixed resistances A and B, generally of 1,000 ohms cach, make
up two arms of the bridge, the circuit under test the third arm and a
variable resistance and a variable inductance standard the fourth
arm.  The variable inductance L is arranged so that it can be switched
in series with the circuit under test when the characteristios of this
circuit are such that its capacitive reactance predominates. For a
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condition of balance indicated by minimum tone in the receiver, the
etfective resistance of the cirenit is given dircetly by the value of the
variable resistance R, and the inductance by the value of L. For any
particular frequency f at which a measurement is made, the reactance
of the circuit can be computed from the value of L and expressed in
ohms by the formula

Reactance=2r fL.

The impedance of the circuit expressed in ohms is equal to the vectorial
sum of the effective resistance R and the reactance.  This relation
is made use of in practice when it is desired to express the impedance
of circuits in round numbers without reference to its component
parts.  Generally, however, in the practical applications of impedance
measuring in maintenance work, the resistance and inductance com-
ponents can be used directly to the best advantage without combining
them or expressing the inductance readings in terms of reactance.

One of the most important applications of impedance measurements
is the determination of the characteristic impedance of telephone
circuits at the various frequencies involved in the transmission of
telephone currents.  Measurements of this kind, when applied to
equipment circuits such as telephone repeaters, balancing networks,
etc., and to the line circuits themselves, tell a great deal in regard to
the etficiency of these circuits for the transmission of speech. They
are very important, therefore, in checking up the installation of
certain circuits in the plant and making surc that the proper im-
pedance relations are obtained.

Fig. 17 shows the results of impedance measurements on a loaded
19 gauge cable circuit within a range of frequencies from 300 cyeles
to 2300 cyveles.  The effective resistance values and the values of the
reactance components are indicated by the curves. The indoctance
values are negative which means that the cireuit tested had capacitive
reactance throughout the range of frequencies used. When the meas-
urements were made the distant terminal of the circuit was terminated
by an impedance approximating the characteristic impedance of the
circuit in order to give the effect of an infinite length of line.  H the
above circuit is used for 2-way telephone repeater operation it is neces-
sary that the repeater balancing networks have impedance character-
istics similar to the lines which they balance in order that the maximum
repeater gain with good quality he obtained.

Measurements such as deseribed above, in addition to giving a
picture of the effeetive resistance and reactance of circuits at ditferent
frequencies, also provide a means for locating the irregularities and
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troubles which tend to change the normal impedance characteristics.
The omission of loading coils or the reversal of one loading coil wind-
ing, the installation of intermediate apparatus or of emergency cable,
ete., cause impedance irregularities which are very detrimental 1o
telephone repeater operation.  The effect of these irregularities on an
alternating current is to reflect some of the current back towards
the sending end, this reflected current either adding to or subtracting
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from the current entering the line. This cffect can be observed in
impedance measurements by peaks and hollows in the effective
resistance and inductance curves.

Fig. 18 shows two resistance curves of measurements made on a
loaded No. 14 copper circuit (No. 12 N. B. S)), Curve A being for a
condition where two consecutive loading coils were missing and
Curve B for the condition after these coils were conneeted back in
the circuit.  The small irregularity in Curve B was due principally
to the irregularity introduced by the use of a 1,500 ohm termination
when making the measurement. The distance in miles from the end
of the circuit at which the measurements were made to the irregu-
larity caused by the missing loading coils is given fairly accurately
by the formula:

I
2(fa—11)

Distance =

where 17is the velocity of the measuring current in miles per second
for the particular type of circuit tested and (fo—f1) the average differ-
ssive peaks of Curve . For the

ence in frequencies between sucee
type of cirenit on which the measurements shown on Fig. 18 were
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made, the velocity of propagation is approxinitely 51700 miles per
secoud.  The average difference in frequencies between peaks on the
cury e is about 380 cveles. Applying these ligures in the above formula
gives the distance out to the irregularity as 70 miles.  In this case
the ninth and tenth loading coils were missing, which gave a very
close check 1o the computed 70 mile figure. .\ great deal of use is
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made of measurements of this kind in locating troubles which affect
telephone repeater operation and in directing the work of linemen in
clearing these troubles.

A further use which can be made of a bridge similar to the one just
described is in the location of impedance unbalance conditions which
tend to increase crosstalk and noise between circuits. This is a
fairly recent development and a dexcription of it will be included in a
paper to be published later.

(1) Tests of Balance of .\pparaius. Certain types of cquipment
assoviated with telephone cireuits are made up of apparatus which has
10 be closely balanced with respect to the various parts in order that
the cquipment when connected 1o telephone circuits will not cause
unbalances in these circuits. Any unbalances introduced in this
way will increase noise and erosstalk in the same manner as impedance
unbalances in the line circuits themselves.  Cord circuits, phantomn
repeating coils, composite sets, etc., are examples of the types of
equipment in which unbalances in the apparatus may alfect noise and
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crosstalk conditions in the telephone circuits to which they are con-
nected. The capacity bridge and the impedance bridge previously
deseribed can be used to test apparatus unbalances.

Composite sets for superposing ielegraph on telephone circuits are
particularly important in respect to balance and in order 1o provide
a means for gquickly checking the balanee conditions in these a special
form of bridge has been designed. This testing apparatus is known
as the composite set bridge and is of particular advantage in that it
provides for quickly testing the balance conditions of various parts

AC.

Fig. 19

of the set as well as complete sets. Tests can be made for example
of the balance of the telegraph branches complete or of the condensers
and coils in these branches separately. Tests can also he made of the
balance of the grounded branches or of the series line condensers
of the set.

To illustrate the operation of this bridge, IFig. 19 shows the arrange-
ment for testing the balance of the series condensers in a composite
~ct.  Two arms of the bridge .1 and B consist of hixed resistances
conneeted together by a slide wire resistance.  The series line con-
densers of the composite set, Cy and Cs, then become the other two
arms of the bridge. When a source of alternafing current is con-
neeted as shown, a condition of minimum tone in the receiver ob-
tained by adjusting the position of the contactor on the slide wire
indicates when the bridge is balanced.  The slide wire is calibrated
1o read the pereentage unbalance of the condensers ¢y and C; directly.

Crosstalk and Noise Measurenents.  Circuit unbalance conditions,
such as deseribed in some of the previous tests, are often very detri-
ion in that they canse crosstalk between

mental to telephone transmiss
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circuits. o foreign currents, indieed from supply lines, produce
noise which has much the same effeet as inserting a transmission loss,
The magnitude of noise produced in this way is dependent among
other things, on the balance conditions of both the supply and tele-
phone circuits.

The determination of the magnitude of crosstalk and of noise
currents can be made by relatively simple measurements.  In practice
crosstalk tests, which also give an indication of the balance conditions
of circuits, can be made more quickly than impedance unbalance tests,
although they do not give a location directly of any troubles which
may exist.  The usual procedure then is to make noise and crosstalk
tests on circuits, and in those cases where the measurements indicate
that improvement is desirable some of the direet current or alternating
current methods previously deseribed are applied to locate the cause.
The simplitied circuit arrungement of the test set commonly used for
measuring crosstalk between two circuits is shown in Fig. 20.

é Disturbing
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Fig. 20

An alternating current source generally of complex wave shape to
simulate voice currents is connected to a switch in the set so arranged
that its voltage can be impressed either on a telephone circuit known
as the "Disturbing Circuit’™ or on a measuring shunt known as a
“Crosstalk Meter.”  The other side of the shunt is connected through
a Wheatstone bridge arrangement to a second telephone circuit known
as a “Disturbed Circuit.”  Shielded transformers are nsed in the set
as shown for connection to the circuits under test, these transformers
being designed to give the proper impedance relations required by
the different types of circuits et with in practice.  The Wheatstone
bridge arrangement is primarily for the purpose of allowing any noise
currents which may be present in the disturbed cirenit to be impressed
on the observing receivers either when these are used to listen to the
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cross-talk through the shunt or dircetly to the crosstalk from the
disturbed tine.  Errors which might be introduced should line noise he
present for only one condition of the test are in this way eliminated.

Measurements are made by first impressing the alternating current
tone on the disturbing circuit and then on the meter and adjusting
the shunt until the annoying cffect of the tone heard in the disturbed
circuit is judged to be the same as that heard on the meter. The
crosstalk meter is calibrated in crosstalk units, one unit being defined
as the ratio of one millionth between the current at the terminal of
the disturbed circuit and the current at the terminal of the disturbing
circuit, providing these currents are transmitted into like impedances

and distortion of the speech sounds is not involyed.
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Fig. 21 shows the simplified circuit of a noise measuring set arranged
to measure metallic noise on a telephone circuit.  As in the case of
the crosstalk set, a shiclded transformer is used to connect the set
to the circuit under test which can be adjusted to give the proper
impedance refations.  With the switch thrown towards “line” the
receiver is connected to the eircuit under test and any noise on this
circuit obscrved.  When the switch is thrown towards “shunt” an
artificial noise current praduced by a vibrator is impressed on the
receiver through a shumt. By alternately throwing the switch from
the line under test to the shunt eircuit, the shunt is adjusted until the
interfering effect of the noise on the line and from the shunt are
judged to be cqual. The reading of the shunt which is calibrated in
noise units gives a measure of the amount of noise in the circuit under
test.  In the commercial form of instrument used in the plant, the
circuit is arranged so that both metallic noise and noise to ground
can be readily measured. Where noise is present on circuits, instru-
ments are also available for analyzing the wave shape, that is, de-
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termining which frequencies making up the noise currents predomi-
nate.  For both uwoise and crosstalk measurements, definite rules
must be followed in terminating the distant ends of the cirenits under
test in order to reduce terminal impedanve irregularities.

21-Circuil Balance Tests.  In describing the use of the bridge for
locating impedance irregularitics, mention was made of the effect of
such irregularities on telephone repeater operation. Since the making
of impedance runs on circuits involves a considerable amount of time
and expense, a simple and quick balance test, known as the 2l-circuit
test, was devisad in which the telephone repeater is made o function
as the testing set. The gain which can be obtained from a 21 or 22
type telephone repeater with good guality depends to a large extent
on the degree of balance, within the irequency range involved, be-
tween the impedances of the telephone circuits and the impedances
of the corresponding balancing networks.  The use of this balance
relation is illustrated in the simplificd circuit of Fig. 22 which shows
22 type repeater connected to make a 21-circuit balance test between

d =

the “East™ line and its balancing network.
o

Amplifer Circuit
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Output
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Trarsforrme
Weest

Amplifier Circuit
We:

Fig. 22

The line under test and its balancing network are connected as for
normal repeater operation, while the “West"” line is opened.  The
“West™ line network terminals are cither shorted or the network
left connected. the principle of the test being the same in cither case.
The 3-winding transformer, when connected for normal repeater oper-
ation, as shown for the “East” transformer in Fig. 22, simply gives a
Wheatstone bridge relation, the input of the “West™ amplilier being
connected to the balanced points of the bridge.  The proportion
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of the current delivered to the transformer from the “East’™ amplifier
which gets to the input of the “West' amplifier depends, therefore, on
the degree of bridge halance furnished by the line nnder test and its
network.  When the B-winding transformer is opened on the line side
with cither the network terminals shorted or with the network con-
nected, as shown for the “West” transformer its action is the same as
a repeating coil.

An internal path for currents which may produce repeater “singing”
or a sustained tone, is established if the gain of the two amplifiers is
just greater than the sum of the losses within the repeater circuit, that
is, the losses through the transformers and any other equipment in
the circuit.  Theoretically, if the line and network were perfectly
balanced and there were no internal unbalances in the repeater, it
could not be made to sing since, due to the balance relations of the
“East” 3-winding transformer, there would be infinite loss from the
output of the “East” amplifier to the input of the “West” amplifier.
This ideal condition is, of course, not met with in practice, since it is
not practicable to design repeater circuits for perfect balance or to
construct artificial networks which will exactly balance the working
lines at all frequencies involved. The amplification which can be
obtained in any instance without singing, then depends to a large
extent on the balance hetween the lines and networks.  1n the test
circuit shown in Fig. 22 the gains of the two amplifier clements are
increased until singing or a sustained tone is observed and the total
gain required for this gives an indication of the balance between the
“East” line and its balancing network. In the same way the balance
between the “West™ line and its network can he determined by con-
neeting this in the regular way to the “West” 3-winding transformer
and disconnecting the “East”™ line.  In making the tests in either
direction the “poling” of the repeater circuit is reversed in order to
give the lowest value of singing point which might occur under service

conditions.

In practice the tests deseribed above have become of considerable
use and importance in the installation and maintenance of telephone
repeaters and the circuits associated with them.  Methods are avail-
able for computing the estimated singing points which circuits and
cquipment should give with telephone repeaters under operating con-
ditions.  These computations allow toll eircuits and equipment to be
engincered intelligently with respeet to the gains which the repeaters
may be expected to give with good quality.  After installation, the
21-circuit tests furnish a means for checking computed or estimated
singing points. When the estimated singing points cannot be obtained
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with the 21-circuit tests, this is an indication of balance trouble which
must be located cither by an inspection of the circuits or balancing
cquipment or by resorting to impedance measurements as deseribed
prey inllsl.\'.

Another method of determining impedance irregularities which
is made use of in some of the Lirger offiees is to measure the trans-
mission loss through the 3-winding transformer  with the lines and
networks connected as for normal repeater operation,  A\s stated
previously the loss throngh the transformer to currents from the
output of one amplitier to the input of the other gives a measure of
the balance conditions of the Hine and network, the loss increasing as
the balance becomes more perfect. By this scheme the losses through
the 3-winding transformers can be measured over a range of frequencies
as in line impedance measurements and a loss curve obtained which
can be used to locate irregularitics in the same manner as described
for line impedance curves.

Transmission Efficiency Mcasurements. If all or a part of the tests
already described were applied to the various transmission circuits
in the telephone plant, most troubles which might effect speech
transmission could be detected and assurance given that the circuits
were properly installed. Such a procedure would be costhy and im-
practicable and for this reason it is necessary that means be provided
whereby a measurement of a circuit’s efficiency for the transmis-
sion of voice currents can be quickly made.

The transmission of voice currents can be measured in terms of a
standard aml expressed in units in much the same manner as the
transmission of any electrical currents. .\ telephone  circuit, for
example. extending bhetween any twao offices is said to have an cquiva-
lent of so many units of transmission, the number of these units de-
peading on the clectrical characteristics of the component parts of
the circuit.!  Transmission measurements, as far as volume cfficiency
is concerned, involve determining by means of suitable testing ap-
paratus the number of transmission units of loss or gain which a
particular circuit or piece of equipment causes.  As it is desired 1o
obtain a measure of ctheieney at a frequency comparable with the
combined frequencies of the voice, a frequency of 1,000 eveles for the
testing current has been chosen which experience has shown gives
results approximating fairly closely those obtained by using a com-
bination of the frequencies within the voice range.  Measurements
can also be made at other frequencies within the voice range or at

! See the article in this issue, The Transmission Unit and Telephone Transmission
Reference Systems, by W. H. Martin.
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frequencies outside of this range where desired, for example, at ringing
current frequencies or carrier current frequencies.

Efficieney tests of transmitters and receivers present a somewhat
different problem and for these it has been found most convenient to
make direet comparisons between the instruments under test and
standard instruments.

A discussion of the application of transmission testing apparatus
in maintenance work for measuring losses and gains is given below.

(1) Measurements of Transmission Losses. In its simplest form a
transmission measuring set involves an arrangement of apparatus
whereby a volume comparison can be made between voice currents
transmitted over a circuit of unknown cfficiency and then over a
standard circuit of known efficiency.

Circuts under Test

Artif iciat
Cable

Vig. 23

Such an arrangement is illustrated in Fig. 23 in which the amount
of artificial cable required to give a volume of transmission equal
to that obtained over the circuit under test is a measure of the circuit's
efficiency in terms of the artificial cable units.  Prior 1o the develop-
ment of the present types of transmission measuring sets the arrange-
ment shown in Fig. 23 was used 10 a limited extent, principally in
making measurements on important types of toll circuits and in
determining fundiumental transmission data such as unit equivalents,
reflection losses, cte.

To meet the practical requirements of field testing work two general
types of testing apparatus have been developed, one involving “ear
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balanee” methods aned the other “visual™ methods, that is, an am-
plitier and ddetector arrangement.
Fig. 21 shows the schematie circuit arrangement for an car bal-

ance test set and Fig. 25, that Tor a set employing visual methods.
0 Vi
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A deseription of this apparatus and its development has been given
in a paper by Best.2  In brief, one subscriber’s set of the circuit in
Fig. 23 has been replaced by an oscillator while the other subscriber’s
set has been replaced by i receiver and resistance arrangement in the
ciccuit of Iig. 2F and by an amplifier and detector in the cireuit of
Fig. 25. The artificial cable of Fig. 23 has also been replaced by dis-
tortionless resistance network standards in Figs. 21 and 25, Various
resistances and coils are also provided to meet practical testing re-
quircments such as adjusting the measuring current, and reducing
retlection losses.

For lield testing work, the circuits shown in Figs. 21 and 25 are
mounted in compact form in portable boxes which can be readily
carried from office to office or wherever required.  Portable oscillators
for supplying the measuring current are also provided so that com-

TF. H. Best, Jour. 1. I. E. F., Vol. XLIIL, No. 2., Feh,, 1024,
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plete testing cquipment is available, by means of which, a large
volume of transmission testing in central offices and private branch
exchanges can be done in the most convenient manner.  Tests using
these instruments can be made as readily on the transmission circuits
in machine switching offices of both the step by step and panel types as
in manual offices.

‘he car balance set of Fig. 24 requires no ex-
ternal source of direct current power and only a three dry eell battery
is required for operating the oscillator, it is, therefore, used to the
best advantage in testing private branch exchange switchboards and
magneto switchboards where the power necessary to operate visual
types of sets is not readily available.

The visual type of set of Fig. 25 is particularly suited for testing
in the larger common battery central offices since it permits measure-
ments to be made more quickly and accurately than in the case of the

Fig. 26

(&

r balance sets. These larger offices also have readily available
the 2I-volt batteries required to operate the visual reading sets.
Fig. 26 shows a picture of one of the latest types of portable visual
reading measuring sets, sct up ready for operation at a central office
switchboard position.
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In order to give a general picture of the kinds of trouble found with
this transmission testing equipment the following table shows a trouble
classification which is particularly useful in analyzing testing results
and instigating any required remedial measures.

Classification of Troubles Found

Physical defects. Wrong tvpe of cquipment or
Opens. cireuit.

Crounds. Missing cquipment.

Crosses, High resistance.

Cut Outs. Low insulation.

Electrical defeets. Wrong routing.

Incorrect wiring. Bridged conductors.

The above classilication includes all of the common types ol troubles
which, il not kept out of the plant, will be detrimental to service,
The item of physical defects is a class of trouble which is not de-
termined directhy by transmission tests but is discovered by the
maintenance forces during the course of their testing work. [t rep-
resents any unsatisfactory conditions found in the circuits which,
while not causing trouble at the time, may very likely do so later and
should, therefore, be corrected.  The next four kinds of trouble shown
in the table viz: opens, grounds, crosses and cut-outs while detected
by transmission tests can also be found and cleared by the every-
day maintenance work without the use of transmission testing ap-
paratus.  The remaining classes of trouble listed can, it has heen found,
be detected and climinated most etficiently by the use of transmission
testing sets. Classifying troubles and identifying them with the
important circuits in the exchange arca plant such as cord circuits,
operators’ circuits, trunks, ete., has proved very valuable in trans-
mission maintenance work.  The results of the work when analyzed
in this way are @ very great aid in supervision and assist materially
in keeping the plant in good condition.

The visnal reading circuit of Fig. 25 i~ also designed in a form
for permanent installation particularly for use in testing toll circuits,
A\ picture of a typical installation of one of the Litest types of scts
and its associated oscilkutor is shown in Fig. 27.

From 40 (o 50 instruments of the general type shown in the picture
are now located at important toll centers throughout the conntry.
They are constantly used to check the overall transmission cfheiency



384 BELL SYSTEM TECHNICAL JOURNAL

of 1oll circuits and in locating and clearing any transmission troubles
which occur in service.  Tests are macde either by looping two circuits
together at the distant terminals and measuring the loop loss or by
testing single circuits straight-away between toll centers equipped
with measuring instruments of this type.

In general, transmission testing apparatus quickly locates kinds of
troubles which cannot be readily detected by other routine testing
methods.  Transmission tests also serve as a means for checking

—i

Fig. 27

general maintenance conditions and for insuring that other routine
testing work is carried on in an effective manner.

As an illustration of the effect of some of the kinds of troubles
which transmission tests deteet, Fig. 28 shows the transmission circuit
arrangement for a typical toll connection and below  transmission
level diagrams are given for the normal transmission condition and for
conditions where common kinds of troubles are present.  The level
diagrams show how the normal overall transmission equivalent is
increased when one or a number of transmission troubles are present
in the various cireuits going to make up the connection between sub-
seribers. s indicated some troubles are more severe than others,




Ty FIce

v

=
v

Scscs i

57.5:1

5
0
]
80
o
29:5¢E0

H
i
=
=
=

RES

Fig, 28



386 BELL SYSTEM TECHNICAL JOURNAE

but any of them tend to produce conditions which may be very
detrimental to service.  These diagrams illustrate therefore, how
important it is to maintain the telephone plant so that troubles of this
nature will not be present.

(2) Measuremenls of Transmission Gains. The transmission gains
ol amplifier circuits are measured in much the same way as trans-
mission losses. .\ gain may be considered as a negative loss and is
expressed in the same transmission units.  In measuring the gains
of amplificr circuits designed for two way operation, it is necessary
to provide the proper balancing conditions in order to prevent

“

sing-
ing This is done by connecting the amplifier circuit between two
artificial lines of the proper impedances and balancing these lines by
networks.  The simplest measuring circuit now in use consists of an
arrangement whereby the repeater or amplifier under test is con-
nected between two artificial lines with balancing networks and tone
is supplied by an oscillator at the terminal of one line while the termi-
nal of the other line is equipped with a receiver and a measuring shunt
calibrated in transmission units.  The repeater and the shunt are
then alternately cut in and out of the circuit and the shunt adjusted
until equal volume of tone is observed in the receiver, for which
condition the shunt reading gives the gain of the repeater.

A visual method for measuring repeater gains is provided by sub-
stituting an amplifier detector eircuit for the shunt and receiver.
This is essentially what is done in the transmission measuring circuit
shown in Iig. The tyvpe of set designed for permanent instalta-
tion which employs this circuit is arranged so that amplifier gains
up to about 20 TU can be measured when a repeater is connected
in place of the lines under test and the necessary repeater balancing
requirements taken care of. The gains of repeaters conneeted in
toll circuits are often checked in this way when overall transmission
tests are made on these circuits.,

To meet practical testing requirements at the larger repeater and
carrier stations where a considerable amount of gain testing work is
done, a visual reading measuring set especially designed for testing
amplifier gains has been developed.  The measuring eircnit employed
in this gain testing set-has heen described.®  The equipment going
to make up these sets, that is, the measuring shunts, artificial lines,
amplifiers, meters, ete., is mounted in compact form on standard
panels which can be installed at convenient locations near repeater
and carrier cquipment. .\ panel mounted 1,000 cyele oscillator is also

3\, B. Clark, Bell System Technical Journal, Volume LI, No. 1, January, 1923.
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provided to supply measuring current, although other types of oscil-
lators giving the necessary output and proper wave shape ean be used
if desired.

In practice, it is necessary to maintain the gains of the amplifiers
in repeater and carrier circuits to fairly close limits sinee these ampli-
fiers form an integral part of toll eircuits,  Measurements of gains
are also made in connection with the 2F circuit balanee tests previ-
otsly deseribed.  Another important application of gain tests is to
cheek the gain frequency characteristies of repeaters to determine
that all frequencies within the voice range are being properly ampli-
tied. By varving the filament current between limits, a test of the
vacuum tubes for filament activity is obtained by gain measurements,

(31 Measurements of Transmilter and Receiver Efficiencies. Trans-
mitters and receivers are used in the telephone plant principally in
operators’ sets and subscribers’ sets. In the former, the transmitters,
receivers and operators’ circuits are readily available to the main-
tenance forees and therefore can be inspected and tested in a routine
manner.  In the case of subseribers” sets, however, the cequipment
in service is not aceessible and tests must be made on the instruments
before installation or at times when they are removed from service.
Talking tests can also be made from the instruments at the time
installations are made and any partienlarly unsatisfactory conditions
found in this way.

The difficulties incident to testing transmitters and receivers are
due to the fact that in transmitters, the efficiency depends on the
ability to convert sound energy into electrical energy and in receivers,
the ability 1o convert electrical energy into sound energy.  Obviously,
a simple form of transmitter test and one which has until recently
been generally used is to talk alternately into the transmitter under
test and then into a standard transmitter and observe the difference
in volumes at a receiving set.  In the same manner, a simple recciver
test i~ to listen alternately to a receiver nnder test and then to a
standard reeeiver connected to a talking station.  This method is
slow and also of limited accuraey due to inherent changes in a speak-
er's voice and to the possibility of the distance of the speaker’s lips
from the transmitter varying. To take the place of this method
transmitter and receiver testing machines have been developed which
will be described in a paper to be published later.

Oscillators.  Practically all alternating current testing work requires
the provision of an external source of measuring current. For this
purpose oscillators of varions types have been developed which are
designed clectrically and mechanically to meet various test cirenit
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requirements as to wave shape, volume of current, ete. One of the
carliest forms of oscillators known as the “‘substation howler” was
made by coupling the receiver and transmitter of a subscriber's set
together mechanically and taking off the alternating current gener-
ated by means of an induction coil in the howling circuit. This type
of oscillator, which was subject to large variations in volume and
produced a very poor wave form, has now been replaced by other and
imprn\'(‘(] 1)'1)(35.

Oscillators now in use in the field can be divided into three general
classes, those employing vibrators, those employing motor generator
equipment and those employing vacuum tubes. The principles of
these oscillators are briefly described below by considering one com-
mercial type in each class:

(1) Oscillators Employing Vibrators. 1ig. 29 shows the circuit
arrangement of an oscillator of this type which is designed for pro-
ducing a single frequency alternating current.

Fig. 29

The current generating element consists of a metal reed R, resting
against the diaphragm associated with the carbon button €. The
receiver spools M, are so arranged that when they are energized by
the battery an attractive force is exerted upon the reed which draws
it away from the carbon button. This action decreases the pressure
in the carbon button with a corresponding deercase in the current
from the battery, which in turn decreases the attractive foree of the
receiver so that the pressure of the reed against the carbon button is
again increased.  This cyele of change in current and pressure is
repeated at the natural frequeney of vibration of the reed so long as
direct current flows from the battery. The alternating currents set
up ‘n this way are passed through a circuit resonant at the natural
period of vibration of the reed, thereby giving a current of good wave
form.

This particular form of vibrator oscillator is used principally in
transmission testing work where portable “car balance” methods
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are emploved, 1t may, however, be nsed tor other kinds ot measnree
ments where single frequeney currents of fairly good wave (orm are
required.  Other forms ol vibrator oscillators are available, par-
ticalarly for use in capacity and capacity unbalance tests and eross-
talk and noise tests.

(2) Oscillators Employing Motor Generator Lquipment.  This type
ol oseillator is illustrated by ordinary ringing and trouble tone ma-
chines and the low frequency alternating enrrents generated by these
machines are often used in testboard work.  The circuit for an oscil-
lator of this type, particalarly designed for producing 1,000-cvele
alternating current with good wave form, is shown in Fig. 30.

Roctor
—
Filter A C Output
24 Volts
Fig. 30

In this circuit the field of an electromagnet is varied by a laminated
core or rotor resembling a spur gear driven by a small 24-volt d.c.
motor. The speed of the motor is automatically regulated and the
clectromagnet and rotor so designed that a 1L000-cycle current is
gencrated.  Harmonics which are inherent in the oscillator are
eliminated by the use of a filter.  This oscillator can be operated on
the regular 2E-volt central office battery and is compactly mounted
to make it readily portable. It is particularly adaptable, therefore,
for supplying the measuring current required to operate portable
visual transmission measuring sets and is now generally used for
this purpos¢ in the telephone plant.

(3) Oscillators Employing Vacuum Tubes. VFig. 31 shows the sim-
pliticd circuit arrangement of a vacuum tube oscillator.

The oscillating vacuum tube in this generator has its plate and grid
inductively connected together in a tuned circuit.  Closing the fila-
ment battery circuit starts this tube oscillating, the frequency of the
ascillations being controlled by the inductance of the plate and grid
coupling and the variable condenser €. The current thos generated
is amplificd by other vacuum tubes to the values which are required
in the alternating current testing work.  The cirenit of Fig. 31 shows
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only one amplifying vacuum tube, but additional amplifiers may be
added to meet the requirements of particular kinds of testing work.
One of the latest forms of oscillators of this type is shown in Fig. 27
set up for use with one of the permanent types of transmission meas-
uring sets.

Vacuum tube oscillators have been developed which will generate
measuring currents of any desired frequency within the range of 100
cycles to 50,000 cyeles, thus covering both the voice and carrier

Amwube

AC
Output

Fig. 31

range.  These oscillators have become indispensable in testing and
maintenance work.  They are used extensively in making both single
frequency  transmission tests and  transmission loss and  gain tests
within the range of frequencies mentioned above. They are also
used in making line impedance and impedance unbalance tests and
in determining the characteristics of telephone repeater and carrier

circuits.

Specific A pplications of Electrical Testing Methods. In describing
the various electrical tests above, considerable has been said regarding
the applications which are made of them to insure satisfactory tele-
phone transmission.  In order to give an overall picture of these
applications the toll connection for which transmission level diagrams
are given in Fig. 28, is shown in simplified form in Fig. 32, with various
tests listed underncath the different sections of the circuit layout.
Only the sections of the circuit making up the first part of the con-
nection are shown since corresponding tests will apply to the circuits
making up the sccond.

The tests listed in Fig. 32 are not intended to give a testing program
but rather to show the various electrical testing means which are
able for use in installation and maintenance work. Just what
tests should be made, the frequency of making the tests and the
limits to work to, to insure a high grade of transmission depend on
the types of circuits and equipment involved and their relative im-

d
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portance in the system as a whole.  These matters are covered in
routine instructions which are developed by experience and which
take into account local conditions and service requirements.

In conclusion, it may be stated that telephone systems in their
present development have at their disposal means for carrying on an
adequate transmission maintenance program in an economical manner.
IFurthermore, studies and trials of new methods are continually
being carricd on with a view to obtaining further improvements
and increased cconomies in transmission testing and maintenance
work.




A Generalization of the Reciprocal Theorem
By JOHN R. CARSON

1. Reciprocal  Theorem, an interesting and  extremely im-

portant relation of wide applicability, which was discovered by
Lord Rayleigh, is stated by him in the lingnage of clectric circuit
theory as follows:

“Let there be two cirenits of insulated wire A and B, and in their
neighborhood any combination of wire circnits or solid conductors
in communication with condensers. .\ periodie electromotive force
in the circuit .\ will give rise (o the same cnrrent in B as wonld be
excited in N Cif the electromotive force operataed in B.7Y

Before proceeding with the generalization which is the subject of
this paper, Rayleigh's theorem, in the following modified form, will
first be stated and proved:

L. Let a set of clectromotive forces V' . ... V', all of the same fre-
quency, acting in the n branches of an invariable network, produce a

current distribution Iy .. .. 1, and let a second set of clectromotive
Sorces 1\ ... V' of the same frequency produce a sccond current
distribution 1" .. .. 1,). Then
L L
Vg e v s
ll,,'l{:zl,-’l,'. (1)
1 j=1

To prove this theorem we start with the equations of the network

14

Zly= 1. J=1.2. . .., (2)

3

and observe that, provided the network is invariable, contains no
internal source of energy or unilateral deviee, and provided that the
applicd clectromotive forces 17y .00 17, are all of the same frequency,
say w27, the mutnal impedances satisfy the reciprocal relations
Zy=Zx,. Consequently if (2) s solved for the currents, we get

n
1,=§.‘|ykrk, J=12.. .4, (3)
£=1
and the cocthicients also obey the reciprocal relations L1 = cly,.
Now consider two independent and arbitrary sets of egni-periodic
applicd clectromotive forees, 1777 ... 1 and 177 ... 177 then
! Rayleigh, Theory of Sound, Vol. I, p. t35.

393
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in accordance with (3), the corresponding disteibutions of network

currents It/ . ... [y and 1Y ... 1" are given by
-
[J»’=z,1jk]'k', =2 (124
E=1
"
I_]”= E[]y[, I’k”. ('-))
E=1
Now form the product sum 2[’_,-”1-’; by means of (4) it is casy to
show that, since A=Ay,
w_n
21’”1 ! 2, 2 A1 1" 4 1"'[")—2 A1
i=1k=1
Since this is symmetrical in the two sets of applied forces Vi ... . 17/
and 177 .... 1.7, it follows at once that

EI"’ /:EI}’I/’.
which proves the theorem.

Now if we analyze the foregoing proof it is scen to depend on the
assumption, first that the network can be deseribed in terms of a set
of simultancous equations with constant coefficients, and secondly
on the reciprocal relation in the coefficients, Zjp=Zy. In other
words, it is assumed that the currents fow in linear, invariable eir-
cuits, and that the system is what is called quasi-stationary.®  What
this means is that the network may be treated as a dynamical system
defined by # coordinates, the # currents 7 . .. .J, being the veloci-
ties of the # coordinates. More precisely stated, the underlying
assumption is that the magnetic energy, the electric energy, and the
dissipation [unction can be expressed as homogencous quadratic
functions of the following form

I'= ;2 2 vkl)llu
> > S0,k IL=d di 0,

—

=32 ZRililk

where the coefficients Ly, Sp Rj are constants.  Subject to  these
assumptions, which, it may be remarked, underlie the whole of electrie
circuit theory, the direct application of Lagrange's equations to the
quadratic functions 7°, 11, D leads at once to the circuit equations (1)
and the reciprocal relation Zx=Zg. This is merely a very brief outline
of Maxwell's dynamical theory of quasi-stationary systems or networks.

and

2 See Theorie der Electrizitat, Abraham u. Foppl, Vol. I, p. 254,
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Now in view of the foregoing assumptions aid restrictions which
underlie all the proofs of the Reciprocal Theorem, known to the
writer, it is by no means obvious that the theorem is valid when we
have to do with currents in continuous media as well as in linear
circuits, and when, furthermore we have to take account of radiation
phenomena.®  The proof or disproof of the theorem in the electro-
magnetic case is, however, extremely important.  The writer there-
fore, offers the following generalized Reciprocal Theorem, subject to
the restriction noted below.

. Let a distribulion of impressed periodic eleclric  intensily
F'=F'(x, v.2) produce a corresponding distribution of currenl in-
tensity w'=u''x, y.2), and lel a second disiribulion of equi-periodic
impressed electric intensity F*' = F"'(x, y, 5) produce a second distribution
of currend intensity U’ =u""\x, y, z), then

JF - u)dv= fiF - u)dy, (6)
the volume integration being extended over all conducting and
dielectric media. F oand @ are vectors and the expression (F-u
denotes the scalar product of the two vectors.

The only scrions restriction on the generality of this theorem, as
proved below, is that magnetic matter is excluded: in other words it
is assumed that all conducting and diclectric media in the fickl have
unit permeability.  This restriction is theoretically 1o be regretted,
but is not of serious consequence in important practical applications.

PPROOF OF GENERALIZED REciprocal. THEOREM!

In order to prove the generalized theorem stated above it is neces-
sary’ to discard the special assumption of quasi-stationary systems
underlying Ravleigh's theorem, and  start with the fundamental
cquations of clectromagnetic theory.  These may be formulated as
follows:

div B=u,
div E=4#p,

curl E= L) B.
c o
curl B- Iru+ oE L8
cat
where ¢ is the velocity of light.
3 The theory of quasi-stationary systems expressly excludes radiation

* In the following proof it is necessary 1o assume a knowledge on the part of the
reader of the elements of vector analysis, the notation 1s that coaployed by Abraham.
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It will he noted that there are only two field vectors, E and B,
instead of the usuwal four vectors E, D, B, H, where D=kE and
B=pll, and that the constants of the medium & and g do not explicitly
appear.  This formal simplification is effected by taking as the eurrent
density

= —}—% %I:—f— curl M

where @ is the conduction current density, P is the polarization,
dehmed as

k—1
. 4 &
and M is defined as
_ el
‘"_47 . B.

The equation of continuity

cpu=—12
dhiv = ¢ 5tP

then determines the charge density p.

The advantage of this formulation is that E and B can now be
expressed in terms of the retarded scalar and vector potentials &
and A, as follows:

05 7%)
e ot

B=curl A,

b= /p(t—r ‘-)(I\'.
. r

A= [T,
r

The notation p(f—r ¢) and wuit—r ¢) indicates that p and # are taken
not at time £ but at time =7 ¢ in evalnating the integrals. Tt will
be observed that with p and @ delined as above, all effects are trans-
mitted with the velocity of light, independently of the characteristics
of the medinm, a point of view in accordance with the modern develop-
ment of clectromagnetic theory.

E= A=,

where
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In the application of the preceding equations to our problem, it
will be asstmed that Mois everywhere zero, so that

-, lLar
u=u+ .
1 at
Le will be assamed fu-ther that @ = oFE and, since P kl- l I8
w
_ b=l DN,
“_(" T a/)"

and is therefore a linear function of E. o and £ are in general point
functions of the mwedinm.  The reason for setting M =0, is that it
appears essential o the following proof that u shall be lincar in E;
that is, that the current density at any point be proportional to the
electric intensity ®

With the foregoing very brief review of the fundamental equations,
we are now prepared to prove the generalized reciprocal therorem.
Assuming a periodic steady state, so that § '3l =1e, we start with the
vector equation

E=F— ’f;\ml, (7)

/‘: cxp(—i?wr) u v,
/: vxp(— i;u r)p dv.

Here F is the impressed inlensity: that is, the electric inlensity which
Is not due lo the currents and charges of lhe system ilself. Also by
virtue of the assumption M=10,

where

.

e
= (a+ | ) l“’)F‘ \E,
whence (7) can be written as
1 [ | [ ~
)\“+l:) ’ vxp(—l:’r)lul\-=,). (S

where G=F — v,

* The question as to whether the generalized theorem itsell, and not merely the
foregoing proof, is restricted in general 1o the case where M is everywhere zero has
not as yet received a conclusive answer.  There are reasons, however, which cannot
be [ully entered into here, which make it appear probable that the theorem itsell
is in general restricted 1o the case where the current density contributing to the
retarded vector potential is lincar in the electrie intensity and the two \c((()rs art
parallel.  Subject to the hypothesis and assumptions of quasi-stationary
however, the restriction M =0 is not necessary.  The writer hopes to deal \\I(h thvw
qutsll(m~ in a future paper.
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lZquation (8) is a vector integral equation ® in u. The nucleus or
5 iw " . .
kernel of the equation, cxp(—- r) /r,issymmetrical with respect to any
=

two points (x;¥;51) and (xays22). the distance between which is 7. By
virtue of this symmetry the following reciprocal relation is easily
established.”

If w' =u' (x,y.5) is a function satisfying equation (8) when G=G'=
G’ (v, y,3) and u”"=u" (x, v, 3) a second function satisfving (8) when
G=G"=G" (x, v, 3), then

_|'(u'-G")(l\-=_|.(u"'G’)d\-. )
Consequently since G=F—-Yvo
_I-( u'-F")dv —.|'(u"~ F’)(l\'=.|. : (1 v ") — (1" - v )dv. (10)
The proof of the theorem is now reduced to showing that
I; (W' v ") — (' v ) Ly =0.
Now integrating by parts
F Qe )iy = — [ div 4’ dv,
= l:-’."'b”p’ dv,
since, from the equations of continuity, div u=—1:’p. But from
the fundamental field cquations:
Amp' = — T (’;-")x
whenee .
I% (' -v’)— u"’-vd’) é(]\' = _l]”(l:,)_” DY — PETEB NG

and by Greens Theorem, the right hand volume integral is equal to

the surface integral
1 fiw /'\ 2, 5 1
BB B — S (]S
~lvr(«'). (- on an

the surface being any surface which totally encloses the volume, and
A ~n denoting differentiativn along the normal to the surface.

“The formulation of the clectromagnetic field equations in this form is of con-
siderable importance.  The integral equation furnishes a basis for developing eleetric
circwit theory from the fundamental field cquations,  In addition it leads to the
solution of problems in wave propagation which can not be directly solved from the
wive equation itself,

# Perhaps the casicst way 1o prove this proposition is 1o regand the integral equa-
tion as the limit of a set of simultancous equations, a point of v iew which forms the
basis of Fredholm's rescarches on integral equations.
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Now if the surface be taken as a sphere of radius R, centered at or
near the system, it is casily shown that if R is taken suthciently large

O pra O gy gy
5uq _BRI a ("'
O = — it

A A

and the surface integral vanishes.  Consequently we have established
the generalized reciprocal theorem

|'(u'- o= l.w u"’ - F')dv.

The Reciprocal Theorem 1 ohas long heen employed in clectric
cirenit theory, and has proved extremely useful.  As an example of
the practical utility of the generalized theorem 1T it may be remarked
that it enables us o dedace the transmitting properties of an antenna
svstem from its receiving properties.  The latter may sometimes be
approximately deduced quite simply, as in the case of the wave
antenna, whereas a direet threoretical determination of the former
presents enormous difbeulties.




The Transmission Unit and Telephone
Transmission Reference Systems!
By W. H. MARTIN

Svaupsts: Consideration is given to the method of determining and
expressing the transmission cfticiencies of 1elephone circuits and apparatus,
and of the desirable quahﬁmlmns for a unit in which to express these effi-
ciencies. The' transnussion unit " described in this paper has been selected
as being much more suitable fur this purpose under present conditions than
the “mile of standard cable” which has been generally used in the past.

HEE “mile of standard cable” has been used in telephone en-

gineering in this country for over twenty vears, and during that
time has been adopted in other countries, as the unit for expressing
the transmission efficiency of telephone circuits and apparatus.  In
the present state of the telephone art, this unit has been found, how-
ever, to be not entircly suitable and it has recently been replaced in
the Bell System by another unit which for the present, at least, has
been called simply the “transmission unit.” Before considering the
reasons for such a fundamental change and the relative merits of the
two units, it may be well to review briefly the general method of deter-
mining the efficiency of such circuits and the apparatus associated
with them.

The function of a telephone circuit is to reproduce at one terminal
the speech sounds which are impressed upon it at the other terminal.
The input and output of the circuit are in the form of sound and its
efficiency as a transmission system may be expressed as the ratio
of the sound power output to the sound power input.  For commercial
circuits, this ratio may be of the order of 0.01 to 0.001.

In the operation of the system, the sound power input is con-
verted by the transmitter into eleetrical power, which is transmitted
over the line to the receiver and there reconverted into sound power.
The effect of inserting a section of line or piece of apparatus or of
making any change in the circuit can be determined in terms of the
variation which it produces in the ratio of the sound power ontput
to the sound power input, or, if this latier is kept constant, in terms of
the ratio of sound power output after the change to that obtained
before the change was made. 1t should be noted particularty that
the change in the output power of the system is the real measure
of the effect of any part of the circuit on the efficiency of the system
and that the ratio of the power leaving any part to that entering it
is not necessarily the measure of this effect. For example, a pure

1 Reprinted from the Journ. A, . E. E., for June, 1924,
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reactance placed in series between the transmitter and the line, may
change the power delivered to the line by the transmitter and henee
the output of the recciver, the magnitude and direction of the change
being determined by the impedance relations at the point of iosertion,
The ratio of the power leaving the reactance to that entering it is,
of course, unity, as no power is dissipated in a pure reactance.  In
other words, the transmission efficiency of any part of a eircuit cannot
be considered solely from the standpoint of the ratio of output to
input power for that part, or the power dissipated in that part, but
must be defined in terms of its effect on the ratio of output to input
power for the whole system.

By determining the effect of separately inserting the many picces of
apparatus that may form parts of typical telephone circuits, an index
can be established for cach of these parts of its effect on the efficiency
of the circuit for the conditions of which the circuit tested is typical.
Similarly, the power dissipated in unit lengths of the various types of
line can be determined by noting the change in power output of the
receiver caused by increasing any line by a unit length.  Such indices
of the transmission etficiencies of the various parts of a circuit obvi-
ously have many applications in designing and engincering telephone
circuits.  These indices could be taken as the ratios expressing the
change in the output power of the system. This, however, has cer-
tain disadvantages. For example, the combined effect of a number
of parts would then be expressed as a product of a number of ratios.
Likewise, for the case of a number of parts n of the same type in
series, such as a line # miles in length, the effect would be expressed as
the ratio for one part or one mile of the line, raised to the nth power.
In many cases, these ratios and the powers to which they would
need to be raised would be such as 1o make their handling cumber-
some.  If, however, these indices are expressed in terms of a loga-
rithmic function of a ratio sclected as a unit, the sum of any number
of such indices for the parts of a circuit is the corresponding index for
the power ratio giving the effect of the combination of these parts.

The "mile of standard cable” is such a logarithmic function of a
power ratio.  The new unit also meets this important requirement.

DEFINITION OF THEE TRANSMIsSION UNIT

The “rransmission unit” (abbreviated 7°U) has been chosen so
that two amounts of power differ by one transmission unit when they
are in the ratio of 10™! and any two amounts of power differ by
units when they are in the ratio of 10¥*". The number of trans-
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mission units corresponding to the ratio of any two powers P, and
Ps, is then the common logarithm (logarithm to the base 10) of the
ratio Py ‘P, divided by 0.1.  This may be written N=10 logyy 2, P..
Since .V is a logarithmic function of the power ratio, any two numbers
of units, Ny and N., corresponding respectively to two ratios, P, Py
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Batitery Sub-station Adjustable length of Standard Caole Batitery Sub- statea
et Sty
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Fig. 1

and P./Ps, may be added and the result N;+ N, will correspond
to the product of the ratios, Pg/PyXP./Pa.

From the above it is scen that the measure in transmission units
of the ratio of two amounts of power P, and P is N, where

Lig!
" log 109"

log
N

In other words, the transmission unit is a logarithmic measure of power
ratio and is numerically cqual 10 log 10™.

The reasons for the selection of this unit and the method of ap-
plying it, can probably be best brought out by a consideration of the
practise which has been followed in determining and expressing the
efficiencies of telephone circuits and apparatus in terms of “miles
of standard cable.”

STANDARD REFERENCE CrreurT

Fig. 1 shows what has been designated the “standard reference
circnit.”” Tt consists of two common battery telephone sets of the
type stndard in the Bell System at the time this cireuit was adopted,
conneeted through repeating coils or transformers to a variable length
of “standard cable.””  This cable is an artificial line having a resist-
ance of 88 ohms and a capacity of 0.051 microfarad per loop mile
which is representative of the type of telephone cable then generally
used in this country.
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lFor a given lowluess of speech sounds entering the transmitter at
one end of the circuit, the londness of the reproduced sounds given
out by the receiver at the other end can be varied by changing the
amonnt of standard cable in the circuit.  Also, the amount of cable in
the circuit can be used to express the ratio of the power of the re-
produced sounds to that of the impressed sounds.  Due to the dis-
sipation of electrical power in the eable, this ratio and consequently
the loudness of the reproduced sounds become less as the amount
of cable is increased and greater as the length of cable is decreased.

This circuit then became the measuring or reference system for
cagineering the telephone plant and the “mile of standard cable”
became the unit in which the measuremients were expressed.  This
circuit was used to set the service standards in designing and laying
ont the telephone plant.  Thus, the reproduction obtained over this
circuit with a length of cable of about twenty miles was found sunitable
and practicable for local exchange, that is, intra-city service, and that
corresponding to about thirty miles for toll or intercity service.

Any telephone circuit was rated by its comparison with the standard
circuit,  This comparison was on the basis of a speaker talking alter-
nately over the circuit to be measured and the standard circuit and a
listener switching similarly: at the recciving ends, the amount of cable
in the standard circuit being adjusted until the listener judged the
volume of the sounds reproduced by the two systems to be equal. The
namber of miles of cable in the standard circuit was then used as the
“transmission equivalent” of the circuit under test. The cfiect of
any change in the circuit under test on the efficiency of that circuit
could then be measured by determining the variation in the amount
of standard cable required to make the sounds reproduced by the
two systems again equal and the number of miles of standard cable
required to compensate for this change was nsed as the index of this
cifect.  In this way the relative cfficiencies of two transmitters or
receivers could be determined.  Likewise, the power dissipation per
unit length or the attenuation, of the trunk in the circuit under test
conld be equated to miles of standard cable.  Since in cach case,
the standard cable is used to adjust the volume of the reproduced
soumd, “the mile of standard cable™ corresponds to the ratio of two
amonnts of sonnd power, or as this change in sound power is pro-
duced by changing the power delivered to the telephone receiver, to a
rativ of two amounts of clectrical power.

If the addition of a mile of standard cable to a long trunk of the
standard circuit causes the power reaching the end of the trunk to
decrease by a ratio r, then the insertion of two miles will deerease
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the received power by a ratio of 72 of that olhtained before the two
miles were inserted. A number of miles of cable, n, inserted will
reduce the received power to a ratio 7", Thus the power ratio cor-
responding to any given number of miles of cable 15 an exponential
function of the ratio corresponding to one mile, the exponent heing
the length in miles.  The length in miles is, therefore, a logarithmic
function of the power ratio.

In an infinite length of uniform line having resistance, inductance,
capacity and conductance of R, L, C and G per unit length, the at-
tenuation a per unit length, of a current of frequency f flowing along
the line can be shown to be equal to the real part of the expression

a+ji b=\ (R+j2xfL) (G+j2%fC).
For the standard cable line, since L and G are zero
a=\"7fRC,
and since R=88 ohms and C=0.054 microfarad per mile the current
attenuation per mile of standard cable is
a = 0.00386~\/f.

H 1) and I,) are the currents, respectively, at the beginning and
end of a mile of line, then

I/ I)=e¢"or a=log, I\ I,

Similarly if /; and /s are the currents, at points 1 and 2, respectively,
at the heginning and end of a section of / miles

Iy Io=¢% and la=log, I, [

For this case, the effect of inserting the section of 7 miles into the
line on the current at point 2, or at any point heyond 2, is that the
currents at the point before and after the insertion are in the same
ratio as Iy J..  Furthermore, since the impedance of the line looking
toward the receiving end is the same at points 1 and 2 (and at any
other points), then the ratio of the powers at the (wo points is equal
to the square of the current ratio.

Thus the power attenuation is represented by

1)1 p'.'=([1 L)

= ol

Similarly for a line, terminated in a fixed impedance which may
be different from the characteristic impedance of the line, the ratio
of the powers received before and after a change in the length of the

e
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line is equal to the square of the ratio of the corresponding currents.
On the basis of this relation, and becituse i€ is in general more con-
venient to measure or compute currents than powers, the carrent
ratio has often been used in determining the equivalent of any pivee
of apparatus or line in terms of standard cable. 1t should he noted,
however, that such a enrrent ratio can be properly used as an index
ol the transmission efticieney of a part of a circuit only when it is
cual to the square root of the ratio of the corresponding powers.
Also, of course, the voltage ratio can be similarly used when it meets
the same requirement.

LasiTations 1IN Use of STavpard Canre Usrr

As has been shown above, the attenuation, cither of current or
power, corresponding to the mile of standard cable is directly pro-
portional ta the square root of the frequency of the current under
consideration.  This means that the standard cable mile corresponds
not only to a certain volume change in the reproduced speech sounds,
but also to a distortion change.  For comparisons between the stand-
ard cable circuit and commercial circnits with talking tests and as
long as most of the commereial eircuits had distortion comparable
to that of standard cable, this two-fold effect of standard cable was
desirable. At present, however, many types of circuits are being
used which have much less distortion than standard cable.  Also, the
use of voice testing has been largely given up in the plant and it is
now the general practise to determine the efficieney of circuits and
apparatus on the basis of measurements and computations for single-
frequency currents, a correlation having been established  between
these latter results and those of voice tests. These factors have
made it desirable to have a unit for expressing transmission cfficiencies
which is distortionless, that is, is not a function of frequency.

DUALIFICATIONS OoF A NEw Uxrr

The consideration of a new unit for measuring transmission efficiency
hrought out the following desirable qualibeation
L. Logarithmic in Characler. Some of the reasons for this hgve
already been discussed.  In addition, the application of such a unit
in measurements of sound make a logarithinic unit desirable, since

the sensation of loudness in the car is a logarithmic function of the
encrgy of the sonnd.

2. Distortionless. The advantages of a unit which is independent
of frequency have been referred to above.  In expressing the cofti-
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ciency of the transmission of the high frequencies involved in carrier
and radio circuits, such a unit is particularly desirable.

3. Based on Power Ratio. This is desirable because the power
ratio is the real measure of transmission efficiency.  As pointed out
above, the current ratio can be used only when it is equal to the square
root of the power ratio. Having the unit based on a power ratio
does not, of course, require that measurements or computations be
made on a power basis.

In considering the conversions between sound and electrical energy, it
is obviously advantageous to have a unit based directly on a power ratio.

4. Based on Some Simple Relation. This is desirable in connection
with the matter of getting a unit which may be widely used and may
find applications in several ficlds.

5. Approximately Equal in Effect on Volume to a ‘' Mile of Standard
Cable.” One reason for this is the practical one of avoiding material
changes in the conceptions which have been built up regarding the
magnitude of such things as transmission service standards.  Also, the
sound power changes which can be detected by an ear are of the
order of that corresponding to a mile of standard cable. In measuring
telephone lines and apparatus with siugle-frequency currents, it has
been found that an accuracy of about one-tenth of a mile can be
obtained readily and is sufficient practically.

6. Convenient for Computations. This refers to the matter of chang-
ing from computed or measured current or power ratios to trans-
mission units or vice versa.

ProrERTIES OF THE TraxsMission Uxit

A consideration of the above qualifications and of the various
units suggested, led to the adoption of the power ratio of 10%! as the
most suitable ratio on which to hase the unit of transmission cffi-
ciency. The transmission unit is logarithmic, distortionless, is based
on a power ratio and its relation to that ratio is a simple one.  Its
effect on the transmission of telephonic power corresponding to speech
sounds is about 6 per cent less than that of one mile of standard cable.
Regarding its use in computations, it has the advantage that the
number of units corresponding to any power ratio, or current ratio,
can be determined from a table of common logarithms.

For a power ratio of 2, the logarithm is 0.301 and the corresponding
number of units is, therefore, this logarithm muliiplied by 10, which
is 3.01 T U. For a power ratio of 0.5, the logarithm is 9.699—10=
—0.301 and the number of units is —3.01 7" U. A power ratio of 2
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represents a gain of 301 units, amd a power ratio ol 0.5 corresponds
to a loss of 3.01 wnits.  If the above ratios were for current, the
logarithms woulkl he multiplicd by 20, Thus a current ratio of 2
corresponds to o gain of 6.02 units and a current ratio of 0.5 corre-
sponds to a loss of 6.02 units.

1t will be noted that the 77 7 is based on the same ratio 10°! as
the series of preferred numbers which has been vsed in some European
countries and has heen proposed here as the basis for size standardiza-
tion in manuofactured articles®  In common with this series, the 77 U
has the advantage that many of the whole numbers of units corre-
spond approximately to ecasily remembered ratios as shown in the
following table.

APPROXIMATE POWER RATIO

For Losses
Transmission For Gains
Units Fractional Decimal | Decimal
1 435 o8 125
2 20 0 63 16
3 112 03 2.
4 2¥5 04 25
5 13 0 32 3.
6 14 025 4.
i 13 02 5.
8 16 016 [
9 t 8 0125 8.
10 1710 01 10.
20 1 100 0 ot 100.
30 1, 1000 0 001 1000,

It will be seen that the ratio for a gain of a given number of 77 U
is the reciprocal of the ratio for a loss of the same number of units.
Also for an increase of 3 in the number of units, the loss ratio is ap-
proximately halved and the gain ratio doubled. If the approximate
loss ratios corresponding to 1, 2 and 3 units are remembered, the
others can be casily obtained.

From this consideration of the properties of the transmission unit,
it is evident that there is much to commend its use in telephone
transmission work. Furthermore, since its advantages are not peculiar
to this work, such a unit may find applications in other fields. Tt is
now being used in some of the work on sound.

Size Standardization by Preferred Numbers, C. F. [lirshfeld and C. 11 Berry,
Mechanical Engineering, December, 1922,
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NeEw TELEPIHONE TRANSMISSION REFERENCE SYSTEM

With the standardization of the distortionless unit of transmission
it is desirable also to adopt for a transmission reference system a
telephone circuit which will be distortionless from sound input to
the transmitter to sound output from the recciver. This system will
consist of three elements, a transmitter, a line and a receiver. Each
will be designed to be practically distortionless and the operation
of cach will be capable of being defined in definite physical units so
that it can be reproduced from these physical values. Thus the
transmitter clement will be specified in terms of the ratio, over the
frequency range, of the electrical power output to the sound power
input, this ratio being expressed in transmission units. The receiver
clement will be specified likewise in terms of the ratio of sound power
output to electrical power input. The output impedance of the
transmitter and the input impedance of the receiver elements will be
600 ohms resistance. The line will be distortionless with adjust-
ments calibrated in transmission units and will have a character-
istic impedance of 600 ohms resistance.

Such a reference system is now being constructed.  The trans-
mitter element consists of a condenser type transmitter and multi-
stage vacuum tube amplifier. The receiver element consists of an
amplifier and specially damped receiver. Each element is adjusted
to give only negligible distortion over the frequency range.

It is proposed when this system is completed and adjusted that
it will be adopted as the Transmission Reference System for telephone
transmission work. Other secondary reference systems, employing
commercial-type apparatus will be calibrated in terms of the primary
system and used for field or laboratory tests when such commercial

type systems are needed.



Practical Application of the Recently Adopted
Transmission Unit
By C. W. SMITEL

ZIMIE purpose of this paper is to outline the practical consider-

ations involved in the use of the transmission unit (abbreviated
10, which was recently adopted by the Bell System to replace the
mile of standard cable in transmission engineering work. .\ deserip-
tion of the 770, together with a discussion of the considerations which
led to its adoption has been given by Ne. Martin in another article

in this issuc.

et 1 oF ApoPTING THE 1707 As REGARDS TRANSMUSStON
STANDARDS

The transmission standards in general use vary from 1S miles of
standard cable to about 30 miles of standard cable, depending upon
the locality and the class of service such as local and toll. 1t has
become customary among telephone people interested in standards
of service to associate certain figures for transmission standards with
the corresponding standards of service which they represent. It is a
distinet advantage, therefore, to retain the same figures for the same
standards of scrvice when changing to the new unit.  The zero of
reference was so sclected, therefore, that 21 7°U is equivalent to 24
miles of standard cable in volume reproduction.  This means that if
one talks with the same loudness over a circuit of 21 T'U as over a
circuit of 21 miles of standard cable, the volume reccived from cach
will be the same.  As the attenuation corresponding to the 7°U is
only about 6 per cent. less than the attenuation corresponding to the
mile of standard cable and 24 miles represents the mean between
the highest and lowest standards in common use, transmission stand-
ards on the new basis are very little different numerically from the
same standards on the old basis. The former I8-mile standard is
cquivalent in transmission to 17.6 7°C7 and the 30-mile standard is
cquivalent to 30.4 770 The same numerical values can, thercfore,

generally be used for transmission standards in the new system, as
in the old, since the greatest ditferences encountered will he 0 T,

It is alko true that a given transmission loss specified in miles will
correspond very closely in numerical value to the same loss expressed
in 77U.  People not directly engaged in transmission work, therefore,
may generally disregard the slight difference which exists in con-
sidering transmission losses expressed in 7°0 as compared with stand-
ard cable.

409
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Use or 1HE 77U 1N TRANSMISSION STUDIES

In making transmission studies it has previously been the practice
to express the transmission efficiency of himiting subseribers’ loops
in terms of the resistance of a 22-gauge loop which would have the
same total transmitting and receiving loss, thus a 400-ohm loop
meant a loop which had the same total transmitting and recciving
loss as a loop of 22-gauge ASA cable having a resistance of 400 ohms.
At the time of changing from miles to 7°U, it was decided to abandon
this method of expressing limiting loop losses in the Bell System and
to express them directly in T7U; thus a 5 TU loop means a loop whose
total transmitting and receiving loss, taking into account the effici-
ency of the subscribers’ set, is 3 TU. The following table gives a
number of limiting loops expressed in TU and their equivalents in
ohms of 22-gauge cable as defined above, assuming the use of the most
efficient type of subscriber’s set now available.

Limiting Loops Limiting Loops
Expressed in TU Expressed in Ohms

3 212

4 350

5 387

6 424

7 461

8 499

9 537

10 573

11 010

CONVERSION FROM MILES T0 77U AND COMPUTATION
OF TRANSMISSION [LQUIVALENTS

During the transition period in the adoption of the TU it will
frequently be necessary to convert transmission data which are
expressed in miles, to 77U, This is casily accomplished by multi-
plying by a conversion factor and in the case of the transmission
clhiciencies of subscribers’ sets by also correcting for the difference
in the reference zero which was brought about for reasons referred
to above. Two units both known as miles have been in common use
as a measure of transmission; they are the standard cable mile and
the 800-cycle mile. A different conversion factor is required for each.

The attenuation constant of standard cable for the complex currents
used in the transmission of speech varies appreciably with the length
of cable considered, since for long lengths the higher frequencies are
attenuated to such low values as to have very little effect on the
received volume.  The best average figure is 0.122, although this
value has yet to be determined more precisely by careful laboratory
tests. ‘The attenuation corresponding to one I'U for currents of any
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frequency is 0115, The ratio of the elieet on volume of the mile of
12

(Dl i b5

obtained by comparison with standard cable by means of talking
tests can therefore be converted to 7707 by multiplying by this tactor,
as previously indicated.

standard cable to the ' is, therefore, or 106, and equin alents

The SU-cycle mile which has been commonly used in expressing
computed transmission losses, has an attenuation of 0,109 to currents
of any Irequency, and therefore data expressed in SPO-cvele miles are

- 5 . 0.109 5
comverted o TU Ly multiplying by o5 0.95.

For making talking tests the ficld has been supplied with artiticial
cables which were slightly ditferent from standard cable, having a
capacity of .06ui. per mile instead of 034 uf.  Miles of this artificial
eable may be converted to 770 by multiplying by 1.12.

The conversion of subscribers’ loop losses to T°U is somewhat more
complicated as the zero of reference for subscriber's set cfficiencies
is slightly different on the new basis. In the Bell System, thercfore,
complete data on subscribers’ loop losses in terms of the new unit were
made available for enginecring work at the time the T'U was adopted.

The transmission equivalent of a line per unit of length in 77U may
be obtained by multiplying the attenuation constant of the line
computed in the usual manner by a eonversion factor. Calling the
computed attenuation constant of the line per unit of length «, the
number of U will be given by the expression: T'U= o (;13 = S.60a.

In finding the total loss which a short line or a picce of equipment,
such as, for example, a repeating coil will cause when inserted in a
given circuit, the current in the receiving apparatus is usually com-
puted for a convenient voltage applied at the sending end of the
circuit, irst with the repeating coil in the circuit and then with it out,
the applied voltage remaining constant. Calling these eurrents
I, and [; respectively, the current ratio f' may be converted into

T'U by the expression
Loss in TU =20 logy ﬁ'.

TRANSMISSION MAINFENANCE

The transmission measuring scts used for checking up the main-
tenance ' of the plant from a transmission standpoint, have previously

! See an article in this issue *' Electrical Tests and Their \pplications in the Main-
tenance of Telephone Transmission"—\V. 1. [larden.
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been calibrated in 800-cyele miles, and as the 77U is of the same
nature as this unit, na difficulties are encountered in arranging the
sets to read directly in 77U

New sets will be manufactured on this basis, but it will, of course,
be desirable in order to avoid frequent conversion of data from one
unit to the other, to arrange many of the sets which are already in
use in the plant to read in 77U, 1t is not planned to convert the sets
which depend upon car comparisons, such as the ? 1-A and 1-B trans-
mission measuring sets and  the receiver shunts used in some cases
for checking up repeater gains, as the difference when measuring
small values is not great and these sets are generally used for a class
of work where the required preeision is not sufficient to warrant their
conversion to the new basis.  Visual reading sets, however, such ¢s
2-A, 3-\ and A transmission measuring sets and the 2-\ repeater
gain set, give results which are aceurate to about 0.1 77U and are
usually used for work where a fairly high degree of precision is re-
quired. These sets can be changed to read direetly in 77U at a com-
paratively small expense as it is only necessary to change the cali-
bration of the measuring dials and slide wire potentiometers and the
values of certain of the resistances associated with them. The cost
of making these changes will be reduced by the faet that it is planned
to make certain other desirable changes which will effect improve-
ments in the operation of the sets at the same time.  Complete loss
data in terms of 77U which are necessary for checking measured
cquivalents, have been prepared and will replace the data formerly
used.

In toll line maintenance work, record cards are kept whieh show
the layout of toll circuits and the transmission losses of the com-
ponent parts of each circuit together with the total loss which should
be obtained by test if the circuit is not in trouble.  In changing over
from miles to T'U these record cards will be revised to show losses
in the new unit.

CROSSTALK COMPUTATIONS

In handling certain types of crosstalk problems, it has been found
convenient to express crosstalk in terms of transmission units rather
than crosstalk units.  Miles of standard  cable have previously
been used in such problems.  7°U can be used {or this purpose as well
as miles and it is somewhat simpler to make the conversion from

2See a paper by F. L Best, “ Measuring Methods for Maintaining the Trans-
mission Efficicncy of Telephone Circuits.”  Journ, 1AL, Vol. XLILL, 1924,
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crosstalk units to 270 than from crosstalk units to miles.  Crosstalk
may be converted from crosstalk units to 7707 as follows:

No. of Crosstalk |'nils)

Crosstalk in 770 = 20 logye ( ™

The number of 770 corresponding to certain numbers of crosstalk
units are whole numbers and are therefore, easy to remember as
shown in the following table.

Crosstalk in Terms

of T'U Loss Crosstalk Units
S0 100
ol 1,000
54 Approx. 2,000
40 10,000
0 1O, 000

CONCLUSTON

From this discussion the conclusion may he drawn that the adop-
tion of the TU in place of the mile as the unit of telephone trans-
mission can be readily accomplished in its practical application in
the plant.  During the transition period, before complete lists of the
new data have been compiled, and before the measuring apparatus
in use has all been changed to the new basis, frequent conversions
between miles and 770 will be neeessary. These conversions can
casily be made by multiplying by the proper conversion factor.



Impedance of Loaded Lines, and Design of

Simulating and Compensating Networks
By RAY S. HOYT

Syxops1s: A knowledge of the impedance characteristics of loaded lines
is of considerable importance in telephone engineering, and particularly in
the engincering of telephone repeaters.  The first half of the present paper
deals with the impedance of non-dissipative loaded lines as a function of the
frequency and the line constants, by means of description accompanied by
equations transformed to the most suitable forms and by graphs of those
cquations; and it outlines qualitatively the nature of the modifications
produced by dissipation.  The characteristics are correlated with those of
the corresponding smooth line.

The somewhat complicated cffeets produced by the presence of dis-
tributed inductance are investigated rather fully. In the absence of
distributed inductance a loaded line would have only one transmitting
band, extending from zero frequency to the critical frequency.  Actually,
hmu\u every line—cven a cable has some distributed inductance; and
the effect of distributed induc tance, besides altering the nominal impedance
and the critical frequency, is to introduce into the attenuating range above
the critical [requoncy a scries of relatively narrow transmitting bands—
here termed the “minor transmitting bands’—spaced at relatively wide
intervals.  The paper is concerned primarily with the impedance in the
first or major lmnmnmng band; but it investigates the minor trans-
mitting bands sufficiently to determine how they depend on the distributed
inductance, and to derive general formulas and graphical methods for
finding their locations and widths—an investigation invelving rather
extensive analysis,

The latter half of the paper describes various networks devised for simu-
l.\lmg and for compensating the impedance of loaded lines; it furnishes
design-formulas and supplementary design-methods for all of the networks
depicted; and outlines a considerable number of applications pertaining
to tines and 10 repeaters.

INTRODUCTION

HE  present paper on  periodically  toaded lines (of the
series type) is Lo some extent a sequel to a previous paper
on smooth lines.!

The reader may be reminded that the transmission of alternating
currents over any transmission line between specified terminal im-
pedances depends only on the propagation constant and the char-
acteristic impedance of the line.  In this sense, then, the character-
istics of transmission lines may be classed broadly as propagation
characteristics and impedance characteristics.  In telephony we are
concerned prinmarily with the dependence of these characteristics on
the frequency, over the telephonic frequency range.

Prior to the application of telephone repeaters to telephone lines the
propagation characteristics of such lines were more important than

1 fmipedance of Smooth Lines, and Design of Simulating Networks,™ this Jmmm_l»
April, 1923, “Two typographical crrors in tha article may here be noted: 37

formula for :, Cs, allix an exponent ? to the List parenthesis; p. 39, value [or Cr
replace comma by decimal point.
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their impedance characteristies, because the received energy depended
much more on the former than on the latter.  Indeed, the object of
loading * was to improve the propagation characteristics of trané-
mission lines: the effects on the impedance characteristics were inci-
dental, and of guite sceondary importanee.

The application of the two-way telephone repeater greatly altered
the relative importance of these two characteristics, decreasing the
need for high transmitting efhciency of a line but greatly increasing
the dependence of the results on the impedance of the line.  As well
known, this is because the amplification to which a two-way repeater
can be set withkout singing, or cven without serious injury to the
intelligibility of the transmission, depends strictly on the degree of
impedance-balance between the lines or between the lines and their
balancing networks. In the case of the 21-type repeater the two
lines must closely balance cach other throughout the telephonic
frequency range. In the case of the 22-type repeater, which for long
lines requiring more than one repcater is superior to the 21-type,
impedance-networks are required for closely balancing the impedances
of the two lines thronghout the telephonic frequency range. Such
balancing networks are nccessary also in connection with the so-called
four-wire repeater circnit.?

In Parts 1, TF, and 11 of this paper there is presented in a simple
yet fairly comprehensive manner the dependence of the characteristic
impedance of periodically loaded lines (of the series type) on the
frequency and on the line constants, by means of description accom-
panicd by equations transformed to the most suitable forms and hy
graphs of those equations.  Also, the dependence of the attenuation
constant on the frequency is presented to the extent necessary for
exhibiting the disposition of the transmitting and the attenuating
bands and thus enabling the characteristic impedance ta be described
with reference to those bands, and the important correlation between
the characteristic impedance and the attenuation constant thereby
exhibited; for the characteristic impedance by itself is not fully
signilicant.

Parts 1V to VI, inclusive, relate to the simulation and the com-
pensation of the impedance of periodically loaded lines by means of

2 For the fundamental theory of loaded lines, reference may be made to the original
papers of Pupin and of Camphell  Pupin: Trans. . 1. E. K., March 22, 1899 and

May 19, 1%00; Electrical World, October 12, 1001 and March 1, 1902, amplnllA
Phil. Mag., March, 1903

* Regarding the hroad subject of repeaters and repeater circuits, reference may he
made 10 the paper by Gherardi and Jewett: “Telephone Repraters,” Trans
2., 1919, pp. 1287-1345.
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the simulating and the compensating * networks for loaded lines
devised by the writer at various times within about the last twelve
years.  Of course, the impedance of any loaded line could be simulated,
as closely as desired, by means of an artificial model constructed of
many short sections cach having lumped constants; hut such structures
would be very expensive and very cumbersome. Compared with
them the networks described in this paper are very simple non-periodic
structures that are relatively inexpensive and are quite compact;
vet the most precise of them have proved to be adequate for simulating
with high precision the characteristic impedance of any periodically
loaded line, while even the least precise (which are the simplest)
suffice for a good many applications. The compensating networks
also are of simple form. Design-formulas are included for all of the
networks depicted; and certain supplementary design-methods are
indicated. Finally, a considerable number of practical applications
are outlined (P’art VII1).

PART 1
IMPEDANCE 0F Loapkb LiNgs —GENERAL CONSIDERATIONS

Before proceeding to the more precise and detailed treatment of
the impedance of periodically loaded lines in Parts IT and 111, it
scems desirable to farnish a background by outlining broadly the
salient facts. For this purpose the loaded line will be compared with
its “‘corresponding smooth line,” that is, the smooth line having the
same total constants (inductance, capacity, resistance, leakance).

Comparison with the Corresponding Smooth Line

At sufficiently low frequencies the impedance of a periodically
loaded line approximates to that of the corresponding smooth line; !
but at higher frequencies departs widely.  Moreover, the impedance
of the loaded line depends very much on its relative termination
fractional end-section or end-load (*load™ is here used with the same
meaning as “load coil” or “loading coil”).

To bring out simply and sharply the contrs
loaded line and the corresponding smooth line, the effects of dissipa-
tion will at first be ignored, although the contrast is somewhat height-

st hetween a periodically

ened thereby.
1t will be recalled that the attenuation constant, the phase velocity,
and the characteristic impedance of a4 non-dissipative smoath line are

* Defined in the second paragraph of Part 1\

g

5
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independent ¥ of frequency; such a line having a transmitting band
(that is, a non-attenuating bamd) extending from zero frequency to
inlmite frequencies, and a characteristic impedance which is a pure
and constant resistance.

In contrast, the corresponding characteristies of a non-dissipative
periodically loaded line depend very greatly on the frequency; such a
line has an inlinite sequence of alternate transmitting and attenuvating
bands* wherein the impedance varies enormously with frequency,
while at the transition frequencies its nature undergoes a sudden
change. In this connection it may be remarked that, because of its
special practical importance in being the upper boundary frequency
of the first or principal transmitting band, the lowest transition fre-
quency is termed the “critical frequency” to distinguish it from the
other transition frequencies: though in its essential nature each
transition frequency is a “critical’” frequency. In the ordinary case,
where the distributed inductance is small compared with the load
inductance, each transmitting band is very narrow compared with the
succeeding attenuating band.  In the limiting case of no distributed
inductance there is only one transmitting band and one attenuating
band, the former extending from zero frequency to the critical fre-
quency and the latter from the critical frequency to infinite frequencies.

The characteristic impedance of any non-dissipative transmission
line is or is not pure reactance according as the contemplated frequency
is in an attenuating band or in a transmitting band. For in an at-
tenuating band the line cannot receive energy, since it cannot dissipate
any energy and cannot transmit any energy to an infinite distance;
while in a transmitting band the line muost reccive energy, because it
does transmit.  Thus, at the transition frequency between an attenu-
ating band and a transmitting band the characteristic impedance
undergoes a sudden change in its nature; the frequency-derivative
of the impedance (namely, the derivative of the impedance with
respect to the frequency) is discontinuous, so that the graph of
the impedance has a corner (salient point) at a transition frequency.
Morcover, at certain of the transition frequencies of a non-dissipative
periodically loaded line the impedance is zero, and at others is infinite.
The mid-point impedances are pure resistances throughout every
transmitting band. (The “mid-point”’ terminations are ‘“‘mid-load”
and “mid-section,” that is, “‘half-load"” and “half-section” respectively.)
_ $Except for slight change of the inductance, and even of the capacity, with
frequency.

* For distinction, the first (lowest! or principal Lransmitting band may be termed
the “‘major’ Lransmitting band; the others, the “minor’ transmitting bands.
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Clearly the characteristic impedance of any dissipative line cannot
be pure reactance at any frequency; for the line receives at its sending
end the energy dissipated within itself. Also, the presence of dis-
sipation renders the frequency-derivative of the impedance continu-
ous at all frequencies; that is, it rounds off the corners on the graph
of the impedance. Dissipation prevents the impedance from hecoming
either zero or infinite at any frequency; and in general it prevents the
mid-point impedances from being pure resistances in the trans-
mitting bands.

In the neighborhood of the transition frequencies of the loaded line,
the effects of even ordinary amounts of dissipation may be very large,
thus preventing the impedance from attaining the very extreme values
of the non-dissipative line; but with that exception it may he said
that the contrast between a loaded line and the corresponding smooth
line is merely softened or dulled by the presence of ordinary amounts of
dissipation: The impedance of the smooth line is no longer pure
resistance, and it varies somewhat or even considerably with the
frequency.! The impedance of the loaded line no longer varies quite
so rapidly with the frequency nor attains such extreme values; but,
except at low frequencies, it continues to depart widely from
the impedance of the corresponding smooth line, and to vary
much more rapidly than the smooth line with frequency, besides
varying greatly with its relative termination (fractional end-section
or end-load).

Non-Dissipative Loaded Lines

Except in the neighborhood of zero frequency and of the transition
frequencies, the characteristic impedance of an efficient loaded line
is dependent mainly on the inductance and capacity, only relatively
little on the wire resistance and load resistance, and very much less
still on the leakance. The present paper is confined mainly to non-
dissipative loaded lines; it deals first with the limiting case of no
distributed inductance, and then with the case where distributed
inductance is present. By the negleet of all dissipation the number of
independent variables is sufficiently reduced to enable a compre-
hensive, though only approximate, view to be obtained of the char-
acteristic impedance of loaded lines.  Such a view is a valuable guide
in engincering work even though in most cases it may be necessary,
for final calculations or verifications, to resort 1o exact formulas
(Appendix D) or graphs thereof.
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Notation and Terminology

The meanings of the fundamental symbols cnployed in this paper
can be readily seen from inspection of Fig. 1. Thus, € and L denote
the capacity and the inductance of cach whole section between loads,
and L’ the inductance of cach whole load; the ratio L L’ is denoted by
N, Figs. la and 1b represent inlinitely long loaded lines terminating
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Fig. t .\ Non-Dissipative Infinitely Long Loaded Line Terminating at: a) o-Section,
(b ¢'-Load

at g-section and ¢'-load respectively: the ratios ¢ and ¢ will be termed
the “relative terminations.” K and R’ denote the corresponding
characteristic impedances, and I and II' the characteristic admit-
tances. Stated more fully, K denotes the o-section characteristic
impedance, and K’ the ¢’-load characteristic impedance; similarly
for the admittances /7 and /I’. The “nominal impedance’ and the
“nominal admittance’ are denoted by k and k. respectively; that is,
k=1 k=V/(L+L) C=\"(1+ML’ C, (1
the nominal impedance of a periodically loaded line being defined
as cqual to the nominal impedance of the corresponding smcoth
line! Z=X+i} and Z'=X'4i}" denote relative impedances
and W=U+i1" and W'=U"4i1" the corresponding relative ad-
mittances, as delined by the equations
Z=Rgk; Z'=K'}k, W=1Ih, W'=H'/h; 2)
the real components being X, X7, U, {”, and the imaginary compo-
nents ¥, Y7, 17, 17, respectively. By (2,
ZWe=Z'"W'=KIll =K'I['=]. (2.1)
r denotes the relative frequency. namely, the ratio of any frequency
f=w 2= to the critical frequency fe; that is, 1 =f fe=w w.. 1 denotes
the imaginary operatory —1.
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Besides depending on the frequency f, the quantities K, 11, Z, W’
and K’, II', Z', W’ depend on the relative terminations ¢ and o
respectively (Fig. 1). This dependence will not usually need to be
indicated explicitly, but in case of such need the subsecript notation
will be found convenient. Thus, K, will denote the o-section char-
acteristic impedance (Fig. la); and K, ¢ the “‘complementary char-
acteristic impedance,” that is, the characteristic impedance of the
same loaded line if beginning at the v

complementary termination”—
namely, (1—g)-section. As an application of this notation we may
note here the relations

Ko=K//, I,=11, K,=K¢, 1 =11y; (2.2)

the first two relations subsisting because of the coincidence of the
points g-section and ¢'-load for =0 and ¢'=1, and the second two
because of the coincidence for ¢ =1 and ¢"=0.

PART 11

IMPEDANCE OF NON-DISSIPATIVE LOADED LINES WITHOUT
DISTRIBUTED INDUCTANCE

Transmitling Band and Attenuating Band

As already stated, a periodically loaded line without distributed
inductance (Fig. 1, with L=0) has only one transmitting band and
only one attenuating band; the former extending from zero fre-
quency to the critical frequency f;, and the latter from the eritical
trequency to infinite frequencies.  The formula for fo is

fe=1/a\V/L'C, (3)

L’ denoting the inductance of each load and C the capacity of each
line-section between loads.

From the energy considerations already adduced, it is known that
the characteristic impedance must be pure reactance thronghout the
attenuating band, but cannot be pure reactance anywhere in the
transmitting band.

Formulas for the Relative Impedances

The impedance of even a loaded line without distributed inductance
(Fig. 1, with L =0) depends on no less than four independent variables
—namely, the frequency f, load inductance L', section-capacity C,
and one or the other of the relative terminations ¢ and ¢’.  But it is
found that these quantities enter in such a way that the relative
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mmpedances Z=R kb and Z'=R’" k and the relative admittances
W=H h and W' =I"h depend on only two ratios, namely, the
refative fregquency r=/ f, and the appropriate relative termination
g or o', as expressed by the equations ¢

="
Z=I.= l. P < I —ri4ia(l .;a)r' (4)

H N =420 — Dr 1 —do(l—o)r?

g 1 ‘ g (] — 2
[=".;= N =420 = 1)r = ! 4:’“_ U)" ) (5)

N =1 =20
In particular, Tor ¢=0.5 amd ¢’ =0.5, respectively,

Zs=1plG = NA=T, (6)
Zs=1 W4=1"1-r. ()

Eguations (4) and (5) are not restricted to values of o and o less
than unity. On the contrary they are valid for any (real) values of
these quantities—thongh values much exceeding unity are of infre-
quent occurrence in practice.

Miscellaneous Properlies and Relations

Some of the most useful and interesting simple facts deducible from
equations (4) and (5) are noted in the next five paragraphs:

In agreement with the general conclusion already reached from
energy considerations, equations (4) and (5) show that cach of the
relative impedances and relative admittances is pure imaginary in
the attennating band (»>1). In the transmitting band (0<r<1),
each is seen to be complex for all values of the relative terminations
(o and ¢'), except that cach degenerates to a real value when the rela-
tive termination becomes 0.5.

Throughout the transmitting band (0<r<1), a certain conjugate
property is possessed by cach of the quantities Z, IV, Z’, 1"—namely,
each changes merely to its conjugate when o is changed to 1—g, as
is readily seen from (4) and (5); that is,

Za =7|-a, ”’c =A":|_a. Z’v =-ZI| a. ”"a=-—|”|-a. (S)
the bar over a symbol denoting the conjugate of the same symbol
without the bar. Thus, complementary characteristic impedances
are mutually conjugate throughout the transmitting band.

At all values of r,
B+ HWi_a=21"%, 2ot Z 1-a=22"s; (9)

! The equatiomrs were written in this sequence because, in practice, section-termi-
nation occurs much more frequently than load-termination.
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although relations of this form do not hold for Z and for 1”. Each
of the relations (8) and (9) can be inferred also from simple physical
considerations.

Equations (4) and (5) show that W and Z’ are alike in form, and
also W and Z, when ¢ and ¢’ are regarded as corresponding to each
other; in fact, when e=4g’,

Z2Z'=UW'=W Z'=W"Z=KK'/k* =11 I*=1 (10)

Besides, there is the set of perfectly general relations (2.1), which,
of course, continue to hold when ¢=¢".

Equations (4) and (5) show also the existence of the following more
special relations, holding when the relative terminations (¢ and ¢')
have the values 0 and 1, as indicated by the subseripts:

ZoZy=Zo'Z) =Wl =TI =1, (11)
Zo =1Z:\l=|Zd| =1Z)| = W] =W = | W' | = [ = 1. (12)

Graphical Representations

Graphical representations of the relative impedances Z=\X+4iY
and Z'=X"4+17Y’, based on equations (4) and (5), will be taken up
in the following paragraphs. Evidently it will not be necessary to
consider also the relative admittances W= U+iV and W' =U'+il"
explieitly, since these are of the same functional forms as Z’ and Z

One graphical method of representing the dependence of Z on r and
¢ is by means of a network of equi-r and equi-o curves of Z in the
Z-plane; likewise the dependence of Z' on r and ¢’, by means of the
equi-r and equi-¢’ curves of Z'. The analytie-geometric properties
of these curves, as deduced from equations (4) and (5), may be foruu-
lated as follows, for any (real) values of ¢ and ¢’ but for r restricted
to the range 0 to 1:

(a) r fixed, o varied: Z moves on the circle
(X=121=P)2 4 12 =1 41— 1),
of radius 1/2v/1—7 with center at Z=1/2v1—1r%
(b) o fixed, r varied: Z moves on the curve
(X4 122 — X2— 12/(20— 1) =0.
(¢) r fixed, ¢’ varied: Z' moves on the straight line

= \/1 —r2,

il
|
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which is parallel to the X-anis at o distanee N 1—72 therefrom.
(d) o hxed, r varied: Z” moves on the ellipse
(N 12 B 2 =)=,
whose center is at Z =0 and y hose semi-axes along the X' and
¥’ axes have the lengths 1 and 26" < 1 respectively.
For values of r, ¢, ¢ cach between 0 and 1, these facts are exhibited
graphically in Fig. 2. This is a complex-plane chart of the cqui-r

(0] 1 2 3
i T 5 ,2

Xand X’ |

|

YandY’

-

] g-5

N YlandY’
J.

N

___/

0=6

Xand X' | \

fi 2

Fig. 2 Complex-Plane Chart of the o-Section Relative Impedance Z =X +i1 and
+i1”

=2
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o
[hag
o

"

the ¢’-Load Relative Impedance Z'=.X
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and the equi-o curves of Z, and the equi-r and the equi-¢’ curves of Z'.
The equi-r and the equi-¢ curves constitute a curvilinear network
superposed on the rectangular background of Z=X4:{Y; for any
assigned pair of values of » and o the value of Z can be obtained by
finding the intersection of those particular curves of r and ¢, and at
that point reading off the value of Z on the rectangular background.
Similarly for the evaluation of Z' by means of the network of equi-r
and equi-¢’ curves.

For the ¢’-range and the o-range contemplated in Fig. 2—namely,
0<o'<1 and 0<o<1—the Z'-realm and the Z-realm are distinct;
their mutual boundary (drawn dashed) is the unit semi-circle, that is,
the semi-circle of unit radius having its center at the origin. The
Z'-realm is the region inside; the Z-realm is all the region outside,
extending to infinity in all directions through the positive real half of
the complex-plane.

If the ranges of ¢’ and ¢ are extended to include values exceeding
unity, the Z'-realm and the Z-realm will cease 1o be distinet but will
overlap. The Z'-realm will expand upward, beyond the unit semi-
circle, and ultimately will fill the region of unit width extending
upward to infinity; the Z-realm will expand into and ultimately will
fill the lower half of the unit semi-circle. Hence for values of ¢’ and o
exceeding unity it is preferable to employ individual charts in repre-
senting Z’ and Z.

In the language of function-theory it may be said that, when ¢’ =0,
the Z'-realm and the Z-realm are inverse realms with respect to the
unit semi-circle. The straight lines and the circles are inverse curves;
the ellipses, and the curves characterized by the equation (A%4 ¥2)2—
X2—¥2/(26—1)*=0 are also inverse curves.

For =0 it is seen that Z'=Z=1 for all values of ¢’ and .

For values of r equal to or greater than unity, Z’ and Z are pure
imaginary, for all values of ¢’ and ¢. For r=1, Z’ lies somewhere on
that part of the imaginary axis constituting the vertical diameter
of the unit semi-circle, its position thercon depending on the par-
ticular value of ¢ contemplated; while Z lies somewhere on the
remainder of the unaginary axis. When r approaches infinity, Z’
approaches infinity and Z approaches zero, along the imaginary axis.

Another graphical method of representing the relative impedances
Z=X+iY and Z'=X"+{Y", based on equations (4) and (5), is by
means of the Cartesian curves of the components X, ¥ and X', V7,
with the relative frequency r taken as the independent variable and
the relative termination (o or ¢') as the parameter.
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In this way, Fig. 3 represents X and ¥, and Fig. 4 represents .\
and ¥, all to the same scale.  In cach of these figures the r-range is
0 to 1.3, thus including the entire transmitting band and a portion of
the attenuating band half as wide as the transmitting band.  1n the

3
------- X
2
Y’
1 +
(13— e -L___'___L__‘t

o e

L. i
|

=0 e e | Fl ,L,H ‘ ,]

0 2 .4 .6 .8 1.0 1.2 1.4

Fig. 3 -Components of the ¢’-Load Relative Impedance Z'=X"+/1"

attenuating band, Z" and Z are pure imuaginary; in the transmitting
band they are complex in general, though real for ¢/ =0.5 and ¢=0.5.

Because in practical applications the transmitting bamd is much
more important than the attenuating band, Fig. 5 has been supplied
in order to represent X and Y in the transmitting band only, but to a
considerably larger scale and for more values of g.

If o is read for ¢’, Fig. 3 will represent U and 1 instead of X’ and ¥’
respectively. 1f o’ is read for o, Fig. 4 will represent U’ and 17 instead
of X and 1'; so also will Fig. 5.

From Fig. 5 it will be observed that, in a certain range of o, each
curve of X' has a maximum at some point within the transmitting
band (0<r<1). For any fixed value of ¢ (in the range found below)
the corresponding maximum of .X and the particular value of r (critical
value) at which the maximum occurs are expressed by the formulas

Max. X=1 [(1=20)\ ‘o(l~0),
INa(l—qg)— |
do(l—0a)
as is readily found from the formula for X namely, the real part of
formula (4). The formula for Crit. r shows that the o-range in which

(@7t r=\
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X, regarded as a function of r, has a maximum within the trans-
mitting band (0<r<1) is

(VZ-1),2V/2<6 < (V24 1) /2172,

that is, approximately,
0.116 <o <0.854.

For values of o outside of this range, .\ has no maximum within
the transmitting band; but X' has then its largest value at r=0,
decreasing from 1 at r=0 to 0 at r=1. When o=1 2, Crit. r=1;

i
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‘ .0
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Fig. 4 Components of the a-Section Retative Tmpedance Z =X 41V
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when o ranges from 1 2 1o either of its extreme values appearing in the
foregoing incquality for o, Crit. r decreases from 1 10 0.

+y 18 E -
[ .
L 1.6 + . . t
[
4 1.4 (A
12 5 ~——-L
| Note:Yy.g=-Yg

PR " S W e .

8 8
6 &
4 4
2 | 2
% 2 .Ar G 8 10 % z 2 6 8 10

Fig. 5 -Components of the o-Section Relative Impedance Z=X+i1 in the Trans-
mitting Band

PART T
IMPEDANCE OF NON-Diss1pATIVE LOADED LINES WiTH DISTRIBUTED
INDUCTANCE

Disposition of the Transmitting and the Altenuating Bands

It will be recalled that a loaded line without distributed inductance
has only one transmitting band and only onc attenuating band. In
contrast, a loaded line (Fig. 1) with distributed inductance L has (as
shown in Appendix ) an infinite sequence of alternate transmitting
and attenuating bands; beginning with a transmitting band extending
upward from zero frequency to the first transition frequency which,
because of its special practical importance in being the upper boundary
frequency of the first or principal transmitting band, is termed the
“critical frequency” to distinguish it from the other transition fre-
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quencies.  The critical frequency will be denoted by f; also by fi—
particularly when regarded as the first transition frequency. The
relative frequency will be denoted by r, that is,

r=f/fe=f fi (13)
Evidently r;=1. General formulas for all of the transition frequencies
are furnished a little further on. For the case of no distributed
inductance (L=0), there is only one transition frequency—the
critical frequency—and it has the value expressed by equation (3).
When necessary for distinction, the critical frequency for the case
of no distributed inductance will be denoted by f./, also by fi’; thus,

S/ =f'=1,=VL'C. (14)

The ratio of the critical frequency of any loaded line to the critical
frequency of the same loaded line without distributed inductance
(L =0) will be denoted by p; that is,

p=fe f'=hi/f\. (15)
p can be evaluated by means of formula (22).

It is convenient to employ the term “‘compound band" to denote
the band consisting of a transmitting band and the succeeding at-
tenuating band. It is shown in Appendix A that, for any specific
loaded line, the widths of all the compound bands are equal; though
the transmitting bands become continually narrower with increasing

o z 2 n)% n%
Oy D, Dg Dn D4
Doy Dy D3 Dnan D+t
< -
~N"attenuating band

n*" transmitting band-’

n* compound band

Fig. 6—Scale Showing the Disposition of the Transmitting and the Attenuating
Bands of a Periodically Loaded Line (Fig. 1) with Distributed Inductance

Ds¢wVLC

frequency, while the attenuating bands become continually wider.
These facts are represented on the D-scale in Fig. 6, D being propor-
liunill_li) the frequency f. Fundamentally D denotes the quantity
éw\/LC; but, by the substitution of A=L/L’, and of r and p defined
by (13) and (I5), D can be written in the following four identically
equivalent forms:

D=3oVLC=}oVAL'C=rp\/N=rD,. (16)
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It is of some interest to note that D= éw\/l‘(‘ is equal to one-half the
“phase constant” (“wave-length constant”) of each section of lipe
(L. €) between loads.  In Fig. 6 the compound bands are numbered
Ly s 25y n, . . . Thus D, denotes the transition value of D
within the nth compound band: that is, D, is the value of D at the
transition point between the nth transmitting band and the uth
attenuating band. D, ..y denotes the transition value of D between
the nth and (n+1)th compound bands; and hence the transition
value of D between the nth attenuating band and the (n+1)th trans-
mitting band. The corresponding values of f and of @ would be cor-
respondingly subscripted. By (16),

D= A BLG AL C S b =D a7)

. . . /. .
and similarly for Dy, and Dy, In particalar, Dy=p\ X, since
ri=1. As shown in Appendix A,

Do gu=(n—VHr 2, Dyuvi=ur/2. (18)
Thus the D-width of each compound band is = 2, that is,
Dawii—Dacin=52; (19)
and hence, by (16), the f-width has the value
Samtt—fa-1a=1 2V LC=1 2\/AL'C=xfy’ 27/ (20)

If 7. denotes the D-width of the nth transmitting band, that is,
ta=Dy—D, y, then the f-width has the value

Sa—fnotn=1a N LC=1, /AL C=14f{", /N (20.1)

With regard to the nth compound band it will be noted that there
are two kinds of transition points namely, the internal transition
point D, and the boundary transition points D, ;, and D, ..
This distinguishing terminology will be found convenient in connect-
tion with the transition frequencies also.

As indicated by Fig. 6, the widths of all the compound bands are
equal; but with increasing # the width of the nth transmitting band
continually decreases toward a width of 0, while the nth attenu-
ating band continually increases toward a D-width of = 2; so that
the infinitely remote compound bands are pure attenuating bands,
the infinitely remote transmitting bands being vanishingly narrow.

The sitnation of the critical value D, of D within the nth com-
pound band has no such simple expressions as have the boundary
points D, ., and D, ,.; for D, is a root of a transeendental equation
and can be expressed only by an infinite series of terms or of opera-
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tions.  In Appendix A a power series formula has been derived for
Dy in terms of =L L' and D,_,,=(n—1)7 2; if, for brevity, the
somewhat cumbersome (though expressive) symbol D, 1, is denoted
by dy, this power series is

pit e SR

+(%-%}+%)(§;Y (B=sitiza) @)+ @

valid for n=23,4, ... but not for n=1. For n=1, so that D,=D,,
it is shown in Appendix A that the appropriate formula is7?
11X 173 2SIM 410292\

= (1= Ly = S & )
Dy ‘)‘(1 6 T 360 75010 604800 T 119750400 ) 22

Since, by (16), p=D,, VA, the series for p is the series in the paren-
thesis; see also (23-A) in Appendix A, Alternative series-formulas for
evaluating Dy and D, are derived in Appendix A - formulas (23-A)
and (23.1-A) for Dy, and (20.2-A) for D,. 1t may be observed that
D,—d,<\'dy, that 1).<\/X. and that 1—p<X 6.

The smaller A, the more convergent are these formulas.  Formula
(22) is highly convergent, cven when X is as large as unity or even
somewhat larger. The convergence of formula (21) depends very
much on d, and hence on 2: when n is large, (21) is satisfactorily con-
vergent even for fairly large values of X; hut when # is small, (21) is
satisfactorily convergent only for rather small values of X

As a supplement to or as an alternative to formulas (21) and (22
there will now be given a widely applicable formula of successive
approximation for Dy, valid for all the values of 7 including n=1—
and suitable even for large values of . With Dy—d, (the D-width
of the nth transmitting band) denoted by 7y, this formula (derived
by Newton's general method of approxinution) is:

"_ Ao’ 4 A sin 1, cos 7, —d,, sin? 1,
N+=sin® 7, ;

n

wherein 7,/ is some approximate known value of 7,, and 7,/ is a more
accurate approximate value yielded by the formula. 7,", in turn,
is to be used in the formula to compute a stll more accurate ap-
proximate value 7, ' and so on, through as many cycles as may be

? From the scquence of signs in this formula, namely —+— —+, the sign of the

next term is not evident. A similar remark applles to formulas (23-A) and (23.1-A)
in Appendix A.
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necessary —ustally not more than two or three, though occasionally
lour.  First-approximation valnes for 7, are:

- A
i »d.(l—ll..’) when w2 1,

=N X(L=X ) when a=1,
as can be seen from (21 and (22) respectively. When n=1, 7, Dy
since =0 by the first of (18).
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Fig. 7 Graphs of 1—p Representing the Fractional Lowering of the Critical
Frequency by Distributed Inductance

D, having been evaluated, the transition frequency f, between
the nth transmitting band and the nth attenuating band is caleulable
immediately from

) Dy D, Dafy

| = — = = . (23)
#=WLC mWAL'C A
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derived from (17) supplemented by (14). Formula (23) is valid
also when n=1, with D, evaluated from one of its appropriate formu-
las; the resnlting formula for the critical frequency fi =/, reduces to

Ji=fe=p\ N 7w\ LC=p, =/ L'C=pf=pfY, (24)

because Dy =p\/)\. by (16); it is scen that (24) is consistent with (15).

For use in (21) and for certain other purposes to be met later, Fig. 7
gives graphs of 1— p, calculated by (22) and also (22.1), for a wide range
of . Up to the present time the largest value of N occurring in prac-
tical applications in the Bell System is about 0.12; Fig. 7 covers

1017
ol 1Tn=Dn- Dn-n=D-On- D2 | L] n=1
N B —I_J 0 0 O O = 5
8 ! e e i
g 0 2 S
‘7 | 1 | | | |
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A

Fig. 7.1 Grap.hs for Finding the Widths of the Transmitting Bands

about eight times this range. Inspection of it shows that the graph
of I—p is sensibly a straight line up to values of r somewhat larger
than even 0.12; and that 1—p is only slightly less than X 6, which is
merely the first term in the power series formula for 1= p obtained
from (22).

The graphs in Fig. 7.1 - constructed by means of formulas (22.1),
(22), (21) represent direetly the dependence of the D-width 7,=
Dy—D, 1, of the nth transmitting band on X and #, for a wide range
of X and the first eight values of #. The f-width is then obtainable
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inumediately from (2000 and f, from (23), since Dy=r,+(n—Hr 2.
tn particular, the graph for #=1is a graph of Dy but Dy, and hence
fi can be eviluated much more precisely by means of Fig. 7 deseribed
in the preceding paragraph.

The boundary transition frequencies f, 1, and f, .01 of the nth
compound band (any compound band) depend on only one para-
meter (besides #)  namely, the product LC. The internal transi-
tion frequency fu depends on two independent parameters (besides n)

namely, the product LC and the vatio A\=L L’.  Henee, fixing LC
fixes all of the boundary frequencies of the compound bands; fixing
LC and N fixes all of the transition frequencies— boundary and in-
ternal.  Fixing any one honndary frequeney fixes LC and thereby
fixes all of the remaining boundary frequencies; fixing any two transi-
tion frequencies of which at least one is an internal transition frequency
fixes LC and N and thereby fixes all of the remaining transition fre-
quencies — boundary and internal.

The relative widths of all the transmitting and attenuating bands
depend on only one parameter—namely, the ratioh=L L'. ltlence,
fixing N fixes the relative widths of all these bands; fixing the ratio
of the widths of any two bands not both of which are compound
bands fixes N and thereby fixes the relative widths of all the trans-
mitting and attenuating bands.

The cffect of increasing N, when L'C is fixed, is to lower the critical
frequency f.=f, the critical frequency approaching zero when X\
approaches infinity. But for even the largest values of X met in
practice the critical frequency is not much lower than for A=0; the
fractional decrease (f.'—f.) f.' produced in the critical frequency by
increasing X from 0 to any value X is exactly cqual to 1 —p and hence
for any ordinary value of X\ is, by (22), closely equal to X 6 (which
is only 0.02 for A=0.12). [t is interesting to note that the nominal
impedance—defined by equation (1)—is increased about three times
as much as the eritical frequency is decreased; for the fractional
increase in the nominal impedance is exactlyy 14X —1, and hence
approximately N 2.

All the transition frequencies are reduced by inereasing N, when L'C
is fixed.  The transition (requencies bounding the componnd bands,
and hence the widths of the compound bands, decrease in direct pro-
portion to an increase of v A, But the values of the internal transi-
tion frequencies do not decreise so rapidly; for the ratio of transmitting
band width to attenuating band width increases with increasing X
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The effect of adding distributed inductance L to a loaded line
(L', C) having originally none is to replace the previous single com-
pound band of infinite width by an infinite number of compound
bands each of finite width. The larger L the narrower are the com-
pound f-bands, and the further to the left they are situated. Although,
as already noted, increasing L decreases the critical frequency, it
increases the relative width of cach transmitting band— namely, the
ratio of the width of each transmitting band to the compound band of
which it is a constituent.  Thus, when L becomes very large (so that
LC and X\ become very large) there are within even a moderate fre-
quency-range a very large number of compound bands whose trans-
mitting constituents are very wide compared with the attenuating
constituents.

The effect of applying lumped loading to a given smooth line (L, C)
is to introduce into the previous transmitting band of infinite width
an infinite number of attenuating bands whose upper boundary points
arc equidistant and whose widths continually decrease toward the
lower frequencies. When the inductance L’ of the loads is con-
tinually increased the attenuating bands continually increase in
width as a consequence of their lower boundary points moving down-
ward to lower frequencies, so that ultimately the attenuating bands
fill the entire frequency scale {rom zero to infinity. An alternative
but equivalent statement regarding the effect of applying lumped
loading is that the previous pure transmitting bands, each of D-
width equal to /2, become compound bands whose attenuating
constituents continually increase in width when L’ is increased.

(The four preceding paragraphs are based on the last five para-
graphs of Appendix A.)

In Fig. 6 the transmitting bands are represented as being relatively
narrow compared with the attenuating bands.  In existing loaded
lines this is indeed the case, but it is not an inherent relation: for any
number of the transmitting bands can be made wider than the associ-
ated attenuating bands by so designing the loading (lumped or smooth
or both) as to secure a sufficiently large value of the ratio N\=1, L.
(However, for any fixed loading and hence a fixed value of A, there
is some frequency heyond which the transmitting bands are narrower
than the associated attenuating bands.)

There will now be given two examples illustrating the relations rep-
resented in Fig. 6, and illustrating also the applications of certain
of the foregoing formulas and graphs.

The first example pertains to a heavily loaded open-wire line of
No. 12 N. B. S. gauge, having loading coils of inductance L'=0.241
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heary at a spacing of s=7.88 miles.  The line has a capacity of
D0835X 10 % farad aud an inductanee of 0367 heary, cach per mile:
whence, for cach line-segment between loads, C=.0638X 10 % farad
and L =028 henry. Therefore X=0.12. With X knowa, the internal
transition frequencies f, (with #n=1,2,3,1,...) can bhe readily
evaluated from (23) through the values of 12, obtainable from Fig. 7.1,
However, when particularly high acenracy is desired for the first
transition frequeney fi - the critical frequency  this ean be attained
by resort to formula (22) or to (22.1), or else to Fig. 7; it is thus found
that 1—=p=.0196, whence p=0.9801 and then fi=2179 cycles per
second, by (20, The f-width of cach compound band is 11161, by
(20). The following table shows the locations and widths of the fiest
five (n=1, 2, 3, 1, 5) transmitting bands and associated attenuating
bands of this loaded line. The numbers in the columns headed f, .,
and fy are the transition frequencies constituting, respectively, the
lower and upper boundiry points of the transmitting banels; and the
numbers in the column headed f,—/f,-).. are therefore the widths of
the transmitting bands. The next to the last column shows the rela-
tive widths of the transmitting bands, referred to the first or principal
transmitting band —whose width is fi—0=/;=2179, the critical fre-
quency being 2479, Similarly, the last column shows the relative
widths of the attenuating bands.

n T Sa-1n fin fu=fn-1n . (Fn—=famrMfs  (famsr—fa) M2
| 3396 1] 2T 2,450 1.000 325
2 L0729 11LAGLE 11,996 H32 215 bA10
: 0377 23,203 275 111 4.5
4 0253 3577 185 07 1.551
) 0190 15,9095 1349 056 1,569

It will he observed thit the transmitting bands decrease rapidly in
width at first, then more and more slowly; and that the associated
attenuating bands are relatively very wide.  For instance, the second
transmitting band (0.2153) is only about one-Afth the width of the first
(1.000), and the second attenuating band (1.110) is more than twenty
times the width of the second transmitting band (0.215).

The second example pertains to a hypothetical, though not neces-
sarily impracticable, loaded line.  Before loading, the line is the same
as in the first example; but it is very lightly loaded  namely, with
loading coils of inductance L'=.0578 henry at a spacing of s=15.76
miles. Hence, C=0.1316X10 ¢ farad and L =.0578 henry. Therefore
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A=1. The following table shows the locations and widths of the first
cight transmitting bands and attenuating bands.  The critical fre-
quency is fi=3140, and the f-width of each compound band is 5732,

n Tn Taim T fa=fuetm  Un—fucin' i Ui —=) fi
1 . S60+4 0 3,140 3140 1.000 .826
2 AD79 0 5,732 7403 0 1,671 932 1.291
3 L2840 11,464 (12,500 1,036 .330 1.496
4 L2008 17,196 17,929 733 .234 1.592
3 L1541 22,928 23,490 562 179 1.647
6 L1247 28,660 129,115 455 B E 5 1.681
7 ’ S1046 ' 34,392 |‘ 34,774 382 122 1.704
8 1.721

| 0900 40,124 40,452

328 1 105

Comparison of this table with that of the first example brings out the
great diversity between the two examples: the minor transmitting
bands in the second example are relatively and absolutely much wider
and situated at much lower frequencies than in the first example. In
the second example the first or principal transmitting hand is some-
what wider than the first attenuating band.

A further application of the foregoing formulas and graphs is to
obtain a precise and explicit solution of the important practical problem
of loading a given smooth line with lumped loacing to secure specified
values of the critical frequency fi and nominal impedance k. The
design-problem consists in determining the requisite values of the load
inductance L’ and load spacing s in terms of f; and % and the known
values of the inductance and capacity, L' and ', per unit length
of the given smooth line. Since L=sL" and C=sC", the solution
can be obtained as follows: Substituting L'=sL”,X into (1) and
solving for X gives

IAGE
~=L7C

Then Dy becomes known by means of Fig. 7 or Fig. 7.1 or formula (22
or (22.1).  Next, s becomes known from (23) or (21):

s=D, ofinv/L7C".
Finally, from these formulas for X and s together with the relation
L'=sL" X, it follows that

,_ D=L

L A
ﬁfl\/L”,/ "

in
1h

fi

i
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T'he Relative Impedances

The formulas for the impedances and admittances of a non-dissipa
tive periodically loaded line (Fig. 1) with any amount of distributed
inductance L will next be sct down, and discussed somewhat, with
particular regard to the transmitting and the attenuating bands of
the loaded line.

As before, it is convenient to deal with the relative impedances
Z,2Z' and the relative admittances W, W’ defined by equations (2).
Special attention is given to the particular values Zg, Z'5, Ws, W'y
corresponding to mid-point terminations.

It is found that Z, Z', IV, W’ can be expressed in terms of three
independent quantities—namely, the relative frequency r=f/f,, the
inductance ratio A\=L, L', and the relative termination o or ¢’. For
most applications the quantity r=/,f. is more significant than any
other quantity proportional to the frequency f, and on that score it
would be desirable to employ it explicitly in the formulas for the
impedances and admittances. However, the formulas are rendered
considerably more compact by employing the quantity D defined by
equation (16). Whenever desired, D can be expressed in terms of r,
A, and p by means of (16); and thence in terms of r and X by means
of (22).

Because of their special importance the formulas for the mid-point
relative impedances and relative admittances will be set down first.
From Appendix D these formulas are found to be

_ A IA+Dcot D .
La= = NATING=D 1an D' (o}
4 _ 1 _ I(\+DcotD)(A\—Dtan D) "
Za=gm =N A1) ' (26)

_ _ N42AD cot 2D — D? (26.1)
-\ A1)

From these formulas it can be verified that Z3 and Z'; are pure
imaginary throughout every attenuating band, and it can be seen
that they are pure real throughout every transmitting band.

A study of equations (25) and (26) brings out also the following
facts regarding the variation of Zs and Z's in the transmitting and
the attenuating bands, with increasing frequency:

In the first transmitting band, Z; ranges from 1 to %, but in all
of the other odd transmitting bands it ranges from = to =, through
finite intervening values; in the even transmitting bands it ranges
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from 0 to 0, through finite intervening values. In the odd attenu-
ating bands it ranges from —7% to —i0; and in the even attenuating
bands it ranges from 410 to i %.

In the first transmitting band, Z’; ranges from 1 to 0, but in all of
the other transmitting bands it ranges from @ to 0. In all of the
attenuating bands it ranges from +i0 10 47,

These facts are illustrated by Fig. 8, which gives graphs of Z; and
Z' s over a range of three compound bands, as functions of r=f/fi=
D, Dy, with X=0.12; also with A=0, for comparison. On the scale
there used, the curves for the two values of X are indistinguishable
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Fig.7 8= Mid-Scction Relative Impedance Z,=X+i¥; and Mid-Load Relative
_ok Impedance Z' 5 =X" 5 1Y, Over a Range of Three Compound Bands
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throughont the tirst transmitting band (0 <r < 1) and a eonsiderable
part of the succeeding attennating hand; but depart widely beyvond.

The exact formulas for Z, Wand Z', W for any terminations ¢ and o
can be written in the forms

1 Zocot (20— 1D+ N (LN

7 o, ! ; (27)
W cot (2= DD4iZsn (142 A

o1, (2'=1)D .

L= =2yt : 28
I LN (e

These equations are not restricted 1o values of ¢ and ¢ less than
unity; they are valid for any (real) values of these quantities. \When
A =0, they reduce immediately to (F) and (5) respectively.

From (27) and (28) it is readily verified that Z and Z’ are pure
imaginary throughout every attenuating band, and it can be casily
seen that they are complex throughout every transmitting band;
because Zsand Z'; are pure imaginary throughout every attenuating
band, and pure real throughout every transmitting band.

It is seen from (27) and (28) that, throughout every transmitting
band, each of the quantities Z, I, Z’, W’ changes merely to its con-
jugate when o is changed to 1—¢. Thus the conjugate property
expressed by equations (8) is not limited to loaded lines without
distributed inductance but holds when there is any amount of dis-
tributed inductance. Thus it continues to be true that complementary
characteristic impedances are mutually conjugate—throughout every
transmitting band. For Z" and 1", these facts are readily seen from
physcial considerations also; though not so readily for Z and V.

From physical considerations, as well as from equation (28), it is
readily seen that Z’ continues to possess the property expressed by
the ~econd of equations (9); on the other hand, I} no longer possesses
the property expressed by the first of (9).

We shall now return to the important formulas (25) and (26) for
the mid-point relative impedances in order to discuss them for small
values of A such as occur in practice, and particularly for a frequency-
range not greatly exceeding that of the first transmitting band. For
this purpose it is advantageous to write these formulas in the following
forms, notwithstanding some sacrifice of compactness:

, _ 1 _ ADceot 1){ _ Dun D -
2= W~ NS AT D Dy 29
o1 _ ADetD | DunD

“asmnT N el N Dyt Dy =0
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For the discussion of these it should be recalled that D=2w\/)\L'C
and r=D/D,=f/fi=f/fc; also that D, tan Dy =X\, whence D, is approx-
imately equal toV' X when X is small.

Equations (29) and (30) are in such form as to exhibit the manner
in which Zs and Z’s approach their simple limiting values for A=0,
represented by equations (6) and (7) respectively. For when A
approaches 0, D cot D and D tan D approach 1 and D?* respectively ;
and for values of A even larger than the largest (about 0.12) occurring
in practice, D cot D and D tan D respectively are at least roughly
equal to 1 and to D? throughout even more than the first transmitting
band.

The expression for Zs reduces immediately 10 1, V/1—r? When X is
zero. When X\ is not zero, Zgis less than 1 V1= for all values of
rin the first transmitting band (0 <7< 1); when 7 increases from 0 to 1.,
Z.; increases from 1 to «.

The expression for Z’sreduces immediately to V1= when \ is
zero. Even when )\ is several tenths, Z'; is very closely equal to
V' 1—72 for all values of 7 in the first transmitting band; when 7 in-
creases from 0 to 1, Z' 5 decreases from 1 to 0.

Effects of Distributed Inductance; the “‘Simulative Loaded Line”

The above-described relations are exemplified in Fig. 9, which
gives graphs of Zs and Z' ;5 over the first transmitting band and part
of the succeeding attenuating band, as functions of r, with X as para-
meter equal to 0.12 and to 0. It is seen that the curves of Z s for the
two values of A do not differ much in the transmitting band (0<r <1);
and that the curves of Z's for the two values of N\ are indistinguish-
able—on the scale there used.

In order to indicate more precisely to what extent the forms of Zg
and Z'gare affected by the presence of distributed inductance, as
specified by N\=L L', Iig. 10 has been prepared. This gives a graph
of the ratio of the values of Z5 for A=0.12 and A=0; and likewise
of Z's. That is, formulated in functional notation, it gives graphs
of Zg(r,N\), Zs(r,0) and Z'5(r,\), 2’5 (r, 0). From these it is scen
that, in the transmitting band, the mid-section ratio (first ratio) and
the mid-load ratio (second ratio) do not differ from unity by more
than four per cent. and one-tenth of one per cent., respectively.
These observations—particularly the second —suggest that, at least
over the whole of the first transmitting band, the impedance of a non-
dissipative periodically loaded line with small distributed inductance



LOADED TINEN (AND COMPENSAULING NFTIWORRYS 411
can be rather closely simulated by a periodically loaded line without
distributed inductance but with suitably chosen load-inductance Lo’

and section-capacity Co. The utility of this observation resides

2 N

/

2

Fig. 9 Mid-Section and Mid-Load Relative Impedances Z ; and Z' 5 Over the First
Transmitting Band and Part of the Succeeding Attenuaring Band
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Fig. 10 ~Ratio Curves Showing Effccts of Distributed Inductance on the Forms
of the Curves of Zg and 27

ultimately in the fact that the formulas for loaded lines without

distributed inductance are much simpler than those for loaded lines
with distributed inductance.
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For mid-section or for mid-load termination the simulation of the
effects of distributed inductance described in the preceding para-
graph can be made exact at two different frequencies simultancously,
and the requisite values of the load-inductance Lo" and section-capac-
ity Co of the simulating loaded line thereby determined.  This simulat-
ing loaded line will be termed the “simulative loaded line” corre-
sponding to the two particular frequencies contemplated.

In many applications a suitable simulation can be attained by
imposing the conditions that the simulating loaded line (Lo, Co) shall
have the same nominal impedance k and critical frequency f. as the
actual loaded line (L', L, C). The particular simulating loaded line
so determined will be called the “principal simulative loaded line”;
evidently its load-inductance Lo and section-capacity Co are deter-
mined in terms of k and f. and also in terms of L', L, C by the pair of
equations

k=~/(L'+L), C=~/Ly, Co, (31)
(=i T =) sy T (32)

of which (31) corresponds to (1), and (32) to (15) and (14) combined
or to (24). The solution of the pair of equations (31) and (32) is the
pair of values

o =L (VI+N), p=k 'zf, (33)
Co=C pN1421=1 =nfik. (34)

In conjunction with (22), these formulas show that L¢'>L"and Gy <C;
in fact they show that Ly’ L’'=142X 3 and Co/C=1-2\, 3, as first
approximations; precise values of these ratios can be readily calcu-
lated by substituting for p the power series contained in equation (22).

The simulative precision of the “principal simulative loaded line'
depends on the value of the relative termination (¢ or ¢’). The
simulation is far more precise for mid-load termination (¢'=0.5)
than for mid-section termination (¢=0.5); this can be scen by de-
veloping in power series the functions involved; for A=0.12 the fact
is illustrated by Fig. 10 alrcady cited. The simulative precision for
other terminations will not be discussed here, beyond remarking that
the “principal simulative loaded line” terminating at o’-load could
not exactly simulate the actual loaded line terminating at ¢'-load,
even if the simulation were exact at (1.5-load; for the excess-inductances
(¢’ —0.5)Lo" and (¢’ —0.5)L" are not exactly equal, the former being
slightly the larger—as shown by equation (33).  However, the small-
ness of the impedance-departure between the “principal simulative
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loaded line™ and the actual loaded line when both lines terminate at
mid-load can be identically preseeved for any other load-point termina-
tion of either line by so choosing the load-point termination of the
other line that the exeess inductanee of its end-load beyond half load
has the same value. This fact should be kept in mind when designiug
simudating and compensating networks, particularly such as pertain
to a loaded line that terminates with a fractional load; also when
choosing the relative termination ¢ of the fractional load.

Some idea as to the simulative precision of the propagation constant
I'=d4+iB of the “principal simulative loaded line” can be obtained
from Fig. 22 in Appendix . For the present purpose the graphs
for N=0 can be regarded as pertaining exactly to the “principal simu-
lative loaded line™ corresponding 10 any noun-dissipative periodically
loaded line having any amount of distributed inductance, while the
graphs for A=0.12 are for any non-dissipative loaded line having
the particular inductance ratio A=0.12. Of course, 4 is zero in the
range 0<r<1.

PART IV

NETWORKS FOR SIMULATING AND FOR COMPENSATING TUE IMPEDANCE
OF LOADED LiNEs —GENERAL CONSIDERATIONS

The remainder of the paper relates to the simulation and the com-
pensation of the impedance of periodically loaded lines by means of
the simulating and the compensating networks devised by the writer,
as mentioned in the latter part of the Introduction.

The term ‘‘compensating network' requires at least a tentative
definition. The compensating networks dealt with in the present
paper are of two types: reactance-compensators, and susceptance-
compensators. For the present they may be defined—rather nar-
rowly—with reference to the first transmitting band of non-dissipative
loaded lines, as follows: a reactance-compensator is a network that
neutralizes the characteristic reactance of the line and hence simu-
lates its complementary characteristic reactance; a susceptance-
compensator is a network that neutralizes the characteristic sus-
ceptance of the line and hence simulates its complementary character-
istic susceptance.

As actually worded, this division (Part 1V) of the paper pertains
mainly to the simulation of loaded lines: but with appropriate slight
changes of wording most of it pertains also to compensation. Com-
pensation is dealt with explicitly in portions of ’arts \" and VI of
the paper.
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The simulating and the compensating networks were devised from
purely theoretical studies of the characteristic impedance and ad-
mittance of periodically loaded lines as dependent on the frequency
and on the relative termination, in somewhat the same way as the
previously described ! networks for smooth lines were devised from
purely theoretical studies of the characteristic impedance of smooth
lines as dependent on the frequency.

Building-out Structures, Basic Networks, and Excess-Simulators

Although the characteristic impedance of a periodically loaded
line depends greatly on its relative termination (o or ¢’), yet there is
no need of attempting to devise various independent networks cor-
responding to various relative terminations of the line. For any net-
work that will simulate the line-impedance at any particular relative
termination can be ‘“‘extended” or '‘built-out” to simulate it at any
other relative termination by merely supplementing the network
with an ‘“extension network” or ‘“‘building-out structure” in the
nature of an artificial line structure corresponding as closely as may
be necessary to the portion of actual line structure included between
the two relative terminations contemplated. Simulation can be
attained also by building-out the line instead of the network, or by
building-out both the line and the network to any common relative
termination; but in practice these alternatives are not usually per-
missible, the usual requircment being the simulation of a given fixed
line. (In present practice, the line is terminated usually at mid-
section [¢=0.5], or as closely thereto as practicable.)

The term “‘basic network” will be used to denote a network which
simulates the characteristic impedance of a non-dissipative periodically
loaded line without the network's containing in its structure any
building-out elements. Regarding the loaded line, the particular
relative termination to which the basic network pertains will be
termed the “basic relative termination’ of the loaded line, and will
be denoted by g, or ¢," whenever a symbol is needed for it. (For the
kinds of basic networks thus far devised, o, and o’ lie between about
0.1 and about 0.2, that range having been found to include the rela-
tive terminations most favorable to the design of those kinds of
basic networks.) The foregoing terms, when used in connection with
a dissipative loaded line, will be understood to refer to the corre-
sponding non-dissipative loaded line. A considerable number of
kinds of basic networks will be described in Part V' supplemented
by Part VI.
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I'he amount by which the characteristic impedance of any peri-
odically loaded line exceeds the impedance of the corresponding non-
dissipative loaded line will be termed the “excess impedance’ (or,
more fully, the “exeess characteristic impedance”): and a network
for simulating it will be termed an “excess-simulator.” Excess-
simulators for loaded lines will be considered very briefly in Part VI,

(In passing, it may be noted that the foregoing definition of the
“excess impedanee” of a periodically loaded line properly ineludes
the definition already given ! of the excess impedance of a smooth

Excess-
mtator H_oetaen |
Basic
i
cess- [~{Buiding-ou Basic
simulator . structure . )
Iding-out Excess- t Basic ()

tructure tor tructure network

Fig. 11--Absiract Diagrams of Complete Networks for Simulating Characteristic
Impedance of Loaded Line

line; lor the “nominal impedance” of any smooth line was defined !
as the impedance of the corresponding non-dissipative smooth line.
A similar statement is applicable to the terms ‘‘excess simulator”
and “‘basic network' previously defined ! for smooth lines.)

The foregoing considerations and definitions have prepared the
way for Fig. 11, which indicates in an abstract manner how the im-
pedance of any loaded line having any relative termination can be
simulated by combinations of basic networks, excess simulators, and
building-out structures.

Fig. 11a corresponds to the simple but unusual easc in which the
loaded linc has the basic relative termination: its impedance then
can be simulated by the corresponding basic network and excess
simulator, without any building-out structure.

When, as usual, the given line does not have the basic relative
termination, there are available the two natural alternatives repre-
sented by Figs. 11b and 1lc. Fig. 11b shows the whole network
of Fig. 11a built-out to the relative termination of the given line by
means of the requisite building-out structure, which for the highest
precision must be dissipative to eorrespond to the actual line. lan
Fig. 11c the basic network is built-out to the relative termination of
the given line with a non-dissipative building-out structure: and then
the resulting network, which simulates the impedance that the actual
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line would have if non-dissipative, is supplemented with an excess-
simulator such as to simulate the excess impedance of the actual line.

Since the excess impedance depends somewhat on the relative
termination it can be simulated more easily at certain relative termi-
nations than at others. This fact is utilized in the arrangement
represented by Fig. 11d. Here the basic network is built-out to
some relative termination that is particularly favorable for the design
of an excess-simulator; the excess-simulator is applied; and then is
applied the building-out structure, which for the highest precision
must be dissipative to correspond to the actual line.

The simulation-range of the basic networks described in this paper
is a little less than the first transmitting band of the loaded line; but
after a basic network has been built-out, its simulation-range may
extend a little way into the succeeding atienuating band, omitting
the immediate neighborhood of the critical frequency. The com-
pensation-range of the compensating-networks is somewhat less than
the first transmitting band of the loaded line.

PART V

NETWORKS FOR NON-INSSIPATIVE LOADED LINES WITHOUT
DISTRIBUTED INDUCTANCE

In this Part will be described a considerable number of kinds of
“basic networks’ for simulating the characteristic impedance of non-
dissipative loaded lines without distributed inductance; and two
types of compensating networks for such lines. The modifications
necessary when the lines have small distributed inductance will be
indicated in Part \'1.

The various kinds of basic networks here described may be regarded
as of two different types corresponding to the terminations of the
loaded lines to which they pertaing there may be several varieties of
each 1yvpe. The two types correspond to fractional-section and to
fractional-load terminations respectively; that is, to the relative termi-
nations g, and ¢y’ respectively. (It has been stated already, in Part
1V, that o3 and o’ lie between about 0.1 and about 0.2.) It
will appear below that these two types are inverse types, in the sense
that the impedance of a nétwork of one type is of the same functional
form as the admittance of the corresponding network of the other
type, when the frequency is regarded as the independent variable.
In particular, for equal relative terminations (es=a'), the ratio
of the impedance and the admittance of any two corresponding
inverse networks is independent of frequency. This corresponds to
the relations Z/WW' =1 and Z’/I¥=1, holding for the loaded line
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itself, according to equations (1) aud (5). Ience the two types of
networks will sometimes be distinguished as impedance type and
admittance type.  More specilically, the simulating networks of the
two types will be distinguished as impedance-simulators and ad-
mittance-simulators, respectively; and the compensating networks as
reactance-conpensators and susceptance-compensators, respectively,

By being built out to the requisite extent, cither type of network
evidently can be employed with a loaded line terminating at any
point in cither a scction or a load; but, depending on such teemina-
tion, one type will require less building-out than the other, and hence
will be somewhat preferahle on that score.  For instance, for simu-
lating the impedance of a loaded line terminating at mid-section
(¢=0.5), a basic network of the fractional-section type of termina-
tion will require less building-out than one of the fractional-load
type of termination.

The Basic Nelworks

The various basic networks mentioned will now be described briefly,
by aid of circuit diagrams which show the forms of the networks
and which include explicit design-formulas for the proportioning.
Mutually corresponding networks of inverse types will be deseribed
together or in sequence, in order to exhibit clearly their correlation.

In the design-formulas the requisite values for the network-clements
will be expressed in terms of the load-inductance L’ and the section-
capacity C of the given loaded line; but when desired they can instead
be readily expressed in terms of the nominal impedance k& and critical
frequeney f., by means of the relations

L'=k =f., C=1 nkf..

Of course, the design-formulas involve also the relative terminations
o and o’.

Figs. 12 and 13 show two rather simple networks which simulate
very well, over most of the transmitting band, the o-section character-
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Fig. 12 Impedance - Simulator for a Fig. 13 Admittance - Simulator for a
Loaded 1. ine Terminating at o-Section, Loaded Line Terminating at o'-Load,

with o in the Neighborhood of 1.2 with ¢ in the Neighborhood of 02
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istic impedance and the ¢'-load characteristic admittance, respec-
tively, of a non-dissipative loaded line, when ¢ and ¢ are in the
neighborhood of (.2, The theoretical bases of these two networks
and of their proportioning are outlined in Appendix B. (See also
Patent No. 1124904 and No. 1437422, respectively.)

Figs. 14 and 15 show two networks which are considerably less
simple than those of Figs. 12 and 13 but possess a sttbstantially wider

s
,_Eii’_{ When O=0.14.
ok Re=YL/C When G=0.14.
2 L2021 . Gy
C2-0107C G} G G202¢
L3=0.483L . Up0107L
€3-0265¢C I Lz S c0283C
U5 0265t
Fig. 14—.lmpcdan.cc-§imulnlor fqr a Fig. 15— Admittance - Simulator for a
Loaded Lme. Terminating at o-Section, Loaded Line Terminating at o'-Load,
with o about 0.1+ with ¢’ abont 0.14.

frequency-range of simulation; for them the best value of ¢ and of o
is about 0.14. The theoretical bases of these two networks are in-
dicated below in the descriptions of the networks in Figs. 20 and 21,
respectively. (See also Patent No. 11676¢3 and No. 1437422, re-
spectively.)

Fig. 16 shows a network called a reactance-compensator, for a non-
dissipative loaded line terminating at g-section. When proportioned

Ls=l4-gle & G g

i’ b . e e AL v
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IFig. 17— Susceptance-Compensator for

Fig. 16 -Reactance-Compensator for a a lLoaded Line Terminating at ¢’-Load:
Loaded Line Terminating at o-Section: Susceptance-Simulator when 0<o’ <1 2
Reactance-Simulator when 0<a <12 Susceptance-Neutralizer
Reactance-Neutralizer when 1/2<e< 1 when 1, 2<e’'<1

in accordance with the design-formulas there given, this network
possesses the following two-fold property with reference to the g-section
characteristic reactance of the loaded line: When o has any fixed
value between 0 and 1 2, the network exactly simulates the g-seetion
reactance, and exactly neutralizes the (1—g)-section reactanee; or,
what is equivalent, when o has any fixed value between 12 and 1,
the network cxactly neutralizes the g-section reactance and exactly
simulates the (1—o¢)-section reaetance.

Fi

L
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Fig. 17 shows a network called a susceptance-compensator, for a
non-dissipative loaded line terminating at ¢’-load.  When propor-
tioned in accordance with the design-formulas there given, this net-
work possesses the following two-fold property with reference to the
o’-load characteristic susceptance of the loaded line: When ¢’ has
any fined value between @ and 12, the network exactly simulates
the o’-loact susceptance, and exactly neutralizes the (1—¢o)-load
susceptance; or, what is equivalent, when ¢’ has any fixed value
between 1 2 and 1, the network exactly neutralizes the o’-load sus-
ceptance and exactly simulates the (1—e')-load susceptance.

It may be noted that the resonant frequencey f, of the compensators
in Figs. 16 and 17 is never less than the resonant frequency f. of the
loaded line; for when o =0¢" the two tvpes of compensators have the
same value of f;, and

fr fo=1 2 0(1—0).

This ratio has a minimum value of unity, when o=1'2; and becomes
infinite when ¢=0 and when o=1. [t is equal to 1.25 when ¢=0.2
and when ¢=0.8.

The compensators in Figs. 16 and 17 are evidently inverse networks:
the theoretical principles underlying them are outlined together in
Appendix C. (See also Patent No. 1243066 and No. 1475997, re-
spectively.)

With ¢ and ¢’ each in the neighborhood of 0.2 or of 0.8, the o-section
characteristic reactance and the o’-load characteristic conductance of
a non-dissipative loaded line are simulated pretty well by the con-
stant resistance Ry and the constant conductance G’ of Figs. 12 and
13, respectively, as pointed out in Appendix B.
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Fig. 18 — Resistance - Simulator for a Fig. 19 Conductance-Simulator for a
l.oaded Line Terminating at o-Section, Loaded Line Terminating at o'-load,
with ¢ about 0.14 or about 0.86 with ¢’ about 0.14 or about 0.86

Simulation of the g-section resistance and of the ¢’-load conductance
can be accomplished over a substantially wider frequency-range than
in the foregoing paragraph, by means of the networks of Figs. 18and
19, respectively; for them the best value of ¢ and of ¢ is about 0.14.
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These networks must not be confused with those of Figs. 14 and 15:
they are like the latter in form but differ in the values of certain of
their elements, as will be scen on close examination; they differ also
in their functions, the networks of Figs. 14 and 15 simulating the
g-section impedance and the ¢’-load admittance, respectively, whereas
the networks of Figs. 18 and 19 simulate merely the resistance and
the conductance components of these, respectively. In Fig. 18 the
reactance of the L;Cs-portion neutralizes that of the R,L,C,-portion;
and in Fig. 19 the susceptance of the Ly'Cy'-portion neutralizes that
of the G;'C.'Ly’-portion. (See also Patent No. 1167693 and No.
1437422, respectively.)

By combining the resistance-simulator of Fig. 18 and the reactance-
simulator of Fig. 16 there results the impedance-simulator of Fig. 20.

R, lig
When 0=0.14. .
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Fig. 20 — Impedance - Simulator for a

Loaded Line Terminating at o-Section,

with ¢ about 0.14. (This figurc indi-

cates the synthesis of the network in
Fig. 14.)

Fig. 21 — Admittance - Simulator for a

loaded Line Terminating at o’-load,

with ¢” about 0.14. (This figure indi-

cates the synthesis of the network in
Fig. 15.)

But it is found that the LiCi-portion and the L;Ci-portion can be
combined, without appreciable sacrifice of simulative precision, into
the single L3;Cs-portion of Fig. 14—whose synthesis is thereby indi-
cated. (See also Patent No. 1167693.)

By combining the conductance-simulator of Fig. 19 and the sus-
ceptance-simulator of Fig. 17 there results the admittance-simulator
of Fig. 21. But it is found that the Ly'Cy'-portion and the Ly'Cy'-portion
can be combined, without appreciable sacrifice of simulative precision,
into the single L'sC's-portion of Fig. I>—whose synthesis is thereby
indicated.  (See also Patent No. 1437422.)

PART V1

NETWORKS FOR NON-DISSIPATIVE LOADED LINES wiTit DISTRIBUTED
INDUCTANCE

I'rom the latter portion of Part [T it will be recalled that the
approximate cffect of small distributed inductance is to alter slightly’

if

(s
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the nominal impedance and the critical frequency of the loaded line
without much affecting the relative impedance when expressed as a
funcuion ol the relative frequency, over the first transmitting bandl
and the lower part of the succeeding attennating band.  Thus an
approximate way of taking account of the effects of small distributed
inductance is to deal with the constants Lo" and Gy of the corresponding
“principal simulative loaded line™; since this line has no distributed
inductance it is seen that the networks deseribed in Part \ for loaded
lines without distributed inductance are adequate for loaded lines
with small distributed inductance: the design-formulas remain un-
changed beyvond substituting Lo’ for L and Gy for C; however, the
simulative precision of the networks is altered slightly.

A slightly better approximation may be securedd by working not
only with Ly and G but also with fictitious values of ¢ and ¢, say
ao and oo/, slightly different from those which would be best if there
were 1o distributed indnctance.

Owing to the presence of a certain amount of distributed inductance
in all transmission lines (even in cables), simulation of the o'-load
impedance (¢'>0;") by means of a fractional-load (a") type of basic
network built out to ¢’-load is slightly more precise than simulation
of the o-section impedance (e=0¢") by means of a fractional-section
(03) type of basic network built out to e-section. This is evident
from the latter portion of Part 111 of this paper.

(Regarding the effects of small distributed inductance in loaded
lines, Patent No. 1167693 may be of some interest.)

PART VII
NETWORKS FOR DIsstPATIVE LOADED LINEs

A natural first-approximation network for simulating the impedance
of a dissipative loaded line is the network for the corresponding non-
dissipative loaded line, the excess impedance thus being neglected;
in the case of a high grade loaded line this is a good approximation
except at very low frequencies. Various forms and 1ypes of networks
for non-dissipative loaded lines having the basic relative terminations
were deseribed in Parts V and VI; those networks (“*basic networks'')
can be built-out readily 10 any relative terminations by means of
simple non-dissipative building-out structures.

When the excess impedance of the loaded line is not negligible
an excess-simmlator is required. A\ first-approximation  excess-
simulator for a loaded line is the excess-simulator for the corresponding
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smooth line.!  This is a good approximation over about the lower
half or two-thirds of the transmitting band; but to be adequate in the
upper part of the transmitting band it requires some modification in
its proportioning or even in its form, according to several circum-
stances, such as the relative termination, the amount and distribu-
tion of the dissipation, and the ratio of the highest contemplated
frequency to the critical frequency.  The immediate neighborhood
of the critical frequency is here disregarded, as having thus far been
unimportant in practice; modification of the networks to extend their
range of simulation right up to the critical frequency appears to
present much greater difficulties.

PART VI1II

APPLICATIONS OF THE SIMULATING AND THE COMPENSATING
NETWORKS

I this Part a considerable number of applications of the above-
described networks will be outlined.  (For some details and further
applications, reference may be made to the patents cited in Part V'—
namely, Patent No. 1121904, No. 1167693, and No. 1437422, per-
taining to the simulating networks; and No. 1243066 and No. 1175497

pertaining to the compensating networks.)

s pplications of the Simulating Nelworks

Foremost of the uses of the simulating networks is their employ-
ment for balancing purposes in connection with 22-1y'pe repeaters,
already spoken of in the Introduction.

Another application of a simulating network is for terminating an
actual loaded Hne in the ficld or an artificial toaded line in the labora-
tory in such a way as to avoid reflection effects.  For this purpose
the proper terminating impedance is evidently one equal o the
cteristic impedance of the loaded line. Such a

complementary char
terminating impedance is often needed in the making of electrical
tests or clectrical measurements on a loaded line.

Furthermore, in making certain tests on apparatus normally as-
sociated with a loaded line, such line may be represented conveniently
by the appropriate simulating network.

A pplications of the Compensaling Networks

— ; . . - -
The compensating networks have a wide variety of uses as neutral-
izing networks and also as simulating networks.  These uses depend
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utindy on the fact that a compensating network when used as o
neutralizer enables the impedance of a loaded line to simulate ap-
proximately the impedance of @ smooth line awd henee to simulate
at least roughly a constant resistance, and when used as a simulator
ciibles the impedance of a smooth line to simulate approximately
the impedance of a loaded line.

Foremost of the uses of the compensating networks is their employ-
ment for properly connecting together a loaded line and a smooth line,
to reduce reflection effects at the junction.  This may be accomplished
cither by means of the reactance compensator (Fig. 16) or by means
of the susceptance compensator (Fig. 17) by adopting a suitable
relative termination for the loaded line in cach methed.  In deseribing
these two methods, it will be assumed at first that the loaded line
and the smooth line are non-dissipative and have cequal nominal
impedances,  In the first method of compensation the loaded line is
terminated at e-section with ¢ in the neighborhood of 0.8, where
it~ curve of characteristic resistance is nearly flat; and a reactance-
compensator (Fig. 16) is inserted in series between the two lines.
Thi~ compensator, by neutralizing the reactance of the given loaded
line, makes that line appear like a smooth line; while, by simulating
the complementary characteristic reactance of the loaded line, it
makes the smooth line appear complementary to the given loaded
line.  In the second methed of compensation the loaded line is termi-
nated at ¢’-load with ¢’ in the neighborhood of 0.8, where its curve
of characteristic conductance is nearly that; and a susceptance-com-
pensator (Fig. 17 is inserted in shunt between the two lines at their
junction.  This compensiator, by neutralizing the susceptance of the
given loaded line, makes that like appear like a smooth line; while,
by simulating the characteristic susceptance of the complementary
loaded line, it makes the smooth line appear complementary to the
given loaded line.

When, as actually, the lines are dissipative, the compensator con-
tinues to make the loaded line appear approsimately like a smooth
line, and to make the smooth line appear approximately like a loaded

line; but now, unless the lines happen to be about equally dissipative,
there will exist at their junction an irregularity arising chicfly from
equality in their “excess-impedances.”  This irregularity can be
largely prevented from occurring when the gage of cither or both of
the lines is at the disposal of the designer; when this is not the case
and the irregularity is seriously large, resort may he had to special
equalizers termed “excess-impedance equalizers.”
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When the nominal impedances of the two lines are unequal, ad-
justient in that respect can be made by means of a transformer of
suitable ratio.

Some other uses for the compensators are as follows: (a) to properly
connect a loaded ine to a repeater system whose impedance is nearly
constant resistance; (b) to connect a loaded line tvpe of filter (low-pass
filter) to an amplifying clement whose impedance is nearly constant
resistance; (¢) to connect a loaded line to terminal apparatus whose
impedance is nearly constant resistance; (d) to convert the impedance
of a loaded line to that of the corresponding smooth line and thereby
enable it to be simulated (or to be balanced) by a smooth-line type
of simulating network; (e) to convert the impedance of a smooth
line to that of a loaded line and thereby enable it to be simulated
(or to be balanced) by a loaded-line type of simulating network; (f)
to neutralize the characteristic reactance of an approximately non-
dissipative loaded line, thereby enabling the resulting nearly pure
resistance impedance to be closely simulated (or to be closely bal-
anced) by the network (Fig. 18) simulating the characteristic resist-
ance of the loaded line; or—though somewhat less closely—by a mere
resistance element; (g) to neutralize the characteristic susceptance of
an approximately non-dissipative loaded line, thereby enabling the
resulting nearly pure conductance admittance 1o be closely simulated
(or to be closely balanced) by the network (Iig. 19) simulating the
characteristic conductance of the loaded line; or— though somewhat
less closely—Dby a mere conductance element.

In applications (a), (b), (¢) the irregularity at the junction can be
still furtlier reduced by the addition of an excess simulator for simu-
lating the excess impedance of the loaded line.

APPENDIN VX

TuE TRANSMITTING AND THE ATTENUATING BANDS OF A NON-Dissira-
TIVE LOADED LINE witil DISTRIBUTED INDUCTANCE

This Appendix contains the derivations of the formulas in Part 111
pertaining to the disposition of the transmitting and the attenuating
bands; and also several alternative formulas; it outlines six graphical
methods for studying the bands; and it discusses, more compre-
hensively than in the body of the paper, the salient properties
of the bands and the effects produced by varying certain of the
parameters.
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Disposition of the ransmilling and the Altenvating Bands
The propagation constant U'=.1+iB8 of a non-dissipative loaded
line (per periodic interval) can be expressed in terms of A=1L L’ and
the quantity [ defined by cquation (16).  Frony Appendix D,

cosh I'=cos 2D — [}\)— sin 20D, (1-A)
sinh? I'=(sin® 2D)(D tan D —=N)(D cot D+X) \* (2-A)
= (sin? 2D)(D*—N*=2\D cot 2D), \* (3-A)
=(—sin® 2D)(14+1 NZ'L (3.1-A)

Thus, for a non-dissipative loaded line, cosh I' and sinh® I' are both
pure real.
When cosh I' is known, sl and B can be evaluated by means of the
identity
cosh I'=cosh (4 +iB) =cosh A cos B+isinh A sin B, (4-A)

In particular, when cosh I' is pure rcal—as for a non-dissipative
loaded line—the values of :1 and B must evidently be such as to
satisfy the pair of equations

sinh .1 sin B=0, (5-A) cosh i cos B=cosh I';  (6-7)
with, of course, the added restriction that A must be real and positive,
and B real. Thence it i1s readily found that:
\When cosh? I'< 1, that is, sinh® I'<0,

then A =0 and B=cos™! cosh T'; (7-A)
\When cosh? I'> 1, that is, sinh® I'>0,
then /1 =cosh™! cosh I' and B=g¢r; (8-A)

cosh I' being real, and ¢ being an even or an odd integer according as
cosh I' is positive or negative, respectively.

Before continuing with the general case (A\s£0) it scems worth while
to digress long e¢nough to apply the preceding general formulas to the
limiting case where A=0. For it, formula (1-A) reduces to

cosh I'=1-2r2, (9-A)

where r=f f.=D,D,, and f. is given by (3). Application of (7-A)
and (8-2) to (9-A) shows that:

\When 0<r<1, then A =0 and B=2 sin 'r; (10-A)

When 7> 1, than A =2 cosh™'r and B=¢n, (11-2)

where ¢ is an odd integer.
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For illustrative purposes, Fig. 22 gives graphs of 4 and B through-
out the first transmitting band (0<r<1) and part of the succeeding
attenuating band, for a non-dissipative loaded line, with A=0 and
with A=0.12.  Of course, 4 is zero in the range 0<r < 1.

Returning now to the general case (A40), we see that the trans-
mitting bands (4 =0) are characterized by the inequality sinh?® I' <0,

3.5 —

25 {-
IS ===
A012 |

20

Fig. 22—Propagation Constant I'=.1+4iB in the First Transmitting Band (0<7<1)
and in Part of the Succceding Attenuating Band, of a Non-Dissipative Loaded
Line with A=0 and with x=0.12

and the attenuating bands (z14=9) by the inequality sinh? I'>0; and
hence the transition points between the two kinds of bands are char-
acterized by the equation sinh?® I'=0.

We seek the transition values of D, that is, the values of D where
sinh? I'=0; and we scek the transmitting and the attennating ranges
of D, that is, the ranges of D where sinh? I'<0 and sinh? I' >0, re-
spectively.

The transition values of D are perhaps most readily found from
the equation for sinh? I' when written in the form (2-A). They are
the zeros of the first three factors in the right-hand member of that
equation. The zeros of the factor sin® 2D are at D=mnr,2, with
m=0,1,2, 3,...; thus they subdivide the D-scale into segments of
width /2 each, as represented by Fig. 6; and they have the values
represented by (18). The zeros of the factors D tan D=\ and D cot
D4\ are sitnated in the odd and even numbered segments, respec-
tively, because, N is positive; there is one and only one zero in each
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sepment.  Fhus, it Dy, denotes the zero of sinh*F situated in the nth
sepment, then

(=15 <Da<nly. (12:7)

Either analytically or graphically it is readily scen that, when N is
small, Dy is only slightly greater than (n— D7 2; it approaches that
viahue as a limit when n approaches infinity, for all finite values of \.
The power series formula (21) for D, is derived at a littde later point
in this Appendix.

Formulated analytically, with the arguments of the trigonometrie
functions reduced to the smallest positive values that preserve the
values of the functions, the transition values of D are the values of
D, ayr and Dy satisfying the equations

5i|1""2([)..,+;——r1g) =11, (13-A)
[),.mn(l),,—[n—-]]:) =2, (14-A)

with n=0,1,2,3,...in (13-A) and n=1,2,3, . . .in (14-A). Equa-
tion (13-A) is equivalent to sin*2D=0. With 7 odd and with n even,
(14-A) 1s equivalent respectively to DtanD —X=0and to DcotD+A=0.
An equivalent of (14-A) is obtainable from the second factor of (3-A).
By (3.1-A), still another equivalent is Z’5=0; that is, the values of D,
are the zeros of the mid-load relative impedance Z's, and hence of
the mid-load impedance K’ ;.
With (n— 1= 2 denoted by d,. equation (14-A) shows that

Da—du<\ dn, (n=2,3,4,..)) DN/ N

By inspection of (2-A) it can be readily verificd that sinh?l' is
negative when D, ,<D <D, and positive when D, <D<D, .;
and hence that these two ranges of D are a transmitting band and an
attenuating band, respectively. the corresponding compound band
thus being the range D, ,<D<D, .- In this connection it
may be of some academic interest to note that, strictly speaking,
D=0 is not a transition value of D between a transmitting and an
attentuating band. For (2-A) shows that sinh*I' does not change
sign when D passes through 0; on the contrary, sinh?l’ is entirely
unchanged when D is changed to —D. Thus, D=0 is a point of
symmetry, but not a transition point.

The values of D, namely, the roots of (14-A), cannot be written
down directly or expressed exactly. But they can be found to any
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destred degree of approximation by first developing the left side of
(I4-A) into a power series involving Dy; and then, by successive
approximation or by undetermined coefficients, solving the resulting
equation so as to express Dy, as a power series in N (that is, “reverting”
the first series to obtain the second).

Digression on the Reversion of Power Series

Since there will be several occasions here for reverting a power
series it seems worth while to digress suthciently to furnish the requisite
general formulas for the reversion of power series:®

Given y=F(x) developed as a convergent power series in x,
y=x+ax*+axdtaxi+ . ... (15-7)

The coefficient of x has heen assumed to be unity because the formula-
tion of the reversion is much stmplified thereby without any real
sacrifice of generality; for, if the coefficient of x were a;, the equation
could be reduced immediately to the form (15-A), either by treating
ax as the independent variable, or by dividing through by a; and
then treating ¥ a@; as the dependent variable.

The given equation (15-A) expresses y as a power scries in x. It is
required to revert this relation, that is, to express x as a power series
in y. In the present work this was done originally by successive ap-
proximation, and was verified later by the method of undetermined
coefhicients.  Evidently the first approximation to the solution of
(15-A) is merely x1=y, and thence the second approximation is
Xy=y—a?*=y—axy*. But the higher approximations cannot be
written down thus directly; indeed the libor of obtaining them in-
creases rapidly.  The work was carried through the sixth approxima-
tion, with the result:

x=y+(—a2)y*+ (20} —as)y*+(—Sa;+5a:0:—a)y'
+ (14a}— 2lalas+6asas+3ai—as) y®

+(—42a3+Slala; — 28aiay — 28a:ai+ Tasas+ Taza:— ag) Yo+

"

.. (16-A)

¢ (f., for instance, Bromw “Theory of Infinite Series Goursat-Hedrick,
“Mathematical Analysis™; Wilson, **Advanced Caleulu Chrystal, *“Text Book
of Algebra.”  But in none of these references is the reversion carried far enoughs
morcover, the formulas there obtained do not apply directly 10 a scries containing
only even powers—one of the cases in the present application. At considerable
labor, by two independent methods, 1 remedied both of these lucks.  Somewhat
later T came upon a valuable article by C. E. Yan Orstrand, *The Reversion of
Power Series™ (Phil. Mag., March, 1910), where the reversion is carried to no less
than thirteen terms, but is not directly applicable to series containing only even
powers.
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This was veritied by the method of nndetermined cocthcients, con-
sisting in assuming

x=y+bsy*+ by +by'+ . ..
and then substitnting this expression for x into (15-\) to evalwate the
b's by treating the resnlting equation as an identity.

In the degenerate case where only even powers of x are present in
(153-A) the formula (16-A) when applied directly does not correctly
express the solution (for reasons appearing below).  However, the
given cquation, containing only even powers of x, say

y=xtcttoaxttoxt4 L. L, (17-A)
can be correctly solved for (3% by direct application of (16-A), with
as=cs; and then the value of x can be expressed as a power series in
v by extracting the square root of the power series representing (x°).
In that way the solution of (17-A) was found to be

Syt (e oo (- B oo

715 l” 11 1 4199 .
+ (fouet = et ¢~n+h'r§—‘_,rs)y‘+(— ¢

57
128 256 °

+10%0c, - ‘]':;‘ o= WPeat Bt Beei— Ja)pt .. (5A)
This result was verified by the method of undetermined cocefficients,
by writing x in the form
x=\/y (1+eryvten?+esy*+ .. ) (18.1-A)
and then evaluating the e's by substituting (18.1-A) into (17-A).
Still another method would be to e\(mct the square root of (17-A)
as the first step, thereby expressing V. ¥ as a power series in x of the
form (13-A): and then reverting by application of (16-A\), thereby
E€XPressing X as a power series in \G and thence of the form (18.1-A).
For use in this connection it may be noted that the square root of a
power sceries having the form
y=14+hx+h?+haxd+ ...
will be of the form
y=1+kix+kav+hoe®+ ...
The k's can be evaluated by identifying the first cquation with the
square of the second; their values are found to be .
ky=1hy, ka=1ha— Lk}, ky=1hs—kka,
ki=3hy—Lki—k\ks, ks=3hs—kki—koks,
ke=13hs— 3ki—k\ks— kaky.
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Derivations of Formudas for the Transition Points

The above general formulas for the reversion of power series will now
be applied in the derivation of the formulas (21) and (22) for D, and
Dy, in the body of the paper; and also in the derivation of certain
other formulas, not included there.

To outline the derivation of the formula (21) for D, denote
(n—1)7/2 by d, and Dy—d, by 7, so that (14-A) becomes

(dn+7a) tan 7,=X. (19-A)

Now replace tan 7, by its known power series expression, and divide
both sides of the resulting cquation by d,; thus (19-A) becomes

+ ... (20-A)

2
= .
15d, "

1 1 2
it gt Tt

A_ 1,
4, =t g et gty

This is of the form (15-A), and hence can be reverted by direct applica-
tion of (16-A); the result is (21).

An alternative formula for D, can be obtained by starting from
Gregory's series,

tan®r | tan®» tan™
v=tanv— =5 + 5 — R s (20.1-A)
« ‘

Application of this to (19-A) cnables the left side of that equation to
be expressed as a power series in tan 7,; and when the resulting
equation is reverted by means of (16-A) and then 7, replaced by
Dy—d, the result is

n (D= =3 = (0.) +a5(0) = (5= 50) ()

i) @) - G stsa) @)+ 02

It has already Deen noted that (21) is not valid for # =1 and hence
does not include the formula (22) for D;. To obtain this formula
for Dy, start with the equation

Dytan Dy =\, (21-A)

obtained by setting n =1 in (14-\). Then replace tan Dy by its known
power series expansion, thus obtaining the equation

2 382
o2 D !'fi: Dy 4. ... (22-A)

1 2 17
— 2 4 6 B4 .
A=Ditt g Dit (o Dt g5 Dt o5 155925

This is of the form (17-A), and hence can be reverted by direct ap-
plication of (18-A); the result is (22).
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1t may be noted that (22-), when regarded as a power series in
(D), is of the form (15-A) and hence that (%) can be expressed
as o power series in N by direct application of (16-A); the result is?
N ENY 6N 16N G:4NS
3 513 — e

"
3 W s Tugseacc - (B

Di=x—
In certain applications this formula for 2,? is more useful than formula
(22) for Dy; though the two are ultimately equivalent. A formula for
p* is obtainable by dividing both sides of (23-\) by \; for p*=D;* A,
by (16).

An alternative formula for D¢ can be obtained by starting from
Gregory's series (20.1-A).  Application of this to (21-A) enables the
left side of that equation to be expressed as a power series in tan Dy;
and when the resulting cquation is reverted by means of (18-A) the
result is7

AN I35

A
— R i
tan Dy=y X (l+ 67 360 5040 T IS14400° ) )

Series that are even more convergent than (21) and (22), though
much less simple, can be obtained by expanding the original function
in the neighborhood of a value of the variable known to be an ap-
proximate solution of the equation to be solved, and then reverting
the resulting series. To formulate the procedure analytically and
generally, let # denote the variable, and ¢(«) the function: and let
the cquation to be solved for 1 be

(i) =q. (24-\)

Then, if U is an approximate solution of this equation, application of
Taylor's theorem leads to the following implicit equation for n—U:

=¥l _ (=032 ¢"(L) | (n=0U)* ¢""(1))

vy SO eyt s v

The left side of this is known. The right side is a power series in u— U,
with L" known; the better the approximation represented by U, the
more rapidly convergent is the series.  This equation (25-\) in nw— U’
is of the form (15-A), with

e=d— U
o)
and thence (25-A) can be reverted by application of (16-2\). so that
1— U will be expressed as a power series in [g—¢(U)] ¥'(U).

+ . (23-)

YD) .

— ¢
i R

x=u—=1U, as
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To apply the above general method in order to obtain for D, a
series more convergent than (21), return to (19-A) and note that
when X is small a first approximation for 7, is r,=X/d,. Then apply
(16-A), with v, x, and a; having the values expressed by (26-A);
and ¢g=\, u=7, U=\ dp, and Y(u)=(u+d,) tan u. The formulas
for the first few successive derivatives of ¥(u) will be needed, of course.

Similarly, to obtain for D; a series more convergent than (22),
return to (21-A) and note that when X is small a first approximation
for Dy is D,=\/: Then apply (16-A), with y, x, and a; having the
values expressed by (26-A); and g=X\, u=D,, U=Vx, and Y(u)=u
tan u.

Graphical Methods for Locating the Tansition Points

The positions of the transition points D, (n=1,2,3,...) on the
D-scale can be determined also graphically, in several different ways
corresponding to several different ways of writing the function
(D tan D—X\) (D cot D+X\) whose zeros are the valnes of D,. To
formulate such graphical methods concisely, let E denote any function
of the variable D, so that, geometrically, E is the ordinate corre-
sponding to the abscissa . Six of the various possible graphical
methods are then Dbriefly hut completely indicated by the following
respective statements that the points D, are the abscissas of the
points of intersection of:

1. The horizontal straight line E=X with the curves E=D tan D;
the horizontal straight line £ = — X with the curves E=D cot D.

2. The straight line E=D with the curves E=NX cot D; the straight
line E= —D with the curves E=X\tan D.

3. The straight line £=D, X with the cotangent curves E=cot D;
the straight line E= — D '\ with the tangent curves E=tan D.

4. The hyperbola E=X D with the tangent curves E=tan D; the

hyperbola E=—X D with the cotangent curves E=cot D.

. The parabola E=D* N—\ with the curves E=2D cot 2D.

6. The curve E=D/2x—\'2D, compounded of the straight line
E=D 2\ and the hyperbola E=—X 2D, with the cotangent
curves E=cot 2D,

o

In methods 1, 2, 3, 4. the first set of intersections is situated in the
odd-numbered segments, the second set in the even numbered seg-
ments; cach segment of width =,2.

Besides being susceptible of quantitative service, these graphical

methods are useful for qualitative purposes. For instance, they show
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clearly that: one and only one transition value of D lies within each
segment of width = 2; ~5inh*l' <0 when D, |, <D <D,, and sinh?*f'>0
when D, <D <D, v the zeros of A=D tan D and of N+D cot D
are situated in the odd and even numbered segments, respectively;
with increasing D, the transmitting bands continually decrease in
width and the attenuating bands wnnmmlly increase in width, the
change taking place rapidly at first and then more and more slowly;
the mid-point relative impedances are pure imaginary throughout
every attenuating band and pure real throughout every transmitting
band, and, they have the ranges stated in the third and fourth para-
graphs following equation (26.1). The graphical methods are useful
also for showing the nature of the effects produced by varying the
parameter \.

Discussion of the Disposition of the Baunds

The rest of this Appendix will be devoted to a discussion of the
most salient properties of the compound bands and their constituent
transmitting and attenuating bands.

The ratio of transmitting band width to compound band width
continually decreases with increasing D and becomes zero when D
becomes infinite; that is, the transmitting bands vanish and the
compound bands become pure attenuating bands. These facts can
be seen graphically, or analytically from equation (14-A).

The ratio of transmitting band width to compound band width
continually increases with increasing X\; this ratio ranging from zero
when X is zero to unity when X is infinite. These facts can be seen
graphically, or from equation (14-A). When X\ approaches zero the
f-width of each compound band approaches infinity; the f-width of
each transmitting band approaches zcro, except for the first trans-
mitting band, whose width approaches a value equal to f=f'—
for cquation (14-A) shows that D.(D,—D,_;,), '\ approaches unity,
and hence that fa(fa—f,-1,) approaches 1, z2L'C=f"\*, whence
fa=Ffa-1 approaches zero for u=£1 and approaches ', for n=1.

The effects of varying the parameter A will now be outlined bricfly,
in the next two paragraphs, for the cases respectively of L'C fixed and
LC fixed. The conclusions reached depend partly on the equation

—M\/LC—M\ NL'C defining D; partly on the fact already de-
duced that the D-width of cach compound band is an absolute con-
stant (r 2); and partly on equation (14-A).

When L'C is fixed, increasing N reduces all of the transition fre-
quencies. The transition frequencies bounding the compound bands,
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and hence the widths of the compound bands, decrease in direct
proportion to increase of V/A. The internal transition frequencies,
however, do not decrease so rapidly; for the ratio of transmitting
band width to attenuating band width increases with increasing A.
When M approaches infinity cach compound band approaches a width
of zero, but the ratio of transmitting band width to compound band
width approaches unity; so that when N becomes infinite there are
within any finite frequency range an infinite number of compound
bands which are pure transmitting bands.  On the other hand, when
N\ approaches zero the compound bands approach infinite width and
hence move out toward infinity, except that the left end-point of
the first band is fixed at f=0. When X\ has become zero the first
compound band has expanded to an infinite width; and its critical
value fi of f has become equal to the limiting value fy=1/2V L'C
—as can be seen from (14-A) by putting n=1 and then applying the
relation D, V= {,w\/L'(L

When LC is fixed the f-widths and locations of the compound bands
are independent of A, but the widths of the constituent attenuating
and transmitting bands depend on A; that is, the boundary points
fu-1n and f, 41 of the ath compound band are independent of A,
but the internal transition point f, depends on X.  With increasing
A the attenuating bands become continually narrower, and vanish
when X becomes infinite, the transmitting bands thereby coalescing to
form a pure transmitting band extending from zero to infinity. With
decreasing A the transmitting bands become continually narrower,
and vanish when A becomes zero, the attenuating bands thereby
coalescing to form a pure attenuating band extending from zero to
infinity.

APPENDIX B
TuEoRETICAL BASES OF THE SIMULATING NETWORKS IN
Figs. 12 axv 13

The Impedance-Simulator in Fig. 12

This network takes advantage of the fact, depicted in Fig. §, that
the graph of the g-section characteristic resistance of a loaded hne,
for values of ¢ in the neighborhood of 0.2, is nearly flat over most
of the transmitting band and hence can be approximately simulated
by a mere constant resistance chosen approximately equal to the
nominal impedance VL' C. This is the basis for the R-portion of
the network in Fig. 12. The basis for the LiCi-portion is the fact
(proved in Appendix C) that, in the transmitting band, the o-section
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characteristic reactance can be exactly simulated  (for any  fixed
value of ¢ between 0 and 1 2) by the network in Fig. 16,

The Admittance-Simulator tn Fig. 13

This network takes advantage of the fact, depicted in Fig. 3, that
the graph of the ¢'-load characteristic conductance of a loaded line,
for values of ¢’ in the neighborhood of 0.2, is nearly flat over most
of the transmitting band and hence can be approximately simulated
by a mere constant conductance chosen approximately equal to the
nominal admittance \'C L’. This is the basis for the Gy'-portion
of the network in Fig. 13. The basis for the L’;C’\-portion is the fact
(proved in Appendix C) that, in the transmitting band, the ¢’-load
characteristic susceptance can be exactly simulated (for any fixed
value of ¢’ between 0 and 1 2) by the network in Fig. 17.

AREENIDIX NE
DERIVATIONS OF THE DESIGN-FORMULAS FOR THE COMPENSATING
NETWORKs IN FIGs. 16 axp 17

The Reactance-Compensator tn Fig. 16

For any values of Cs and Ls the reactance T of this network is

wls

= Cane

By equation (4) the characteristic reactance N of the loaded line
within its transmitting band is
k(1—-20)w w.

N= T d
1—4g(l — 0)w?/w?

Comparison of these two equations shows that 7" and .V are of the
same functional form in w; and that the conditions for 7" to be iden-
tically equal to +.V are

Li=xk(1-20) w,, LiCs=40(l —a) w?,
whence Ci=+40(1—0a) '(1—-20)kw,,

the upper and the lower sign of + corresponding to the use of the
compensator as a reactance-simulator and a reactance-neutralizer,
respectively.  These values of Ly and Cs are equivalent 10 those
appearing in Fig. 16, because E=~'L' C and we=2mf,=2 TG
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For positive values of Ls the equation for Ls shows that ¢51/2,
corresponding to = ; and then the equation for Cs shows that o293,
corresponding to =. Hence 0<o<1 2 for T=4+N,and 1 2<s<1
for '=-—JN.

The Susceptance-Com pensator in Fig. 17
For any values of Cs" and Ls’ the susceptance S’ of this network is

s= G
1—w?Ls'Cs"”

By equation (5) the characteristic susceptance Q' of the loaded line

within its transmitting band is

h(1—20")w/w,

M ;
0 1—40'(1 — ¢')w?/w?

Thus S" and Q’ are of the same functional form in w; and the condi-

tions for S’ to be identically equal to Q" are that

Cs'=xh(1—2¢") /w,
Ly=x46'(1—-07") /(1 —2¢") hw,

the upper and the lower sign of £+ corresponding to the use of the
compensator as a susceptance-simulator and a susceptance-neutralizer
respectively.  These values of Cs" and Ls" are equivalent to those ap-
pearing in Fig. 17, because Iz=\/(:;L’ and w,=2 VL'C.

The equations for G;' and Lg’ show that 0<e’<1,2 for S'=+0Q',
and that 12<¢'<1 for S'=-0Q".

APPENDIX D

GENERAL FORMULAS FOR THE CHARACTERISTIC IMPEDANCES AND
THE PROPAGATION CONSTANT OF LOADED LINES

For reference purposes this Appendix gives the general formulas
for the mid-scction (¢6=0.5) and mid-load (¢'=0.5) characteristic
impedances K sand K'; and the propagation constant I' of a periodically
loaded line (of the series type).

The symbols have the following meanings: d denotes the im-
pedance of cach load. g and 5 pertain 1o the line before loading;
g denotes the characteristic impedance, and ¥ denotes the propagation
constant of a segment whose length is equal to the distance hetween
adjacent loads after the line is loaded.
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The formulas for the mid-section and mid-load characteristic im-
pedances Ky and K'gare?

1
1+ '(’E coth .Y,

Ks=g ; ) (1-17)
\ ]+'."_r:m"h?2
K'5=L'\(l+,;[acmh Z) (H—_:IQ tanh z) (2-1)
RGP\ P il
= g . 3-1)
g\l+‘(g)+gunl|7 (3-D)

Severdl mutually equivitdlent formulas for the propagation con-
stant I' (per pertodic interval) are:

cosh I'=cosh 7+_;lé sinh v, (4-D)

ey (5-1)
g

tanh } ['=1;'5 tanh } y. (6-17)

The sending-end impedance J of any smooth line, of character-
istic impedance g, and total propagation constant ¥, whose distant
end is closed through any impedance J,, has the formula

Jy ‘gi+tanh v,

s o7 P e

(7-D)
This enables the formula for the ¢-section characteristic impedance
K, of a loaded line to be established by starting with the formula
(1-D) for the mid-section characteristic impedance A ;.

? Formulas (2-D) and (3-D) for K’.5 and formula (4-D) for cosh ' are given by

G. A. Campbell in his paper on loaded lines (Phil. Mag., March, 1903) cited in
footnote 2.



Some Contemporary Advances in Physics IV
By KARL K. DARROW

Crosineg e SPECTRUM Gap BETWEEX THE INFRA-RED
AND TnE HERTZIAN REGIONS

N electrical circuit having a natural oscillation-frequency any-
where below 10% can be constructed by anyone with suitable
condensers, inductance-coils, and a few fecet of wire at his disposal.
1t can be sct into oscillation by abruptly closing it when the condenser
is charged, by coupling it to an audion, or otherwise; and the waves
which it radiates while oscillating can he detected and measured, at
least when the frequency exceeds 101 Thus it is possible to generate
pereeptible electromagnetic waves of frequencies up to 105, and hence
of wavelengths down to 3 metres, by methods that may be called
clectrotechnical.  Waves shorter than 300 em., frequencies higher
than 10% eycles, are not casily produced by any such method: for if
one uses excessively small condensers and inductance-coils in the
hope of forcing the circuit-frequency much past 10% or even omits
coils and condensers altogether, it is found that the auxiliary ap-
paratus, the audion. even the wires of the circuit themselves, possess
capacitics and inductances which can not be annulled and which
hold the oscillation-frequency down. By devising oscillating systems
which have scarcely any outward resemblance to the circuits of
familiar expericnce (although a formal analogy can he established)
Hertz and his successors generated electromagnetic waves of fre-
quencies up to 10" and wavelengths down to 3 mm.  Bevond a certain
gap there commences, near frequency 102 and wavelength 0.3 mm.,
the far-ftung spectrum of ravs emitted by molecules and atoms.
This interval is one of the two lacunae in the complete electromag-
netic spectrum extending from 10% past 10°° eveles, which were men-
tioned in the preceding article of this series.  Unlike the gap between
the ultra-violet and the NX-rays, it is not believed to be populated
by rayvs resulting from important processes oceurring within the
atoms, nor do we know of any other peculiar type of radiation which
should he sought within it; and perhaps the bridging of it, when
fmally and unquestionably achieved, will be held notable chiefly as
a feat of experimental technique or a four de force. On the other
hand, so long as the gap remains unspianned, we can hardly dismiss
the possibility that something in the order of nature may reserve
one range of wavelengths for the “natural™ rays resulting from atomic
processes, and limit the “artificial™ waves generable by electrotechnical
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means to a distant range which never can be extended o overlap the
other.

The advance into the lacuna from the direction of shorter waved,
that is, from the spectrum of natural rays, came almost to i stop in
1911, at a wavelength between 0.3 and 0.1 mm. Rubens and von
Baeyer examined the rays emitted by i mercury vapor are in a quuartz
tube, operated with @ comparatively high expenditure of power:
they fltered the radiation through a succession of diaphragms and
lenses which cut out a large fraction of the short-wave radiation,
but not by any means all of it. At first they analyzed the radiation
which came through with an interferometer, like the one which 1 shall
deseribe in speaking of short artiticial waves; the curves indicated
that it consisted largely of two waves, one at 0.218 mm. and the
other at 0.3413 mm.  Rubens in 1921 returned to the experiments,
amd diffracted the transmitted rayvs with a large-scale wire grating
the wires were a millimetre thick and a millimetre apart).  This
method of analyzing the radiation, in which it is spread out in a
spectrum, is preferable to the other. The results were quite con-
cordant with the carlier ones; the curves of intensity versus wave-
length show maxima at 0.210 mm. and 0.325 mm., and extend out
as fur as 0.8 mm' There is no sign that this is a detinite physical
limit; it is merely the point at which the rays become oo feeble ta
produce an unmistakable detlection of the micro-radiometer. Nichols
and Tear also have observed these long natural waves.

To advance into the lacuna from the region of artificial waves, it
wis found necessary first of all to remodel the oscillator or “doublet””
by means of which Hertz had generated the first waves of this kind.
The original oscillators of Hertz were rather large; some for example,
consisted of pairs of metal plates 1) em. square or pairs of spheres
30 em. in diameter with arms projecring from cach toward the other
and carrying knobs several mm. or em. in diameter; their natural
frequencies were of the order 107 —10%  Their successors were made
progressively smaller, and the latest oscillators are comparatively
minute—in dealing with a less ¢xact science, one would describe
them as microscopic; for Mébius before the war used a doublet of

Ut is not necessarily 1o be assumed that the mercury arc is unique in sending
out rays of so greal a wavelength with so great an intensity; these rays may not
be more intense than a black by of the same temperature as the are would emit in
this portion of its spectrum although this interpretation would involve a rather
hrkh estimate ol the arc temperature, many thousands of degrees'. But if we had a
black body of this temperatnre available, we might not be able to deteer these rays be-
cause of the Hood of light of higher frequencies which could not he completely detfected
from the path of the long waves. Thus we are led to the paradoxical conclusion
that the mercury arc may be unique not in furnishing these rays, but in not emitting
so much radiation of lesser wavelengths that the rays desired cannot be isolated.
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platinum cylinders each I mm. long ? and 0.5 mm. thick, while Nichols
and Tear in 1922 succeeded in making and uvsing tungsten cylinders
0.2 mm. long and 0.2 mm. thick. To appreciate this feat it is neces-
nary to realize that the eylinders must be scaled into a sheet of glass
with both ends projecting; as they are shown in Fig. 1, which like the
remaining figures (unless otherwise mentioned) comes from the
work of Nichols and Tear.

In Fig. 1, the oscillator-cylinders are shown at ¢ and ¢;; they are
sealed into the tips of hard-glass tubes 7" and T3, and project outwards

1
Compressed o1 =,
Short Eleclric Waove Gererator

M V
walerzsistance
v
3aowv
$00 101000 ~

I oscillolor

T A7 §0;
| 7

Sketch of oscillator.

Fig. 1—Diagrams of the Oscillator and the Circuit Used by Nichols and Tear.
(Physical Review)

into kerosene oil which fills the entire cylindrical container up to the
level indicated by the dashed line.?  The oscillator is excited hy the
voltage-impulses in the secondary of an induction-coil, resulting from

2 The figure given by Mobius is 1.98 mm. (last column on p. 317, Le.dnfra) which
he says (on p. 302) applies to the Gesamflange of the doublet. Theory indicales
that the wavelength of the fundamental oscillation is about twice the length of the
cylinders, but the exact value of the factor is in doubt.

3 The kerosene, the "oil-jet " for keeping it circulating rapidly through the region
between the cylinders and the blasts of compressed air into the tnbes 7 and Ty
(note the spark-gaps in the leading in wires in these tubes) are all empirical devices
for improving the efficiency of the apparatus.




abrupt breaks of the primary circuit produced by o mechanical inter-
rupter at the rute of a thousand per second.  Each of these voltage
impulses excites a spark between the doublet-evlinders, accompiniced
by a highly-damped oscillation which radiates what the authors
deseribe as “a very short wave-train with from 60 to 807 of the
energy concentrated in the first hadf-wavelength.,”  This high damping
is deplorable, as the waves are inconvenient to measure and must he
regarded mixtures of sine-waves of different frequencies. The
gap between the cyvlinders is of the order 0.01 0.02 mm.; it changes

1

7

rapidly and irregularly as the opposing surfaces are eaten away by

Fig. 2 I’hotograph of the Oscillator Used by Nichols and Tear. Yhysical Rer

the sparks (tungsten was chosen by Nichols and Tear instead of
platinum in the hope, justificdd by the event, of diminishing this
trouble).

The rays issue through a mica window in the front of the containing-
cylinder and are formed into a plane-paralicl beam by an enormous
double-convex paraffin lens (these objects are shown in the photo-
graph, Fig. 2). Paraboloidal mirrors can be and have been nswl
instead of the lens. In the sketch of Fig. 3, L, represents the lens;
the plane-parallel beam proceeds to the mirror 4 and thence to the
mirror B, which is really the pair of mirrors on the left-hand end of
the apparatus of which Fig. 4 is a photograph. In this apparatus,
the “Boltzmann interferometer,” the upper mirror slides backward
and forward (left to right and right to left, in the picture) along the
guides, controlled by the screw; it remains always parallel to the
lower and stationary mirror. Hall of the plane-parallel bheam falls
upon ciich mirror, and the two reflected halves travel side by side
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to the lens L which merges them in a common focus at M, where

the receiver stands.? ~

The intensity at M depends, by virtue of the principle of inter-
ference of periodic waves in its simplest conceivable application, on
the ratio of the distance between the planes of the two mirrors to the

Diagram for wave-length measurements,

IYig. 3—Path of the Radiation from Oscillator to Receiver. (Physical Review)

IFig. 4+ Photograph of the Boltzmann Interferometer.  (Physical Review

wavelength of the rays.  If at M there were a receiver of which the
reading was perfectly proportional to the amplitude of the vibration
at M and if the original wave-train were perfectly sinusoidal and

4 In the sketch S is a semi-transparent mirror (glass ebonite, or cardboard) which
reflects a part of the heam to a lens Lz and focus € where its intensity can be measured

at the same moment as the intensity at M. The variability of the output of the
source makes this control indispensable
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very long, then the curve obtained by displacing the movable mirror
step by step and plotting the receiver-reading against the mirror-
displacement would be a perfect sine-enrve; the distance hetween the
positions of the mirror corresponding to two conseeutive maxima of
the curve would be hall the wavelength of the wave-train.  Unfortu-
nately: neither the receiver nor the wave-train is ever perfect. The
wave-train is a heavilv-damped sinusoid, and consequently the curve
of receiver-reading versus mirror-displacement Hatte<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>