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Engineering Cost Studies • 
By F. L. RHODES 

Tlll~ ,..nhject a..,,..igned to mc in thc ":\ott·,.. Rq;:-anling thC' l' ro­
gr.un oi tlw Cnnfcrenn·" j,; "Thc Thcoretical l' rim·iplcs of 

l·:conornic "tndies and Tlwir l'os,..ihlc .\ pplicatinn in l'ndergraduatc 
Cour,;{'-.." \\'ith yonr permi,..,..ion, I ,..h,dl digrc,..s somcwhat fmm ;1 

liter.d con,..ideration of thi,; titlt•. I ,.hall not undl'l'take to dcri,·c 
fonnulae. to sl't np cquation,.; and to ohtain maxima and minirna 
from tlwm. Thc m;tthcm.ltics can rcadily l•c ohtaincd frnm a\·ailablc 
,.;ource:". Un the otlwr hand, I "hall attempt to outlinc thc ticld for 
cconomic stndie,.; in cnginccring work, using ilftt,.lrations drawn from 
tclephonc cngint•ering practicc. 

\\'h.1t is .111 engineering C<bt study? \\'lwn you or I rt«tch a dc­
ci,..iun to purch;to-t' .1 n·rtain p.tir of slwes, making a :-elet·tion from 
an ,tssurtment rauging in pricc irom (,.;;ty) S.i to Sl.i, wc ha,·c pPr­
fonned, cun,;cion,.;ly or uncon,.;cicnrsly, sonw of thc rca,.;oning of an 
engineering co"t stud~·. .\mong the factors inllncncing our deci:-ion 
\\·ill bc tlw prohahle lcngth of ,..erYicc lifc of di!Tl'n·nt pairs, as wC'll 
a,.; thl' .tbility to extcnd thi,.; hy an expcnditnre, to hc madc at somc 
futnrc timl', for mainten;utet' a,.; rl'prcsented hy new soll's and hccb, 
which, perhap;;, can bc applicd cconomically to a modcrately costly 
p.1ir bllt not so to thc cheapcst. 

The!'c two elcmcnts, dl·prcciation and current maintenance, arc 
f.1ctors entering into cngincering cost studies but thcy arc not all 
of the f.1ctors. \\'hl'ther wc ha\·c thc necessary capital in hand, or 
are obligcd to hirc or othcrwi"c rai"e it, thc annual cost oi thc capital 
mu,.;t hc t.1ken into considL"ration, and treatnwnt of thc matter of 
deprcciation is incomplete without consider;ttion of ,_,th'agc Yalue 
.md cost of rl'lllO\'al. 

TIJUs, tmlt·,..,_ we pursnc nur inn·,;tig;ttion intn cll'tail" th.1t arc not 
onlinarily considercd when huying- shol',;, it j" c\·idcnt that our 

1 '\ott·s oi ,1 T.tlk gi\'en al the Bell S~slem Educ,11ional Conferenc(', .\ugu>'l, 192-L 
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homely illustra t ion, while scn·in~· ·t'1~".l'!ll ter our a t tcn t ion on rertain 
important suhjl'cts to hc Iaken 111.; -n1: 'r))is paper. falls short in respl'Ct 
of others that can not he ncgll'cted in engineering cost studies. 
Brnadly speaking, engineering cost studics dcal with the comparati,·e 
annual costs of alternati\"l' projl'cts. FrequC'ntly they also in\·oh·c 
l"<Hnparison,., of l'Xpenditun·s to l>c madl' at difTl'rc·nt times in the 
future. Tlwy arc of \"alut• to industrial exceutin·s in assisting tlll'm 
to arri,·e at dl'cisions wlwn· sl'\"l'ral courses of action are opl'n, hut 
thcy an· not thl' soll· guides in arri,·ing at decisions. ~o hanl and 
fast fonnulat· can takl' tlw pbn· of judgnwnt hased on l'XpC'rience. 
Formube of this natun· an· propl'rly used as gu idl's to assist judgmcnt. 

Tlll' lll'l"l'ssity for guidancl' from studics of this kind arises most 
frl'qlll'ntly in a growing plant. The tdephone plant ah\·ays has 
hl'l'll, and so far as \H' ran ;lllticipate, ,,·jiJ continul' to hl' a rapidly 
gnl\\·ing thing. 

This llll'ans that \\·ht·lll'\Tr an addition is to bc madl', tlll' question 
arises, lww much capacity for grm\·th is it most economical to pnl\·idl' 
for? As an illustration of this, consider \\·ith nw thc prohll'lll that 
arisl's when it bl'l"Oilll's nl·cessary to plan· soml'\Yherc an undl'rground 
rahle. Oll\·iously it would Iw unl·conomical to constm\"1 an undl'r­
ground conduit of onC' duct for this cable and next )"l'ar or tlw year 
after to dig up the stn·l"l. and lay another duct for a ~t'l"OIHI eai>IC' 
and so on in piecl'nll'al, hand-to-nwuth fashion. 

On thl' otlll'r hand, it would not be L'Conomiral to l'stimall' thP 
numhl'r of cahles that would he required in a hundrC'd years, t·n·n if 
\\"l" could foresec the needs so far ahead ,,·ith any dcgn·C' of certainty, 
and to place at tlw outset sufficient duets to rare for all thC' cahles 
rcquired along that route in the next rentury, for in that cn·nt, the 
carrying charges on the idlt· ducts would pron· murh mon• expensin·, 
in the long run, than would additions made at infrequent intermedi;ttl' 
timcs. Somewhere hC't\\"(•cn one yl'ar and om· hundred years is tlll' 
nwst cconomical period for \\·hich to prm·idC' duet capaeity in acl­
,·ancc. Thc determination of this pC'riod, ha~C'cl on suit<!ble ron­
strtwtion costs, tlw expectcd rate of growth in cahle rC'quirenll'nts, 
ancl othcr factors is one of the usdul results ohtained from an l'ngi­
neering cost study. 

l ' nder 011r organization, practically all types of plant and equip­
ment are de\"cloped by the C'entral Sta!T. These an· stanclardized 
in a rangc of sizes suflicient to llll'L't all the needs of tlll' husiness. 

The choice of sta ndanls ancl sizes to llll'C't specilir situations arising 



in tht• lield i:- m.ult· h~ tlw propl'r otlici.tl:- of tlw .1:-:-cwi.all'd oper.1tin~ 
c·omp.anic·..;. 

II .1 pien· 11f .app.ar.atll:- or equipment, cor-rt·ctly dt·:-igned within 
it:-eli, i,; in,;t,dlt'11 in the wron~ plan•, or if a wron~ :-ize i,; selected, 
(.., .. ,;will result. 

(.,_lllt'>'tions of \\llt're to pl.ace pl.ant and what sizl' to t•mploy, ar.{l 
"hc·n to repl.an· t•-.;isting plant t'Oibtantly nmfront the oper;ating 
c·ngim•t•r,; in tlw fielt!. In tlw telephone LHt:-int·ss en·ry major con­
:-trurtion prujt"rt is desrrihed in what \H' tcrm an ''estimate" which 
is nothing nwre or less than a det.1iled design for the project. cm­
hodit·d in dr.twings anti spccilications, accompanietl by a cardully 
(Ht'p.Hed t•stimatt• of its cost. Thest' cstimates originale in thc Plant 
I >ep.trtnwnts of the :\ssociated Companies anti are really the hius 
of the constnrrtion forres for perfonning the work. These estimates 
p.l>'" through the hamb of the Chief EnginC'er of the ..:\ ssociatetl 
l'ompany fnr his :-crutiny anti apprm·al hdorc they proceeJ to the 
higher oflicial,; of that company for final authorization. Thc Chief 
En~ineer con=-iders the,;e c:-timate,; in tlll'ir rclation to the gencral 
plan,; of tht• ( ·ompany with refercnce to thc growth of thc bu,;iness 
and the pl.mt. For man~· ycars the chid of the Department of which 
I illll a nwmber. \'ice Pre:"iclent Ccneral John J. Carty, occupicd the 
po,;t of Chid Enginccr of the ~ew York Telephone Company, thc 
large,;t a:-,;ociated company of thc Bell Sp;tcm. I ha\'e hcard him 
s.1y that when, whilc occupying that position, an estimate for some 
:-pecific piccc of work came bcforc him for rc\'iew, he askcd himsclf 
three que::;tiwl>' rcgarding it: 

I. \\'hy do it at all? 
:.?. \\'hy do it now? 
3. \\'hy do it thi=- way? 

Rigorou,; proof suificienl to answer these thrce qucstions will 
ju,.,tify thC' cndorscment of any eng-incering projccl, and, furthermore, 
each quc,;tion generally irn·oh·es an cngineering cost stuuy. 

Ft:.:s-D.U!E:'\T.\L l'L\.::\"5 

( >f .dl the engineering cn=-t studit•s that are madt· in connection 
with the telephont· indu:-try, none j" more far-rcaching in its t"!Tect 
th;1n tho,;t• im·oln·d in what we lt'rm our "fundamental pbns." ln 
ordcr to gin· a fair idea of thc importann· of thc wnrk done unJer 
our funtl.unental plan=-, it will l1c ncn·=-=-ary to dcscril'c hriclly what 
a fundamental plan is. 
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ln complctcd form a fundamental plan f;hO\\"S what tlw gener;tl 
Iay-out of thc tc!ephonc phlnt in a city i,. expectcd to f,c at somc 
delinitc time, u,;ual!y from J.j to ::?O years in thc futun·. lt ~ho\\"s: 

(a) Thc numlwr uf n·ntral officc districts that wi!! bc requircd tn 
pnn·idc thc tclephonc ser\"icc most cconomical!y, anJ thc 
boundarics uf thcsc ccntral officc districts. 

(!1) Thc numlwr of suhscriLcr:'.' !iucs to Iw scn·ccl hy mch centr;d 
officc. 

(1') Thc proper lrwation for thc ccntral ufficc in each district to 
l'llahlc t!ll' st·n·iec tu bC' gin·n most cconomically with rcgard 
to co,;ts of eable plant, land, hui!dings and othcr factors. 

(d) The proper strcct;; and allcys in which to hui!d undcrground 
conduits in urdcr to rcsult in a comprehcnf;i\·c, con:--i,..tcnt and 
l'C~nomical distrihuting systcm rcaching c\·cry city hlock to 
l>c scrYcrl hy undt·rground caL!c. 

(c) Thc most cconomical number of t!uch to prO\·idl· in C'al.'h con­
rluit run a"' it i"' huilt. 

These an: al! n·ry dl'linitc prohlcmf; that confront tlw cxecuti\"cs of 
our .\s"ociated Companies wlll'n plant extcnsions aa• rcquircd. Our 
experiencc has shmn1 that 011r fundamental plans rcducc gucssing­
to a minimum hy uti!izing the experil'ncc of ycars in studying 
qucstions uf telepholll~ growth in ordcr to makc c:m.·ful foreca,;ts 
on thc lwst pos,;ibll· l'nginecring ha,;is .. \ few won!s as to how funda­
mental p!ans are madl• nl:ty not hc out of place. 

Thc ha,;is of thc fundamental plan is what \\"C tcrm a commcreial 
sun·ey, \\·hieh is a fon·east of thc futurc community shm\·ing tlw 
probable amount, rlistrihution and chara..-tcr of thc population and 
thc prohah!c markct for \'arious dasscs of tclcphonc ,.;en·ice. 

Bdorc making thi,; fon·east, it i,.; important tu knO\\. what arc thc 
prcscnt conditions as to popu!ation and tl~l' of thc tt·lephonc ~C'n·icc. 
To asn·rtain tiH·st• facts a CC'nsus of thc conlmllnity fron1 a tl'kphonc 

' point of ,·icw is madc . !'r<':-><'llt tekphonl' uscrs art' dassiftcd into: 

H.c:--idencc Tt'lephmH·,;. 
Husinl'ss TciC'phones in Rc:-idt~ncc .\rl'a:--. 
Tl'IC'ph01ws in Bu:--inl':--,.. Scction. 

! 11 analyzing Rl',.;irll·nn• tt'll'pholll'S all familit',.; an• di\·ided among 
tho~l' lHTllpying: 

!a) l'ri,·:nc f{p,..jtfcnn· ,.;. 
(b) T\\'o-family llou:--e,.., 



\p.ntnll'nl:-. 

,() l.od~in~ llc>tl"'''· 

ln c·.ll'h d.l'"· ,.,u(,.(j\ j"j.,n, .tl'l' tll.lllo· .tc·c·ordin~ to thc· l'l'lll p.tid 

·'' it h.t"' lll't'll found tl1.1t .1 c~.,,.,l. rcl.ttion l''i,.,c,., l>l't\\\'1'11 l'l'lll .tnd tlw 
cl,t,.; of tl'll'photl\' :-\'1'\'il'l' 11'1'11. 1\u,.,ilH',_~ (Plephonl'' ,LI'!' di\ id!'d 
int•• :!tl or :HJ di!ll'rent d,,,.,"l'~. .\11 import.111t f.wtor in tlw fonTa:-.1 i..; 
tlll' future popul.iti~>n of thl' city. both .1~ .1 whok ;111d h~ :-l'ction~. 

Thi~ in\·oh'•·~. in each p;lrticul.tr prohlt·m, not onl~· ,.,tud~· ,,f tlw 
p.l..;t growth of tlll' city in qut•,.,tion, hut .d..;o c,m·ful ;1ncl dt·t.till'cl 

comp.ui~on,; with tlll' growth hi.;tory of otlwr citil·~ wlll're condi­
tion..; h.t\'l' heen ,.,nch th.1t tht> l''qwrio·nn· in tho~c pl.wc~ i,; u~eful 

in m.1king thc pn·diction for the cit~ lll'ing ,.twlil·d. 
Il.n·ing- arrin·d at forl'ca,;h, for Cl'rtain futurl' date~. a~ tn the 

numbcr of telephone w-l'r~ to he prm·ido·d for, wlwrl' t hL·~· will he 
located. wh.tt character of ,.,,•r\'in· tlwy \\ill require, what timl' of 
d.ty tlwy will call. and hnw fn·qul'ntly, and whcrl' they will call, it 
l•ecomc,; a detinitc, although intricatc cngint•t·ring prol•km to ck­
terminc th•· mo,;t ecolllHllic,tl ntunher, ~izl' and location of huildings 
and .;\\itchhnanb and thc location and size of conduit runs. All of 
the promi,.,ing comhination..; of futun· oftice~ and di.;trict,; as indi­
c;tted hy experience and the geographical characteri,;tic,; of thc rity, 

.trc l.tid out on working map,; and tlw annual cnst,; are tigurl'd. Tlw 

.trrangcmcnt which gin·,; the lmn·,;t equatcd annual co,;ts o\'er the 
period of time for \\ hich thc ,;tudy i,- made i,.,, in gl'neral. the nn•· 
which i,; arlopted. FunJanH·ntal plan.; are rc\'ie\\ed cn·ry ft.w ycar:-, 
Jl.lrticularly \\·hcn ,;onH' major pbnt addition, for exampll', thc open­
ing of a ncw ccntral oflin·, come.; up for Ctllbidl'ration. l n thi:- way 
we <tl'l' con.;t<tntly looking ahcad and following a coonlinated plan; 
hut thi,; plan i,; not a rigid, tixed thing-. l t is moditied a~ frequently 

as mar bc necc:-.;ary to mcet the constantly changing refJuirenll'nts. 
In work of this kind. future cxpl'nditures must hc gin·n greatcr or 
lt•,.,,; wcight acnmlingly a.; ther an: requirecl to lll: madc in thc near 

futurc or at :-nme more distant time. Thi,; is taken into acnnmt l•r 
equating iuturc L'XJll'nditurc,; in tcrms of their prcsent worth; that 
i..;, tlw "'11111 in hand, at thc pre,;t'nt time, which, at con1pound inll're:-t, 
\\ ill he just sufticil'nt !11 prm·idP fnr tlw futurC" cxpo·rHiitun·s when 
they arc requirl'd. 

TR_\:\s~ti~--w-.: ~f.\'\D.\1<1>" .\:"\D Sn ti!Es 

.\n int•~resting and typical annual co,.,t prol•h·m which ari,.,t·s in 
n•nnl·c-tion with fun•bmental plan-; i-; that of .,!Jt.lining a propl'r co:-t 
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halancc hctwccn thc circuits l'lllployctl for ~uhscrihcrs' loop,.; and 
thosc cmployed in interoflicc tnmk lincs. The brger the win·, tlw 
bctter will !Je thc talk. But it will al,.;o he more l'Xpcnsin·. Tlw 
first step in soh-ing thi,.; prol•lcm i,.; to dccide how guod the tran,.;­
mis,.;ion must hc to afford ,.;ati,.;factory ~en·ice to the telephmw using 
pnl•lic. <>ur prc,..ent standards arc a mat tcr of growth; the accumu­
lated rcsult,.; of long a nd cxtcJbi\·e expcrience. Thc~· are li\·e, \\'orking 
,..tandards eonstantly hcing intelligently scrutinizcd antl. whcn neces­
sary, modilied .. -\ discu,.;,.;ion of thc ,·alul'S of thc ,.;tandanl,.; cmployed 
\\·mdd nndui~· prolong thi,.; paper. Thercforc, Iet it sufliee, at this 
time, to state that tlw teleplwnc oflices in a largc city, including its 
em·irons, may !Je di, ·idc·d into metropolitan oftices and suburban 
ofticcs; that i,.;, the C'Pntral lnJ,.,inl'"" oflice,.; separated from thc subur­
ban rc,.,iucntial officcs. Bct\H'l'll suhscribcr,.; in ditTerent <fi,..tricts 
suitahlc..· ,.;tantlanb of transnli,.;,.;ion are uecidetl upon. 

Heforc descrihing thi,.; study furthcr, reference must bc madc to the 
pr.tctical m·ces,.;ity for the standardization of construction materials. 
Snh,.;crihers' loops run in lcngth from a fc\\' hundred fcet to ~. -1 or .i 

milcs . lf we tricd thl·metieally to makc all talks cxactly equal in 
loudncss. wc should h;l\ e as many dilTercnt ,;izes of wirc in our cable,.; 
as therc arc different lcngths of loop. To rcducc thc complcxity, our 
cahlc conductors arc of ! . .'crtain :<tandard sizcs, \\ hich experiencc has 
,.;ho\\·n are sufficicntly closc togcth<'l' to nwct thc nccds of thc !Ju,..i­
IH'""· Thl·sc standard ,.;izcs, in .-\mcrican \\'irc Caugc, arc Xos. :?·1, 
:2:?. 1!1 , lli, 1 :~ and 10; thc thrcc lattcr not !Jeing U>-L'd in suh,;criher,;' 
loop,;. 

ll;l\·i ••R adopted standards of transmi,;,;ion and standanls of cable 
conductor ,;izC',.;, our prohll'lll is to ohtain t hc standanl,; of transmi,.;­
,;ion \\·ith thl· standanJ:.; of cablc conductor,.; in thc most cconomieal 
manncr. 

The lllL·thod of doing this, in hrid, is to ligure out thc annual co,.,ts 
\\ hieh would hl· incurrcd in doing it a numlll·r of dillcrcnt \\·ays a nd 
to select tlll' way th<tt gin•,.; the low(•,;t annual eost. In thi,; kind of 
a study, whieh \\l' call a "loop and trunk" stud~·. it has hl'en eon­
\ {'nicnt to dC'signate thc suh~crihcrs' loops hy thL•ir maximum circuit 
re~i,..t<liJCl'. :\dopting this form of designation, it may bc assunwd, 
lir,..t, that all of the suh,;crihcrs' loops will ha,·e an a\·eragc tran,.,mit­
tinJ.{ and r{'cciving l'fliciency a,.; good or hettcr than a 3.j0-ohm loop; 
as a ,..ec<Hld assumption, that thcy will bc as good or t)('ttcr than <t 
IIHJ-ohm loop; and, a,; thirtl and fourth aso.umption,;, l;jl} and .-.00-ohm 
loop,;, rcspcc-tin·ly. ln ;b:-.uming, for example, a :3.j0-ohm loop in 
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'\11. :!1-g.lll~c· l'.thll', it i-.. of cnur-.1·, llt'l"l'-.,..,try th.tt all :-lll• ... nil ... r,.. 
h,t\ in~ lnop-. long1·r t h.rn tlw .lllltllllll • ,f ~ ... :.? 1-g.lllgo• cahlt• n·pn·-.•·ntc·d 
(,, thi-. n· ... i ... t.rnn· -.h.dl Iw pnt in ~~~. :!:.?-g.tng•· or ~o. 1!1-g,tll~•· cal.t1· 

·•' 111.1\ Iw n·quircd. 

Tlw tr.tnsnri,..,.;ion lo-.-.cs, l>oth transmittin~ .tntl rt'l'l'l\ 1n~. an· 
thcn I'PillJlllll'd r .. r thl' il!'i!'illllll'd lnt~p,.;. The tr.tnsmis~ion 1 .......... , in 
t'l'lltr.d otlicc .rpp.tratns arc colbtant and known. Suhtraning- tiw 
! ..... ,.,.,. in tlw otlin·s and in thc suhstation lt~ops for c;wh ;r,..:-llllll'd 
gr;uk of loop from tlw tran-.mi,.;,.;ion :-tandard,;, k-an·,; tlw amo11111 
ni tr.tn,;mi,..,.inn lo-.-. \\ hich c.111 Iw allcmcd in thc intcrotlin· trunk..; 
corrt· ... ponding to l'ilch limitinj.! gr.ulc of suh,;crihcr's '""P· ( ht tlw 
h.t..;i..; oi thi-. .tllo\\,d>ll· transmi,..,;ion lo,..,; in the trunks and k111>\\ing 
tlw tli ... t.lnn·s lll'tw,·cn n·11tr.d otlin•,;, \H' arc enahlcd to li:x tht· "i/1' 
pf conductor rcquircd in thc trunks. 

Knowing tlw grade oi loops and trunks n·quircd for cach of tht· 
.thon· .t,..sumption,;, wc can tlwn computt· thc total annual charg<· 
oi gi\'ing St'r\'in· acconling to that assumption. l f thc a~sumptiorr,; 
h.tn• lwt•n wi,..,·ly cho,;t.•n it will usu.tlly work out that tlw first 
.t""'"'lJllion, that is .• 1 \'ery high grade of ,.;uhscrilwr's loop, will not 
he a ... economical .~:- ,..olllc otlwr,;, d111' to thc n·latin·ly high cost of tlw 
... nl>-.criher,..· loop,. takt·n a,.. a whole. ~~·itllt'r will thc Ja,..t assumption, 
th.1t i .... a n•ry low grade of ,..uhscribcr's loop, hc the most cconomical. 
on .tccount oi thc rclatiYely high cost of thc tnrnks. Sonwwhcrc 
hetw•·en, howt·n·r, thcrc will hc sorne a,.;,..umption whidt will show 
thl' ,.mall,.,., tot.tl annual chargc. 

To lind nwrc prcci,..dy thc most ccorwmical arrangcmcnt, tlw \·ari­
""" Y<tllll'" arc plottt.•d with thc a,.;,.umptions as to :,;ubscriher,.;' loop,.. 
fonning one sl'l of onlinates and thc total annual co,o;t forming the 
othvr. Thc point on thc t·un·c n:prc:,;entin~ thc lowest annual cost 
tht·n indic.ttes thl· proper grade of suh,..crihcrs' loops to cmploy. In 
tlw ea,.c oi thc Ionger interollicc trunk,.;, loadin~ i,-, of cour,.;C', cm­
plo~cd. ln thc design of tolllinc" and toll ,.;witchin~ trunks generally 
,.imilar cost halancin~ mcthods an: cmploycd. 

ln many c·a,.e:--, the problem can he ,.oln·d by thc dctC'rruination 
oi what wc tcrm "thc warrantcd annual char~c'' of tran,;mj,.,.ion 
which rn.ty hc defincd as tht· annual co,.;t of imprm·ing- thc Iaiking 
dticiency of thc circuit in the dll'ape,.;t way I'Y adefinitesmall amount. 
By nw.tns of studics of thi,- kind. wc oht.1in a plant dos<·ly approxi­
mating ,1 h.danced nbt condition. That i,.;, in such a plant, a doll.tr 
c.tn hc spcnt in imprm·ing tran,.;mis,.;ion <·t'ticiency, no rnore etTcctiYcly 
in t>lll' p.trt th,tn in another. 
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ÜrtiER .\1'1 uc.nio:-.:,.; oF E:-.:<;1:\EERI:\<; Cu,.;r ~ITIJIE,.; 

Frum ''hat ha~ aln·ady hcl'll ,.;aid. it ~lwuld nut )Je infcrred that 
th<· sole application uf l'ngilll•ering co,..t :-;tudil's j,.; in cnnnection with 
the problcm~ ari~ing in the operating tield. The <Jlll'"tion whPthcr 
ur not a mure efticien t piecc of apparatus at a highcr co:-;t i~ war­
rantcd entcr~ into nwst nf our devclopment problcms. The ccon­
omics of tlw case lie at the root of our dc\"clopmcnt work in all portions 
of tlw plant. 

.At thi~ point I should likc to call attention to thc fact that our 
dc\·elopnwnt wurk cO\·crs not only what arc termcd "transmi~sion" 
matter~, but also Ycry important problems in switchboards, outside 
plant and other phases of the business. 

The scn·ice which we proYide is a COIIllllttllicatioll sen·icc, which 
inYoiYes important problcms affecting the means for connecting 
and disconnecting the partics a~ weil as tho~e other importan t prob­
lems , to which your attention has Ileen particularly dircctcd, rclating­
to the loudncss and quality of the tran~mittcd spccch. 

In cable dcsign, particularly in the casc of intcrcity cahles and 
interorticc trunk cahles, the aYeragc scparation hctwecn wircs in 
the cable affects thc electrostatic capacity of the circuits and thcre 
is a definite capacity \Yhich represents the most economical dcgrec 
of concentration of thc wires in thc cro,.;s-scction of the cahle. The 
spacing and inductance of loading coil,.; prcscnts another problem 
in halanccd custs. l~n·n in the casc of wooden poles wc makc use of 
economic cost studies. 

Tlw length of lifc- of a pole dL·pends upon a \·aril'ly of factors, the 
most important of which are thc character of thc timher; whcthcr 
or not a prc,.;erYatiYc trcatment is employed and, if so, the nature 
of tlw treatmcnt; the local climatic and soil cunditions and the 
original sizc of thc pole. 

Tlw :-;trength of a pole Yarics with tlw cubc uf thc dianwtcr of thc 
,.;ound wood at tlw weakest section. I f thc original size of tlw pole 
i~ only slightly more than tlw critical ~iz<· at which rc-placcnwnt 
:--hould )Je made, tlw life of the pol<• will Iw Yery ,..lwrt, as dccar will 
reduc<' tlw size at the g-ruund line to the critical :--ize within a few 
year~. On thc utlwr hand, a polt- of huge ,.;ize at the ground line 
would haYe a n·ry long- lifc )l('fore rotting- sutlicicntly to require 
replacement, but thc tir~t cost of so stout a pole might readily bc 
,.;o grl'al that its annual cost would cxceed that of a smalh·r and 
eheaper pole. ln our specitications for polcs wc haYe constantly 



I .\(,/.\'l/1\1\"(, CO'\T 'I { /II/ 
Ln lw.1r in n1inol th.1t tlw ('linLin.Lti"n oi pnlo·-. nllll.lllling- tiud" r 
,Jt.f,·ct..; of lliH' kinolnr .1111111wr lllt'.lll" th.1t \\(' .1ro· .ulolin!-: !'<~llll'thim: 

111 tlw lir-.t cn-.t of onr polo·..; ,tuol tlw crito·rion 11111-.1 .tl\\.1\.., 1". \\ lwtlwr 
or not the dimin.tti"n "f tho·..,,· tlt-ft·ch \\ill ;-;nflicit·uth· prolon~ tllt' 
lifl' of tlw p11le-: to w.trr.lllt the innt'.l"l'd lir..;t ~'""1. 

Then· h,,,.,. 1111\\' ht'!'ll pl.tn·d lwfon· you ,..,·n·r.tl •·x.unpl,·..; 11f pro I •­

lo·m..; O!TIIrring- in th!' tt·lt·phoiH' indn,..tr~ in tlw ""lution of whid1 
t•ngilwl'ring ct~..;t :<ttuJi,•..; m.t~· Iw .uh·.mt.Jgt'!llbl~· t·mplo)Td, and, 
proh.thly, t'llllllgh h.t:< 11('\'ll ..;.1id tn makt• cl,.,,r tho· impnrl.tlll't' of 
1 hi..; form of t•conomic .lllal~·;-;i..;. 

F.\crnRs 1 ·::-;n:Rt:>;•~ 1'- t•• . \ :":\1'.\L Cosr,.; A:\11 Tut· IR 

E\'.\Ll'.\TIO:\ 

Let tb 110\\' con..;ider Iogether the princip.tl f;tctors !'lll!'ring into 
.tnnu.tl co:<t, and how, in tlw conr:<c of our work, \\'t' ,.,·;tlnal!' tlwm. 

Tlw ,..en·ral f.lt'tor..; an· th,.,..,.; 

1. Co,;t of money. 
:!. T .1xe..;. 
a. ln ,;urancc. 
·l . I k precia tinn. 
:l. Cnrrent \l.Jinten;Jnn·. 
Ii. :\dmini,..tr;ttion. 
, . t lperating C•.,..t:-. 

Cosl of .\lont•y. Tlw o[wrating rompanies of thc lkll Sy,..tt·m 
oht.1in thc IH'\\' money that thc~· u,..c in exten..;ion,; to tlwir pbnb 
frnm tlw ..;alt' oi tlwir capital ..;tnrk and sccuritil's lmnds and not!':<. 
S ul'h .1 retmn mu,..t IJl' paid thc inYc,..tor, l1y thc Company, a..; will 
inducc .1 l'Oibtant tlow of lll'\\. rapital into tlw ln1sine,..s. T hi..; ,..t,·ady 
intlux of lll'\\' capital is rcquired IJl'cau..;e tlw S y,..tem can not dedinc 
to expand. l t i..; ol1ligated to nwet thc increasing rw,·rl..; of the puhlic 
it servc,;. l b need for II!'\\' capital i,; a direl't re,;ult of public demand 
for thc ~cn icc it n·ndt•r,;. Tlw rate,; for ,..cn·ice whi!'h puhlic utiliti1s 
m.ty ch.trgc ;uc regulat!'U hy tlw commi,..,..ion,;, l>ut neither the l'lllll· 
mi,....;ion,; nor the utiliti!'..; l'.lll fix thc \n•rth of mnrw). l'uhlic utilitit·..; 
mu-.t pay thc cn,..t of mon!'y jnst a..; th1·~ llllbl p.1y th!' co,..t of I.Jhor. 
polcs and oth1·r lll<tlerial. :\o inn':<lor can he fnrnxl to im·est. I f 
the ratt' j.., below what mont·y i..; worth in tlw gt·nN.d money market, 
ht· will k!·t·p out. l'tility cnm[Mni•·,.. mu,..t bring- their oiT,·rinc:s to 
a c:'·ner.d mnney markd and ,..uhmit thcm, in npen comp!'lition, with 
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t hc o iTerin gs of undertakings of cn·ry kind requiring capital. Tlwrc 
are t wo ,,·ays of gl't t ing Ilt'W moiH'Y: 

I . From inn~sturs \\·i lling to lend. These are the bond and IH>tc 
holdcrs. 

2. From in\'estors willing to hccomc partners in owncrship. These 
arc thc stockholders . 

.:\ot onl~· do stockholdcrs expect a high<:r return than hond and 
notc holders , hut if thc stockhuklcrs' earnings are insulhcient, thc 
bond inn·stor will takc his moncy to somc saf<:r market. Taking 
into acemint thc ratio which must bc prudcntly maintaincd hetween 
funde:l dcl>t a nd s tock, a proper figurc should Iw ohtaincd as repre­
senting thc a\'eragc annual cost of money. This fignre should not !Je 
confuscd \\'ith thc figure that rcprcscnts a fair rate of return inciud­
ing a margin for surplus and contingcncies. 

Taxes. Taxcs arc le\·icd by \·arious gO\-ernmcntal hodics, munici­
pal, county, statc and federal, on many different bases. in some 
specili c plant prohlcms, taxes han· to hc computed to mcet the con­
ditions uf the case at hand but, in gcneral, it is sufficient to employ 
a pcrccntage charge for taxcs bascd upon the a\·crage expcrit·nce. 

/n surance. ln the case uf huildings, and equipnwnt contain<:d in 
buildin gs, an annual cost item to co\'cr insurancc should he included. 

JJepreciation. Dcprcciation may Iw dcfincd as tlw using up of 
property in ser\'icc from all causl'S. These causes indude: 

(a) \\'car and tear, not co\Trcd hy currcnt rcpairs. 
(h ) ( )bsolcsccnce . 
(c) lnadcquacy. 
(d ) l'ul>lic R<:quircnu·nh . 
(c) Extraordinary Casualtics. 

:\11 tt-lephonc propcrt~·. cxccpt land, is subjcct to dcterioration, 
and thc continucd consumption of tlw in\·cs tml'IIt is a part of the 
cost of the scrvicc \\·hich must hc providcd for by chargc~ ag-ainst 
earn in gs. Only a small portion of tiH' plant aetually wears out in 
serdce. ln stann·~ of thi~ a n· thl' rotting of pole~ and thc rusting of 
iron wire, a relatiYcly ~mall anwunt of whieh is usl'd in thc plant. 

( >n tlw otiH'r band, it has hl'l'n tlw history of the telcphone husiness 
that l'nornwu s a mounts of plant haYc IJl'cn Iaken out of Sl:n·icc 
through no defect in their physical condition hul cithcr hecausc 
they had heconH' ohs:•lete through tlw dc\·clopmcnt of sOilH' more 
l'<'onomical or l'fiicient type of equipn1l'nt, or !Jecausc they had 
l~t·conH· inadcquate to serYc the growing nccds of the husin<'ss. 
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\11 ,.,.1111pl\· nf t>h,;:~lt·--····ut't' i-- llw n·pl.rn·11r•·u1 .. r .ulliqn.rl .. cl 
11ll'thod,.. of di,..trih111io11 h~ r11on• rl1oHit-1'11 I\ I~~'"· F'l..1111plt·,.. oof iu.rd· 
•·qi1.11'Y .rn· tht· n·pl.u···nH·I11 .,f opt•l1 \\in·-- II\ t,rlolt·, .rnd lht· n·pl.~t·•·· 
1111'111 nf ,..r11.rll l'.thlt•" hy l.rrg•·r 11111'"· 1·:'1..1111plt·,.. of p11loli•· rt·q11in·rrr•·111 
.tn· tht• .rl•.uHltt11111t'lll of P"h- lillt'" .111d tht·ir n·pl.u·•·nwnt lo\ llrrdt·r­
grol111d •·on,..tr11t'lion dw• to ro.ul impno\l·nwnt-- .. rncl llll' n·huilclinl! 
11f ,..,.,·tiorb of 11rHien::;ro11nd l'ondllil tlw· lt> ch.rngt•,; in 1111' gr.rd1· of 
,..lrt'l'l"' or to tlw ron,;tnll·tion of tran,..il ""hw.r~·,;. l·:,.unplt·,.. of 
l''l.traonlin.rr~ c.t,;11.dlit•,; oll'l' tirl',;, !->lt•t•t !->lornr,; and torn.ulot'"· 

Tlw .wnu.tl rharg•· for depn·t·i.ttion i..; ;ut arnonrrl whiclr. ii t•nlt:n·d 
in opt·r.tting I'XJ>l'll,..t'"' cadt , .• .,,r 1hrring tlw ,.. •. n in· Iift• of .1 1111i1 of 
pl.wt. \\'n\rld, at tlw l'lld of that ,..,·n·ict• Iift·, yield a !--11111 t·qn.tl to 
1h1· tot,tl dt•pn·•·i.ttinn of th.tt 11nit; th.tt i ... , ih tir,..t l'o"l in pl.11·•· le"" 
1he rll't ,;.th-age oht,tined at il,; l'l'llltl\·al. Tlw ron--11rnp1ion of t\rpital 
i..; a rwcc,..,..,try p.trt of tlw no,..t of f~rrni,..hing :-otT\"in· and 11111,..t 111' pro­
Yided for hy chargc,; .q.::;.tin:-t •·.trning,; d11ring tlw life of lhe property. 
In arri,·ing at thi,; depreci.ttion ch.trg•· tlw lw,;t thing Wt' can do i,; 
to t.tke o11r expcrienn· of yl'.tr,; and Iook on~r the wholt• ,..itl1.ttion 
.111d apply o11r jwlgment lo it. T lw \·alrr•· of thi,; jrrdgment dt'pl'rHb 
on thc exp•·rit·rH'I', kruowlt·dgt•, ahilit~· and intq.::;rity of tlw pPoplt· 
who cxerci,..,· it. 

Tlw amo11nt of thi,; dtarge ,..lw11ld he deterrnined for t'ach loroad 
eh.:,; uf plant and it depend,; 11pon tlw an·ragl' ,.. .. n-in· Iift. and the 
nl't ,;ah-agl' \"alue. :\et sah·.rge ,.,rl11e i,; g-r""" ,;ah-age \'ah11· minrt,.. 
cost of rerlll>\·al. anti Lake,; iuto rorbidl'ration holh ,-,dut· for rl'll"l' 
and j11nk ,·altH·. For in:-tann·, thc rll't sah-agc \·alut· of :-lation 
.tpparatu,.. i,; rel.tlin·ly high hectl1"l' a l.trg•· part oi 1hc equipnwnt 
can l>c rc11,;ed in anolhcr loc.tlion. In othcr ca,;e,;, ,;uch as irnn wire, 
tlw nl'l ,..,th-age ,·altre may he a min11,; q11;rntity, a,; there j,; little or 
nothing to olhl't thl· no,;t of n·rno\·al. 

Currnt/ .\Iuintt'lttliiCC. C11rrl'nl rnainlt'll<IIH'l' dtarge,; compri,;e 
thl' no--t of rcp.tir,;, rL•arrang•·m•·nt:- and changl',.. nt•n•,..".try to kt·l·p 
tlw pl.tnt in an l'flici•·nl OJWr.rling condition 1hrring il,.. ,;\·n·irc life. 
In nhl :-t11di•·--. nrrrent mainlenam·•· charge" ,..Jw11ld he derin·d from 
I'Xperi .. nn· and cxpn·:-,..,·d, gl'tll'rally, Dn a uni1 of pl.rnt l>.r,;i,;, ·'"· 
ior c'.antpll', per pole, pt·r milc of wire, pt·r foot .,f eal>ll'. or J>l'r ,.;l.l· 
lion, ;lt'rorrling t11 lht· kind of plant lll'ing n>ll,;id.·rt·d. Cenl'rally 
"pcaking, tlll'y !war no din·cl rl'l.ttion to frr:-1 co,..t of pl.rnl ,,,.. otlwr 
.wnual charg•·,.., do. 

Fur 1his rca:-on, when 1'11111p.tring tlw annual t·o:-1,.. of two nr nwrc 
plant unit,; of diiTt·n·nt ,;ize,.; or type", ;111 incorrt•t'l n·--ult wonld l11· 
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obtaincd if m;tintcnancc charges wcre cxpre~sed as a JWITcntage of 
thc lirst co:-t. 

Ilmn·\·L·r , for cotnp.tr;ttin· co~t :-tudit·s of a\ eragl' plant, main­
tained undcr an·ragc condition~. it is ~onwtillll'S \\·ithin tlw precision 
uf the study to l'mploy ligures cxprcssed as a percentage of the lirst 
cost , providcd tlw ligurcs wcre deri\·ed from the cost of maintaining 
an~ragc plant whcrc an·ragc conditions were known tu obtain. 

Administration. In certain cost studies, a small allowance is 
usually made to CU\Tr t hat portion of t he sahtr ics ancl expenses of 
the general officials of tlw Company which is fairly chargcahle to 
t he administratiun of tlw pfant. 

Operatinr, Costs. In certain classes of enginccring coost studies, 
comparisons may invoive thc situation where one type of plant 
costs initially more than an alternati\·e type, but permits savings 
to be made in thc daily opcrating Iabor which may or may not oiTset 
the additional lirst cost. In such ca:-cs. to obtain a true comparison, 
the nperating Iabor costs llltdcr each plan must he e<Hnbit,cd with 
the total annual charges which are applicd to thc lirst costs of thc 
respecti\·e plant f]Uantitics. 

I'RE:-E:\T \\'oRTHS 

Engineering cost stud ics frequently ill\·uk e a halance hctween 
plant installed at thc present time and plant installed at some future 
time. r\n example of this wouicl be the cnmparison of a pole whose 
life was to he extntdcd l>y at taching it to a stub aftcr (say) Li )"l·ars, 
with a stoutcr and morP expensi\·e pole installed at present or with a 
pole to which prescrva ti\"( ' treatnwnt wa s applicd prior to its installa­
tion. 

In such cascs it is not sufl1cient to cmnpare annual costs which 
arc to be incurred at different times without rcducing them to a 
hasis upon which they can properly bc compared. lf a given ;mwunt 
is required to !Je cxpcnded at somc future time, it oh\'iously requircs 
a smallcr sum at prco<l'Ilt in hand to mel't this ohligation if the lixed 
time is far distant than if it is in the imnll'di;ttc futurc. 

Let us picturc our~ch·es at thc end of tlte year 1!1:21. l f an annual 
charge of $1,000 is tobe paid cach year for the .i years heginuing Jan­
uary I, Hl2;i and ending l>ccemucr :n, Hl2!l, thcre will bc required, 
to provide fur these li\·c Sl,OOO paymcnts, the sum of S· l ,lOO, in hand, 
assumin g tha t intercst is compoUIHied annually at "i per CL'IIt. On 
t ltc othcr ha nd, if t lw:-e lin· a nnual paymcnts of Sl ,OOO mch instead 
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,.j I •t·ginn in).! in 1\1:!.) \\t'rt' to I wgin ll·n ~ I'.LP., l.t 1 t'l", 1 h.t 1 h, i I 1 hn 
\\l'rt' to run frum j.11111.tr\· I, 1!1:!.-, to th1· t'IHiof 1!1:1'1, \\1· ... lu•nld n 
quirt•, in h.tnd, !\:.?,11~ 1. th.It i..,, onl~· .Lbout h.IIf.t.., IIIIWh. 

To eomp.lrt', npon .t f.1ir J,,t ... i:<, 1''\lll'lldilnn·..; lh.tt h.t\ l' '" Iw rn.L1I1· 
.tt dillt·n·nt tiiLll'"'• it i ... nhtom.Iry .. 1s h.ts lwt·n donp in tlw pn·n·ding 
1''\,IIIIJllt·, to fl'dun· tlw,..t• dillt·n·nt l''\Pt'IHiilun·.., to tlwir ''l'n· ... ~·nt 
\\"orth,..," or tlw t·qui,·.dt·nt in equakcl or ,J{'('IIlllUI.ttl'd .lllnn,d 

dl.tft.:l"'· 

SI \1\l.\k\ 

From ,.II th.tt h.Is hl'l'll "·•id, it bt·eon~t·s I'\ ident th.tl, \\ lll'lll'\ 1·r ..1 

~pl'ciht' .uldition is 111.1de to ;1 grm\ ing pl.tnt, \H' an·. to a greater or 
Je..;-. l'Xtt·nt, eommittiug- our-.t·h·t·s to a dl'linitc programnw for n·lil'\­
ing, n·inforcing- or replacing it at somc future time in onler nu•,..t 
l'ronoinically to pw,·idt• for tlw n·qniremcnt~ of gwwth. 

Thc IIIH.lerlying thoughl. which can not be on·n·mph.t,..ized, i..; so 
to plan thl' pl.lllt that, a,.. f.1r as practi1·ahle, it will st·rn· for its full 
Iift•, and reqnirc no wholes,dc ch.ulgt·,.. in\·oh-ing the ak1ndonnu·nt 
oi ,..uh,..t.wti.ll portiuns of thc installation. \\'hilt• tlw dt•,..ign should 
Iw b.bed upon thc hest ~timatl'S of iuturc growth th.lt are oht.lin­
ablc. it lllU>'t hc rccognizt·d that the most carefully tlt-,..ignl'd plant 
byout;; employing thc l>t'"l possiblc ~timates of growth. may not 
.dways mcl't the ultimate requirenwnts of llexihility. Tlw ch;111res 
uf a comprl'hcn,;in· plan not 11tting in with flllmc tkn·lopn~cnt 
c.m, hmn·n·r, hc redun·d tn a minimum hy thouglllful initial 
pl.lnning. 

Ccner.dly spt·,Jking, our di,..triiJllting pl.1nt l.iyout, onec it i,.. l':'t.lb­
!i .. lwd, can not rcadily nur cconomically be materially dl.tngecl. 
Const·qut·ntl~·. if it i,- not suft1l'iently llexil•le in thc fnnd.Jllll'nt.d,.. of 
its 1k>'ign to nwet reason.d>ll' fntun' po,..,..ibilitit•,.., it m.Iy .IITcct .ld­
n·r,-dy thc carrying out of propt•r and t•eonomic.d rl'lid nll'asun·-<, 
or may rcquirc abnorm.tlly t·.nly rcnlll!"tntction or n·pl.1n·nwnt. 1t 
j,.. n·ry dt•,..irable, thcrdore, .dw.1ys tn kcep in mim!. in .tny pl.tnt 
l.1yout wnrk. the progn· .... in· rl'lid step,; \\ hich ;Jn• likl'ly to bc re­
quirccl to mcct the ch;1nging conditions aiTt'cting thc ~cn·ire require­
ments. \\ 'hcne\ er ph1nt j,.. mm-etl. or t.1ken 0111 of st·n irc, property 
los,; i..; n·.dizl'd. Ct·rt.lin exp1'llllit1Ir<·,.. i<~r tht'"~' JHirpo .. t''- rt•Jlfl"'l'lll 
thc most l'ronomil'.d \\,L\. of condnctint.:" tllL' J,n ... im•,..... Bnt it i ... oi 
tlll' uunost importancc th.tt tht·y should .dw.tys I.Jl' inrnrn·d .dong 
thc linc of maxirnnm cronomy, which mc.u\s tho~t bchinu l'\Try pl.tnt 
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additiun must hc cng-incering- cost studics tu assist in furnishing 
thc an swcrs to thc thrcc qucstions : 

\Yhy do it at allt 
\\"hy do it now? 
\\"hy do it this way? 

But it must always hc bnrne in mind that thcse studies do not and 
can not, in themsch·cs, constitutc thc solc critcrion for dctcrmining 
what should be done. Thcy arc, at thc bcst, only an aid, guidc and 
check to l>c utilizcd, within thcir limitations, in arri,·ing at conclu­
sion s tha t must, in thc last analysis, rcst upon seasoncd judgmcnt 
a nd expcricncc. 

:\'en·rtheless, so grcat do wc lind the importance of these cngineer­
ing cost studies in our wurk, and so great must be thcir importance in 
the enginccring of any othcr kind of growing- plant, that the question 
might bc raised whcthcr, in courscs of cngineering instruction, a few 
hours at least could not <Hh·antag-eously he de,·otcd to acquainting­
thc studcnt with the nature and importance of thesc economic 
problems. 



The Limitation of the Gain ofTwo- W ay Telephone 
Repeaters by Impedance Irregula rities 

By GEO RGE CR ISSON 

I) 1-:C. \l "'1 ·: "j thl' i.tct th,ll it i,.. .1 difticult .111d l''-Jll'lbi\l' m.ttl•·r 
) to huild .111d m.tint.tin tlw high gr.Hh· ,·irntit.. th.tt .trl· n·quirl' I 

j"r modern l11ng di-.t.IIH'l' telephnlll' tr.llhmi,..,..i"n \\ ith H'Jll'alo'r-.. 
111.111\' wurkn,; in thi,; ri,·ld h<J\l' ;ttll'111Jlll'd ," .J,.,·i-.,· ""111l' form oi 
L\\0·\\,ty n·pl'.tll'r which would Iw al•l,· to ~-:in· ,,,.. l.trg1· a ~.tin .1,.. 

de,..irl·d without -.inging or poor qu;tlit~· dlll' to irn·gul.trit i,.,.. e'\istin~ 
in the linc,;. Tlll'~· han· thought that if ... uch .1 rqw.ttl·r could lol' 
non-.trurted it \\ottld pl'rl11it tlw tt-.1· of lim·,.. l1·-.-. c;trdull~ louilt .IIHI, 
thcrdore. che.qwr th.tn an· at pn·,..,·nt n·quin·d. and th.tt f,·,u·r 
rqw.ttl·r,.. would Iw n·quin·d lwcatt...l' brg1·r g.titb nould 1 ... oht;titwd 
.11 l'.tch rqll'.ttl'r . 

. \ -. a mattl'r Pi Lwt th1· irrl'gul.tritil',.. in tlw lin,·-. h.tn· a n·ry im­
port.lllt dll'l'l and control. to a gro·at l''\lent. tlw rqwatl'r g.tin,.. \\hi('h 
can Iw '"'''" wlll'ncn·r a tcll·phonl' cirntit i,.. arrangl'd ,..o a-. to 111' 
cap.tlole of tran-.mitting in hoth din·ctioth o\Tr a ... ingl•· p.tir of win·-. 
\\ith con-.t.mt ,.fti,·i,·ncy. 

lt i,.. tlll' ohj,'l't "j thi,; Jl<IJll'r to l'Xpl.tin, in a n·r) ,..impll' ''"~, 

\\ h~ t hi,.. i-. t rtll'. To do t his t IH· plwn"metwn of l'll·ct ri,·.tl rl'tll'l'tion 
i.; tir-.t madl' ck.H. Tlwn ;1 two-way rqw;tter "Y"ll'lll j,.. introuhHTd 
.md tlw l'lkct-. of n·tkction upon thi,; ... y,..ll'm arl' e-.:pbinl'd. .\it1·r 
ntl'ntioning ,..,·n·r.tl oi thc typl's "j rcp,·atl'r,.. whidt han· lll'l'll u-.l'd 
,.urn·,..,;fully. tlw p.qll'r condwh·s with an c:..pbnation of thc f.tllaci,.,.. 
Utllkrlyin;: a llllllllll'r of ,..cJH"I11l'" whidt han· hl'l'll propo,..ed from time 
to tillll' hy \ ariott... inn·ntors . 

R FFI.E( Ttll::\ 1:\ T t·:I.EPIIIl:\E l.t:\1· .... 

\\' hcm·\er di,.,l·nntinnitie» or irrq.:ularities l''l:i,..t in tl'kph"nl· cir­
cnit,;, rcrleetion of a ccrtain part of tlw spel'ch w.tn· tak1·s pl.tn· 
.tt each irrcgubrity. l n ordcr to apprl'riatl' why it i,; that irrcgularities 
in two-wirl' telephone circuits a!Tect n·ry grl'.ltly thc anwnnt of 
rl'pc;tter gain which c.111 hc ,;l'ntred whl'ncn·r tw,•-way npl'r.llion i,.. 
de,..irl'd, it i,.. lir,;t nl'n·,;-<,try to ohtain a cll'ar picturc "f why it i,.. th.tt 
rl'tlections takl' plan· at irrq,:ubritil's. 

Fig. I reprl';-.ents an intinitc ideal tclcph"n•· lim· withollt rl'pt•,ll•·r-.. 
lf such a linc b non-loaded or continuou,.;ly lo.l{ll-ol cach p.trt oi it 

15 



16 BEI.L Sl'STEJI TF.CII.\'IC.·IL .IOL"R.\'riL 

is exactly like evcry othcr part ha,·ing thc same length. If thc linc 
is loaded with coils then cach loading section is cxactly likc en .. ry 
othcr loading ~cction. 

\\'hen a telephunc transmitter or othcr "ignalin~ Jc,·ice A acts 
upon such a linc it causes a wa\·e to tra\TI o\·cr thc linc away from 

Fig. I 

tlw soutTl'. If thc linc induclcs re:-;istancc ur otlwr Iosses this \\'a\'C 

gradual!~ · becomcs smallcr until it is too wcak to bc dctcctcd but no 
portion of thc \\'a\·l' rcturns to the sourcc after oncc lea,·in~ it. 

lf some portion of the linc diffcrs in its clectrical makeup from 
other portions of thc linc it cun,;titutes an irrl'gularit~· and interferes 
with the passage of the ,,·an?. 

Fig. 2 shows a linc cxactly like that of Fig. 1 cxccpt that an irreg-­
ularity B has Ileen introduced. Thi s irrcgularit~· has bcen shmm 

~:===============================·~_B __ ~~~~~~~~~~~ 
Fig. 2 

as a scrics resistance thongh any ot her clcparture from the rcgt!lar 
clectrical structurc of thc line would prodncc similar efTects. 

\\'hen a wa\·e encountl'rs such an irrcgularity, it splits into two 
parts one of \\ hieh eont inm·s in t hc original dircction of propaga­
tion along thc line while tlll' other is prnpagated in thc opposite 
dircction toward the sourcc. 

In onlcr to understand thi:-; phL·nomctwn, '' hich is called rcflcction, 
imaginc that ;t wan· is tra,·crsing thc line from ldt to right .• \ s it 
pa:-;scs the point B a currcnt tlnw:-; through thc scrics impedancc 
\rhich con:-;titutcs tlw irrcgularity and thi,.; cali:-'L'>' a drop of potential 
through the impl'llancc. ( lln·iously, thi,.; changl'>' thc state of ;tffairs 
as tlwre i,; 110\\' a Htdden alteration in till' \·oltage acros" thc linc as 
thc Wa\·e passes thc irrl'gttbrity \\ hl'n·a,; tlll'rt-' is 110 such alteration 
withont the irrcgularit~·. 

SupposL' that for the impcdancc clemcnt we snhslitute the output 
terminals of a gcnl'rator which ha,; a negligihl~· inqwdancl' and arrange 
thc gencrator so that it is excitcd hy thc wan· tran .. ling- m·cr thc line 
hut that the excitation i:-; nol aiTcdl'd by the n•ltagc s!-'l up l•y thc 
gencrator it:-;clf. Such an arran!::cmcnt is shuwn in Fig . 3. Thc 
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.trr.uJgt·nH·nt fnr •. ,,·itin~ tlw ~t·nt·r.tlor j.., ,.IIPI""'•·d 11o1 to rl'qnirt· 

.lll .lppn-ei.ti.Jit• ,tlllol11lt of po\H·r ••r to t'on,..titult' .tn irrn.:ul.trit\'. 
This ~l'l1t'Ltt•'r tlwn fL'"t'lllhlt•,. tht· sni•·,.. inl)wd,tnc•· oi Fi~. '.!in th.tt it 
prodnn·,.. 1111 di,.,tml,,tnn· in tlll' linl' wht•n 1111 \\.tn· .... m· p ........ in~ lnll ..... 
,_(Hill ,\,_ :1 \\,1\ I' ,JffiH'S the )::t'nl'fator ht'I'OIIll'" ,ll'ti\ I' ,JIId prodiii"I'S ol 

Fig-. J 

\·oltage in H'rie,. with the linl'. By prupt·r .tdju,..tmt·nt oi the l'Xt'ltlllg 
mcchani ... m of the gcnl'rator tlw \'oltagc across it,; output termin.tls 
ran he made ju ... t L'fJll.tl tn tlw di,;turhann.> prodJJct•d hy tlw inqwdance 
dement .11 ß in F ig. ~ and :-o t'X.tctly rcprnducc the dTt·cts of thc 
irrcgularity. l n ordcr to do thi" the gt·ncrator might han· to ah,;orh 
t·nergy from tlw w,l\"1.' pas,.ing 0\'l'f tlw line iJblt',td oi gi,·ing it out, 
hnt it would e,..t,tblish the de,;irl'd \·olt.tgt• relat ions. 

:'\ow a,.. the genl'rator ho~,; 110 apprl'ci;thle impedanec the w.tn· p . ...,,..._..., 
through it without inll'rfl'rt'IIC'e but thc e.m.f. which it ,;et,; up oh­
\'iou,..ly "''JHb out wan·,. in cach dirl'ction from tlw gl'nerator. 

I )n thc right of thc irn·gubrity will l•c found onc wan· made up 
of thc original lllHii ... turi'L'd wan· t·omhint·d with that from thc gene­
r,Jtor and tran·ling onward in thl' original dircrtion. T hc comhined 
\\,J\T will ll:-llalh· lll' ... maller than the original W<t\'l' thom:h it 
might 11111lt-r ,;omt· eirrunJ:-t,IIH'I'" he largn .tnd it,; shapt• mi~ht or 
might not ht· altl'red dq)l'nding upon the nature of tlw irregularity 
,md tlw rhar,tclt'r of tlll' lint·. 

l)n thl' ldt of the irrl'gnlarity will Iw found the origin.tl wa\e 
tra\ din~ from ldt to right and tlw retlt·eted \\,1\'l' tra\ •·ling from 
right to ldt. 

Hy a ,.imil.tr proce,..,.. of n·a,..oning the rerlt-l'tion t'otn,..ed l•y hridging an 
impt'(lancc acro,;,; the linc at tht· point B l'an hc illu,-tr<ttl'd. ln this 
casc thc outpul tcrminals of tht: gcm·rator ... hould hc hridged acro..;..; 
thc line and made of n·ry high impedann· . 

. \ ny dcparture from the fl'I.!Uiar "tnrctnre oi tht· tim· "llt'h .1 .. occur ... 
at the junction of two line!> of diiTcr<:nL typt·.., or whcre lo,tdin~ euil" 
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han~ the wrong inductance or are wrongly ::<paced cau::<es rcflections 
in the manner described ahm·c. 

IDE.\L REPE.\TER ():'\ .-\:'\ lllE.\L LI:>:E 

Fig. ·I slwws an ideal telephone circuit cun::;i::;ting of two ::<ections 
of linc L 1 aml L~ which are fn·e from irregularitie::; and are juined 
hy a rcpeater R. The ren10tc ends of the Iinc section::; are connected 
to terminal a pparatus A, and A2 which haYe impedances which 

lt Lz 

~r-------------------~~~rT-'----------------~~ 
Fig. 4 

~mcc thly terminale the lincs, that is, if either line had originally 
L'X!Lmlcd to an infinite distance from the repcater and had Ileen cut 
to conncct it to the terminal apparatus, this apparatu::; would han· 
the ~·amc impcdancL' as the part oftheinfinite line which was cut off. 
1 he construction of the rep«:'ater R is limitcd only h~· thc requirc­
n;e nt timt if an electric wavc arri,·cs at tlw repeater terminals T , 
or :1'2 m·cr cithcr line a similar hut !arger wan· is Iransmitted from 
the repcatcr o\·cr thc other line. The gain of thc repeater det!·r­
mines thc relati,·c sitL'S of thc wa\·es arri,·ing at and departing from 
the rcpeater. 

lf now a wa \·e i::; startcd at onc end of thc circuit, for cxample .·1,, 
it tra\Tr~.es the line L 1 and is ahsorhed or dissipated in thc portion of 
the rcpeat er conm·cted to tlw terminal T,. This wan· acts upon 
the internal nwchanism of the rcpeatcr in suf'h a way as tosend out 
a !arger \\'<1\T which tran·r::;es the linc L2 and is completely dissi­
patcd in t ill' terminal apparatu>. .1l2. 

II>E.\L REI'EATER o:-.: A LI:>:E Co:>:T.\1:'\1::\(; IIW E(;l'L\RITIEs 

Fig. ;) illu::<trates a line exactly like thal of Fig. -!, L'Xcept that an 
irregui<Irity B 1 (or B2 ) has l)('cn introduf'ed into each s!'ction. lf a 

B G• 
Qt----'M..#v---------=~~ Lt ~Z 
LJr---------------jT' ~t-T-'------D 

Gt 

Fig. 5 

wan·lt·an·s one terminal >o uch as A 1. it tran·rses the line L,L'\Tntually 
arri,·ing at tlll' lt'Iminal T 1 of tlll' repeater R with a certain strcngth. 
This \\·ave is <.mplificd and tran~mitted into the linc L2 which it 
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f.,ll"'"' 11111il it c·ucnuutc-r~ tlw irrq.:ularil~ U.:. .\t lfz it j.., p.trti.dl\­
n·llt·ctt·•l. nnt· pnrtinn n·rurnin~ 111 tlw n·pt·.tlt·r .llld !Iw ntlwr lr.tn·l­
in~ tn tlw tcrmiu.d .I z \\ lll'rt' it j.., .tJ>,...,rJ,cd. Tlw rl'lll'cted \\,1\'l' 

p.t ...... t .... thrtollgh IIH" rl'Jlt'.lter, is ,lnlplilit·d and tr.llh\'t•r..,t·-. tlu· lim· 
/. 1 until ir t•rwnuntt•r,.. the irrq.:rdaritr Ht \\ ht·n· it i-. again relll'cled, 
nllt' p.tn ht·in~ prnp.lgatl'd to the tl'rlllinal .-1 1 wlwre it j., di ...... ip.lll'd, 
'' hiJ,. thl' othn p.1r1 rl'lurns to tlw rl'pt·o~t•·r and rq)(',l\s the cyd.­
nt .uuplilic.ltion .llld retlt-ction. Thi~ .wtion rontinues indt'linill'l\' 
thc ,,,,n· l•t·ing retll'rted .dtcrn.ltely from tlw irrq:ularities B, and u;. 

lf the tnt.d gain in the round trip p.llh i,.; gn·att·r than tlw tot.tl 
).,,...,. tlll' \\,tn· will he ~tronger Oll l'al'h arri\'a) .tl an~· point in tlll' 
1 ircuit th.m on thc preceding trip anti will contimrally irwn·a,..c· in 
Jl""''r until the power Iimits of the repl'ater or ,.;onw otlwr t'<llhl' 
prt'\Titl,.. a furthl'r incn•a:-t' and a steacly ,.;ing i,.; t·stahli,..lwd. lf tlw 
g.tin i,.; ),.,..,.. than the Jo,..,.;, the w:n-e will heconw weaker with l'ach 
trip irom H 1 anti Hz and hack until it falls lwlow thc strl'ngth whieh 
1'<111 ht• dt'll'l'tt•(l. 

Eddl'ntly, if the rcpeater gain i,.; madc ,.;o grcat that a stt'<llly sing 
i,.. ,.,..t.lhli-.hed, ,.;,l(j,.;factory tdephoning over the rirnrit will hc irn­
po,.. ... ihlt•. o....l'riou,.; quality impairnwnt may oi.Tur, howt·n·r, wlwn 
thc· gain i,.. not ,.;o grcat as thi,.;. Con,.;cquently, when irn'gularitie,.; 
arl' prc,..t·nt in a linl' rontaining rl'pcaters, thc repeater gains are 

llt'l'l'"'"arily limited. 

ln thl' ahon· illn,.;tration, it was as,.;umed that t\\·o irregularitit·,.. 
\\t•rt· pn·,.;l'nt. ~.-riou,.. dlect,.., hm\-eH·r, duc to thc prodnction of 
tThto dTn·t,.; \\ hich rnay he )ward hy tlw talker, may ht• pr(l(luccd by 
rcrknion from a ,..inglt- irregularity. C'on,..equcntly, a ,..inglc irreg­
ul.trity in tlw cirnrit \\ ill ,.\'I a Iimitation on the repeatl·r gain t•n·n 
th11rgh it corrld not cau,_,. ,..in(!'ing if a :!:!-type rqwater wen· lbl'd. 

From the forl'going t·:-.planati(lll, it i,.; t•vident that tlw dkrt nf t11l' 
n·tlertion,.; at thl' irrq;:ularitit•,.;, which limit5 the repcatl'r gain-<, is 
not dl'pl'ndent upon any ,.;pedal propl'rtic~ of thc tclephone rt'Jll'atcr,.;. 
Tht·,..t· Iimitation:- will m·ce,.,s;nily exist with any type,.; of rcpeatl'r 
"hat,..ot·,·er whieh han· thc property of producing amplilication 
in l•oth din·ctions at tlw ,.;ame time. 

Tlll· di,..('u,..,..ion willnow IJ(' t·xtt·ndcd to ,..how that not only 11111,..1 thl' 

lim·,.. with \\ hich a rl·pl·att·r i,.. to \\ork he :-trrooth, if limil<!tion of the 
gain" i-. to l•t· a\·oidl'd, IJttt al,..o tlw repl'<rtt•r,.; lllll'-l lx: dt•,..igncd to rit 
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11•11-. .,f, l•·p.tllitll r 1'1" !1 h., ... jrr-.1 ll(·1n -.h"''ll 1h.11 rl'lh·rtion 
t.tkl-.pl.lll' it ,, "''"' ••r .1 l•rid...,t·d imp~~Llllce j" in-.t·rtt·d in a linc. 
I hi .. r1 th·• 1 j"n '' dl 1 d-.1 1'1." 1 '' lw1 hl·r tlw imped.11H'C i,; in~erted 

oll ... 1111 it lt rt ndt II , .... lll in·' lilll' .. r .tdj.Ln·nt to .I n·pcalt•r. Ln­
... rtin., .. H h .tn 11 'I" d,tllt 1· .L•h.!ll'lll to .1 n·pt·.Ltt·r \\ould. •m account 
"f 1hi., rdh, 11"11, 'l'rl"ll'h Iimit tlw g.Lin ''hirh could he produced 
II\ 1lw n JK.·.•tt·r. '"" in-.1·rtin,.: .tn irr1·gui.Lrit~ .uljan·nt 10 a repeater 
. 111"11111'- to tlw .... um· thin~-: ,, ... -.ul•-.tituting- a line ha\'ing- a tliiTerent 
lllli",J.tnt ,. for the lin1 \\ ith \\ hid1 tlw n·pe.11cr j,.. dl'~kned to function . 
....,,lll't' .tll\ ch.tn.,e in tlw imped.tnn· of .1 lim· roniWCted to a rcpeatcr 
.1\\,J\ fru111 tlu· impt·d.llln' \\ith \\hid1 thl' rqwatl'r i' dl'signed to 
''"rl.. j..,,·qui,,,J,.nt '" in-.l'rting .111 irrq:nl.trit) adj.Jn•nt to thc rl'peater, 
it i-. 1 ,idt·nt th.tt r/ iJ rmpos"''f,· ln col/slrud a r.·pea/a syslem rdrose 
oiiii{J/11 111/1011 ,.r/1 ht" Clll/1 1clll/ II/ bot/r .Jiri'C/rOIIS 1111tf 'idlOSl' {!llill wif{ 
'" 1 hr /rmrtrd ''-" ,",. •rdarrltn 111 111.- l111.-s a/11/ by t/11_\' dcparlurc of tlze 
/111r im[••·da111 •. from !hat (or ;.hi• Ir th. rcpcala is dt·si_r_!lctl . 

.... , ' I I ..-.1 I I. 'I\ 1'1 ... II{· Rl·l'l· .. \ t ,,,{', 

I \\u f,.rtu-. oi n·tK.',tlt·r rircnit. tlw \\!'II 1-.:Jlll\\ll :.!1 .llld :.!:.! type 
1 ircnit-.. h.t\t' loc·t·n d1 \l'l"t~~'d 111 tlw p11int \dH·n· tlll'y h,I\T ht·conH· 
high!,· tlllJ~<•rl.llll .111d .. uu ~·...-.tul p.lrt" of the tdt·phont· pbnt. Tlw,;e 
l,t\1' lt..-n ... , con1plt tl'h cl~·--~·rilll'cl in .1 p.1p1·r t·ntitled. "'1\·lt·phont• 
l{lpt·.,ll·r.," J,, :\h ... ~r ... I .IH·r.mli .1nd Jewett.' that n11 further de­
....,lptlon \\illlw .ttllmpt .. d ht·rt·. l t is .. nfticit·nt to pointout that 
in tht '·1'1. of tlw :.!:.! I\ I"' rqll',llt·r tlw nl'n· .. -.ar) imped.lllt'e requirc­
llllllt-. .1n· 11111 J,, pr11\tding llt'l\\ork,.. \\hidt imit<tte do~ely thc 
'h.11.11 t1 tl'-111 in!Jwd.tltl I'' oi t he 1\\o .1 .. -.oci.ltl'd line,;. .\ny de­
l'lrtltrt· ol tlll' li111' intpt~l.tllll' from th1· \,llue for whirh the rwtwork 
"·'" ,J,·,i~n• d "r .tn\ irn·gnl.lritil·~ in tlw line or tl'rminal equip· 
ntl'lll imp•1 ,. Iimit .. "'' tlw ol•t.tin.r!•lt· ~.;.tin in the manner tle .. crihl·d 
,tJ",\1', In th•· l.t'l 1•f tht· :!1 I\Jll' t'irntit tht• inlped;tnn· require­
llll'Ph .trt n11 t J,, puttllll-: th•· rl'fll'.lter bt•l\\l't·n two .. imil.tr lines 
\\ ll•• I II ll>ltl.lllll" J,,tJ,lll•l' I .11 IJ 111111·r. 

\1 •ll11r ''I""' "l"·1t1·r cinuit, t.dl1d tlu· J",o,..ter cirnrit, \\',1,.. 
111 nttlllt·d 111 tlw p.qu·r ju-.t rdt rn·d to. This t·ircuit dol',; not de-
1" nd 111"'" IIIJll'ol.tlll't• l•.tl.lntt' in tlll' ~.11111· w.tv as thc :.!1 ;111 d 2:.! 
1\ I" 1 iro 1111., .wol it 1-1 '·tl•·lhl·· "f gi\ i111o: two-w.;y amplilit·.ttion h ut 
1t-. I" rl• •nll. 111 • ,., • '' 11 nt11ro· '-I Ti• '""'~ .tiTt·ctt·d hy imtwdant'L' dn·ia­
"""' 111 tlu lnu-. th.tn th1 l.tttt·r t·irntih. l'hc '"'u,..ter form of n·-
1" alt r 111• 111 h l n111 \II 1'111\od ll'-t fnJ in .tt'lllllllH'rl'i,tl \\',1)'. 

I' t • \u ra t II' 111 11 •I l.let.lrlo.tl l·.n~-:inl'l'f,, 11J1 11, fl.ll:l! l!.'i5. 
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:\l.tny dillert'lll dc,·in·~ .lilllill).: ln ~t'l'llll' tlw pl.tl ti,·,d t·qui\.dl'lll 111 
t\\o-\\,IY rept'.lter opt·r.lti(ln I·~ llll'.IIJS of rel.1~,.. llll'' h.ulil'.d 11r 
thl'rmionil') controlled by tlw \·oin· rnrn·nt>< tht•JlJ,..•·h··" h.l\'l' llt'l'll 
~ll).:).:l'>-lt'tl. ln t hc><e deYin·..; t Iw art ion nf tlw n·J.,y,.. j,.. ,..lll'h t h.L t 
"hl'll tr.lll>-llli ... ,..ion i..; p.L..;,..ing in one dinTtion thrnugh .1 rqn·,ttl'r, 
the tr.lll-.mi~~ion in the oppo~ite din·etio11 i,; eithl'r wholly or p.tr 
ti.dly hlll('kl'd. Evidently the gain of sueh .1 rept'.lter ,J..; thi,.. j,; not 
limited hy impctlancc irrl'gularitics in tlw lin•·..;, ;;i11n• it i..; re.dl\' .1 

tllll'-W,IY de,·it-c tluring the pass;1ge of speech curn·11t,;. 
Rept'.ltcr~ controlled by \'oicc operatcd tle,·in·..; "ill 1111t l•t· di"'­

<"ll,..,..t·d lwrl' further in \·iew of thc f.H·t th.1t thc prinl'ip.tl ohjt·n oi 
thi-. paper i..; tu treat rcpc.1ter ;;ystems which arc truly two-w.1y in 
tlwir oper.Hion. 

OTIIER TYPE" OF REPE.-\TER TIIAT I JA\·E BEE::-; I'Rot'o,;Eo 

5c\ t•r;d of thl' arrangemcnt!' that ha\·c bcen propo;;cd l>y im·cnt•1r~ 
"ho snught unsucccso;fully to producc t wo-way n·pcatcrs nnt suhjl'Ct 
to Iimitation by linc irrcgularitics will now hc dc..;cribcd. 

1. Rcpcatas lm·oh·in[!. ßalancc. .-\ gn-;1t ma11y cireuit;; han· heen 
dt·\ i,-ed whirh inn>ln' the pri11eiplc of hai.IIH'l'. Tht·,..p alway,; in­

,·oln· the s1mc fundamental prineiple as thc hybrid coil lhl'd in tlw 
rqX'ater,; 11ow in romnJt:•rri;d !'L'rYice tho11gh oftt·n the arrangt•mt·nt 
;1ppcar" quitt' diiTerent. Thi..; prineipk i,- th.1t tlll' output l'llt'rg-y 
nf the amplilier working in one Jirection. for ex.tmpll', thc t·.t,;t lunmd 
ampliticr, is dh·ided into two part,;, onc of which i" ..;ent into tlw linc 
e;l>-t and thc othcr into the eorre~ponding netwnrk. Thc input 
terminal,; of the wc~t bound ;m1plitier arc ".n conm·cted that thc l'ITcct 
on them of the current entering the line ea,;t is oppo,;ed by the etTeet 
c,f the current entering tlw nctwnrk and con,;equently the impt•tlances 
of thc linc and network mu;;t aecnr,1tely balancc eaeh otlwr tn kecp 
the output energy of one amplitier out of thc input cirruit of the 
othcr. Soml'timc,; the bal.inee i,; dTectl'tl hy eonm·cting the linc 
and network into a comm .. n ekctrical C"ircuit and connccting the 
input terminal" of the amplitler to two point,; of L'fJtl.il p11tenti;d 
in thi,; ('ircuit. ln other arrangements two 1111'\t'" which dl'pend 
upon the currents entering the line and nctwork are h.!l.mccd .tg.lin-.t 
ea\h other in thc con: .,f a speci.tl tr.lllsforlllcr ~~~ tlt.tt .1 windin::: 
connectccl to thc input of thc amplifier is 1111t aiTccted. 

l"sually thc impcdancc of the network t·qual,.. that oi the lint·, IJut 
arrangement:- are po",..ihlc and l'\l'll h.n'l' cert.ti 11 .1• h .111 t.lg•·..; in 
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\\ hich thc t'lll'r).!\" j, not t·qtt.dl~ di\ idt·d I •l'l WL'l'll tht' lilll: .111 I m:t­
\\ork ;111<1 thc iniJwd.ttu·•· uf thl' nt·twcork j,., ··ithcr >:re.ttt·r th tn or 

1, . .,.,.. th.tn 1h.11 ,,f tlw lint· in .1 n·rt.tin r.ttio. 
Through nnf.unili.trit~ \\ ith tlw principll'-. im·e~ln·d thl' inn·ntctr" 

"'lllll'tinw-. ,,.,.,nllll' th.tt .111 .tppr.,,im.ttc lt.d.mn· -.twh ·'" mi~ht I>:! 
ultt.tim'il hy u-.ing .1 -.implt· n·-.i-.t.tnn· i-. -.ufticil'nl to IIIL'Ct all rc­
quirt·mt·n h. .:\ onL· of tlw-...· .trr.lllgl'llll'lll .... howen·r. c.tn ;1\·oid I hc 
l'!Tt·\"1" of dt·p.tnnn·-. .. r tlw lin1· impcd.tnt·l· irom tlw '.dul',; f.,r which 
tlw lll'tworko; .trt· 1k-.ignt•tl nor l".tn tlll'y k·ttt·r thc pt•rform.ulCC of 
thc pn· ... ·nt n·pt·.ttl'r" in n·-.pl'l'l to thc l'llcct-. oi impcd.tnee dt·p.Lrlllrl',;. 
1'-.u.tlly ,..twh circnit"' .tn· inferior in :-c•llll' impnrt.lllt rL'"JlLTl to tlw 

arr.tngt'llll'llh now in u ..... ·. 
:.?. ('trtl4ils tBillf! R.at~tias. ln unt· typL' .,f circuit th · ill\"L'Iltor,; 

prt~po~ to u~· rectilil'rs to prnt·nt thc coutput L'ller~y of om• amplificr 

Fig. 6 

.tcting npon tlu· inpnt cirntit "' tht other. .\ ,..impll' di.n~ram illu,;­
tr.tting tht· "IH.·r.ttion of thi-. ,..,·Jwnw i-. ~in·n in Fi~. ti. Rl'ctilicr,; are 
pbcl·d in ~·ri,..; with thc inpnt .md coutptlt circnit-. .. r bt~th ampliticr,; 
.uul poll'd in tlw din·ction-. indic.ttcd lty tlw arrow lll'ad,.. which J>"int 
in tht• din·cticon tlw n·ctili.-r j ... -.uppo,.,t·d to pnmit ntrrt·nt to Jl"""· 
lt i-. .trgm·d th.tt tlw rl'l·titil'r in tlw .. utplll ~·ircuit of t';H·h ampliti1·r 
pt:rmit-. onl~ 1·nrrt·nt-. of 11111' pol.trity to L'lllt'r tht· lint• atHI th.tt the 
n·nilin in the inptll 1 in·nit .,f tlw oppo-.it•· amplilitT is sn polt·d that 
tlw-.c: outpul curn·nt-. t'.lllnot p.t ...... it intco tlw in pul eircuit anti, 1 ht·n·­
fon·, -.in;.:in;.: Ltllllot tHTIIr. 

lf .1 \\,1\·c .trrin·-., for t'\,llllple on·r thl' lint• \H'..,t, th..: p ,,.iti,·c h.tlf 

\\,t\"t'" Jl.l".; throu~o:h thc n·•·tilit•r-. I .111 I :! int • tht: inp111 oi th.· l'.t-.1 
houud .11\d the "utput of tlll' Wl'"'l J, •und .tmpliliL·r n·-.p,'('li\'el~·. 
Tlw 111 g.Jli\1' h.tlf \\,1\1"" .tn· ~uppn·-.~~·d l•y th•· n·~·tilin-<. Thi-. i..; 
illu~tr.ttl·d h\ l·ig. i \\hi.-h "'h""" th1· \\,tn· .m·i,·in!-: on·r thl' lint• and 

l·i~-: "''hith """''"' tlw p.trt .,f tlw \\.tn· \\hi.-h t'll~t·r..; thl' amplifi1·r,;. 
I h.tt portion \\ hi1 h n·.t1 ht ... th•· 11111put oi tlw "''"! J,,,und .tlllpli­

ht·r j, J.,..,, \\ hilt· tllt' porti1111 \\ hidl n·.wlw ... the input of tlw l'a>-t hound 
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.uuplilit·r, j,.. .uuplilit'(l. .1111! p .• ,.. ... ,.t( on through tlll' nTtilit·r :1111 th<' lint· 
l',l"l. lf tlw .llnplilier wert• 1'11111plt•ll'l~ di-.tortinnh·-.-. olllll. tlll'rdnrl', 
c.lp.thlt· oi .1111plifying dirt·<·t currenh .111d tlw n·ctilin ... pt·rf<·ct, th.11 i-., 
<•ITerinl! tnu rt·,_i,..t.IIII'l' tu eurn·nt" iu ntll' dinTtion .111d inlinill· n·-.i ... t-

Fig. 7 

Fig 8 

ancc to curn·nt:- in the oppo:-llt' direction, thc curn:nt,.; Iransmitted 
to thl' line t'.l"t would han· the w.tn· shape:- slwwn in Fig. :-i . 

.-\s it wuuld he impracticahle to m.tke thc amplilicr amplif~· the 
direct-current componcnt of the wan· shown in Fig. 8 the amplilier 
would tend to send out a w.tn· soml·wh;tt likc that ,.;hnwn in Fig. !l, 

Fig. 9 

which is the wa\·c of Fig. '- with thc dircct comp.ment rcnwvc.l. 
The rcctificr 3 thcn suppre,.,.;es thc ncgatiw half \\'a\·cs, finally per­
mitting thc wa,·e shown in Fig. 10 to pass to thc line cast. On account 

Fig. 10 

of the grl·at di,.tortion in\ohcd the quality uf ... pcech would h:! grcatly 
impaired if, inrleed, thc spl'lTh would not be rendercd unintelligiblc. 

,-\,.,.uming. howen·r, th.tt intt.'lli!-6ble spo.:cch is pos,.;ihlc in ,..pite of 
thi,.; di,.tortion, the rcctificrs would not pren:nt singing. Supp·)se tho.: 
repl'ater shown in Fig. !} to hc cut into the linc shm\·n in Fig. ,j at R 
and that wavcs are arri,·ing from the line wcst. Therc are ccrt.1in 
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lint• C<>llditioll, 11hit h .trt· pr.u·ti< .dh tt'f'l.tin tu ,.,i,t.llld which wuuld 
"""d h.t<l.. ntlntnl 11 "'' tho~t \\ould rt·\t•r,._,. tht• pott·ntial anoss 
thl' lin<· ,.,,,t .11 tlw ll rmin.d., ul tlw rl'Jit'.ltlT. Ltu,..ing impul:-es to 
rl'.lt'h tht input of thl' \H''t luollnd ~llllfllitit·r. Tht',..l' impul,.t·,.; will bt• 
.tmplitll'd .111d n tnnwd tn tlll' lint· \\t·,t '' lu·r(', if >-imilar 1 ondition,.; 
,.,j.,,, tlw~ \\ill on•·t· morl' tllltT tlw ,.,,,t luotmd .llll]llitic·r. lf the 
g.tin-. .Jr• gn·.tt t·nongh to oll'-4. t tlw lo,..,..t·" c.tll:-1'<1 hy thl' rl'ctilit·rs, 
1 lll' .,~ 't•·m '' ill ,.in;:. 

lt i ... , tlwn ICJr<", ,., idt 111 th.tt n <"litin" oiTt·r no ch;mn· for imprm·ing 
<•11 tlw .wti<•ll <>I tlw pn·,t·nt tq)(·-. 11f f"Jll'<lll'r,.; lwcatht' tlwy cau,.;l' 

Fig. 11 

"·rion' di-.torti1111 .tnd do not prn ··nt .-.in;..:in~ l'Xl't·pt nnder certain 
~pn i.d •·•·ndition-. 11111 likt·ly to l~t.· found nndl'r practic;d condition,.;. 

:1. Cirt llrl~ rnrnt: 1/z:;h-Fr<'qllt'llt y .'l;,·iltlzinr,. .\notlwr dt.·,·in: which 
:,.. ln·cpu rllf~ propo-.t·d in 11111· form or arlf•lht·r j., illu.;tratl'cl in Fi~. II. 
fn thi-. • ,,,.., .tn .11npfit'u r j, pr11\ idt·d fur •·.lt'h dirn·tion of tran,..mission. 
'I Iu·._, . .tmplrtwr' .trt· '" •ft·,..i.~.:twd th.tt tfwir ;nnplifying poll't'r can l..ll' 
1], ,..tro\t"d .tnd n·,..ton·d pt:ri•uli ... dh .tt high frl'qllt'll!'\' hy current,.; 
Ir< 111 .1 -.uit.d,J,. >-ourn·. tlw .unplitit-r in llllt' dir<'ction IJL'ing- ani,·c 
\dwn tlw 11tllt'r j,. in.wti\t·. TIH· in·<JIIt'll!'\' of tlw Ctllltrolling cur­
r•·nt-. j, ,d,.,,,. tht .tndif,f,. r.tng•·. Iu .1 \,tri.ttion of thi,.; >-Cht'llll' a 
1--inglt- .tntplitwr i-. ll't·d 11 hich i-. point•·d lir"t in ont· dirl'CI i .. n and 
tht 11 iu tlw otlu r ,,, ·• fn·•ru•·nc~ ·""'''' tfw .uulihfl' r.tn;..:t·. lt is 
·•rg11cd th.tt :-iruc tht·Jt i-. .1111pfiht.l1ion in "nfy ont· din·t·titon at ;tll\' 
gi' •·11 in-.1.t111 1 hc· :-\ -.t<·rll • .11111• •1 -.ing. . 

ll!l.tgin•· ""' l1 ·• rt-p• .litT tto f~t.· itJ-.nt•·d in tlrc li1w ;~t R in Fig. 5, 
·lltd th.tt "'i' t' \\.1\t'' .tn· .mi,·in~o: P\t·r tllt' fint• inom .1 1• Uwin~ tn 
tllt' ll.llllrt· tof tfw lt'IH'.tlt'r tlll'..,t' \\.1\t'" \\ill ltt• t'tlt ttp int11 a scries 
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nf pul-.t·s h,t\in~ .t frl'ljllt'llt"\ l'qll.d l11 th.tt 11i tlw l'llll!rollin,., IIIITI'Ilt 
.uul \,tning in tll.t).:nitudt• .wn•rding '" tlll' -.h.q>~· oi tlw '"in· \\,t\1' 
l11·iu~ tr.tn-.mittnl. l'ht·,..t· pul-.t·,.. \\ill lll' p.trti.tlh n·llo'l'tl'll .tt tht• 
irn·gnl.trit,· n~ .tnd partofUwir ,.,ll'rgy "ill n·tnrn to tht· rqll'.ttn. 
I lno· to tht· f.tct th.tt .1 linitl' tinw is n·qnin·d for tht· puJ ... , . .., to p., ...... 
ir~>nt I< to H~ .111d h.wk. tlwy .tn· likl'l~ !11 .1rri\1' .tt tlw right nwnwnt 
(II lind thl' ,llll(llilil'r !"l'l fpf ollllplifiC'.t(ioll i11 tht• oppo-.itt• din•l'ti<lll, 
in '' hidt o".l"t' I hey will p.I!"S thmugh to\\ .mJ.., .I. For .1 sin-:lt· irrl'~­
ul.trity, it W11tdd l•t• pos,;ihll' to ~l'll'ct .1 fn·qut·n•·y ,;uch th.1t tlw pul,;e 
wnttld n·turn \\lll'n thl· n·peall'r j,.; !"l'l .1gain-.1 it, llllt this would rl'­
quin· .1 dillo·n·nt fn·qtlt'llC'}' for each irrq~ul.1rit\ whil'lt is oh\·iousl~· 
imp••,..-.ihk. 

In 1'.1!-t' thl' linl' cannul tr.lll ... mit tht· lti).dt fn·qlll'IH'Y pul-.t·,;, their 
l'llt·rgy would lll' ,.;torcd in the induct.IIH'l' or <\tp.wity of the lir,..t ck­
llll'lll" oi the line L2 and relurrwd to thl· .llnplilil'r wlwn it i~ in condi­
tion tu tran,..mit from L2 to !. 1• To a\·oid tlll' l.ttter ohjt·ction it ha,.; 
heen propo,..ed to employ low pa,..,. lilter,.. on tht· outpul ,..ide of eadt 
onc-\Yay .tmplilier to l'OII\'l'ft the high frl'qllt·rH·y pul,..e,; back into 
on.Jinary Yoicc wan·,.. beforc pa,.;,..ing tlwm into thc linc. but thi,; 
ob,·iou,;ly ddcats the ohjcct ,;mrght in u,;ing thc high frcquency 
t'nntrol nf the amplification lwcatbl' each amplil'll'r now recci,·e,; 
onlinary n1ice W<l\'l'S and gin·,.; out t•nlargt•d mpies of tht'm which 
are suhjt·ct to the same relh-ctions .IS if plain one-way amplilicrs 
without the high frequency ,·ontrol had ht·t·n u,..ed. 

From thc::oc C'On,.idcrations it will readily lll' st·t·n that repeater 
"Y"ll'lll" dl'pending upon high fn·qut·ney \·ariation of the gain tn 
a\·nid ,..inging aml the ncn·,..~ity ior impt·<l.tncc habnces arl' inhercntly 
unwnrkaule. 
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"' ,",.,,, J'lu, 1"11" r do.,. nl"·' ll1o· pr.u tu . .l .1ppli<.11icon~ col lr.ll~•llli"iolll 
fll,lllll<ll.tll<<· lllllh••l- 111 ,, td<plwnc· ''''''"'· 1'11<' llll'lhc•l, .opplac·alok to 
tcoll < "' 1111' col '.IIIIJII' 1, I", .1n· lir-t '""' u,".~J. inlormal ion lot·in~o: inl'l111h·d 
n 1h • tconn<-.llml on tlw llt.liflh·n.lnn· col lht· amplilit•r cir,·nits ill\·oln'<l in 

ldo•phont• ....... ll<·r· .111<1 ··.uril'r. r •. ,._in.: lll<'thod~ .lppl.ic.lhlt• '" ~lll' local 
cor t \1·h.tll).:<' .or<·t pl.wt .tr<' 11<'\l llt-.,.·nl .. ~l. t!•.•· o),.".·npllon llli'IHol~n~o: bot.h 
1 J,lfJu.ol .uul 111.11 hmt· '" 111 hm~ ,, 'I''"'' I ht• n·•ults aiTOI!Iph>lll·d 111 
looll .ond h•.tl tr,Jn,llli'-11111 m.lilll~ll.tll<'< 1111rk arl' C<>lhidt·rl'd lrum thl' 
't.tnclt••mt col llu.• kmcl, oi trconlolo- 11hith t·.tn Iot· l'liminall'l ancl tht• dll'l'l 
whu·h tht'""'' lrcoulolt> h,l\'t' Oll M'llicc•. 

J'h<· nu·thc•l• clc·".·nt.<~lln tlll' n1.1in l••ly ol lh<· p.1pt>r rl'l.tlt• partinrl.1rlr 
I•• "'''" ol \·ulunu· t·tlu·i( lh'\' ( ·t·rt.1in ullu.·r tr••n~•ni~ .. ion lll.&inh·naJKt' 
l< '1111~>: nu·tlu•l' <lllc'\·th '''""" i.tll'll wil h YcoiHnw t·llicit•lfq ll'•l• otrt· loril'lly 
<I<.,. ril ... ,l 111 .\pJ•'IIII \ \ col llll' 1'·11'1'< 

I T j., tlw pnrJI""''' 111 thi"' p.qwr to pn• ... t•nt ;1 !-:t'lll'ral pictun• of the 

pr.u tit·.1l .1ppli• .11 ion,.. of nwthod-. of llll'.t"tlrin!-! t ran,..lllt,..,..lon 

l'llll'io•IH'~ in tlll' B .. ll s~-ll'nt \\hidt h.l\'l' '····~n dt•\'t'lllpl'd hy ,..uuly 

.IIHit·'I"Tit·IHt' nndl'r pl.1nt "Jit'f.ltin~ t'fllllliti"n". Tlw rapid growt h 

,,( tht· ll'l<')oh·•n•· indu-.tr~ h.t ... 111.1d1· it nt•n·""·'r~· th.tt tht·,_,. lllt'lhod" 

ln· -.IJt h ,1, '" .tl),.,, tht·•n '" 1 .... lpplit·d on a l.•rgt• ,..,·;dt· in a ,;y,;­

l<'tll.ttlt .1ncl ,., . .,n.,lllil'.d lll.lnllt'r tht·r!'hy proYiding for a quick 

p .. ritHiit dwt·k nf tlw l'llll'it·twy of tlw ,,,riou,.. typt•,. of circu it" a" 

tlw~ .1n· ll"'t·cl in ..... :n ict•. 

l'r.ln"'llli""i"n nt.lint•·no~nn· t',lll Iot· loroadl~ dl'lim·d ,,,.. th;1l maintt·n­

.llll't' \\ nrk \\ hil'h i-. clin·t·tt·d prin1.1rily tow.ml" in,..uring that t Iw talking 

l'llwit·llt'it·"' of tllt' t•·lt·phniH' 1 irl'uit,.. .lfl' tho-.t· for whil'h the l'irl'uit" are 

clt· ... i~;n~··l. Tllt'rt' .1n·, of l'llllr""'· 111.111y •·lt•lllt'llh whi.-lt alTl't'l the talking 

tllll'i•·nt·\· .1nd \.1rinu,.. d-l' .• uul ,,., .. lt'"'" .tn• ;1\·ailahll' for l'lwl'king the 

l'll·t·tnLtlt h.u.ll·t•·ri ... til·.., of • irntih .111d l'!)llipnH'Ill tn i11sun· that tht'"l' 

• h.lr.lt'tni-ti• ... 1n· J ... ing lll.lint.tint·cl in atToni.IIH't' with tlw proper 

-.t.llul.ml- ln tlll' li11.d ,,n.d~-.i ... hm\t'\'t•r, annn·r;dl ,,.,.., of tlw tr;ln>'· 

111i-.-.icon l'llt• it·lln of tlw ··irn1it in th•· l'llllditillll it i" tbt~l in :<t'r\'in· 

\\ill-.ho\\ .11 11ntt' \\h1·tlll'r it ;._ !-:i' ing tlw '"""· or in tlll' ca,...~ .. f ampli­

ltl'r 1 irn1it-.. tlw g.1in \\ hidt it ,..hould gi,-,.. Tr;IIJ:-Illi,.,..inn tl'st:-o, 

tlwrdcort·, "llt·r .1 tllt'.llt-. wlwn·l" fll,lll\' .. r t Iw t·lt·ct rit·.d dtara•·ll·ri,..tirs 

"f ··in·nit-. ···111 1 ... q11irkh- .11111 .1·,..-ur;tt~·h· dwck('d. 

ln rl'fnring to tr.lt...,nti"""i"n te,..ting :IJIJI·"··•tu"' in thi,.. p.qwr, four 

-.t.lltd.trd 1\ )H"' tlt ... nil"·d in pn·Yi"""' p.1pl'r,.. .lrt' in\'loln·tl. Th t· lir:-ot 

thlt'l' t~ )"-. li-.tt·d lot·ln\\ \\t'rt: d~·-.crit ... d lty Bt·,..t ancl the fourth hy 
1',, r , .... 111 I II ,, ... l'.lltli I .. ,,. 1'<111\'<'lllion, .I r. 1·:. /-: .. lkloh,·r. 1'1.!-l; 

.1h1111tl tllll')""' I I h 1-,\ul tl,p.l121,1'1.?4 

!.I.J 
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( 'l.1rk.! 1<\'l·,.n·Iu'l' in tlu·-.1' p.qwr:- "·'" .d,.,o 111.Ld1· to thl' -.L1nd.ml 
tbcill.ttor-. u-.,•d in :-npph ing tlw nh·,,,.,nrin~ •·nrn·nt-. for thc "t'h. 

I .I Tmll.\lllissro/1 .\/msuri11~ .'-o'!'/. l'hi,.. i ... u1 "l'.Ir hd.IILn·" 
pnrt.tblt• :-1'1 :-uit.thll' for loop tr.lll..,rlli.., .. ion ll·,..ting onl~ and d1·:-ignc·d 
prim.trily for ll':-ting l'IJIIipnu·nt .tnd l'ir.-uits in tlw .. m.dll'r .-c·rit r.d 
otlin·s. 

3 ..! Tral/.ollission .1/t'asurinf! St'/. Thi,., i-. .1 "nivll'r h.d.uu.:l'' 
pt>rt.lhle ~~·t :-uit.Ihll' for hoth loop and ,..tr.tight.tw.t~ tr.tlhllli"-.i.,n 
tt•,.;ting and dt·,.;igned primarily f.,r tt·,.;ting !'in·uit,.; and c·quipnwnt 
i 11 tlw l.t rgl·r n·ntra I ollic""· 

I .-I Trmr.wrissinn .\lt'tlSIIrinf!, ~'l·c·/. Thi,.. i:- a "rnetcr I •al.tlll'l' .. ""' 
,.;uit.Ihl,• for both loop and ~traight;may trallsmi,.;:-ion k,.,ting and 
dl',.,igm·d for perm.llll'lll in,.;talbtion at tlw I.Irgl'f toll oftin·:- prim.1rily 
ior ,,.,..ting tollcircuih. 

" .I (;ain St•f. This i,., a "nll'tl·r halann·" ,.;d ch·,..igned for nwa:-ur­
in).'! ;unplitil'r gain:-. 

l'erl<lill other lc:-ting llll'lhotb in addition to \·olnnll~ efti!'ii'IIC')' 
,,.,..t,.; ••n· al"" l'Xklbin·ly u,..ed in transmi,.;,..iun maintell.tnn· work 
and ,.;t>llll' of the more important of tlll',.,l' an· hril'tly di,.,cu,.,,.,pcJ in 
.\ppt'llllix .-\ uf thi,.; paper. 

~ince thc rontinc pruccdnre,.; in to..~..,ting toll ,·ir!'uib u-.ing the ;IIu>n' 
app.1ratn,.; ditl'cr cunsidcrahly from tl10sc followcd in thc local or 
cxdungt• arca plant. thc toll and lo<:al practiccs han~ ht·en considcrcd 
separately in thc following di,;cussions: 

Tht• import.1nn· of ha\·ing a\'ailah le mcans for quickly dwC'king 
thc tran,;mj,.,,..ion eftiC'it·m·y of tnll cirn1its and of economirally main­
t;tining thc prop1.·r ~tandarcl nf tran,..mi~,;ion i~ c\'ido..·nt whcn it is 
C'on,..idered that in a plant ~11ch as that operated hy thc Hell ~y~tl'lll 
there an· at thl· prc~cnt time rnore than 20,000 toll circuits in scn·in·. 
Thc circuib lll<tking up this sy,.;tem arc of \'arious typcs and cnn­
~trunion, depcnding on thc st·n·iee requirl·mcnt~ and lcngth, and 
also upon lertain otlwr L1ctors determinl'd hy engineering and 
l'C'onomical de~ign nmsideration~. 

Frorn thc standpoint of maintaining transmi~,;ion cfticicn"y het\H't'll 
toll ofliC'cs, the \·ariuus typt·" oftoll eirC'uits can hc diddecl into thret• 
gl'neral cl .• ,.".._...,: one, non-rl'peaterl'd circuit,;, two, circuih cquippcu 

1 F. II. lh-~r. "\!t-.1suring \1~:1 hods for \laintainim: thc Tr.uhmi,;,;ion Etlil'icnc\· 
of Tc.:lt·t•honc Cirnrits." Jorm11rl oj tlu ..t. I. E. E., Fd.~ru.~ry, t•JH. .\. B. no.~rk, 
"Tclephont· Tr,msmissiun O\'cr l.ong Cat.lc Cireuils," J"'""''' oj tlrt' .I /. f~. r:., 
Janu.uy, 1923. 
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with tdcphunt· rqw.ltt·r-. .111cl thrt·t•, circuit,; <'<)llipJWd for carricr 
"lll'r.ltion. Tht• l.1tlt'r 1\\o d,,., ... ,.~ .trt• .tliJ.:,. in man~· n'~pt·ct,.. a-. far a~ 
tllt' mainlt'n.lnt·•· mcth .. d-. .tn· ,·.,nc·,·nH·tl .wtl b11th n·quin• ,..omewhat 
II1C>r1' .tltt·lltilln than thc circuit' not t·quipJwd with amplifyi ng­
·•JlJI.tr.ltu-.. Thc lt·ra,th .111d numhl'r of rqwatt·r~ inn1ln·d arc also 
import.lllt f.wt.,r-. \\hich mn-.t Iw t.1kt·11 account of in t.llldt•m repcatcr 
and c.,rri•·r circuit m.lilltt·n.lllet'. \'•·r}· long t;llldcm rqll';lt('r circ-uils 

I luslrattun uf ·I .\ Tr.llhllli<',io>n :\ll·.t,uring Set aml -1-B Osc:ilbtor lnslallcd 
in a Toll Tl'~t Roum 

-.uch, f.,r t·x.unple. a' tlw l .. ng toll c.tl.J,. circuih de,;crilwd by Clark2 

n·quir .. "J'I't·i.tl m.tintc·nann· procedur•·" >-imilar in many rcspC'cts to 
thcN' n·quin·d in t'.trri.·r fll,lilltl'll.tlll"t'. 

Tlw 1-.\ I\ pt· of tr.tn-.rni-.-.ioll llll'.t"llrill~ st·t gt'lll'rally tl"t'd for 
tl'..,ting t.,IJ ,.jrc·uits 111,1\ Iw t'<lll-.idt·r•·tl ;ts a toll tr;lllsllli,--.ion test 
d, . ..,J.:. I· ig. I -.ho''-. ,, pictun· 11f 111l1' .. r thl' latc"t nJoth·l,.; togl'thl'r 
with .111 .,,.,,·jll.tt••r f.,r ~11pplying tlu· llll'a-.uring I'IIITt'lll, in-.talll'cl at 
a t"ll ollin· for ""'' in r"ntilll' 11'-.ting. Tlll' -.1'1 i,- prm·idl'd with 
trunko; t11 hoth tlll' toll t•·-.tho.trcl .tncl toll -.\\itchhoanl, ancl also 
\\ith , ·,tll cir•·llih to tc•ll "Jll'r.rt~>r-.' po,..iti1111" for u-.e in ordl'ring ttp 
cirntit-. f.,r ,, .... ~, Tlw ,.,,.,., rit·.tl ·u"··•"ming circuit i,- dt•,..igned so that 

,, . ..,..., lll.r} Iw "'·""' 1111 two toll· ··ircuih lnopt·d at lhe distanl <·ncl, or 
..,lr.tight.t\\,1) 1111 onc toll c·ircuit tlw di ... t.Lnt tl'rmin;tl of whi<-h tl'rmi-
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n.llt'" in .111 ollll"l' .d'" t•qnipp1·d with .1 lr.lll ... llli ... ,j.,n llll'.t"nnng st·l 
of th1• "'11111' l\"(>1'. 

Tu illu ... tr.tl<' llll' .tpplir.ttion uf thi ... tull lr.tll ... rni,. ... ion 11' ... 1 dl' ... k, 
Fig. :! ,.lt""' ... dwnJ,ttic.dl~ .ut .IIT,Jil)-:1'1111'111 ol j.,ur '"II ullln·" h.J\ in~o: 
eircuit" llt't\\t't'll lltt·nJ of 1lw thn·1· ).:l'llt'r.d d.l ... ,.l.... nun-rqw.tt1·n·d, 
repcatl'n·d .utd c;Jrril'r. Ul"f~rt·,. .\ .111d I> .tn· I'CJUippt'd \\ith tr,lll ... · 
mi,.,.inn nw.l"uring sl'l ... of thc t~ p1• o-ho\\ n in Fig. I. .\ l .. gic.d lt·::.tlno.: 

ol orr Ce A -

cg 
rn 

-

Toll OU.ce 8 
,....--

ToiiOfr•ce C 
,....--

Fig . .! S..·hcmatic Di;11;:r.m1 of Typical Toll Circuit Layout to lllu,tratc ( ;,.n<·r.tl 
:\lclho<l of Tc~ting :\on-Rcpcatcrcd, Rt·pl'atcrcu and C.trricr Circuils 

pron'(lnrc for the arran~ernt·nt in Fi~. ~ j,. fnr officcs .\ and D to te,;t thc 
non-n·peatered rircuic,; l to I and 111 tu 1:~ hy h;n·ing them lonp1·d 
twn at a time at thl' di,;tant tcrmin;d officc,; B ;111d t •. B~· "triangu­
lation nwa,;url'rncnts" on any threc circuib in cach group, thc equi,·­
all'nt of C'ach indi,·idual circuit ran lll' rcadily computC'd. 

Fnr thc circuits .) to !l cxtending bctwcen otliccs .-\ and I> ertuip(wd 
with tclephonc rcpcatcrs or carricr, straightaway 11\C'a-.uremC'nts 
can bc madc in C'ach dircrtion with thc two tran.-mi,.,;ion me.tsuring 
scts providcd. Loop tcsts rould, of conr,.e, al,;o IJc madc on the 
circuits from cithcr ufticc .\ ur I>. lmt thi,; wuuld requirc cuttint:" 
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the tt·lt·phoru.· repe.ttt•r-• out of um· l'irnrit or h.l\ ing- a\·ailahll· a no n­
rl'JlCatl'recl cor ucotJ-C';trric·r cirnrit, ~inet• thc g.rins of thc n·pcaters in 
tlw t\\o dirl'ction-. introduce ,·;niahlc· f.tctor-. in thc on•rall cquiYalents 
whidt do not permit tri.tngul.ttion cnrnputatiorb to hc madc. Thc 
o\ c·r.tll te-.t-. cou 1 Iw c.arrit·r cirntit-. clo not dith·r in any way from 
thc· tl'"'"' on rc·pt•;tll'n-cl or non-rc·pe.ttereclcircuits, cach carricr channcl 
lwing u· ... tc-cl ,,,; a ~eparate cin·uit through tlw ~w itchboanls . Thc 

~ .:. .. . .--
·--

··- .. 

-·-

uu ... ~""'' "'"''""~o"'<; '5(T~ ,.._...". ... _ ..... ·'~ 

. ,_ .. 

• ;'!A, 

. __ .... 

... - ·--• ~:;-: -..-:;_w-_ 
---· ... ) .. 

1-iJ.: l \l.qo Slum inJ.: l.oK-.11 iun~ in Bell ~yslt·m uf 1\·rm.uu:nl Tr.lllsmission 
:\lt·asurinJ.: Sc·ts 

mt•a,..uring c·urrc·nt i,.. llt<JClul.ttt'cl and dc·nrodubtl'd in thc· santc• mannt•r 

·'" \·oin· nrrrc·nt-. 1111der rl'gular opc·rating- conditions and tlw nwasllrC'd 
c•qlli\·.tlent. thl'rt'fon·. indicall's tlw un•rall Iransmission dlicil'ncy. 

Tlw m.tp of Fig. :~ ~how,; the loc;llions in the Bell System of trans­
mi ... ,..ion mc·a..,uring sc·ts of tlw ~crwral type cll'scrih·d ;~hon'. :\t a 
numiJC'r .,f tlw l.tr!-:Cr toll n·ntc·rs, such as ::\e\\' York ancl C'hicago, 
\dwn· thc· numl•c·r oftoll .-ircuits to he tc·sll'd requirc: it, sen·r;tl tra ns­
nti,.. ... i .. n ntc·a,..nring ,..,.t,.. <tn· in,..t;dled. Tlwrc· an· 110w in operation 
IN·t\\c'\'11 10 .tnd .-,u ,,f thc·-.c· ,..c·ts, making- it possil•le to tc·~t all of tlw 
longl'r .tncl ruorc· import.111t toll routc--. in tlw ,..,·"tt·nl. Tlw slwrtl'r 
toll l'irntits r.•cli;tting ccut from tlw l.trgc· toll n·;ltl'rs an· al-.u te" lc'd 
with thc·,..c• ~lllll' ~c·ts .. \t tlw ,..lll;tllc·r c 11ins \dWfl' fixl'd transmis"illll 
rrwa~uring ~\'1-. arc· 1111t warr;IIHc·d. tlw toll drcuits whieh ca nnot he 

pic kecl IIJl by th<' largl'r • Hin·~ arc· lc'sh'll hy portahlc Iransmission 
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nw.t,.,llrin~ "l't" of tlu· 1-.\ or :1-.\ 1~'11\'~ in t'Oilllt'Cti"n ''ith otlwr m.Lin­
l\'ll,llll'l' \\ork. 

On\' vny l'""t·nti.d r\'quirl'lll\'llt in 1'.1rryin~ llll .1 ,.,,,..,,.,n.Ltic tt"-.tin~ 

pro~ram i~ to have n•t'llrtb of tlll' •kt.tiled lll.lkt·up of tlw toll l'in·uit-. 

'' hich ~i\'\· h"th tlw l'ircuit layouh and tlw t·quipnH'nt ·'"'"'"ci.lt\'d "ith 
tlw cirruit~. "uch a record i,., \'aluahk. not "nly in givin~ tlw m •• in­
tl'nann· fon·e~ a picturt• of tlw circuit~ and equipnH·nt "hich tht·y ,, •. ,. 

I--

\" e ICMIOV•~I•f C~lfe>e:)C• 

TOLL CIRCUIT LAYOUT RI:CORO 

n·-~··~ - :-.:::;-· .1:::: ::.•.::• 

-

,... ..... ...... .::. 

-!­.... 
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-
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Fi!!. 4 S.unple of a Toll t 'in·uit Layout Rccord C.wl 

. .... ~, 

tcsting, hut it al ,..u furni~hes a nwan~ for e,.,tahli,.,hing- the tran~mi,..~ion 
standard~ to which they shuuld work. \\'hen tran,.,mi,.,,;ion te,..h indi­
catc trouhlc, thi,; reconl hecomes of p;1rt intlar ,;en·in· in locating and 

dcaring thc cau:<e. 
Fig. I show,; a ~ample of tlw type of tollcircuit Iayout rerord canl 

which ha,; prm·en ,-cry :<atisfact"ry and is 110w gt·ncrally u,;t·d in thc Bell 

System. 
Telephone Repmler and Carrier J!ainlenana. \ 'oin· freqw·m·y 

tclephonc repcatl'fs werl' discu,;~cd in a paper hy \Je,.,,;r,; . t ;lwrardi 
and Jewett3 and carrier systems in a papcr by :\les,;r,; . Colpitt,; and 
Rlackwcll.' Tlw varim~,; arrangcments of arnpliticr,.; to prm·ide for 
tclcphonc n·pcal\'r and fur carrier O(Wration a,.; de,;cribcd in tht·,.,t· 
papcr,.; make up integral partsoftoll circuit,.; and introducc cll'mt·nt,.; 

'l.h('ranli and Jcw.-tl, "Telephone Repealcrs," Tmllsar/ic.lls of .1. /. 1-:. 1·:., 
t'>t'>, \'ol. XX\'111. part 2, pps. llXi lo U-15. 

1 C'olpills aml ßl.tckwdl, "C'arril·r Currl'nt Tt,lephony and TL·lq:raphy," Tralls­
actions n_l .-1. /. E. E .. 1'>11, \'ol. XI., pps. 21l5 lo 30il. 
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in tlw t·ircuit~ "flieh h,,, e to 1..- ~o-:i' t'll p.trticu!.ar ltwa! .tttt•ntion in 
rn aint.tinin~o: t!w 1)\ t·r.d! tr..tll,l1\j,,j.,n enicil·m·y. ~inn.· hot h t l'll'­

phont· n·pe.ttt·r~ .md c.1rrit·r t·mp!P~ tlw ~11\H' IYJll'" of , ·acuum t ubt·~ 
" ith n·ry ~imi!.tr .trr.ln~t·ntt·nt ... ior powt·r :'Upply, tlw nw intena nce 
n·qnirt·m~·nh for tlw ,,,· ... m· tlllll'h thl' ~tl11l'. T lw chid itt·m,; to 
I~· oh~·n·ed in lmth c.trrit·r .tnd rept·.ttt·r maintenann· arc tha t the 
,;.tin ...... pecitied to gin· a dt· ... in·d "' t·r;dl tr.tn ... mi, ... ion eqn i,·a!t-nt he 

,,___ ______ ® 

___j 

I•• · '"'n\t ··.".·~ PQ..~ .. t Ol'""f".'!'•!Y.•C"l 
:•r'"'f..,1.8.a.,·t• ·"h 
"'h·tO"'"~t•~ S..~ C.. .. ·ut• 
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® 

h~:. 'i -,.lwm.otit lli.o~o:ram of .1 22 1\p<· Tl·kphone f{qn·all'r Sluming l mpurtanl 
l.n< al Tr.u"mi--inn \binlt-nann· T"'l' 

kt·pt .t'- l'<JJbt.tnt <t'- po ...... iblt·, th.tt the,;t• ga in ,; n·n1ai n fa ir!) uniform 
within tlw r.tngl' of frt·qut·ncit·,., inn•ln·d, a nd t hat l'll lHlitioth do not 
t·xi ... t whieh will di ... turh the on·rall h.tbnn· lwt\lt't'n th l' t· ircuih 
.md n•·twork" ... urticiL"ntly to l'.lll"l' p11or qH.tlit~· 11f tran,;m i ... ,.. i.,n . 

Con ... idt·rin~ lt'lt·ph"n•· rt·]w.tlt·r lll.tintt·tt.liH'l', Fig .. i ... Jw w,; a ... clw-
11\.ltie di.tgram .,f .1 :.!:.! t~ Jll' n·rwatt-r and indic.t((·-.. the important 
,, . ..,, which .tn· lll.l!lt- lnt·ally to in..,Hre th.tt thl' .tppar.ttu,.. is fun ctinn­
in).! in a "-tti ... Ltl'lnr~ nt.tntlt'r ,,.., .t p;trt 11f ;t toll cirntit. T!w lllltlllll'rs 
.tpplit·d to t Iw dilll'n·nt tt· ... t,; Ji,tt·d in 1 Iw ligurt• ,;)\Ow ;t pproximately 
t!w point,.. in tlll' n·pt•,tlt·r drcuit at which the te,;ts ;1re mac le , thc 

purpt "-l'" of tlw I!'""' l~t·in~ t·lidc·nt from tlwir nanws. 
\\'la·n c.trrit·r "Jll'f.ttion i, npplic·d 111 toll c ircu it;;, an a dditi o nal 

tr.tn ... mi-..-.inn ,..~ -.lt'nl i,; intrndttn·d in,·uh·ing t lw ll"l' uf curre nts of 
hight·r frt·«ptt·n.-it·!> th.tll thtN' in tlll' 1·uit:c rangt·. F ro m a main-
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ten.tnce ~t.tntlpcoint thi-. llll'.ll!-. th.tt n·rt.tin additional te,..ting- nwthml,.; 
mu-.t 111' l'lllplo)l'cl "hi.-h will in-.nn· tlw proper J.!l'lll'r<ttion and tr;m,.;­
mi,..-.ion cof the • .trri.-r .-urn·nt,.. .tnd th.tt tlll' modnlaticon and de­
lll<Hilll.ttion of tlw \coin· fn·qlll'lll'~ ('llrrt·nt,.. is accompJi,..Jwtl witlwut 
tli,.tortion or l':\n·,..-. ] .. ..,,.. in o\'er.dl tr.tn,..mi,.,.i.,ll. 

To gin· a gl·ner.d picture of tlw mon· impcortant fl".tlun·,.. iuvoh·ed 
in the tr.lll-.mi,..-.ion m.tilltl'n.tnn· cof •·arrin ,.y .. tems, Fig. li ,..hows a 
,..,·Jwm.llic di.q.:r.tlll of '' l'olrri•·r l.tyout h;l\ ing om· l'otrrier repeater. 
Thl' part i··ul.tr arr.tng•·n~t·nt -.hco\\ n i,.. fcor t he type U systl'lll desrrilwu 
l>y :\1•·-.-.r,... Ccolpitt-. and Bl.wk\\vll.~ althongh tlw s.tllll' gencr;tl main­
ll·naiH"l' con-.ideraticolb .tpph- to .tny of tlw pn'"l'nt ,.;~·stl'lll,.;. l t will 
l>l' notl·d th.1t thn·1· -.l'ri.·-. cof ll'"h o~n· n·quired. lllll' for the earrier 
rt·pe;lter-.. one for the ,-,,rril·r tl'rmin.ds ancl one for the sy,.;tem <b a 
wholt·. Tlw n.Jtun· of tlll'"l' \dricou-. te,.;t,.. and the appro:-.;imate point,.; 
in tlw c;trrier "Y"Il"lll "lwn· tlwy an· applil'd will J,L. e\'ident from t he 
n.mws ancl numl>l'r" u-.l'cl in tlw tigun·. 

F< •r hoth tell'phone l"l"JlL",ttt·r-. and carrier ,..y,.;tl'llJ,.;, pnl\·ision is 
m.HII' in tlw n·gul.tr t•·-.tin..: l'IJIIipnwnt -.o th.tt tlw tt·,..t,.; ean he n'ry 
quickly applil'cl both ,,,. .1 routin•· propo .. ition and al .. o wlwn rl'quired 
for tronlJll' loeaticon. 

Tlw tran-.mi-.,..ion contlition-. in tiH· l'Xrh.1ng•· an·a pbnt arc im­
port.lllt not only fn1111 tiH· -.t.lllclpoint of in,..nring good local scrvicc 
l>ut .tlso to in,..un· gococl tcoll -.l'n in·, -.inn· the local pl.111t forms the 
termin;ds of toll .-onnt·•·tion-.. Tlw l':\ch.tngl' ur loc.d pl.tnt oiTers a 
S<•llll"Wh.tt cliffen·nt tr.tn,.,mi,., ... icon m.tintt·n<llll't' prol•l•·m than thc toll 
pl.ull. p.trticnl.trh· \\ith n·-.pl'ct tco the ruutiue tt•,.,ting proeedurt•s 
which n111-.1 Iw fcollco\\Td to in-.un· -..tti,.,f.wtory tran,.,mi-.-.ion. This 
\\ill 111' t•\itll'nt wlwn it i-. ,·on-.ici<Tl'd th.ll in each city and town a 
con1ph·h· tl"lephoiH' ... ~ -.lt'nl i-. in copl'r.tl i1111 which itl\·11ln·s t lll' u,..c of 
.1 l.trgt· nntnlwr of cirntih cof '.triou,., 1\'pt·-.. Tlwn· are also in use 
thn·1· ,.::l·n•·r.d t~ P''" cof l<'ll·photH· ,.,witching equipnwnt,.;; manual, 
p.11wl m.whin•· "'" itching .• uul -.tq1-hy-,.,tep n~<whinl' "'"·itching, and 
in n·rt.tin citil'-. c 1111hin.ttion,.. cof tlu·-.l' •·q11ipnwnt-.. lt i,.; e,.,timated 
tho~t .11 tlw prt·--•·•11 •inw in th•· lkll ~~,.,tt·n• tlwrl' .tn· in the twighhor­
h J<H] cof two .tnd cotw·h.df millicon ,.,,·h.tll).!l' .m·;t cirntih, I:'Xclusi\"c of 
-.ul•--•riiH·t-.' luw-., itl\ol\ing t·qnipnH·tll otlwr than contacts and 
\\iting \\hich 111.1~ din·•·tl) .dl<'l'l 1lw lr.tn,..mi,.,,.;ion of ,.pn·l'h. 

Tlw gt·twr.tl l].,.., .. , .... ol <"l.ch.tng•· .tn·.t ··ircuit-. in l•oth manual and 
111.,.-hitw "" itching oll in·-.. ituport.lnt fron1 a t r.tn,..mi,..,.,i .. n maintenancc 
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,.,t.uulpoint, .tre li,.,tl'd in Tal•ll' I. TIH· opl'r.tting fl'.tltm·,., of tll.llllt.d 
telcpholll' ~y,.,tetll~ .trl' ).!l'11l'f<l lly \\ l'll know II ,,,., .t n· ,d,..o I ht· ft\l t 11 n·-. 
of ~tl'p-hy-,.,tep tll.tl'hine ,.,wicchiug :-\ ,.,,,.,11,.., l•oth h.l\·iug lu·l'n in u-.t• 

(or lll.lll)' year~. Tht• p;tlll'l lll;trltiue ~\\ itclting "Y~lt'lll \1 hielt is .1 

rl'l.ltin·ly ren·tlt den·lopmt·nt wa~ dl'scril•l'd in a p.tper I·~ :\ l t·,.,.,r-.. 
Cr.tft, :'\l orl'hou,.,l' .111d Ch;trle~\\'orth.~ 

T.\III.E I 

I 'lrl.•.!t'fimli<'ll r•f Cirnu'ts i11 /lrf 1·:.\'fllllllf:f' .I rm l'lrllll lmpor/alll frr>rll rl 1'rr111S111i.<sin11 
.1/ainlt'll<lll(t: S/rlllrlpvilll 

l.o ... d 
~wit..ltlw.>.mb 

I 'uni circuits 

llpt•rators 
eircuits 

Trunk circuits 

:\li>el.drcuit,; 

i\1.\'.t 11. <>ntn•~ 

1'. II. X. Toll 
~witrhl>oitrds Switl'hho.urls 

l 'uni eireuits Cord cirruit s 

tlpcr.ttors I lperators 
circuil~ circuits 

Trunk circuits Trunk cireuits 

:\li>d. circuits :\ I i,cl. circuit s 

~uh,..·riht•r<' loops ;tnd "'IS 
t lper.tlors' tclcphom· sets 

l'arwl 

I listriet ~~·l,·r·tors 
lncon1ing ~l'h·ctor:oi. 
Trunk circuib; 
\I iscl. circuits 

St('p hy Stcp 

l'onnectors 
Toll "·lc-ctors 
Trunk cin·uits 
\1 iscl. circuits 

Suhscrihers' loops ancl scts 
I lperalnrs' tclephonc ,ets ior 
Sp,·cial scr\'icc positions 

Toll 
r •. ,,,,.,,,rcl~ 

l'omp<»tl<· "'' 
cirntits 

l'omp< •>ilc rin~cr 
circuits 

Phantom ,\: sim-
plt'\ cirntits 

:\ l i"·l. circuits 

l~ennal cla,sl·s of t·xchan~c arm cin·uits in\'olving t·quipmt·nt 
other than contacts ;lnr\ 11 iring 11 hich alTert telcplmnc trans­
rni~ .... ion. 

\\'hile it may appear at tir"t hand front thc ahm-e discu,;~ion that 
tr.tn,.;rnj""ion te"tin~ in tlll' exchange plant i" a cr,mplicatcd and 
expl·n,..in· matter. thi,.. ha~ not pron·n to hc the case. l t ha!> lll'l'll 
found hy experiem·e that tiH' ,..y,.,tt•matic ""l' o( tran~mi~~ion mca~ur­
ing ,;et~. following the ll·,..ting mt·thod,.; whirh han· heen dl·\·cloped 
pro\'idl·~ a IIH'<Lib for pNiodirally chl·r·king tran,.;mi~sion ronditions 
with a relatin·ly ,.mall amount of te"ting apparatu,; and with a ,..mall 
111.1intenann· forn· .. \11 of the tran,.,rlli~-.ion circuit~ l'Xclu~iH· of ,.uh­
-.crihn,.,' lim·" in a 111,0011-line l'l'ntral ollin·. ('ithl'r manual 11r rnachint· 
,.,witchin~. can, fm exampll·, he romph·lt'ly te~led hy t\\'o men in a 

•t'r.lft, :\lor~huu~ and Charlesworth, "\1...-hinc S11itching T .. l .. phont• s, ,,,.111 
for Lar):c :\h·tropolitan .\r~·"·" )otrrll<ll of tllt' .I. I. Ii.. E., .\pril, l'l2.l. 
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period of lrt•JJI l\\11 to i .. ur wn·k-... Ii\ t' ;md onl'·hali ~-hour days per 
lll'ek :l"-..lllllt·d) an~ tn•ubJ,. fottnd l1eing dl'ilfl'd a" tlll' tt·sting work 
j.., donl'. Thl' Jll.tinten.tnn· of thl' suh-..criltl'rs' linl's is not ind mled 
in thi-. work -.inn· it i-. t.tk•·n l',Jfl' .,f l•y otlu·r nwthod,; ;1,; ou t lint' d 
l.tll'f. 

In ord,·r t" gi \ ,. ,1 ~-:•·n•·r;tl pi,·turt· of t Iw ;1 pplica t ion of tran,;m is,..ioll 
tt·-.ting- in 1he ,.,, h.tiiL!I' tl'h·phout· pl.111t, ;t ltri,·f di,.cussi•Al of t he 
llll'thod-.. •·tnpl~~~··d in lu•th lll.lllll.ll .llld tu.whin•· ,.\\itching S)',..ll' lll" 
i-. gi\t·n ],,.111\\. Iu •·ith• r ,..~ -..tt·Jit tlw lo11p llll'thod oi ll',;ting pro\T S 

I ·~· lllu•lr.11ion uf .t .l .. \ Tr.tn,;mi,.,iun :'lle.1suring Set Rcing Opcr.11cd in a 
\l.tiHtal t ltlin• 

mo-.t !-.cti-..f.t~·tor~, th.at i-., "111' lllt".l'-llring ""' j., u,;l'd .111d whl'rl' hot h 
tnmin.d" of .1 ··ircuit .m· .1\ .• til.dtlt· .. ,.. in cord circuits, a loop l!·,;t 
throuJ.:h tlw cirnait j,. 111.ull'. In tl',..tin~ trunk circuits two t runk s 
.cn· loopt·d IIIJ.:I'llwr .at tftt·ir di,..t.ant tt·rmin;ds ;llld a mea ... urement 
lll.uft. 1111 tlw l\\11 ccoml•itll'd. 

'f'mn~mi ion lnl.' 011 .\!111111111 t•:.rthan~c .lrca Cirnti!s. ln n·nt r; tl 
olllll', I'. B. :\ .. cwl toll "\\itchluo.trds, tlw tnnl ··irntits aud a,;,;or ia ted 
IIJWr.tlllr-.' ··ircnih .tn· 11'-.tt·d lt\' u-.inJ.: a p11rt,altle tr.msmi,;,.;ion measur­
ing .. ,.,, 11111\ in).! thi .... don~o: tlll' ito.trd-. ·•" rt·quin·d to pid, up t lll' rords. 
I i~o: 7 ..,flll\\.., .1 :1 .\ tl.tn-.flli-.-..ion nu·.a ... uriug ,;et lteiug "Jll'ratl'd at a n 
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.J "" ill·h(u,.trd (""'itiPtl. 1'111· n•nJ,., .tn· pid,t·d tq> .tltd plttgg..,( din·1 tl~ 
into thl' "~'~ .... ,.Jumn .111tlllll',l"lll1'llll'llh tn.tdt· 11f tlw ( .. .,,.. nf luoth tlw 
t'lll'd ,111d ll(lt'l',l{Pl'',._ t'il't'llih. J'r1111k t'irt·llit {t•-.{-. oll'l' lll,lllt• ol{ tlit• 

""it.-ltl"'·•rd,.. in tlw ,..,tlnt· lll.tlllll'l' ,,,.. pn·'i"11"l~ tk,..nil"·d r11r loop 
tr.ltbllli-.-.i"n tt·,..t,.; Pli tt•ll 1·ircnih, ('tll·t.tl•l•· llll'.l,.llring ,..eh ,..111'11 ;1,.; 

-.h11\\n in Fig. 7 gt't~t·r.tlly lll'ing t·ntplo~cd r .. r thi,. \\nrk. ()pt'ratnr< 
,..t·t,.; .lrt' in .. pn·tcd pt·riPdic.tlly .111d tr;llblltittt·r and nTt'i\1'1' t·fticit·n~} 
tt•-.ting mt'lhlltb ...... lllHkr lit·ld trial which Jll'll\ itk a nwan" r .... t!',..t­
ing th,.,..,. in,.tntmcnh in n·ntr.d (lfticl',.;. T he mi,.el'll.lnt·ou,.; tran,.;­
mi,.;inn circuit,; in .1n ot'tin· are tc,.;tcd ;1t tllt' p(linh wh!'rl' tlwy can 

he mo,.t conn·niently pickl'd np. T he tt'"h on t111l t1'"l h11ard 1·irntih 
.1rc lll.\dt· at thi,; ho.tnl .111d in,oln• chi!'tl~ loop tl·,..t,.; (111 tht· l'!fllip­
ment ao.;:-oci.tlt'd "ith tlw toll eircuih in t 111' ot'tin· and tc-.t:- on thc toll 
line circuit:- lwtwl'l'n tlw toll lt',;thoard and toll ,.;witchho;tnl. 

l'ransmission l't•s/s 011 .lfaclrinc S .. ildting Circuils. T he tran,.;mj,.,. 

-.ion circuit:- in p.1nclm.whin1· .. witching ,.;y:-tl'lll" arc idcntical to tlw,.,e 
in m.tnu.tl :-y:-tt·m,;, "hil1· tlw .. e circuit,.. in ,.,tt·p-hy-:-t•·p .. y,.;t,·m,.; an· 

of .1 ditlerent dt·,..ign h11t l',.,..l·ntially tlw :-;lllll' "" far a:- tran,.,mi:-,..i(ln 
(11,..!-L'" .1re conccrned. T ran,;mi,.,;ion te,.;t,.; 1111 m.lchine ,.,witching cir­
nlit,.; .uc :-imil.tr totho:-e 1111 m.1nual circuit,.; h n t in ,·oh·e ,;pecia l mct lwd,.; 

for picking up the circuits and hnlding them wh ilc: thc m casurc:mcnts 

are madc. T he ,;tan1lanl type,.; of tran,.;m i",.;ion mca,.;uring scts arc 
ll:-cd in this work in c(lnjunction with t he regtdar tcsting cquip­
nwnt prmid•·1l in the machine ""·itch ing oflil'l'" and the nll'thod,.; 
which h.IH' hcl'll den·loped oiTer a quiek and 1·onn·nient mcan,.; for 
nt.tking the t1·,..t-.. l n manual oftin·-. tlll' circuih t!'rminatl' in jack,.; 
or plug-. .1t .. witchboanJ,.. whcre they an• readily an·,·,.,.iJ,Je. l n ma­

··hine ""it1·hing .. y .. tem,.., provi-.ion i-. mad1· for terminating tlll' circuih 
in jack-. .1t tt·:-t dt·._J..:., or fram1·,., whetT they <".tn 111' pickcd IIJl l•y 
p.1tching conJ,.. and te,..ted .1,; t·onn·niently ;~,., the <·orrt•,..ponding type,.. 

of circuits in manual oftice,.., :\ bchine ""·itching "Y"tt•m,.; oller an 
import;tnt a1h-.mtage in traibllli,.;,.ion tt·,..ting work, particularly in 
trunk tl·,.ting, in that thc: cireuih to hl· t1•,.ted can hl' looped auto­
matically hy th~: u,.c of dial,. ur :-l'k-ctor tt·-.t :-l'h, tlwrl'hy doing away 
with th1· IH'CC,..,.it~ for h,l\·ing ,.;omt'«liH' at thc di,.,tant oliin· compll-tl' 
the loop-, manually. 

l n p.1ncl machine ,..witching oftin·-. the 1·irnlih inYol\ ing tralb­
mi-.-.ion t·quipnll'nt cc•rrt',..ponding to cord cin·uih an· tlw "di,..trict '' 
.tnd "incoming" ~clector,.;. TIH'"l' arl' t<',..tl'd hy ,.,.t ting up tlw tran"­
mi-.-.ion mea:-uring ~et at the di,..trict or itH'onling fr.1nH·~ .llld <·onntTl­
ing thc: ~c:t to thc tc,.t jacJ..:,.. ,,,..,.nciatl'd "ith the eirntit,.;. T('-.t,.; «>II 
trunJ..:,.; lwtwcen m.wu.d and panel machine ,..witching oflin·,.; wlwn· 
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hoth ~~:-H·nJ-. ,Jn· inopl·ration in tlw -..Jm•· e:-..change area are genl'ra lly 

madl' from tht· manual .. rfu·,·. thc loop" l •eing d i;ded fro m thl' ..1 
~w itdllll•;ml, '' hile trunk ... lwt\\tTII '""" mac h iJH ' swi trhing o flin·s 
;Jrl' tl·~u·d from the ontgoing t'IHlof tht· trunk,;. 

F ig. :0. ~ho\\ s .1 :{-.\ tr.JII:-IIli:--.ion mea:-uring- :-das u:-ed in a machine 

:-witching oflin· rcad~ for making te:-1:- on distr ict st·k·ctors. To 

I· i~. S lllu-.lr.llion of ,, .1 . . \ Tr.lll,mi.-ion \l ca,nri n~ S•·t, Sd up in a l'a nel :\lachinc 
~" ill hin.: I lllu ,. I ur ')',.,,in~: I li~l ril'l ~··l• ·• ·tor, 

illu-.tr,Jtt· thc L;l'JH"r.d llll'thod of te:-ting panl'l m;w hin l' switching 

circuit-.. th• · IIJlJII'I' di.1gram of Fi).!". !I ,.,Jwws t hl' :-cht' llliltic a rrangl'-

1111'111 for nw.J-.uring trunk-. lwt\H·c·n two p;uwl lllach iJH' ,.,wit e hing 

ollin·-. . rlw tr.llhllli ...... i .. n IIIC'.J:-IIring :-!'1 j,. localt'd at oflin· ;\ , and 

IOJIIll'l'liCJII III.Jclc• lo \(H' OIJigoing (•JlcJ of tht• lfllllks !11 o fli n • n t hf'ollgh 

th1· u· .... t j.11 k .... 11 tlw tronl•h· dc · .... k . .-\ :-tandan l !-<t• lt·t·tor l l'" t "l'\ usl·d 
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in low,tl lll,aintt·n.llll'l' \\ork .1111! .1 lai).:h iriiJII'd.tllll' hold an>: 'otl .111' 

,aJ..,., I'PIIIIt'l'h·d lo 1la1· 1n111k ... lhroa~a.;h 1111' nw.a ... urin~..: ... ,.,, lht· ... ~· lot'lll).: 
ll ... t·d lo t·-.t.altli ... h lhl' loop .tnd hold tJai..,J""I' \\hill' tlw ,, ......... trt· lll.tdt·. 
,\t o!'lin· H 1\\0 -.p.lrt' llllllliplv l'irnlit .... trL' no ...... ·l'ttllfll't'lt·d .tl tlw rra.tin 
di ... tril•utill!-: franll' .. \n y l\\11 rrunk ... iu llll' ).:foup t',tll tht·n J". .1111o-

[3 A~pirrtus '" Tra.,s-·uiOt'l C•rcu•l 

(1) !;'"r~~~-;e;! .. ~:;~"~w';eJ;oe~ ~;"~~';\~~;~'~9TrÖf~,~~~,s·on Tests 

orr,c. B 

SO<O"d T~.rd 
~ctcr SeeclCI" ec.-~ vor 

~~?;=CO Trur~lts '"C:.Om•ng To Qfr,ce B .~~ 11 So•. ~~~FB: f--- ~ 

0:: ·-.:Fa - __ ~ 
9 h~ I II .r~ 

Fi~. f) S ·lll'rnalir Di.1grarns Showin;: \lethod,. of \lakin-: l'ratbllli,.,.iun To· ... b on 
.\ Trunk ... lkt wt·t:n l'.tnd .\lad1inl' Swit chin;: Ollic·cs ancl I II • lkt \H't:ll Stc·p h~ 

Stt:p :\I.IC'hine S\\ itchin;: I lllin·s 

m.atically loopl'd togl'tlll'r at office B hy tlw u,...t· of thl' -.l'kt·tor lt·-.t 
"l'l whieh futH·tions to C'lllliiL'l't the trunk,... to the two ... pare multiph· 
t·ircuit,; prt:dou,...Jy cros,...-connl'Cil'd .11 oftin· B. 

ln ... tt•p-hy--.tl'p rnaclaim· ,;witehing- oftin·,; thl' t·irntit,... irl\oh·iug 
tran~mi,.,"'ion t:quipml'nt L'orrt:,.,ponding to nml l'irntib ,trL' thl' l'on­
nt·ctor~. Each connL·ctor is prU\·idnl with a tl',;t jack throngh whid1 
n>nnl'ctiun C'illl h<: m.ull' to <I transmi,;,_j.,n tlll'a·'!aring- "l'l anti tlll' 
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loopcumplt·tt·ol 11\l'r .1 tl'-.t tn111k ],, di.tlin~-:. J.,,,·,d ..-...·ll't'tPrs dn not 
cont.Jin .my t•qnipnwnt otht·r th.an cout.w\-. .and wiring in thl' tr;ms­
mis-.inn circnit-.. lont tho ... t· ,·.m Iw tt·-..tl·d in thl' s.tllll' manm·r as l'Pil­
lll't'tor~ if it i-.. dl'-.irl'd to dwck tlw "ipin.:; l'llllt.ll'h .tnd \\ iring-. Toll 
'-C.'ItTtt>rs "hid1 im oh c t·quipnH·tlt in thl' tr.tnsmi,.;,.;ion cin:uit can 
aJ..;,, bt.• teo.,tl'd in tlw 'tlllt' m.uuwr .ts conne( tors. Trunks hetween 
manu.tl .tnd m.whine "" itching ol1in·s can loe mo,.;t con,·cnivutly 
ll·-.ll·d fr11m thc manu.d olftn·, 1 hc trunk loops lwing c,. tabli,;hed 
din·ctly lo) di.din~. 

To illu,..lralc 1la· l-:l'Jlt·r.d llll'lhod of ll•,;tin~ ,..lep-hy-slep nurhine 
swi1ching circuit,.., 1lw ln\\l'r tli.tgram .,f Fig. \1 ,..hm,·,; thc :-rhcmatic 
l'irruit arr.lllgt·tlll'lll for l•·,..tin~-: lrnnk,; hl't\H'l'll \ \\'1 1 m;a·hi nC' ,..witching 
t~flin·-.. Tlw tr.m,..mi,..-.ion mt·.t,.,uring Sl'l is lorall'd at o l1ire .-\ in a 
po-.itillll ,..o that it ctn loe pJirhed to the outgoing trunk repeatcr tc,;t 
jack~ .md an arr.mgt·ment for di.tling .md lwlding j,- con nccted to the 
tnmk,.. through 1h1· ntl';tsuring ,..l·t. .-\ t oflin· R tlw a pparatus in onc 
1runk j,.. di-.nolltll't'll'd .tnd thi,.. trunk ll,..l'd a,; a tc,;t trunk by crnss­
l'lllllll't'lin;.: it .11 1hc m.tin di:-trihuting framc to a :-parl' suhscriber's 
multiple ll·rminal. .\11 trunks in thc group can then hc tcs ted by 
dialing o\er tlwm, from ot1ice .-\, the numher o f this spare terminal 
al collin· B whi('h .tulomatically loop,; tlwm b;.ark O\'Cr the lest trunk. 

.\laintnwua ~~r Subs, ribr"rs' Li11cs a11d Statio11s. The circuits 
making up su)o,..nilot"r-.' lint''- from ~" itrhboanl to inslrumC'nls con­
~isl ~imply of pair,; of condul'lor,., almu,..t al ways in cahle, with the 
Jl('t'l'~sary pr11ll'rlin· d~"' in·,... The,..c c.m be rhecked hy rertain 
d-1·. ll':-1,; dl'l'nihl'd in a n-n·nl p.lpl'r.6 Equipment is a bo prm·ided 
in local tc,..t lHI.tnls for ~~~~- in 111.tking t.tlking lr,m,.mis,;ion tests he-
1\\tc·n tlw ,.l.tlion and 1hc lt·,..t IHo,trtl,... ;\cruratc m.trhine ml'lhods 
for dt·lnmining tlw l'fticil•nt·~ <of lran-.mittcrs and a·cciYcr,.; haYc 
1 t'l'll dn·elopl'd for le:-ling nt·w in,.,lrtllllt"nls and inslntmt·nts retuml·d 
frt~tll !-t·n itt'. 

Grurru/ Sthr·mr· nf Tntinr. 1~.\'clulll.f!.t' .-1 rca Circuits. The plan 
Iein~-: foll""~'d in 1h1· B1·1l Sy,..lt·m fnr systematirally checkin~ the 
lran-.mi,..,..ion 1 ondilion.., of l''\l·h.lllgl' .tre;t cirruits is to ha,·c a ll oflices 
1•·--tnl p•·rir dic.dh· h) 111<'11 equippl'd with por l,d• lc lr.msmission 
lll(',l"'llring '-C:h \\ ho I r.l\ el from oflin· to oflice. 1 I h.Js 1 lCl'll fottnd 
loy l'\(11'l"il'llt ,. lh,tl .tftl'r .111 oftin· h.b onn· !wen ((',.;tl'd and a n\· trans­
llll"'"''"u lrouJ,Jt..., dimin.ltl·d, i1 is only lll'l'l',..,...try thereaflcr t.o makc 
tr.an-..mi~,..iou \1--.b .11 infrt·qut·nt inlt'n·.ds, tht·"c suhscquent lesls 

~· n ing pritn.nil) "" .1 dtn k un thl' local mainlt·nant·t• conditions. 

'\\'. II ll.trdtn, "1-.lo-otrtt.d r,.,,, .lnd lhotr .\pJilu.alions in tlw :"ll.tintenance 
11l 1' h-Jihnne 1 r.tn• 1""""·' /l,-// \,1'1/cm I"'"'"''' }oumaf, July, 1'1!-1. 
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\\"ith .1 11':-tirn.: pl.111 t>l thi,.. kirull.ll!-:1' .111'.1" 1.111 1,,. 1'11\l'f'l'd I•\ ,, '"'·dl 
tr.n l'lill!.: l11rn· \\ ith .1 ,.,n.tll .1111t>llllt ~>I tt ·,..till).! l'ljllipllll'llt. l'hi ... 
n· ... ult,- in ,, \l'n l'o'lllllllltic.tl tr.nbnti:-:-i"" 1l':-ti11g pr"~'"·"" \\hrl1· .tt 
thl· ~.ttttt· titlll' i11:-11ring- th.tt tr.tn,;mi:-:-iPil l'Pnditi"''" .rn· 111.tillt.titll'd 
~.tti:-f,trtnrih. 

Fig. II) ~hcms ;1 typic.:al tr.tn;;mi,-~ion testing ll'dlll l.tylllll. Thl' 
t1·am i~ equipped with an autornohile which pron·" an cc.:on<llllir.tl 
llll';llt:; nf 1 r.tnsporl.l 1 ion bl·l Wl'l'll ollices and c:~;changl· an·;ts .111d 

Fi~. IH- l lluslr.uion cf a Typical Transmi~sion Tc~ting T L"alll Layout 

prO\·idcs a com·cnicnt ml'lhod for carrying thc lc:;ling cquipmcn1 . 
During tran;;portation this equiprncnt is packet! in padckd trunks 
which insurc" against injury. In this partierdar casc thc cquipmcnt 
includl':', in :1ddition to transmis:-ion tcsting scts and oscillators, othcr 
apparatu~ !'lieh a:> a whcabtone bridge, crus:;talk sct and noisc mcasur­
ing ::-et so that other maintenance work may bc donc in conncction 
with tran:;;mi,-"ion testing whcnc,·cr this is dcsircd. 

R E,;l'LT" .·\I'C()~ti'I.ISIIF 1 l 

Thc results accomplishcd in transmi:;sil)n maintcnance wurk c.111 
bc~t bc appreciatcd !Jy considcring thc kinds of troul•lcs which ad­
,·crsely affect tran"mi:-sion and which can l•c clt-lcclcd aml climinatcd 
hy routinc te,;ting mcthods. Considcration is lirst gi,en to the gcncr.tl 
cau:-cs of troubll's which arc dctrimental to both toll anrl local trJn'-
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mi~~i .. n .. llld 1.111·r tltt· ft·.ttun·~ in thi~ t'flllllt'l'tion nwn· particularly 
idt·ntilit'<l "ith lt'lt·phonl' rcpt·.ttt-r~ .uul Ltrrit·r "' ,.;t,•m,.; an· di;;nt,.;:-;l·d. 

rlll' dillt·rl'nt ,.].,~~~·,.. .,f cirntit-. t:in·n in T.tl•k I an· nude up uf 
\ .tri .. u~ colllhin.ttifln,.. .. r tllt' fflll()\\ in~ indi\ idttal part,.;: 

l<•·t• .11 in.: ( uil• 
Rl'l.lrcl.lliun ( "jl, 
Rc·l.l\, 
t orult·n .... -r ... 
J<t....."l ... l.llt"t""" 
. \111 ,. I r.111~fomll'r• 
lnol111'1 i1111 ( 'uil• 
t. ... ,olm;: ( ""' 
( nrd., 

l'lu:.:• 
J;u k• 
Kn• 
I 1<-.11 I oil' 
t ·.,rl•llh 
\\ 1rin~o: '-\\ilo·hl••.trollu \1 ll. F . 

( rtt~~-t IH\IIt•t"liiH\ 
I ltll ,,,r,. 

Tr.llt-milll'r' 
Ro·n·l\t'r' 

ThL· alut\l' part,.. .tn· ,·omhint·d in \.triou,.. ''"Y" 111 make up thl' rom­
plt·tt· "Jll'r.ttin~ circuit~ -.uch ,,,.. ,·onl ,·ircttit,.;, t•Jll'rator,.;' circuit,.;, 
trunk cin·uit-., l'IC. Lach compll'tt' circuit cau-.l',.; a ddinite norma l 
J, "" to lt'lq•lunw tr.lll-.tlli-.-.i"" which mttst l•t• t.th·n acrount of in 
dt·~i~nin~ thl' pl.lllt to mt·t·t tlll' Yario11,.; -.l'n·in· n·quirl'lllt'llts. If, 
h'''"'"·r .• 111~ .. r tlu· p;trt,- tt,.,L·cl an· ddl'cti\·, .. if tlw \\Ton~ romhina­
ti, n,.. of part~ .tn· tt~t·d. t•r if tht• in,-tallation work is not t·orn·ctly 
d11tll', ,.,n .... ~ t r.m-.mi-.~ion lo~~~·.., \\ ill n· ... ult which may n·ry seriou,-ly 
.tiTt·,·t tht· tr.tn,..mi-.-.ton \\IH"n tlll' p<trticubr circttits inn•ht·d are 
t·mpl"~'·d in ,tn ,,,n.tll t·onntTtion. 

C/m.ltji~tt/ioll of Conmw11 'l'yprs of 'I roublrs. .\n analy,.;i,.; of a 
l.trgt· .tll\1111111 .,f tr.ltl-.mi-.-.ifln tt· ... tin~ cl.tta has madl' it po,.;,.;jh)e to 
dt·n·lop a tlt-r'mite trutthlt· d.t-.-.ilicati"n \\ hich is p.trticttbrly lwlpfttl 
in tr.tn~mi~ ... i"n 111.1intt·n.mn· \\ttrk anti '' hich pl'rmit,; tlw nwsl 
diH·ic·nt u~c· of tlw rt· ... ult-. in elimin.ttin~ tran,..mi,..sion trouhll's. l·:x­
pnit'/H't• h.t~ -.ho\\n th.tt tla· trt•ttl•lt·s f11tt11d ran l•t• di\·idl'd inlo two 
gt·nt·r.tl d.t ...... l' ..... \ trCJttl•l•· ... ' ' hich ,.,111 llt' dt•lt't'll'd l'ithl'r J,y simple 
d-t . or .t-e. tt·~t,., in ,·onnt·,·tioll with tlw n·~ul.tr tb~ -l•y-day m;tin­
l•·n.tlwc· 1111rk 11r J,, tr.tthnti ...... inn nu-.1,..11rin~ "'~''"'· ;tnd 1l trtttthll',; 
\\ ltich 1 .tll 111' dt·lt•t tt·J 111 .. ~1 rt·.~tlil~ I·~· tr.tn:-mi:-,..ion llll'asnrin~ SL'l,;. 
Tl11· 111n-.t imp .. rt.1lll t rnul dt·~ 111 t hl' al•o\l' da,_~,·,; an· ;~,; follows: 

I lf"'"' 
c .ruun.J.., 
( n• .. '4., 

'uruul.., 

1-.lt~·trio.tl llt·lt'tl>' 
lno 11rrt"t'l \\'irin~ 
\\ run.; '1\p•· ot LqnipnH·nl 
"'"'"1: Equipmt·nl 
I h~o:h l<,.,;,l.,nn· 
l.o\\ ln,nl.tl ion 

lf. in m.tktng tr.tn~nll ...... ioll ,, . ..,,.., in ;t rl'ntral oflin·. " high 1wr­
• t·nt.tgt· nf ( ·].,..,.., .\ trlllll>lt·~ i ... f"1111d tht· l't'llll'th· i,.; gt·nn.tlly to instigall' 
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mon· rigid loc.tl maintt·n.mn· routirw,.. p.t~ing po~ninll.tr .tllt·nlion to 
llll' typt• of circuit,.. in \\ hid1 tlll' troul•lt•,; .m· loc;Jil'd. Tht• )11'1' ­

n·nt.tgl' 11f ( 'l.t:-,; B troubk,.. i:- nol ,,,.. .1 ruh· ,,,.. high "" tiH' ( ' (, .,..:-. .\ 
1 rouhlt·,.. .111d t''\)'t'ril'nl'l' h,,,.. """" 11 t h.tl wlwn ('(,,,..,.. B t roul ,(,. ,.. .trt· 
onn· dimill.ltl'd by trall;;llli,..,;ion tl',;ting llll'tlwd,; only illfn·qtH·nl 
,;uh;;t•qut•nt tt·,..t,; .rn· n·quin·d to take t'<trl' of .tny .uldition.tl lrouJ,Je-. 
of 1his d,,,..,.. which may get into tht· plant. 

ln dt·termining wh01t eon,..titutl',; an l''-l'l'"" lo:-,;, tht• valut· of tlll' 
tr.m,;mi,;,.;ion a;; \\t·ll a,; llll' pr;wtiral dt·,..ign a11d manufacturing nlll­

,;idt·r.ttioll,; to lllt'l't oper.tting Iimit,.; arl' Iaken ;wcount of. .\n t·xn·,;,; 
cain is ;tbo con,;idt·rl'd a,;" 1rouhk on rircuih t•quipped with ampli ­
tier,;, :-inre thi,; ma~· produn· poor quality of tr;lll;;mi,;,;ion which i,; 
likdy to he more detrinwntal to ,..en·ice than an t•xn·,..,; loss. The 
,·ahtl' of tran;;mi;;,;ioll ha,..ed oll el'OIWilliral de,;ign ron,;idt·ration,; 
, .• ,rit•,;, dcpending oll tlw tir:-t t'o:-t and annual charge oi tlll' partindar 
typt•,; of cirruil,; ill\·ohed. .\ gain of one T!J in the toll plant i,; 
ge11erally worth nwre. for c:-.ample. than one in the local plan!. sinre 
i1 n ,;t,; lllOrt· to pro,·idc. l n tran,;mi,;,;ion maintenatH'l' work the 
ru,;t 1 f making trall,..mi,;:-ioll te,;t,; and l'll·aring trouhil· i,; l>alann·d 
again,..t d;e ,-alm· of thc transmi;;,;ion gaincd for the purpo,;c of t•,;t,Jh­
li,;hillg rronomical trallsmi,;,;ion Iimit,; to work to. 

SpnUir Examp/es of Common Troubles Found and Tlieir Ej[al 011 

Transmissio11. Certain kimb of trouhle,; which arc dett·l·ted hy 
transmi,,;ion measuring ,;l·ts do not rau,;e cxrt•,;,; lo,;,;es which can he 
quantit.Jti\·ely measured. Such trouble,; are. howen•r, readily de­
tt·ctt·d J,y "ear (Jalanrt'" tran,;mi:-.;;ion mea,;uring ,;ets in that tlwy 
rau~e noi,;e or .-rratdw,; and hy thc "mcter halance" :-.ets from llunu­
ation,; 1 f the nt·edle of the indicating meter. T lw mo,;t rommon 
trouhlt- 1 f thi,; kind is due to rutout,; or open,; which may he cau,..ed 
hy dirty ronnertions, loo,;e conncction,;, improper key and relay 
adju:;tment,;, etr. \\'hilc not causing a quantitatin· ,·alul' of exces,; 
), .,..,.., thi,; da,;,; of trouble is \·ery detrimental to transmi,;;;ion and 
morl' ,..crious in many irbtanre:; than lixed cxn•ss los,;l'S. lndett·r­
minate trouble,; of thi;; nature arc gin·n an arltitrary exn·:;s los,; \·aluc 
ha,;ed on expt'rit·nce. 

Considcring troublt:s which gin~ dl'linitc lo~:-.es, tlw mo;;t comnwn 
kinds arl' causcd by t·lcrtrical ddcrh in cquipment, incorrect wiring 
of equipmcnt in rirruits and wrong type~ of l'l)llipnwnt. Thl' other 
das,;es of troubil',;, :-.uch as rros:-.e,;, high resistann·s, and low insula­
tiPn, also t:<'nerally gi\T mcasurahlc CXCl',;s lo,;,;l's l•ut tlwse an· not 
as rommon in tlll' plant, sinrc trouhles of this naturl' are nwrc lik!'ly 
to alTert thc signalin~ and opcration of thc circuih and an·. thereforc , 
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l'lirni n.rt .. d J,, tht· rq.:nl.rr nr.rinflll.tlll'<.' \\111k . \J i,.,-in~ l'!fllipmenl 
\\ill i11 n·rt.rit·,,,, .. , ... , .. tll•t· .1 ~.tin in tr.tll'llli-...inu l•ut ai'fecl,; thc circuits 

.tthl'r-.1'!\ iu othtT "·"'· 
'1\pic.tlt·\,tlllph· ... 11f , . .,1111111111 trntJI,J,.,., \\ith tlll' t'\l'l'"" lmN '" \rhich 

tlw~ C.lll,..l' .. rn· !-!i\l·n i11 thl' ft~ll.ming t.•l•l•· · 

T~pe oll.irnJil 
.1nd Lquipnw111 

I< t' p e .1 1 i 11;: cuils 111 
,. o r d ,; , i 11 c o m i 11 ;: 
1 runk circuih, ""'•l'l· 
ur,;, toll connectors 

"'ut"·n j,ury r •· I,,\ ' in 
". \ " conl circuils 

II r i tl 1: e <I rd.•r•l.itJOn 
coils ur rd.n·s 111 toll 
l. u r '' c:ircuit s, ct '"'· 
f><",ilc "''"· cullne<.'l· 
ors and ~lep·hy·,ll'fl 
n·pc.: .. ttc·r ... 

f{ e p ,. a t 1 n 1: coil~ on 
lo;a•kd toll >\\ildlin;: 
1 ru11l..s 

1 ndurllon cui1• in Ofl· 
n.11ors' l<"kphutw "''IS 

(',ln,..·nf 
rroul.le 

1.1t-<'lrlt.t1 dt•lt'liS 
I .en<·r.t11\' shorl ··ir­

tllllt•d turns 

lnt·urrt 1. t \\ ann·~ c ·•·n-
' r.tlly n·\'<·r>*~J \1 111d· 
'"~'' 

1.1t~·lric.ll<h:fects 
I lp t· n non indudive 

wind in..: 
I 1o·l'tri ... ll dt·ft·ds ,c ;t•n 

•·r.Jih .. hurt t·ircuitt~l 
1 urn' 

\\ run;: t vpt· of ~rnip-
ntent iut'orn .. ·t · 
in~-: 

11•·•·tru .1 r1dt'l'l•. ln· 
c·orrt"1 1 \\Irin~ 

.\pproximah· Excess 
Transnti:-,~ion Lossi 

1.5 to .:; 0 ru 

2.11 to l.UJ Tl ' 

.\hont 2.5 Tl ' 

1.11 to 5.0 Tl ' 

l.lllo ·1.0 Tl ' 

l.lltu 13.11 TL' 

l' hl'rl' .tn·, of cour,.t. 111.111~ otlwr "fll'Cilic 1~ pt·,.. of trou l•IL•,. dl'lc ·c lctl 
by trau;.mi,. .. ion , •. .,.,. which ~i' l' ddinit l' q ll;llltit.ltin• 1 · · ~,.~ ·~ hut tlw 
.thon• will ~l·nc· to illu;.tr.lll'lhl' ,.,tlllc of thi,; tc~tin~ w••rk inl'liminat­
in~ t·\n· ... -. '"""t'" in ;t tl'lt·phorw pl.utt . 

.1/ailllt'll/111< r Fm/urn }'t'tllliar /o 1't·lcpltonc· Rt'f>calcrs anti Carrier 
Sy1l<'IIH. T h·· ... lllll' 1 l.l ... ,..ilic,ltion .. r tnJttl•l<·" di,..cu~;.l·cl al Hl\'l' applics 
to rl'pt·.tlcr;. anti • .trri<·r ,..~ -.tt·ms. .\ mplilil'r cquipmcn t , howcn·r, 
<·mplo~ s n·rt.1i11 ft-.1111n· ... \\ hich ar(' not c·ommon lo tl w ll ltlrt.· simple 
td•·ph"lll' cirntit-. anti ,..,n11· of th(' tr .. llhk,. which m.ty oecur if the 
prnpt·r tll.littll·•wun· pron·d11n· .... trc not f"ll" wl'd will ~l' rint~,.Jy a iTccl 
~··n i• •·. l t j,. for thi ... n·.t .. .,ll th.rt rqll'.lll'l' attcl c.lrr it ·r itbt, tll .l li on ~ are 
pro' ickd with "Jil'l'i.tl tt•,..tin!-! l''fllipnwnt "hich i,.. al ways a \·a ilable 
fo1 ll,..<. t·itlll'r iu ro1tti11r' lll.lillll'tt.tlll.\' or in lrw.1tin~ a nd ciC"a ring­
.111~ troulolt·" \\hid1 111.1~ <ll'l'llr in ,..('nin'. .\ utr1111atic rc~ 11l a ting 

dt•\itl'S an··""" pro\idr·d \\hl'rt'\1'1' thi,. i" pr.1ctical•le in onkr to 
n·dti<T (II ol lllinilllllllt litt• oiiiiCIIllll of lll,lllll.i! n·~uJati0 11 a ncJ 
lll,lintr·n,ltt<·, .. 

\\ 1.1 \l.trt 111, " 1 h• I r.•ll~llll"l"ll t 11i1," .lo~rrua/ oj tlu .I. /. F. /~ .• Jum·, 192.J; 
/I·' /. )., \nl 111, p. ·IIMI, l'i~f.l \\ '-ollulh, "l'r.t<lio,d ,.\ppfi,·,,liou of l' ra ll s· 
1111 ou11 I ntl," /1 ' I J, \ ul. 111, p. 11~1. 1'1!·1. 
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l'lw impt•rl.lllt ekmenl;; in IHllh n·pt',IIC'r,., and <".lrril'r" \1 Iaich m.n 
directly <!ITl'l"l tr.m,.,mi,.,,..i.,n or t".lll"t' ,.,l'nirc lrouhfe..; in 11IIH'r \1,1\" 

.1re ,b ft~lln\\S: 

Fil.u1wn1 ll.llll'rit·• 
1'1.111' 11.111.-ru·~ 
I ;rul ll.lltt•roes 
\ .u·uum Tul>t·s 
ll.d.Jn.-in~-: Equlplnt·nl 

l'ult'll( lllllll'll'r> 
I· illt·rs 
Tr.Jn~mi~sion Equali1.n• 
~i~nalin~-: 1-.quipnu·nt 
l'.olchin~-: .\rr.onJ.:o·llu·nts 

The tt·-.1;; l•lltlineol in lhl' nt.1in l•ody .,f lhl' papl'r <!im lo in-.lll'l' 
th.ll lht· ahoH' t·,.,,..enti.d p.trt" 11f rqw.aler and carrit·r rircuits .trt· 
ium:li .. ning properly and 1ha1 lla· t•quipnwnt ;1s a wh11lt· j" giYing 
1 he tlesin·d n·,.,nhs in oYerall t r;m"mi,.,,.,ion d1il'il'ncy. 

Thc .d•m·e discu:-,;ion of te:-ting- methods anti thc results <HTIIIll· 

plislu·d indic,Jtc how a comprl'hen:-i,·c anti economical tran:-mi:-,.,ion 
mainten;lllce pw;::ram can he <lpplil'd to a telcphone plant to eheck 
1 he \'olume eflicieney of t he circuits ag-;Jinst t he t•stahlislwd standard,... 
Con,..ider<ll inn j,.. eontinll<lll~· l>l'ing- gin.·n to new te,.;ting met lwds and 
their applications in nnler that further imprm·ements in sen·ice may 
ht· rffected and incrca:;rd economiC's in testing taken a<h·antagc of. 

.-\I'PE.\' l>IX .\ 

PRIVII'I.I-> oF TEsTI:\'G \ I ETIIOI>" Ctost·:L\' . \ ..;soti.\TEII \\ITII 

TR.\:\'S\II:i"IO:\' EFf'JC I E:\'CY TESTS 

Te-1-. of \nlumt· rfliciency often nel'd t11 he supplemt·nted by other 
nll'thotf,.. of ll':'>ling- in traJbtni"~ion maintl'nance work. Transmi"sion 
l'fliciency hoth a:< regards ,·olunw and quality may be seriously aiTeetcd 
hy noi,..l· or cro,..,:talk, and 11'~1:; fnr any conditions of this kind arc 
thcrdore imporlant in maintenancc work. Furthermore whcn 
efticiency ll':,.ts show e:xcr:-<:< '"""l'" ur unsati:-factory cireuit conditions 
otlll'r ll'"ting methods proYe ,·ery \'aluahle in locating thc cnu"e. 

To illu,;tratc this pha,.;c of Iransmission maintrnance thc principles 
of "ome of the more important te:<ting mcthods are hrietly descrif,ed 
helow. Two of the tc"ts employ a nwthod Yery similar lo loop Irans­
mi"~ion te:<ting while others cmploy the weil known "null" method. 
A spcci.tl mcthod l'lllploying three winding- Iransformersand ampli­

lier.,. '' iut·ly u:-;ed to dl'termine imped.mct• habnn· condirions hct\\'l't'll 
line,.; .1nd netwnrb i:; al"o ue,.;criht·fl. Se,nal mcthod" which invoh·e 
simply currt·n t and ,·oltagc measurt'llll:nts haYc ''l'Cn men t ioncd in 
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this pap ... ·r hut the~e .tn· !-!t'lll'r.dly \n·ll known and therdore rcquirc 
nu detailed d.._·-.criptiun. 

1. \I E.\-.t'I!E~IF'T..; oF ("l!n-.-.T.\LK 

l n tht· circuit ,..huwn in Fig. II, if .1-c. pmn·r is ~upplied to a circuit 
kno\\ll ,, ... tlw "di,..turhing" cinuit .uulunhalances e:xist l1eiW('Cil thi~ 

circuit and .1 ,..t·eoncl kno\\n ·'" thl' "di,..turh.._.d" circuit, power will he 
tr;tn-.ft·rn·cl from unt• circnit tu tlw otlwr causing crosstalk in the 
~lTI>Illl. .-\ dl'linitl' powl'r tr.tn,..mi-.-.iun lo-.s tlwrdore takl's place 
lll'twt·t·n the two cirnrit-. which ,-,,n l1e nwa-.url'd hy a loop trans­
mi-.-.ion tl'-.t -.imilo~r t11 tlw l'flit-il'nn· tt•,..t-. desnihl'd in thl' main hud)' 
of tlw pap....r. .-\n aclju-.t.r!Jle -.hur;t ralled a "cro-.,..ta lk nwter" cali-

AC 
Scvrto 

ol -
Fi~;. I t I li.n:ram '-'l11m in.: l'rinciph·s of Cn•~•lalk \ll'asnrl'llll'llts 

hr.ttt·cl in t·itln·r I'C or in ITII-.-.t.dk nnits j,.. s11l1-.titutl'd for tlw two 
circnit-.. \\ ith the -..1nu· po\\t·r -.upplit·d altl'rrt.tlt•ly to hoth tlw 
"cli-.tml1ing" cirntit .md tlll' nwtt-r and with the ,...._·ndin~ and rl'n·i,·ing 
t·rul impl'ci.IIJn• cotulitiotb as -.ho\\11. tlll' llll'lt'r -.hunt is adjusted 
until. in tlll' opinion of thl· oll-.l'r\l'r, thl' annoyann· produn·d hy the 
tlllll' in tlll' rl'n·iH·r is juclgt•cl t•1 loe l'qllal for thl' two conclitions. 
Tlw n·.tcling .,f tht· -.hunt if tht·n· "·'" 1111 cli,..tortion of the line cru,..~­
t.tlk nrrrt·nt-. woulcl tlwn gin· t Iw 'olunll' of cro,..,..ta lk which coulcl 
h· c·,pn .... -.,.d in J'l" ,, ... 10 loguo /', I' ,..imilar to loop Iransmission 
tt·-.ting. llo\\t'\l'f, thi-. n·l.ttion only hold,.. appro:ximat dy in practi-.e 
-.inn· tht• liru· nu;.-.t.dk lllt'a-.urt·cl j,. proclun·d hy ,·ari11us n1rrents 
h.l\ ing diJI,·n·nt ph.t-.t' n·l.ttiorb ancl .1 n·rt.tin amount uf dist11rtion 
tlll'n·foll' on nr-.. Tlll' c·onlltll'tTi.d form uf no,..-.talk ,.,.I 1111w u"ed is 
t'<JIIipp•·cl to !-!i\1· tlu· .rppro,im.lll' impt·<l.tnn· rl'l.rticlll-. n·quirecl and 
•• 1 ..... I'~'"' i•h·-. ,, lt-o~tnn· for t·liminatin!-! tlll' I'ITl'ct of !im· noi,_,. 1':\Cept 
in tlll' c.l-.t' ,,f 11111' l\flt' ,,f nw;t-.un·lm·rlt \\hi.-lt i-. m.ull' on long cahle 
t'lltlllh 1 .. , pr.u tll'.d n·.t-.olh tlll' n·snlt-. ;1re !-!t'lll'rally t''Jll'l's,..<·d in 
1 ro-.-.t.tlk unih r.11hn th.111 "/'l' 
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Thc t'll111111oll nwthod .,f tlll'.t'llring noi-.t· in .1 tt-lt·pho1H' c-irn1it j.; 

::-htl\\11 in tht• di.1~r.un "f Fig. I:!. ln t!ti,.. 11·,..1 .111 .trtilici.d noi-.1· 

ntrrcnt produced h~· .1 gcncrator of l'on-.t,lllt 1"'"1'1' /'. c.dh·d .t "noi-.1· 
::-t.and.ml" i,; ::;uh,.;tituted for tlll' lint· noi"" l'liiTI'Ilt. I f tlw t\\o noi,..1· 

curn·nt,.; Wt'rC' t''\actly alikC' a,- rcg.Hd,; ''·'''' :-h.qll' and tlll' rl'l.ttin· 
m.tgnitudl' of tlw freqnt·ncil'>' ial\·oln·d thcy woadd produn· t Iw ,..,11111' 
toaw in the n·1 ein·r .tnd tlwir \·olunH·,; l'otlld lll' nt.ult- t·qu.d hy ;ul­
ju,..tant·nt pf tlw tH>i>'t' ,;hnnt. TIH· po\\1'1' ratio, /', !' .. <b indicatt·d 

h~· the ::-hunt. would tht·n gin· a me;l>'url' of thc line noi:-e in lt'rnt,; 
of tlw noi,;e standanl. Thi,; condition, hm\Tn·r, is not mct with in 

prarti,..C' d1tt' to ditTerC'nrc;; in wan· sh;1pl' of thc two noi,;e currents. 
Fm thi,.. rea:-on noi,..e measun·mcnt,; art· m;ule hy adjusting the noi,;e 

:-hunt until the interfering l'ITcct;; of the noi,..e on the line and from 
thc ,.;hunt <trt· judged to bc the same for which condition the power 
,..upplicd to thc ren·i,·ing- network hy the noi::;c stand;trcl is not neccs­
,..,trily tlw ,...tmc ;ts that ,;upplicd hy the line. The rcrei,·ing end 
impcdanrcs howt'\'Cf, are kC'pt ;h ne;nly alike a;; prartirahlc to prc­
,·en t rl'lkct ion los~e,;. 

:t \1 E.\.;t'RDIE:\T.; OF LI:o\I·:-:\EJ\\'(INK 13.\1..\:-\I'E (~1-( '11{1 lTI' 

B \1..\:-\CE TE.; r) 

Tlw te,;ting arrangt·mt·nt of Fig. 1a ,;how,; tlw principle of thc ~1-
circuit halance tc,;t rderrcd to in tlw main luuly of thc papcr in 
cnnnection with tclephnnc rqll'atcr and carricr maintcnatH't•. In 
thi,; tc,;t the g;tin of an amplilil'r calihratcd in re i,; 11:-'l'd to ('()111-

pt'lh.lll' for tlll' lo,..,; throngh a thn·t· winding tr;arhft~rnwr or otllpllt 
coil of <I tt·lt·phonc n·pcatl'r. l f tlw impt·clann·s of tlll' l>.tlancing 

rll't\\'ork and linc wen· c'\;tl'tly ;tlikt· at all fn·qnt·ncil'.-, i.r .. X., =Xt .. 
;tnd no otlwr unhabnrC',; 1''\i,..tl·d in tlw circuit !Hllll' of the power 
,..upplit·d hy thc ampliller to tll(' input of the thr('e-winding tran"-
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foruwr would l•c tr.tn~fern·d to tlw oiiiJHII, 1.1'., tlw P"'n·r ratio P, P, 
would bt· infinit\. llo\\'l"\L'r, thi~ ideal conditiun cannot be produced 
in practi~l' so t.h.tt therc is o~lway~ a hnite power los~ I•L'lwcen thc 
input and outpul of thc lran~forml'r which r;tn he mcasurc<l approxi­

rnat•·ly hy tlw g.tin of .tn amplilier calihr.ttcd in TU. .-\n intcrnal 

P.t~a~"'M!nll o( lmpcdir'lcto ~n<.e ~twee" l•~ 2nd PJetWOf"ks 
(21·C,rcu ... Te-rts.on Telephclf"ooe ~at.e~ ;af"'d C~rr1er} 

I ·~ I; lli,,~r.•m ..,howing l'rinc-iplt's uf .?I Circuit B.tbncc '1\-ts 

p.tth for rurrents \\ hil'h m.ty produrc ",.iuging" or a :-u,;tained tonc is 
•·stahlislwd if tlll' ~.;ain of tlw amplilit·r P, p. j,. grcatt•r than tlw loss 
!'. /', throuL:h tlw thn····\\ inding trau,..former .. \s unbalanccs l•ct\\'CCll 
uc·twc•rk .111d lirH· ll('nllllt' j.!rt·att•r tlw lo,.,.. through thc thn•t•-winding 
tr.tn,..forntc·r l't·c·"mt·,.. lt·~,.. thc·rc·l') n·quiring lc·ss g.tin in thc a mplilier 
to produn· a ",..iuging'' nlllclitiotl. lt ,..hcnrlcl he nott·d in this ron­
m·c·tion that to prodtiC't' tht· condition desnil•t·d ahon· (':\actly, thc 
t·urrt·nt n·n·iH·d .tmllltcl tlw "~in~.;iug" path llltbt l•t' in pha!'e with 
thc l-t.rrtin~ •·urrent. ln pr.tcti~t· thi~ l'ondition ohtains sulliciently 
.tc·•·ur.tl<'ly ~" th.tt tlw g.tin .,f the amplilil'r n·quirl'd to produre 

... tuging giH·,.. ;tn appro'\intatt· llll'a~ure of tlll' impl'd;mn· l•<tbncc 
l~t•\\\l'l'll lillt' .111d IH"l\\OI'k. 

\lt.\ ... tl<l-\\l·'\1 ... ll\ J<t~J-.T\'\IF, IÜ.\<.1'.\-.:ft·: .\:\ll btt'E\l.\-.:CE 

I >i.tgr.tm (.t "f I ig. II ,.111m,.. tlw "lw.tt~tone l•ridge cirruit f"r d-c. 
n·o.,i-.t.ttHc· nw.t-.un·ntc·nt~. lt j,.. lllllll't'l':-,..,try to dt:~nihc the weil 
kll(l\\11 prinl'iplc~ of tlti,.. l•rid;.:t• hut nH·nti"n is made of it herl' in Yiew 
of it-. in•l"'rt.uwc· .tnd ~~~~·in tt•lt·phom· maintt·n.llll'l' work. lt supplies 
<111 indi"'J)('J.-..tl•lt- nwth"d of lllt',bllrc'llll'lll fur n·rt;tiu trtJuhk lora tions 

~udt "" no~l-''" and ground" .tnd •·mhndi,·s thc fuudanwntal principlc~ 
of .tll null tt·-.t-.. 

I »i.t~-:t.tlll (h) of I ig I I ~-:i\ c·,; .1 hridge l'irrnit fnr nwasuring imped­
.tllt c·, tlw p.trtic ul.tr .tn.tngt·tn<·nt ,..!Jown l•t·inf.; fnr lll('a,;urcml'nts 11 ( 

impt·d.tnn·-. h.t\ ing uuhtctiH· n·.Jct.lllc t', Tht• hridgl' llll'asurcmcnts 
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cxprc~:; illlpt·d.tncc in lernt-; of it-; rl'~ist,tnn· compolll"lll .md !'qlli\ ,11('111 

im.hwt,tncc or c.tp.u·ity. In IIH'iburin~ ,111 illlpl'd.ttl!"l' h.t\ im: inducti\1· 
rc.tct.tnrc at any frequt·m·y, /. fnr l':\,tlllple, .1 b.d.tncc· !o:i'''" R R. 
und L- L,. .\t the frl'qlll'llc~· f, thc l'lll'cti\ l' resi,.,t.ancc i-. gi\ l'll 
directly by the Yaluc of Rand the n·art<tllCL' l•y the rl·l.ation, '.! 11" f !.. 

6[fv~,~~· 
A 

e c d 

c --: 

11 1/1 
[ AC Score• 

ot Power 

(b) lmped:m<:e h:aving ll'ld\l<:l1ve ~;.cla..,ce 

Null 1/ethod of l,ltoour."9 Pt<t<lonte, Ptatl>nce ond tmpedonce 

F1~. 1-t lli.1gr.Jms Showing Prim·iplcs of :'l:ull :\fe1h01ls for :\1<.\l:mring Resist.JilC<', 
Rcarl.!llcc and I mpcdancc 

The impl'd.mcc is thc n·ctori,tl sum of thcsc two or \ R2 +{'2 11" f [,)~. 

In maintenancc work im·oh·ing- impcdaliCl' mea~url'nll'nts <tS will !Jl' 
notl'd in the ncxt ll'~ting llll'thod dc~crihed, thc l'lkctiYc resio;tanrl' 
compDIIClll .tnd thc cquiYalent indnctance are getH'rally used dircctly 
'' ithout cumbining. 

;j, :\I E.\"l' RDI E:-.;Ts OF Lt:-:E htPEil.\:-:rE .\:-:o Lor.\ Tto:-: OF I ~li'I·:n.\:-.;c E 

I RREI.l'L.\RITIES 

Fig. }.j shows a tdcphonc cireuit conncctcd to a bridgc and termi­
natcd at its distaut end in charactcristit· impcdancc. If the circuit 
has approximately uniform impedance throughout its length tlll' 
rl'sistancc and equi,·alcnt induetance curYcs of this impedanec within 
a rangc of frequcncie:; will hc fairly "mnoth as indicatcd hy A and C 
of thc figure. Thc curn·~ <He not perfectly snwoth ~inrc it i,; not 
pr.wticahle tu cotbtruct thc lint· for perft.ct imped.tnce uniformity. 
lf at soml' point in tlw circuit an irregularity i,.; prl'sent such as an 
omittl'd loading coil, an inscrtcd lcngth of lilll' of dil"fcrent construc­
timt, ctc., which changcs thc impcdance, thi,; will producc a pl'riodic 
change in the re~istance and inductancc rurYes .-1 and C such as 
shown by Cur\"c B. Cun·c C will lJe changell in thc :;amc """Y <h 

Curvc A but fur "implitiration this i~ not shown on tlw di,tgr.un. 
Tlw chan~c in impcdancc in thc circuit rctlccts S'llll~ of thc cnrrl'nt 

~cnt out back trJ the ~ending end whcre it add" to or ;.ul•tr.tct~ frnm 
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the :-endin;.: ntrrt·nt dep•:ndin~o: on tlw pha:-t• rd.ttion:- of tlw tw•1 cur­

n·nt:- at any p.trtinJI.tr frl'!jlll'JH'~. Sinn· imJwd.mce equal" E I its 
,-;due ch;mgl'" ·•" t he 'ahll' of I ch.angt'"· Thi" j,.. made 11:-t' of in line 
imp!'d.llll'l' mea:-uring w ork 111 gi' l' a l•wat ion uf impl·tlann· irregu­

l.•rities w hich m.ty 1'\i:-t :-omt·whnl' in the litw. 

·~· _.......:Jf[_· ____ ) 

t ''00 

l 1200 

A 1000 

~ lOO 

j 000 

! AOO 

g )00 

AC~• ., ........ 

~ 1:00 1400 '600 
rr.ou·~yof .... ~"""'tf"'ICil Curr•f'lt. 

I· i.:. 15 lli.t~ram arul I ml••·d;lll.-t' l'nrn·s Sl10winl' l'rincipl!'s of Line lmJwclanre 
\lt·,,~un·nu·nt• !Jy \ul \lt·tlu•l and Loc.tlion of lmpl'd.tnre lrr<'):lll.tritit·~ 

Rdl'rring 111 Fig. J.i, h·t d •·qua) the distance in miles to an im­
pt'd.uwt· irn·gul.trit~· and j. 11nt' freqm•tu·y at which the r<":-ist;mce 
t'IIIIIJI"III'lll of tht· impt·,J.till'l' j" a ma\imum. The lll'Xl maximum 
l"'int will '"'~'llr .tt a fn ·qut·tu·y h :-uch th;tt as tht• freqtll'ncy has 
),.,.n incn·a:-t·d, 11111· t'ompll'tt· waH· h·ngth j,.. added in the di,.tann· 

tr.t\ ,.J .. d J,, tlw rdkt·ll·d ,·urn·nt. :\LI:-.imnm point,; at .fa. f~. !'lc., 
,,n·ur in tlw :-.tnw \\.t\' a,; tht· fn·qtll'tii'Y is incre;a,.ed. l'onsidering 

tht· l\\11 \ .tlut·:- f• .md f: ll'l 

I' \t•lowit~ 11f ntrrt·nt in mih·s Jll'l' :o;l'Cillld 

1,., \\,1\1' lo·n;.:th at frl'qllt'l1<'Y .f1 

II': w.t\1' lt·ngth .tt fn·qut·n•·y f: 

\' tlltntlot·r 11f \\.t\·.1.· lt·n;.:th:- in di:-tann· tran·l!'d 

),, t'l'llt-o lt·d • tlrll'lll "':? d. 
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.\t fn·qlll'lll"~ f, thcn. 

• .J-,o .11 f,, 
.11111 .11 _f:, 

Suh,.tituting .JIH,, l 

Suhtr.lctinl,!. 

.Y 
'.!d 
11'1 

.Y+ I 
'.!d 
w~ 

II', ,. f, 

ll'z l"h 

. '.!.df, 
.\ = 

1
·. ;11HI 

Y+ I= '.!.dfz 
• I" 

,. 
d = '.!.(}2- fd 

\\ hieh j,.. the di,..tance in milr,.. from the ,..cnding vnd of thc <'ircuit to 
the point of impcdam-e irrrgularity. Tlw n'locity of propogation 
l" j" not exactly t'Oibtant within tlll' cntirc frcquenry rangc l>ut doc,.; 
not \·ary :;utliC'iently to materially etTect thc an·uracy of impcd;mcc 
troul>le locations by thi:; mcthou. 
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GI· :"\I·IUI. l'kl:"\c II II·" OF \\'.\\'1- Fll.llck l h:SI G:\ 

l'rinciplcs of (,'nzrru!i:t·d i'zssymmclriml Xrl'ii'Mks. \ \'c ,..!Ja ll cun ­
~idc·r tir~l tht· impc cl.tnc ·c· .tncl prc•p.tgaticm dtaractl'ri,..tic,.. of ccrta in g-cn­
c·r;llin·d 11C'l\\<~rk,... IL c.tn 111' ,..hcmn thal t.JII_\' passi<:e nrt<;;:ork lzm•ing 
Ollf pair of inputund Ollt.' pair of oulpul/aminuls nwy. at any freq ucncy, 
Iw wmpll'!tly und t.:dcquatc"l,v n·prt'St'lltc·cl hy tlll cqui;•alcnt T or r. nc/-

Z, 

lo~o: I c.,.n,r.alllc,J )1,"'111' .-trac.d 1' :\c·twork (onnc•rll'd tu lmpedances Equ;al 
to lb lm.c~:c· lmpt·cl.ann·s 

-a·or/.·. 1 Thc· illlpl'd.JIIll' .111d JI~'"Jl"L:·•tion ch.lratteri:-tics of an y such 
Jld\\lll'k tlla\' 111' c·xpn·,..,..nl in ll'rms of it,.. (•qui\ alc·nt r or 7f' nc twork. 
TIH'"'l' ch.lr.IC'll'ri-..tic·,., arl' cldinc·d loy ( II tht• imagr impr·dr/1/CCS , a nd 
1:? thl' trt111.1ja tmz~tallt, 1111' l.ttll'r indudin~ tlw alll'llllalio•z COIIS/an/~ 
.tatcl tlw pi/IJ.If' ctii/Stc/llt: ln l!lt' c· .• ,..,. of .1 "YillllH·trical nc·t wur k , 
thc· int.&gc· impcd.tnn· .... tnd tlw lr.tn,..fer C"on,.,tanl .tn·. n·,;p t•ct i,·ely, 
tlw zloutz;·t• imp,·dal/t n (c•r tlwrat'ft•ri.~tic imprduncts) ;111d the propaga­
troll tmntant c·ntpl"~··d J,~ t',uuplll'll, /. .. J,l'l. ;cnd 11thl'r-... T hc te rms 
itl\flhc·d \\ill hc· ,..uJo,..c·ttllc'lltl~· dt.,-IIH·cl. 

t'on,..icln tlw cli"""~nuHc·tric-.d 1' 1wtwork uf Fig. I. l f t hl' :3 - ·l 
tc·rmin.t!s of the 1 IH'l\\c>rk .trc· connt·c·tc·cl to ;111 intpl'clancc Z

12
, the 

1 (,,mpl•·ll. c, \, "lo ... oul.d ci ... ,IJ.otiun-,'' Jr,ms<J<It••IIS .1. /. E. E., (I C)ll l, 
\'ol XXX, l'.nt II, pp. ,"iH l)a)l), 

Tlor 1' .onol "ru '''"').." n f, rrc I I•> ,Jl,"\1 .. 1rc• "''nwtilllt'S c.dk"<l s/ar )') and drlta (~ \ 
nc·l"utl-., rt Jtt 11\t h 

1 llu '' .J .,") 1'11•11:111.11\ p.lll .. ul du tr.llhl.rcotht.ant h.t\1' I,LTIII'.Iilt·d I>\' Zol:cl, 
tl•, '"''' II• u 1ft t tlu ur u/ '' u! •r 1 ,rt'"'lccll\tl~ 't:t·Bil,licgr.a.Jdly 1.t 

5.! 
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irnpt-.I.Lilt't' lnnkin~ into tht· /" lll'l\\tJrk .11 tlw I :.! lt'rruin.d-; \\ill J,,. 

l.'r ~~~~/.~,+/.~.). 
. l.'ttl.'ll+l.'t, 

tl) 

~iruil.rrly, if tlw 1- ~ ll'rruin.d" .,f tlw /" w·tw .. rk .tn· CtlllfH•t'lt·d tu .rn 
inrpt·d.urn· 7.r,. tlll' inqll'd.llll'l' lnt~kin~ into th•· :~ I t•·rnrin.d,.; of tlll' 
T tll'lwork will Iw 

(::?) 

lf 7. 1 2 is cqu.d to tlw ll'rmin.d impt·d.tnn· 7., .. . utd if, "imilarly, 
7.3 • is cqual to the ll'rmin.d impcd.tnl'L' 7.,~, tlw rwtw<>rk will tlwn hc 
lL'rminated in such .1 w.ty tlt.tt, at l'ithcr junctiott ( 1-2 or :~- 1). thc 
impedancc in the two dircctions is the s.llllL'. In other wonk at cach 
junction point, tlw imped.tnn· Ionking in t11ll' din·ction is tlw imagt• 

oi tlw im1wd.tnn· Ionking in tlw oppo:-;itl' direction. ( 'ndcr tlw,.;c 
conditions Z1, and Zr, arc c.tllt·d thc inwg,e impt"danccs ••f the '1' rwt­
work. lf cqn.uinns I I) and (::?)an: so lvcd cxplicitly for 7.r, and Zr,. 
the follnwing l'xprc,.;,.;ion"; <Jre t>btaincd: 

7 _ I (Z.r +ZcHZ .. tZn+7..-~Zc+7.n/.c) 
,,,,- \ (ZB+Lc) ' (3) 

.l 
_ (Zn+Zc)(L.tZu+;.:.tl.'c+7.n7.c) 

r"- \ (Z,1+Zc) 

lf ZQ(; i,.; the imped.111ce lt~okin~ into olll' end of the network with 
thc di"tant end open-circnitl'd. anti if 7. .. j" the r~>rrl',.;ponding imped­
ancc with thc di,.;tant end short-circuited, it may hc shown that the 
inragc imped.tncc at eithcr end of tlw net\\·ork i:-; tlw geometric mean 
of Za.: and Zsc. \\'hat j,.. hcrc tcrmed the imagc impcdance i,.;, tlwre­
fore, equivalent to what Kcnnelly has ca llcd thc surge inrpedance. 3 

Thc propagation charactPristics of a Jj,.;,.;ymmetrical network m:ty 
hc completcly expressed in tcrm:-; of tlw tran,..fer etllbtant. The 
tran,..fcr cnn:-;tant nf any ,..tructurc may ht· ddinl'd a,.; om·-half tlw 
n;~tural logarithm of thc ,.C'ctnr ratin of tlw ~teady-statc \'Cctor \·olt­
ampen·,-; entering and lea,·ing the nctwork when tlw latter i,.; termi­
nated in it,; imagt· impPdann•:-;. Tlw ratio is dl'termined by dividing 
thc valuC' of the \Tctr•r volt-ampl·re.; at thc tran:-;mitting end of the 
nctwork hy th<' valuc of the \'l'\tor \·olt-:lmpt·n·,.. at the n•n·i,·ing end. 

J There is at prt•,rnt Iack of cornmon agrccment as to thc ba~is of tlcfinition of 
this term, and it is often dt:lined upon the basis, not of open and short-circuit im­
pedances, but of a uniform recurrent linc ISee A I. E. E. St.mdanlization Rult: 
L!05-l, cdition of l'l!li. Thc formulae derivcd hv tllt' !wo nwthods are nol cquiv.l· 
ment in thc c.be of dissymmetrical nctworks. · 
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T hc real p.trt of tlll' tr.lll,.fcr con,.t.tnt, that i,.., thc a//e111wliou COII ­

s/anl, is ,.,pn·,..,.l'd lo) thc ahon· dl'linition in napiers o r lryperbolic 
radi~ns ancl thc im.tgin.try part, that is, thc plwse consla n/, is ex­
pn•,..,..l'd in drcnlar radiall.\. Tlll' pr;wtic.tl unit uf attcnua tiun hl·n • 

Z, Z , 

z.r:J:=l· 
4 

Fi.:. 2 (.;,.,lt'r.tlizeJ Symmt·tri<.tl T :'\t•l\\ork Cnnm•cled 10 l mpedanccs Equal to 
lts lma~:e lmpt·<lann·s 

u"cd i,., thc /ransmzs.,ro•l uni/~ (L Tl'=. l l.'i l ~ na pic r). lt can h c 
dcnwn,.,tratcrl that thc tran,.fcr con,.tant, 0 , of t lll' 1' nl'lwnr k sho wn 
in F ig. 1 i,., 

(5) 

_ • 
1 1 (.1.,., +.1.cH.1.n+.1.c) 

-(ll,_l \ .l.c~ I 

in w hich ZU( and Z,, an·, ;.,., prl·\·iou,.l y ddi ncd, the o pcn a nd sho r t­
e ircn it in1pr·dann·s of tlw nt·twur k . Tlw ra t io Z,,, Zoc is the samc a t 
both cnrb of any p.,,.,..j, ,. awtwork . 

l'riiiCifJ/I's ,~( Gr'llrrali:cd ,...,._,.mml'lriwl Xe/7.-orks. Cnnsider now thc 
imJwdann· ancl prop.q.;atictn characteri,.tics of t lw gcnl'ra li zed sym ­
mdri,·al stnwtnn· sho\\n in F i!-!. ~- On account of t lw ")'llllll c t ry o f 
thr• ~tntctun·, tlw imat.:r· impcd;tnn·s at both cnds arc idt•nti eal, a nd 
from t•quation (:q or (I) tlll'ir \'aluc may hc ~how n 5 tu hc 

(ü) 

ln tlw '"'"" of .t ,..ymntl'lrical 1' ,.tructu n ·, :-n ch as i,.. shown in Fig. 2, 
thr· impccl.ttll'e .1., j,.. callcd thr• mid-sair·.< image impeda nce. The 
-.ignilw.tnn· uf thi ... ll·rrn will hC' e\·iclt·nt, if tlll' ~l'l' i l',;-sh unt ty pe o f 

'\\ II \lo~rt in, "Tht· l'r.lll,rui,,.iun l'nit .mcl Td"phont· Tr.tn,;rnis,;iou Rdercnc" 
...,,,l,·m," lfr/1 .,.,., l'rtlr. Jm", Julv, 11124. Jour . . 1. 1. 1':. /~ .• \ ol. 43, p. 511-!, 1914 . 

• /.o1w·l, 11 J., "l"ho·ur~· .1nd l'""i~n of l!nilorm .111•1 Co:npt>sitc Electric \Va\' C­
hht·rh," lfr/1 ,\pl. Frch. Jour., j.lll., 1'l.B. 
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,..lrtll'lllrt' ,..ill>\\11 in Fig . :1 j.., rq~.ll'lil'd .1" m.uk np nf -.~mnwtri<·.d 1' 
IH'l\\ork-< ur -.<Tiions, tiw jliiH'tion-< ol "hid1 ,,,·,·ur .11 tiw snid-point-. 

ol tlw -.l'ril'-. .srm-.. 
:'-upp<N' 110\\ th.st tlw -.tructure 11i Fig. :1 j.., •·on-.id··n·d to i11· matl•· 

up oi -.ymnwt ric.tl r. lll't \\ ork-., or ,..,.t·t iosb, l'ach oi \\ hil'h j...; rl'prc,..,·ntcd 

Fi~. 3 Ccncr.dizl·dß.ecurrcnt Scrics-Shunt ::\ctwork 

4 

Fi~. -1 Ccncr.dizcd Syrnmctrical .- ::\ctwork Connccted to lrntwd.ll!ccs Equ;1l to 
- Its Image lmpcdanccs 

a,.. in Fig. ·L By mcthods simiiar to thosc cmpinycd for thc T network 
uf Fig. ~ it can be shown" thnt the ima~e impedance of the generai­
iwd r. net work of Fig. -1 is gi \'Cn by 

(i ) 

i n this symmetrical structurc the ima~e imp~danee is callcu the mid­
sluml imagt' impeda11ce. 

Tiw im.q.::c tran,..fcr eonstant "i either a T (Jr a 71' symml'trirai ~truc­
tun· j,_:. 

In di,..ru-.,..ing tlw g•·nl'raiizt·d nctwork,.; nf Fic:,.; . I,~ and I, it ha.; i~t·l·n 

.b,..umcd th.ll thc nl'twnrks wt·n· tl'rminated in till'ir rc:ipl·ctiH· in1.1gc 
impl'dancl',;. in praetit·ai ca,..l',.;, filtl'rs must bc de,..igswd to wurk 
l~t·tWl'l'll impedann·s which are, in gencral. not cxactly •·qn;tl to tlwir 
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imot).:t' inqwd.tnc•· .... tt rnon th.m Pllt' or .t kw freqllt'lll'it•,;. F<•r a 
g.-m·r;di7l·d :-tntt llll"t•, ... u.-Jt ·'"' th.tl "f Fig. I, opL'raling l•,·lwl'cn ;t 
scnding-nul im pcda1111' 7. ~ .rnd .t Tl'<<'i.·i n:,:-cnd impcdana /.R. I he 
,-urrl·nt in 7..R. for an •·J.·,·trolllolin· forn· .w1ing in 7..s. i,-

F 7..,+7../( x , ;J.I.,,.%s , ~u,~R 
IN= 7..,;.%R/ ' 1/.,/.R 7.1,+7.., X .%,,+7..R 

Xt ux 7.. 7.. 
1

.% 7.. (U) 
I- _., - :R X :'·- :-' Xf ~8 

/.1,+7.~.: 7..t,+Z.,-

....,inn· /·. 7...s+7..R i-. tlll' l'llffl'nt (IR- \\hidr would tlow if 1he gem·r­
;dited l' nl'!\\ork Wl'l"l' not in~t·rtl'd in 1he ··ireuil, thc ratio of the re­
n·i\t'd eurrcnt, ~.·it!J ;rnd 1.-illrou/ the nl'lwork in thc ('ireuit, may Le 
l''\)lfl'"' ... l'd hy the rl'blion 

( 10) 

Iu ,.;t'IH'r,d, tlw l'lt•l"l ronrol i H· forec does not acl I hrough .t :-i mple 
;.1·11ding-cnd inl)wd.tlll't' 7., hnl through :-orllt' compll'X cirnrit. The 
.-mrent ratio (ih' IN·l ,,jiJ, ho\\l'\t·r,lll· tlw ,;anw in eitlwr r;r,;e. Thc 
prirwipl•· Ulld.-rl~ ing thi,.. f.ll't j,.. krum n a,; J'h('i.'CIIin's Tltcorc/11. 6 

Tlw aJ.,..oiUII' nragnitucl•· of tlw CLIIT•·nl ratio, Ii R I h'' 1. i,; a ll!l'a-.ure 
ol tlw lrtll~'lllissJon loss c.lll ... l'd l•y tlw introdul'tion of tlw nctwork . 
Thl' tr.llr ... rni ...... ion Jo,.,.. 111.1y ht· '''Jl~'~'""'·d in terrn,; of lr:J.n,;mi-.-.ion un it s 
ll'l l•y .tid of tlll' follo\\ing n·l.ttinn 

TL' ·>I I Iw =-' "!-:tu IR i. ( 11 ) 

l{t·fc-r,·nc.- to <'IJLI.ttion · 111) .._Jww,; th.tt tlw tr.m,;mi-.,.ion Im;,; eaiiSl'U 
I·~ !Iw intnHltll'li"" of .111~ 111'!\\ork i ... l'"lllJl""''d of lin· bl'lors. Tlw 
!'tr ... l lhl<'t' f.tl'lllf'- of thi-. I'IJLI.ttion ,lf<' .tll of tlll' sanw ).:l'lll'r;tl typl' 
\\ilh tlw t·'\n·pli"n th.tt tlw lir,..t of tlw llm·l' i,.. rt·l·ipr"l"d in nattt rl' 
to tlw 11tlwr 1\\o, Th~· ... ,· l\\11 l.tttl'l' f.Jl'lor:- h.tn· bt'l'tl c;dl1·d rcjlalion 
(1/1 /c rs ,111cl dt·ll·rnrinc· I Iw rct/n/icll~ iossl's \\ hich l':\i,.,t lwtwt•t·n tht· im­
Jn·cl.IIHC'- ill\ol\<'11. Tlll' futnlh f.wt11r i ... 1he /ran.~f~·r faäor a nd 
1''1"1 ,.,,, " th• nll'll'tll r.l!in whi1 h t'IIITI':-pond-. to tlw tran,.fer ron-

' 1 •''I~T, \\. I ., " l'•·lq•hntll' ·1 r.ln•fnrnl<'r-.'' TrciiiS•lclioiiS .-1. I. 1-:. E., \ l .nrh, 
l'IH,p I Thc'\C'IIIn, \1 I , ' "ur un \'uuH·.cu Thi.,rC:·nll' d'Eit-ctri•·it\· lh·u.uniqut·" 
("nf•ln NrudtH, \nl. 'Ii, 1'· 1~'1, 1-~-~~. · ' 
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,.1.1111 n.c (.,,., f.H'IIII" h,,,.. l•tTII c-.dkd tht• inlt'rttl tioll ftltlor. Thl· 
'.alut· .. f 1h1· rdlt-ctio11 f.H'I"r i~ ,., id1·11tl\ .t fu11c1io11 ,..impl~· of II II' rat in 
oi tlll' illtpnl.ttl\'l'S ill\oh\·\1. \\hik llh' ,tl,,..,,ltttt' \,altw .,f llll' tr.tthfer 
f.telor j,. t .I \\ here .I j,. 1 he n·.tl porl i11n .,f I h1· I r.tn,..ft·r l'olbl.tn 1 .md 
IH·nrc j,.; 1lw .ltlelltl.tlioll con,.t.lllt. Tb,· 'alt11· of th1· inlero~cli1111 

i.tcl•l" j,.; ,.,.,.n to lll' u11i1y t•itlll'r \\l\1'11 7..r,=7..R or wlwn 7..r, =7..s. l t 
.d,..,l apprn;tch•·,.; unity if tlll' ,,dm· oft) j,.. ,.uflil'i,·nlly l.trg•·. 

ln thl' t·,,,.,. of .1 ,.;vmml'lrit·.d strul'\ure, ,.;ucb ;ts i,.; shown in Fig . :?, 

11r Fig. I, 7.. 1, -7..1,-Xr antl•·qu.tlion f I()) n·duc1·s lo 

I"' 
IR' 

(l:?) 

lf the-:,.tructurc is symnwtrical. and if. furtbcrmorc, the scnding-eml 
impctünn: .ls is t:qual to thc rcn:i,·ing-emJ impcdance ZR, equ.ttion 
( I::?! beconws 

( I:{) 

Tbc preceding furmui<IL' makc it po,.,..i!Jie to cakulatc rigorou,.Jy 
lhe lr.ut,.mi,.sion los,; cau,..cd by any nl'twork wbo,.;c image impcd;tnet·s 
and tr.lll:;fcr con,.;lant arc hoth known. In thc :;ymmetrical ca:<c, if 
.l1 =.ls=ZR. thc transmi,.,..ion Iu,;:; is tktermined ,.imply l:y thc \'aluc 
of thc att~:nuation constant. ln gcncr.d. in thc attcnuation rangc 
of frequcncies, the \·aluc of 0 of a wa,·c tilter is rclati,·cly J.,rgc and 
thc interaction factor is suh"tantially unity. C'onscqucntly, thc 
tran;;mission lo:;s caused by any filter in its attcnuation rangc is Je­
pendt>nt practically only upon thc \'aluc of thc attcnuation con,.;t.lllt 
and thc rctlection Iosses bctwccn .ls and Z 1,. ZR and .l1,, and Zs 
and ZR. rc•,.pccti\·cly. Througlwut mo,;t of thc tratbmi,.;,.ion rangc 
of a filtcr, i1,.; imagc impcdanccs may bc made \Try dosdy cqualto thc 
terminating impedanccs !'oo thal thc lransmi,.sion lo,.;,; cau,.;t·d hy the 
tiltt:r in thi,.; rangc is dcpcnclcnt "imply upon its altl'nuation <·nn,.tant. 
l n the intt·n·cning ran~c. hctwccn the attenuall-d and the non-at­
tcnuall'fl band,;, thc transfcr factor, thc rL'IIcction factor,.; and thc 

inlcraction factor rnust all he taken into account.7 

1 ZoL<'I, 0. j., "Transmission Characteristics o( Elcctric \\';1\'c-Filtcrs," Rtll Sys. 
Tuh. lor~T., (Jt·t., 111.:!-l. 
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hllp,·da,rce aml l'rof>tr_r!_alioll Charactcristio c~( .Yon-Dissipatii'e 
1-"ift,.,s. lf 1hc ,..,·ri1·-. .uul ,..huut impl·d.mccs uf tlw ~tructurc;; ::-hown in 

Fi;.!s. :! anti I .trl' pun· rt'dl"l<llll'l'"· as tlll'y would hc in thc casc of a 
rwn-di~,.ip.ttiw lilt1·r, tlw ratio of thc qu.rrrtity 7., I Z~ llllbt Le eitht• r 
a po,..ilin· or rwg.tlin· nunterie. lt h,,.., )Jl'l'll shown hy Carnphcll~ and 
otlwr" that thl' at11·nu<ttion l"olhlanl i~ Zl'ro, and that thc struct ure 
fn·t·ly lran,..mil,. at ;.II frt·qucncics at which the ralio z, '-lZ2 lies 
lwtWI"t'tl 0 and -I. Tlll'rdorl', l1y plol 1ing Y.ducs of 1hc ratio Z,'-17.2 
it i-. po,.,..il•lt· lo dl·lt·nuint• tlw atlenuation charactcristic of ;wy sy m ­
nH·trit· • .J >-tructun· ,,.., a function ,,r freqtll'lll')". 

/11 the /rtii/SIIlissirm raugc, tlw ph;t,;e t·on"lanl of the ,;y mmctrical 
,.lnll"tllrt' ,.hown in 1-"ig.:! or Fig. ·1. is 

(1-1) 

lll·tll'l', tlw cxpn·" ... ion fur tlw im:tgc tr;m,.fl'r con,;tant of ei thc r of thc 
s~ mmctrical "1rur1un·s ,.Jumn in Fig. 2 or Fig . -t i~ 

,-z 
ll=O+j:!,.in' \1 --~. 

-17.2 
(15) 

Iu the a//ruuation l"l'l!,iou. Z 1 17. 2 may lll' l'illwr lll'galin· ur pu;;itivc. 
lf /., ·IZ2 is rwg.tti\l' and i-. grl'all'r in ah,;olull" magnitude than unity , 

tlw altl'llllali"n nm,.lo~nt i,.. 

.-1 =:? co"h 1 /-Z, 
\ -1/.z 

( lli ) 

and rh1· plw-.1· con,.t.lllt, or tlw illl.q.:inary compotH:nt of tlw imagl' 
t r~lll,.fl'r cothl.tll 1, j,. 

U=(2/\-l)lr ( 1 i ) 

\\ lll'rl' K is an~ intt-g1•r. I h·nn·, 

( 18) 

From l'l(ll.ttion (S), \\ hcn Z t 17. 2 i-. positin·, 1 Iw at lenuatiun con ~ tant is 

.I '.! ... jnh l z, ( Hl) 
\ -17.2 

.tnd 1h1· ph,, ... ,. con-.l.tlll H j" Zl'rtl. llt·nn· , 

0 :? ,.inh I /.• +jiL (20) \ ·1/.: 
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.\s ,, re,.tdt nf t•qu.ttioth l iS ) .uul (:.?111, in tlw .tllt•nu.ttion r.m,_,., 
tlw ph.t";l' t'lltbl.mt of a non-di,.,_ip.ttin_· "Yillltll'tri(';tl liltt·r ,_,.,-tion j., 

"'"·'~ s tt•ro nr ;tn odd llltJll ipk of ± "'· 
The cul-o.fTfrt'<Jlii'IICics, l>y which ,tn _ _. llll".tlll the di\ ision.d fn·qt~t·m·j, . .., 

\\hielt ..,ep.tr;llt' the tr.tn"mi,.-.ion hands frn111 tlw attenuation l•.mds, 
llllt"t ,tJ,,,,ys nt'l'trr \\hl'n 7. 1 17.~ = 0 or wlwn 7., '17. 2 - -I. ,;in•·t·, 
ior the tr;llblllis,;ion haiHb, 7. 1 1 7.~ IIIIISl lit• IJl'lween (I and -1. 

Thl· gt·m·ral furmulae for tlw im01ge impt•d.tnl'l'S uf tlw symnwtri<'al 
nl'lworb ,_lwwn in Fig,_.:.? and I are t'qllation"; (I i) and Ci), re,.pt•t·tin·ly. 
Frnrn these equ.ttions, tht• im;1ge inlJwdanl'l's are pure resisliiiH't•s in 
the tr.Hbllli..,"ion range of a non-di,..sip;ltin· structure. l n the at­
tcnu.llion rangt•, ho\n·n·r, tlll' image impnlanres arepure rl·actann·s; 
the mid-..,erics image imped.IIH'l' is a n·artancc ha,·ing thc same sign 
as Z~o whilc the mid-shunt image irnpedance is ;t reactanCl' h;l\·ing thc 
s.une ::.ign as Zz. In these attenuation l>ands, the image impedances 
(pnre reat·tanccs) ha\·e positi,·e or tH'g;llin: signs depending upon 
whethcr they arc increasing or Jecrea:<ing with frequency. Thc ordcr 
of magnitnde of thc imagt• impedances may be found from Tal1le I. 

Ii the 
\'aluc of Z, i~ 

Zero 
Zero 
Zero 
Finite 
Finite 
1-'initc 
lntinitc 
Infinite 
lnlinitt· 

:\tul if tlw 
\'alue of, -IZ, is 

Zero 
Finitl' 
Infinite 
Zero 
Finite 
Infinite 
Zl'ro 
Finite 
Infinite 

T.\BI.E I 

Thcn the 
:\ l id-St·ries 

I ma~c l mpcd.wce is 

Zero 
Zero t 
Finit e f 
Finite •• 
Zt•ro• or Finite 
lnlinitc t 
lnfinill' •• 
Infinite •• 
lntinitc 

.-\nd the 
:\Iid-Shunt 

lma~~ lmpedann: is 

Zero 
Zero t 
Finite t 
Ze-ro •• 
I nfinitc • ur l:inite 
Infinite t 
Zero •• 
Finite •• 
Infinit e 

• \\'hen both Z 1 anJ z, arefinite and Z 1 = --tz~. the miJ-serics image imped.tnce 
is zero and thc rnid-shunt imagc impcdance is infinite. 

t This condition gives a cut-otT frcquency. 
•• This condition rcsults in infinite attenuation. 

Types of Son-Dissipalh•c Serics-Sirun/ Sec/ions lla;•ing Not .lforc 
Tlran Une Transmission Band or .llorc Thun Onr Allcnualion Ba11cl. 
~ince thl' ~eril·s and ~hunt arms of a non-dis:-.ipali\·c tilter ;;cclion may 
l·ach he compo;;ed uf any comhination of pure rcactall('l'S, it j,_ pw.,..ii,Jc 
to h;tn: an intinite numl1cr nf typcs of filtcr ,..ection;;. I lowe\·t·r, it 
j,. ;;eldom tlesirable to employ lilters having more than one tran~mis,.;ion 
band or more than onc attt·nuation band. l 'nder tln·~c conditions, 
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i t j ,. J;: t·ncr.dly impr<~clical•ll" 111 •·nlpl<~y 11111rt' th.lll four rl'.l<" la ncc l'lc­
nwn ts in •·i 1 hl'r of tlll' arm,; of .1 ,.t·ct ion. l.ikl'\\ i"t'. a tota l of ,.;ix 
r~·aetancl' l"ll'nwnt-. in J,.,th thl' ,.l.·rit·" .wd ,..hunt anu" j,., tlw maximum 
th;lt can hl' t·conomi•·.tlly l'lll(llnyed. 

T ypt•,; of tw<~-ll'rminal n·;wt.IIWl' nw,..fll''-' ha\ ing not morc t han fonr 
el• ·mcnt~. are li,;lt'd in Fig .. -.. l n Fi~. li, tlll' wrn·-.pnnding frcq ncncy-

~ --ll-- ~~--- ---L:}-~ 
:10 

-c:J- ~~ Cr-1- -1~ ~~ 
:J b 6o fb 7a 7b 

~rC:J- -c~ --9-~ ~ 
7C 7d &o öb oc 

ed 

I i~:. 5 Twu-T o·rmin . .t Ro·,lLI.IIIO'l' \le,hes \'on1.1ining :\ut \I ore Th;ul Four Ele ments 

•[I / 

.. J,.. / 
0 0 f ()) 

-jl 
- CO 

4 

Ir 
8 

I· it-:. I• l<o·.ltl.llln·- 1· r.·qtn·nry I ·h.lr.tclo·ri-lics, of t he :'llo·sh{'s of F ig. 5, Shown in 
~ymhohc l·orm 

n·.u t.tnn· ch.tr.tt·t•·ri-.tio·-. .tn· n·pn·-•·nt•·•l. Reat·t.lnn· char.wtcri,..tic,.; 
'\o-.. I .1nd :! of l'il.!. ti .1n· n·cipn..-.tl in n.1t11rP. that i,.;, tlwir prodnet 
jo; a con-.1.1111, indl'p•·nolt·nt of fn·qiii"IH'Y· R<o;wt.nwc charaeteri,;tics 
~"!-> :~ .1nd I .m· ,..nnil.lrl~ n·l.lt<·d if th•· fn·q11encil's of n·,;ouanee and 
.tnti·n·-.un,Jm··· ('Oiincido·. ....,imil1r rel.1tion,; t·:-..i,..t l tcl\\'l'l' ll cha ractcr­
j ... tic-. "" . ;, ollld Ii, .tnd lwt\\!'1'11 rh.tractt·ri-tics :\os. i ;~ n d s. Two 
(IIJ"IJI'o 11f 1'1',11"1.1111"1 llll"'" in Fi~..:. ,-, I"""· ,-J,I ,111d .-1)1) gi \'1 ' tfll' ~;11111' 
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n·;wt.llll"l' ch.H.Il'lt·ri,..tic ( :\11 .. -,of Fig. ti) .11111 .tn·, tlll'n·forl', hy pn>Jwr 
d t•sign, cll·,·trit·.dly l'qlli\ .dt·nt. ( 'har.wll'ri,..tic '\n. ti of Fig. Ii also 
corrt>spomb lt• twt• n•.wt.llll'l' nll'slw..; of Fig .. -, 1 :\t, ... ti,t and tih) and 
thc l.ltll'r m.ty, tlwrdort·, Lw t'tlll..,ith·rl'd l'l(lli\,tll'lll. Likt·wi,..e, fl'­
.tl't.liH't' llll',..ht·" 7.1. 7h, 7c and 7d of Fig. ,-, gin· dtar.tcteri..,tic :\o. i 
of Fig-. ti and .trc tlll'rdurc p111t·nti.dly eqni\ all·nt; a(,..o rl'at'l.tnce 

:1 /1 "I Jl "'I f'-i"l .fl l "W nn _l <Dh I "I F\_1 
oUJ olLJ oU_j olLLJ o oL-'SJ oLU oU_'Sj 

O f CDo ro o roo ro o CDO CD o roo ro 

2 3 

co[V] rrM- + -'lllij rr -
A - + -

0 0 0 0 :bJJ :LtJ M 1MJ 
O f COO ro 0 CDO CD 0 CDO CO 0 COO ro 

6 7 8 

~M I "I ~ I "'I N 'I ) I "1\ t·r'ß 0 I "'i/1 11 'j ß 0 
olW olL\J otJ_j oLLJJ oWJ oM ollfJ Jl~ 

O fCD O CD O COO ro 0 .::00 CO 0::00 ro 

~ 10 II 12 

:WJ :~ 1Df~ 
o j' roo ro 0 ro 0 ro 

13 14 
Fi~. l'ropag,Jtion Conslant (.\ttenuation Constant and I'IMse Constanl) 

Characteristics, Shown in Symholic Form 

meshcs :\us. :-..1, :-.(,, :O.c and ~d of Fig. ;) an: rcprt·,..cnlt·d hy rcactancc 
char.Ktcristic :\o. ~ of Fig. (i and, con:.cqucntly, may also hc dcsigncd 
tu IJc cquivalcnt. Thc cqui,·alcncc of thc abovc rcactancc mcshes 
has bcen discusscd by Zobel • and will bc subscqucntly trcatcd at 
lcngth. l t is lo hc umkrstood that, for the sake of brc,·ity, in what 
follnws, me,.;hcs :\os .. i, fl, i and ·" con·r, rcspectin·ly, all forms of 
thc equi,·alcnt mc,..hes: .ia and .-,h; fla and Glr 7<t, i l•, ie and 7d; and 
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Ra, ~1>. Sc and :o-.1. (',..in;: tlw ... e rl'actanct' <omhinations 9 for thc 
~erit•,.; ;111d ~hnnl arms. tlwn: arl' only a rel.tti\"1:1~· ~mall numher o f 
types .,f lihcr ~tnwlnres. .\II of 1hese types uf filter structnn.•,.; arc 
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RE: AC TANCE (POSITIVE (+) OR NEGATIVE(-)) 
h;: S \l ul -.,..rj,., .1nd :\licl -'hunl lma~e lmpecl.ulce Chararl<•rislit·s, Shown in 

Syml>olic Form 

li-.1•~1 in T .dolt· II, .111d .m· ,-,dll'd lo~c f)(tH, high fm.>s, and haud /Jass 
ldt•·r ... lh,l\ in..: nnly ntw tran;.mi,.siun l•;uHI) and haud climiunliou 

'Tlw .. • n• r,JI 1 ,,., h• •I ttf dc ri' 1111: tlu• allt'llll.llinn anti ph;._,. char.rc·t•·ri-1 ics of a 
"''''"n {J<JIIl lh rt.t<t.lllct frc-q<wnn· ch,Jr.ult·r.-lics u{ its "·ri•·., ancl shunt arms 
'' '""' 11,.,..1 lo\ /ulwl 111 IIJiohu~r.lphy U. 
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lilter.;; th.t\ ing '""I'·'" l>.tllcl"' .tnd only ""'' ;tllt·tnt.ttion Land I. Tlwir 
attt·mt.ttion .... n-.t.tnt .1n1l ph.t-.1' con-.t.tnt <'har.wt••ri,.tie;:, with respect 
to fn·qtu·m·~ .• tr" ,..h .. \\ 11 ... ~ mholi,·.tll~ in Fig. 7. Tlll' mid-,.;erics and 
mid-,.hunt im.t~t· impl'll.ttll'«' ch.tr.tct•·ri-.til·,. witlt rl',-Jll'l'l to fn·fJueney 
arc :-hm\n in Fig. "· ln T.thll' II. tlw ligllrl' <1t thL· hcad of cach 
l'olunm indic.tll'" th1· n·.wt.tnn· llll',..h in Fi~ .. -, \\ hich i,.; 11:-cd for z, 
(,..eril',; impt'd.tnn· and tl11· li:.:url' at tlll' ldt of each row indicatcs 
the nll',.,h in Fi;.: .. -, "hidt i,; u,..l'cl for z~ (~!tunt intpcJancc). Thc 
ligllrl·,.. in the HJII.tfl'" of thl' t.thle denotc, rcading- from ldt to right, 
thl' propagation dt.trat'tl·ri,..tic,; (.tttenuation and pha,;e), thc mid­
,..erie-, im.tgl' imp•·d.llll'l', and the mid-,..hunt image impelbtH'C, rc­
"Jll'l'tin·ly, a-. -.hown in l'ig,;. 7 and "· 

F11r l''\öliiiJllt·, thl' fdt1·r t'11rn·-.p11nding to the third column and to 
tlw fourth row (:~- t 1 h.t-. a -.eril',.. arm l'11111po ... t·d of an inductance 
in ,;eril',; with .t l·,tp.tl'it~· ,, ... indic.tted hy nw ... h ;~ of Fig. ;\ anJ has a 
,.hunt arm comp•N·cl ,.f .111 indu<'t.tnce in p;tr;dld with a eapacit~·. 

a,; de,.,ignatl'd l·~· nw,..h I 11f Fi~ .. "i. The .ttll'llll<ttion con,;ta nt and 
pha:-L' con,;tant ch.tr<Kteri ... tic,; 11f thi,.. tilter ;~re ;:lwwn .. ymholicd ly 
hy diagram .-. 11f Fig. 7, \\ ltile thl' mid-,;l·ril'" and mid-shunt imagL' 
impedatKL'" are itulical<'d, fl'"Jl'''·tin·ly, l•y di<tgrams J:{ and 14 of 
Fig. :-. . The ,..,mbolic n.tture of tlw cliagrams lie,; in tlw fan that 
tlll' • .J.,..ci-.,..at· 11f l'öll'h diagrant 1'11\'l'r the frequl'ncy rangl' from zero 
tu inlinity, .tnd the ordinates oi Fig~. 7 and s eon·r thc attenuation 
con~tant <llld thC' impcd.tnn·s from Zl'IO to inlinity. For example, 
thc ~tnwturc ··itl'd ha-. an at ll'llll.ttion 1'1111-.tant charartL·ristic (d iagram 
.-, nf Fig. ;, l'1111l)"'"''d of .t tr.tn,..mi ... -.i"n h111d h-ing- lll'tWl·L·n two at­
ll'llli.Jtion l>;lllds, tlw .tttcnu.ttion l'IIIJ-.t.lllt lll'ing inlinite in onc of 
tlll'm .tt z•·ro fn·qu,·n•·y, andin tht· otlwr, at inftnitc fr('qllelwy. The 
plt;t-.1' l'llll,..LIIIt 11f t!Ji,.. ,.tnwture j,; - r. radian,; in th" lll\\'l·r of the two 
.ttlt'lllt.ttillll l•.111d-.. incn·.J.:.t•s fron1 -;; !11 +;; r.tdi.llh in tl11• trans­
mi-.-.i .. n l•.md (p.t-. ... ing- through z•·ro . and i,.. + r. radian-. thwug-ho11t 
tlw uppt·r of tlw l\\11 atll'llii;Jtion l•an<b. 1'111' ntid-,..l·riL·s imagP 
intJwd.uwc (di.tg-r.tm 1:~ of Fig. "' i,., a lh'g<lti\·c n·;wLtnn· in tlw lowcr 
11f tlll' two trall"llli ...... illn h.uuJ .... dt·t·n·.t,..ing from inllnity, ötl zpro frl'­
<JIIl'III'Y, tu zcro .tt th<· lo\\<·r cut-oll fn·qlll'lli'Y, j,.. .t pun· n·-.i~ta lll 'l' 
thr1111ghout tlw tr.tll,..llti ... -.illll h.111d, .utd i,; .1 po~itin· n·.wt;tnn·, inncas­
ing- fro111 n·ro !11 inlinit~, in tlh· IIJIJll'l' 11f thP tw11 attenuati1111 bands. 
Tltc mid-,;ltunt im.tg•· imp• d.tnn· clt.tr.tcteri,..tic (di.tgrant 11 of Fig. ~ ) 
i-. rl'cipnw.tl in lloltttrt·, f11r tlti,. "trt11 tun·, to the mid-serit·s imagc 
in1Jll'd.uwl· ch.tr.H·t•·ri ... ti•·. Thi ... typ•· nf lilt1·r .tl,..o possL•s,..cs, in thl' 
g<'lll'r.d ......... ol douJ,J,. h.llld I'·'"" .lll!'llll.llillll dl.ll'öll'teristic and l'lll'-
fl .... JIOIIdine; plt ..... , .• tnd intJwd.llln· dto~r.tl'tni-.tit·,;. ,\ discn-.-.ion of -.tll·h 
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,·h.lr.wtcri ... tie~ is ont:-ide tlw .,.,·opt• of this p.qwr 1'\'1'11 thongh 111.111}' 

of the strnclurl'"' Ji,.,ted in T.thk II will :-how, if t'olnpleh·ly .wakzt•d, 
mul t i-lwul rh.1 r.u·t,•rist ics. \ \'lwn• no spt•ci lic rhar.H'Il'ri..;t i!'s an· 
listed in Tahle II, 110 low P·'"'"· hi~h P·'""· singl,· h.11HI pa ...... , nr ... ingh· 
h.111d t•lilllin.ltion ch.lr.ll'll'risties .1re ohtain.1ble with .1 liltl'r ,.,,·ction 
Jimitt•d to si'l: di!T('rt'lll rt'.ll'I<IIIC'l' elt'IIH'IIIS. 

In T,dtle II, .1 l.1rge lllllllh,·r of thc structnrcs han· idl'nti,·allr tlw 
~llllt' type., of :lllt'llllation con,.,t.llll and phas'' constant ch.tractt·ris­
tics. For c,,unpll', ,.,j, of tiH' sn·en low pass tilter scctions ha,·c al­
lt'llll.llion consl.llll :uul phasc ,·on,.;tant t·haract(·risti,· :\o.::? of Fig. i. 
Likl'wi,-c. si' of thc high pa,.;,.; structure:-ltan· .llll'llll.ltion ron:'tant and 
ph.1,.;l' consl.llll ch.Hacteri,.;J ic :\11 . I. . \lso, in Tahle I I, band pass 
~rnup,.; art• tn he found kn·in~ rl'spcct in·ly, I he fpllowing propagat ion 
ch.tracteri,.;t ics I'OillnH>ll to each group: Ii, i, S, !1, 10, I I and I:.!. Finally, 
ten of the el''\l'll band elilllin;ltion structure,.; listt·d han· propagation 
ronstant ch:tractl'ri ... t ic :\o. II. 

.·\lthnugh ,.;ix of tltc ,.;,·n·n low pa:-,.; wan• filtcr,.; haYc the samc at­
lt'tlllation constant and ph:1se cotblant charactcristics, thc \'arious 
ir11age impedaJH'e char:l\l,~ri ... ti,·,.; ditTt•rt·ntiatc thc structures among 
thenl~t·h'e,.;. ~imil.tr diiTerl'nti.ttion,.; exi,.;t in the high pass, band pass, 
and band climin.Jtion. group,.; of structun•s. l n each of thc four typcs 
of tilter !'<t'Ctions hmYe\·er, all of timst' :-tructun·s ha\'ing thc samc scrics 
reactauce mesla·,.; (t hat is, ha,·ing thc samc series configuration of 
reactance eh·na•nts) m;ty hc dl·signcd to ha\'c thc samc mid-series 
imagc impedance charactcristic and, similarly, all of thosc structurcs 
within cach type ha,·ing thc samc shunt rcactancc mcshcs, or con­
tiguration of clcments, may hc designed to havc the samc mid-shunt 
imagc impcdance characteri,;tic. 

In \'icw of thc fact that somc of the stnJcturcs Ii ... ted in Tahle II 
havc thc samc attenuation and phasc constants but ha\·c different 
impcdancc charactcristics, thc qucstion ari~es as to the rclati,·c ,·irtul'S 
of thc lattcr. Furthcrmore, sinec certain of the structures ha,·c 
the samc mid-serics or micl-shnnt imagc impedanccs IJIIt have different 
propagation charactcristics, it is pos~ihlc to join togethcr such struc­
turcs and obtain a composite structurc which ha ... no inkrnal n·llection 
los,.,t's, thal is, one whose total tran ... ft·r ronstant is tlll' slllll of the 
\'.triou,; tran,.;fl'r con ... tanh of the indi,·idual .,.,.,·ti.,ns. ln onlt-r to 
minimiZ(' r('tlcction and inll'rat·tion lo:-st•,., in tht· lran"'"j ... ,..ion r:tnge, 
it is gl'ncrally desirablc to usc, at thc lt•rminals of tlll' tiltl'r, :-t-ctions 
who,.,c imagc impedances rloscly simubte thosl' of tlw terminal im­
pedanccs to which thc filtcr is conm·cted. The clwicl' pn·st•nH·d h~· 
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tilt1·r ,_tnwtun·-. h.t\ in~ diffton-nt impt·llallt'l' ch.tractl'ristics hut thc 
,..;tnlt' prop.tg.ttion char;lt'tt·ri-.tic i-., thndctn·. of a1hanta~l'. I n the 
attt·nuatiou r.tng1· thi.; i-. ;tl~o tnlt' wlwrl' impt'(lann: conditions a re 
impo-.t·d at tht· tl'rtllin;tl-. of tht• filtt·r. 

One dass of ~lrtlt'lttrt·s whil'h Jll>-.-.t·ss tll·~irahle imag-c impcdanccs 
aud who-.l' ch;lr.lCtl'ri-.tics an· readily detl'rminetl frnm ,..implcr struc­
tun.:s j,_ the ,..1>-c;tlll'd cll'rin·d m-tq>e.& The ~impll'st fnnn.; of deri,·ed 

mZ, TT\2 I 

I· i.:. I) :\J,,f . ...,.·ric·s Equiv.tlent m-Typc· of s .. nion 

"tructun·,., .trt· -.hct\\11 iu Fig,., , !I and 10. TIH' "trurtun· of Fig-. fl 
ha~ thc "-11111' mid-,.t·ril·,. im.tgl' impl'llann· "" th.tt ,.ho\\ n in Fig. ? 
;llld the \;tlu1· .,f thi,. impl'll.llll't' is gin·n hy t·quation (Ii). T he 
stnwturc of Fig. 10 ha-. thl' -..tlllt' mid-,..lnull imagt· impl'dancc as t hc '1f' 

"tnn·tmc· shown in Fi~. ·I anti tht· \·alut' of this impt'llanet· is gi\·cn hy 

1·•;:. 111 \Iid '-,hunl Equi\',tl<·lll m-Typ<' o! Sl'ction 

t'l)llollictll t7 l)n oll'l'ctllllt .,j thi-. itll'lltity of thl· n•,.pt·ctin· mid-scries 
anti tlw mid--.hunt im.tgt· imp1'1lann· ... in tlw twc> l'.tst•s, thc structurcs 
,..IJ.,,,n in l'ig,... \1 anti 10 .trc· callc·cl, rc·-.p•·•·tin·ly, thc mid-scrits rquim­
J,.,tt dl'fi:·rd nt-1\ ]''' .llld tlw 1111d-sltu111 1'1/lli:·alt-ut drri:•td m-typ•·. Thc 
'/ .111tl :r ,.,trnc tun·-. ,,f l'ig-..:.! .tntl I .11'1' c.tllt·d. n.·spt·ctin·ly, thc proto­
lyfu·~ of tht• dl'ri\c·d nt--.tnwtun.·-. .,f Fi!-!"· !I ;111d 111. ln a st·ries­
,.hunt ldter c'lllllJH•"'{·d .,, ... ,.,·tictn-. nf tlll' m-t~ pc· .. r Fi~. !I or J."ig. 10 , 
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the r.ttiu .7.1 1/.!)'" of riH· ,.,t•ril's inqwd.tlll"l' to Cour tintes tht• shnnt 
inqwd.t!Wt' is 

(2 1) 

l·rnm thi,- t''.pn·,.,,.iun, \\ht·n Z 1 1 /.~ of tlu.• prototypt• is () or - I , thc 
corrt•,pondiug ,·,dnt• of (.7. 1 1.1. 2 )," fnr the dt·rin·d 111-type is also 0 or 
- 1. lleun·, tht· dl'fin·d I~ pt• has tht· sanll' cut-oll freqlll'IH"ics a nd 
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Fi~. II .\ttenuation Con,lanl I in rc·, o( a Filter S.·rtiort Expressed in Terms of thc 
l<atio oJit, '-eries I mped.1nce to Four Tirnes I ts Shunt lmpcdance (i.c., Z, / 4Z, - K j •l•) 

then•forl' thl' samc trans111ission and attcnuation rcgion~ as its proto­
typ•·. 

lmprdnncr and J>ropar,nlion Clwrarlrrislics of Dissipali;·e Filters. 
l t h.b lwl'll point .. d ont, in the •·asc of non-di~,.,ipati\'C structnrl's, that 
thl' r.ttio /. 1 1/.z is t·ithcr a po,..itin· or a nl'gativc numPric. lf thl'rc 
i~ di ... sipatiun in tht· liltcr structurc, that i,:, if thc rc~i~tancc a~soci­
atcd with thl' rcactancc clcmcnts cannot bc nt•glcctcd, thcn thc ratio 
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Z1 ·IZ: will not, in ~t·rll'r;tl, l1e a nunwric but a n·ctor. Howc\·cr, t hc 
general formul.1 (:-- ), ~till hulds truc with di,;sipation. For dNcrmining 
thc ath·nuatinn constant and ph.l"l' constant nf a di!'-sipati\·c »t ructurc 
it is conn·nient to u»e two forrnube which ma\' hc dl'rin·d from (8). 
Thc»e formulae arc . 

:I =co~h 1(K+ \ r/\- 1 )%+ -tK cos2 ~)· (~2) 

B=co~ 1( -K+ \ l\ 2 +'21\ cos t>+l), (23) 
whcrc 

.%, 
1.% I I '±q, K ~q,· 1.%: ·1.%: 

ai' 3.2 .t.!, ~P =:raoo 

z 4>=!17 5° 
0 4> =!1 70° 

2.8 1-
(.) <t> =~1 60° w 
Ul 

er 2.4 4> :!1 50° 
L.J <1> =~1 40° Q. 

(/') 2.0 <P:!J30° 
z 

q, :~ l200 < 
0 4> =-~1 I 0° <{ 1.6 a: <1>=-~100° 
z <1> =~ 90° 
..... 1.2 <t>=-!soo z 

<P =-=-7 00 <t. 
1- ct>=~60° V) 

0.8 z ct>=-:soo 0 
u q, :~40° 
w 0.4 - <t> =~ 30° 
V) 

<t q, :~ 20° 
J: <P •! I0° Q. 

0 
0.5 1.0 1.5 2.0 

<t>c± o· 

K =l~l 4Zz 
Ii~-: I! l'h,, .... ( "'"1.1111 ol ,, l·lltr·r "'"I ion I· \pro·~,,- I 111 l"c·rnh ol t Iw Rät in of lts --.., ... lmp<.'<l.uou· Iu I our Timt'' lt' ~hunr lmp,·ddoKc (o.t·., Z1/-1Z, 1\. 21~) 
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J-".,nmd.w 1 :!:! .lltd 1 :!:II .lrt' ,.,pn•,..,..,.d in ll.tpit•r,.. .utd l'irnd.tr r.tdi.m ... , 
n•..,pt·t·tiH·h·. Tlwy .m· ~t·pn·-.t·nted in J'(T .tnd in r.tdi.tns I·~ f.uuilit·.., 
ol cnn t•s ,..udt ,1,.. .lrt' :-ho\\ 11 in Figs. II .liH I I:! . 

. \ con\TIIit·nt r.ttio whidt t''lll"t•s:-ot•s tlll' di,.,:-;ip.llion in .my n·.lt't.lllt"e 
t·knll'llt is the .tiN>Iutt• r.llio, d, of its l'ITccti\ L' rcsi:-taun· to its re­
.lt't.lll\'1'. ln tlw \'.l,.,l' of a roil, d - N. l.w while in tlw l'<l"'l' of a con-

1 Lw I 
dt•n,..t·r d = RCw. The rl'ciproeal ratio Q tl = -

1
{ = N.Cw h;ts al,..o hecn 

"itlely u:-;t·d a:o; .1 mt·.tsure of di:-;sip.ttion in reactauee elenwnts. Thc 
r.ttio d or Q will not, in general, be con:-;tant m·er a widP frt'!JIIPIIC)' 

z, 
2 

L 2C, 

~~~ 1 c,'J 2 2 

0 T C: 0 

Fig. 13-Typic.tl B.tnd l'.tss \\'avc Filter Section (:\lid-Scrics Termination) 

range. If thc \'alue is known at an important frc(jucncy in thc trans­
mtsswn range. it may ordinarily hc rcgardcd to hold for thc rcst of 
tlw Iransmission rangc. Thc cfTcct of dissipation on thc attcnnation 
constant is mo,..t important in thc Iransmission band, wlwre thc at­
tcnuation constant would lx· zcro if therc wcrc Iltl dissipation. Its 
dkct is most pronounccd in tbc ncighborlwod of thc cut-ofT fre­
qut·neies wherc the Iransmission l>ands mcrg-c into attcnuation l>ands. 

ln the attcnuation hands, tlw gcncral effcet of dissipation is twgli­
giblc. lt largely controls, bowt·\·cr, tlw \'aluc of tlw attenuation 
constant at thuse frcqucncic,.; at which infinitt· attenuation would 
uccur if thcrc werc no dissipation. Thc cfTcct of dis,..ipation upon 
thc pha,..c constant is most pronnutwcd in thc neighhorhood of the 
cut-niT frequencics whl're rcsistance rounds oiT tlll' abrupt changt·s in 
pha:o;c which would otlwrwise occur (,.;ec Fig. 1:!1. 

Characlerislics of a Typical Filler. In onkr to illustratc specilically 
thc principlcs employl'd in tiltcr dcsign, con,.;ider as an cxamplc thc 
band pass structurc 3-3 of Tablc I I . This structurl' is illustra tcd 
in Fig. 1:3. lt will bc assumcd that thc dissipation in the coib cannot 
bc neglccted, butthat thc dissipation in thc condcnst'rs is of negligihlc 
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Jll,tgnittull' . Jf 1< 1 itllll R~ .tn· the l'ltecti\ t• n·"'i"t.tnn·-.of tlw indut·tancc 

t·lt·ntents /. 1 ;llld /.z, re-.pt·t·ti\ el~, the ,..t·rit·,.. inqwdann·. Zt. nf a scries­

"Jtunt rt'CUITt'lll "lrtll'lllrt' cnnt(l""t'd tof .. eeti11tt-. of tlw type shown 

in Fi g. 1:~ is 

(2·1 ) 

The impt·dam·t· t•f tlw -.hunt .trm i-< 

(25) 

ln .-uh,..tituting fur /?. 1 it,.. \.tlue /. 1wd .tnd for R.~ its Y.tlut· I.~'.J..·rl. tlw 

r;ttiu z. IZz ht'l'llllll'" 

I '/ I 
Lt -.Je - w~L.c. 

1/. ~ 1 - jd - .. I -;-. 
w-/.~( ~ 

:\..,..uming d lo 111' J't•ro, tht· ratio z, 17.~ j,-

7. 1 C~(w~I •• C,-1) 
IZ 2 l t 'a(w2/.~C~- I,. 

(2ti) 

(21) 

Refcrrin g '" T al•lc II . thc stnu·ture "hown in Fig. J;~ ha., two di,.;­

tinct allt·nuatit>ll anti ph<t"t' charal'lt'ri"tic:-. Tht'"l' arc, rc-.pt·ct i, ·el y , 

characteri"til'., ~""· ~~ and lllof Fig. 7. Th t•:-t' two "l'ts of c haraeter­

i~tics ari,..c from tlll' f.tct that tht· "Jtunt arm lll<ty Iw rc-.on.lllt ;II a 

frcqlll'lll'Y les,; th<tll. or gn·att·r than. tht• n·"onant fn·qut•JH'Y of tlll' 

,..l'ric,; arm. The l\\11 .11 lt'llll.ttion characteri-.ti .·,.. are in\.t'l'>-t' with 

rc·,..pt·ct to fn·qtH'IIl'~. \\"t• --h.tll. tlwn·fore, di.,nt.,,.. only otll' of tlw two 

c:t'-t'"· n;tnwly, that in \\ hich tlw ,..Jtunt .trm rl',.;onate,.; at a fn•qtH·ncy 
gn·<~tt·r th.tn tlw n·,..on.lllt frl'qttt·nc·y "f tlw ,..erie-. arm (that i,.., L 1C1 

j,.. gre.ttl'r th.tn L~C l. Tlw fn·qut·twv ;tt which tlw ,..J\l111t .trm is 

rt•"IJII,tlll will l•t· dt·"i~n.ttl'd ;~-. L. dut· '" tlw f.tct th.tt in a 111111-dis­
,..;p.ttin· filtt·r Jlw altt·nu.ttion 1'1111 ... 1.1111 j,.. inlinitt· .11 thi" lll>i11t. ln 

otlwr \\orcl,-, 

f .. (2~) 

lt j,.. t'\ idt·nt th.tt tlw fn·qut·n• \ .11 \\ hio h /. 1 is rl',..llll.tlll j., a cut-o ll 

frc·qut·ncy ,..inn· z ... 111d tlwrdon· 7. 1 17.~. j, /.o·ro .11 thi,.; poi111. .-\n 

in-.IK'Ction of gr.•phit·.d t'ttn , .... •n dr.t\\ 11 for 7. 1 ;111d 17.~. under tlw ahon· 

11 Fo~r .111 illu•l r.ol ion •.•f tlw • olbl ru.-t ion o( '"' h c11n ,., , ,.,. lliloli•1,:r.1phy 11, Fi~:. i, 
. .l.u Jlal,hu~:r.ol'h~ 1.1, I 1).: . ! 
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, . .,ndi l ion-.. \\ ill -.ho\\ l h.tl l h j, j., 1111' ln\\ ,·r of l hl' l \\11 1'111 oll I n•qtll'lll'it·-. 
, r, l. , h,,, i-. 

(:!~I) 

B~ cqu.1tin>: /., l/.2 '" -I in •·quali,,n (:!i') tlw upp1·r cut-111T fn·­
qu•·nc~ if~l j, found 111 Iw 

. I Cd- H\ 
h = :!1r \ C,C2(1,, + 1/-2)' 

F11r thL""L' cxplicit n•l,\linlb f11r f,, f 2 .llld f",, L''lll.ltion (:!Ii) 111;1y Iw 
rcwrilll'll 

\\'lll'n d j,.. zero thi-< equation IIL'ClllllC,.;, f11r thc non-di,.;sipalin· easc 

[ 1- (j; f][ 1- (j.')] 
[I- (j.:)] [ C'r) 2 -I J. 

From the prcn•Jing furmulac .llld lrom t lll' eurH·s shown in Fi~s. 

ll and 1:!. it is po:-,.;iblc tu rcad dircctly th1· attcnuation c.m,.;cant and 
thc pha,..c cnnstant for thc ::<tructllrl' shown in Fi~. 1:3. at any frc­
qucncy, pro\'idcd th1• ,·,due" of f,,f2 and f., arc known. T hc formube 
f11r thc di,.,.ipatin· ca"L' an· of u .. e mainly chroughout thc Iransmission 
Land,; and ncar thc frcqucncy f". Ebewhcrc, thc formulac for 
Z 1 -tz~ for tlll' non-di,.,.ipati,·c ::<lflll'llln· may Le l'mployccl without 
unduc error. The precL·clin~ formubc ha\·c hL·en dcri\·cd in a dircct 
manner, lmt may he obtaim·d more simply hy ronsidcrin~ the structure 
of Fi~. 1:~ tobe a rlcri,·cd form of the structmc :~- :! in Tal1le I I. 

ln onkr to minimiz1• rellcction lo,;,.. crfects, it i.;, as a mle. de,-irallle 
to terminale a filter in an impcdance eqn;tl 10 thc ima~c impcclancc 
of thc liltcr at the mid-freqtwncy. 11 ([",) or ac somc othcr imp11rtant 
frcquency. From equacion (ti) and thc \'alucs of Z 1 and Z 2, ehe mid­
scries in1.1gc impcdam·c (Z.,), at thc micl-frcqucncy in thc non-di",;ipa­
ti\·e ea"c j,; 

( :~:~) 

11 l>dint·<l a,; thc gcomctric ntl'an of thc !wo cul-oiT fn·qul'nt'it·,; f, and f,; or f~ 
,'j,f,. 



i2 

hom fornllll;u· (Ii), t:.!!J), :~111, and (3a) tlll' mid-..,l'rics imagc impedancc 

at an\· freqtH·nc~ j.., 

.-\n in:--pection of fornwl.t 1:3 1) inclicates that thc mid-,..cries image 
impedance j,. symnwtrical with rt'>-pect to the micl-fn•quenry, f'". 

In a similar way, tlll' mid-shunt imagc impedancc (Zo') at thc mid-
frequency j,; 

.llld thc mid-,..hunt impt·cl.ltH't', (/./), a t any fn·qut·m·y i,-

1_(./)
2 /!2_(f"')~ 

z , = z . !, I r, f 
-I '"1-(f'")~ \lf2_(f) 2 

I, /1 f'" 

(3ü) 

lt will lll' twt.·d. th;lt 1/ tht• :·alucs of lhc indurta11as tllltl resistalias of 
11 jilta art• mulliplit·d by any fartor a111/ ~( a/1 !hr i'(J/ues of lhc rapacities 
tlfe diz·ided by lhe Stl/111' .farlor, i/Jt' Iransmission loss-frcqucnry rlwrarlcr­
istic is 110/ rllllllf!.Cd 12 (nt·ithcr 11 TC thc (11/-otf jTI'tJIICilCies, /lOT thc fTCIJ IICilcies 
of i11fillile a/lelllllllioll) Im/ thc inltlf!.l' impeda11as I/Tl' multiplicd by lhis 
fadoT. 

From t!w pn·n·din~ formul.ll', l'Xplicit t·xpn·;.,.ions may he dcri,·cd 
for tlll' \·alu••,.. of 1.1, C1, L~. <llld <.'2. TJlt',..t' exprt•,..,..j .. n,-, \\ hich arc 
J.:iu·n l•y Zol1t'l,6 in a ,..Jightly diiTl'rent form. an· as follows: 

J _ /.olll 

-·- 7r{/2-/d' 
(3i ) 

(38) 

1-~ 
/.0 ,_",2 

7r(f:-fd ·1111 ' (3!l) 

if:-f, 111 

~r/.,.( I; f,m2 J. (-10) 

'' "iun· tht· v.,hu· ul illl' tr.111•kr Lu tor, • o, is <I•·J~<·n<lcnt .imply upon thc rat io 
/. 1/.,, II ""\l<lt·nl lrom <~JII.ollllll ((Cl th.tt 1/u IT!IIISIIIiSliOIIf<IH CIIIISt.'d /r\• /Iu iiiSCr­

/liJn of <tny nrtwork 111 <I < ,·,. wl ;, drf•ru./rlll lllll/>(v 11/><111 imf>~d<JIIU ruiios. Con­
.,..'llll·ntly, t(u, .oiMJ\'t' th•~•rt·llt j, '(1111•· ~··twr.ol .tntl .tJ>Jlli•·s nul only to tlh .. rs hut to 
.111\ l~,,.~j,r ,".,,.·nrk 
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"lwrc 

111 

( ,..) ·: 
1_ f a 

' (j; r _, (II) 

.\ .... 1 num•·rical ex.ample of the dl'tcrmin.ttiou of tht• cou ... t;ant:-. of .1 

liltl·r :;,·ctiou .. r the typ•· urtd1·r t'Pil,..idcratiou, a:- ... 111111' that tlte lowl'r 
nlt·ofl frequcucy, f 1, is :!0,000 cydc:;, and that tltc uppcr nlt-oiT fre­
IJIII'IIC)', f 2 , i:; :?.i,Olllleycles aml th.at the freqtwncy of irtliuitc atll'llll· 
.ltiou, f_.. is :Hl,OOO cydc:;. :\..,,..11111\', furtlt•·nuon·, th.tt th<' \'alue of 
tlw mid-,..cri<'s i111.age intp~:d.mn•, Z o. at tlw mid-fn·quency is liOO ohms. 
Tll\'11 from formula 1 II), 111=.7-1:2; lwncc from (:H), L 1 = .ll:?S-t lll'nry; 
from (a:-. ) , C1 =.00::?:?1X10- 6 farad; from (;)!I} L 2 =.00:>7i hcnry and 
iro111 (-10) C2 = .001SuX10- 6 farad .. \s,;uming d=.Ol, tltc \'aluc of 
7., 1/.2 .1:; gin·u by furmula (31} at f'" (2:!,3li0 cyclcs} is foum.l to he 
.:W.i 17\i0 .l. Referring to formula (2::?), in which K = .:w:; aml tJ> = 

17ti0 .·l, or tu thc curn·s of Fi~. II. tltis \·alue of ZJ-tZ2 corrcsponds 
approximatdy to .0-11 n;tpicrs ur .:~\i TU. Similarly, from cquation 
(:?:! 1. ur from tltc cur\'cs of Fig. 12, this \·;tlue of Z 1 IZ 2 gi\'cs J.J;) 
r.Hii;tns. or tii 0

, fur tltc phase constant. :\t zcro frcquency, the \-,due 
uf Z 1 IZ 2 is, from t•quation (al}, .. 'l-12. ' 0°, which curre,-pouds to J.;)tj 

n.tpicrs or to 11.'\ TU. Likewisc, at infinite frcquenc~·. the \·aluc of 
Z 1 .JZ2 is 1.:?:) ~ which correspomls to an attenuation loss of I.U7 

napicrs or tu Hi.ti TU. From thc cun·es of Fig. 12, the phasc constan t 
is zcro hothat zcro and at infinite frequency. 

Composile Waz·e Filters. lt has pn.>\·iuusly Ileen pointed out that 
ccrt;tin groups of thc stmctures listcd in Tahle I I havc tht· samc mid­
,..t·rics or mid-,;hunt image impcdanec characteristics but that thc 
\'<trious structurcs in such a grnup may han~ different attenuation 
and phasc constant characteri".tics. 

I f a Ii her is composcd of any numher of symmetrical or dissynJ­
mctrical Sl'Ctions, so joincd tagether that the imagc impedances at 
thc junctio n points of thc st•ctions are id•·ntictl, the attenuation and 
phasc constant charactcri-.tics of thc composite structurc so formed . 
• trc cqual tu thc sum of tlw rcspecti\'l· charactcristics of the indi\·idual 
-.cctions. Furthermore, th1• imagc impedance:; of the composite liltcr 
\\ ill hc dt·termincd hy thc imagc impcdancl':- of the accc:;,.jhlc end,.. of 
thc tcrrninating scctions. The dcsiraLility uf furming such compo,..itc 
liltcrs ariscs from thc fact that a Letter dispositiun uf att•·nuation 
and phasc c.tn hc obtained hy crnploying, in one composite structurc, 
.t numbcr of diiTcrcnt typcs of the characteri,;tics shuwn in Fig . 7. 
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T hl• di~sy111111elric.d nelworks ordinaril~ t'lll)lloyl'll in compo;;itc 
~tmnun·s are u;;uall~ L type lll'l works cal'l1 of \\ hieh may he rcgarued 
as onc-h.df t hc currespondin..: symnll'l rical J' or ;r nel work . G eneral­
ized form,.; ol such nelworks are ~howll in Fig,.;. l-1 :\ , B, a nd C. lly 
joining- lwu of 1he"e h.df-~ections, ~uch ,.,., an· ~hown in Fi g,.;. 14B 

2, 2 , 2 , 

2 2 2 

~··!~::~·E:E 
(A) (B) (C) 

Fi~o: 14 Ct•nt·r.tlilt·•l Scrit·s-~IJUnt Struct ure [l i\'idc.l l nto Stll't't•,;,;ivc ll .df-Scctions 
IL-T~·pt'l 

and C, we may form llll' full T ~<·ction shown in F ig. 2. ~imilarly , 

hy juining tlw two h;tlf-seclion" illu,.;traled in Fig,.;. II.\ a nd B, thc 
full ;r scction .,f F ig . I n· ... ult:<. T he lr;•n,..fer con,..lanl, n.,. o f a half­
~<·clion, such"" is ,.;]wwu in Fig,... I L\ , B . ur ( ·, is une-ha lf 1he IransCer 

('Oiblant of tlll' corn· ... ponding full "''clion, 1ha1 i,.., 

o .,=~: = ... inh 1 ·x, 
\ . J x~· (·12) 

I ll'nn·, the a/tt'lllllllion cnnslalll uncl plwsc wnsta11/ of a lw~(-scction 

;tn·, fl'"(IL'cli\ .. Jy, tlllt'-/111~( tlu· allcnuation fllltslanl and plrau consla nl 
of 11 full sNlion. .\n importanl relalion,..hip lli'I Wl't'll tlw ha lf-:-.ec lio n 
ancl 1hc full ,..,., ·lion, which makes i1 con\·,·nil'nl to 11:-'l' ha lf-sec lions 
in compo,..ilc \\',1\l' liltl'r ,..lnwlun·,.., j,.. 1hat lhc image impcdan ces, 
X,, and z,,, of any haJf.,..,.clion ••n• ''IJII<il I'I'"Jll"Cti\·ely to 1hc miJ ­
"eri,·s aucl tlu· mid-,..hunt im.t~·· inqwdatll'l'" of l he correspo nding 
full ,..,.clion,.; . 

. \ I ypic.tl t ' X.tlliJIIc of tlte llll'lhod of fnrllling a I'Olllpo~i le low pa~~ 
w.l\·e liltl'r i ... gin·n in Fig. Jr,, wlterl' lhrn• half-,..,·clions oi dillereut 

1~ )ll'S aud one full :-t·ction arl' co111hiued in1o a eompo~itl' lilter . The 
de!-ignationo; helow lhc di.1gr.1ms iu F ig. 1.). \ rdt•r lo 1he number of 
full :-t:clions <llld lo 1lw rali" f~ f , . l n a prac1ical liltn, the \'ar inus 
slmnt colHI,·n~n,.; and ~•·ril's coiJ,.. an· eomhin1·d as illtl'-l r<t led in Fi g. J;iB . 

Tlw \111llpo~ile ll<ttlln· of the alll'llll<llion chararl,·rislic uf tlw liltl'r 
of l·ig . J:,H j,., illu..;lr.Jil'd iu Fig. lti, on ;1 non-di,..,..ip<tl in· l•a"i,.;. ln 
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Fig. IS B 

Typi.:.1l ( :\on-Dissipatin~ ) Cornposite Low l'.t,-s \\'a\'C Filter and lt s 
Componcnt St.-ctions and ll,llf-Scct ions 
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Fi~. 16 -Attenuation Characteristic of the Composite Low l'a,;s \\'a,·c Filter ol 
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Fig. 1.-,B, tlw image impt·dann·. 7. 1,. at llw I- '2 h'rminals has char­
acteri,..tic :\o. :! ,.f Fig. ~. \\ hil!' tht· imagc impl·llancc, z,", at tlw 
:~- I terminal,.. ha,.. char.wtt·ri,..til· :\o. I oi Fig. ~. 

J~lcc/rimlly l~tfllir·alrn/ .\'1'/r.·orks. RdereJII'l' ha,; Ileen made to 
the fact that any passii'l' nt'/rcork hm·i•1g onc pair of inpul /crminals 
a111l o111' puir c~( oltlfm/ /aminals may /J,• adcqua/cly rcprt'SI'Illcd, a/ any 
frcqucl/1)', by 1111 t'lflli<·alcll/ Tor" nc.'rL·ork. ln ~eneral, this rl'prcscn­
tatiun j,.. a m;tthem.ttical ollt' and thc arm,; of t hc Tor " nctwork 
cannot l>L• representcd, at all frequencies, hy physically rca/i::;able 
imp<·dann·,;. 

Furtlwrmorl', any ront"clllt'd nc/rcork, nmlaining 110 imprcsscd clcc/ro­
moli<•t• foras. al!ll ha;•ing .\' aansiblc /crminals is alrcays capablc of 
ma/hcmalical rcprcscnla/ion, a/ a sin.!!lc frcqucncy, by a nc/rcork lw'i'illg 
110/ morc /hall .\' (.Y -1 l '2 impcdanccs, rehich impcdanccs arc dc/crmin­
ah/e from lhc ;•ol/agc anti (/lrrcnl condilions a/ Ihr acrcssiblc /crminals. 
For nl'twork,.. ha\·in~ thn·c ur mure tcrminals, this arbitra ry mcsh of 
impt'(lann·,.. ntay po,._,..,.,..,.. a lllllllber of Yariant conligurat ions. It is 
also tnw that tlw t•qui\'all'llt't' of thc arhi trary mc,..h to the conccalcd 
nctwurk holds, at <tlly ~inglt· fn·qul·ncy, fnr an~· and a ll scts of cx­
h·rnal ur tNmillal condition,;, and that thc m;tgnitudl's of thc impcd­
anccs of tlw <trbitr.try nw,..h <Ht' ch·tt·rmin<tl>lc, at \\ ill, oll tlw assump­
t ion of llll' IJlOSI l'llll\"l' lljl'nt Sl't of terminal l'OilUitions for Cach in­
<Jj\"iduaJ l'<l:-iL'. Familiar inst.tJH'es are thc impeda ncc eq uations 
deri\·ahlc undcr various short-circuit a nd opcn-circuit conditions. 

In !'öpecifie ca~cs, whil'h arc uf particular intcrc~t. onc uc/work may 
111' shou•n /o bc rapablc of rcprcsl'nla/ion, as far as t'.,·tcrnal cir(uil con­
tlitions arc conrcmcd, by a1w/hcr nclrcork rehich is physicall_v rcali:::.ab/e, 
and Ihr /aller 11111_\' bc subsli/utcd for lhc formcr, indisrriminalcly, in any 
1 irruit u·ilhou/ WIISCiflU'III al/cralion, a/ all_\' frcqucncy, in Ihr circuit 
romillwns cx/crnal /o /ltc inlcnltangtd ncl'iL'Orks. 

1-:qui\·alt-nt JJH•,..JJI's h,l\·in~ two acn·s,;iblc terminal,; a nd employ­
ing n·~pt·cti\t·ly, thnT or fonr impl'(lances in cach me~h han· !Jccn 
di~cu,_-.,.d loy U. l Zol•t·l. 1 ~ l n lilter dl'sign. two-termin;ll mcslws a re 
of import.uwe only in thn,..t· , ... ,..,.,; wlll're t lll' impl'daJll'('s <Ire es,..l' ntiall~· 

n·,wt.tnn·~. Fig~. Ii:\, H, t' .tnd I) illu:-;trate tlw ph ysira l con li gunt­
ti""~ \\ ltich n·act.tJH"l' nw,.lws t•mploying not morc than four cknwnts 
may t.tkl'. \\·,. an· not gt·Jwr.dly intl'n·,..tl'd in nw:-hc,; ha\·ing nwrl' 
I han fonr t·lo·nll'nts for pr.wtic.tl rl'a,..otb whil'h han• previouslv I wen 
di-,nh,.l'd. ll'hl·n,-;•1·r 1/11.\' 1~( lhc rt'•ltflli/U' mcsltcs slwwn in j.-;J!.. Ii 
uttllr, :ct may, rc1lh profJcr t!csiJ!.n. suhsli/u/c Jor il an cquii'l/lcnl mcslt 

"'-<• ;\ppo·ndi" III uf Biloliu~r.tphy 1.1. 
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of /h( assooat,·ti lyp,· or typt-.~. Rigornus l'qlli\ .d,·tH·•· ,.,j..,t.;, t7't'll 1cith 
tilnipution, \\ lu·n thl' r.1tio "f n·si~t.tnn· to rl'.H"I.IIIl"<', !d), j.., tlw 

.... Lilll' fllr alt coils .111d tlw r.Ltio nf n ·sis t.lllce lo n·acl.tncc (t/') j.., th1· 

s.t llll' for .111 condensl'rs. 

~~(e)~ö 
Ce C, Le 

cy~{jö 
~~~c~~~ 

LA CA Lw Cw Ls Cs 

Fi;:. 17 Cronps of Eqni,·;dcnt Two-Terminal Reactance .\lt·~h l's 

Thc rl'lations whieh tlw cqui,·alcnt mcshes of Fig. 17 mtt sl 11b~<'~n· 

.Jrc a~ follnws: 

(43) 

(44 ) 

(45) 

(.W) 

Lll ( C1r) 2 

L1 = L~( L.t +Ln)= /.n I + c, 
l i C I.RLs(LR+Ls)(('R+( .. -;) 2 

U-RCR- L:>C,) 2 
(-17) 

( IS) 



l i C 

Ii I> 

/IJ:/.1 .. \l'STU/ 1/U/S/C.·I/ • .IOCR.\'.11. 

(, , ( 1.,)~ I 1., 
I = ( I I +-I. . •II = c. ~· 

·- (l +cJ 

(\= /\ + \ K~- lt.;c,l·~K 
:n.;c. 

(-tfl) 

(50) 

(.11 ) 

(.i2 ) 

wlwrl' A'=(J.,C,+J.~C,+LzC~J~- 1 /. ,C, I. zCz, ( ,j.j ) 

C C,c.. I I.,C+ I.zC,+l.~Cz-LzCR I ·= L.- ! . ( .~).~J ) 
R-e,-(··~· ·'' c,-cN · ·Ii. - ··'· 

Cz-C,+Cu=C, -CR+l·,, (;i7) 

1., /.1 1.{ (/.R('N- /..,(\)~ 

( I+(:")" !., +I... (l'Nt(\)2(/.R+J..d' 

'·· 
(;)8) 
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For ,.,,1111ple, tlw !\\11 nH·~Iw,.. in Fig. Ii.\ \\ill Iw l'l(lli\·,tf,·nt if 

C1 =.llll!lmf. 

('n- .11110\lmf. 

('~ = .001 mf. 

('.t =.111101 mf. 

f.t .001 h. 

L.t .100 h . 

• md the t\\o llll'~lw:-. in Fig. liB ,,jll lll' t·qni,,tf,·nt if 

/. 1 = .00~ h. C 1 = .O::!.i mf. /.~ -.!lOS h. 

L.t-.II IOh . C,.,-.O!llmf. L11 =.010h . 

LR= .001 h. Ls= .00::! h. CR=.IIOI mf. C,s =.IHl~ tllf. 

i'l 

/. 1 =.llllti h. L~ =.Om h. c, =.oom:~;{ mf. C2 = .OOOiilii mf. 

L.t =.001 h. Lß=.Oil:? h. ( '. 1 = .Oo:l mf. Cn=.! Hl!llilii mf. 

Lt·=.llm h. Ltr = .!HIO!itii h. Ct·=.O!II mf. Ctr=.OO:? mf. 

LR=.Olll h. Ls= .001 h. CR=.!IOimf. Cs=.! Hl::! mf. 

/. 1 = .O!lOtl.i.i.i h. L2 = .OOO.i h. C1 =.O::! I mf. c2 =.00:~ mf. 

/..1 = .O(}J;j h. L11= .onn.i h. c., = . oom:~:~ mf. Cß=.ll0:21ii mf. 

/. 1· = .OOO.i.i.i h. Lll'= .OO.i h. Ct·=.Oo:3mf. Cw=.OOO:?·J mf. 

I t i"' tlwn C'\·ident that thc following reactance me,.;he"' of Fig. ;j 
may bt· de,.;igned to Iw l'CJlli\·all'nt: ;ia and .'>h; lia and !ih; i a, ih, ic, 
and i tl; anti Sa, ~h . Sc, anrl "d. llcn ce, thc following liltcr "'ections 

. 

Fig. I 8-·Equi\'alent T and ". Cl'neralized :\el works 

z • c 

rl'fl'rred to in T ahk II han•, for thc ~amc impcdancP anti pmpagation 
characteri~tic,;, a numl)l'r of ,·ari;tn( fo rm" of phy,.iea l con liguralinn. 
I-li, Ii-:?. :~- :> . Ii- I, :?-Ii, .i-:~. 1- .i, 1- .->, ;{-Ii, .-~-I, .i-1. 1- S, 
.->-.i, Ii Ii, i -:~. Ii-:~. ~- i, 1- i, S I <tnd s -:{. 

t lf the l'l(lli\·aknt nll'~he,., h;n·ing thn·t· acce,.,,.ihle terminal,.; tlw 
nw-.t comnwn are thl' famili.tr T anti ;r network"-. TIH' gl'ner;tl rl'Lt­
tiorbhil>"- which mu,-;t hc oh,.,t·n·cd for tlw l'CJlli\·all'ncc of T or r. nl'l-
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works are uuc lo Kenm·lly 11 and for tlH'ir gencra lized for m , as illus­
l ra tc-d in F ig. 1 ~ , an• as follow,..: 

. ZA'Zn' • Zn'Zc' . z,,'Zc' 
Z"=z '+'" '+Z" 7.Jj=." '+"' '+"' ,. Zc=." '+'" '+Z'' (ß;i) 4,, L-B -c ",,, "·R "·C ",_., "·D 4c 

. , Z_ 1Zc . , z z Z.,zll Z' z +Z +ZnZc (fif) 
ZA =Z,+Zc+ Zn ,Zn= -.1+ -n+ Zc,. c= -11 -c z_., · '' 

\\'e ~hall di~cti!>S herc only two of the principal n·actance mcshes o f 
thc T and 10 form, namcly, tho~c employing solcly inductanccs a nd 

L s' 

Ce ' 

o---l~r--a 

o--------r-~-C-c--~o 
Fi~:. l 'l E<Jniv.denl Tand .- [n,Juclance .:\l'lworks and Equivalent Tand " Capacity 

1\'etworks 

solcly capacilics. l t is tolw un«krstood that wht·n·Yer an inducta ncc 
ur a ,·apa<'ity nw~h of any o( thc following typcs occurs, its \ 'a ria nt 
nelw~trk may hc suh ... titutt'd for it without ch;lllgc in tlw e k c lrical 
char;wtl'ri~tics of lhe circuit I'Xcluding- tho~c eondition s wi thin thc 
llll'~h or its \ ari.111t. FiJ,!. 1~1 illuslrall'~ ''CJIIi\·a l!'nl 1' and 10 nl'tworks 
of indtll'l.llll"!' and l';IJl.ll'ily.'& The r .. rmui.Jt' rt'l.lling tht' induc ta ncc 
and •·ap.ll'ity m•· .... )ll's of Fig. 1!1 an· ;1~ f.,ll .. ws: 

L 1 / •.• '/, 11 ' !.1, /. 11'/.c' !.( L.t'I.c' (fi7 ) 
/, '' + I.n' + Lt '' /,_,' + /.1/ + /.1 '' / •. !' + /.11' + l.c'' 

"J.;,·nnt·llv, .\. 1 .. , "Tl ... 1-.qui\·.tl•·fh ,. ol Tri.lllt.:h·s anti Thrce-l'uinlt·d Sl.trs in 
( oudu• 11111( '\t•l\\orJ,;,," 1~/rdri"tl ll'••rl<l 1111d /·.11p,i11rl'r, :\•·w York, \'ul. XX XI\', 
'\o 11, pp. 41.1 II I, ""·pt. Je., IS'J'J .• \lso, ".\pplil'otliun of llvperholi.- Fnuctiuns to 
1-.l ... Jrit.ll En~:inn·rin~:" 11 11111 1.\ppi·ntl•x 1·:•. · 

r.l ;;, •
1 ~~~;:~ l:~l:~~·.~·~c ~~.~ ~.ilr ~; ·:\:~ i.'.~ I~:-~:::~;~;.; ;~~:!"it \~·::~·~.;ti~d~ i~~ hi~ ~:;.~~~;~r i; ,~ 1~r 

thc l'.l)"riti··~-
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[.I. 

. , c,c< 
( I =('I+ ('ll + ( '1 ' 

. , cl c/1 
( 

11 
- C.1 + < ' ll + Ce ' 

. ' c,,cc 
< 1

• = < .t+Cil+ c ·~· ( Ii! I I 

. - C '+C!+ C,/ Cc' 
( /1- /1 ( ( ·.,' • 

C . = C '+ C! + C./Cc' (-, II ) 1 '
1 < Cu' · 

ANO 
--7fc--

T 

Fts;:. ! ()... -Typica l Exampl<'s of Equi\"aknt Filt<'rs l n\"oh-ins;: thc l n t .-rchan~e of 
Thrcc-Terminal :\et works o f lndur ta nc!'s or of Capadti<"s 

.-\ fcw cxamples of t lw \'a ria nt filt c r strut'tures whi.-!1 ma y ari,_,., 
rltw to the existenn· o f l'f(lli\·a lent thrcc terminal llll',..lws of capacity 
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and inductancl', are illustrated in Fi!!. 20, in which Fig,.;. 20.-\, ß, ancl 
C repre:-ent either indiddual st·ctions or portiolb of compo,..ite filters 
and Fig-. 20D reprc~cnt,.; a cumpo,.;itc lilter. \\"lwn equi,·aknt re­
actancc mc,..hes occur entirely within a liltcr or within a ~cction of a 
lilter, the lilter ur thc ,.;ection \\ill ha\·c the sanw cut-olT frcqucncics 
and frcqucncics of infinite altl'llllatiun ;1nd thc samc attenuation, 
phasc, and image impcdance characteristic,.;, whiclwn·r cqui,·alen t 

(A) 
Z ,' (B) 

2 

(c) 
Fi.: .lt-Gt·neralized Forms of Eqnivall'nl Serics-Shunl, Brid.:cd-T, anrl yLatticc 

Tn:c Fihcr Slruclurcs 

form of nwsh is suhstilllll'd for an l':\i:-ting- mt·,..h. \\'lwn cquivalcnt 
nwslll's are intl'rchangt·d in eithl'r rl'currl'nt or compo,.;ite lilters the 
!>uhstituti~>n is J.:l'lll'rally madt' after tlll' !'erie,.;-:-hnnt structure is 
dl'siglll'd and aftt·r it has l)('t'll found that tlll' ,.;nhstitution will cflect 
t·co•wmit·s. Tlw thn·~· ll'rmin;JI nw,.Jws n·ft·rn·d to on·ur, in gencra l, 
in unl•abnn·cl liltl'r structurl's. Fnr l•al.wced lilter circuits, corre­
!-poncling llll''-ht·,. willlll' found for l'ach of tlw l'!)lli\·;dl'nt nctworks hy 
tlw pron·-.-. of di\ iding l''lll.ally tlw !'erit·o.; impl'd.JIH'I' lll'twet·n thc two 
... nit·s lilll'" "f tlll' liltl'r. 

\\'hilt• tlw discu ... :-.iou iu thi,.. p,q)('r is l•asl'd prilwip.llly on thc serics­
:-hunt ... tructurc tlwre an· two otlwr important type~ of structurcs 
whid1 will J,e mt·nti"rwd. Tht•,..t• arC' the so-calll'd lallicc 5 type struc-
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ture.1111l dwf>ridgn/-Ttqw~tructun·. Typir.tl :-t·ril',-·:-.hunt, hriclgt·d-7' . 
• 11111 l.1ttice typt• ~tnwtun·s .m· illu,.;tr.1ted in Fig. :!lA, B and C, 
n·:-.pectin·ly. Thl' thn·t• cirl'llits shown ;~re l'h·rtri<ally equiv;tlent, 
l''\rt•pt for hal.llln· lwt\\t'\'11 thl' :o.t-rics arms, if tllt' following relation~ 
hold: 

z.1=(1+ ,~)z~. 
Z 1'=Z~o 

Zll=(~+:!K)Z~o 

Z2' = (! +K)Z1+Z2. 

(7 1) 

(i2) 

ln thl' previou,.; di,-cu,.;-<ion of t•qui\'alt·nt nt'lworks 110 rdl'rcnrc ha~ 
llt'l'll lll<Hit• to nl'lwnrk,.; •·ont.linin~ lllttlll;tl indtwtanrc, many of which 
.lrl' of particular intcn:st and import.1nee. These will he now clisntssccl 
in dct.til. 

1'.-\RT II 

\\._\\'E FtLTER'> l''>t:"'G i\lt'Tl'.\L l:mecTA:\CE 

Rdorc con:-iclcring thc equi,·all'nl mcslw" whirh may be formccl by 
the ust' of mutual inductancc hctwcen p;1ir!' of coils, and the typcs of 
wa\·e filtcr,.; which may hc ohtaincd hy the use of these equi\'alent 
mc~he!', it will be nccc~sary to ddint• certain ~cncral terms. 

The sc/f impcdal!ce bctwccn any two terminals of an electrical nct­
work is tht• n·etor ratio of an <lpplit:-d c.m.f. to the resultant current 
entering the nctwork whcn all otlwr accessible tl'rminals arc free from 
extcrnal conncetion,.;. 

The mutual impeda11ce of any network, h;n·ing nne pair of input 
tcrmin.tl,.. and one p;1ir of outpul terminal~, i,.; the ~·ec/or ralio of the 
c.m.f. produccd at the outpul tl'rminal~ of the net,,·ork, on npcn cir­
ruit, to the current flowing intu the ndwurk at the input terminals. 
'-'incc mutual impcdancl' is a n·etor ratio, it may ha\'e eithcr of two 
sign,;, dcpending on the a:-,.;umcd clircction,.; of thl' input current and 
the outpul n>ltagc. The sign of tlte mutual impt•dance is, in gl'ncral, 
idcntified l>y its effcct in incrl'a:-ing or decreasing the \'ector impl'dance 
of the ml'shes in which it t•xi~ts. lt is usually comTnient, in this 
ca,.;c, to con,.;idcr l'ithcr a simple seril',.; or a simple parallel mesh o f 
two sdf impedanccs betwcen whieh tht• mutual impcdance acts. For 
the purpnsc of detl'rmining the :-ign uf thc mutual impl'lbncL', weshall 
runfine our di,.;cu,.;,-ion to ;1 simple Sl'ries l'omhination. Conscqucntly, 
the mutual impcdance will hl' c<~llt·d eithL'r series aidiiif!. or series 
opposinf!,. 

\\'hcn a mutttal impC'dance, Z.u. acts hl'tween two sdf impcdances 
Z 1 and Z 2 , (Fig. 2:.?) connected in :-l'rie,.; in such a way as to incrcase 
twlorially the impedancc of thl' combination, it i;; called a series aiding 
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mutual impcdanrr. ~imilarl~, wht·n a mutual impt•dann· at·ts in such 
a way a:-; to tlrrrl'asr ;•cctorially the impedancc uf such a coml1ination, 

z -
2! \lu1ual lmpl'dance :\o-ting BetWL'l'll Two Sdf lmped.1nce.; Connecte I 

in St·ri.-s 

it j,.. calll'd a srrirs opjJosing mutual ;mpnlana. For t•)(ample, if the 
total impl'dann·, 7., of tlw comhination :-.lwwn in Fi!!. '2'2 i~ 

(i:n 

llll' mutual impt·<bnn· i:-; :-;eril's aiding. ( ln thl' otlwr hand, if thc total 
impedann·. Z, <ol tlll' coml,ination is 

( i-l) 

tlll' lllltt ual impcdann· i:-; -.t·rie:-; oppo,;ing. 
Fransformrr Rcprcsmlatinn. I f. in Fig. '2'2. 7. 1 n·prc"t'llh the self 

imtwdanrl' of ()Jl(' \\·inclin!-!' of a tran:-;former and z~ thc :-;elf impcdance 

:~ r ::: 
I· i~. 23 I' :\<·lwurk Conr.,inin~: Two St·lf I mp.-d.Jn•·<'s,'l b\'in~: \llltll.d ln1JII'd.1ncl' 

Bl'lWI'('Jl Thl'lll 

of its other winding-, tlll' ,..,.rie:-; impl'd.tlll'l' of thc two winding:-; (het wccn 
terminals I and :~in Fig. '2:~). as gi\l·n J,, equation:-; (I:{) and (I I ), will 
d<·ll'rlllilll' \\ IH·tlu·r tlw llllltllal imp<·•l.llln·, 7..11 • i-. -.l'ric:-; aiding- or 
:->l'rit·s IIJl)"',..ing 

Tlw mutual impt·d;llln' lll'tW<·•·n tlw two \\ inding,.. may bc reprc­
~~·ntt·d J,y an l'l)lli\·ah·nt lll'twork of ~•·lf imtH·d.tll<'t•:-; cotl lWCtl'd 
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..... '"""'t tn h.:. :!1. l'llt· l<lltl' tt·rntin.tl th'(\\lll'k illu ... tr.ttt·d in 
Fig. :!1 tll.t\ lt.t\t' \,triou,.. t'llllli.:ur.tli"n'. Tlw t·qui\.dent 1' form j, 

""""'t in Fig. :!.i. ln \it'\\ of tlw t•qui,,d<·nn· illu ... tr.ttl'cl in Fig. :!.-,, 

[QUIVALENT 
NETWORK 

3 

l o----t--- - - - - - - +-!-----<> 

Fi~. ! I Equi,-.d,.nt '\t'!wnrk Rt·pn·~t·nt.tl wn of llll' St rut'lUrc "ihown in Fig. 2.l 

tlw twu-\\ inding tr.lll,..former of Fi~ . :!:~ may ihl'lf I)(' t·ontpl<'lt·ly repre­

"t'lltt·d hy .1 ,..jngle 1' m·t\\ork "" indicated in Fig. :!Ii. Thc theory of 
tlw equi,·,dt·nt 1' lll'l\\'ork repre,;entation of a tran,..iornwr ha,.. )J('t'll 

z, 
10 

--+-----<> 4 

I· i~. 25 T '\t•twork R~prt"'t·ntation of th~ Struclurc of Fi~. 2-l 

di,..t·u,..,..edhy<~ .. -\.t'amphell, 1 \\'.L.l'a,..pl'r 6 and otlwrs. l n general, 

thc ,..l'lf and mutual impl'danee,; of a tran,..fornwr will be complex 
qu;mtitit·,... The arm:-~ of ih equi,·alent T nctwork will eontain n·::-oi,.,t-

Z,+ZM Zz.+ZM 
~~~3 

I 
3±z"' 

o---------------~--------------~ d 

l·i~. 2!> T :'\ctwork of Self lmpd.mccs Equivalcnt to thc Strurlurc of Fig. 23 

ann: 'lnd induc-tance t'"lliJlnnt·nt,.. \\ hidt may he either po,..it in· or 
twg;ttin·. Ho\\t '\·cr. in the l'il,.l' of a tratbformer h;n·ing- 1111 di-.,..ip;t­

tion, i.t· .. no tl-r. rt•,..i-.tatH'<', 1111 l·ddy current anti 110 hy,..tl'rt',..j,.. 
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lo~~es) the arm.; of its t•qui,·alcnt T network are eompo~ed simply 
of pu~itin· or negatin: induct<liH"t'"· Of tlw thn·c inductann·s in ­
\'oh·ed, <tt lc;t.;t two of tht•m lllll>-1 Iw po,.itin· while tiH' third may be 
cither po,.iti\·c or negatin•. 

From Fig. :!;i, it is cYidt·nt that two winding~ or coils, together 
with tlll'ir mutual impcdatH·e, may hc repre.;entt·d hy an cqui,·alent 
net work which aiTurds a t r;lllsfer uf cnergy from one winding to the 
other. This cqui\·alt•Jit network may, with limitations, contain 
positive or ncgatin· inductanccs. 

\\'hilc the twu-winding tr;msformcr of Fig. :?:3 ha~ becn rcpresented 
by an equi,·alent T network in Fig. :?H, thc cqui\·alcnt nctwork may 
alternati,·ely be of 1r form ( Fig. '2i) instead of T form, through th e 

2 o------------....... ----o 
Fi~:. 27 7r :'l:ctwork of Sdf lmpcu.lllccs Equivalcnt to thc Struclurc of Fig. 23 

generat relation:-;hips for Tor 1r tll'tworks prcviously stated. \\'hcn 
no di!>sipation exists in thc tr;msfonller, either equi\·alent IICt wurk 
will havc at lea,.t two po:"itivc inductallccs whilc thc thinl inductance 
may be cithcr positi\·e or tll'g<tti\·c. 

From thc principles prcviouslr outlincd in l'art I, for thc cqui,·alcncc 
of certain elcctrical llll'shcs and for their suhstitution for onc a11othcr 
in any circuit, it is oll\·ious that when two coils, with mulltal im­
pedann· ltctwt·t·n tlwm, exist in a circuit, in thc manner slwwn in 
Fig. 2:~. «·itlwr of tlw nll',.)ws ,.)mwn in Fig. :?ti or :!i m<ty bc substitutcd 
for them or vin· n·r,.,t. The repn·,.t·ntation of tlw mutual impedancc, 
Z.,,. hy an equi,·;tl«·nt nctwork (Fig. :!;i) n,akt·,. it pos,.iblc to rcprescnt 
the tr;111~former of Fig. 2:3 hy a Tor 1r network containing only sclf 
impedances. This al1onls a great si111plilir.ttion in thc analy::;is of 
filtl•r rircuits containing pairs of coils ha\·ing mutual impcdancc 
lwtWl'l'll thl'tn in that it Jll'rmit.; slll'h circnit:-; to ltc n:duccd to an 
l'fJlli\·alt·nt s.·ril's-~lmnt (or bttin· or bridgcd-TJ type structure. 
Consequcntly, tlll' lllethod,; of dt·,.ign which han· ltl'l'll huilt up for 
thc ~·ri1·s-~hunt <lltd kimlred typt· ~tructure!i m:ty hc dirl'ctly appliecl 
to thc solution of cirruib containing such pair::; of eoik 
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l'••·o- Tamwal l~tfltimlc>nl .lh.<llt's . . \ li~t of cq rri, ·.d,·nt t wo-t l'fllliu.tl 
n•.tct.tnn• IIH':-olt(',;, dltt' to Zoht·l. lt.t,.; ht'l'll gi\'\'11 in Fig. Ii. ,\11 of tlw 
mc~hc,.; in Fig". liB, l" .tnd I> cntll;tin twn induct.tlll'l' dt•ntt•nt~ . 
.\lrrtu.tl imhwt.tun· m.ty ,.,i~t l•l'l\\Tl'll .111y twn indtwti\'c ,.],·nwllt~ 

witltout clta11ging futubmt·nt.tlly tlte n.tturc of tltl· reactanrl' mc~hes. 
rlti~ III(',IIIS tltat Whl'll llllllll;d induetance l''ists bl'l\\'l'l'll lWO f'oils in 

L, 

c9~ 
(c} (o} 

Fi!,:. 2~-Ettui,·alent Two-Tcrrninal Rcactance :\'ctworks, Onlr Onc of \\'hielt 
Contains :\lutual lnductancc 

any of these meshes, the mcsh may l1e de,.igncd to bc electrically 
equiv.1lent to , and consequently can hc ~ub,;titutcd for, a correspond­
ing mcsh of the same type ha\'ing no mutual inductance. 

For cxamplc, considcr the mesh shown in Fig. ~S:\ which is poten­
tially equivalcnt to the first reactancc mesh of Fig. I iC and, consc­
quently, to the other three reactance meshes of the samc figure. 
The inductancc clemcnts L 1' and L 2', togcther with the mutual in­
ductancc JI acting bctwecn them, may bc rcprcscntcd by an equiva­
lent T network, as pre\'iously statcd. Thc rcactancc mesh formed 
by L,', L2'. and "\I, Iogether with its equi,·alent T and 1r forms, is 
shown in Fig. ~fl. ßy mcans of thc rclations givcn in Figs. 29:\ and 
B, it is possiblc tu dcri,·c, from thc structurc of Fig. 2SA, thc cquiva­
lcnt structure shown in Fi~. 2•-iB. Likewisc, from formulae (-l;)) and 
{-lti) for the cqui,·alence of thc two strunures of Fig. liB, the mesh of 
Fig. ~~C can bc obtaincrl from th . .lt of Fig. 2SB. Furthcrmore, if thc 
two inductanccs shown in scries in Fig. 2SC arc mcrgcd, it is again 
possiblc, br mcans of thc com·crsion forrnulae for thc two mcshcs of 
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Fig. liB, tu determim· the eoltslanh of the llll',..h :-hown in Fi~ . 2SD 
frum thc known \·alues uf tlw eolbtanh of thc stnu:turc of Fig. 2SC. 

Thc rl'lations which 11111:-t exist if thc structurc of Fig . 2SD is to bc 
cqui,·aknt to thl' structnre ;.hown in Fi g. :.!S:\, or ,·iee n·rsa, are given 
hy I he followi ng rela tions 

(75) 

( iG) 

The upper and lower of tlw altt·rnatin• signs. in tlll' preccding equa­
tions, corre,..pond n:spl·ni,·dy to ,..eries aiding and oppo,;ing con nec­
tions. The l'tJlli\ alenn· uf t}w,;,· four-elernent mcshl'" make,; it po~s iblc 

Fi.:. 21) 1-:<(uiv.tlcnt Tlm·c-Tcrminal ltuluctancc :"lctworks 

L • L' 0 

vv 
• c. • c·. 

(B) 
Fi.:. .~0 Equiv.tl .. nJ Two-T,·rminal Rc;wl.lnce :-;,., works, Onlr I lnc nf \\'hich 

l'onl.tin, :\lulual lnducl;llln· 

to dt·rin· at onn•, tlw relati"n" which lllllst exist bt·tWPL'n ccrta in 
•·qui,·a!t·nt thn·L·-t·!t·n•ent nll·,..Jws in\·oh·ing mutual indnctance. For 
l'X<IIIlJ>It•, if tlw t'<l}>acity ( '2' of Fig. :.!S:\ is zero, the me~h redun~s to 
the thrl'l'-l'lt·n•cnt nwsh oi Fig. :w.\ and the formnla•· gi,·en abo\·c 
are tht·n applical•l•· for thl' l'IJIIi\·;dt·nn• of thc strllct llrt'S of Figs. 
:W.-\ anti B. 

Iu tht· sanw way th.Jt thL· llh'Sht·s illu,..tratcd in Fi g. 2S were showu 
to Iu• pott·nti.tlly t•qui,·.tlt·nt to each otlwr, it is possible to pro\'e that 
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thl' llll'~h··~ .,f Fi!.:. :o oll I' poll"llti.dh ··qni\ .dt•llt. Tht· l'ljlli\·,dt•tJ("I' 
of thl' 111\' .... h ,..htl\\11 in Fig. :oB (II th.lt of Fil! . :11.\ i~ ~.lli .... tit·d hy tlll' 
rl'l.ttions gin·n in Figs. :!!1.\ .111d II. Tlw t•qui\ .dt·twt· of tlw uw~h 
of Fi).!. :0 (' tn t h.ll of Fil!. :11 B is !-!"' l'riH··I l1\" t hl' l'flll.tl ions ( .-1fi to Ii I) 
f.,r thl' l'qtti\,dt'lllt' of the lir,..t .llld l.t~t ,..tnwturt•" nf Fig. lil>. Fiu-

Fig. 31 

~o~1 
(c) (o) 

Equivalent Two-Terminal Rcactann• :'\etworks, Onlr One of \\"hi .. h 
Cont.tins ;\lutual lnduct.llln.' 

.dly, the equin.knce of the mesh of Fig. 31 J) to that of Fig. :31C is 
controlled hy the relations for the equi,·alence of the lirst two ~tructures 
uf Fig. I iD. 

The formulac rclating thc con,;tant,; of tlw ,;tnwtttre ~hown in Fig. 
:31 D to the corre,;ponding con,;tants of the structure shown 111 Fig. 
31.-\ are as fnllow!': 

l , L (l C)2 L , 1 C , C22 , C,C2 
··• = • + c2 • fj = •2

• ··• = c,+C2' ( 13 = c.+C2' (ii) 

in which-
, CACBIC.t+Cfj)L.t 2 

• c • 
( 1 =[CA(L.t±.ll)±.\!CllF' ( 2 = .t+(fl, (i8) 

.tnd 
l = (C~(L.t±.ll)±.\!Cll]~ f"=l •. tLB-.\ft 

'
1 (C.~+C1d2L.t ' '· L.t . (itl) 

The upper and luwer of the alternati\·e sigtb, in the preceding 
cquations correspond, re,..pectin·ly, to serie,; aiding and opposing 
connection". 
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Tbc cqui,·alcnn: of thc~c Cour-terminal mc~hcs makc~ it possible 
to dcrin! thc rclation,; which lllll"t cxist for corrc,;ponding cqui\'alcnt 
thrcc-elcnwnt mc,.,hc~. with ancl witlwul ntutual inductancc. For 
cxamplc, if in Fig. ~I.\, thc capacity C.1 i" of infinite ,·aluc, thc mcsh 
rL·uuccs to that ~hown in Fig. :t:!.-\ anti thc formulac gi,·cn aho\'c arc 

applicaiJic for thc equi,·alcnce of the mL·shc~ of Fig,; . :32.-\ and B. 

Thc rcmaining meshcs of Figs. li"C and D h;l\·c similar potential 
cqui,·alcncc to mcshcs of thc samc fundamental type· uut ha\'ing mutual 

inductancc IJctwccn thc rc"pcctin~ pairs uf cuib. 

Tlzrcc-Tcrmillal Equimlc111 .\!cslzt·s. Threc H'rmina! mcshcs con­
taining mutual imluctancc will now hc di,;cus,;cd. I t has bccn shown 

-~- ~~ ~ ~c~ 
~T~~ ~'''~ 

(B) 

Fi~:. 32-Equiv.tlcnl Two-Tcrrninal Rea.-1.111<'1' \'etwurks, Only < lnc of \\'hich 
Conr.tins :'llutu.~l ln<luclancc 

that two coils. with nHttu;rl iuductann• hetween them (Fig. 2riA), are 
cqui,·alcnt to certain 1' ;rnd ;r ,;tructure,; containing on ly Iangihle 
imluctann·,; (Figs. :.!\IB ancl C). Rdcrring to Fig. 2!lB, it is Sl'l' ll that 
twu coils, with series oppo,;ing mutual inductatH'(' hctWL'Cn them 
korre,;poncling to thc uppL·r altcrnatiH· ,;igns in Fig. :2\IB), arc equi,·a­
lcnt to a T nctwork h;l\·in!-! thrcc positi\'l· inductancc arms, prm·ided 
the mutual inductarH'l' .1/ is lc,;s than L 1' and L~'- The Yalues of 
thc,;e arms arc rcspl·ctin·ly. Lr'- .\!, L1'- .1/, and .\/. lf J/ is largl·r 
than /. 1', onc arm of tlll' cqui,·alcnt T nctwork is a nl·gati,·c induclancc 
whilc thc othcr two arms arc positi,·e inductanccs. Similarly, if .1/ 
is !arger than f.z', a diiTc-rcnt arm of tlw T nct\\·urk will bl' a IH.'gati,·c 
incluc::t;tnn· whilc thl· two rcmaining arrns will hc positi,·c inJuctanccs. 
lt is phy,;irally impo:-;"illll' for thc \'alrrc of .1/ to he grl'ater than both 
/. 1' ancl /.~'- lll'nn·, it is impo"-.ihle for more th;Jn onc arm of the T 
lll'twork, slwwn in Fig. :?~IB, to l)e .1 rll'g.ltin· incluetancc. 

\\'hl'n two coil" ha,·c ,.,t·ric" aidin!-! mutu;d incluctann· hdwc'('IJ thl'rn 
(tiH' lowcr of thc altl'rtJati\c signs in Fig . :!\IBJ thl-y arl' l'<JIIi,·alcnt 
to a T rwtwork in which two of tlw arms nmsist of positiH· inducta ncl'S 

viz., L1'+.lf ancl /.~'+.1/, whilc· the thircl arm coni'i:,ts of a ncg-ali\ ·e 
incluct.IIH'(' of the \',tlue - .\1. 
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\\ 'lll'IH'\ l'f, in ,\11 eqlli\ .d1·11t J" lll'IWork, Oll< ' (lf tiH• ,tflllS is ,\ JlD:-iitin: 
(t•r IH"\.!.tli\ I') ind11ct.mn·, .1 corn·-.pondin:.,: arm of tlw -rr nt'twnrk will 
.d,.,o l•e a pn"itin· (o r nq~.11iu·) indnct.tli<T. ('on"<'IJIIt'lltly, as intlw 
(';\,.,(' of tlw cqlli\.tknt r 11\'twork, tht• equi\·all'nt 7r network :-.hown 
in Fig. :!!ll' m.ry <·on"i,.,t nf thrl'c po-.itin· indtwt.tlll'l'S or two posi­
tin· indnct.rm·es and ont• tH·g.rtin· induct.tnn·, dt'Jll'nding upon thc 
,.,i~n and m.tgnitudc of J/. 

lt is intcrc,.;ting to nute that, in Fig. :.!!IB, point /) is in rc;rlity a con­
ceabl terminal, i.c., it cannot bc regankd as physieally accc~"iblc. 
Thcrc an·. thcrdorc, only thn:c a<Tessihlc terminals to thc equi,·alent 

L. Lo ATB 
Lc 

c 
(s) 

Fig. JJ - Equi\'alcnl T \'etworks of lnducl.tncc 

T nctwork. In thc :r nctwork slwwn in Fig. ~tl thcrc is no such 
conccall'd point. Thcrc arc, howc,·cr, as in thc preccding t'a:-;c, thrcc 
acccs~iblc tcrminals A, B anu C. 

\\'hcn thc mutual inductancc, ..\I, is cqual to cithcr onc of thc sclf 
inductanccs, L1' (or L~'), anu thc winuings are connccted in scrics 
oppo,.;ing, thc cqui,·alcnt T and 1r nctworks of the Iransformer coalcscc 
to thc samc L type nctwork. For cxamplc, if L 1'=JI in Fig. ~!1:\ 

both thc T and the 11' networb of Figs. 2\.lB and C re;;;oh·e into an L 
nctwork whosc \·crtical arm has thc valuc Jf anJ whosc horizontal 
arm is L 2'- JI. 

:\ problcm of practical importancc is thc cqui,·alencc of T and 11' 

mcshcs, containin~ thrcc coils with mutual inuuctancc bctwl·en all 
of thc clcmcnts, to similar T and 11' mc:-.hcs containing no mut11al 
inductancc. Thc T nctworks of Fi~. 3:3 arc potcntially ('qui,·alent. 
Thc formulac go\'crning thcir ccpli\·alencc arc 

L.t =L.+JI.~+JI.a-Jl2a. 

LB =L~+-'Iu- J/•a+JI~a. 

Lc =La- .1l.~+ JI.a+ J/ ~3· 

(SO) 

(8 1) 

(S~) 

In thc abo,·e formulac, thc signs corrc:-.pnnd to thc ca~c nf a !'cries 
aiuing mutual inductancc bctwccn all thc pairs of coils. \\'hcn thc 
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mu t ua l inductann· lwt\\\'1'11 an\· two eoil~ d1an~e~ :-i~n. the ,_ign:- ac­
cornpanyin g that n1utual ind.tii'LIIH'c in the alH) \ 'L' fornlll lal' a n • 

ren·r~e1 l. 

Similarly, thc 1r networks of Fig. :{ I are abo pntentially t·qu i, ·a len t 
The fo rmu lae gon·rning tlwir equi,·alence are 

in whieh 

wherl' 

L .. ,"L/111 
I 

f.x = L.-t"+Lu" +Lc"=F .1/12· 

/.,."=I..'± .\/j2 ± .1/13. 

/.11" = /.2' ± .\/j2 ± J/~3, 

l.c;'' -I./± .llb J:: J/;b. 

(Sl) 

(S5) 

(SG) 

(~i ) 

(~S) 

(~U) 

(DO) 

(Ul) 

:\s in the pren·ding ra,..l', tla· upper of thc two :-ign,.. OIT\lr,., \\·i th t he 
~eril':> aiding mutu.d indlll'l<IIH'l' ht'!Wt'l'll all tlw p.1ir~ of coil s. \\ 'hen 
thc mutual inductanee lwtW\'L'Il any two coils ehanges sign, t he signs 
aceomp;111ying that mutual inductance in tlw ahon• forn wlac a rl' 
rl'\ t·r~et I. 

t\t ka~t two of thc tlm·t• indurt.111n·s (in F ig. :l:W or in F ig. :{-1 13 ) 
\\ill ;llw.1y,. l't' po:-iti\t' in -.ign while the thinl ind ucLIIH'l' m a y be 
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citlwr po,..iti\c' or nq.:.lli\(·. <" .. tl,..l'CJIII'IIll\·, thrn• coil,.. h.a\·in~ 11111111al 
indtwl.llln· het\\c't'll l\tch of them and h<t\ ing nnl~· thn•t• ;wn·,..,..ihk 
lt•rmin.ll,.. oller n•, ~::n·o~tcr po,..,..ibilitit•" th;111 do l\\n t·oi),.. h;l\·ing mutu;tl 

indnct.llln: l,t'l\\'t't'll tlwm .111d h.a\'ing thn·c• lt•rminal,;. In l1oth 
C.l,..l'~ thL' structurc is equi\·,tlent to <I T ur 11' llll'"h cnnapo,..ed of thn·t· ,..elf 

~ 
o~o 

(A) (B) 

(c) 

(o) 
Fi~~:. 35-Equivalcnt Filter Scctions, \\'it h and \\'ithout .\I utual I nduc·tancl' 

inductancc,.., at lca:-t two nf which must bc po,..iti,·c. \\'ith spccitic 
relation" bctwccn the , ·arions sclf ancl mutual inductann.>s, it is possi­
hle for tlw three coil~ with mutual inductancc hctween cach nf thcrn 
to hc equi\·,tlcnt (as in the ca~c of two coil~ with mutual inductancc) 
:-imply to an L nctwork cnmpo,..ed of two po:-;itin· :'ol'lf inductancl's. 

~inn· eithcr two or thrce coils with mutual inductaaacc· lwtwt•t•n 
them are, in general, equi\'alcnt, at all frl·quencics, to a Tor ;r net-
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work compc•,..l·d of thrce ,..elf i11ductances, it is pos,.;ihle to suh,.;titllll' 
the one type of nw,..h for thc other in a11y kind of a circuit without 
afTccting the currents or ,.,.lta~es exll·rnal to the me,..lws i11\·oh-cd. 
This suhstitutiol1 is ah,ay,.. phy,..ically po,..,..ihle pnn·idc-ci 11o11c of thc 
arm,.. of the equi,alent 1' or 1r network,.. is a neg<tti\·l' inductance. 

T hc structures shuwn in Fi~. :~.i are illustratin· of the powc-r of 
equivalent nl'lworks as tools for thc solution of filter structurc-s con­
tainin~ mutual induct;mcc. Tlw equi\·alence of thc structurc shown 
in Fig. :tiH tothat of Fi g. ~:i.\ is e\·ident from thc equi,·alcncc of two 
coils ( Fig. 2!1) with mutu<tl i11d11etancc (J/ 12 ) hetwccn thcm to thrcc 
inductances, L_.,, Ln and Lc without mutual i11ductancc. Likcwisc, 

Fig. 36 

z . 

(s) 
11.1bnc('cl ancl t 'nhalann:J Forms of a Filter Scnion, Containing ::\lutual 

lndunancc 

the equi,·alencl' of tlw structure ,..)wwn in Fig. ~5C tot hat of Fi~. ~;iB 
is ohtainahle hv ,..ucn·s,..in· nwsh suh:-titutiol1s. The cqui\·alcncc of 
the structurl's ~hc1W11 in Fig-. ~.iD and E to that of Fi g. :3.iC arc a lso 
obtainal•lc from equi\·alences prcviously referred to. lf thc propaga­
tion and impedancc characteristics of cither of thc structurcs of 
Fig. :ti(' nr I> arc komm, tlwn the other structurc-,; shown in Fi~ . 3;i 
will han· thc same charactPristics. Furtlwrmore, if thc valucs of 
tlw con,..tants of <tny ••lW of thc•,_,. structun•s arc- known, thc consta nts 
of any of tlw ntlwr structures an· readily ohtainahle hy mcans of 
t ra n-.format ion fornJIII<tl'. 

ln a largl' 1111111lwr of \\a\1' fdtl'rs, the stnwtures an· unl•al;uJced; 
1 hal i-., all of tlw '-f'l"ic·-. inq)('d,Inn·s an• pbn·d in CJIH' of tlw two linc 
\\irc·-. \\hilc· the n·m.1ining \\_irc~ is a short cirf'uit. Ordin;Irily, the 
ol•jc•f'l in u-.ing sllf'h .111 uuh.tl.1nn·d structtlrl' is to minimize tlw 1111111-
l ... r of l·lc·l11l'llls n·quin·cl in tlw ._eric·s arms. l t slwuld hc noll·d, 
howen·r, ( Fig. :~Ii) that in c';!,..c an illlhwtancc elenwnt entc-rs into 
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both ~t·rit"" .1r111", it e.1n Iw rt·pl.wt·cl. in .. ynmwtri ... d .;tnwtun·..;, J,,. 
two l'qll.d \\indin~.; nf .t "inglt• l'oil ha\·ing llllltll.d indtwl.IIH't~ lwt\\t't'll 
tht•JIJ .11ul nf .. udt \,due th.tt the "~'rie,.; aiding indut·t.tnn· of dll'"'" two 
ruil" j,; t•qu.tl to tlll' total induct.tnn· n·quin·d in thl' wrn·"ponding 
unl>.tl.llll't•d ~tructun·. For cxample, the "trm·tun·,.; slwwn in Fig,.;. 
:lti.\ ;111d H .m· t•lt·t·trit·ally equi,·alent to each othtT, that is, tht·~ 

h,t\ t' thl' ... tllll' ima~e impl'datll't' and tran,.;f .. r t'Oihtant. 
1'ypl's o( ."it•f!ion.s Obta iwrble ll'ltoSt' l~t/U imll'llt .';crics-."ihun/ St·rtions 

Contain .\'o .\'t'l!,llti<·t· lnt!urtanas. l t ha,.; prc,·iou,.;ly hl'l'll ,.;t;~tt'd that 
.tn inlinitt· numhl·r of type,.; of :o;erie,.;-,.;llllnl lilter ,;lTtion,.; may bt· h<Hl, 
if no limit.ttion,.; are plaeed on thc cornpll'xity of their rl'a<"l<lllt'l' arm,.;. 
lt h.t,; ,tl,;o hl'l'll ::;tatcd. ho\\'l'\·er, that for lilters employing only onl' 
tr.lll"rni,.;,..ion or one allt'llltation band, thc maximutn llltlllhl'r of t·le­
ment,; which c.tn onlinarily hc u,;cd ccorwmieally pt'r ,.;l'ction is ,.;ix . 
.-\ ,.;imilar Iimitation cxi,;t,.; whcn mutual inductann· i,.; t'rnployl'd, in 
th.tt :-;t·rtion,.; can ~cldom bc cconomically u,.;cd who,..t• prototypt· 
,;tntcturt•,.; eont.tin morc than ,.;i" reactancc clenJt•nts. 

l n.t,;much a,; hy tlw equiv;tlences which han· hct·n di,.;cu,;,..t'd, m.11ty 
\ .tril'lll form,; of a ,.;ection may cxi,;t, which forms arc reducihiC' to thc 
s.tmt· ;;l'ril';;-shunt prolotypc, an dTort only to li,.;t and di,;cuss the 
p:o'otype ,;ections will be madl'. Thc prototype to which <lllY gin·n 
;;ection tlwn rl'dtll'l'" will rcadily bc fmmd hy tlw application of thc 
forcgoing prin<"iplcs . .-\ few cxamplc;; willlater ,.;en·c to make this clear. 

ln n~nsidcring thc prolotype scctions which cxi,;t whcn mutual 
inductann· is prcscnt in a filtcr scction, wc ,;hall first Iist tlw react<IIH'e 
nwshcs of which mutual imluctancc may form a part. Rl'ft.rrin~ to 
Fig. i>. an in,.;pcction of thc cqui,·aknces so far discussed will !<how 
that tlw follo\\ ing mc,.;hcs may bc partly ur wholly cornpo,;cd of mutual 
inductancc: 

I, 3, I, 5 (a anti b), 'i (a and b), and 8 (a and b). 

Cc·ns('fJIICntly, a !arge nnmbl'r of thc scctions listcd in T ahlc I I and 
furrnctl from the rca('t;utn· mcshc,.; of Fig .. 1 may rl'prcscnt not only 
actual srrtions rontaining no mutual indurltwrr, but also equi<•alrnt 
prototyprs oj sations rontainillf!. mutual iiUiurtanrr. Scctions coll­

t<~ining mutn.tl inductann· within only tlll' ,.;l'ries arr11 or thc ,.!tunt 
arm. respt·ct j, ely, an· not indnded in thi,; dis('U;;sion since stwh arm" 
may l•e n·adily rt'(lnn·d to l'qlli\·alt·nt arms, withmrt mutual imhlt't­
ant't'"', hy the ,..ub,;titntion of l'qlli\·alt-nt two-tt'rlllinal llll'SIIt',;. Tlw 
prototype,; which are unclt•r di"nt;;sion arc lio;ted l1l'low: 

I.cru: pass 
1-:J, .-.-:1 

1/i.e,h pass 
1-1, I-.'} 
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B1111d pass 

~-1, 1-1. :~-:~. 1-1. 1-."> .. i-1, :~- 1. :~--\ I' - I. 1- S .. i--t . 
.'i-5, and 1 - :t 

-.:.t·ction:- corre,..ponding 111 tlw equi,·alt·nt :-erie:--,..llllnt prototypl's 
li,..ted will han· tlll' ,..anw imp('dann· and propagati11n eharacteristic~ 
as tlw prototype, and may ht• u,.;ed indi,..criminately in plan· of thc 
prototypc. t 'orbL'IJIII'lltly, wlll'n ;1 ,..ection h;,,.. ht•t•n reduccrl to any 
of the al>m·c prototypt·~. its ,.;trilltb char;u·tt·ri,..tie,.. may he found 
from Tahlc I I and Fig,... I and S. 

:\,.; an t•xamplt• of ,.;tructun·-. which h.tn· mutual inductance and 
which are equi,·alent to ,..tnwtun•,.; li,..ted al>o,-, .. con:-oider the :->t•ction 

1-'i~-:. 3i J.m, 1'01~~ 1-'ilt.-r Sel'lion ('onlainin~o: Tn-o f'oils, ))."·in!-( :\lultLillnducl.ul.·t• 
.\.-1 in~-: llet\\·t·en Th•·m, .llld a ( 'und.-nser Shunled From Tlwir J lllll'lion l'uint 

-.hown in Fig. :~1. Thi,.; -.t'<tion contain,.; two coi l,.; haYing mutual 

incltwtann·, and a cond•·n,..,·r :-ohunted from their junction point. The 
thn·t·-t<·rminal nw:-oh forr11t•d hy the two coil,.; L '2 and /, ' ~. Iogether 
with their :-oerit•,.. opposing mutual inductarH'P JJ, may Iw repre,.;ented, 
a.., in Fig. 2!1B, l>y its t·qui,·alent T mcsh. The re,..ulting equiYalent 
st·ction is that shown in Fig. :~s. The ,.;tructure of Fig. as. ha,·ing a 
-.eries reactann· mesh corn·,.;ponding to :\o. I of Fig. ;), and a shunt 

~ 
0 =r 
3 4 

J·i;: .. 1s 1-'illl'r '-<·•·rion Conl.ainim: '\o \hnu.al lndncl:tnn·, 1-:quiv;dt·ut lo 1he 
'-t·t·lion of 1-'i~-: .. 1i 

n·.ll'I.IIH'l' 11\1"-.h corn•o.,ponding to :\o. :~ of Fig. r, i-. thaL listcd as 
1-:~ in Tal>lt· II .md in tlw ;Jho\'t·li,..t. Con,.;equl'ntly, it has propaga­
tion drar;wtt-ri,..tic :\o. 2 of Fig. i, and mid-~eries imagc impcdancc 
ch.tr.11'tt·ri,..tit• ~~~- I nf Fig. :-\. Thl' st·ction of Fig. :~; may, conl>C­
<JIWlllly, llt' joirwd at t·itlwr <·nd to any :-trllctun· haYing a mid-~cric~ 
im;lgt• impt·daniT char;Ktt·ri,.;tic ,..uch as that dt•,.;ign;llt•d a~ charactcr-



I/I' /C · II 1\'fll '< ·1.1.\ <I I\ II". II 'I II/ /"II<\. 

,,..IH' .\o. I of Fig. s. Tht· ,...·ctiuu of Fig. :r;- j.., nol t'.tp.tl>lo• of rnid­
,..Jtunt tt'rlllill.ttion :o.inn· point t) of Fi:;:. :t" j,.. not pll\-.ic.dly <H't'l',..,..ibll'. 

~imil.trh·, tlu· ~wctinn :o.hn\\11 in Fi:;:. :~!1 j,.. <·qui\,dt·nt to tlll' ~l'ril's­
shunt -.tr;IC\IIn' of Fig. 10. lf tiH' \r.tn,..fornll'r llll' ... h in Fig. :m, 
fnrnlt'd l>y '2/. 2 , .lf .llld '2/. 2 l>l' rl'pl.tn·d hy i~,; l'l(lli\·,d•·nt Jr nwsh, 
,,s-.tunim:. ,...·rit·,.. "PJlo,..ing winding,.. tlw ,..tructun· of Fig . ·10 rl'sult,.. . 

Fl~. ,1'1 ll.wd !',,,, Fihl'r St·•·lion 
l'ont.tinin..: \lutu.tl lntluct.tnn· 

c c 

2 
Fir.:. -10 Filtl'r St·t·timt, Conl.tining :\o 
\lulu.tl lntluct.tnn·, Equi\'all'nl 10 the 

Scelion of Fi.:. 39 

This structun· is li,.tl'd ,,,.. l•<llld P·'"" "''1'1 ion I- ·I in Tablt· II and has 
pwp.tg.ttion ch.tractt·ri,.tic :\o. 7 of Fig . 7, allll mid-shunt imag•· im­
pcd.mn· charartcri,.;tic :\o. II or Fig-. ~- Conseqnently, the st·ction 
uf Fi~ . :~!1 ma\' bc joined ellicit·ntl\' to an\' filt~·r scction of Tahlc I I 
ha,·i,H:: the Jl.lid-,.;hunt imap· impedann~· charactl'ristic :-.:o. 11 of 

Fig. :-; or tn any st·ction containing nllllual indurtancc and haYing 
the s.une 111id-shunt image impl'<lance charaeteri,..tic. Thc ~cction 
of Fig. ~!I is lllll cap.tblc of mid-seriC's tl'rmination, sincc point .i uf 
inductiw elcnlt'nt 1-3 of Fig. ·10 is not physically acccssiblc. 

Fi~. -l t E:~.ampll's oi Filtl'r Sections C'onl.tinin~ :\Iu! ual lnrluctancc 

Threc further cxampks of the ,..uJ"..titution,.; \\hich han.· beC'n dis­
cus,;ed are n·pn·,..l·lltl'd in Figs. II.\, B, and C. By means of ~ub­
~titution,.; tht·,.p ~tnwtun·s arc e\·i<lcntly equi,·aknt to seriC's-~hunt 
,-•·ctiotb ·1- I lmid-,..llllnt termin.ttcd), ·1-·1, (mid-shunt terlllinated). 
and :~- 7 (mid-,.t-ries tcrminated), resJl•·ctin·ly, and thcy Jta,·c the 
charactt·ri,..tics dvtailed in Tahll' I I. The aho\·c exarnplcs rcprcsent 
1111ly a few of t ht· m;llly Yariant forms of st rurtun·,., whit'h may be con­
structed by mcans of thc \·ariou,.. eqni,·;dcnct·s hC'retoforc cliscus~cd. 
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Types of Sations Obta inablc ll'hose Scrics-Shrml Equimlcnl Scrlions 
Contain .Ycgati!·c lmlur/anccs. lt has ala·ady l'een pointed out that 
the followin!-! nw"'lws of Fi!-! . .'i may be at least partly compo!"ed of 
mutual inductances:-:-\os. l, :3, -l, ;)a, :ib, Ia, lb, Sa and Sb. \\'hen 

<j.~~ 
7 1b e.'o o'b 

Fij;!. -ll Two-Tcrminal Reactancc :\leshcs of Four or Lcss Elements, Containing 
.:\egath·e ln<lnctancc and Effcctin·ly Rcalizablc \\'ithin Filter Scctions 

the connertion of thc coib is suchthat the nmtual inductance cffcctin·ly 
results iu producinR a nr~atir·c arm in the mcsh in which thc mutual 
indurtam·e exi,..ts, tlw llll',..hl·s may lll' shuwn as illustratcrl in Fig. -12. 
Thc rc:actance-freqm·m·y characteristics of tlll':-.l' arms are Rin·n in Fig . 
. J:t lt is to Iw nutl'd that two gcncral forms of rcactancc charactcristics 
exist for arms Ga' and .'ib' and that onc form of rcactance characteristic 

+(I) 

+ jx 
0 

-jx 
-<D 

l 

'~ 3' 

V 
I 

/~. 
~ .r--

4' 5'a 

7' e' 
FiJ:;. ~.1 H,·act,lf1cc-Frcqucnry Charactcristics of thc !\lcshcs of Fig-. ~l Shuwn in 

Symholk Form 

i!-i common to thc two n•;u-tanre arm"'. This dualit\· of characteristic 
<trisl·s from the f.1ct th.tt thc ;ums l!;l!'h contain twc·, inductanrcs, onc 
po~itin· ;~nd llfll' lll'g.ttin~, and th;~t tlw ge1wral sh;qw of thc reactancc 
dwr.wll-ri~tic is dl'!nmillt'd l1y tht· pn~lomin;trWI' of l'ithl'r thc posi­
ti\ l' or tlw rwg.1tin· inductann·. Tlw char.wll-ri,;tie which is pl'culiar 
to arm f1cJ' occurs when the rwg.1iiw indJJrt;lllre of thi~ arm is smaller 
th;rn tlrP positi,·c indtwtaJH"l'. l.ik,·wi,;l', tlw rh .• racteri,;tic pl'ct rliar 
to arm[){/ o!·rurs whl'll tlu: lll'!-!atin· inJul'l;uwe ofthisarm is largl'r 
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th.111 tlw po,.;iti,·c induct.ann•. Thc dl.ll'.ll'lt·ri"til- which j,.; C<li111110ll to 
hoth .arm,; ,-,a• .1111!.-,b' cnrn·:-pond" to thl' .lltl·rn.atin• c"nditions rq::anl­
in~ thc rt·l.ltin· 111<1!-::llitwks of tlw Hq.::atin· and P""itin· iudlwl.lllt'l'S 
and thc two .trms .ia' .111d .-,b' .arc polt•nti;ally l'ttlli\·;all'nl 11ndcr thcsc con­
dition,.;. By 111\'.llls 11f feasihk cornhin.tti"l"' of thc n·anancc arms of 
Fi!-!s .. i and -1:!, thcrc r<lll h1• plsysi((z/ly conslruclt'd a limitl'd n11mher of 
prototypl' \\",1\'l' lilt,·r ",·etillns h;\\·ing no m.,n· Jh;an onc lr;ansmissinn 
or om· <ltll'llll.ltion hand. Snch Sl'l'ti.,ns invoh'ing nol m••rc than a 
tnl:tl of six r('ael.HH'L' ,.Jt.nH·nts in thc ~l'ril's and ,.;hnnt arms-arc 
li-,te·d in Tal>k II I. 

T.\1\LE 111 

Tabulatio11 of th~ Prof>tJgalio11 a11tl /mp.·da11rc- Clwrarlaislirs of Sai.·s-Siuml ll'ai'C 
Frll~r Satio11s whiclr ca11 be Formet! from IIre Rcarl<IIIU .\leslrcs of Figs. 5 a1ul -12 

I' 

J' 

5'a 

i'a or i'b 

5h 

:\o p,,~, 
B.wd 

l.'i I 

16-16-. 

l.o\\-and-
Band P.1ss 

I' 

:'\o Pass 
Band 

23 • 1.! 

H•H 

----------
8a or 8b l>ouhle 

Band Pas~ 

SEid ES .\101 

I i IJ 

lh IJ 

I i I i 
IX l.l 
1'1 13 

16 I i-• 
20 l.l 

SERIES :\R:\1 

25 • -9 

211 • H 

lli~h-and­
Rutd l'ass 

l>ouhle 
Band l'.tss 

5.1 

21 -22 

l.ow-and-
Band J'a,• 

16-22-· 
20 22 
21 22 
22 22-. 
32 2.?. 

:\lor{' Than I 
Six El,•ml'nts I 

5'h 

2.l • (I) 

2i • 1-t 
2i' • H 

2-1 •. li 
211. 2-t 
2') • 11 
.lll • 21 
.lt • .?-1 

ia or ib 

Double 
B.tnd 1'.1s• 
------

I>ouhle 
lbnrl P'-l~s 
----

:\Iore Than 
Six Elem{'nls 

;\lorl' Than 
Six Elcmcnls 

X'a or .'\'b 

lligh-.wd­
Band l'ass 

26 • (I) 

.ll. 1-t 

:\Iore Than 
Six Elc·nwnh 

:\Iore Than :\Iore Than 
<.,ix Elcmcnls <.,ix Elcm{'n\s 
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T hv rl'prc,..•·ntation ,,f th{· charactcri,..ti•·,.. of thc structurc,.; of T aLic 
III i,., ,..imilar to tlll' ,..dlctnc' f Tal•lc I I. The lignn•,.; at tlw top a nd 
,.;idc (for P'\;unplc I :n indic;llt' rv,.p•·ctin·ly. th•• :-crie,.; and shunt 
rcactatH"<' uw ... h•·,.. of Fig,.._ .i and -I:! \\'hit-h form tlw prntlltypc sect ion~. 

ro, +(-rr col I J +t rr ro \ II +{ rr co l\ I rl -+ft 
o____J / o o ~ '_/ o o \..11 J o oll.u lJLJo 

o f w o f ro o f ro o I ro o f ro o f ro o f w o f w 
15 '6 11 1a 

CO I ~- rr w 0 l - r TT 
001 I n -Irr rol I [l_ ITI 

o "\J · · ~() o \j \J o ot\_j L ~o olvJ L \Jo 
O f iXlO { IXl O f iXlofro o f roo f co o f roo fco 

23 24 25 ZG 

:-J v: :.,r Vl: :~ 0/l[ JJj [\tt 
O f ooo f w o f ooo f cn o f roo f ro ro ; oo o r ro 

27 28 23 30 

:~vt 
O f iXlo f ro 

:~M: 
O f CPO f OO 

31 32 
Fi;:. ·II l'rupa..:.ttion ('un,l.•nl \tto·nu.,lion .llld l'h."c ('onstanll ('haractcristin; 
ol I illl'f ~ .... , i•ub ( 'ont;~ininp: '>•·~.11 i\'l' lmluctanccs, Shown in Symholic Form 

Tlw lt.:un·,.. in thc corn·,..ponding J,"x I for cx.tmplt•, J:i - I -*) indica ll' 
th.tt tht· ,..tnwttm· h.t,.; prop;tg;ttion charal'tcri,..tit· :'\o. l!i of F ig. -II, 
.uul mid-,..o·ri, .... int.q . .:•· imJil'd.ttll'l' :'\o. I .. r Fig. s. Thc ,.;ym lu>l * 
illlli,·.tlt•,.., \\lll'u in,..nll·d in tlll' ,..,.cond or thi;·d po,.;ition, t ha t tht· 
,..., rlll t nn· i ... ""' ph~ ,..i ... dl~ ,-,,p.tl•h· of mid-,..t·ri,.,. or mid-,..llllnt termina­
l ion, l'l'"Jil'l·t i \ •·I ~ . 

lt will Iw llott·d that o11tly Olll' low pa,..,.. protot~·pc M'l'tion ( 1-3') 
i,; gi\ 1'11 in tlll' t.tl•l•·. t''\t·]u ... in· of ")wcialt";hc,.. of l1and filtt'r ~tructurcs. 
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lt» .1tto·nu.1tion ch.lr.ll'lt·ri"tit· ( \11. (.-, of Fig:. ll1 j., uniqn.· .t., .1 low 

1'·1"" ch.1r.u·tt·ri-.tit· in th.tt llrt' al/t'lllllllion ftlllS/an/ is ,linilo· 11/ 11/1 (rt·­

tfllt'llt'it'S. Tlll' ph.1-.1' dl.lr.H'tt·ri-.tic ,..imul.ttt•,.,, in .t gt•nt·r.d \\.ty, that 

oi tlw '''" elt·mt·nt low p.t-.,.; l'tltl'r (,.,,.,. prop.tg.ttion ch.tr.tclt·ri,.,tio· 
\o. I uf Fil.!. i) hut tlw ph;1,.,,. ,.,hiit in tho· tr.tn-.mi,.,,.,ion h.tnol i,.;, in 
gt·twr;tl, olillt·n·nt. ~inn· tlw ,.,tnt«'ttm~ ha,.; mid-,.,t·rit•,., im.tg«' im­
pt·ol.ttH't'l'har.wtt·ri,.;tie :--.: ... I it lll.ty l>e jllitll'd enicientl~· (i.t· .. \\ithout 
rl'llection (o,.;,.;l',.;) to :->t'«'tion,.; of tlw 1-:2 and 1-:~ tqw,.;. 

~imil.trly, high pa:-,.; prolotype ,..,~\'lion I'- I h.t-. a uniqtH· high p.t-.,.; 

.tllt'llll.ttion eh.tr.wteri-.tic in th<1l tlw .tltt·nuation t'«ll1,..t.tnt i,.; linitt• 

.tt .dl fn·qtlt·twie,.;. Tlw ph.t,-l' char.wlt'ri:-tic i,-, in gem·r.d, :-imil.1r 
tu th.tt of tht• two elt·ntt·ut high p.t,.;,.; lilter :.!-I o''\t'l'Jll for tlw \alut•s 

oi tlll' ph.t"t' con,..t.tnt in tll!' tr.ut:-mi-.,.;ion band. Tlw :-ection may l>l' 
jnint·d t·fliciently .tt mid-,.;llllnt to "l't.:tinn,.; of tlw :.!-I and I- I typo•,.; 
-.inn~ it h.t,.. tlll' :-.tllll' mid-~hnnt image t·har.tl'teri,.;tic {:\o. !l). 

Tlw .tttenu.ttion rhar.tl'lcri:-tic~ of tlw band p.b,.; prototype,.; Ji,.,tcd 
in Tal>k III "ill. in gent>ral. diiTI'r frum thc attenu.ttion character­
i,-tic,.; of ,..tmetun· Ji,-ted in Tahlt• II. l lowcn·r. many of tlwm diffcr 
only in minor rt·,.,peet,.; ;lllol conltl h.tn• lwen rl'presented idcntit·;tll~· 

in tht• ,..ymholic fa,..hion of Fig. i. l nasmuch as ,.;uch ><tructures will 
not, howen·r. h.1Ye e\.,tctly the ,.,;une attcnu;ttion charactcri,-tic:; for 

gi' t·n cut-oll frequencie:-. anti frcqm·ncil's uf inlinite attenuation, 
different symhols or diagram,.. han· 111'1'11 t·mployed to n·pn•><ent thcm. 

Cenain char;tcteri,;tics are worthy of l'llllllllL'Ilt hec<llbl' tlwy are 
not ubtainal>le. cn·n appruximatt·ly. in stnwturt•,; not h;l\·ing negatin' 
indnetann·. For example. prop.tgation characteristi•·s :\os. l(i anol ~ti 

Fig. 111 an· l>.llltl pa,;s filtcr characteri,.,tit·:-. h;l\·ing linite at tennation 

.tt all frt·quencies. Characteristit·s :\o. :!:! and :\o. :!!l an· uniqiiL' in 
th.ll thel'l' t·xi:-t two frequt•nt·il's of inlinitc atto·nuation, loeateJ on 
one ~itle of the p.t,.;:-; l>.tntl. Thl' attt·nnation const<tnl is, in gerwral. 
finitl' at zero and at infinite frequeneies. l'harat(teri-.tics l!l anti :.!S 

are "lll'l'ial ca,..t·s of :\os. ~:! and :!!l, respet·tin·ly. and ha\·c two fre­
fJIIl'IH'it·s oi infinite attl'llllation on onc side of the pass band. I n 
the c,1,.l' of ]!l, the attcnuation is inlinite at Zl'rt> frequency anti at a 

frL'fJUt·ncy lwtwct·n zero and the lower cut-off frl'qllency. Charac­
tt>ri,.,tic :2:-. ha,; inlinite attenuation at inlinite frequenc~· anti al!"<> al a 
freqtwnry l>l'lWt't.'ll the uppt·r cut-oll· frequent')' and inlinitc freqncney. 
Char;wtcri"ti•·s :\os. IS and :.!i' han· t'mtlllll'llt band ehar<tl'll'ristics 
and h.l\c only one in·fjucncy oi inlinitc attcnuation, loeatcd l'ithcr 

at zcro frt·qut•ncy or at inlinite irequenry. Finally. t•har<tcteri,;tirs 
:\.,,;. :!0 anti :H an· conlluent char<ll'teri,.,til's in L"ach of which onc frL'-
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qucncy of inlinite attt·ntJ.ttion occllr:- and thc attenuatiun is linitc 
at zt·ro frequt·ney ancl inlinitt• freqliL'llry. 

As a gctwral rufe thc pha"e "hift characlL'ristics shown in Fig. -1-t 
arc similar tu thc mrre~ponding characteristies slwwn in Fig. i . Thc 
phasc eharacteri,.tics of tlll' former, within the pa:-s hands arc, in 
gcneral, howcn:r, of a distinctly ditlercnt eharaetcr than thosc of thc 
lattcr cn:n though tlll' pha~e constant at the cut-oll frcqueney and thc 
mid-frequeney may hc the samc. Phase characteristics 21 a nd 2·1 
( Fig. H ) are of :-pecial intcre:-t, howc\·er. in that while they hclong 
to thc pcak type "ections, the phase is of thc same sign throughout 
the cntirc frequency range. .\f,.,o phasc characteristics 2:?, 2!), :30 and 
a2 han· a uniquc property, for band pa"s ~tructures, in that the phasc 
uralergncs a changt· in "ign within ont· attenuation band. 

ln reganl to thc inljwdanct· characteri~tics, it is noted from Table I I I 
that 110 IIO<'cl impedancc rlwraderistirs are obtaincd in strurtures 
l!m•ing negath·c indudanccs as ro111parcd to tl!c strurtures not l!m•ing 
negatit•e indurtanres. Thi~ is a \aluahle property of the prolotype 
:-tructures listetl in Tahle I I I as it permits compositc lilters to !Je 
rmdily fomll'd utilizing ltoth thc scctions of Tabfes II and 111. 16 

Charartcristirs of a 1'ypiral Filter. In onler to illustrate the deri\·a­
tion of tft.:-ign iormulae for a spccific prolotype hadng ncgati\'c 
inductances, consider as an example thc band pass struct urc :3-3' of 
T ablc 111. \\ 'e:-hallneglect tiJCefleetofdissipationon thccharactcr­
i,.,tics of tlw :-tructun·, as tlw trcatmcnt of dissipation has hecn prc,·i­
nu,.,ly outlined. The prototypt· cited is illustratcd in Fig. -!;i.:\. Two 

2Co 

A B C 
Fig. ·15 I 'rolol ype ~ ... ·1 ion t 'orll.oinin~o: :\l'J.:.ll in• lnduclance, ancl Two of lts 

l'hy,ic.olly Realiz.thle Forrns 

methods of ph~·:-ically olotaining "uch a prot .. typt• are illtbtrated in 
FiJ.:s. l.iB and l'. ln this "tructure thc "eries impedance X 1 is 

X1 =J( w/. 1 - .... ~.). 
"For .. 1 ~··no·r.d nu·.tiH•I of provin~ tlw equ.tlily of thl' im.o~·· impl' l.onn•s of scctio ns 

~·onl.unm~ III'J.:.tll\'t' ontlucl.tnn· .ontl of appropri.tfl' "'rl ions eont.o ining "" ne,:.oti \'C 
mdu• J.onn·, r .. f..r lo I ho· 1\ppt·ndix. 
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rlw inaJwd.ann· of thl' ~hunt .1n11 is 

7.2 -J(wL2+ w~.J-
Thc r.1tio, 7. 1 17.2 , which coutrols the attl'llll.ltion and phasl' con­
st.mts, JWr Sl'Ction, of the structurl' is 

7., j ( wl.,- w~,) 
·17.. ·( -1 ) • -} wl.2+;:(~ 

(!I I ) 

From thc impcdance ch.Jractcristics of rcactancc mc,.;hes :land :r, as 
illustratl'd in Figs. li aml ·1:3, and thc comiJincd rcactancc charactcr-

Fig. 46-Reaclance-Frequency Characteristics of thc Series and Shunt Arms of 
thc Prototype Section of Fig. 45-A 

istics of Fig. -!fl for z .. -IZ2 anu -4Z2 , it will !Je noted that thc lowcr 
cut-off frcqucncy, j 1, is that at which Z 1 = 0., IIcncc, 

f,=~- (95) 
'2~r \IL,C1 

~imilarly, thc uppercut-ofT frequency is that at whkh Z 1 = - -IZ2 or 
jwl.,-j, wC,=j lwL2+jl wC2. From this rebtionship, thc uppcr rut­
oiT fr('(jlJl•ncy is 

f· =..!.. I C2+-IC, = (9ü) 
- '2~r \J c,C2(L,-4L2). 

Let f, bc assumcd as thc frcqucncy whcre Z 2 is a minimum, that is, 
whcrc w2L 2C2 = 1. \\'c may thcn writc 

j,=--1 ~- (97) 
2~r \1L2C2 
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Sub,.;tituting tlw .alut\ e \ altw-.. of .f1 , f~ anti f, in formub (!l I) w•· obtain 
for Za -1 Zz 

7., 1- (f r c::r+l f, (!lS) 
I X~ I+ (:j,) ~ G:r 

From thi,.; la,.;t l'XJlrl',;,;ion tlw att\'llllation .and ph.a,;~· characteri,;t ics 
ma~· lll' pluttcd from formul.ae ( :!:.!1 and (:!:l) or fnun Fig,.;. 11 and 1:2. 
The attcnuation and pha,;l' con..;t.tnt eh aractL·ri,.;tic,.; an.· ,.;)wwn sym ­
holically as charactl'ri,;tic Hi of Fig- . -II. Thi,; ,;tructure has unu,; ua l 
att~·nuation prop..rtit•s whid1 h .• ,.,. aln•.t~h- hL·~·n di,;cu,;,;l'rl. 

From l'()llation (ti) and thl' \ alul's uf 7., and Z 2 • in (!1:2) anti ( !1 :~). 

the mid-,;erit·,; imagt• inl)wdann· t7. ), al !Iw tnid-fn·qut·ncy, is 

7. =I [ I/.'+ 1/., _ 'L,_ IL~J 
... :2 \ c, c~ \ c~ c, · (9!1) 

Sinn· tlw mid- ... erit· ... iru;agl' inl)wd;uw•· .• al any frt'()llL'll<')", is t hc 
same as that of liltl'r st·t·tion :~ :~. W<' h.tn·: 

[I f'"J [ , \ f,f~J 
7.J = 7.o 

f." -·.r 
7.. f,f~ .I ( 100) 

\ [ .!> _r ... J \ [ r~- ,..]-
./m h \ r, \ j:} 

wherl' f", is tlw mid -frl'l)lll'lll'Y tf", = \ J1/ 2 ), as lll'forl' . 
The prutoty)>l' j,.. not cap;thll' of mid-shunt lt'rmin.ttion, ht•nct•, its 

hypothetieal mid-,;)wnt impt•do~twt· characteri,.;til' will not lll' dt•rin·d . 
From the prl'cl'ding formnl.tL'. 1'\)Jii•·it 1'\)lre,.;sion,.; m.ty IJt• dl'rin·d 

for t 111' valw· ... of /.,, ( 'a. /.~ <llld ( 'z 

I - 7., m' 
·a- r.t/2-/aJ' t iOI ) 

' h-f, 
( 1 = I rr t,'7..m" ( IO:!) 

l.z 
-Zo 1-m'2 

rr(fz-ftl ·Im' p o:n 

<'z 
(/~ f Im 

(1 0 1) rr7..,( l_z (, 2 m'~· 

I 
(f2r- I 

II/ I + f, • ( IOij) 

' (f')" +I 
fl' 
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. \ ,. .1 nllnH•ric.ll t'"\,1111plt· of dw -.olulit>n of tlw pn•lotypt• di-.t·n-.,.t·d 
,,,.,..lllllt', ,,, in 1 hl' l'"\,llllpll' fnllo\\ iu~ t'ljll.ll ion ( II I, I h.11 I ht•lo\\ t·r 1"111-oiT 
fn·qut•nc~ / 1 i-. :!11,01111 cyclt·s .111d lh.11 tlw upper l"lll·oll fn·qut·lw~· h 
i-. :!.l,OUIIcyclt•-.. . \ ssuuw f,, .1 conn·nil'nt p.•raml'!t•r for dw f.1n1ilil',. 
oi .tt lt'llll.tlinn o~nd ph.1"" eonst.111t l'llr\"l'" \\ hieh thi..; ,.,.,·tion may 
h.t\t', for .my gin·n cnl-t>IT frl'qnencr. to Iot.· :m,ooo cyclt·,.. .\ ,..,.u,nc 
th.ll lla· \,illlt' ,,f lht• mid-st·ries in1agl' impt ·daiH'l' X .. .at thl' mid-fn·­
qucnn· is tillll ohms: tht·n frum ft>nnnla (!l\l l m' = J.o . ...; :{: lwrH't•/, 1 = .1111 :! 
ht·nril·,.;, ( '1 = .011 1;);{ X 10 6 farads, /. 2 = . 1101.-~:! henr it·s <llld C2 = .01 ~ I X 
10 6 f.tr.uk T he ,.;tructurc wich the nu merica l valut·s of induno~nn· 
.l!ld c.tp.tcity for this speeitic examplc is slww n in Fig. Ii. \ . 

+~ =.020Gh. 

~~to0306mf 
CC.JC'6 mf. ~ - Lz=.COISZ h. 

Cz=.Oi84rn> 

A 

~C,=.OOJ06-~ 

c: 

zc,= 
. Q0306 mf 

~ 

B 

zc,= 
.00306mf . 

~-

h;:. -li :\unwric.1l Ex.1mplc of Equi\·alcnt Filter Section~ Containing :\t'g-ati\·c 
lnduct.mcc 

lf. for tlw T mc,..h indtwtann·s in Fig. -liA . \w subst it u tc a tra n,;­
forn~t·r nw,..h ha,·ing tlw \·alucs show n in F ig. Ii ß, t hc mt·sh o f thc btt c r 
figure is elt•<tri<allr t'l(lli\·alcnt to the protolype stmcturc and j,; ;111 
t·:-..;unplt· of thl' method of employing t he struct nre. Similarl y, Fig. ·liC 
ilfu,..tratl'..; the ,;ub,;titution of anotlwr ty pe of t hrec elenwnt mcsh 
for the roil nw..;h of tht· protntypc structnrc of Fig. Ii.-\ a nd is anot lw r 
t·xample oi the mannl'r in whieh thc p rototypc may bc ph y,; ically 
{'XI•re-.-.cd. 

T hc ,..trunure of Fig. li ß rcprc~ents a similar easc to that of -IS.\ . 
Howen·r. a,; 1 hc mutual inductancc is herc scries opposing. thc proto-
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type :-crics-shunt equi,·a!,·nt s\rttctun• j,.. slwwn in Fig. -! S B and con­
tains 110 nq~ati,·e inductanccs. I t will he found that the , -a lues 
dtcN'Il curn:-.pond to tlw numerical e:-.:a~nple of the structure 3-3 
following- l'(JII<t t ion ·I I. 

l-
zc,=.00448n 

Lt= +.00577h. 

T. Ct=.004ö6 mf 

A B 
Fig. ~S- :\ umt·rical Example of a Filter S.,ction Con laining Xo :-.; l'ga tivc lnd uctance 

:\ I' PI·::\ I> I X 

Cll'dliTIIl:\S FllK TIIE Ec,ll'.\I.ITY OF TIIE hi.\<;E hti'ED.\ :\CE~ OF 

TYPt< .\L Fti.TER S TKt'l lTKES 

l t has l•t'l'll statl·d that the formation of recurrent a nd composite 
wan· filters is dl'JWndent upon thc maintenanre of eq ua l image im­
pedanee chararterist ics (of I he sec\ i011,.; or half-sec\ ions joincd ) a 1 

each junction point throughout the lilter . 
.-\ generat nwthod uf a>-rertaining thc conditions for thc cqua lity 

of inwgl' impl·d.ttl<'e rhar;ll'tcristics will hc demon:-;t rated hr illus­
traiions from typical pairs of sl'l'tion;;. 

11/us/ralion .\'o. 1 .\"ef!.ali:·e lnduc'lana in Shunt A rm of One S truc­
lllrl'. Con-.idl'r tlw lilt<"r "l'l"tion,.. li,.;ted a,.; :3 l (eon tlul·nt stmct ure) 
in 'Lthle 11 , and :~ I' in TaJ,Je 111. l t will Le ,.;hown that, umler 
propc·r conditions, their mid-serie,.; im;tg1· impl·dann• ch;~rac t eristics 
ma~· Iw madl· equ.tl at all frequettcies. ( By referenrc to the a hn ,·c 
taJ,Jes, lu•th "ertions han· mid-series imped.tnn· characterist ir :'\o. 1:3 
of Fi;.:. XI. 

Frnm equo~tion (ti) 

. . x,: 
x1: 7.,7.!+ 

1 
• 

ln Fi).:. l!t, II'! 

( IOli) 

( IOi) 
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Fw111 ( ltH il 

Z1~= R~+ Zt~ 
·I 

in \\ hich 

R 

Lz 

r t.~ 
\ c 

h 
2 

/.~ 
\ (·~· 

'ZC, ~ 'Zc', 

~----~ 
~ KAlo~ ~ 

z. , 2 :z 
--.:=.o ..... z-~ z: 

z T zr z-

( 10~ ) 

(1 11! 1) 

( 110) 

(t ii J 

( 11 21 

Fi~. 49- Two Structurcs ll a\'in~ Equ.ll ~!id-Scrics lma~e !mpedanccs, One of 
\\'hich Contains a :\{·~ativc !nductancc in !ts Shunt .-\rm 

From (107) and ( lll ) 

ZJ2 =R~+!(Zu+ZJB)2 =I -tZt,,+(I+ K ~ )R2+ I lZ~8 ( 113) 

whcrc K .ZJ.-tZIB R2 =Lt Lz=Cz ·c.. 
~ow from (lOii) and ( 10~ ) 

(Z ') 2 -Z 'Z '+ (Z',)
2

- (K"~ -r K )z2 + •I - 1 •2 ·I - ·I \ .1 c 4 1•1 

(~lKR_~- K )KRZ+Kilzz, 
2 l'-IJ c I ·ol•· (I ].) ) 

Sinn·. hy postubti<m, in Fig. -HI. Z 1 =Za'. we may cquate thc col'fti­
cicnb of (II3) and (I ].-, ). Thi~ gin·s 

·I 
=~.:."!~-K-t Kc I . • ( IIG) 

I+~ = (K ..t K_!!_ K K )K 2 2 IJ c . (1 1 i ) 

and 
K B7 

(! IX) 
·I ·l 
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C, =I 
(.',' 

t 11 !1) 

( 120) 

whl're f, and h arc tlw lo\n·r and uppl'r rnt-oiT frl'IJill'lll'ies, rl'spec-

tiH·Iy, and /.11 \ f•./"2 of thc ,..tructnn·s of Fig- . ·1!1. 

F rom ( IHi) and (120) 

I (K 1 _ I_ ) = l (-~~ _ f 1). 
.J · /\.1 ·I }I h ( 121) 

Tlll'rl'ion.:, \\lll'n tlll' rl'l.ltiorbhips lol'l\\t't'll the con,..to~nts cof thc l \\'0 

structures of Fig. ·1!1 sati,..fy l'!]llations ( 11!1 ), ( 120) and ( 121 ), the 
stnll't un·s will han· t he s;unc mid-:-l'ries image impcdanrc r ha racter­
lst&n;. Explirit relaticon" for thc \'ahtL'S of c,', L,' and L/ may lJl' 
oiJtainl'd from eqnations ( 11!1 ), ( 12()) and ( 121 ) as follm\·s : 

(122) 

(12-l) 

( ·.,ll,..l'IJllL'lltly, if tlll' l·con,..tant" and cut-off frl'qucncil's 11f a con liuent 
::.trurturl' are known, thl' cconstant,.. of" ,..trurturL' of tllt' ;~ I ' form 
h,l\·ing an idl'nti(',d mid-,..1·ril's imagl' impl'tbnn· char;ll'll'ri,..tic ca n Iw 
tll-ri\l·d from l'l)ll.lticous \ 122), (I:.!:{) .11111 (I:.! I ). 

Illus/wlioll .\"o. -! .\"f.~llli:·c lw/uflallcc in Scrit•s .-lrlll of Une 
Slruflurt. ( 'onsidl'r lll'\1 tlll' liltl'r ,..n·tious listl'd as :~ I (nm lllll'lll 
,..tnwturl'l in Tahll' II a1HII' I in T.~hll' 111. l t will he "hown that, 
undl'r prcopl'r •·onclition,.., tlll'ir mid-shunt imagl' im1wdann· charac­
tl'l'i,..tio·-. lll.IY Iw IIJ.uk l'qllal at all fn•qUl'lll'il's. { lh· rdl'n·nre to the 
,dllo\1' t.tlol•·,.., luoth "l'l'licons han· mid-,..hunt impl'ci.IIH'l' l·haractl· ristic 
:\o. II cof Fig. ~l . 

I ro111 •·qn.ltiou •7 

when· 



Iu Fi-: ;.o. ll'l 

l ~ 

.uul 

I .. 
r~ I+ l'c·tl jwf.~ f Jw( ~· 

[\ Ir~ I + f\ II rzll, 

il:.?ti) 

( 127) 

(t2S) 

Fi)!. 50 Two Structures ILl\·in.: Equal :\Iid-Shunt lma~e lrnp{'dances, Onc of 
\\'hich l"ont.tins a .:\c~alive lntluctancc in lrs S{'ries .\rm 

where 

From 11:2:,) 

in "hidt 

From (1:21i) .tnd (1:)01 

( K.IKI_! -!\ K )Kv+Krf.l·; 
2 B C -! .n 

( 12~1) 

(I :H) 

Since, hy po,;tubtion. in Fig-.. )0, l"t= l"t'. WC mar eqll.ltC the coe!'ti­
cient;; of ( J:l2l and ( 1:n ). Thi,; gin·,; 

(13.5) 

(136) 
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-t 

l"1 
I\. II 

-t 

\\'hence (138) 

and K.t 
LzCz 
L(Cz' 

(139) 

whcrc f 1 a nd fz are thc lmrer and uppcr cut-oll fref)uencies, respec­

tin·ly, and J.11 is lhc mean frcquency ( '\ 
1

( 1 h) of the stntct ures of 
Fig. 50. 

From ( 13i'i) and (I:Hl) 

K c L2 = _1 (K _ I ) = 1 (h _ f•) 
.L1' I .I K.1 -t _f. h . (1-to) 

Therdore, when the relation!'hips betwcen thc conslant~ of thc two 
structures of Fig. i'iO sali~fr equations (1:3s ), (l:~n) and ( J.IO), thc 
slructures will ha\'e the s:unc mid-~hunt imagc impedanre character­
lSitcs. Explicit relations for the ,·alues of Cz', Lz' and L.' may Le 
ohtain('d frnm cquations ( 13S), (1:~!1 ) and ( 1-tO) as follows: 

(1-t I) 

(1-t2) 

( J-t:3) 

Therdore, if the cons1ants and cut-oll frC"quencic~ nf a confluent 
structurc are known, tlw cnn~tant" of a structure of the 1'- -t form 
h:n·ing an identical mid-~lllllll imilgt• inqlC'd.1nce characteri,..tic Cil ll l>c 
deriw·d from l'f)llation!' (I I I), (I I:? ) <1nd ( J.t3). 
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Some Contempora ry Advances in Physics VI 
Electricity in Gases 

By KARL K. DARROW 

1. I :>;TRtltll'c "Tto:-: 

T I I E phy~ici~h of a qu.trll"r of a n·ntury ago, who Jen>ted them­
~eln·s lo the !'ludy of !'lt'l'tricity in gases, Wl'n' happily inspircd ; 

for among thc myriad of intri•·ate and oh,.;cure plwnomcna which 
tlwy ohscrn·d thPrt' an· -;omt• fl'w of an exln'llll' simplieily, in wh ieh 
the qualiti!'s of tlw indiYidtt;d atom,.; of matter aml eltTiricity arc 
manift·~t; in analyzing thesc tlwy entered upon the path that lcd most 
din·ctly to thl' dt·t·pcr undcr,.t.mdin~ oi naltlre which is s11perscding 
thc physics of the nint·tl·t·nth n·ntury, and the physics of today j,; 

founded upon tlwir dTorts. The electron wa,; pcrn·in·d for the first 
time in the eo11rse of ol> ... t·n·ations on the electric di,;t·harge in rarcfied 
ga~l'>', and otlwr l'Xpt·rinwnts in the ,;;lllll: tield L""tahli,..hed tlw atom 
in ,;cience a" a real and ddinite ol>jt·ct. Thc di,..eon•ry of the alom 
is comm•mly cn·dited to tlw clwmi ... ts; ycl tiill'l'n yt·ar" h;t\'C not pas,.,ed 
"ince stud!'nt,; of chl'rni-.tr) w•-r•· lwing warned hy a Lrmons tc·aclwr 
that "atom" and "ruoll'cult·" an· tig-uratin· wcml~. not on any aceount 
to lll' takt·n lill'rally! Tlw laws of l'hemical comhination wen• lw ld 
insullicienl to prCJ\'l' t h.tl a Iom,; han· any n·al l'Xistenee; t hough 
deml'llls may ;tlway~ corul>irw wit h ont· anot her in ttnchanging- propDr­
tions, this dol·~ not pron· anything alu>Ltl thc weights of tlll' alorns, or 
tlwir size,;, or tlu·ir qu;iliti•·"· or •·n·n I hat all the ai•Hll>' of an clenwnl 
han· tlw sarlll' weighl, or l'\c·n th.tl tht•rt• are any atom,; at all. ;\m\· 
th<~t wt· are past tlw nt·n·~,.ity for this eautinn, and can count alonl'-', 
ant..l lll!'a~ure their ma,.,sl's, and infl'r ,;onwthing allout their stnretun•, 
and !'stimat!' how clo~t· togl'thl'r tlwy c;m approach, ancl know what 
happt·ns to tlwm wht·n tht'\' strike one ;liHJtht·r or ;1rc stnrek 1>,­
.. Jcetrons; rro\\· that \\'l' can til-1 in the picturc of tlw atom with so rrl.lll~· 
arrd :-o di\'cr~e dctails, \\'l' are indl'htl'd for thi,; progrl'ss chil'lh· to t h~· 
llll'rr who gatlwrl'd the d.1t.1 and maclc thc theoril·s conn·rr;ing t hc 
l'Otuluction of l'lcclricity in ga~t·s. :\lany will rl'llll'lllhl'r how i;1 the 
yl'ars l>dorc thP great w.tr this ti .. lcl of n·~earch scenw•l tlw most , ·i ta l 
p.1rt of physics, tlll' mo-.t irr~pin·cl with a St'llSt' of tH'\\' life ;uJd swif t 
ach .llll'e; now otiiC'r" ~h;m· with it the l'l'lltrc of tlw ~t.Jgt•, lntt tlwy 
\\'1111 tll!'ir plan· ... chil'lly hl'l'.tll,..t' of thc· light it sl!l'cl upon thcrrt. 

lt ""'l'lll"' ~tr.trr~o:t· th.tt tlw tl"\\ of t·lc'l'tricity irr ga,;t•s sholllcl ha\·e 
pn>\l'd t•.t..,il'r 111 intnprl't th.trr tltc' llo\\· of l'h·ctricit\' in metals, which 
irr apJwaranc'l' i-. c !'rtainly hy f.1r thc ,..iruplt·r. Une applics thc terminals 
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,.f .1 l•.lttt'n 111 tht• t'llcl,. nf .1 \\in· .. lncl pr,.mp11~· tlw t•lt·ctrit· polt'nti.tl 
cli-.1rlllll1t·, it,.t·lf \\ilh .1 unifor111 ).!r.ltlit·nt .dong 1hl' \\in· ancl.1 cnrn·nt 
llo\\-. ,..1t'.ltllh clown i1. '-•• ri).!"l'""'ly i-. 11ll' t'lii'ITnt proporti11n,d 1o 
tht· \tllt,tgt' lwt\\l't'll tlw !'IId-. of tlll' \\'in·. o\'t'!' \'t•ry widt• rangt'" of 
\oh.lgt· ,111d t'lll'rt'llt, th.1t \\"t' n·J.!.Ird tllt' r.1tio ,.,.. an t·,..,.t•nti;d t'tlli:'lant 
,.f tllt' \\in·: .111d Wt' rq::.ml tllt' ratio of P"tt·nli.d-gr.ulit·nt (dectric 
lit·ld) t11 l'llrrent tlt·n,.ity ""' an ~'""~'lltial char.lt'lt'ri,..tic of the nwtal. 
,uul gi\l· it a ll.llllt' re-.i-.ti\ ity or ")lt't'ilic n·,..i,..l.lllt't' .1ntl rdt·r to 
tl~t·orie" of contluction in nwt.d,.. a-. 1lworit·-. of nwtallic n·,.;i,.;tallt't•. 
I t .dl ,..t'l'lll,.. t''\t't'l'tlin).!l~ ,.;implt•, anti yl'l in 1hl' fon·going artidc of thi-; 

,..l'rit·,.. I h,l\"l' """" 11 how .111 tlw allt'mpt,.; to inll'rprf't it han• gont· 
in ,,,in. \lurh '""n' t·omplt·:x in .1ppt·ar.llll'l' j,.; tlw di,..t'hargt• thro11gh 
.1 g,,,... I )nc applit·,.. tht· terminal,; of ,, h.1t1er~ to a p;tir of dectrodes 

f.1t'ing one ~mother in tlw opt'll air, and perhalb nothing happen,.;, nr 
"'" minute a currcnt llow,.; th.1t tlw mo,.;t delicate of irbtruments is dc­
m.mtll'd tn de1ect it; .mtl tlwn whcn the hattery-\·oltagl' j,.; n~ry slightly 
rai,.t•tl. therc rnay Iwan c'\plo,;ion with a hlaze of light. dis,;ociating tlw 
g.1s anti corroding the clectrode,.;, anti tlraining oiT thc a\·ailahlc elec­
tnnt~ in .1 rnonwn1. Or if om• of the clt·ctrotlt•s i,.; anrtely pointcd 
thcrl' rn;~y he glow,; and lurninou,.; ,.Jwath,.; ;~ro11nd it or tentacles of 
hhri,..h light ramifying frorn it far and widt· through thc air. Or the 
tli,;rharge 111.1~· ri,..t· to the lwat of incandt·scerH't', änd the gasanti the 
dt·ctrmk,; ,.;hine with a hlintling radiance, the hrighte,.;t light that can 
bt· kintlled nn tlw e;uth. Or if the electrodes are enclo,;cd in a tuhe 
cont.tining a rarefied ga,.; or \·apor, the ga,.. llan·s up into an C'Xtraonli­
nary p.1ttern of light and shade, lucent ,.i,·idly-colnretl clmrd,; lloating­
hct\\t't'n region,; glowing feehly t•r olbl'llre; and as thc ga,; j,; gradual!~· 

pumped a\\·ay, the pattern changc,; and fade,;, a ,.;traight bcam of 
elcctron,.; rnanife,.ts it,..elf hy a h11ninmrs column tran·r,..ing thc tuhe. 
th!' glas,; wall-. lb,..h out in a grccn thron·,;n•ncc, and finally all hccorne,; 
cxtinct. .\,; for that C\Tll gradicnt, and that corbtant proportion 
l11:twcen nrrrcnt and fidel "trcngth di,.;tingui,.;hing the mctal,.;, \\'t' 
cannnt find them lll·rc. There i,.; nn such thing as thc re,.;istann· of 
.1 gas; WC' had lll'tll·r forget the word, \\T cannot <tltach any physical 
nwaning to thc ratio of currcnt and \·oltage. 

I 11\lbt not gin· thl' irnprcs,.;ion that all thesc manifoltl form,; of tlw 
t·lt·ctric tli,.charge in g;bt'" an· lllltlcr,.;tood. Certain of the simplt•,..t 
of tlwrn han· heen cl.lrilictl, anti a,.; a n·,..ult still simpler onc,.; ha\"l' 
htTn rl'alizl'd anti compn·hcndctl in t hcir I 11rn,.., anti so on down to 
tlw ,..imple-.1 of all, which i,.; thc tli,..chilrgc acm,.;,.; a \·aclllllll. Thi-. 
,oumb ,.;onwwhat like a paradox and so it would han· >'l'l'llll'd thirty 
tlr fnrty ycars ago, when electricity was thought to he inscparahh· 
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from matter, ancl the onl~· known Jischarges anoss ga~e~ wcre t he 
di,.charges in which the gas play,. an indispensable roJe. lt is im­
portant to note the manner nf this l'\·olution, for much of the hi,.;tory 
of modern physics is dominated hy it. \Yc should not !Je ncarly so 
far a(h·ancecl as we arc, had we not ll'arncJ two things: how to rcJucc 
the am•nmt of gas in a tuhe until an clcctrnn can lly clear ano~s it with 
searrely any chance of llll'l'tin~ an atorn, and how to pcrsuadc a n elec­
tron to cmergc from a Jlll'tal utlll'rwi"L' than hy starting a d ischa rge 
in a gas over its surface. \\ 'c who are so familiar with the idca o f 
elcrtrons hoi li ng out of a hot wire, or clrin·n out of a cold me ta ! plate 
hy light shining upon it, or lirt·d as projectilcs out of explodin g a toms, 
lind it dillicult to imagine the ronfusinn which nf ncccssity prc \·a ilcJ 
wlll'n all tlwse prc•n'!N's \HTC unknown. In thc carly stages o f 
research into the disd1argc in gase~. it was maue clear that of cach 
self-maintaining clbehargc a stream of elertrons flowing out o f the 
negative eiertrode is an essential part; the clectron-stream main ta ins 
the gas-diseharge, and reciprm·ally the gas-di,.;ch;trge mainta ins thc 
electron-st rcam. The latl'st stagc cnmmcnred when it was madc 
possihle to prodncc ancl maintain such an elcct ron-strea m inde­
pencll'ntly of any gas-dischargc, and deal with it at will. 

Let mc thcn begin thc expo,.;ition with this id ca, which so many 
p·ars of research were rcquircd to render acccptable: thc id l'a o f a 
strcam of elertrons emcrging from a meta! wire or a meta! p late, at a 
mnstant rate which is not inllul·nreJ by thc presenre or absencc o f 
gas in thc spacc snrroundin~ thc meta!. The reaclcr may think 
cither of tlll'nnionic l'leetrnn,.; llowing- spnnt;uwously nut nf a h.nt wirc, 
or nf photo-ell'ctrons llying out nf a meta) platc upon which nl t ra­
vinlet lig-ht is shining.l 

~. TIIE F1.ow ccF Eu·:c Ttw:-;-. TtJJ{<ll'c,Jt .\ \.ERY R.\REFIED :\l o:-;.\TO:'>tt c 

C.\s, .\:\11 TIIFIR E:-;cot·:\Tt-:Rs \\'ITJJ Tllt~ ,\ nnts 

Conn·i,·c· a so11rn· 11f l'lectrons. a neg;1tin• elc•ctrode or cathod e, 
which is c·ndo"<'d in a llllte. I f !Iw tube is highly l'\·acuatl'd , thc 

1 \\'hil•: formin~-: ocw's idC'as il is prdN;cltl~ lo 1 hink of thc photot'lcnric sourrc, 
fnr a v.~ru·ty of n·.c~ns; thc ~·l•·ctron->tn·.cm ts nr~t n·ry dcnsc, thc elcctrons cmcrgc 
wtlh l.:cnl"l.cr r·n..r~-:ccs cw\·c·r cn I'Xn·ss of a r.::rtacn sharply-marl.:cd limiting ,·aluc , 
thc• ml'lalcs coltl .end nc•l ltk<'ly Jn r<'.ll'l rhemwally wllh whalc\'cr gas surroumls it. 
Al"., "..,,.r,cl of lhe cb"ical lund.cmc·nt.d ,.,rwricnC'nls werc pcrfornlC'd in thc yca rs 
fr•mc IS'IS lo l'illh, wht ·n lhc pholtwln·lnc dTe<·l h;ul hc·c·nmc a n•liahlc inslrumcn l 
n( rt·"<·.cn h .end tlu· llwrcnionic dll'l'l h;ul not. :\owad.n·s it is som('l intt•s uscd in 
tlll' hot•• ."f surpassin.: lhc .1•:• 11r.ll'~ of c·arlit·r wor.l.:, or in·c·xpcrin11·n1s on compound 
~··"·~ "htl'h 1111' hol Wert· 1111~ht d•·•·ontposc·. Slcll thC' hol wirC' is so llllll'h c·asier 
Jo lll"<'rl and handle, ils cmi,_inn :.c• much morc conn·nil'nl an<! controllahlc that 
il will no douht I•• •·rnplo~rcl in lhc· ~n·at majoril\' of expc·rimcnts in thc ful~rc as 
in 1hc p.ut. · 
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t'lt'ctrnn" t•nh'r tht• \·,wuum fn·l'ly. l'lt·l'tricit\' h ..... no horror of ;1 

\',H"lllllll, .llly rnore than n.ttun· gt·twr.llly. ::-.till tht·rt· i-. ""nH·thin~ 
whidt "llggcsts thc lwrror t'tlt'lli of tlll' sl"il'nti-.ts l,efon• ( ;,dilt·o; for 
tlll' t'lt·nrnns whic-h are .tlrt".td\' p.trtw.ty across tlw ,·aruum ll'llll, hy 
tlwir electro,;t,ttk rqmJ,..ion, to pu,...h h.tek tlwir follo\n'r" whidt an· ju,.;t 
t'llll'rging frnm thc nwt.tl. Thi" is thc !<pat"e-ch.trgt· l'lll't'l, whidt L.ts 
l~t·comt• f.tmous sinn· tht• audion lll'eanw almost as t'omnton an oh­
jcct .1s tlw inrande:--cent l.unp in thc .\ mcrican honlt'. I :-hall prl'st·ntly 
h.1\e to writc down thc l'(jll.ltions desc-rihing this ciTtTI: for the time 
l~t·ing Wl' may ignorc it, so long- as thc clt·ctron-stn·ant is not IIIOfl' 
prnfu..,e th.lll a photndectric currl'nt gencrally is. Tht• l'lt·ctrons of 
the:-e sranty discharges enter into tlw \'ilCIIlllll and pa:-,; on·r without 
hindr;1nn•. 

:\ t this puint it is atl\'isahk to say what is mmnt by a "\·aeunm." 
~t'it·nti,:.t,; arl' g-rowing morc l'Xigl'llt year hy ycar in thl'ir u,...c of this 
term; thirty or forty ycars ac:-o pcoplc spokc of '\·acuum tulws" mcan­
ing tubcs so fnll of gas that thcy wonld transmit a hig nrrrt·nt with 
a resplcmlcnt lnminous display, hut this self-contradit·ting- usage has 
11\.·comc quitc intolcrahlc. .-\t thc prcsent day tht• ll-;l,:.t den..;ity oi 
gas. or the highcst vacnum. cornmonl~· attairll'd corn.':-ponds to a ga,:.­
pres:-ure ahout 10- 11 as grcat as the prt•ssurc and'"dcn,:.ity of thc atmos­
phere. This mcans that thcrc arc ahout 10 s molecull',; in a c-nhic 
Ct·ntimctrc of thc "vacuum," which may make the name ~ound ah:-tml. 
But thc practical critcrion for a \'acuum i,:. not whethcr thc rcmaining 
atom~ sccm many or fcw, but whethcr they arc numl·rous <·nough to 

atTect 1 he passage nf a di:-chargc; and as an clcctron ~hooting ac-ro,;s a 
tulx.· 10 cm. widc and c\·acuatcd to this dcgrec has U!l! l!)!l!) ehanccs 
out of a million uf gctting clear acro~s without encuuntt·rin~ a molccule, 
the tube is \·acuous cnough for any ~cn,.;ihle dl'linitinn. 

:\ext we will imaginc that a gas is introdun·d into thc tubc, in 
quantity snfficient so that each ckctron going from cathotlc towan1 
anodewill collide on the a\·cragc with onc or pos,:.ihly two atoms on it,; 
way. I t is bcst to IX'gin hy t hinking of one of the nohll' gascs, of which 
hdium. argon and neon arc thc oncs in common usc; or of thc \'apour 
of a mctal, mcrcury vapour hcing rnuch thc casiest of tht·:-e to wnrk 
with; for their atoms bcha\·c in a simpler and dearcr manner towanl 
thc electrons than do thc mnlcculcs of thc commom•st gase,;, JMrtirn­
larly thc oxygcn molecules which arc so nun\l'rous in air. l n fact the 
practice of u;;ing thc nohlc gascs and thc mctal vapours that j" to 
s:ty, thc monalomic gascs-whcrc\'cr po,.;,.;ible in thl'!"C researche-s ouglll 
rcally to l~e rcgankJ as onc of thC' grcat arh-ances of tht· b-.t ft·w ycars; 
our prcdcccssors woukl ct·rtainly ha\'c lcarncd morc abont thc dis-
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chargl" in g;t,..l'" than thcy en·r tlid. if tlwy had not ,..tudied it in air 
ninety tillll'" out of a huncln·d. ancl in otlwr di.ttomic ga,..t•s mo~t of 

tlw otlwr ll'll. 
l.d 11,., "UJl(\""l' th;ll the tulll' t'ontain,; lwlinm of tlw extn·nll'ly small 

clelbity I h;l\l' jtbt ddinecl. Tlwn "" J"ng a,., tlw kinctic t•nergy of a n 
l'lt·ctr"n cltws not l'Xl'l'l'cl 1!1.1.-, ,."Jt,.,, it will n·hountl fr"m ;my helium 
atom which it :<trikt·:<, likt· a n·ry ,.,mall pedt·t·tly eb,..tic hall rl'llll nn d­
ing from a n•ry brg•· om·. \\'l' might I'IIIH'l'in· tlw l'llllll'llh of the 
tulw (for thi,.. pnrp.,,.. •. and only i11r this ptlfJl''"l'!) <t>' a !lock of immense 
j,·ory pu,..hhall,.; lioating Ltngnidly ah"tll, \\ith .t hlizzard of equ;tlly 
t·Ja,..tic go!fh;tll,.; m marhle,., darting through the inter:-<paces anti occa­
,.,j"nally .. triking ;~ntl houncing 11IT from one of the pn,.;hhalk lf the 
c"lli,..ion .. lwt\\'l"l'll dt·ctron,.; <llld atom,.. arl' perfectly da,.;tie. as I ha\·e 
,.,aid withont gi,·ing e\·iclenn·, tlll' eh·ctr1111 will!o,..l' an extn·nu:ly small 
p;trt .,fit:- kinetit l'lll'rgy at l':tch •·olli,_i"n, 11wing !11 the g-reat disparit~· 
in mas: t·s a fracti"n \·arying from zl'ro up to not lllllfl' than . OOO.i :~ i' 

dl'pending on thl' din·ction "f rt·J,ountl. 
This wa-. \·erilil'd in a pret ty t·xpt·rinwnt hy 1\:. T. t 'ompton and J. :\I . 

Butadt·. \\ ho ut ilizt·d a n·rtain l'ITeet~ which eh·ct 1'1111:' prodnt'l' when 
tlwy han· kim·tic •·nl'rg~ l''-l'l'l'cling 1!1.1.-, \·olt,.; at tlll' lllllllll'llt of a 
col!i,..ion \\ ith a hl'litllll atom. For t·x.tmple, wlwn tlll' pres,..ure of 
lwlium \ra-. - 1.:~ I nun. ancl tlw dtTlrun-. werc tlr.twn frmn <t 1·athode to 

'"' <llllldt· !l.~ti.i nn. a\\·;ty, <1 ,."Jtage-diriL"rcnn· of ~O.~.i (plu,.; an un­
kno\\'11 1·orn·ction) was rcquin·d t11 pn•tlnn· thi,.; l'lll'ct: wlwn the anode 
\\·as 0.!111 cm. from tlw c;ltlwdt· t h1· rl'qnirnl \·oltage-ditTt·n·nce wa-. 
~;~_.J;j (plus the ,.;aml' c"rrccti"n). The extra \·olts wen· -.pt•nt in re­
pbl'ing tlw etwrgy lo-.t by the l'll'('tron,.. in tlw colli,.;i,,n~ with lwlium 
<ttoms m·t·r the t·xtra 11.:~ mm.; 1lwy <tl1111lllltl'd to an an·ragl' of . llOO:) 

of tlw t·lt·ctron\ t'nt·rg~· Jo,..t in l'a('h ··oiJi,..i .. n, l':Xn·llentl~· in ilgf'l'l'llll'llt 
\\'ilh tlll' .. ,.. ... lllllptillll. 

:\o\1 a-. for llw tran ... it of tlll' l'lt·•·tron-,..tl'l'<llll irom cathodl' to 
<tnod•·. thl' lwlitllll atom..; will ,..intply thin it do\\'11 l1y inll'fi'L'pting 
-.oll!l' of tlll' t·h·ctrnlb and tnrning- llu·ir cour,_ •. ,.. l•:tCkward~ or aside. 
Tlw ;::n·atl'r lht· nnmJ, .. r of .ttom-. in thl' p.tth, tlw g-rl'ater thl' pro­

l'"rtion of l'lt·t·tron,.. intt·rn·ptl·d: it •·an l'<bil~ bt• ,.;t·cn that. "" Ion~ 
a.., tlw g.t ... i-.. nnl dt·n-..l·r than I han· "Jll'Cilil'd, thi-.. proportion increa:-l's 
..... an t·xpnllt'llti.tl fu1wti"n nf tht· nnm!Jl'f of atntlb lwt\\t't'll cathode 
.111d an11dt·,' \\lwth•·r thi,.. ntnnlwr Iw increa-.l'd hy introducing morl' 
!-:"' nr J,~ n111\ing tlw <~nntk f.trther aw.ty frnm tht· t·athodl'. l f 

1 hu ip~t·nl ionit.ll ion, ..... rlt· ..... rilwd twlo\\. 
1 I Iw t•rot••rtiou inn•··•"·" mon· ''""I\' wlwn I ht·rt· .1rc .dn·;uh· "' man\· alnms f>t'-

1 "'"'II <111'"''' .111<1 • .11lu•k I h.11 .111 ,.,,., I ron j, likt·ly 111 ~• rikc 1 wo or n1on: on its way 
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tht• ollltM.!v .1111J thl' (',lthooJt- ,\fl' t\\'11 p.tr,dll'l Jll.ttl'" lf tTIIIillll'(fl'" 
.tp.trl .• 11111 tht·n· .tn· /' lwlium .t(llllb in,, ntl•ic n·ntirllt'lrt· "f tht· g,.,., 

l•t·twt'l'll, .11111 .\"., l'lt·ctr""" ,;tart out in a "l'<'lllld din·c<ly '""·•nl..; tht· 
.tltoHk fr,.m .tll\' .tn·.t 11f tht· cathodl', the propt•rtion ~,\" .\'" of <·h·c­
tron,; which .trt• interceptcd hdore thcy n·.1ch tlw anode j.., 

~.\' .\'o = I I' ll'.J ( I ) 

.tnd tlw numhcr nf ekctron,; reo~chin~ tlw corre,;ponding .1rea 1111 the 
,,n,.dt• in,, "l'l'lllld . .\',,-~X. n•nf<~nll:< to tlll' l'IJll<ltion: 

(2) 

The col'llicit·nt ..1 i:< a Cllll:<lant to Iw interpreted a:< tlw effectiH' n,.,.,;­
..;t·l·tional are.1 11f the lwlium <tllll\l relatin·ly to an llliComing elt·ctron 
th.1t i,;, tlw atom l>eha\·e,; l11W,1rd,; tlw dectr1111 likt• an oh,.,tacll' prc­
,;t•nting tlw impenetr.tl>le area .1 to it. 

In the experimt·nt,; performed to n·rify tht·,.,t· o~,;,.<·rtiolb and de­
termint· the ,·alue 11f .1. the ,.,jmple genmetric.rl arrangement which 
I ha\'c de:<nihed j,.. generally moditied 111 om· way or anotlwr for 
greater accur<tcy nr con\·t·nir:ncc. ;\ layer appro;H"Ill'd mo:-1 nearly 
to the simple arrangement; in hi,., apparatu:< (Fig. I) tht· l'lectron,; 

Fi~. 1-Appar.~tus for dctcrmining thc pcrccnlagc of dc~lrons which gJ across a 
g.1s of v.~riablc 1 hickn",s without inll'rcl'plion. (:\ l. ty"r, .·I 111wlen da Physik) 

which c:-~wrge from the hot lilament at G, P·'"" through the two slits 
in front of it. an:l then go d t> wn thc long tuhe to thl' anode K, which 
is dr.twn backw.trd "tt·p hy ,.,tep. The J,.garithmic curn·;; of currenl 
,·ersus di,..tance for ,·ariou,; pre,.,,.un·" of nitrogen ( Fi~ . :? ) are straight. 
Cnfortunately the current also dimini,.hl'-. ;r,; the distance is incn:a;;ed 
whcn the nitrogen i,. pumpcd out altogethcr; thi,., is attrillllted partly 
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to re,..idu ;-~1 \·apor~ .10d partly to the dectrons ~tri king the wa lls of the 
tube. The utlll'r curn~s are corrccted for thi~ eiTcct, and then .:1 is 
Cllculated. For helium it is :2.) .10 16 cm2 ; thc \ 'al ucs outained uy 
moditications of thc mcthod agrcc \n·JJ.• 

The hdium atoms thcrdorc hcha\·c as !'O many minutc and yct 
apprcciable obstacles to thc passage of thc clectron-stream, so long 
as thc elcctrons arenot movin g so rapi<.!ly that thcir cncrgies of motion 
do not surpass HJ .i';') \'Oits. Electrons ;-!S slow as the::.e uounce off 
from thc atoms which thcy strike. \\'hcn, howe\er, an electrun pos­
"l'ssing kint·tic cncrgy grcater than l~l.i';) vults strikcs a hclium .1tom, 

~ 
z (") 3 06 r"~d;;;:::::---t---t--1--+--l 

ocr 
~~ 
~~04r----r--~~~~~~P-~~~~ 
8_~ 

(1) 

q 0.2 r----r----lr---+_;":~t---=9...:.-k=d 
0 
::::1 
Vl 

2.7 54 8.2 10.9 13.6cm 

Fil(. 2 Curn:s illu,tr.Jl in ~: lhc intl·rception of clcc!rons h~· nitrogen nwlecules which 
tht•y ~lrikc. (:\l..tycr, A lllltJICII drr l'lrysik) 

it i~ liahlc to lo~c l!l.i';i \'olts of its cnergy to the atom, rctaining only 
the rcm;tinder. Thi~ t•nt·rgy dot•s not hccome kin etic encrgy of the 
atom, a process which would L)(' incompatihle with conscn ·a tion of 
nwmcntum; tll'itlll'r is tlw atom hrokt·n up; it recci,·es the quota of 
cm·rgy into its intem.d l·cotwmy, when· sonw kind of a domcstic 
t·hange on:urs with which wt· are not conn·nwd for the moment, 
cxcept in that it furnishc~ an cxceedingly acntratc indircct way of 
calculating the exact ;unount of cncrgy taken from the clcctron. Thc 
atom i:> said tu J,c put into an "e:>..cited" or somctimcs into a "tueta-

• Thc modified mctluxls arc I(<'IH'rally morc accuralc. Ramsaucr's dc\'icc, which 
I tlt·~·rihl'd in lh<> fir•t artiek of this "eri .. s, is proi.ahly thc Lest. lly a magnetic 
ficld Iw swung a slream of l'l<'clrons around throu~h a narrow cun·in~o: cha nncl, an<l 
tho.,., which Wt'rc dc\'i,JI<~I<•\'l'n throu~h a fcw dq;:n·t·s slruck thc limiting partitions 
and werc lo•l from thc lx·am; hc \aric·d thc numhcr of atoms in thc channel by 
\aryin~: 111(' ~as-pr .. ssur<' ln this wa~· hc disco\'crc·d that A for argon atoms <liiTcrs 
\'l'r}' ~:n·ally for dilll'rt'lll ~IM'l'<ls of tll<' dectrons; it w.1s latcr found that othcr kinds 
of atoms ha\'c a \'Mi.JI.Ic- .I, .1h hou~o:h h.1ppily thc \'ariations arc not great. This 
M'<'lllb >lr.lll~c at lir•l,'i•ut it i~ prohal•lr !tlr .. ng .. r lh.11 ,) >hould h;nc ucarlv thc sa mc 
\alut" lor d1lfcrt·nt •t><·•·ds of thc oucwnin~: cl•·•·trons, as for m;111y atoms it docs; and 
blran~•·r yct th.11 II ~houhl IM\1' th<' S.lllll' \".Jluc for .111 oncoming atom as for an 
oneoming clcllron, as is oltl'n tacitly assunwd, and not loo incorrcctly. 
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st.thle" ~t.Lll', ;tnd tlw l'tll'rgy whicb it takes 11p, lllt'.l~llfl'd in \'olts, 
is c.dled its rtsMlll11Ct'-Polmlial. The dcctron is ldt with only thc 
ditlcrenre bctween its initi.tl l'llcrgy anti thc 1!1.7;", \'olts wbich it 
~II rretH ll'red. 

This loss of energy in a so-called "inei.Jstir" colli,.,ion c.tll Iw dem-

l. ffll 
f1•0,59mm tlg 

Fig. 3 Cur\'(~ displaying resonancc-potcntia ls of mcrcury. 

(Einsporn, ZS.f. Physik) 

onstrated by in~erting a third elcctrode into thc path of thc electrons, 
chargc-d negatin·ly tn just such a degrec that an electron retaining 
its full initial spccd can O\'crcome thc rcpulsion of t hc clcctrode and 
win through to it, whik· an electron which has lost a quantity of 
its kinetic cncrgy in an inelastic collision cannot quite "make thc 
grade." \\'hcn thc cncrgy of thc clcctrons strcaming into the lwlium 
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i~ rai"L·d jlbt pa~t l!J.i5 \·olt" then• j" a ,..uddt·n f.tlling-oiT in the 1\lllll ­
her of l'lectron~ arri,·ing a t tlw 1 hird l'lt·rtrude. Tlll' curn• in Fi~. :~. 

ohtained IJy Ein~porn, ~hows tlll' current into ~urh an eiertrode in 
merrury-vapor ri~ing- and falling again and ag-ain as tlll' volta gc 
pas,..cs through the \'alues which are integer multipiL·s oi ·l.\ 1 \·olts , 
tlw ll'ast rc,..onann·-potential of 1nercury. Helium has a second 
re,..onancc-putcntial, at ::! l l.l.-, \·olts: llL'on ha,; t\\·u, at lli.li.i and I~ .·Li 

\·olt,.. rc~pecti,·ely; argon three, ;1t 11.:,:,, 1:~.11 and 1-1.0 ,·olb;5 mercury 
two, at ·1.!1 and l i. i ,·olts. l t is almost rcrtain that in cach case t hesc 
arc only t lll' most con,..piruou,; among many, but thc lowcst m c n­
tioned is the IO\n•,..t of all. 

l 'p to thi~ point \\L' lincl thc gas acting as a mcrc inert ohstruct ion 
to the discharge; t·n·n· colli~ion of an clectron with an atom intcr­
rupts tlll' progre,..-.; of tl~e l'lt·t·tron toward the anode and tuthat cxtent 
impedes the disrharge. l'.1,..t tlll' rcsonalll'L'-p"tential thc sa mc ac tiun 
continut·s, although the intcrruption is douhtless kss sc\'crc whc n 
thc L·lectron is dt·prin·d of part of its L'llL'rgy of forw.ml mot io n than 
"hen it is tlung hackward with its motion rcYcr,.;ed in direct ion a nd 
its t·ncrgy intarl. .\t thL· resonann·-potential, the ga,.; docs bcgin 
to a,..,..j,..t thc di,..chargt• in an indirt·ct w.1y. .\toms \\·hich arc p ut 
into an ''t·xl'itl'd ,..tatc" hy ;1 blow from an dectron rc,·ert of t he m­
,....)\'1'" to tlw normal ,..t;ate, ~onn· time later; in so doing they c mit 
radiation, ~IJIIlt' of whieh fall-. llfl!Jil tlll' cath•Hic; some of this is a b ­
&oriJl'cl in thl' <".lthotk 111l'lal, and l'\.pd,.. elenrons which go a long 
'' ith thl' maint.1inl'cl clertron-,..trl'alll a,.. vxtra members of it. Thu,.; 
tlll' ga,.. lll'lp:-; in incrl'a:-;ing and maintaining thc di~charge; t hi s eiTect 
i-.; of grt·at thl'orl'!ical importann·, and I will rl'lurn to it latc r ; but 
in tlwsc actual <'irrumst.tnn·s it j,.. not ,.L·ry prominent. 

Tlw rl'ally po\\erful coopvration of thc g.1s in tlll' di,;charge conl ­
llll'IH't·,; \\hL·n the <'kctrons are gi\·cn ~~~ great an cnergy that t hcy di,;­
rupt tlw atom,.. \\ hid1 tlwy ,;trike, \earing olT anl'll'ctron from cach a nd 
lt-a,·ing a positiv<'ly-charged residue, an ion whi.-h wanclcrs hack 
I<J\\artb tht• cathocle \\hile thl' newly-fn'l'd ell·Ctnlll and i~,; lihcra tor 
go on alwad tow.mJ,.. thl' ;111odl'. The on~l'l of this ionization may 
Iw dett'<'tt·d h~ in,..l'rting a thinlt·lt·l'trodv into the gas, it IJl'ing cha rged 
ll<'go~tin·ly to ~uch a dq:rt·t· tlnt no l'll'ctrons c111 rl'ach it, b ut unly 
po,..iti\ l' iolb; or hy tlll' innt•a..,<· in tht· currl'llt l•l't\\'L'l'll cathod e a nd 
anodl', for tlll' current irH·n·a,..L·.., n·ry ~uddl'niY and n·ry rapidl y 
\\hl'n thL· t·nngy of lhL· prim.1ry t'IL·ctrons is r.Li"L·d pa,;t thc threshold ­
\alul', tlw ioni:illf!,-/J(J/nlfial oi tlw ga,..; :!l..i Yoh,.. for heliu111, :! 1. .'> for 
lll'on, 1:1.:~ for argon, 10.1 for llll'rcury. ('on,..idt•r for cxam ple thc 

• I l.tkt· lht· v.tluo·• for ucon .uul .or;:on front llo·rlt' l.llt·'l pnlolio-.llion. 
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prn·ipit.tll' ttp\\,lnl ru,.,h of dll' ntrn·nl-\uh,q.:l' t'ltr\t' in Fi~. ·1, fnom 
tllt' \\ork of I l,l\ j" ~111d I ~ottcllt'r. 8 

.\1 thi,.; l'"i111 I will di!-:1'1'"" to "lll'.tk n·ry hril'lh· of dlt.' ,.,ucrt•,.,,.,ion of 
t'\TIIb whirll orcur:-o wht·u tht: dt·t·trou-,.,IJt'<llll j,.. n1twh dt·n,..t•r tll;m 

Fi~. -l Onst'l of ioniz.ttion in mcrcury ,·apor at 10.·1 , ·olts (prccedcd hy sulosidiary 
dh'l'ts al -l.Q \'olts .tnd o.i \'Oits; sec footnotc•). (l>.t\'is and (;ouchcrl 

\\l' h.t\t: hithcnu imagirwd. So long .b thc t:IIC'rgy of dw l'll·ctron,; 
doc" not at1.1in ehe re,.;onan<:"c-potcntial of thc ga,;, thcrc is 111> rea,;on 
lo l'X(ll'Ct any non·! dTcct,;; the colli"itllh will he pcrkctly ela,.;tic, 
ju,.;t a~ whcn tlw elcctron,.; wcre fcw. But wlwn the atom,.; are thrown 
inw the "c'\l'ill'd ;;tatt•" hy imp.t<"b, then· will Iw oeca,.;ional ca,.,es 
of .111 atom heing stntck twice hy clectron,; in ,;Jtch quick ,.;ul'ce,;,;ion 
th.tt at thc monwnt of the ,.;econd hlow, it i,; ,.;till in the cxcited ,;tatc 
prm·okcd by the lir,.,l. '\ow, mcwh lcss energy i,; rt•quired to ionize 
.111 atom wlwn it i;; in the l'Xcitt-d ;;tate than when it j,; nonn;d; <:"Oll­
,;cqut..·utly when the dt·t.:trons arl' ~o abundant that the,;e pair,.; of 

• Thc su<ldcn upturn .11 ltl.-l \'oll>• is thc swift rise of curn:nt .tl thc onsl'l of ioniza· 
tiou. Thc mueh lcs~ violent upturns at -l.<) and 6.i \'ults arc tluc to thc l'ICC'trons 
c'tpcllt:d from thc ntctal (>.IriS uf tht: .lpparatus by the raui.1tion from thc excitcd 
.1toms. ln thc lowcr eurn·, hy morlifyin~ thc apparatus, thc lattcr upturns arc 
transl.ttcrl into duwnturns to rli,tingui,h them from thc upturn which dcnotes 
ioni/..ltion. This di,tinnion w.1s not rt:.di.ted until 11l l i, aml in articlcs publishcd 
(,. t wcen 1913 and l'll i Lhc lo\\e~l resonanrc-potenti.tls of gascs arc ~i,en as their 
iom/.inp: potcnti.ds. Enormous impro,·cmcnts in thc methO<ls anti tct:hniquc of 
mcasuring th1·~c critical fl'Hl'ntials, and rccognizing of which kind thcy are, havc 
l~t'l'll ciTcctcd sincc thl'n. 
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ncarly-~imultaneou s colli s io n~ ha ppcn uft en, ionization will bcgin at 
the rcsona nce-po tcntial. In a prof use electron-s/ream, the Ihreshold 
potential fo r ioni::ation i s the lou•esl resona nce-potential. Another 
fcaturc of the profu~e Jischarge is, that when ionization does com­
mence the current leaps up much more ~wldenly and \·iolcntly th a n 
it does in the scanty dischargc. T his is because the electron-current 
is dcpressed at first by the spacc-ch ;:uge elTect , the repellence which 
thc electrons crossing t he gap cwrt aga inst the electrons which are 
on the verge of starting; whcn positin~ ions firs t appca r in the gap, 
they ca ncel the action of a great numbcr uf the tran'rsi ng elec trons, 
and thc flow of electrons from the cathudt-' to anode is immensely 
increased. I shall speak of this morc cxtcnsi\·cly further on. 

\\'e rcturn to t he case of the feeLic electron-st ream. \Ve have con­
sidered various things which a n electron may do to a hel ium a tom 
which it strikes- bouncing ofT harmlessly, or putting the a tom into 
an excited state , o r ionizing it; we have mentioned that each of the 
two latter actions commcnccs at a critical value of energy, at the so­
called resonauce or ioni:ing potential, respectively; we ha \·e con­
sidered the eiTcct of each of these actions upon the d ischa rge. Have 
we listed all the possible interactions between atoms of ma tter and 
a toms of electricity , when electrons ft ow across helium ? anJ if we 
kncw all the resonance potentials and a ll the ionizing potentials 7 

of hdium, could we predict all the features uf a ll electrical discha rges 
in pure hclium, whether in rarclied gas or in dense, whethcr thc clcc­
tron -stream be scanty or profusC" ? This is thc gencra l bel ief; whether 
justilicd , it is impossible to say. \\'e L'\'idcntly nccu anothc r l\laxwcll 
ur a no tl1cr Bultzmanu, somchody cxcccdingly skilful in sta tisti ca l 
reasoning , a J,Jc to takc thc information wc can prO\·idc about thc 
possiJ ,ility or thc probaLility of \'arious kind s of im pacts, a nd dC"duce 
th c ~ tate of a lTairs in the mixturc of atoms, ions and electrons without 
ge t ting hopelessly cnta nglcd in thc frightful ma ze of equations into 
which h is \·ery lirst s tcps would ccrtainly IL·au him. \\'h ile awaiting 
him WL' ha\·c tn con tcnt ou r~elvcs with our succcsscs in in tcrpreting 
thc llm\' of elcctrons through \·cry rarclicd helium and thc othcr nuLle 
gascs and thc me ta! \'apors; and as for thc discharges in denser gases 

1 I ha\'c simplificd this p.ISS.Ige somt·wh;ll so as not to rc ta rd thc cxposition. \\'c 
know th.ll an clcctron mar "•·xcitc" .1 helium o.~tom if its cncrgr cxcccds 19.75 volts, 
Lul thi~ dot:s not provc th.11 it musl do so; it is morc rea~unablc to supposc that it has 
..1 n·rt.1in ch.1nce of exullng lhc atom, ;.cro wlll'n it~ encrgy is lcss than 19.75 \'Olts, 
Lut gn·.11t·r than zero, and a cer1.1in function of its energy, when t hc la ttcr cxcccds 
19.i5 voh~. \\"e should know the.e funnions for all thc rcsonancc-potcnt ials and for 
thc ioni;.ing-poll'llli . .J; in<lcpt·mlent cxperimcnts to dl'lcrminc thcm ha \'c been pcr­
formcd, and no doubt will Lc muhiplicd. 



Wt' h.IH' tn t.1kc tltt• t•xpl'rinwntal data as Wl' lind tlwm. and .In . .Iyzt• 
tht•m as l>l'st wc 111,1\', n••t with tnn great <111 t•xpt•t·tation of pcnl'trating 
to thc pn>pt·rtics nf the ultim.IIl' atnnis: anti yet, as Wt' shall st't', tht• 
an • .Iysis th•es in cert,1in l'a!-oe::; Jlt'llt'tratc ltllt'\Jlccll'dly i.1r. 

:t Tttt-: F tow OF Et.Et:rRo:-o::; ,\nwss lJE:-o; sE AtR, :\trt<oGE:-.1 , 

llvuRo<;EN A:-ou StmLAR GAsEs 

Tht• cdchra tl'd scril's of rc~t·a rches hy P rofessor T o wn st'IHI of 
U\ford ,wd hy his pupil~. couimcuc•xl in 1!10~ and co utinuiug through 
thc prc,:cnt. rdatc chic lly to such gascs as hydrogen , nitrogcn, oxygcn 
and thc familiar mixtun: of the last two which wc brcathc ; all(l chiclly 
to thcsc ga!'cs at dcnsitics much grcatcr than wc havc hithcrto con­
sidercd-dcnsitics corresponding to such pressurcs as a thousandth 
ur a hundrcdth of an atmosphcrc, thcrcforc so great that an clectron 
crossinl! O\'er from a cathodc to an anodc a few ccntimctrcs away must 
collidc with scores ur hundreds of a to ms. lf a strcam of clcctrons is 
pourcd into pcrfcctly pure hclium of such a density, wc must not Iook 
for a sudden onset of ionization when the voltage bctween cathode 
and anodc is raiscd just past 2·1.5, for the reason illustrated by thosc 
expcrimcnts of Compto n and Bcnadc--the electrons lose cncrgy in 
all of thcir collisions, e\·cn thc clastic oncs, and arrive at the anodc 
not with thc full cncrgy corrcsponding to its potential but with this 
energy diminished by what thcy lost on thc way. In the familiar 
diatomic gases, thc electrons lose much morc energy in thcir ordinary 
colli::.ions. I did not spcak of thcsc gascs in the foregoing section, 
bccau"e experimcnts of thc vcry samc type as those which show the 
sharp distinction bctwccn clastic impacts and inelastic impacts in thc 
noble gascs and give t,he sharply-defined \'alues of the rcsonancc­
potcntia ls of these gases, yil'ld compara ti\·ely \'ague and ill-dcfincd 
d.1ta, wh<'n thcy a re pcrformcd on hydrogen or air. ln thesc gases, 
above all in acti \·c gases likc oxygcn or iodine, it is unlikely that any 
of thc impacts, whether the clcctrons be mo\'ing rapidly or slowly, 
are truly elastic.s 

• Howcvcr, Foote and .\lohler have obtaincd quite undeniable evidencc of critical 
potcntials, at which the loss of encrgr by thc impinging t:lcctron is much greatcr 
than it is just below thesc potcntials. The elcctron can transfcr energy to (anu 
reccivc cncrgr from) a molcculc in moredifferent wars than to (froml an atom; such 
as br sctting thc molcculc into rotation, or putting its constituent atoms into vibra­
tion rclativclr to onc another. Thcre is also thc myslcrious fact of "electron aflin­
it)" .Jn l·lcctron mar adhcrc tirmlr to a non-ioniZl·d molcculc . .\"umerous mc.Jsurc­
mcnls ol thc r.lte at which clcrtrons progrc~s through a gas (a ficld of rcscarch which 
I h.ne not spacc to consitlcr hcrd inuicatc that a! ticlu strengths such as prc\.,,j) in 
these e:q,.:riments, adhesion of clcctrons to rnoleculcs is rare and lransicnt. 
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~ow if an ekctron on its way through the electric field from cat hode 
to anodc ~trikcs atoms so often that it rarely ha~ a chance to acquire 
morc than say half a \·olt of cnl'rgy from the licld hetween onc impact 
and thc ne-.;t, and if in each impact it loses most of the t•nergy it has 
just acquired if thi,; mndition pre,·aib. wc need not wonder that the 
,·oltagc hctwccn thc dcctrode~ n1ust l,c rai,..ed far bcy01lll the ionizing­
potential of thc ga" hdore thcre j,; the least sign of intensifica tion of 
cu rrcn t. 

ln intcrprcting- the expcrimcnts upon such gases and at such pres­
surc,.. as thc,..c last, it has lll'en customary to make a more drastic assump­
tion, the oppnsitc e:-.trctlll' from the one which justilicd itsclf in dealing 
with rarl'licd hdium; it is assunll'd that thc elcctron sur rcnders at 
e\·cry impact all thc cnl'rgy which it ha~ dcri\·cd from the field sincc 
its last prcrcding impact. Onc may be inclined to make mental reser­
\"ations in acccpting so extreme an assumption, and it could almost 
ccrtainly l,e mh·antagcously nwditied; but as a tentati\·e assu mption 
it is stu"t"cs,..ful cno11gh to he kgitimatc. lf it is true thc electron 
can ne\·cr llllild up a capital of encrgy ,..tcp hy ::-tcp along its path; 
the only chann·,.; it will ha,·e to ionize will comc at the ends of un­
u,.;uall)· long frn· llighb. 

Let th imagim· a ,..pccilic case pour jixer !es idl:es: su pposing the 
anodl· aml tlll' cathodt· to hc parallel plates d apart, and reprcscnting 
thc potcntial-dillereiH"l' het\\ll'll them h~· l" and thc tield strength 
IJL'lWl'l'll tlwm hy .\"(.\"=I" d), WL' will sct d=ü nn., 1"=:300 \'olts, 
X= .'iO \·olts cm.: WL' will irnaginc that tlw interspace is filled with 
.1 g;t~ ha\·ing an ionizing-potential equal to l:l ,·olts, and so dense 
that the an·rage frn· p.llh of an elcctron hetwcen cnllisions is onc 
millimctre. I ::;ay that tlll' m•eragc fn·t· path is l 111111. long; if all thc 
si-.;ty fn'l' paths which thc l·il-ctron tran·r,..cs in gning from cathode 
to anode \\l'fl' equal. it would lll'\Tr acquire more than ;) \ ·olt,.; of 
enngy, and nnlld lll'\l'r ionize an atom; hut owing tu the statistical 
di,..trilllllion of fn·t· path,.. allout thc mcan \·alue, there will he a ccrtain 
numhcr out of thc ,..j,ty whieh will he Iong-er than thrce millimetres, 
and long l'llollgh, thcrdore, for thc ckrtron to acquire the J;} \·olts of 
l'lll'rgy \\ hich .1rl· lll'l"l'"""r~ to ionizc. ln this casc tlwrc will hc (j() E2, 

.tiHnll t·ight, of thl'"l' long fn·c p.tths. l n earh ccntimctrc thcrc will 
l,c 10 t~ of tht•nt. I willll,..l' thc Ietter a' to dl•,..ig-natc this lattcr 1!11111· 

lll'r, \\ hich i,.. tlw nnruhl'l" of .ttonb ,..tmck hy thc clcetron in eaeh centi­
llll'tn· of ih p.rth. at monH·nt,.; at which it h;ts encrgy l'llough to ionizc 
an .1tont: u' i,.. tlwrdorc th~ number of t"!wncl'S to ioni::.t' which thc 
•·lt·l"tron h,t-. /JN t t'llfimt'frl'. The formlila for a' i,..: 

" 
1

• 1 • .\;>.. = Ct c•·· -'"=NP< 11 1'~" •· ·'". (3) 
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in \\hich 1·., n·pn'"t'llh llw i .. niting-p .. lenli.d .. r th,· g,,,-; X n·pn·-.t·nh 
tlw nu·an fn·t· p.1th .. r llw ,.Jt.,·lron; C. ih rt'cipnwal. i:-; tlu· nnn1llt'r 
of ,·olli-.ioll" :-niTnt·d I•\ lht• dt•ctl'llll in ,·,wh t'l'ntinwln· of tlw pa1h : 

.1nd. :-inct' (' j,., prnport inn.d to tlw pn•,..,,.un· of 1 Iw g.as, i 1 j,. n•pl.1n·d 
J,,. Hp in tlw lin.d i"rmul.1tion." 

lt i,- .dre.ady dt·.lr th.1t tht• lll'\\' """11111ptiun lt'.HI:< to .a tlwmy whid1 
n·quin·,. ,1 diiTt·n·nt l.mgu.lgt• and a diiTt•rt•nt :-et of idt',l" from lhn:-t' 11f 
the ioregoing ,.,t•ction. :'\111 tht• ioniJ.ing-potenti<JI. l•nt tlw numl•t•r 
of i11niza1ioJb JH'ffllfllll'd I·~ ;111 t•lt•rlron in a n·ntiml'lrl' of il:< palh. 
j,- tht• qu.1nti1y 111 l>l' tllt'.l,..,llred h~ cxpt'rinwnt;al de,·in·,-; 11111 llll' 

\·ol t.Jgt• hel Wt't'n t he t·h-cl rndt·"· hut t he lil'ld :-;t ren~t h in 1 he g-;a:-;, is 
tlw f,11'1or which Cllntrols the pht·nomt•n;J. 10 l n dealing- with gases 

which an· '''lll'l'lt'd to conform 111 llll' tlw"ry, the appropri;ale pro­
cedun· i:- 111 nH·asun· tlll' nlllnl•t·r 11f molendes which an elcrtron i11nizes 
in a t'l'lllintt•tn· 11f it:- p;1th. f11r ;tll pr;wtiral \'alucs of thc lield :-tren~th 
.\' and 1lw den:-ity of tlw gas (or its prt·:-surc p) a::; independcnt \·ari­
.tbh·:-. I \\ ill dt'si~nate thi" numher, following thc usual practice. 
hy a: if the lhl'ory i:- trut• it c<anJII>I J,c grc;Jtcr th<Jn a', it may be Je,;,; . 
The,..t• quantilit·,.. n and ,~'an· :-tali:-tical quantilic,;, not likc tlll' ioniz­
ing-polt'uli.al qu.dilit·:- of tlw indi,·idu;d atom or moleculc. and thi,; 
i:- ,1 mi:-fortlllll' and di:-;uh';lnt.lge of the thcon· :md of thc cxperimenh 

\\hieh it intt'rprt'h; Wt' ;lrt' not, ,;o to :,;peak, in thc prc,-cncc of tht· 
ultimatc atom" a:- lll'fon·, wc an· otll' stt·p n·rn'l\'t•d from thcm, and thi,; 
:-;tep ,\ dillicult out• to takt'. 

Tlw liiL'<~:<uremt•nt of a is eiTened l>y ,·arying thl' distance d between 
anode and c<athode. :1nd dctcrmining thc currcnt as funrtion nf d. lf 
.\'o clectrot~:< tlnw out of thc rath11dc in a ~ccond, thc ionization com­
tnl'll<'L':i at thc di~t<IIH'l' du= I'.\" from thc cathndc, and frnm that 

' '-.ince the nunaber of fn·e tMths, out of .1 tot,d number .\'0, which cxrccd L in 
lem:th i:; equ;tl to .\'0 !'xp ( -L ;>.); and ,inc!' the potcntial-diiTercnce betwC'en the hc­
~:innin~: and t hl' end of the pal h of len~:J h L, if parallel to thc lield, is .\ L. I t n~a~· 

1 ... objcned lhat tht• elcclrons hounn· in all directions from their impa<·ts, while thc 
lan.::ua~:e of t hi~ para;:raph implie, I hat t hcy arc always mo\'ing exactly in I hc 
dircction of lht· lict.l. Thc rehuual is, that if they do lose almost all of thcir t•nergy 
in an impan, or all but an .w10unt not much greater than the mean specd ofthermal 
,Jgitation, tht·}· will ,.oon llf' swer\'cd around completcly into the dircction of 1he 
fit·ld no matter in \\hat dirt·t·tion they ~l.lrt out. 

10 Thc ionizin~:-polcnlial dl'lcrmin<·s the di~tancc fromllw cathode at which ionit.a­
tinn comnwnn....,; this is t·qual to d0 = 1'0 .\', anti within 1his di>tancc irom Jhe 
r;Jthodt• thcrc i:; no ionization and the Jheory does not apply; bcyond thi~ clistanre 
tht· ionization is controllctl cntirl'ly h) thc tield ,lrcn~.:th anti hy thc mtmhcr of in­
tlo\\in~: ckctron,. and tht· \'nha~:<' hl'l\\t:cn cathodc and anode aiTcl'ls it only im.of.~r 
as it affect.' 1 he,.,·. 
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point onward the electron-stream increases exponentially, so t hat 
the current .\'r arri,·ing at the anodc is 

Xe= Xoc exp a (d-do) (4) 

In Town:-;cnd's expniments the cathode was a zinc plolte, the a nod c a 
film of siln:r :-pn·ad upon a quartz pbte; throu~h little \\'indows in 
thc !iih·er film a beam of ultra\'iolet light entered in from hehind , 
rrossed mTr the intt·rspace and fell normally upon thc zi nc pla te , 
and dron· eleetrons out of it. The zinr plate was raised and lowered 
by a screw; the ,·oltagt·-difTerenrt' hetween it and thc si lver fi lm was 
altered pari passu so that the ficld strengthin the gas remained a lways 
the samc. The current ro~e c:-.ponentially as the distance between the 
plates was increased. and tl111s o was detcrmined. A typica l set o f 
data (relating to air at ·I mm. pre~~ure, with a lield strength o f iOU 
,·olts 011.) is plotte<! logarithmically in Fig. 5, the logarith m of t hc 
current as onlinatc and tlw di,-tanrc from anndc to cathode as <Jbscissa. 
The first few poinh Ii(• do~l' to a straight linc, corrcspondi ng to a n 
exponential cur\'e such as equ;1tion (4) requires; the \·aluc d cduccd 
for a is S.IG. (The di,-tanre du isahont .3.) mm. and has bccn igno rcd .) 
Of the di,·crgenn· of the l.1ter points from thc straight Iine I will spca k 
further on. 

Such an expcrinwnt shmn; that thcrc is an a-that the t hco ry is 
not at any rate in disrord with thc lirst olH·iou~ phy!'iira l facts-a nd 
it gi\'es tlll' \'alue of n for the cxi:-;ting \'alm's of .\." and p. T own send 
pcrformed many such mcasureml·nts with diflerent ticld stra ngt hs 
and cliiTcrcnt prcssurcs, and so accumulated a !arge experi me nt a l 
material for <h:tcrmining n a~ function of the two \'ariahlcs p a nd X . 
To interpret thc~c \H' will lwgin hy making tlw t<-ntati\'c and tempo­
rary a!'i!'illlll)ltion that wlH'ncn·r a molecule is struck by an clectron 
having cncrgy cnotigh to ionizt• it, it is ionized -that is, a' =a. 
Rewriting the I'IJII.ltion (:q whirh cxprc:<~l'S a' as funrtion uf p a nd X, 

\\'C sec that 

u' /J=Uc:-.p ( Ul"u/J .\')=/(.\" p). (5) 

Thl'rdon•, if ,/=a, tlll' quotil·nt of a l•y p is a funrtion of X a nd p 
only in tlw coml•inatinn X fJ; or, whenen·r the pre~~ure and t he fi e l<! 
~tn·ngth are \'aried in the sanw proportion, the numl•er of molcculcs 
ionizt·d hy an d<'l'lron in a n·ntinwtrc nf its path \·;u·ies proportiona ll y 
with tlll' pn·~"ure. I lea\1' it to tlw rl';ul\-r to inn·nt other wavs of 
I'Xpr<'""ing Li) in words which illtttllin.tle \'.!rious .1SJWCt~ of its ph):sica l 
llll'.llliflg. 
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Fi~: . .'i l.o~:arithmic plot of thc currcn!s across a gas (air) in which ioniz.Jtion by 
collision is oecurring, for a conslant ticl<l slrcngth and various thicknc,~! ·s of ~:as 

( LJ.1ta from Townscnd) 

E:-.perimcntally, the te"t of (.i) is made hy dividin~ cach onc of 
Town"end's vallies of a by the prcssurc at which it was determincd, 
and then plotting all thcsc valucs of a 'p ,·ersus thc rorrcsponding 
\ alucs of .\' p. r\11 thc points for any one gas should lic on or dosc 
to a singlc curvc, an<l within ccrtain rangcs of prcssurc and fidd 
"trcngth thcy do; so far, good. Thc curvc should bc an cxponcntial 
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one, and within certain range,.; of lidd ,.;trength and pressure it i,.;; 
again, gnod. T hc ne:-.:t stcp is tn calndate tlw ,·aluvs of ß a nd l 'o 
which tlll' cun·c impo,.;es on the gas to 1\·hich it n·btes. I quote the 
,-,dues of l"o, the ionizing-pntential, which Tnwn~end presents: 

:\ ir 

2~ 27 . ti 

II ~ 

21i 

I~ ('I 

lli . .'i 

.\ 

17 .~ 

llt• 

12.3 

\\'hen tlw first of t he,..t• ,·alarcs \\'t•n· dctenninecl. 110 more direct way 
of nwa,.;urin g innizing-potentials was knnwn. :\ow that IH' ha, ·e 
,.;o nw , ·alues ohtained hy tlll' din·ct methnds ,..ketdwd '' few pagt•s hack. 
and fortilil'd loy indircct hut n·ry fnrcilolt' e1·idence from spectroscopy, 
it is po,..,..ilolt- and quitt· important to lest snme of these. Tht• 1·alues 
for argnn and lwlinm, althongh of the proper order of magnitude, are 
certainly ton lnw. T his is not in tiH' least snrprising, considt•rin g how 
many nf tlw collisions ht•t\H'l'll vlcctron,.; and atoms nwst he perfectl~· 
dast ic. I t st•t•ms indecd rather my,.;teriotls t hat t he rurrcn t-\·oltage 
rdation in either of thc,..t· gast•s sltotlld han: conformed dosely enough 
tn ( I ) to nwke it pn:--silole to cldint· and measure a; h ut the dect rons 
110 donht entcrt·d into many of thv collisions 11·ith energ ~· cnough to 
pttt tlw atoms into t·\ritcd statt"s, if not to ionize thcm; and it i:o 
nearly always po:--,..ilolt· tn take rduge in the assertion that 1 he im­
puritics may h;J\'C lot•cn slt!licit·nt to distort the phenomena. :\ s fnr 
thc othcr gast·,.; in tlw Iist, ;dl nf them diatomic or triatnmi r, Town­
send's \·altws arv Ion high not \'ery much lno high, howe\·er; usually 
a mattt·r nf orw-third ln l\\·o-lhird,;. 11 

I t appear,.; tlwrdore that tlw theory I han' just dt·\·eloped is too 
simpll', andmtr,.;l loe anwnded. l t sl'l'm,; natnrallo hegin hy dropping­
the tt·ntati\l· a,.;,.,umption lhal a moll'ntle is innized whetH•,·er i1 i,; 
hit lty an electron h;l\·ing as lllll<:h or morc energy 1han is rt•quired 
ln ionizt· il, anti atlopt in,;tead the idea onre already su~gested in 
tlwse pagcs, that it i,; ,;onwtimes lmt not alwa~·s ionized hy surh a 
hlow; t ha I t hcrt• i,.; a cert;tin prnhability of ioniza t ion hy a hlow from 
an dt·ct ron ha1·ing t'tH'rgy l '. a prohahility which i,; zno "·hen U < l ' 
and is :--omt• yet-to-lw-dt·tt·rmirwcl function of [' \\lwn l'> 1·. This 
wonld lea\1' intact tlw t·ondll,..ion 1h.1t " p ;;hunld lw a fu nclion of 
.\' p, a ··ondu,.,ion 1\ hid1 \\"!' h.t\ \' aln·;uk found t" lll' \Trilit·d !Jy 
'''l"·rinwnl; lotl! it would n·licn· 11,., .,f tlw ·,HTt·s,..ity of a,..,..um ing tha.l 

Tm\ll't·tul', ,,.Jut·' ol U lo~t·\\i-.· torn·-ponrl lo \·.tlut·, of tlw l'IT .. ctin· cross­
... ~ 1 ion ol I he mol•·• ul•·. I h•· qu.onltl ~ .1 of equ.tl iott ~ . whit h .1r~ of 1 he sam~ on.Jcr 
olma":nilutlo· a' the d recllv dl'l.-rllliJH·d \alttt·~ of .1. 
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th,tt fnnction is pn·ci,.,t•l) tlw t':\JlOIH'IIti.d innction o~ppt•.lring in (.i). 
l·:,;!"t'nti.dlv thc tht·or)· i,.; rednccd to thi,., postnl.tlt': tlw llllllll•t•r of 
molt·cules ionitcd l>y .111 dt·ctron in .1 centirnl'tn· of its po~th dt·pt·nd,., 
only upon thl' t·m·r~-:y it ;H·quirl's from thl' licld in it,.; frn· !light ircun 
nm• colli,.,ion to the lll'\.1. lf in this form tlw tlll'ory still t".ll\1101 
gin· s.tti,.,f.tction, thl' llt'\.1 ,.,tt•p will ht• to alter tlw ori~-:ino~l ·'""lllllt•· 
tion th,\1 the dt•t·tron t'olllt'" pr.wtic,tlly to a dead "'"I' in t'\'t•r)' col­
li,.,ion. ln dealing with the nol>le go~,.,t·s and thc llll't,tl \aponr,.;, tlll' 
f.tcts ,\hont l'lastic colli,.,ions which I h.rn· aln·.11ly ontlined pron· 
th.ll this a,.;,.,nmption ,.,(wuld not l•t· m.rde ;1t all. lt is clt-ar that this 
i.; anothcr prol•lem for tlw futnn· Hodtzmann~ 

:\leanwhill', ont• of the canlinal f('atun· ... oi tlll' To\\lbt·nd t'Xpl'ri­
llH'Ilts is thc Ln·t th.tt tht·y di ... pla)· the gradual adn·nt of tlll' tr.tlh­
formation of thc maintained current,; which \\'t' ha\'l' hitlwrto con­
,;idcred. into tlll' sclf-maint;rining di,.,t·hargcs which are tiH' familiar 
and the ,.;pectarnl.tr om·,.,; and wt· now ha\·c to examine thc agt·ncies 
of this tran,.,form.ttion. 

4. T111; Dtsclt.\Rt;E BEGt~" TO Co~TRtiii'TE Tn TIIE l ~t.ECTI{I)~­

SrRE.\\1 \\'urcll :\1.\txT.\t~s IT 

C:reatly thnugh thc currcnt of primary clectrnns from thc cathocJe 
to the anndc may hc amplified l>y thc rcpcatcd ionizations which I 
han· dp,.;crihcd, therc is nothing in this prncess which suggests how 
thc disrharge may l'\·entually l•c transformcd into a sclf-maintaining 
om· likc thc glow or thc arc. Thc frcc clcctrons may ionizc en·r so 
al>undantly, hut as ,.;tl(J11 a,; thc ,.;npply from thc rathode is su,;pcntlcd 
hy cutting oiT thc hcat or thc light, the la,.;t clcrtrons to hc cmittcd 
will migratc oiT towards the anodc, and whaten·r elcctrnns thcy 
liher,\lc will go along with ,hcm, leaving a stratum of gas dcvoid of 
dectron" in their wake; and thi,- stratum will widen outward,.; and 
keep on widcning until it rcache,.; thc anode, and then the dischargP 
will he ended. Something further mu,;t happen mntinuall)· in the 
ga,; through which thc elertron,.; are tlowing, solllething which con­
tinually ,;upplit·s lll'\\' frl'c ekctron,.; to replan·, not mcrely to supplc­
ment, thc old onl'"' which arc ahsorhcd into thc anodc and \·,mi,.,h 
frnm the ,;ccnl'. 

\\'c ha\·e alrc.uly noticed one ,.,.,rt of en·nt continually h.tppt·ning 
in ,;uch a ga,.; "" hl'lium tr;nl'r,.,ed h)· nol-too-,.,low clectrons, which 
might com'l'i\ ahly clt•\ elop into a llll'l'h;llli,.,m for maintaining tht· dis­
charge; for, whcn an atom of tlw ga,; i,- put into the "excited ,;tatc" 
hy a blow from an cll'ctron, it later returrb into it,., normal ,;t;ltP, and 
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in so returning- it emits a quanttun of radiant cncrgy which may 
strikc thc cathode, and l1c ah,.;orbcd hy it, and cau,.;e anotlwr ckctron 
to lcap out of thc cathodc and follow the lir,..t onc. Thcre arc two 
othcr concci,·ahle pron~,..,.;cs, which ha\"c tlll' llll'rit that they can not 
only bc concci\"cd lmt also wittw,..,..cd in opnation hy thcmscl\"cs whcn 
the right conclitions are prm·idcd. l'o~itin· ions flung \"iolcntly 
against a n1ctal plate dri,·c cll'ctrons ont of it, as can be shown hy 
putting a po,..itin·ly-charged collcctor ncar the IHJtnl,ardcd plate and 
noticing tlw current of twgati,·c eharge which llows into it; and po,.;i­
tin· ions llowing r;tpidly across a g-as .ionize solll{' of I hc atoms in 
it, as may J,c ::-.hown hy scndin!-: ;1 hcam {lf ,.;ueh ions anoss thc intcr­
~pacc hl'twL·en two nwtal platl'"· with a gentiL· cros,.;wi,..c ficld between 
thcm whirh sucks thc fn'l'd elcctrons into the positi\·c plate. Thc 
nll'ehanism of t hc tirst procc~s is not undcrstood, cxccpt whcn thc 
positi\c ions arc so many and so swift that thl'}' makc thc mctal hot 
cnough to cmit thermionic dL'{'Iron,.;, which does not happcn in thc 
cases we arc 110\\' con,.;idcring. The nll'chani,.;m of thc secnnd proccss 
is only dimly undcrstood, hut it i~ clcar enough that a positi\·c ion 
dri,·en again,..t an atom is much le,-,; likely to ionizc it, than an elcctron 
of cqual energ-y woulcl bc.'Z Eit her of tlll',.;c two proce;;;;;es is \'Cr}' 
itwfftcicnt, at ll•a,.;t at tlw t'Olllparatin:'ly low ;;pceds with which posi­
tin· ions mon· undcr tlll' circum,.;taiHTS of tlwsl' l'Xpcrimcnts; but they 
arc proh;1l1ly l'l"lil·icnt L'lltJUgh to du what is r{·quired of them. .:\o 
dnuht all thr{'l' nf them contrihute to thc di,.;eharge; but the relati\'c 
prop.,rtion,.; in which they act n·rtainly diiTcr n·ry murh from one sort 
,,f discharge to anotlwr, and will furnish rc!'earch prohll·ms fur ycars 
to comc. 

H.eturning to Fig. ;i, we noll' once morc that as tlw <"icctrmles arc 
mo\ l'd farther and farthcr apart while thc den~ity of thc gas and thc 
fiL·ld stn·ngth arc held con~tant, the currcnt at lirst ri~L·s cxponcntia lly 
(lin<'arly in tlw logarithmic plot) as it should if thc free electrons and 
only tlll' fn:t· dcctrons ionizl'; but c\·entually it rises mure rapirlly 
;111d ~<'l'IIIS to l'l' headl'd for an lJJI{'ontrollaiJ!e upwanl swccp. Town­
~l'nd attrilnllcd this upn1,..h to tlw tardy hut potent participation of 
the positin· i"ns, l'ithl'r ionizing tlw molcculcs of thc gas by impact 
after the fa~hion of the ncgatin· inns, or dri\ ing electrons out of the 
catl)(ldc \\ hl'n tlwy strike it, or l111th. Eithl'r a~sumption Ieads to 

12 lf morn1'nlum i, nm~•·nn1 in 11a· imp.t< 1 hl'1\\<'l'll iun and atum, the iun must 
n·t.1i11 .t 1,trJ.:I' l'•trl ol tb 1<111<·1i• l'lll·r..:} .tf1n 1he t·olli,ion, or c1~~· the slruck alom 
lllth1 l.tl-.1· .t 1.tr~-:•· J.lll of it ·" knw1ic l'lll'I'J.:Y uf i1~ m111 1110lio11; it j, not pus,;i1•1c 
for t 1w •triJ..ing JMr1 i< 11· 111 '1'"11<1 twar1y il, 1'111 ir .. l'll<'fJ.:Y tlll'n·ly in lilwr.tlint-: an 
1·!.-clr 111 lrom 11w •1rtt< k olle. t'oll"'f\',Jttoll of IIIOIII!'Illtttn p .. rhaps dot•s not pre-
1 .1 I 011 I h•· .t1omit ".tl•·; 1•111 of .t11 I 1w prirwip1•·' u( 1 l.ts~il .tl dvll.1111ics it is the onc 
\\ 1u< h 1111' rl'lurmL·r~ uf ph} ,j, ~ mo'l 11l'~il.tl<· to l.ty l'iuh·lll hanJs ui1on. 
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,111 l'qll.ttion n;pn·,.. ... ing the d,Jl,t t'qu.tlly \\l'll. lf we adopl tht· former, 
.tnd cll',.,ign.th' hy ;3 thl' lllllllhl'r of nwlecule~ ionit!'cl hy a po:-;itin' 
ion in .1 t't•ntillll'tn• of ih p.tth, and hy .Yu thc 1111111her of elC'ctron~ 
::-upplinl pl'r :-l'l'OIId .11 thl' t'otlhoclt•, \\l' gl'l 

Y = .\'o(<~ -,:l)t' a .:N 
• n- ßt' 'a d J • 

(r.) 

tlf cour::-t•, p 11111:-l l•t• llllll'h :-malkr th.111 n, or tlw po,.,itin· ion~ wotdd 
h.tn· m.uiC' tht'llhl'ht·,.; fl'lt t".trlil'r. I >r if \H' aclopt thl' l.ttl<'r iclt".t, 
.tncl tll',-ign.ttt• hy k tlll' 1111111her of dt·ctron~ t''qwlkd from tiH' C'o tthodC' 
(on the an·ragl') hy l'ach po:-itin· ion striking it, \\T arrin· at thC' 
formul.t 

.\'=, 
.\'ut'a,J 

k(t•a•I-J)' 
(i) 

:\,tturally /.: nw,..t he llllll'h ,;m;tlll'r than unity for the samt• reason. 
ln Fig. ,') the hroken curn· repiT"t'llh (ti), with the Yahtt·~ S.lfi and 
.OOtii a~,.;igned to a ancl ß; it al,.;o reprl'sents (i), with thC' \·alues 
S.lfi and .noos:? as,;igm·cl to a and /.:Y ( l t ,,-a~ expertl'd that the 
curn·s representing the two l'quatio11,; would he perreptihl~· apart 
on thl' sc.tiC' nf Fig. ;); lmt they werc founcl to fall indistingui~hah l y 

togethcr.) 
E,·idl'ntly, thl'reforl', thl' po,;itin• ious, Wl'<tk ancl ll'thargir as they 

are in lil•erating t•lt·rtrou,; (one )w,; ouly to rompare ß with a, or Iook 
at the valut• a,;,.;igueclto k iu tht· la,;t ~l'lllt·nce!), can produre a notable 
addition to the t·urrcut wlll'n thC' t'll'rl rodes arC' far enough apart; and 
more than a notahle adcl'tion, for \\·hcn the cli"•ance d is rai,;ed to tlw 
\·aluc whieh make,; the denominator of (ti)-or of (i), whidw,·er 
equation we arc u,;ing equal to zero, the ,·alue of .\' is infinite! l'er-

u The dcri\"ations of 61 and ( i) arc as follows. Rcpn·sl'nt hy .l/ (xl thc numher of 
clcnron,; no~,;ing the plane at x in unit time 11 hc cathodc hcing al x =o and Lhc anode 
at x=d; by P \X) the numbcr of positi\"e ions crossing the plane at x in unit time; 
hy .\'" the numbcr of ekctrons independnrtly supplied at the cathode per unit time, 
which is not neccs,,arily cqual to thc \"alue of .1/ at x-o (hence the notation); hy i 
the currcnt, or rather lhc currcnt-density, as all thcse reasonings rder to ..1 currcnt­
tlow acrnss unil area. \\'e have 

Jle+Pe=i, hcncc 

making thc assumption which Ieads to (6 wc h,,\·e 

d.\1 dx=a.ll+ßP~Ia-ß .ll+ßi.'e 

The houndary conditions arc: .1/ = .\'0 al x =o and J/- i e al x =t!. I ntcgrating thc 
equation and in>crting thest· wc get hl. :'ll.1king tht' as,umption which le~uls to 
(i we h.J\"C 

d.\1 dx = a.\1 

The bound.Jrv con<litiorh arc: .1/ = S 0 +k i e- .l/1 or I +ki.l/ = .\'0 +ki t at x =o, 
and .1/ =i e .it x =d. lntcgrating thc equation and inscrting thcse wc arrive al (i). 
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hap" thc Lc:-t w.ty to conn·in· .. r thi~ is, that ;1" thc di:-tancc hetwccn 
t hc pbtc" is incrcased toward th.tt critical ,-aluc of d, thc ,-a luc o f 
. \"0- which is the rate at which \\'l' han· to suppl~· elcctrons at the 
cathocle, in nrder to kcep ;1 prea~signed currcnt flowing --d iminishes 
continuou~ly and appruaches zero; "'' that cn·ntually th e eurrcnt 
will kt·<>p it~l'lf going (anti actually :-tart ibelfl with tlw a~si:;ta nce of 
thc occa~ional ions which arc al\\,1)'" appc;1ring ,;ponta neously in 
t·\ery ga~. e\'l'll th1111gh it J,l. l'lll'a:-t·d in an armor-plated ~h ield. Of 
nJur~e. it is r,11lwr ri,..ky to pn·dict ju,..t ,,lt,ll i,; going 10 ha ppcn, 
when a n t·quation which ha,., l>t·t·n li\vd up to rt·pre,;ent a finite physical 
phl'llCIIlll'non on·r a n·rtain rangt· l'Xhil•it,.. an inlinite di scontinuity 
at a point out,..ide of th;1t rangt·. l':-11.dly, of nntr,;e, thei nfi nite \'alm· 
which the equati<llt require.., i:- modilied into a finite onc hy t he in!lu­
t•ncc of SlllllC' factor \\ hich \\ "" neglt·c'l'd wht·n tltl' t·q ua t ion was 
clt·,-i,..ed. I n thi~ ca,..t·, ht~WC'\t'r, theinfinite discontinuity co rrespond s 
to a sudden cata,..trophic changt·. lf an electrometer i,; shuntcd 
;Jcrns:- tlll' intersp;tce I•L·twt·t·n an<nll' and cadwde, i~,.; neeclle i" forci­
J,]y jnkecl; if a tell'phont·-ren·i\er i,.; comwcted in ~-wric,; \\' ith the 
inter:-pan·. it makl's a dicking 11r a l1anging ,;ound; if 1 hc ga p is wide , 
so that the ,-oltagt· jtbt l•d"n· 1 hc tfi,..ruption i,.; high, there is a hrilliant 
!Lash, which may hl'ar an uncomf.,rtahly ,..trong n•,.;t•m hl;lll cc to thc 
lightning-JH,Jt whidt is tht• •·o~mictl prototypl' of a ll l'icrt ric !"parks. 

\\' hat g11es on aftt·r tht· criticalntonwnt of transition or I ra nsfo rma­
tion d t·pt'tHb on many thing~; anti not only on oll\·imt:-. feat urcs of the 
~park-gap, Htch '"' tlw kind and ckn~ity of gas and the ,;ha pe a nd sizc 
and malerial oi t ht· t·l•·ct r"d~'~. h11t .tl..,., on "uch 1 hing,.;;,,. thc re,; i,.;tancc~ 
and tlH' indtwtann·,.; in ~eril's with tlll' di..,charge, and the q ua litics of 
tlw so11rn· of ell'ctronwti\ ,. fon l' and its ahilit y \o ~a tisfy t hc d c ma nds 
for ClllTt·nt and ,,,Jt.t).!<' \\ hi.-!1 tlw m·w dischargl' may ma ke. So me· 
tinw.; thl':-l' dl'm;llld,- an· too l''dra\·a:,:ant for mo,-t bhoraton · sourl'e ,.; 
or Jwrhap..; for an~- :-oiiiTl' to llll'l'l; prolt;d•ly this i,.; why t.lll' ~ fl <lrk 
l•t·t\\l'l'll <''\tt·ndl'd pblll' ,.;urf.w,·,.; in clt·n,.;l' air i~ <1:< ephl' tnc·ra l a s it j,; 

,-iolent. Bnt thi,. tf.,t·-. not alway,; hilpJll'll; in'' ".ufticit'n t ly ra rdied 
ga-.. tlw -.l'lf-m.lillt.lining cli-..-l!ilr).!c' which Sl'b in ilfter tlll' t r.m~forma ­

tion rc·q11in·,. onl) ;1 lllod,·-.t niiTt'lll i!llcl a pr;wticahle ,-oltagc, and 
-.upporh it,..l'lf \\ith ;1ft.\\ thon,..;uul \olh applied arros,.; it!" terminal!". 
Tlw ~.11111' thin!-: ocTIIr" in .1 dt·n,.t· g;~:-o, if l'ither of tlll' e lec trodes is 
pointl'd or :-h.trply ntrn·d, lik1· .t twerlll' or a "in·; the conditi on , more 
1''\il\tl~·. i,.. that tlw radilh of I'Un.ltun· 11f eithl'r eltTtrocl c ~hould he 
di,..tinctly lt·"" th.tn tlw ],.,1,..1 di,.,t.lnn· lwiWt'l'll thl' two. T hc Irans­
formation, ht~\\'l'\ c·r, i-. ;dw.1ys \ c·ry :--111lden, wlwther thc ncw di s­
<"h.lrgc· Iw tr.Jn-.ic·nt or fll'rtllillll'lll; and thert· <tn· al,;o sudden tra ns i-
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ti~>l~>- fn•m t>IH' ""rt .. r "'·ll-n1.Jint.1inin;.: di-.,·h.,r;.:t· '" .lll•llher, f.f!., 

fr~>m ~~~~'' 111 ,Jrc 11r fr11111 IIIH' J..Jnd .,f ;.:Im' 111 .IJH>tlwr "lu·n ~·~·rt,,iu 
nitic.1l ct~nd11i"n" .111' tr.Ju-.gn'"'l'd tnlti,·.d t·•·ndiliou" which 111.1~· 

tht'lll,..t'l\1·,.; tlqll'nd 1111 tlw h.lllt'l\ .tud tht· circuit ;1,.; Wl'll ,,,.. tlll' con­
,..t.JIII" nf th1· ,..p.trk-g.lpL Tlwn· .tn· tJj,..,·ontinuitil',.; of I'IIITI'IIl and 
di,..continuitit•,.. of Yolt.l;.:t· .11 tlw,..,· tr.Jil-.ition,.;, .111d abrupt chang1s 
in tlw 'i,..ihk .IJlJll'.tr.nll·t· in tlw di,..dJ.trgl'; .tnd at cach tr;lll,..forma­
tinn tlwn· i,- .1 re.trr.lllgl'lll\'111 of tlll' di,..trihution uf :-pan.'-eharg1• in 
tlw ga..;. l litherto wt• h.l\t' t•nt·ounll'red "P·•n·-chargt· only in c•nc or 
two of ib ..;impl1·,..t lll.lllifl·,.;t,ttion..;, ret.mling the llow of <111 t·kctron­
,.;tn'.llll ,tno"" .1 \,tl'lllllll, and ,.;uddenly <Jnntdkd wh en po,.;iti,·e ions 
<lrt' minglcd with tlll' ,..tn·am. :\o\\ \\'l' han· to eono;id er llllll'h ,.;uhtll'r 
.wd more l'tllllplicated c,,,..(•,.;, in which the ,..p;ll'l'·l'harge ,·arie,.; r.1pidl~· 
in den:-ity .md 1'\'t'n in ,..ign from ont• part of thc gao; 111 anntiH'r, and 
thl' tidtl and pott·nti.d tli,..trihntion" ;tn· utterl~- tli,.;torted h~· it; and 
tht•,..l' di,.;tc•rtion..; .Jfl' t•,.. ... t·nti.d tn tlll' life of the dischargc. This 
di,;trihution of ,.;pan·-chargl' i,_ indt·ed dominant; and ,;o f will \Hili' 
do\\ n ~llllH' fnrmnlat· which may ht· Jl,.;l'd to deo;('rihe it. 

.1. I >tc.Rt·:,..-.to:-; ru \\'Kt'l E I l11\\''\ Sn\tE SP.KE-C'll.\1{(,\-: 

Ec.Jl'.\Tin:\:-; 

Thc fundament;d l'(]llation of the ckC'trostatic tleld, known as 
p.,j,..,.. .. n·,. equati11n, i,.; 

\~l'=d 2 1' +r/~1- +d~l- = --t 
dx~ dy~ d:~ "P (S) 

in which I' n:pre,..ents the electro,.,tatic potential, and p the \·olume­
dl'n,..ity of electric charge. 

\\ 'e cntbider only the lll<tthematically simple~t ca,.;e in which all 
\·ariabk,. are con,.;t,lllt o\·er cach plane perpend iC'ular to the x-axis, 
and ,..ll depcnd only on the l'lll)nlinatc x; as for examplc tll'ar tlw 
middle of an l'XCl'l'dingly wide lltl>l' with thl' x-axis lying alon~ it,­
axi,_;;, Jn thi,.; ca"'C' Poi..;-.on',.; efptatil)n i,-

dq' d.\' 
dx~ = dx = - lrrp (~1) 

in which .\' repre,..ents thc pott·ntial-gradil'nt, or liL·Id ;;trcngth with 
~ign re\er:--cd." Tlw \·alue of .\' is determinl'd at all point,.; when thc 

11 Field-gra<lient is thc·n·fore, proporrional lo space-charge with si-:n ren·r>cd, 
anrl1·ict ;·rrsa. Positiv(' lil't.l-gradil·nt implics n!·g.tlivc spacc-charge; nc~ativc fickt-
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,·alue of .\' al any tllll' point <tml the \·ahti.'S of p at all intermedia te 
points are pre;t:-:-igned. Tlllls kt .\"0 rcpre~ent the pre<t~,;igned va lue 
of .\' at x=O, and XJ reprc:-cnt thc ,,tlue uf .\' at x=d; Wl.' h<n-e 

f
>,J 

XJ = -.lJr p dx+Xo . 
• 0 

(1 0) 

Coll'-C!Jllently tlll.' r.n. hl'tWl't'll any IWO points j,; al:-n dctermincd; 
that Ul'tWl'l'll x=U and x=d is 

1'd- l'o= -·h {Jt!x[xp tlx+Xod. (11) 
• 0 0 

Xow we introduce the further assumption that the clectric charge 
is concentratl'd upon corpu~ch·s (electrons or charged atums) of 
une kind, of cqual charge E and ma:<s 111, of which there are ndv in a 
\'ery small volume dv at x; 11 is a function of x. Thcn 

uE=p. (12) 

:hsumt· finally that the corpusdes art· mnving with ;;peed 11, ident ica l 
for all corpusdes having the same x-cuordinatc, hut depending on x; 
n:pre;;ent the current-dcn"ity hy i; wc h;n·e 

uEu=i ( 13) 

and cunsequently 

p=i/u. (H ) 

.:'\ow considcr the llow of current !lt'lwt·cn tw11 parallel planes, from 
onc ckctrodc at x=O to the otl11·r at x=d. If thc Cttrrcnt is hu rne 
l1y curpu:-t·h·s of om· kind, ;tnd tlw .t,..,..umption last madc is true; a nd if 
we krww tlll' :-pt·t·d of the corpu~de,; ;tt cn·r~· point hctwet•n the platcs, 
and thc lit·ld strl'ngth at some one point; then WL' can cakubtc t he field 
strcngth 1'\·crywlwrc IJl'IWL·en the platc;;, and the poll'nti<tl-di iJercnce 
IJct\H'tll them. 

The cnstumary con\'ention aiJOut the lil'ld strength i,; to assum e 
it to l•t' zero at thc l'lectrodc from which the corpu,;clc" :<tart, so t hat 
Xu=O in (II). Rc\Hit in)! (11) to takearmuni of (II), we han• 

l'J- l'o= l rri [Jdx [ <dx 11 
• u • 0 

as thl' gl'rll'ralcqu.ttion . 

.:r.tdll·llt 11npln·• (""II" ,. 'i"" ,. dl.tq.:•·. 1111 nrm ht•l.l impl1<·• z•·ro ~Jl·"····t:har!(c. 
lt i; ill,lrtllll\< tu 1':\.lmiuc 111.1ppin~' ul lllld-di,llllouliun \\ith thh pr1111iple 111 

nnnd. •111 h m.tpJ'III).:S, lor t·\.llllplt·, .ts 'tlu.-•· in I· 11:. •1. Tlw unilorrn f11·ld in .t 1 urrcnl­
,,lrrvin~: \\in· n11·.1n' th.11 l""ir in· .md 1u·.:.~r in· l'll.tr.:•·< arc ,fi,t rihukd cn·rywherc 
111 tl11· uu·t.ll wnh •·•ru.tl dt·lhtl) .1 !'oll• hhtnn unc nu~;ht furgt·t, IHII for tlu:sc mure 
~ .. n•·ral , ... "...~. 
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I f 11 t' "lll'l'.,"l' th.l t t lll' t'tll pu,..-1('-. .Jcquin· t l11·ir "l'~'~'d 11 .tt t hl· cJi,.,t.JIHT 
.\'in frn·lhght frolll tht·t·lt·t·tnulc 1\ht·n· tlwy ,.t.1rt, \\C h.l\'l' ~mu' -cl', 
.md 

~Irr 

\ /:! 
111 id~. ,.; ( !Ii) 

Thi" i.; tlw t'IJII.tti•HJ .td.1pted t•• ell·t·tron,; or uthcr ion,; llowin~-: acn'l..;,; 
otlll'rwise t•mpty "Jl.lt'l'. 

Ii Wt' suppo,;l· that thc l'nrpu,;l·l,•,; h;J\'l' .11 l'.n·h pnint a spl·t•d prop:•r­
tion.d to the lield "tn·ngth at tiLtl point. \\'l' h,t\'1' 11 = ±k c/1' dx. and 

• • ::? :srritP 
I J- I o= ;~ \ k ( Ii ) 

Thi,; l'<(II.Jtion would hc adaptcd to ions drifting in so den,.,· a ga,;, 
or so wc<Jk .t lield, that thcy <JI'quirc •·ery little cncrgy from thc lield 
(in CtHnp.Jristm with tlwir a\'cr;tgc encrgy of thermal agitation in tlw 
ga,;) hl·twccn onc colli,;ion and thc ncxt, and ]o,;c it all at the nextY' 

Ii wc conl'ci\'e ui ions which acquirc much energy from thc fidd 
het\H'l'll one colli,;ion and thc ncxl (much, th<~t i";, in cnmpari,.;on 
with tlwir an•ragc cncrgy of thermal agitation) a nJ lu,.;e it all at 
the ncxl colli,-ion, we ha\'e 11 2.= (7rc/ ''2m) d ! ' tfx and 

( IS) 

the ron,;tanl (' hcing equal to \
1

111 F.l multiplicd hy a ccrt<~in numcr­
ic.tl factnr, and l ,;tanding ior thc nwan di,;tancc tra\'elcd l>y the ion 
lll'!Wt·l'!l one colli,;ion and tlw lll'Xl. 

Tlw thcory ju,;t gin·n i,; tot• :-:impk; it is an essential fact of thc 
;Jrtual phy,..ica! c<Jsc that tlw ions cmerge, at t hc surface of the elcctrodc 
whenn: they start, with forward n·locitics which are clistrilmtcd 
in somc war or other about a mcan 1·alue. Th ese initial forwanl 
\'elocitit·"· though often small compared with the \'elocitics which thc 
inn" may acquirc as they cross to thc other electrode, are !arge 
l'!Hlllgh !'O that all of the ions would shoot across thc gap if thc lield 
,.trength 11en.> rcally zero at the emitting clcctrode and assisted thcm 
t•n•rywlll're hl')'nntl it. ln fan thc space-charge crcates a rctarding 
lield at the "urfan· of tlw emitting elcctrodc, and a potcntialminimum 
I ii the ion.; an· neg,Jt in·; a potcn tialmaximum, if the ion,.; arc po,.;itil·c) 
at a certain di,.;tann· in front of it. I lcrc, anJ not at thc cmitting 
ekctr<Hit· as wc prl'\'iou,;]y assumed, the lield strcngth is zero. Equ<J­
tion ((I; I is nften \'alid in prat·ticc, bccau,;c this locus uf zero lil'ld­
strength is oftt·n n·ry rlosc to the emiuing clcclrode. l n iact, hy 

10 .\s in •·lcnrical concluction in solid metals (cf. my prcccding articlcJ. 
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rai:-in~ the I'. I>. l>l"l\\lTil th•· platl'>' >'uflicicntly, tlll' locu,.. oi Z<'~'~' 
tidtl can l1e dri\l·n l1ack into coincid.-nce \\ith the cmittin~ platc; 
hcyond which ,..tagt•, tlw "Iimitation 11f currcnt l1y ,.;pacc-charge" 

Cl'a:-L·s. But if thc I'. I> . j,.. :-uflit·ientl~ lcl\\ tlll' potential minimum (or 
ma:-.imum) i,; prominent and i,.. n·motc fnun tlll' el('ctrode, and in 
tlw~t· ca,.;e,; tlw l'qnation,.. wc hau· ju:-t dednced are inapplicahle. 

1 t thu,; may n·adily happ•·n that wlll'n \H' apply a certain potent ial 
to one clectrode and a n·rtain otlwr potential to another electrodc 
,;eparatcd from tlw fir:-1 om· hy g;1,.; or Yacuunl, we may find pnints 
hl'l\\l'l'n thcm wlwre the potential i,; 110/ intrrmrdiatr between thc 
potential,.. of the cll'ctnxk:<. Thi,.. j,.. a quL·t·r t·onrlu,;ion, to a nybody 
accu>'lonwd to tlll' tluw of clectricity in wirP,.;. But it i,.; true, a nd 

must bc kept in millll. 

ü. TltE ~El.F-:\1.\J:-. L\1='1:\<... I)! ,.;( ti.\HGES 

The .-lrc ought to hc thc ea;;icst to understand among the sdf­
maintaining di,..clwrge,.;, in onc re,.;pcct at least ; for it keeps its own 
catlwdc ,.;o inten:-ely hut that thcnnionic elenron,; are supplied con­
tinuou:-ly in gn·at allllndann· at thc negati\"1.~ end of thc discharge, 
and tlll' theori,.l c1n J,egin hi,. lal)l)r,; hy trying to cxplain how and 
why this high tt'lllJH'raturc i,.. nwintained. ;\n ything which te nds to 

lc>\\l'r tlw ll'lllJllTature of the cathode, for in,;tancc hy drai ning hea t 
away from it, i" \1·ry Jll'rilou,.. tu the arl'. Stark u,.;l'" \·arious sch cnws 
for prl'n·nting thl' Clthocll' from growing n·ry hol, and thcy all killed 
tlw arc. Thi,.; al~o e:-.plain~ why tlw arc i,.; nwst diftirult tn kindie 
and most indinl'cl to tliC"ker ont \dll'n fornwd lwt\\l'l'n elertmdes of 
a IIH:tal which condun,.; hl'al l':\Cl'ptionally weil, a nd most dura ble 
wh<:n fornwd l'l'l\\l'c·n l'IL·nrodes of carlu1n, which i,.; ;1 compara tin·ly 
poor conductor for lwat. I I prohahly l':\p:ain~ why thc arc has a 
harder tinlt' to hq> it-.df .~lin· in hyclrogetl, a gas of high thermal 
mnclwt i\·ity, th;m in air. \\'hile thl· gas in \\·hich the arc has it s 
lll'ing ancl the .lllodt· to \\ hich it t''..tc·lul,.. hoth inllliL'Ill'l' the tli:-;charge, 
tlw high tL'IIlJ>t•ratun· of tht· cathodc· j,.; cardinal. 

The cathlldl' i,.. prl',;nmahl~· k1·pt hot l1y the rain of po,.;iti\·e ions 
upon it, ~trikinR it \\ ith \·iolcnn· .1nd yielding up tlwir C'!lergy of 
motic•n to it; at lt-a,..t this is tlw oll\·iou:- and pbu,;ihle l':\planation. 
:'\o\\ tlw <IIT i,.. I'<Hillll«>lll~· and t•a:-ily maintainc·d in fairly denH' ga~c:-;, 
with .1 l'0111p.1r.ltin·ly :-mall potl'ntial-difftTt·nn· h<.•IWl't'll widcly­
,_t·par.ltc·d dt·ctn:dt·~; and thc I'Ul·rgy '' hich an ion c1n acquirl' from 
thl· ftt·lcl ~t~e·ngth Jllt'\<liling in it, in thl' short in~t-n·al hl't\H'l'll two 
c·olli:-iorh \\ ith moll'I'Uic·~, j,.. ".o "mallt hat it cannot hc maue to acnnmt 



\II// tel.\ /1//'cl/\./NI .1/)/'./.\"t./S/.\ /'//1\'/t·•.; /'/ lJi 

ior thl' ftnioth lw.tt dt'\ ,.t .. p .. d .11 dtt' ··o~th .. d•· \dwn dw llllh hn.dl\ 
,.trikl' it. .Ju,.;t l ... f.,r•· tllt' it~n,.; .trriH· .tt li11· c.tthcull' tl11·\· 11111,1 lll' 
t'tttlo\\ed \\itlt .1 kinl'lic l'lll'l').!\ \\ hirh i" \l'fY llllll"ll.tl ~~~~ ,.;,t\ dw l.·o~-.1) 
in tht• middil' oi thl' di,.ch.rrgc·: .11td it j,.; in i.wt oh,..c·n ··d dt.ll ju..;t in 
iwnt of t ht• c.tl hodt· till'rl' i,.; .1 ,.lto~rp .111d ,.uddt·n potc·nt i.rl-i.tll. cor­
rl'";pcliHiing 111 .1 ,.troug lidd t'\ll'nding hut .1 littlc· w.t\' ottt\\.trd front 
tht• l'il'nrodc .111d till'n dying down into tlw \\l·.ak lit·ltl pn'\ .riling 
through tlll' re-.t oi tht· an·. Thi,.; ,.;tn•ng rrt·ld pick,.; up tht· iotb ''hich 
h.tn• meandl'red tel ih outward t•dgt• frnm tlw hody oi lill' di,.;chargc· 
anti hurl,- thl'lll ag.tin,.;t till' cathndt• not n'ry forcihly, for the l'llergy 
thcy rccein· fw111 that polt'nti.al-f.tll i:-. nnt •• great .lllHlltlll hy ordinary 
st<tnd.tnb. aml mo,.l of thc ion,.; prnhaldy ln";c :-<CJllll' of i1 in colli,.;iotb 
on thc w.ay: but with murh mnn· l'tll'rgy than they would he likc·ly 
to po:,:ol'::>S anywhere el,.;e in thc arc. 

This polenti.tl-fall immcdiatdy in front ni the negatin· ckctrodc, 
tlw callwdt·-fall of tlw are, is me;a;;11rcd hy lhru:-<ting a probe or sound­
ing-wire into tlll' di,.;charge .as do"t• as po,;,;ihlt· to thc t·atlllldl· (gener­
;tfly ;ahout a millimetre away), and dl·termining the P.n. IJclwccn 
it allll the cathnde. The pmh1• i,; reganled with ,;omt· di;;trust, as it 
rai,;l'"' in an acute form tlw olu qtw:-tion a,; to how f;ar the plll'nomcna 
\YL' oh,;ern: in nature are di:-tortt:d liy tlll' fact th;tt wc are ohscrdng 
them: thc wire may alter the potential of the point wht·rc it is pl;accd, 
or it m.ay a:-<,.llllll' a potential l'ntin·ly diiTercnl fnHn that "f tlw l'll­
\·ir"ning- ga-;; hut tlll' gencral ll'tHicnc~· nowad.ay..;, I l1el.cn~. is to 
accept its potenti.tl as a nwdt·r;~tely reliable index of the pntt:ntial 
which \\'<ntld t·xi"t at tlw point wht•rt• it stands if it WC're not tlll'rc. 1'; 
The rathndc-fall, as ,;o mt·asured, depenus unf"rtunatcly on qnitc 
a numlwr of thing,;; thc materialof the eathode, thc ga,;, thc current. 
Thc gas j,.; always mixed with a Yapcntr uf tlll' dc<trodc-material, 
particularly in the Yirinity of the l'lcetrode; thc only way to ha\·c a 
::>inglc pun· ga,; i" to t·ndo,.;e thc wholc ,;y:;tem in a tul,e, e\·arualc the 
tuhc to thc highest po,;,..il,lc dt:grcc, and tlll'n heat it until thc \'apor­
ten,;ion of thc meta! of which thc cathodc is maue ri,;e;; high cnough 
for thc 'apor to su,;t;tin the arc. Thi,; is practirai,Jc with thc more 
fu:;ihlt: mctals; and with mercury, thc arc generate,; heat enough to 
maint;tin thc Yapnr-ll'nsion snfticicntly high. In pure mcrcury-

" On this mall<'r thc I'Xpcrirm:nls of I.angmuir ancl Schuttky, mcntioncd further 
along in I his article, promisc ncw knowl('dgc. Thc probe automatirally assumes 
such a pot!'ntialthat thc net currcnt·llow into it is nil; for cxample, if it is imnwrscd 
in an ionilcd g.b in which dcctrons ancl ionizPd atoms are roaminJ< ahout, its eventual 
potcnti.1l is ~uch that cqual numhcrs of partidl's of thc two kinds strike and are 
.1hsorl,.·d in it pt•r unit time. Ii thc clcctrons arc mt~~·h more nunwrous or ha,·c a 
much highn avPrJt:e ener!:')·, or hoth, this potential may hc ,-cn·ral n>lts mure 
negati,·c than thc potential at thc S.:llllC poinl I.Jt:fore thc probe w.ts put in. Thc 
~.1mc may bc !'aid ah<Hll thc wall of thc tuhc. 
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\·apor, the cathodc-f;dl a,.;,..umc,.; tlll' Yalue -1.!1 n>lt:'i which i~ thc first 
resonanf'c-pntcnti;JI of tlw mcreury atom and thereforc, as wc haYc 
~cen, is clTectin·ly tlll' ionizing-potential of the frce mercury a tom when 
the clectron-stream i,.. a,.; den,..L' a,.; it i~ in thc arc. This suggests a 
delightfully simple theory of thc \\hole pron·,.;s: the electrons s trcam 
from thc cathode, tlwy aequirc l.!l \'Oits of energy from the cathode­
fall, tlwy ionizc mercury atoms at the outw;ml edge of the region of 
high lield strength, thc positi\·c ions so creatt:d fall hackward across 
the cathode-f.:tll and strikc the cathodc, surrender their energy to it 
anrl so keep it hot, morc dectrons pour out, and so forth ad i11finitum. 
lt remains to !Je seen whcther so simple a theory can !Je modified, 
hy statistical considerations or otherwise, to cxplain thc \·alues of 
the cathodc-fall in mi\.ed and diatomic gase~. 

\\'e do not knnw a priori what is the ratio of the number of electrons 
flowing outward acro,..,; the cathode-f;lll in a second to thc number 
of ions llowing ill\\·anl. lt might, ho\\'C\Tr, !Je \'cry great, and stil l 
the numher of ions within the region of the cathodc-fal l at any instant 
could far surpass the numl>er of electrons within it-the electron 
mm·es so nnl<'h more rapidly than the ion, and has ~o much better a 
chann· of cro,..,..ing thc region in nne free !light without a coll isio n. 
En·n in hydrogl'n, in which thc ions are the lightest of al l ions, thc 
electnm current would han· to be 3;iU times as great as thc ion­
current if the ell'ctrons just l>alanced the iuns in unit Yolume. It is 
therdorc Iegitimaie to try out the a~,.;umption that the region of 
cathode-f.JII is a region of purely positi\'e space-charge, in which somc 
stwh equa t ion as ( lti), ( Ii I, or (I~) gi\es tlll' current of po,..i t i\·c ions as a 
fnnction of thc cath()(!L--fall and the width of the reg-ion. K . T. Camp­
ton ~..Jr·cted (1~1. l'nfortunall'ly the width of tlll' cathodc-fall rcgion 
has not IJL·r·n mca,.;ured, l>ut lll' a~sunwd it equal to the mean frcc 
path of an l'lt-ctn>ll in tlw g-as. The \·alue which he thus calcula tcd 
for tlw curn·nt of l'""itin· ion-: wa~ al>out 1 ';;_ of the ohsen·cd total 
curn·nt; tlw n·maining !l!lt; l'Oihi,..h of thc l'lcctmns. 

From the r·athodl' n·gion onw;ml tn the anode, thc gas tra\·c rsed 
hy thc arc i,.; dazzingly l>rilli;mt. In tht· long cylindrical tubcs which 
encln~P the mr·rTury arc,.; ~" romliH>nly ,.;r·r·n in lahoratories and studios, 
the \apor ~hint•,.; l'\t'r)'\\llt're I'Xn·pt near the ends with a cold and 
rathl'r gha,..lh· \\hitl' light tin.:l'd \\ith l>luish-gr('l'll. This is thc 
po~iti\1· column of tlw nwn·ury ;rrl'. The pott·ntial-gradient a long 
it i,.; uniform, ~ug~-:r·,..ting the llow of dt'ctril'ity down a wirc; hut hcrc 
tht' w~•·ml>l.rnn· ~'"I'"· for wlwn thc l'lliTt'nt-density grws up the 
pott·nti.d-gr.ttli .. nt grll''i do\\11. The curn· of \·oltage n·rsus cu rrent, 
whir h f11r .l -.oJid IIJI'I,d i,.; ;t'i \H' .tJJ kill>\\' an llpward-sJanting straight 
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lill!', j" f.,r lht• ,llt' ,1 dto\\11\\,lrci-,.,J.Inlin~ t'lll'\l' rFi~. ti). Snch ,, curn· 
j,., ,·,dh·d .1 flwwdai.,fi, . . Ln• I 1 ht· .LI'<' j,; ,;,,icl to h,,, , .. 1 111'!!11/it•t' cltarada­
IS/1 • l<~nii.Lii"ll ~""" on l'lllllinu.dl~· \\ithin the po,.,iti\l· ,·.,Jumn . 
. uul i"ll" .,( luoth ,.,jgn,.; l'.lll lol' dr.L\\'11 out hy .1 cn•,.;,.;wi,.;t· lil'ld; hut 
rt't'lllllhin.Ltion .,f i"ll", .1 pron·-:~ whid1 \\T h.l\"l' 1101t l'nlbid,·r,·d, .d-:o 
~-:ot•.; on l''lllltiuu.dly .llld m.Lint.lins an ,·quilihrium. l'rc,;um.Lhly ll 

e m volls 

800 ----1 
6.0mm 

6 .8 lO l2 

h~:. 6-\'olt.1ge-currcnt curvcs or "charactcrislics," for arc dischaq::cs (hclow) and 
-:luw di,. h.tr;:c' iabon·l in air, hl'lwt·cn ~:old elt·•·trodl•s. Tlw ditTcrcnt cun·•·s corre­
S(M>ßd to diffcrcnl .tnO<Ic-callHMie dislann·s. I ln·s, Jnumal nf tl/1' Frank/in lmtitult' l 

i,; thc l'ITect of the field strcngth on this l'quilihrium whieh can,.;l'S 
tlw current-\·oltage cun·c to ,.;Jant in \\'hat mo:-;t people in:-;tineli\'l·ly 
ft·el j.; the wrong w.ty; llllt the tlwflry of t hc cquilihrium i:-; not yct 
f.tr adv.mn·d. 

I...angmuir anti Schottky, working indcpcndently in Schcrwct;Ldy 
,uul in ( ;,·rm.my, performcd scHUL' n·ry pretty l'Xpt·riments IJy thrust-
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ing nq,:.tti\!·ly-ch.trgl'cl \\in·,; or platt•,; into tlll' po,;iti\ c rolumn. These 
w ires and platt·,; ,;urrounclt·d tlwm,..l'ln·s \\ith d;trk sheaths, thc t hi ck ­
m·,..,; uf \\ hich incn·.t,..t·cl .1,; thl· potenti.d of tlll' nwtal w.ts m;ttle m orc 
anti more highly lll'gati\'t•. T he cxplanation i,-, that the elcr trons 
in thc po,;iti\ L' t·olumn cannot approach tlw intrudl'll wi rc, bcin g­
drin·n hark hy the <tdn·rse lil·ld; tlw dark ,;he;lth i,.; thc region from 
which they ;ue exl'lwll-d, and anc"..,.; it the positin· ions ach'a nr c tn 
tlll' wirc through a lit·lcl controlkd J,~· tlll'ir ,;pace-chargt·. The Cf111ation 
sl·h·c·tt·d hy Lang-muir to repn·,..t·nt tlw rebtinn hl't\\'L'l'll thc t h irkness nf 
tlw ,..hcath, the ,·ohagt· acro,;s it, and tlw rurrcnt nf pos iti,·e io ns into 
it, i,.. ( l ti) .. \s the ,;Jwath j., 'j,..ihll' anti its thickness can he mcasurcd, 
a,; wdl as the otlwr qu.tntitit•,;, thc relation ran lll' te,..ted. This was 
done hy ~chottky; thL· fi'SIIlt was satisfactory. \ \' lwn t hc intrudcd 
electrotll· is a \\in·, t he ,..Jwat h is t·ylintlrical, ancll'xpands as t he ,·oltage 
of tlw wire is maclt· mon· tll'gatin· .. \s the an'a of the outer houndary 
of tlw ~lwath j,; increa,;ecl hy thi,;cxp;m,;ion, morc ions from t h l' positi,·c 
column touch it anti are suckcd in, ;md tlw density of llow of pnsiti,·e 
ions in thc rohnull can he dctl'rmincd. By lmrcring t hc potential 
of thc wirc gradually ,..o that thv L'lectrons can rcach it, tirst t hc fastest 
and then thc ,..Jowcr ones, the \'l'locity-di"tril>lltion of t lll' l' lcc trons 
in thc column can Iw a,..n·rtaitll'd. TIH"ir aYt·ragc l'tWrgy d cpend s on 
tlw tkn,..ity of tlw mt·n·ury ,·apour, anti may anwun t to scn ·ra l yoJts. 

lkyond the po,..itin· cohtmu lit·s thc anod C', itsl'lf p rcceded hy a 
~harp and ,..uddt·n pol!·nti;d ri~t·. Tlw electrons an· tlung again st it 
with somt· force, and it grows ;md remains \ery hot; usu;llly, in fa c t, 
hotlt'r than tlw c;tthodl'. Thi,.. high lt'lll(leraturc docs not scem to 
l!l' t·~,..l·ntial to tlll' continuann· uf thc discharge, for thc a node can 
llt' cooll'd without killing tlll' arc;) et it ::,cems strangc: that a qua lity 
so n·gubrly fotmd :,hould J,c without inllut·ncc upon th·: .jischarge. 
Um· mu,..t l•eware of tlllllere!'>tim;tting thc inlluencc of the a node; 
\\lu:n an arc j., fonm·d in air lll't\\l'l'll two dcctrmk·s of diiTcrcnt 
matt·ri.d:>, it lwh.t\'l'"' likc an ;uT fonnccl J,ctwct•n two elcctrodes of 
tlll' ,..;IItH: matt·ri.tl .t>- tlw .tnodt·. not the cathodc! 

Tlw so-l'.tlll'd /n;,•-t•olla:!_l' arr, ;tlthough not a stlf-ntai n tai ning di s­
ch.trgt', IIH'rit,; .tl lt·a,..t .t p.tr;~gr.tph. .\ dl'tbt' l'll'ctron-strcam poured 
into .1 monatomi•· g,,._ from an indq>t·ndt'ntly-lwatl'd \\·ire, a ncl ;H"­

n·l('r.ttl'd hy a I'. I>. ,..urp.t>--.ing tlw reson.tllt't·-potl'ntia l of t he gas , 
m.ty ionilt' it ,..., intt'll"l'IY that tlwrl' is .1 sudclt·n tr;tnsformat inn into 
.t luminott-- .ttT-Iikt· di-,dt.trgl'. This is ;t sort of "a,..-.i,..ll·d" arr, its 
l'.tthndt• l11·ing kl'pt \\,11'111 for its lll'tll'lit J,y outsidL· agl'ncics. lt s 
histor~ j.., .1 long .111d intt·n· ... ring d1apter of !'ontt·tnporar~· physics, 
\\ lwn·uf tlw t·nd j,. not yt·t. Tlw mo ... t n·m.trkahll' fcaturt• of t hi s a rc 
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fi-:. i l'hotng-ranh, of the glow-cli,.,h;Jrg .. in a long narrow n·linder, showing chielly 
thc suhdl\·ision of the positive column into striations. (Oe Ia Rue ancl :\luller, 

Plrilosoplrical Tr.wsactimrs of tlr~ Royal Societyl 
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is t hat it can sun·i n· cn·n if thc \"ohage hetwecn anode anJ cathodc 
is far bdow the resonancc-potcnti,tl uf thc atoms of the gas, which 
sccms impossible. :\ ycar ago it secmed that this l'fh·ct could a lways 
bc ascril •cd to high-\·< Jltagc high-f rcqucncy o,.;cilla t ions genera ll'l i in 
the arc. This cxplanation was prescntly cun!irmed in somc cascs a nd 
d isqualilicd in othcr,.;, and no\\' it appear,.; that whcn thcrc arc no 
oscillations an astoni,-hingly strong potcnti;tl-maximum cle\"e lops 
wit hin thc ionizcd gas. Pott·ntial-maximum and oscillatiuns a likc 
arc prohaiJI)' to Iw rcganll'd as manifcstations of spaiT-chargc. 

Tlw Clou; in a rarc..fict! J.:!lS is a magnifin·nt sight whcn thc gas is 
r;1refil'd to t he propn dcgn'l', not too lit tlc and not too mnch; dividcd 
into lnminnus cloud;; <•f din·rse brightnes,.;cs and din·rse colors, rc­
calling T ennp•on's "lluiJ h.1zc of light," yet almost rigid ly fi xed 
in t heir distancl:'s and thcir proportions, it is one of thc most t hca tri ca l 
spectaclcs in thc rcpertoirc of the physical laiK•ratory. Thc gra nd 
ui\"isions uf thc complctc·ly-dcn•loped discharge arc four in numbcr , 
twu rclati,·cly dim and two hright; beginning from thc cathodc c nJ , 

Fi~. I! T~c Crookcs_clark spacc l~1wccn 1hc ca1hodc (lhin Jinc at !eft) and thc 
m·~o:ali\'C ~o:low St.-c f•w•l no1e 12. ( .hl<Hl, l'mardinf!..< o( tlu~ Royal Soci,·ty) 

tiH·y ar\' tlll' < "rollkt·s dark ,.;pan·. tlll' neg-atin~ glow, thc Faraday da rk 
sp.ln', and tlw f'llsiti\ l' colt1mn. .\dditional grad;ttions of cui<.Jr a nd 
hrightnt·ss can <~ften bc ,.;t•t·n \·ery dosl' to tlw cathndc and ,·cn· close 
tn the .. tnodl'. l'.hoto).:r<tphs of tll<' glow which gin• anyth i;1g a p ­
pr<>;l('hmg .1 tflll' ldt·.t of its appt•.trann· to tlw <'\'l' an· h.trd to flntl . 
I fl'prodnn· in Fi).!. i "'"lll<' phot<l).!I'.IJlhs t.lkt·n ll<-.lt:ly Iift~· y1 ·ar~ ago by 
de b l~n.< ·, whid1 h.~n· n·:tpp<·.lrl'd in lll.lll)' .1 l<':xt; tlwy ,.;)10w ch ic ll y 
thl' stnkm).! tlocnlll'lll dotl<ll<'ls irtt<J which thl' positi\·c colnmn some­
t imt'" diYidt·..; it ... elf. ln Fig. !I th ·r~· .1rc t w 1 skt.:tclw.; m .tdc IJy Gra ha m . 
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The Crnokt·s d.trk -.p.lt'l' (ur t',lthndt• d.u·k -.p.ln', or llittorf do~rk 
~p.u·e ,1s it j., c.dll'd in I :cnnan~·) t':\h'lltl" fn••n tlw catlwdc to the 
lll>llt!tl.tr~· of the hright ltuninous doud which is tlw nt•g,llin· glo\L 
Tltt· Louud.try is gl'lwr.dh- so \\cll-dclinecl anti di ... tinct th.1t an ol•-.t·rwr 
linds it c.1-.~· tn judgt' "lwn ,, sonntling-win· jn-.t lotwlw-. it. or tlw 
cro-.s-h,tir of ,\ tt·lc-.cope coincidt·s with ih irnagc; "in the 1'.1-.t' of ox~·­
gen,'' .\-.toll s.1id. "tlll' sh,tqllll'-.s W.ts sin1ply <llll,lling-; t'H'n with so 
l.1rgt' ,, d.nk span· as ;~ cm., thl' ,.;ighter could Iw st•t (to tlw houndary) 
as .ll't'llf,lll'ly a,; to tlll' cathodc itself. i.e., to alllllll ().111 llllll." I re­
prodnn· stHlll' nf .\ .. tnn's photogr.tph-. in Figme S, although Iw say.; 
th.1t for reasons of per-.pertin.' the houndary of tht• negatin· glow ap­
pt·ar.; mon·diiTu-.e th.ut it rcally isY Tlrt· clcctric lidd strcngth within 
t hc Crookes dark sp;tcc i-. greatcr, oft en vcry 111\ICh greatcr, I ha n in 
an~· of tlw othcr diYisiorr:-; of thc di-.rhargc; aln1ost thc whnlc of tlll' 
Yoltagc-risc from rathotle tn anodt· is compriscd within it, anti thc rc­
mainder, altlwugh spread anoss all the hrilliant parts of tiH' glow, is 
incnnsidcrable unll'ss thc tube is made llllliSUally long. Tbc hcha,·ior 
nf thc dark space wlwn thc cmn·nt through thc tuhc is vari1·d (hy 
,·arying a rcsistancc in scrics with thc tuhc) is curious anti in,;truc­
tivc. If tlw rmn·nt is small anti the cathodc largc (a widc mctal 
platc) tlw negatin· glow ovcrarl'hcs a small portion of thc catlwdc 
snrfacc, lying ahon• it likc a c;uropy "ith thc thin dark sheath hc­
ncath it. \\'hcn the eurn·nt is incn·a-.t·d the ('annpy sprcads out, 
kecping its distancc from the llll'tal surfan· unaltcrl'd, hut incrcasing 
its area proportionally to thc ('llfrt·nt; thc thil'kncss of thc Crookcs 
dark spacc and thc current-densi!y ;1\-ro,;s it rcmain unchanged. lf 
thc cxperimcntcr continucs tn increa,;c thc rurrcnt aftcr thc !'athnde 
is con1ple!l'ly m·crlwng hy the glow, thc dark spacc thickens !ilcaclily, 
.urd t hc !'ll rrcn t -dc11,;i t y acrn:-,.; i t ri~es. 

Thc ehangcs in thc \·nltag-c across thc Crookcs dark spacc whirh 

acrompany thcsc changcs in arca anti thicknc:-s arc ,·cry important. 

Thc \·oltage is mcasured with a sou11ding-wirc, likc thc cathodc-fall 

in th~ arc; but sinrc the Loundary of thc dark spacc i:; so sharply 

markcd, the cxpcrimentt·r can set the sounding-wirc accuratt•ly to it 

instcacl of mcrcly as closc as possihlc to thc cathodc. So long as the 

17 .·\<ljact•nt to thc cathO<Ie a thin perlectly tlark slratum can hc di,tingui,hcd 
cspecially in the picturc on the right . Thc I'. I>. acro"" thi, thin blark "pacc is, as 

nearly as it can be gut·s>ot·d from the wi<lth of the 'pacc, of ahuut thC" m;Jgnitude of 
the ionizing-potcntial of thc gas. ln fact ,\,tun cslimalcd it for hclium (to which 
the picturcs refcrl as JO volts, a good anticipation of thc valuc 2L'i assignC"d ycars 
btcr to the ionizing potential. lt scems thcrcforc that thc ouler cd~;c of thc \·cry 
dark space is at the lc\'CI wherc thc clcctrons coming from thc cathodc first acquirc 
encrgy cnough to ionizc. 
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ncgatin· glow doc" not m·cran.:h thc wholc cath()(k, and thc thirk nc~,; 
ancl eurrcnt-dcn;;it~· of thc tl:lrk !"pace keep their lixcd minim u m 
,·alut·~. thc Yoltag"L' at·ro,.,,., it remain,.; const<llll likewi;;e. Thi,; i,.; th c 

uormal ra/lwdl·-fa/1 .,f thc glow. lt i;; an t·n•n mnre thoroughgoing <'on ­

~tant than thc thicknt'"" or the currcnt-den;:;ity of thc dark ~parl', for 
the~e ,·ary with thc Jlrl'"'"lln' of thc ga,; lthc dark ,;pace ,;hrink,; lmd1 
in dcpth and in ,.,idt·wi"L' t'XIl'n-.ion, if tlw currl'nt i" kcpt con,.;tant 
whilt- the gas i" ntadl' dt·n,.,l'r) \\ hik tlw normal cathotlc-fall is imn tlltll' 
to t·hangL'" in pn·..;..;url'. I t dt·pcntb hoth on thc ga" and on t hl' m a­
terial of tht· l"athtult·; thc n·nmh-d \·ahu·..; t'XIL'lld from alulltl till \ ·ol h 
ialkali-llll'tal ctlhodt·,.;) to aluntl lllll \·olt,.; .. \ttl'IIIJll:< han·lwcn m a d e 
to corrcbtl' it \\'ilh thc tlwrntionit· work-functionof tlw cathodl' meta l , 
and thl'l"l' i,.; no do11ht that high valllt'" of thc ont• tl'nd lo go \\·it h 
high \·alue,.; of the othcr, and low with low. \\"llt'n tlw ('athodl' is 
entin·ly on·r~prcad l1y the ncgatin· glow and the dark ;;p;H'(' l)(•gi ns 
to thickcn, thL' \'oitagt· acro,.,,.; it ri-.L·,., r.tpidly; the cathodc-bl l i~ sa icl 
to ht·cnmc auomalous, and may a,.,n·nd to thou,..antb of n1lt,;. 

:\lnHJ"I lhe whole of the \·oltage-ri,.;e from cathode lo anod t•, as I 
ha,·e statl'd, j,., g<·Jwrally <·ontpri,.,l'd in thc calhodc-fall; tlw rcma inde r , 
although ..;prcad o\'t'r all nf the l1rilliant di,·i,..ions of thc d i,.;cha rgl' , is 
incon,..ideral)lc llllll'"" the t11hc i" unu;;ually long. Thc licld st rc ng th 

in thc Crookl's dark spat·c i,.; abn much grcatcr than any\\'h rrr cb r in 
thc glo\1. Thi" i,., illu:<tratt·d h~· the t\\'O curn•s in F ig. !1, n•prcscntin g­
thc li(·ltl '-ln·ngth in the di,;chargvs ,;kctchcd ahm·e thcm. ( Fo r t lw 
n·gion of thc ( 'rookt·,., tlark "Jl·H'L', howt•,·cr, the curn•,.; are defcct iH·.) 
ln tlw luminoth t lolllb tlw t·lcctrie forn· i,.. kehle, and they in fact 
an· not l'""l'lltial lo thl' t'IIITL'llt-llow; if tlw anndt• j,.; pn,.,fwd in ward,; 
to\l;tnb !Iw calhode. il "impl)· "wallow,.; lhem up in "ucn•,.;,.;ion " ·it h ­

out intl'rfcring- '' ith tlll' <llrrl'nt: ln1t tlw monwnt it ill\·adl',.; t hc 
( 'nuokt·" dark -.pan·, thv di"l'h.trgt• cea"t·,.; unll'"" tlw clcctronwtin· 
fon·t· in tlw cin·uil i-. ha,.,tily pu-.lwd up. The mechani"m "·hich kl'l' Jl" 
tlll' glow ali\ t' lit·..; t'onn·.dvd in thc d.trk span·. 

Ont· n.ltllr.tll~ I rit·-. In in\ t·n I a 111L't'h<t ni,.,m n·,.,t·nJhling- t Iw o ut· 

""!o!.!-:''"lt·d lor thl' .trc: tht· t".ttlwdt"·f.tll "L'ITt'" to gin· t'llt'rgy to tlw 
t·h-ctron-. t·ntt·rging from tlw cathodt•, "o that thL'\ ionizc nwln:uf c,., a t 
tlll' t·dl:t' of tlw Ju·g.tlin· glo\1: .111d thc ion,; f.dl.again,.;t tlll' ca thotll' 

11i1h t'IH·rg~ L'lllollgh lo driu· out nt'\\' electrnn,... But thl' dt·Lt il s a re 
nu•n· diflinlll 111 ,.,pf.tin. TIH" ea1hodc-fall gin·,.; nHwh nmn• e nl' rgy 
to tlw t·h·l'tron-. th.tll tht·\ ntTd to ionizl' an~· known moll'cule, ..;o that 
.tJIJMI'l'nll~ ih high\ .tfth' i-< wh,tt tlll' ion,.; I"L'l)llii'L' to gin· tht•IJ1 cnough 
··•u·rg\ to t·xtr.wt tlt·t·tron-. front tht· cathode. \\'e can hanlly arg m• 
th.tt tlw l'lt·rtn•H" .trt· tlwrlllionic electroH..;; the cathode docs not 
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!o:ro\\ hot <'lll>llgh; if it d,.,.,, tlw c·.tthlld<·-f.tll :-whknl~ l'~>ll.tp .... l'"• .tncl 
tlll' glo\\ j.., li.tl>ll' to turn iuto .111 ,trc. l·:,pul:<ion uf ,.J,·c·tron.; fro111 cold 
tm·tal,; 1>\ ion:- "triking tlwm h.t:< ht'l'n ,..ep.tr,tl\·1) ... tttdit·d, 1>111 not 

!'lll1i!'il'ntly. 
Un thl' otiH'r h.uul, tlll'n' i ... good l'\idetll'l' th.tt tlw t'rook<·,.. cl.trk 

,..p.tn•, likt· tho>-l' d.trk ,;lwath,.. ,;coopt·d out in tlw po,..iti\c' c·olun:·t 

3 
X 

2 

Crookes 

8 10 12 14 16 18 20 
d 

Negilt•ve 
Un,form DOSitive column. Fardc:J"y oork spoce. glow 

8 10 I~ 14 16 18 20 
d 

Flc_:. 9 Sketchl's of tht· glow in rar..fit·d nitrogen at l\\o pre,~ures lthl' highl'r IJl'hm 
with C'Urvcs showing thc trcnrl of ficld strcngth along lhl' dischaq.;e. (!~raharn, 

IJ'itdCIIIilllllS .lllllahll) 

of the mcreury arc by intruding a ncgati\'l'ly-chargcd wirc, i,; a rcgion of 
pn·dominantly pe~,..iti\·c ,;pacc-chargc. in which po,-itiYc ions ach·attl'<' 
towards thc cathoclc in a manncr eontrollccl by somc "uch t·quation 
as ( lli l e~r ( II). For L'X<tmplc, <;unther-Sehulzc proposcd (! Ii ) to dc­
;;cril•c thc state of affair,; in tht• Crookcs clark spacc in thc condition 
of normal cathodc-fall; that i,;, lll' a:<:<ttmecl that thc ion,; fall unim­
pcrlcd frum thc l'dgc uf thc twgat in· glo\\' tu thc t·athodc surfacc. :\o 
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d oubt this a~,.;umption is too extreme, yct it Ieads to unexpectcdly 
gond agn'l'llll'llt,; with experiment. Thus when the thic k ncss o f t he 
Crookes dark sp;wc j,; altnl'd ( h~· altering the prcssure of t hc gas) 
k·;n· in g the ,·oltage across it con,..tant , tlw currcnt-density ,·a ries in ­
\'l' r~l'ly as thc squarc of the thickn <>,.;,;, a,.; it shou ld by ( IG) . .-\nd when 
Cunthcr-Schulzc caku latl·d the thickne,.;,; of the dark !-pace from 
( Jn ) , using t he oh,.;ern·d \'alues of cathndc-fall and currcn t fo r ,.;ix 
ga,.;cs a nd t wo kinds of lll!'tal, and ~uh,.;tituting thc mass o f thc molc­
c ul e of thc gas for tlw !'ovflicil·nt 111 in that cquat io n , t he \ 'a lues Iw 
oh tai ned agreed fair ly m·ll (within wr;) with t hc obsen·ed thick­
nes,..es. l.ong )Jcfore, J. J. T hom,..on had proposed (17), a nd A,..t on 
tcs ted it by a snies of cxperimcnts on fo ur gases , in thc condition 
of strong anomalrJ!t,; cathodc-fall. .\s k o f tha t equat ion ,..lw uld !Je 
inn·r,.;vly proportional to tht· pn•s,..urc p of the ga s, the prod uct id3 1'- 2 

( 1' !-tanding- for the ca thode-bll ) ,.;)wuld be con,.;tant at cons ta n t 
pressure, and thl' produn itJ31' 2p should he constant under a ll c ir­
cum,..tann·s. T ltc,..c concltr,..ion,; wen· fa irly 1n·ll co n{irmed for !arge 
currl·nt-dcrbitic,;. 

Sen·ral attemph to l!·,..t the tlwo ry )Jy actually de tcrmining thc 
po tent iitl-d i,..trihuti•>ll in tlw Crookl·s dark spacc m .:rc mad c with 
,..ou nd ing-w in·s and hy other nwthods; ll!rt t hcy ha1·e a ll Ileen super­
!-cded, w lll'n·n·r JH.Js,.;iiJil·, by thc )Jl'alltiful met h nd fo unded on thc 
d isco\'<-ry that n·rtain !-(>l'ctrum lirws arc split into com po ne nt s when 
t lt c moll'ntle ;·mitting tlwrn is lloating in a n intensc clectric fi eld, a nd 
tlll' !-l'('aration of thc compolll'll\s is proportional to t hc strcngth 
of tlrl' fi<·ld. T his was l'S tabJi,..lwd hy St ,trk who appl il'd a ,.. twng 
('OIItrolbhll' dl'nrie lit ·ld to radia tin~ ;ttnms, arul hr LoSun lo who 
<·xanrirwd the lincs emil(ed l1y ntolecules rtblring through t hc st ron g 
Jield in thc Crookt·,.. dark ,..pacc, in tlw cnndition of anouralous rat hode­

fall. :"\o\\· tha t the I'ITt·ct h;ts hl·t·n thoroughly stud ied it i,.; lq .6 tima tc 
to turn the l'XJWrinH·nt,.; a ro und and ll ,..L. tlw a ppea ranre of the spli t linc~ 
as an indt·x of tltL' li<·ld ,..tn·ngth in the pbcc where tht'\' a re c mitt;·d . 
BnN' in ( ;, ·rmau y a111l Fo,.. tt·r a t \',rll' did this. l n th~· photogra phs 
Fi ~. 111, ll ) \\t ' !-t'<' tlw <·nmp<llll'lll s mt·rgl'd Iogether at thc top, whidt 

is at tiH' <·dgl' of tlll' nq~. ttin.' glow, whcre tlw fil'ld is n·ry s mall; 
tlwun· tlwy din·rgt· \o a ma ximtllll sep;tratio n, and lina ll~ · a pproach 

""' ' .tno t hl' r \ ery ~li g htly l•efo re re.whiu~ 1 hc bo tto m, whieh is at t he 
ca thod<· surf.Ke. 1 Th i,.; ,..hows t ha t the nct space-char~c in thc C rookc 

II 1'1 11• dj,,,Jan·llllll(, ofn·rtaill '. lllllJMIIlt'll(• ;)~I' 1111( ri~Oroll> l y Jli'OJlOr!iOil:\1 tO the 
fi, ld, .11111 >o<lltlt'llllll'' o·nl1n·h n•·11 lrm'' lll.rkr• rlu·tr .tpp·.u.lllce al hit h<· rt o lllh>tTllpil'rl 
,.1 ..... , II 111·11 ol ,, r"lll-: lu·ld " .tpplll'd II .. , h "' l "··-·· :llllllll.dir·, Llll 111· · h·tt•l' ll'd in 
rlu· I"' tun'· I ur I ht· uri;;rn.d pl.ttt· I ronu \1 hid1 Fi);. t I "·" madt· I am iudcl•tcd to 
I Ir. I "'lt-r 
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Fi~. 10-- Spectrum line~ suhdivic.lcd and sprcad out in the Croukl's d.1rk spacc hy 
t hc ~trong .1nd v.Lriahll' tidd. Sec lootnotc _18. 1 J. S. Fo~ter, Plzysira/ Rt't'iC'it') 

( 

I· ig. I I ,\ ..;roup of lines rwar Xl ~~.'\ (p.Lrhdium spectrum) n·s•,ln:d anrl ~prcad 
uut in the Crookes dark space. ~c footnute 18. 
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dark !'paee is positi\t' from the edge of the ncg-atiYe glo\\· alnwst but 
not quitc to thc catlwde; tlwre is a thin rcg-ion just abO\·c the cat hode 
wherc thert• is morc ncgati,·c charg-c than po,.;itiYe. This is splendid 
material for the thcorist, and it is dcplorablc that thc mctlwd can not 
bc applietlcxrcpt when the cathode-fall is anomalous and cxn·edingly 
I arge. 

\\'hen a narrow !'traight hole i,:; pierccd in thc cathode, thc positi,·c 
ions making- f"r it shoot clear throug-h, and can bc manipulatcd in 
a chamhcr prm·ided hchi1Hl the cathodc. In p:uticular thc ratios of 
tlwir charges to thcir mas,.;es ean hc mca~urcd, and thcncc thci r masscs 
ean hc infcrrcd. This is Thomson's "po,.;it in~-ray ana ly!'is," which 
.-\"ton den·l(lped into thc mo"t gcnerally a\·ailabll' of al l methods for 
analyzing- demt·nts into tlwir j,.,(llopt•,.;. l f thc density of the gas is so 
far reduet·d that tlw Crookt·s <lark ,.;pace extcnds to the anode, the 
electron!-> can he "llldied in tlw same way and thcir cha rg-c-mass ratio 
determined. ll enct• the mass of thc electron can he ded uccd, and 
its dependcnrc upon the SJlL'l'(l of the electron asrerta incd, yiclding 
precious t·,·idencc in supp"rt of tlw special or restricted theory of n:la­
ti,·ity. ThL''-l' are ;lJIHIII).!" the simple phenomena which I mcntioncd 
at thc l1eginning-of this article, in which the properlies of the ultimatc 
atoms of ell·(·tricity anti matter arc nTealed. 

Thc po"itin· column, which is thc hrilliant, colorful a nrl conspicuou s 
part of tlll' glo\\·, n·st•mhles in :.oiJll' ways the pnsiti,·e column of the 
nwrcury arc. l n it the poll'ntial-g-radicnt dencases with incrca sing­
current, anti thc rharactcri,..tic 11f thc g-low is negative (Fig. ö). 
( >ft1·n thc positive column sululi,·idl·s ihelf into a rcgular proce~sion of 
clow!ll'ts or striatinns, ;!II jtbl alik1· anti l't)llally ,.;paced (Fig. i ). Thc 
Jl•>ll·tHi;d-difTt·n·m·c hl'lwct·n two coll'-l'l'lltin• striations has thc same 
,·aluc ;dl along the pron·"sion, and l'n·ryonc ft-cl,- instinctin·ly that it 
ought to 111' thl' i"nizing-potential or the re~onance-potcntial of thc 
gas; l.HII thi" j,.. l'\ idl'ntly too ,..impk an intcrprt•tation fnr thc general 
ca,_,., although "triation" at pott·nti;d-intervals of 1.!) \·olts h;\\·e hecn 
n·alized in llH'ITnry \·.apor. I :l'nerally, if Jl(ll al\\·a~·s, the str iations 
appear wlwn tlw g;as is ('(IJitaminatcd \\·ith a small admixt urc of 
anotlwr. In this Ltct the key t" tht· prnl1lem "f their origin prohahly 
lie". 

The (;Im<' in a dt'II.H' gos (a~ densc as thc atnl!lsphcrc, or morc so) 
is ,.i"ihle only when thc ,.;urfacl' ui either or huth clectrodes is cun·cd , 
with a radiu,; of curvaturc sm;dln than tlw minimum distancc bc twct·n 
tlw two. ln thl·"e cirnllll'-tanct• .... thv fil'ld ,.;treng-th \·arics very grca tly 
from Oll!' point to auothcr of tht· int(·r .... p.we, at Jea"t hdorc thc spacc­
charg(·,.; lwgin to di,tort tlw lield, ;and prt''-lllllal1ly aftcrwards as weil ; 



SOI!r t:O.\'/'E.\1/'0!1'.11\l' .1/11 .1.\t /:S /.\ 1'/ll"SI< \ 1"/ 1-1'1 

it .1tt,1in-; \ .dlll"" ju..;t in front or tJ!I' 1'\11"\ t•d l'll'l'(fock (of' t"Jc'\'(l"ciiJc•..;, 
if hoth .trc cunTcl) :-o gn·.tt th.tt ii tlwy prt•\,tilc·cl <l\l'l' .tll t'l)ll.tl iutc·r· 
:-p.ln' hct\\ t't'll l1.1t l'lt·c·trcl\k' tlwy \\oll Iei in~t.llltly Jll"Cl\ okc an ,.,pJ.,.,j, ,. 
"P•Irk. ln ~tlllll' l'.l"t'-. tlll' glow in .1 dt·n~•· g.1s rL·~•·•nhks .1 n·ry con· 

2 3 

4 5 6 

Fig. 12-The glow in air at atmospheric prcssures, nc:ar a curvecl dec.:trude I thl' 
uthcr clectrodo: is a plate lwyond the top of the pi .. turcl. ln I.-~ thc cun·cd t•leclrodc 

is thc anodt'; in 2, .>, 5, b it i~ the catho<lc. (j. Zd .. ny, Physiwl Rt"t•icw) 

tractcd and rcdueC'cl copy oi portiuns of thc glow in a rarelicJ~gas. 
Thus in thc photograph" ( Figs. 12, 1:0 of tlll' lumino,.ity surrounJing a 
n·ry curYcd cathodL·, it i,., po~,.;ihlc to di..;cern two dark :iJl.ll'I..'S and two 
ltright onc~. thc fir~t dark ~paee lying just outsidl' thc cathodt·, thc last 
bright rcgion fading oiT inw thc darknl',;s which L''lcnds away towanls 
thc tlat anodc (far abon· and uut of thc picture). In t hc picturc~ of thc 
glow surrounding a n:ry cur\"cJ anoJc, wc sec only a luminons shcath 
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spread on·r thc meta) ,.urfacc (Fig. l:!i_l) :\lathcmatically thc simplcst 
case (at ka~t hcfurl' tlw sp.1cc-chargc l~t•gins to alTcct the ficld) is 
realizcd uy a >. Jender cylindrica I wire ,;t retcheJ along the a xis o f a 

Fi~:. IJ-~ 1 Jgni tit·,1tion of mw of the pit·tun:s in Fig-. II. (Thc lowcst uright spot 
is .1 rclb:tion in thc cal hmlc surfacc) 

mudt widt·r hollow !'ylindl'r, tlw wall of which may bc imagincd 
to n·n·dl' to intinity in thl' limiting ca-.t•. ln thi~ ca~e tlw glow bcars 
tlw (•nphonious nantc of corona, and has lJCl'll inll'll'-in:ly st udicd 
bccausc it wastl'S thc power tran,;mitted m·cr high-tcn~ion lincs. 

tt I am indcl.tt·d to l'rof,.,,,,or j. Zdt·n~ for pl.alcs from \\hich thc"c figurcs wcrc 
madc. 
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I lftcn thl·rt• is ,\ huuinon..; crlindric.d ,.,lwath l'IH".l..;in~ thc wire, and 
from tlw hound.n~· of thl' ,.,hl'.lth outw.ml,.; to thc outcr cylinder thc 
g.1..; is d.1rk. I t is cu,..tolll.lfY to assllllll' th.1t tlll' d.1rk rc~ion, like the 
othn d.1rk ,.,p.1n·s Wl' h.l\'t' l'tlll,.,idt·n·d. j,.; tran·r,.,t·d hy a processinn of 
ions of nl\l' ,.,jgn, po,.,itin· or m·g.1tin· ;1s thl· Gl,.,l' 111.1y hc, mo\'in~ at a 
,.;pl'cd proportion.d to tlll' tidd and contrnlll·d l•y thcir own spac"­
ch.!rgc a1Tording to th1• l'lJII.Ition in cylindril-al coordinatc,.; n>rrt·­
sponding to ~ 17); and thl' l'Xpcrinll'nts support thi,., assumption tu a 
n·rt.1in l''(ll'lll. 

I 11\lbl u~L' my l.1sl paragr;q>h to N.lsl' thc imprcssion-inc\'itably 
to l11..· gin·n hy an an:ount sD ,.,hort as thi,.;, in which the understand 
phl'llllllll'll.l must hc strc,;"l'd and the mysterious ones passcd O\'cr­
th,lt tlll' llow uf clcctricity through gascs i~ to bP sct down in minds 
and bnoks '~" a pcrfcctcd sciencc, oq~anizcd, interprctcd ant.l fin­
i,.,hnl. (.,luitc thc mntr.uy! there arc a,; many obscure and mysterious 
things in thi,; lieh! Df physics as tlwrc arc in any othcr which has bcen 
l'"plorcd with a,; much diligence. lts rcmarkable feature is not that 
most or many of thc phcnomcn.1 in it ha\·c Ileen perfectly cxplained; 
hut rather, th.1t for thosc few which ha\'e bcen explained, the ex­
pl.lll.llion,; arc \'Cry ,;implc and cle~ant; thcy are based on a few funt.la­
nll'nt.d as,.,umptions al>ont atom,; and clcctrons which arenot difficult 
tu adopt, for they are not merl'ly plausible hut actually demonstrable. 
l'crh.1ps as time ~ocs on all the phcnomena will be explained from 
thcsc samc a,..,.;umptions. Thcrc will be cxperimenters who modify 
thc apparatu,; and the circumstanccs of past cxperiments so that all 
of thc a\·oid.1hlc complications arc avoidcd and the phenomena are 
,.,impliticd into lucid illustrations of the fundamental principles; ant.l 
thcre will bc thcori"'ts, who take the complicated phenomena as thcy 
arc dcli,·crcd o\·cr to us, and extcnd the power of mathematical analy­
sis until it ovcrcomcs them. Thcy may find it neccssary to make other 
and further assumptions, beyond those we ha,·e introduced; at present 
it is commonly feit that ours may be sufficicnt. \\'hether posterity will 
agrec with us in this, must be left for posterity to decide. 



Carrier Telephony on High Voltage 
Power Lines 
By W. V. WOLFE 

I:"TROill"CTIO:'\ 

T H 1·: tl:-iL' of power from hydro·clcctric gcncrating .. tatinns aml 
n·ntral stcam plant:; has incrca,.,cd until ~inglc companics Sl'n·c 

a tl'rrit ory of many thousands of !'-<JIIare miles and thc problem of 
coordinating- thc distrillllting n·ntu·s with thc generating ,.,ta tions 
has ,.,tcadily increa,.,ed in complcxity. 

One of thc l'Ssentials of this coordination i.- oh\·inusly an adeqna te 
~ystl'll1 of communication and until the recent adn·nt of high frcque ncy 
tel('phony, thi~ scr\'icc was securcd on·r pri,·ately o\\·ned te lephone 
lim·:; an<.l nn·r lincs of pnblic :;en·in· telcphone companies. 

Tlll' adn·nt of the power lim· rarricr telephonc sy,.;tL·m now olTcrs a 
highly n·liaiJie and ,.,;tlisfactory mcans of communicatinn in conrwction 
wit h tlw opcration of pmH·r systcms. This l'lJUipnwnt has l>een 
dl·signed to cmploy tlw JlO\\L'r conductors as thc transmis,.;ion nwdium 
arul to prm·ide service as rl'lial>lc as the power lines tlwm:-;cln·s with 
a low initial cost, a :-;mall maintcnance chargc, incrca~ed ~afl'ty for 
tlll' upt·rating persnnnel and tran,.,mission comparahll' in qual ity 
and f rel•dom f rom noise wi t h t hat obtained on high grade commcrcial 
toll cirnrits. 

I'REJ.J \II :-.: .\ RY PRoBLnts 

In protTt·ding with the den·lopmcnt of the \\'e:o;tcrn Electric Power 
l.im· Carrier Tl'lcphone '-'y:-tem thn·c major prohlems were cncount­
cn·d. lt was lir,.;t lllTl'""ary to lcarn from til'ld te,.;ts and do:oiL' contact 
with power companie,.; tht• charaetL·ristics of pmn·r lines and asso· 
ciatt·d apparatu,., ;tt high frequcncies and the operating requirements 
for ,.,twlr ;t tell'phorw ~~·,.,tem; '-l'l'ond, it wa~ llL'l'L'~'-ary to den~lop a 
s.tfe anti et't'wil'nt llll'thotl for nnrpling thc t'arrier apparatus to the 
power t'onductor:- and third, to Sl'lect anti tlen·lop circuit,; aml equip­
nrt·Jtt ,.,uitetl to thi~ ,.;en·ice. 

Tllt' ~upniority (of tlll' full·ml'l;tllic oH·r tlw ground returu high 
fn·qtJt·ncy cirnrit \\,t'i l'a,.,ily t·st.tl•fi,.hed I·~· comp.tratin· measure­
lllt'lfb of attt·nuatiou, noi,.,t· .111d ·interferl'nn·. anti tlwrdore the experi ­
lllt ' llt.tl \\ork \\ ,ts l.trgl'l~ · conlined to the former circuit. 

132 
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"'inn· tht• nH·a"un·nH·nt 11! thl' ,lltl'llll.llion of .1 circuit ordinarily 
r!'quin·.., th.ll thl' circuit l>t' tl'nnin.ltt·d iu it~ "~~~'!.:!' inqwd.uHT 1 to 
.t\·oid rl'lkction l'll'c!'h, tlll' lir"t ..,ll'(l in detcrminin).! tlw att•·nu.Ltion 
of tlll' powl'r lint• \\ "" to llll".L,..lll'!' it,.. ,..urgt· inqwd.LIH'l'. .\ftt·r con· 
-.idning 'l'\l'r.d Lnl'lhPd-. for llll',L"ILI'illg thi~ irnpl'd;llln·, a ""h,..titntiolt 

.... · 
Vl 

~ ... ·o 

.... z 
< 
Cl ... · ~ 

J••O' 

Fig. I Open Circuit 1.7..) and Shorl Circuit (7.,) lmpcd.lllce a• :\lc<~,..un·d at 
Carrier Frcqucncic~ on a I to,lliJO \'olt l'owcr Linc t 2 .\I iles Long 

metlwd \\.l~ adoptl'd hl'cau,..c of ib ,..implicity and thc rapidity with 
which llll'a,..urcnwnts could hc ma•lt·. This mcthod dl'pcncb upon thc 
fact that the app.trl·nt or mea~url'd impl'dann: of a uniform linc 
tl'rminated in it~ ~urgl' impedancc is equal to that surgl' intpcdanrl' 
.tnd it ,·on,_i,..t;; in tl'rminating tlw linc in a known re"i,..t;111ec and 
dl'termining thl' ,·,due of current supplied to thc linc by an o;;rillator 

'Surge or dl.oracrcri~tic impedancc lila\' be •kfincd as thc llll".t>'Urcd impcdance of 
a uniform lint· of inlinirc length or in 1 he eil><' of a finite line it may hc cxpn·sscd 
m.othcnt;Jtit·ally as 7. \ zo(lt'n /' z.hnr< -

circuaterl 4..:1r4.:uic~d 
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anti thcn ~~~b~tituting for tlw line a n••n-inductin' re:-i~tancc until 
the samc Yaluc of currcnt i~ drawn from the osci llator . In cmploying 
this mcthod for detcrminin g thc ~urgc impedance it was assumcd that 
the oscillator output was constant, a nti that thc phase angle of the 
surge impetlancc was small. 

A study of thc curn·s on Fig. I shows that the apparcnt impctlancc 
of the line will changt• with thc impctlance in which the line is termi­
natcd in tliiTcn·nt ways, dcpL"nding upon thc frequcncy uscd. (1) I f 

MEASURED IMPEDANCE -OHMS 
zoo JOO 400 1>00 700 800 900 

Fi~:. l~raphical Solution uf Suhstitution :\lctho<l for Octcr mining thc Surgc 
lmi>t'd.l!lcc of a Power l.inc 

a frL"quency mid-way IJL·!Wl'l'll the quarter wan~ kngths 2 is usetl, 
tlw open circuit and :-hnrt-circuit im pcdanccs arc thc samc. (2) l f 
a fn·qtwncy cot-r•·~pondin)!; to an l'\'l'll quarter wa\"c lcngth is uscd, 
an incn·a:-e in tlw tt·rminating- impt'dance will produce an incrcase 
in thc apparent imJll'dawe of thc linc. (:~) I f a frcquency corre­
~pondin~ to an odd quartcr w .• n· l1·n~th i~ u~ed, an incrcasc in the 
lt·nnin,llin~ inqwdann· will pr.odure a decn·a~c in thc a pparent impctl-

J \\'hen<'n·r tlw 1<-n~:th o{ tlw linc hf'c·nmes <'qtt.ll to, or ~omc multiple of, onc 
qu.1rll'f of tlw lt-n~o:th oltlw c·lt·.-tric W,l\t' o{ thc •·orrl'~I>On<lin~ {rcqucncy, it is rcfcrrcd 
tu as a qu.1rtc·r \\,1\·e ll·n~:th lrl'qttcncy, or, !ur shurt, a quarll:r wa\'c lcngth. 
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.lllt"l' ol tlll' lim·. Ii tlll' .lpp.tn·nt inlpl·d.uwc· of tlw lilll· is pltolll'd 

.1~.1in-.t l he tt-nnin.ll ing inlpl·tl.Jnn·, in (I) tlll' c·urn· will I •c hnri­
zont.d; in i:.!l the l'llf\l' will h.t\l' a po::-iti\l' sl11pe o~ppro.1ching ·Li' 
.11111 in (:0 tlll' rmn· \\ ill h.1n· a m·g.1tin· slt~pl' of approximatl'ly 
l.i 0

• E.u·h 11f tlll'~l' cnn ,.~will intl'fSl'l'l a l.i line drawn throngh the 
origin .tt .1 point \\ ln·re the ll·rmin.d i111pedann• i-. equal lo thc snrg1 
i111pl·d.1nn· of the line. This inters,·c·tion can he determim·d with the 

.. s ... 

fO::EQU[NCV IN QUARTEl<' WAVE L[NC,Tfl5 1-1168 
~ " 1l eo e.d 

Fi,.; .. ~ Frerplelll'Y vs .. \ttenuation and Frequcncy ,.,, Sur~c lmpcrlancc'as \lcasurcu 
on 1 hc Tallul.1h Falls-Caines\·ille liU,UOU \'olt Power Line 

greate:-t ea,;e and arcuracy when the cun·e crosses the -!;) 0 line at 
right angle,; m under condition (:3), that is, when the determination 
i,; madc at a irequcncy corresponding to an odd qnarter wa\·c lcn gth. 
To dl'terminc thc surge impedance at 'a gi\·en frequency all that was 
IH'IT~,;.try wa,; tu terminale thc line at thc di,;tant end in an impedancc 
which it wa,; anticipated would hc just l•l'low the surge impedancc 
and llll'a,;urc by thc suh,;titntion metlwd the apparenl impedance 
of the line, and then to terminate the line at the cli,;tanl end in an 
impcdatwe which would just cxcced thc surge impeclance and deter­
mine thc corre,;ponding apparcnt impcdance. The intersection of 
a straight linc through thesc points with the 1;)

0 linc determined thc 
corrcct terminating impedancc. ln Fig. 2 is shown a dcterminaticm 
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of t hc characteri:;tic impedancc of thc T a llulah Falls-Gaincsvillc 
li ne of thc Gcorgia Railway and Power Company at thrcc d ifferent 
frequencics. 

Thc attenuation of the line was tlwn nwasured lly tcrminating it 
in its charactcristic impcdancc an<l measuring thc current in t u thc 
li nc ancl current out of thc linc.3 Thc re:;ults of thc attcnua tion 
nwasu remcnts malle on thl' Tallulah Falls-Gaincs\·illc linc a rc shown 
on F ig. :3. T hc irregubritie-; in thc attl'nuation shown by t hc lowcr 

l'tlJJ' 

zrwo• 

JZ,uo' 

M'IO' 

IMPfOA. f"'IC E CHAFlACTfRISTICS OF A TYPJCAL 
60:.00' IIOOOOVOLT TRANSFORMER BAN~ 

AT CARRIER FREO.U ENCIES 

CURVf ÄMADE v.IITH LOW POTf: N TIAL S!l)( OPE N 
CURV[ S'MADE WlrH LOW POTENTIA L 510f 5 HORTCP 

JO '" 70 
OUQufHCY ~ILOCl'C'L..fS 

Fi~o:. -1 lmJlt·dancc l'h,,r;KI<·ri~lic,; al Carri<·r F rcqucncics of a Typical 6600:1 10000 
\'oh Tr.lll.,former B.111k 

nrrn· are probably cau .. l'd hy the error in assuming that the phasc 
angle uf thl' surg<· impl'dance wa-; -;mall and that the surge impedancc 
was a ,..traight linc furwtion ,,f frl'qlll'ncy. From tht•se a nd o t her 
d.ata it .wa-; t·\·idl'nt that for fn·qul·ncil'" as high as J:,o K .C . t hc 
alll'llllation is not 1''\('('""iH·. 

llrt ;IJ Fru:<_,r·r-;-.;,·y <'11.\R.\< Tt-:Rr...ncs nF l'nwER TR.\:-:-;Fo R~tERs 

ln onkr to d•·t,·nnilll' the e!Tect of pnwl'r trarbformers o n tlw usc 
of tlw pmn·r lirlt' "" a tr;rn,.,nli,.,sion medium for high frequcney currents , 

• .\JIC'nu;11ion e~pn·,.,e<l in lr.lll,mi .... ion units is equ.&l lo 20 log10 0_ whcrc / 1 is 
1: 

the rurr•·nl inlo tlw network .1111! I, is tlw currcnt reccivcd from the nclwork a nd 
nw.l'un·cl in a ··ircuil who~•· impL~I.llln· cnrn·'l"mcls to lhc char.tdcrislic impcda ncc 
oltlu· nd11ork. 
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tlw impt~l.uwt • of typic.tl tr.ubformer l•.mks w.ts llll',l"lln·d. ln 

Fig. ·I is """'' 11 tlw impt·d.tnn• n ·r,..us freqti!'IHT ch.rr.wll·ri--ti•· of a 
thn·t• ph.bt', 1111.0110 titiOtl \' ., 1:?,01111 K.\' .. \. tr.m-.former l•.utk •·on­
llt"Ctt·d ",..tar" on tht· high :-idt· witlt tht· tll'lltr.rl ground('d .utd "•klt.t" 
on tht· low sidc. .\s shmn1 hy the di.q.;:r.un, thest· nw.t,..lll'l'llll'llh 
\\!'1'1' made ht'I\H'l'll ph.tst•:- on the high :-ide with tlw low sidt• opcl« 
circuiH·d and :-;hort circuited. Thc coincidenee of I hl',..l' curn·s for 
freqlfl•ncic,; aiH•n• .ill 1\: .C. indicates that al tht•:-e frt·qut·ncie.., tlw 
dominant ch.tracteri:-<tic is tht• di,..trihntl'd eapacity of tlw high winding 
;llld the imped.lllCl' is prohahly unalTt·ctl'd ln· changt·s on tht· low 
potenti.d side of the transformer. Hein\\· .ill K.l'., hnWl'\ 't•r, tlw 
impt·datll'l' changes rapidly hoth with frequency and with tiH' low 
potenti.d tl'rmination . 

. \ ,..twlr of Fig,... :~ and I ;rnd othcr data :-hows th.tt thc dt"sir.thlc 
ircquency range in which to op('ratc a power lir11· carril'r telephonc 
circuit i,.. that from .iO K .C. to t:lll K.C. l n this rangt• tlw attcnua­
timt j,; not l'~n·,..,..in•, it i:- n·ry JittJ(' aß'l'Ctl'd hy the a:-sociatcd power 
apparatus, and it i,.. ind('pt·mknt of thc condition,.. on thl' low potential 
power circnih. Tht· cun't' ,..howu in Fig. 3 indicates that, contrary to 
thc common bt:lid, thc attenuation in thi,; rangc i,; a relatin·ly smooth 
functi011 of frequ('ncy. This nmcJu,..ion i,.. supporteil hy the fanthat 
in the \',triou,.. in!<tallations of pmn·r line earrier telcphonc equip­
mcnt which han· hel'll madc ,..inee tht· attenuatiun mca!<Urt'lllt'llt,; nn 
Fig. :3 wcrc obtained. no power hnes han· been cncountered wlll'rc the 
attenuation wa,.. a critical function of fr('quency. 1\ nother important 
.trgument for the ::-.election of thi,; frequency range lit·s in the fact tllat 
it is Wl'll abon· the rangc t·mployed for multiplex telcphony on com­
llll'rrial telephone systcms and thl·rdorc prcdudes any interferencc 
with ::-.uch sy::-.tems. 

l'mhahly tlw mo,..t diftinrlt prol>lem to soln· wa,.; that of prm·iding 
a sati,..factory nwthod for conm·ctinJ.?: the carrier l'quipmcnt to the 
power line. The use of power tran!<formers has not IJl'en found prac­
ticable for if frequencies low enough to hc cfliciently tr;m"formed wcrc 
cmployed, thc attenuation of the circuit mndd he a function of the 
conditions in thl' distrihuting network and a changt· in the numher or 
arrangcment of transformer" would n·,-ult in an appreciablc change 
in tht· attenuation. Such a nll'thod of coupling 111 thc power linc 
\\ould aJ,..o han: the ohjcction that commllllication would not hc 
po,..:-ihle wlll'n the power tran,..formers \\'l'rt' disconnt·l'll'd from tlw linl'. 
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Since it did not scem practicahle to dcn~lop a carricr frcqucncy 
transfornwr suitahlc for conm·cting ],dwccn pha,.;cs of a high Yoltage 
power line it was uecitkd to couple tn the power line by means of 
capacity. Two gener.d types of condcn:-.er~ arc possihlc, first, a con­
ccntratt·d cap;tcity conden,.,er and ,.;ccond, a distrihutcd capacity 
condenscr. ;\ conn·ntrall'd Capacity condenser ~uitahk for dircct 
conncction to a high \'ohagl' power line was not available, hut its 
dt·vclopmcnt has IIL'l'll sucn·,.,~fully undcrtakcn by thc Ohio Bras~ Co. 

FR'EOUENCY IN KILOCYCLES 
~ ~ ~ m ~ ~ ~ ~ 

foig. 5 \'ohagc .\rnplifi.-atiun Char.wlcri~tic of lli~h Frcqucncy Transformer 

Tlll' di~tributcd capacity was ohtaincd hy suspcnding a wirc paralle I 
to thc power conductor and cmploying this wire as ollt' plate of tlw · 
condenscr and thc conrluctor as thc othcr platc. Bothof thcsc meth­
ods of connccting to th~: power linc havc hccn ucn·loped and arc 
descril,ed latcr . 

. \lthnugh tlw ''carrier ~uppn·,.,:-.ed" ~ystl'm h;ts many ath·a11ta;::cs 
on·r the "<"arrit·r tran,..lllittt·d" system, the difticulty of ,.;ecu ring liltcrs 
suital,le for :-.tlppre:-.~ing thc unwanterl pruducts of thc modulation 
prt·n·nted tlw li"L' of tlw t·arril'f suppn·,.,snl systt·m. 

'-'<·,·r·ral genr·ral characll'rist ics of t Iw f'lectrical and mecha11ica I 
de,.,ign of thio; c.trricr t·quipnwnt an· worthy of notc. The \·arious 
stagr·~ of vantum tul1e" in hoth tlw tr,111smitting and ren·i,·ing cir­
cu i ts are couph·rl I •y t ra n,.,fornwrs. These t ran,;fornwrs are closl'd 
ir.,n core coil~ ll"ing t Iw ~tanrl.tnl corl' t•mploycrl for andio-frl'qncnry 
t ransfornll'rs. Fig .. -, shows l he ch.trat·teri .. t ic of om· of t he,;c t rans­
fornll'r~. <lllrl it is ,.,·irknt frnm thi~ ligurc that tlw variation in am­
plilir·ation from :,o 1\: .( ·. to 1:,o 1-.:.C. is only a fral'tion of a trans­
mi~~ion unit. 



C.I/Wll:k Tf.l.f./'1/0.\T 0.\' !f/(;1/ I"CI/./.IG/: 1.1.\"J:S 151} 

. \lthou~h the fn·qucncic·, nnplcl\ 1"11 lty thi..; t·qttipnu·nt .tn· f.&irl~· 

hi~h. it ""·'" pr.tcticahlc- to mount .dl of thc· .IJ'Jl·lr.Jtll..; on ,..t,,ndanl 
-an·l n·l.l\ r.wk pl.ttc·-.. ln orclc-r to minimitt' tlw m.tintc·n.utn·on thi-.; 
eqnipmc·nt 1111 "l'" h.tttc·ril',.. h.J\t' \Jc·c·n l'lllployc·d. tlw grid pott·ntial,.. 

Fig. 6 -Front \'icw of Transmitter Panel with Co,·er Rcmo\'cd from Tuning 
Conclcnscrs 

h~·in~. ol~taim·d from fil.Jmcnt drop, " B" hattPry drop and a com­
lt~natu•n ,,f the,..e two. 
'~· Thc t;an,..mitting unit ,..hown in 1· it.:"· ti and I j,.. di,·idcd into two 
part-., tlw tran-.mitting l'irntit propc·r .111cl the pmn·r amplificr. Thc 
tirst is ,1 circuit compri,..ing a lUl-U tuiJL' functioning as a II.Htlcy 
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osci llator \\'ith indnctin· f1·l'd-hack, a 2:2:3-.\ tul•c opl'rat ing- as a 
:o.Jll'l'Cb amplitil'r nr moclulator and a 22:3-.\ tulw opl'rating as a high 
freqlll'llCY ;unplilil'r. The platl' or con sl ant l'lltTL'Ill' systC'm of modu­
btion is l'lllployC'd hut dill1·r,.; sontl'\\·hat from tlw u,..ual practin.> in 

I· ,{ i -Rc.1r \'u:w 111 Tr.1nsmillcr l'.mcl wilh Co\'cr Rcmo\·cd 

th;ll thl' outpul of tlll' high ftl'<(lll'lll'Y amplili l'r j,.; modubtcd rathl'r 
th.1n tlw ontpnt of th1· o-.cilbtor it,..l'lf. Thi,.; schn.w \\'as found to 
dl'li\'l·r mon· llllulnl.ttl'd po\\('r th.tn tlw u,..u;d arrangl'mcnt sinn· it 
i-. not limil\·d to tlll' :-.allll' 1':\ll'llt l•y tlw on·rhtding- of thc high fre­
lfllt:lll'~ .1111plit"wr. Thi-.cirntit h.b a )HI\\t'r outpul of one watt, whid1 
h,,.; pron·d to I w <llllplt· for nonna I opna I ion of t hc carr icr sysll'lll. 
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ro pro\ irk fur ll)l\'r,ltion of tlll' sysll'lll wlll ' ll tlw .rtll'lllt.rtion 1111 tlll' 
po\\t'r lim· h.t" ht·t·n m,ttt·riall~ inrn·a,;t·d hy lirw f.111lt c~>rHiiti1111' .r 
powl'r .unplilit·r j" pro\·idl'd. Thi,; ,nnplilit·r l'lllploy,.. .1 .ill \\ .tt t t ulll' 
t:?ll-.\ l .11td j,; pl.ll'l'd in tlw l'ircuit l1y a !<impll' !"\\ itchin~ opt·ration. 
\\'hl'n thi,; .tmplilier is oper.ttl'd, tlw output of tlw tran"mittill~ circuit 
i..; impn·:-sl'd trpon thc grid of tlw ;j() \\,ltt tuht• and amplilied to a p­
pro\im.tH·Iy lifty time:- its norm.d JHl\\Tr o11tput. 

ln tlw pn·,..ent typt• of carrin sy,..tt·m duple'l: or two way oper.rtion 
j.., ,..t·t·ured hy the 11:-l' nf two dill'l'rent carrier fn·qtwncit·", ont· fnr 
tr.msmi,;sion in t';tch direction. .\ ,; will J,t. pointl'd 1111t btt·r in tlw 

Fig. 8- Rcar \'icw of Rccci,·cr Panel 

section on signaling tlw lowl'r freq11ency i,; alway,; assigncd to tlw 
calling ~tation. The transmitting circ11it must thcrefore operatt• at 
two ditTerent frcqllencie~. Thi ,; changc i,; accompli,;Jwd hy the auto­
matic opt:ration of the rday shown in Fig. Ii. The operat ion of thi,; 
reby changes the Capacity in thc o,;rillating circ11it, then·hy changi ng 
it,; frl·qucncy. The ,·alttl'" of thc two frequencic,; at which thc tran,;­
mitting circuit operate,; an· dl'tl·rmined hy the ,·ariahlt• condcn,;er,; 
Fl and F:?, Fig. Ii, and certain fixcd Cllllrkn,;cr,; which an· nmnected 
in parallel with the \·ariablt· condt·n,;t·rs. 

Thc recei,·ing unit shown in Fig. S is t•xtremcly ,;impfe. l t j,_ not 
tuncd and the only control i,.; the libmt·nt rlll'ostat. l t con,..j,.,t,; of 
t hrcc 10 1-D ,·aclllllll tu hes opl'ra t ing rcsptTti,·ely a,; a carr il'r freqnency 
amplilicr, a ncgati,·c grid potential detector and an aud io frl·quency 
ampliticr. 

Two way Operation is Sl'Cllrl'd hy operatiug thc tran,;mitting and 
rccci\'ing circllits at diiTercnt freqneneie,; an<l ,;ep.lrating them hy 
means of filtcr,;. fn thc :;;inglt: channel ,;y,;tl'ms this ~l·paration i,; 
st·eured by .1 high p.t~s tiltcr anti a low pa,;..; lilter although in the mul-
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tiplc channcl sys tcm band pass liltl·rs will be l'lll ploycd . Fig. 0 shows 
a ttcnua tion YCrsus frcqucncy charartcristics of thc hig h a nd low pass 
filtc r combination. A study of thcsc cun-e~ shows that thc Irans­
mission loss o r attcnuation in thc high )Xtss liltcr to frcqw: ncies trans­
mitt cd by t hc low pass liltcr is nc,·cr less than 00 T .LT ., whieh corrc-

I 

V 

Fi~. 9 T ransmission Characll'risl ic of I I i~h P.1ss and Low Pass Fil te rs 

ponds \11 a curn·nt ratio uf approximatdy 30 ,000 o r a power ra ti o 
of approximatcly !I x 10', and thc atll'llllation in thc low pass lilter 
to tlw frcqul·ncics tran~mittcd hy thc high pa~s ti lt cr is a lso cqual to 
11r gn·akr than !10 T . l ·. 

T hc charackri,;tics of thcsl' liltcr,; an· rcmarka hle wh cn it is con­
sidcrcd that tlll' frcqul·ncy rangl' in w hich tlll'y opera tc j,.; highcr 
than that cmploycd for multipll·x ctrril·r tclcphonc ,;y,; tcms, thc 
attcnnation !'l'l'llred is higlwr than that ordinarily rcquircd for such 
~y~ll'llls, and a pow1·r of .-,o watts ha,; to l11' tr,IJl,.;mitt l·d thro ug-h thl'lll 
therchy introdtwing ~twci;tl proJ,~t-m~ in tlw d1·~ i g n of thc coils and 
cond,·n~l·r~. Figs. 10 ;md II an· front and ],ack ,·icws o f une of tlw,;c 
tiltt·r~. 

( hw of tlw llllllSll;d fl·atttrt·s in tlll' n-.l·of tlll'~l' liltcrs is tlll' fact that 
tlll' po~ition of thc liltl'rs in thc cireuit is changcd fro m time to time 
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hy the opn.1tion of thc rd.1y ~hown on Fig-. II, th.1t i-. to s.1y, wlwn 
thc transmitting circuit is opt·r.ltin~ .11 .1 frl'qlll'IH'Y lo\\Tr th.111 ~() 1\:.C. 
the lt)w P·'"" tiltn is l'Oillll'Cll'd to it .1nd wlwn tlw tr.11h111ittin~ t"irl'llit 
j,.; ~>Jll'r,lting .1t .1 frcqtwncy highn th.tn 100 1\:.( ·. thc high p.t;.,.; tilter 
mu~t Iw cnnnertl'd to it. 

~ll.:\ .\1.1:\(; ::-:,\SII-.\1 

Si~n.ding nr ringing i,.; ~wt·omplislll'd at the tral!'>lllttllltg l'lld 1.,. 
ch.ut~ing tlw fn·quL·ncy oi tlw o~cill.ttnr front a in·qtll'IH'Y lwlo,, SO 1\: .( :. 

to .t fn·qllt'lll'Y alu>\'L' 100 K.C. without t·hanging the liltt: r,.;. Thi-. i-. 

Figo. 10---Front \'iew of Low Pa~• Filter with Cover Remowd 

Fi~. II -Rear \'iew of l.ow Pass Filter with Cover Removed 

an:ompli~hed hy operating and relcasing the relay in the oscilbtor 
circuit. ~ince the tilter conncctcd tn the transmitting circuit will 
p,1,:;,.; only one of thc,.;c fre(jttcncies, ptdses of the carrier fn::-(jttency arc 
,.;t·nt out on .thc line. .-\t the ren·i,·ing end tlwse pulses arc ampli­
ticd and rectiticd anti the changc- in the space currcnt of the detl'ctor 
nper.1tcs a marginal relay. The numher and arrangt·mcnt of thc;.e 
pul"l'S i,; cnntrollc-d hy a ,..pring-operatt·d sclector key of the type com­
monly employerl for telephone di,;patching on railroad lines. .-\t the 
recei,·ing end these pul,;cs opl'ratc a train dispatehing selector relay 
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(~ee Fig. 12) which rc~ponds to I 'j impul,.;c,.,. Thi,.; ~elector relay will 
rcspond to only two arrangt•nwnh of thest• li pulses. The fir»t 
arrangC'ment is 17 con:--ecuti\·e pui,..L·s in which ra,.;e thcse ptdse,.; must 
follow onc another a t t hc corn·ct :--pl'ed and rnust l>e of t he cor rcct 
duration. This makes it po:--,..il>le tu ring all station,.; at thc samet ime 
as may be desirahle in is,..uing g('neral orders. The sclector n·lay 
will also rcspond to Ii pulses broken up into three ~roups in whieh 
case tht• ('orrcct munhcr of pui"'L'S nwst occur in cach group and t he 
total of thc three groups mu:--t he l'i. Thi,.; make~ it po,..:--il>le to 

Fig. 12 lü·ar \'iew of Si~o:naling and Low Frl'CJlll'ncy Panel Showin~ the Signalin~ 
.\pparatus 

s1:lect oiH.' station from a group of morc than ;)I) ,.;tations without dis­
turhing the others. ln addition to thcsc de,.;irahle characteri,.;tics a 
single selector relay will pro\·idL• selecti\·c ringing on four low fre­
quency e;o..tension,.; from thc c1rrier terminal. 

The carrier (•quipmcnt may he Operated with complcte eontro l and 
talking facilities from either a tcll'phonc locatcd at thc carricr terminal 
or a telq>hone sOilll' dist;Jnn· from thc carricr terminal but connccted 
to it hy a phy~iral telephone circuit. In any eYcnt the control is 
automatic, tiH' tr;1nsmit ting circuit operating nnly whcn the recei,·er 
is off tlw switchhook, whilt· t he reeei\·ing circuit opcratcs conti nullusly 

I )e,..ignating the l'arrier frequem·y which i,.; hl'low ~0 I.;: .c. as F1 

and tlll' carrier frcqucncy which is aiH>\·c 100 K .C. as F 2 , thc o pcra­
tion of a carrier system <'ompri,..ing threc carril'r tcrminals dcsignatcd 
as A, U and C \\·ith a remote nllltrol ~tatinn dcsi~natcd as .·11 located 
at the Ioad di,.,patclwr's ollire and ,..eparatl·d frnm tlw carricr terminal 
l•y !-l'\"l'ral mill's of phy,.;ical tl'll'phniH' circuit is a,.; fnllow,.;. l ~ach of 
tiH'sl' ,..tation,.; may colllllllllliLltl' with any of the oUwr stations. 
t'ommunicatic>ll lll't\\"t'L'Il .1, Band Cis carril'd on m·L·r carrier cir­
euit,..; communic;ltion lll't\\t't'll .I and .·1 1 i,.; c.1rried on mTr thl' physical 
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circuit \\hill' conllllllllic.ation l•t·t\\\Tll .I,, U .1nol (' j,. c·,tr~·il'd 1111 o\c·r 
circnit.- \\ hid1 .an· comp•"'l'd ol .1 c·.1rrier c·ircnil .11ul .1 pll\ ,.,ic.d .-ir­
cuit opero~tin~ in tand\'111. \\'hl'll in thl' nonu.d or non-opl'r.lll'cl 
condition::;, each of tlw.-l' l".lrril·r tl'rmin.d,; i,; "l'l np to rl'n·in· .a ,.,ign.d 
on frl'Cilll'IH')' F., l•ut \\hl'll the n·cein·r is n·mo\Td irom tht• "''itch­
hook at ;ll\y ,.,t,Jtion to initi;tll' a call, tlw c;1rril'r ll·rmin;d corn·-

Fii:. 1.1 110 K\', Couplin~ Condcn,;t•rs l'~cd for Coupling Carrier Circuit 10 a 
110 K. \'. Power Line 

,.,pomling to that tl'il'phollt' i,; automatically ::;et up to transmit on 
frequency F1 and receiH· on frl·quency F~. \\ 'hcn the ringing key is 
opNatC'd, pul,.l·::; of frequl·ncy F 1 arl' ,.cnt out and n·rein·d at all of thc 
othl·r carrier terminal,;. ;\t tiH' ralled station thesC' pnl:-es operatc 
a :o;clcctor rday and ring tlw !ll'll, aud when the opl·rator rcmct\Ts 
)Jj,. nn·in·r from thc -.witl·h-hook to an,.,\\Tr tht: call, hi,;l·arrier terminal 
is ;nltomatic.llly -.et up to tr,111,.mit on frequcnry F~ aml rl'n·iYe 1111 
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fr\'qucncy Ft. Thi:, switching of tlll' tran:-;mitting and rl'C'Ctn ng cir­
euits from onc frcqucnn· to anntlwr j" Ill'Cl'!' .. J.n· wherc more th a n 
t wo :-;ta t io n :-; a re operatt·~l on t hc :o;.Jllll' :-;y"tcm <11;d i t i:-; desira hlc fo r 
e \l·ry s ta tion to l>c ahle to call C\Try othcr station withou t ro u t ing 
thc ca ll t hro ugh a ccntral pnint. 

lf sta tion .:l t is eonncctcd with !->tation .·1 b\· mcans of two o r morc 
pa irs of t clcplw nc wircs which arc not cxpos·~d to h igh \'oltagc power 

IS 

r R[QUCNCY IN t-. ILOCYCLCS 

0 10 lO lO 40 50 60 70 60 '0 100 110 IZO 1.30 140 150 160 110 

Fig. J.l-Transmission Characlcristic of Coupling Band l'ass Filter 

lincs, a ~imple l> .C. renwtc cnntrol eircu it may l>c cm p loycd . ll ow­
t'\Tr, if only two wircs an: a\·aila l>le or if t he tclephonc lines to hc uscd 
arc cxpuscd to high \"oltagc power lincs andmust thcrcforc bc cquippcd 
with insulating transformcrs and drainagc coil!', it is ncccssa ry t o 
cmploy a sunwwhat morc cmnplcx altcrnating cur rcn t c-o ntrol circuit. 
In this circuit thc l3;j cyclc intnruptcrs and rclays fa mili a r t o the 
tl·k·phone plant arc cmploycd. 

Thc voicc frcqlll'IIC)' eirn1its uscd in cnnncction wit h thi s carricr 
L·quipmcnt arc the standanl two wirc and four wirc circuit s uscd in 
commcrcial tl·l('phone practiccs. 

Cot·l'l.l:>;<; nv C<>:-o.:lll·::-.:sFRS .\:\1> II\' D lsTHIIIUTEI> C',\1' ,\ C ITY 

Fig. 1:~ !->ho\\·s two of thc 1~0 KX. coupling condl'nsc rs d e\ ·el upcd 
by thl' Ohio Br;tss Co. l·:;wh of thcsl' C'<>IHJcn"ers hcts a c-a pacit y of 
.oo;{ J.Af although simibr mnden~l'rs h;l\·ing a capacity of .OOi J.A f a rc 
abo ;1\·aibl>lt·. TIH"s(· <'<llld\'IISl'rs are appro:\imatl'ly 5 ft. in dia mc tc r 
and 12 ft. high on·r thc IHishing and wcigh about ~.OOU pounds. Thc 
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l'utHh-n-.er ch·ntt·nt i,., 111.11h- 111' oi .a l.trgc nnnllwr 11i !-llt.tll l'lltlllt•t!-.l'r~ 

in p.tr.llll'l, tlw ,,,.,,.,,.ntbly l•ein~ intnH•r,.,ed in tr.tn-.imtlll'l' uil. 
.\t pn·,.,,·nt tht·,_,. ,·ondt•n..,t·r,., .tn· t'lllplnn·d ·'" tlll' ..,,•rit•..; l'.lJlol' ity 

t'lcllll'lll 11f .1 !'-inglc ,.,,·ctiun, nllllltll'lll typt', l'.unplwll h.tnd p., ...... liltl'r 
,,,., :-hown J,y Fig. ~:!. thc ~encr.ll .ttll'llll.ttion ch.tr<H'II'ri,;t ic l1eing 
,.,Jtown J,y Fi~. 1.1. Thi,; Jjlt,·r i..; intendcd to tr.tnsmit el'lidently tlw 
,·arrit·r f;,·qu~·nril·,;, .tnJ to cxdude power frcqucnry currcnt,;. 

Fig. 15-Typical Layout ol Power Linc Carrier Telephone Sy~tcm, l'sing lli ~o:h 
\'ohagc Condenscrs for Coupling lo Power Linc 

In Fig. 15 is !'hown a typical byout of a conJenscr coupled power 
linc carricr tclcphone systcm. 

ln cmploying the distrihuted capacitytype of condenser for coupling 
to thc power line, two coupling wires (somt.:times incorrC'ctly cai!C'd 
antcnnac) are suspcnded paralll'i to t hc power conductor::; fur a dis­
tanre of approximately 1,000 ft. Fig. lfi ~hows the Ia,.,l tower sup­
porting- thc coupling- wir1·.., in an in-.t.dlation at . \nni,;ton .. \lal•atua. 
This is a twin circuit 110 K.\'. po\H'r line and in onkr to ;,,·eure 
coupling to both line,;, thc couplin~ '' irc:-. an· su,.,pcndcd midway 
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hetwccn thc top and hotiom pha,.,e,.; . Tlw (,.,, ,.;hown on thc lower 
in Fig. !Ii i,.; thc coupling- wirc tuning nnit ,.;ho\\·n in Fig. 1 i . Tlll' 
nn1pling wirc,.; arc tcrminatcd in thi,.; tuning unit. ln Fig. lS is 

I 
I 

I· i.:. 16 I li,l.lllt End uf Typic.d Conpling \\" irc Insta llation Showing Coupling 
\\'irc Tuning Unit 

~hown tlw ,.;chematic diagram of the wire e<>upling circuit and Fig. lD 
i llu~tral l' s thl· characll'r of thc· resonanl peaks ,.;ecurcd I>~ · t h is circuit. 
Tlw "eril"s indnclanl·c,., t, and tlw ll·rminating inductancc L 2 arc 
\·;n·ial• lc and hy a dju,.,ting them tlw points of rcsonancc m ay l>t> 



t'./1\Ril R I J-II:"/'1/U.\T 0.\ 1/Jc:/1 /'0/ 1./c:J II.\ I,. lto11 

-.hifl!'d to t·nrrt·•·t l•11· '.1ri.11 i~>IJ-. in tlll' , . .,11pling \\in· indnrl.llll'l' ;111d 
c.1p.1cit~ f.,r dill't·n·nc in-.l.dl.1tiun-.. Fig. :!II illn-.l r.lll'" " t~·pil'.d 

l".lrri.·r h·r111in.d in-.c.dl.11i"n 1'n1plo~ ing llll' win · t·onpling nll'lhod. 
Tlll' Pnl~ point in f.l\ .. r .,f clw "i re t·oupling a-.ro111p.1n·d \\ith tlw 

conden,;er cuupling i-. l hl' f.tl'l t hat fur P"" l'r lim·,.. uf Hlltagt·,., higlwr 

Fig. li-Coupling \\'irc Tuning t'nit 

chan :t{ K .\'. it i,; ,;omewhat cheapcr. On thc other hand condt·n,;er 
cuupling i-. much mon· eftieient, thcreby increa-.ing thc range and 
rl'liahility of the -.y-.tL'Ill. l t al,;o permit,; high quality tranm•i,;,;ion, 
tlw tran-.mi-.-.ion thmugh it i-. not ;dfectcd hy ,;mall \·ariation,; in 
frequl'ncy, and thc cumponent p;1rt,; arc of eon,;tant \'aluc determirwcl 
at the time nf manuf.1ctun· and require 110 adju,;tment at thc time 
of in,;tall.ltion. l n addition tu thc,;c ;111\-antagc,; thc in,;pcction and 
maintcnanrc of ehe rondl'n-.cr i-. ca-.icr than for ehe nnrpling wirc,;. 

PR• ITEI"Tl\'E :\I E.\"l'RE" 

In con-.idering thc prohlt·m of ,;afety to the operating pcr:-;onncl 
and thc l'quipmcnt from thc power linc \'oltagc, ehe normal in,.,ulation 
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~upplicd Gy thc high \·ohagc l'Ollllen,.;er wherc it is employl'cl or hy 
t hc air ~cparation wherc thc cuuplin~ wire~ .1rc e mployl·d, is dis­
reganlcd, sincc thi s in~ulatiun may f.til, thereby applying tiH' power 
linc Yoltagc tu thc linc terminal s of the coupling rircuit shown in 

COl>F'\ ,..,.c; rou,..\.>NC, ""110.'[ 
~ W110.'(5 TUNINC, U ... IT 

Fig. lS-Schematic of \\'ire Coupling Circuit 

Fig. 21. Thc rircuit shown in this figure is thc same both for con­
denscr and for wire cuupling inst.albtions. The first elemcnt uf 
protcction is thc hurn gap, which is mountcd outside of the l.JUilding 
and scn·cs to Iimit t.he voltage to ground which the drup wirc fuse, 

CA!i?I?I[R H:'EQUENCY IN KILO(YCLES 

Fi~. 19 Char.JCier of Rrson.ml l\,;1ks >l'CIIrl'd with \\'in· Couplin~ 

cons titutin g the ~econd l'lvment of prutection, will haYC tn break . 
This fusc consists of an c lt-mcnt insidc of a porn·lain tul w thc cnds 
of "hich arc closed IJy Iead caps. This fu,..c is ahot1l ;j inrh<'s long 
and 1 :! ind1 in dianll'tl·r and is ~llpported l•y the wire it~clf. \\' hen it 
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l.tik thl· .m.: l',.t,thli-.lwd \\ithin thc pon l.tin tllhl' t-.tll"l'-i tlw tnl•t• 
to l>n·.tk .utd Jlt'flllit~ the \\in·..; !11 f.tll .tp.trt. In pm\t'r linl' c.&rrivr 
tt·l,·plt .. m· pr.wt in· thi,. fn-.•· i,. ~" in ... t.tlkd th.tt .t dt·.tr dr"p "f .tt h·.t-.t 
:!II ft. j,. t~l•t.tincd. Tlll' third t·lvnll'nt "f prott·L·tion j,. tlw -.hunt coil 
\\ith the micl-point gwutHkd. In lll.llly rv~pt·cts thi,.; dt·ntt•nt i~ thc 

l 
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Fig. 20 Typit·al Layout ol I'O\H'r Line Carril'r Telt·phonc System l'sin~ \\"irc 
Coupling 

rno"t important one, sincc it prm·ides a low impedancc path to ground 
fur puwcr frequencies, thcrehy uraining off thc GO cydc potentials 
\\ ltich arc collcctt·d by citlwr thc cnnpling wires or 1hc conden;;t·r,.; 
in normal opcration. 

t\s will bc notcd from Fig. ~i thc linc seril's inductancc..; and this 
~bunt inductancc coil comprisc a ttnit (thc upper panl'l) which j,.; 

knuwn as thc filter coil unit. Thc coils on this unit arc insulatl'd 
for 20,000 \'Oih on thc lim• IL"rminals and arc constructed of nlgl'wisc 
wound coppcr rihbon largl' cnough tn carry lll'avy momcntary currl'nh 
without damagc. Thc fourth elemcnt of protl'ction is a fu:-ed :-witch 
and ,.;urgc arrc,.;tcr such a,.; j,.; comnwnly L·rnplnyed for thc protcction nf 
pri,·atc telephonc line,.; l'Xpo,.ed to prmt·r lines. Thi~ uc,·icc con,.;i~ts of 
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f u~es in ~eries with the line and fonning the blades of a switch. These 
fuse~ ha , ·c (Jecn fo und satisfactory for thc int.crruption nf Yolt ages as 
high as 2.\000. Follow ing this fu,..ed switch is .1 l ,tJ!lO \"olt b reakdown 
s tatic spark gap to ground and a .iO!l n1lt breakdown , ·acuum gap 

Fig. 21 Schcmatic of Protection Circuits 

across t he li nc. Following thcse there arc two series capaci ty element s 
which a re h igh \·oltage mic-a condenscrs. T hese comlcn scrs haYc a 
capaci ty of .001 f.l f. and a breakdown n1ltage in exce,.;s of i ,;i00. Finally , 
there is prm· idcd a rcpeat ing coil with the mid -point of the linc side 

------
CARICI[f'? FRCQUENCY IN 1\ILOCYCLC:S 

Fig. 22 Change in the .\ttenuation of the l l igh Frcqucncy Line Xecessary tu 
:\ laintain a Con~tancc \'oicl' Fr.-qu.-ncY L<>Yel with \"ariation in t he Frequency of 

the Carrier 

winding grounded and protectcd hy 5!10 \·olt ,·acu um gaps to ground . 
T his n·peating coil is also pro\'ided with a grounded shicld hctween 
thc windings and has a breakdown nJltagc from t he windin g to the 
shicld of 1,11011 \·olts. The opcration of this prntcct i,·e circui t has 
11('1'11 dl'motbtratl'cl sen·ral timcs in thc field !Jy conncct ing onc phase 
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of .1 110 K.\ ·. Jl~>\\cr lint• diret·th· to Dill' of tlll' lint· termin.ds of tht· 
prott·rtin· drcuit. ln t'\"l'ry ca,.;t• tlw l'in·uit h.t" opnatt·d satis­
f.wtoril~·. ln nn l'.t,..t' h.ts ;ut~· of tlw st.tnd.trd .lpp.tr.Ltll" hl'l'll dam­
·•gt·d nor h.1s t lwrc bt"en any e\·idt·nn· t h;Ll t hl· !'lt·nwn ts of protcct iort 
hcyond the thinl. th.tt i,.;, tlll' ,.;IIJint coil with tlll' mid-point ~rountkd. 
h.tn• hcen c.tllcd IIJI~>ll to fnnction. 

Fig. :!:! ,..ho\\,.; thc attl'llll.ttion {l'~prl•,..,.,t·d in lratbllli,.,,..ion units) nf 
tlll' high freqm·tH'Y line n·r,..u,.. tlw t'arrin frequt·twy of 1\: .( •. I t will 
he notcd that on-r thc rangt· front .i() K.C. to J.ill K.C. thc \·ari;ttion 

HIGH F'I?EQUENC'Y UNE (T.U.) 

" 
Fig. 23-\'.lri.ltion o[ 0\'(•rall (;ain with thc .\tl cnualion o[ the lligh Frequency Line 

in attenuation i,., lt·,.;,.; than .i T.l •. Thi,.; run·c w;ts made with a constant 
audio frl·qm·ncy input of :L:3.i mils and an output of :3.:3.i mil,.; from 
thc rarril'r rircuit,;, tlll' andin frequency being 1,000 cycles. Thc 
,·ariation of audio frl'qm·nry lcn·l with thl· atll'llllation of tlw high 
frcquency linl· j,.. ,..hown in Fig. :!:L Thc ob,.,en·ations gin·n in Fig. 2·1 
\\Tre madc on an artifil'ial tran,;missinn I im· in \\·hid1 tlll' linc consLtnts, 
and tlll'rdorc tlw attt·nu.ltion, nntld lll' n·adily ch;tnged without 
changing the carrier fn·qm·ncy. Tlw ,..hape of this curn· j,; a function 
of thc rccci,·ing circuit ,..ince the audio input, carricr frcquency and 
thc modulatcd outpul of tlll' tran,;mitting cireuit arc maintaincu 
constant. lt ,..hows that for audio frequctwy len·l,; lying lwtWl'l'n 
-111 and + 10 T.l· . thl' equi,·.tlcnt j,., apprm:imatdy .t straight linc 
funnion of the ;•ttt•nn.llion of the high frcqlll'lll'Y linc, and that 
thcrcfore thc rccei ,·ing cirrui t is not m"l'rloackd. 

Fig. 21 shows thc audio frequl·ncy Ioad rharactcri,..til'. Thi,; eur\·c 
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is principa lly a function uf thc Ioad charactcristic of thc mod ulator 
a nd it shows that for inputs grcater than 1 mil, t hc mod ulator is 
oYerloaded. In practicc the o\'crlnading of the nwdula tor is pre­
yentcd hy increasing thc an~ragc low frcqueiKY !im· (·qui , ·alent to an 
atten uation of 10 T .l ·. hy mcan.:; of a rcsistancc art ificia l linc. This 

•• z 
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0 ::J 
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Fi;:. 2-1 Transmill ing Cireuit Load Characl('ristic 

arrangcllll'llt is dcsirahlc in ordcr that thc balancing of thc low frc ­
qucncy hybrid coil may not !Je complicated when Opera ting o\·er Ycry 
short physical circuits. 

Thc cur\'c in Fig. 2;i is a singlc frcquency quality characteristic 
and shows that wherc thc mcthod cmplnycd for cnnnecting to the 

AUOLO FR'EOUENCY LN CYCLES 

Fi;:. 25 Singl<· Fn·qn<·nq· <Juality Characl!'ri~lic 

pown linl' will Jll'rmit, rl'markahly trlll' Yoice Iransmission may be 
~~·,·un·d. Tlll' \·ariation in thl' l'<JIIi\·all'nt on·r the range from 100 
l')'l'h·s lo ;\0011 e~·dl's is only ;)I:.! T.l · .. while thc \·a riatiun from 300 
eydl's to ;'i,flflO c~ ·dt's is onl~· 2 T. l 1 • Rdl'renn: to Fig. I !I will indi­
C.ltl', ho\\'L'\'cr, th.1t kss s,11 isbctory qu.dity char<tctcristics are ob-
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t.titll'd wlH'II tiH.' wire co•llpling- tlldhocl j.; l'lltployl·cl. l>t'(\1\l~t· of tlll' 
~h.trptw~:; uf rt•:;on.lllrc oi the roupling rircuit. 

,\1.\11.\\1.\ I\1\\'FR (0\11'.\:'\'Y 1 :-.;~T.\LL.\TIU:'\ 

Fig~. :.?Ii and :.?i' an.' photograph~ of thC' in~t;tll.ttion of pnwl·r line 
rilrril·r tt·h·phe~m• l'qnipnwnt at th(' .\nni"ton ~~~h~tation of tlw , \lal •;tm~· 

Fig. !6-Typic .. d l'ower Line Carrier Telephone Installation 
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l 'mn:r Company. Fig. :.W illu,.,tratcs thc ~imple charaetcr of the 
asscmLied units and frecdom from controls. ThC' right hand hay 
is de, ·oted to power control apparatu:- with space n•sent·d for tlw 
13.'i cycle rcmotL' control L'quipment \Yhen it is l'lllployl'cl. Tlw left 

Fig. 27 T ypical lnst.tllation of Coupling l'.ull·ls 

hand l>ay includes the transmittin~ and rerci,·ing cirruits, tlw· h igh 
and low pass carril·r f rcqm·ncy Ii I t<.'r>' and t Iw \·oice f requcncy a ncl 
D.C. control cin·uits. lkginning at tlw top of thi,; h;ty, thc · tirst 
panel, which is blank on frout, carrics tlw systcm terminal. h lock 
to which all wirin~ cxccpt thc power supply is ronllL'Cicd. Thc Sl'Cond 
pand is tlw high pass liltL·r; thc third pand is l>lank. The fourth 
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p.uwl is tht· lr.lll,..lllillin~ equipment, h"th low pcmer oltHI hil..!h ]lll\\l'r. 
TIH· lifth p.tnt·l is the ren·iYing drcuil: tlw si,th p.llll'l c·ont.tins tlw 
\ 11in· fn·qw·nc~ .tnd sil..!naling t•quipnwnt. Tlw "'''"'nl h p.llll'lnmt.titb 
L>.l'. nllltroll·quipmt·nt, and thl· b11t1ont p.11ll'l io.; the lll\\" p .. ,..,.. lilter. 
( ln tlll' wall to thl· right uf the earril·r panel .. ,..scnthly an· shown tlll' 
tihl·r eoilunit and tlll' liher and pr11h·c1or unit. Tht'"L' unit,; an· n111rt' 
dl•,Jrly shown in Fig. '!.i and di.tgr.tmm.tlic.dly in Fig. '21. Rl·turning to 
Fig. '!.Ii, tlll' desk st.md whidt tlw OJll'r.tlor is using is th.tl o~ssociatcd 
with the c.Jrrier l'<JIIipml·nt. \\hik thl· kl·~· lllllllllled on the tal,ll' im­
nwdi.udy to the ldt of the desk stand is tlll' sl'll·ctor kcy employcd for 
ringing. Fig. lti shows tlw C1111pling wirc installation at this station. 

Thc po,n•r linc earricr ll·ll·phonl' cquipml·nt which has bcen brielly 
deserilll'd in thc foregoing artidc is in suecessful operation today on 
scYcral powl·r systems in this l"llllntry. lt s reliahility, simplicity of 
operation and III.Jintl·nanee ha\'l' hl'Cil weil estahlished. 

Thc l.uge llllllll>cr of Yariahlt·s which are in,·oh·cd in linc failurc 
eunditions m,Jke it impossihll• to prediel what effeet thcsc cmergcney 
conditions may han· on the opcration of the carrier l'fjllipmcnt. 
Thc faet rl·mains, hmn·,·cr, that under many simulated and actual 
trouule conditions succcssful llJll'ration of the carrier l'fjllipmcnt has 
hl·en ohtained. 

\\"ith the ~rowing need of power companies for communication 
facilitics, it is prohahl~· only a question of a vcry short time bcforc 
multiple channcl carrier. systems will he in opcration on the largc 
power systems of this country. 



Abstracts of Bell System Technical P apers 
Not Appearing in the Bell System 

T echnical Journal 

Plwtomechanical n·m·e .rlnaly:er Applied to Inharmonic ..Inalysis. 1 

C. F. SACI.\. T his type of Fourier Analysis deals with wave-forms 
which are not strictly periodic, since they arc of finite duration and 
of ,·arying- cydic forms. llcncc in a finite frequcncy rangc thcy ha,·e 
an infinite IHiml,cr of infinitesimal components (shown hy the Fourier 
In tegral) as contrastcd with the finite numl,er of finite componcnts 
at regular inten·als (shown hy the Fourier Serics). 

This analyzcr utilizcs the continual rcpetition of the apcriodic 
wa,·c, deri,·ing therdrom a pcriodic wave, thc infinitesimal compo­
nents neutralizing cxccpt for frcquencies which are integral mul­
tiples of thc frequency of rcpctition; here thc componcnts build up 
to fmite magnitudes. The simple rclation bctwccn thcse componcnts 
is sccn from thc corresponding Fourier Integral and Scrics identities 
for the unrcpeatcu and repcatcd wa\"Cs rcspccti,·cly. B~· increasing 
the period of rcpctition a new sct of componcnts can !Je similarly 
derin·d. 

Tbc wave form is represcnted as a black profilc on a transparent 
strip whosc cnds are joincd to form an endless belt. Driven a t con­
stant spced past a transversc illuminated slit, it gcneratcs light lluctu­
ations which are con\·ertcd into clcctrical lluctuations hy means of a 
selcnium cell. :\ tuncd circuit, amplifier, rcctifier and microammeter 
are uscd to select and mcasure the components, while t he frequencies 
are determined J,y the specu of the strip, the frequcncy of tuning, 
and thc time scale of the original wave form. 

"Demagneti:::ation aud llys/ercsis Loops."2 L. \\'. 1\lcKEEHA:\ and 
P. P. C"IOFFI. The fact that pcrmalloy ~Iwws its maximum initial 
permeability in the absencc of cxternal m.1gnctic fields is uscd to 
check thc exact compensation of thc carth's magnetic llcld or othcr 
stray liclds by measurcment of thc initial permcability of a st rip or 
wire of pcrmalloy placed parallel to the ficld compnncnt to be com­
pcnsated. lnc-reased accurac-y is ohtained hy tlw usc of somcwhat 
greater liclds than those which approximatl'ly gin· thc initial pcrmea­
J,jlil~·. Thc c!Tect of demagnetization hy an alternating currcn t lil'ld 
is studicd with sampks of the s;JilH' sort, the apparent permeahility 
varying- as thc I"Xlt'rnal fil"ld at the time of magnetization is , ·arieu. 
Thc dis:-.ymnwtry in hy,.;ll'resis loops wlll"rl' the upper and lowcr Iimit s 

I J. 0. S., R. S. 1., \"ol. '1, pp. -li\i 1'11, I!J2l. 
'J. t I. S., 1{. S. 1., \'ul. ?, pp. ·li!J--185, I!J2-I. 
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an· llll,.,YIIIlllt"tt ir.d with n·spect to tlw l'l'ro of m.tglwtic Iil'ld i,- illlt-;­
tr.\tl'd .tnd tiH' dt·tn·tion of "uch di,.,-.~·rnnwtry is di..;cll"-"-t·•l. 

.I ( '/a.mjit·t! !.ist t~f l'ublishft/ Uibliographit•s in /'hysirs, J!)J() /!J! ?.1 

K \RI. K . I l.\RIHI\\'. Thi..; Wt>rk, lllldl'rt.tken ;tt the rl'qlll'st of the 
'\ .ttion,ll Re-.earl'h Council, rl'pn·st•nt,.; .111 .tttl'mpt to ropc with tlw 
prol•ll'111 of prm iding a Ct>nn·uieut .wd adequak hibliograph\· .,f 
phy,.,ic-.., not hy actu.tlly writing a completl' d,,,-,..ilit·d hil•liographv 
(\\hielt \\ould Ii II a lllt).!l' ,·oluntc .111d rl'quire the prolongt·d l.thor of 
"ewr,tl 111!'11 \, hut h~· ti ... ting- the \'l'ry IIIIIIWrolls parti.d t.ihlingraphit·s 
undt·r a det.tiled :'-Uhject-d.ts,..ilicatinn. :\ lany of thc accounts of 
rC"-l".Jrrh puhfi,.,bed in ,-cit·ntilic journals cont,tin short hi,-tories of the 
prt'\ iou,;. work in tlw suhjl'ct:- which they trcat, many others contain 
Ji,_t,., of rdt·n·nn·..;, and tlwre are al,.;o a numhcr nf critical or nncritical 
rt'\ il'W"- of particul.tr liel<b with thonHigh rlocunwnLt t ion::;. The 
Class(fit•d !.ist of Publishtd Biblior,raphics refer,., to alt of thc,.;~: which 
appe;tred in ;111y of the f.uniliar phy-..ic<~l journ.1ls bet\\·een 1!110 and 
l!l:!:! inctu,_i,·cly, and a mtmlwr of honb as "'1'11; it i,- ht:lien:d that 
altno,-t en·ry article upon a phy,.,ic.d suhjl'C't, which ha,.; cn:r heen citcd 
or n·,·it'\\'l'd in another artirlc, can hc traccd through the List. The 
sy,.;tl'lll oi da,..,..ification, in whid1 the ficld nf phy,.;ics is di\'ided into 
~·n·nt~·-fin· cJa,.,-.es with lllllllt'rous ,.;uhdiYi,-ions, is much thc most 
det;tiled and dat .. •rate which ha::. bccn made out for the scicnce of 
phy,-it·,- in a ,.;corc of year,.;. An adcquatc system of classification is of 
grcat Yalue in any ~cience, for rc,.,carchcs which arc clasilied under 
it arenot only madeeasy to tracc, hut thcir various aspects and their 
mutual rd.ttions can be emphasized. Becau~e of thc rapid growth 
and c\·olution uf physics, thc earlicr systems ha\'e mostly hccome 
inadcquatc; Lut it is hoped to make and kecp this systcm clTccti\·e 
by cotbtant attcntion and n:·,·i,.,ion, and to extcnd thc u~e of it. 

Transmilling Equipmcnt for Radio Telephone Broadcasting.4 

Enw.\RO 1.. ~ EL<;o~. The generat transmi,;,-inn con,.;idcrations apply­
ing to any "Y"tem for the high quality tran,;rnj,.;,.;ion of ,.;pecch or music 
an: outlincd brielly, am1 the "pccific rcrtuiremcnb to he mct by thc 
Yarious apparatu" uniu in a radio broadcasting equipment arc dis­
cu::.,.;ed in some detail. The standard \Yestcrn Elcctric 500-watt 
hroadca,;ting cquipment, which ha,.; found application in some fifty of 
thc largcr ,.;tations in this country and abrnad, j,- dcscrihed. I ts pcr­
fnrmance capabilitics are illu;:trated and it is indicated that a Standard 
of rx:rformancc ha" bccn attained which rl'ndcr~ possiblc reproductions 
not sub~tantially difTcr('nt frorn thc original. 

J ßullctin of 1hc :'\ational Hcsearch Council, \'o. H. 
'Proc. of Thc lnst. of Radio Engim:crs, \'ol. XII, pagc 553, 192-l. 
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"Tlzc l'apor Prcsmrcs ~~r Ror!Jcllc Salt, thc JJydratcs of Sodium and 
Potassium Tartrates and Tlzcir .'iaturatcd Solutions." 5 II. H. LOWRY 

and S. 0. :\[oRG.\X. The ,·apor pre!"sure~ wcre dctermincd hy a static 
nwthod at sen·ral temperaturcs hetwcen lii 0 anrl -10°. Tcmpera­
tures werc controlled to ±0.1° and thc pressures rearl to ±0.1 111111. 

The nll'asurements on the ~aturated solution of Rochelle salt ~how 
that the solid phasc in such a ~olution is unstaLJe aLO\·e -Hl0

, in ag-rec­
mcnt with othcr irn"l'stigators. 

Jfinimal Lcn!!,tl! .Ire Charartcristi(s. 6 H. E. IY E~. This papcr is a 
study of the elcctrical di,-charges which on·ur Ll'twcen opening con­
tacts. [( is iound that tlw discharge uccurring when currcnts helow 
a certain ,-altre arc broken are atmosplll'ric sparks corrc,;ponding to a 
definite breakd<l\nl \·oltage, which in thc casc of air is about 300 nJib . 

.-\lmYc a critical ,·alm• of current, which is different fnr l'\'l:'ry material, 
the dise-harge is an arc, in which the Yoltage corrC'sponding- to the 
dise-harge ,·arics \\·ith currC'nt. Spectograms taken in the two region;; 
show only tlw air spark spectrum for all materials bclow the critiral 
currcnt and tlw arc "Jll'Ctra of the matcrials aboYe the critieal curr<'nt. 
The charactC'ristic equations of the arcs cau~crl by the upening con­
tacts an· derin·d and an· uscd to ohtain expre,..sions for thc currC'nt 
,.s. time relations at the opening- contact. 

Thc Dcpcndcnrc of thc J_oudncss ~( a Complcx Sound L'pon t!Jc Encr.e.y 
in tlzc l'arious Frcqucnry Rc,!!,ions ~( tlzc Sound. 7 H. FLETCIIER and 
J. C. STEIC\llERI;. Two complex sounds were studied, one with a con­
tinuou~ energy frequency spectrum corre:-ponding to connected ~peech, 
the otlwr a tcst tonc ha\'ing di~cretc frequenc~· compnnents. ßy 
nll'ans of lihers the cnergy was rcmm·erl from all frcquC'ncies either 
aho\'e or heJm,· a ccrtain frequency, and the rc~ulting dC'crcasC' in 
lowlne~s was measured h~· attcnuating thc original ~ound without 
distortion until equal in loudncss to thc filtcred sound. Taking thc 
a\·crage results for ~ix ollsl·n·ers, this denC'asc \\'as found to dcpend 
on thc absolute \'aiUl'S of thc loudness. Fur a loudness of 2:.? units 
ahon• threshold, each frcquenry region contributes to loudnes~ in 
proportion to thc energy in that rl'gion \\-cighted acconling to the 
threshold l'nergy for that freqlll'llCy. Fora loudness a!Jo,·c :w units, 
ho\\'t'\'l'r, this i,.. no Ionger truc, lll'l'ause of thc non-linC'ar charactcr of 
the re,.ponse of tlw ear. Hy assuming C'ach frequertcy region con­
trilllrll's in proportion to a fractional power of thl· weiglrted energy 
of that region, \·ahll'S of tlw tot . .! louducss in agrl'ement with oh-

~ Jour. .\m. I 'lll'lll. Soc., \'ol. -l.'i, pp. 21')2 21 1>(), 11>2-t. 
• Journal of thc l·ranklin ln,lilull', \'ol. l'lil, pp. Bi -ti-1, 1'l2-!. 
7 l'hy~ical l{c\·il'\\' 1 \'ol. .!-1, pagc 30h, 1'11-1. 
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~~·rH·d \,dllt·-. .1rc oht.linnl if propt·r \,11111'-. .1n· l.lkt·n for lltc fr.u·lion.d 
power, dt•l'ft',l"'ing lo Plll' 1hird .1s tlw londnt•..,.., incrt'ol"'t's lo JOI) nnils. 

CorrdtJiion lk/;,·an Crad flci·dopmcn/ in <:lass ll"hilt• Condut'/in(! 
1~/atricily and lht• Chnniwl t 'omposition of Ihr G/ass.8 I·: \HI.E E. 
:-:.lttl'\1.\liiEH. .\ ~lndy w.1~ lll,Hie pf I he ~n~ceplihifily lo n.wk 
dneloplllt'lll ~hown J,~· lin· tlifft·n·nl ki111ls of gl.1-.s \\ ht'll lhey \lt'l'l' 
~nhjt'cll'd lo 1111' .1c1ion of .111 efec1ric l'lllTt'lll. Tlw rl'~lllh intlicall'tl 
th.1t 1hc lt•ntkncy ln rr.ll'k incn-.l,..t'tl wi1h incn·a,..ing alk.di conlcnl 
of thc gf.1..,,.. .1ntl wilh inrrL·a,..ing electric.d contlncli,·ily. 

Rt·porl of thc Chairman of the Tell'!!,raphy und Tclcphony Committce 
t~( tht· .lmrrinw Institute of 1~/atrita/ E.nginars. 9 < l. B. Bt..\CK\\'ELL. 

This n·porl gin·s a hrid ~ummary of t Iw ath-;Jnn·~ which haH' hl'L'n 
111.11k or which ha,·e come inlo prominencc in tlw communicalion 
.rrt tlnring- tlw year. 1'.1pers which h;~n· heen prc~enletl hdore lfw 
llbtilnlc .111d which, in general, ha,·e recordetl such ath·arH'L'S an· 
rt·Yil'\H'tl. 

Sdatit•t• Cirruits anti .'>'talit In/crfaena. 10 J. R. C.\Rso:\. This 
papt·r is .111 olpplic.llion of a gt'neraf matlwmatical theory to the qnes­
tion as lo the pos,;ihililies anti Iimitation,; of ~ekctin~ circuils \\'lwn 
cmployt·tl lo reduce "St.11ic" interfcrence. In the casc of ~talie 

intt·rfcrencc .1ntl r.mdom tli,;lurhanccs in gt·neral t he rantlom anti 
unprctliclahle ch.Jractcr of thc tli~lurhliH'l'S makcs it nen·ssary lo 
1n·.1t lht· prohlcm ,;l,lli,;tically anti expn·,..,; thc results in mean ,·alues. 
In -.pitc of the meagrc information a\aibhlc regarding thc rharacll'r 
anti frt·qm·m·y tlislrihulion of static, this lreatmcnt of thc problcm 
yields gener.d detluelions of praetical significanec. Thc conclnsion 
i,. rl'achctl I hat for gi,·cn ~ignal rl'qnirl'llll'll ts 1 hcrc is an irn·ducihle 
re,;itluc of ,..latic inlerferenre whieh cannot he climinaled. T his 
Iimit i,; do,..dy appro;u:hcd whcn a tiltcr of only two or threc ~cclions 
i,.. l'lllployed a,.. tlll' ~l'il'rtin~ eircuit, and unly ;1 negligibll' further gain 
i,. 111.1de po,;..,ihle by the musl l'labmatt· rircuil arrangemt·nh. .-\ 
formul.1 is al,..o gin·n for eakulatiug the n·lalin· figun.:,; of llll'rit of 
,..efecli,·c eireuih with re,;pect to random intt-rfl'rence. 

The Guit!ct! a/Ul Rat!ia/cd Encrgy in ll'ire Transmission .II J. R. 
C.\H,;o:-.;. Thi,; i,; a malhematical analy,;i,; of wan· propagation along 
guitling- wires from the fund.unenlal l'!JIIations of dectromagnelic 
thl'ory. lt i,; ,.hown that lhe engineering lheory of wire tran,;mi~,;ion 
is incompkle, and thal, in ;Hidilion to lhc tran,..millt'tl wa\'e of en-

' Jour. ;\m. Chem. So.:., \'ol. XL\'1, \'o. S, .-\u).(lbl, J!).?.J. 
'Journ.tl of ehe .\mcriran lnst. of Eltc. Engin('crs, \'ol. H, pagc 10!\3, 1921. 
"Trans .. \. I. E. E., I'J.!-l. 
1 Jnur .. \. I. E. E., Ckl., 1'12-l. 
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gincering theory, an infinite series of compknwntary wan·s exist. I t 
is through these w;n·es that thc phcnomcna of radiation are directly 
accountcu fur. Exccpt for tlw phcnomcna of radiation, howe\"er, the 
complementary w;n·es arc of t heoretical rather than practical interest 
in prescnt-day transmission practicc, and except in extreme cases they 
may be ignored in practice without appreciahle error. 

Sound Jfagnification and fts Application to the Requirements of the 
Deafened}2 HAIH"EY FLETCIIER. A general description of the gen­
cration and propagation of sound wa\·es was gi,·en and exp<"riments 
performed to illustratc the prindplcs in\·oh-ed. The genC'ral require­
ments for aiding persons having \·arious amounts of deafness were 
outlined. The rclation hetwcen the loudness of specch recci,·ed b~· 

the ear in a room of a\·erage acoust ic characteristics aml the distance 
the speaker is away from the ear was illustratcd by a chart. :\!so, 
a chart showing the characteristic frequ~ncy regions and loudness 
le\·els of the fundanlC'ntal speech sounds, and onc showing the interpre­
tation of speech at ,·arious loudncss Je,·els by persons ha,·ing \"arious 
degrees of lwaring, were exhibited. By means of thcse thrce charts 
it was shown how one could prcdict the amount of intclligibility which 
would be obtained by a persun ha,·ing a definitely measured amount 
of hcaring. In partindar it was pointed out that such sounds as 
t!J,j, and v will be the first soundstobe lost as the hearing decreases. 
These souiH]s are the easiest ones to detect by lip rcading so that 
hearing aids and lip reading go hand in hand in aiding onc who is 
hard of hC'aring to obtain the proper interprctation. 

,1bstract oj a Telephone Transmission Reference System. 13 L. J. 
SI\"1.\X. The suhject is dealt with in four parts: A-The function of 
a transmission rcfcrence system; B Requirements to be met by the 
rderence systl'm; C \\'ork done on thc construction and calibration 
of a preliminary model of thc new rderencc system; 0 - Proposed 
futme dcn·lopnwnt of the nc\\' reference system in its final form to 
hc adoptcd as the standard for the Bell System . 

.-\ brid discussion of the methods and apparatus entering into thc 
g<'Ill"ral proiJiem of rating telephonc transmission is giYen. lt is 

12 Leelure given hdorc lhe .\nnual Confercnee of thc .·\mcriean Felleration of 
Organizalions for 1he I brd of llearing, \\"ashinglon, I>. C., Thur~uay, J une 5, anu 
puhlisherl in \'olt.1 Rc,·icw, St•plcmher, 192-1. 

,\ large numhcr of the audi('nee who lislencd lo this Ieelure wcre hard of hearing . 
. \ rough nwa~urcnwnl of lhe amount of hearing of cach of lhosc prescnt was made 
and groups arrangcd aecording lo lhc dcgree of hc.1ring. Thc amplilieation was 
thcn adjuslcd to t"ach group lo si1it thcir particular lll'ccls. The rcsuhs secmed 
to l>e mo~l gr;tlifying, as ncarly evcryhouy said that il was lhc first time lhey e\·er 
hcar~l a puhlic Ieelure of this sort without diflieulty since thcy had l>ecome haru of 
hearmg. 

12 Eicctrical Communications, \'ol. 111, pp. 11-l-126, 11)2-l. 
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•·ondwkd th.tt .1 ph~ ..,j,·,d rdvn·tH't• ~y~t•·m i~ t•s,.;t•nti.tl, anti th.tt a 
nwn· "llt'l"itic.ttion 11i it~ phY~it·.d opt·rating- ch;tr.trtl'ri~til'~ i~ in~ut"ti­

t'il'nt. l'hl' in.1tkqu.1cy of tlw rdnt·nn· sy~tt·ms 110\\' in u:-e i~ 1u•intt'tl 
nu t. 

Thl' conditinn~ tn !Je ainll'd .tt in the m·w rdl'rcnn: ~~·stcm an·: 
Tlll' pt·rformann· of tlw systt·m and of its componcnt p.trts lllll,..l 

hc spt•citi.lhlc in ll'rm~ of qu.llltitit•s admittin~ of dclinitc phy,.;i,·al 
lllt".l"lln·ntt'lll; I I The pnfornt.tlll'l' of tlw rdt·n·m·t· systt·m, undt·r 
sptTilil'd opcr.tting ;ntd atrno,.;plwric conditions, mu~t n·main con,;tanl 
with time; 111 Tlw rden·nn· systt•m mnst hc fn·c from non-lirwar 
di-.tnrtion nn·r thc r.lllgt• of acoustic and ell'ctric amplitudcs which 
it mu~t handlt-; [\ ' Thc fn·qncncr rcspnnse o\·er the rangc of spel'ch 
fn·qut·ncieo; llllt"t bc ;r,; ncarl~- uniform as po,;sihlc. 

Uf thl' ahll\t'. cnnditions I anti II arc rq~anlcd as the mo,;t im­
purtan t. l t j,; al,;o propo,.l'd to huild auxiliary rcfcrcncc systt·ms 
'' hirh will lllt'l'l conditiun,; I ;111d I [ whilc falling short of III aml 1\'. 
Thc,;e are nccdl'd fnr purpo,;t•,; of rcad~- comp.uisons with thc com­
mcrci.d cin:uits commonly in u=-c. 
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p.tring ,..tudi,· .... 11111 .w.dy ... ,." .,f puhli ... lll'd re..;e;trch in ,-,,riou,; ti .. lds ui 

phy"ir., . 

\\' \ '. \\'ot Ft:, IL~ .. C.trnq.:il' Jn..,litllll' of Tl'l·hnolog\·, 1\IJS ; Signal 
<'orp,;, 1~11~ ID; <:enn.tl 1-:l•·•·tric ('omp.tn~·. l!ll!l; St;u11lard l ' ndl'r­

gruund Cahk• Comp.tny. 1!1:!0; Engine•·ring l>•·partllll'llt, \\"l',;teru 
EI,Ttric ( 'pmpany, 1!1:.!0 :.! I; Hl'll Tel•·phnlll' l.allllratoril',;, lnc., 
1!1:.!.) \Ir. \\'olfl' ha..; lll'l'll •·ngagl'd in tlw den·lnpnwnl of \·arion.., 

IYP~""' nf rarril'r ,;y:-;tems. 
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I 7\'TRODl'CTIO:-.; 

T HE prohk·m of dircctly transmitting drawings, figures and 
photographs from onc point tn another hy means of electricity 

has long attracted thc attcntion <i!ld curio"ity of scicntists and cngi­
necrs.• Thc broad principles of pict ure Iransmission havc bcen 
rccngnized for many ycars. Tlwir rcduction to succcssful practice, 
hnwen·r, reqnircd. ;unong otlwr things, th<:' pcrfertion of mcthods 
fnr the faithiul tr,lnsmi,.;~ion of elcctrieal ::<ignals tu long distances, 
and thc dcn•lopnwnt of spccial apparatlls and methods which ha\·e 
hccomc a p;1rt nf thc com•mmication art only within the bst fcw 
vears. Prominent among thc Jl<'w<·r d<·Yelopnwnt,.; which ha,·e facil­
it,Jted picture tran:<mission arc lln· photoclcctrir cel l. the \·acuum 
tllht• a111plitier, elcctric,d liltcr". <llld the lJ,;l' of rarrier rurrents. 

:\"one of the ,;y~tems heretoforc de,·i,;ed han· !wen sufticicntly 
den·lopcd to mcct the rcquin·mcnts of modern commercial scn·icc. 
The picture t r.uJ,;mission :-y:-otcm de,..crihed in this artidc lws bccn 
de,.;igncd fnr practiral u"e on•r long distanres, employing facilities 
of the kind m.ulc aYailahlc hy thc nctwork of the Bell System. 

Thc dc"irahility oi .1dding picture transmi",..ion facilitics tn thc 
other commtmication f;lciliti!':-o ollered hy the Bell Sy,;tcm !-Cen~:> now 
to bc weil as,.;ured. \'ariott:- cnginccr,.; oi the Sy!'otem ha,·c 111<1de 
snggcstion,.; and c,trril'd out fundamental :-tudies of the pos:;ibilitics 
for pictun· tran,..mi,.;,;ion oiTt>red hy thc telephonc and telegraph 
iacilitie,; in the Bell Sy!"tt·m l'bnt which ha,·c aided materially in the 
dcn•lopmelll of the methnd to he de,;crihed. 

1 .-\ comprch~:nsi\·c at.:count of earli~:r work in Pielure Transmission will Lc found 
in "Tclcgraphic Transmi:;~ion of l'ictun·s," T. Thorne Baker, \'an :\'ostrand, 1910, 
.1nrl the "I landbuch der Phototel('graphlc und Telautographie," Korn and Glatzel, 
Leipzig, ~emnich, t•lt t. 
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The accmmt of the picture Iransmission system which follows is 
inlended to gi\'e only a general idea of the work as a whole . A num­
ber of engineC'rs haYe collaboraled in this work, and it is expected 
thal laler publications will descrihe \'arious features of the system 
and its operation in grealer detail. 

GE!':ERAL Sc!!El\tE oF PtcTU RE TRAI'\S,.ttssiON 

Reduced to ils simplest lcrms, the problern of transmitting a pic­
ture electricall y from one point to another calls for three essential 
elements: The first is some means for translating the lights and 
shades of the picture inlo some characteristic of a n elec tric current; 

A G 
L 

Fig. 1-Sending end optical system in section: (L) light source; (D) condensing Jens: 
(A) diaphragm; (S) projection Jens: (C) transparent picture film in cylindrical 

form; (P) photoelectric cell 

thc S(·coml is an clcclrical transmtsston channel capable of trans­
mitting the characteristic of thc elcclric currenl faithfully to the 
requircd distanc<'; the third is a means fur rel ran slaling the clcctrical 
signa l as rcccivcd into lights a nd sbadl's, corrcspnnd ing in rclali\·c 
va lues and positions with lhose of the original picture. 

Analyzed for purposes of eleclrical transmissinn, a picture consists 
of a ]arge numher of small c lcmcnls, cach of subslantially uniform 
hrightncss. Thc Iransmission of an entire picture neccssitatcs some 
mclhod of lra\'crsing or scan ning lhcse clements. The method used 
in thc present apparalus is to prepare lhe picture as a film trans­
parcncy which is bcnt inlo lhe form of a cylinder. Thc cylinder is 
then mounlcd on a carriage, which is moved a long ils axis by means 
of a scrcw, al the same time lhat thc f]lm cylinder is rolated. A 
small spot of light thrown npon llw film is thus causcd lo traverse 
t he ("lllire film area in a long spiral. Thc light passing into t he 
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intcrior o( thc n·linder tlwn ,,,ri1·...; in inten~it\' with tlw tran,.,mi., .... ion 
or tnnt• '.duc of the picture. The optical .t~r.lllg«'llll'llt l•y which a 
~mall spot of light j,.. projt·ctt·d IIJl"ll tlw photogr<tphic tran,.,p.tn·tii'Y 
is shown in st•rt ion in Fig. I. 

Thc t.P•k of tr<tn~forming thb light of varying intc·n,.;ity into a 
\',tri.thl,· c·lt·c·tric current is pnfornwd hy nwath of ;tn .tlk;tli nwt.tl 

F•.: l Photo.:raph nf photoclcctric rcll of type tt.cd in piclure tran~mission 

photnelectric cell. Thi,.; de,·ice, which is hased on the fundanwntal 
disco\'ery of the photoelectric l'ITt·ct hy l lertz, was de,·clopcd to a 
high de~ree of perfection by El,.,tc·r and GeiteL I t con;;ists of a 
vacuum tubein which the c;tthock is an alkali meta!, such as potas;;ium. 
l'ndcr illumination, the alkali meta! giws oll electrons, so that wht·n 
the two clcctrode~ are cnn nected through an external circuit, a cur­
rent llows. This current is directly proportional to the intt·nsity 
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of thc illumination, and thc n::-p••n~c to Yariations of illumination 
is practically instantancous. .\ photograph of a photoelectric cell 
of thc type uscd in the picture transmission apparatus is shown in 
Fig. 2. This cell is plared inside the cylimlcr formed uy thc photo­
graphic transparency which is to !Je transmittcd, as shown in Fig. 1. 
As thc lilm cylindcr is rotated and ad\·anccd. the illumination of the 
ccll and consequcntly tlll' currcnt from it registers in succession thc 
!Jrightncss of cach clemcntary an·a of the picturc. 

:\ ssuming for thc monH·nt that thc photoelcctric currcnt, which is 
a dircct currcnt of Yarying intcnsity, is of adcquate strength for suc­
ccssful transmission, and that the Iransmission linc is suitahlc for 

R 

Fig. 3- Light \'ah-e details: (({ ) rihlwlll c.~rryin).: picture current; \1' 1 pole piecc of 
magnet; (J) ja ws of apert urc lll'hind rihhon 

carrying dircet currcnt, \\·c may imagine tlll' rurrcnt from thc photu­
<'lcctric ccll tn traYcrsc a eommunication linc to somt· distant point. 
At the distant point it is lll'Cl'-.-.ary to haYC thc third t•lcmcnt abo\'c 
mcntioncd, a dc\·icc for n·translating tlw l'lcetric currcnt into light 
and shade. This is accornplishcd in thc prcsl'nt systt•m hy a dc\·icc, 
duc in its generat form to :\Ir. E. C. \\'t·ntc, tcrmcd a "light Yal\'c.'' 
This con-.ists c-.sentially of a narrow rihhon-likc nmductor lying in a 
magnetic lieh! in such a position as to t•ntircly con·r a small apcr­
turc. The incorning currcnt pas:-es through this rihhon. which is in 
conscqut•nn· dl'llcctc·d to one -.idc hy thc inter-action of thc currcnt 
with thc m;rgrwtie lield, thus l'Xpo~ing thc apcrture bcncath. Light 
pa~sing through thi~ apl'rtun· is thu~ YariL'd in intcn~it)·. lf it then 
falls upon a photographic -.ensitin· lilrn hent into cylindrical form, 
and rotating in l'Xact synehronism with the 111m at thc sending end, 
tlw lilm will hc L'Xposcd hy :111l<Jllllh \·ar~·in~ in pmportion to thc 
lights and !->hadc~ of thc original pinurl'. Thc ribbon and apt•rt urc 
nf thc light \'ah·e arc shmm diagrarnmatically in Fig. :{. Fig. I 
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,..h"",.. ,, -.t·ction of t ilt' ren·i' i ~~~ c·IHI of ,, "' -.t c·n• of t Iw ""~'' Jl""t td,,t c·d. 
\\ith ih li~ht -.ourn·, tlw li).:ht \,.in·, .111cl thc· n·n·i\ill~ c·\lincl1·r. 

l' ht• !<implc !<clll'nll' of pictun· tr.lll,..llti-.-.ion ju-.t outlin1·d llllhl (Je 

mudili1·d in ordcr to .111.1pt it for ll"l' on l'Clllllllt'rl'i.d clectrical l'!llll­
lllllnic.ltion :-.y,..tt·•n,.,, '' hich h,l\'t' h1·c·11 dcn·lopecl prim:trilr for otlll'r 
purpo,.,I'S th.111 pictun· tr.tll,..llli,..,.,ion. ( lf c"\i,..tiug elccJrical nw:11ts of 

c·onllllllnication, '' hich inclwle land win· ,..ystl'lll" (tclt·graph ancl 
tc·lcphonc), ,..ulnuarinc· cal,lt·, ancl Ltclio, tlll' wirc· ,..y,;tc·m. a-. clc·n·loped 

1- i~. I " "'I ion of n···ei,·ing- ('11<1 opl il'o.~l sy~l!'nl: II. 1 li~lll sourc('; ()) 1 condensin~ 
lt•n, \'1 lig-ht \',dn·; ~~ projc·l'tion Jens; 1l'1 scnsitin~ film 

for thc telephum·. olfer,.. gn:at ath·antage whcn all factnrs arc con­
sidcrcd. inclucling con,;tancy, frl·cdom frnm interfcrence and SJ)l'ecl. 
Thc picture tran,;mj,..,;jon -.y,..tem has accorclingly Ileen adapted to it. 

l n the ,..irnpl1· ,.,dll'nll' of picture tran,..rni,.,-.ion outlined in the prl'­
ceding ,..cction, the photoeh·ctric cell gin·,.; ri,..c to a direct t·urrent 
of ,·arying amplitudc. Tlll' range of frequency componcnh in this 

curn:nt runs frllln zero up to a few hundred cycles. Commercial 
long di,;tance telephone circuih arP not onlinarily arranged to tran,;mit 
direl'l or ,-ery low frequency current,.., ,..o tht· photoelectric current,; 
arc not directly tran:-milled. :\ loreon·r, the,..l' current,; are n·ry 
weak in compari,..on with ordinary telephone currents. ( >n account 
of the,..e facb, thc ntrrent frnm the photoelectric cell j,.. fir!<t amplilied 
hy mcan..; of ,.;l('tllllll tulw amplifier,; 2 ancl then j,.. impre-.-.cd upon a 
,-acuum tuhe nlllclulatnr jointly with a carrier curn·nt who,..e fre­

CJlll'llC)' is aLnut I .~111) cydc,; per sccond. \\'h:1 t j,; tr.lllsmittcd nn·r 

2 For a \'Cry full dcsc:ription of thl' standarcl tclephon!' rcp('ater the rcader is 
rcferrcd to "Telephone Repeaters," I .herardi and ]t·wl'lt, Trans .. \. I. 1·:. E., :'\o\·., 
1919, \'ol. 3.~. part .!, pp. 1.!:-17 l.l-IS. 
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Fig. 5 Portion or transmit!Nl picture or \'ariablc wklth line type, enlarged 



/'/t I('/\/ 1/\.I.\'\.\//SS/U.\' (JI'/-1\ I U.//'/10.\'F 1./.\'J. '1. l').l 

tlw tt'h-phonc lint' is, thl'll, thc carrit'r w.tn· 3 mculul.tteclloy tht· photn­
clt·t·tric· w.tvc so that tlw rurn·nt,.;, in frcqlll'lli'Y r.lllgc and in ampli­
liHh·, .u·c· simibr to thc currents curn•..,pconcling to cordinary specch. 

\\'ht'n the c.1rrin rurrent, 11111d11lated acconling tct tlw light,; ancl 
,.h,ulc•,., 11f thc pictnrl' :1t thc :-c·luling end, traver..,t·s tlll' riltiHtll of tlw 
light \ .dn· .tl the rl'n·iving t'IHI. tlll' .qwrtun· is ctpt•Jwd ancl dosecl 
with t'otch pul:-<c· of :dtnnating eurrc·nl. Tlw l'll\'l'iltpc of thc·,.,c pul,_,.,., 
follow,.. tlll' light and sh.ule of thc pit·tnrl', llllt thc ;wtu;d l'OllrSl' of 

V 
L-c p ~~-i I A ~~I LJ 

P CTU~E CHANNEL 

T 
~~ } 111 \II II 1\1 111 \1' .JII__jll~ IM 

111 111 111 \IC lti il tlliiV-~ ~~ T 
SYNCHRONIZING CHANNEL 

Fi!{. 6-llia~;rammalac rcprescntation of thc picture and synchronizinv; currents. 
1 Pi photoelcctric ccll; (.-\:\1 ) amplifiPr modulator; (t\) amplificr; (V) liv;hl vah-c; 

(:\1) phonic wheel motors; (T l tuning forks; (AR) amplifier rectifier 

thc ilhunin.1tion with time shnws a finc structure, of thc pcriodic·ity 
oi the carrier. This is shown hy tlw L'lllargcd section of a picture, 
Fig-. 5; in this the Lbck lincs an· tran·s of thc image of thc light valvc 
aperture. Supcrposccl on thc !arger variations of wiclth, which are 
proportional to the light ancl shadc of thc picture, small stcps will 
he notl'd (particularly whcre thc line width \·arics rapidly); thcse arc 
causcd Ly thc carricr pubcs. 

SY~CitRO:>IIZ.\TIO:>I 

In onll'r that the light anc.l shacle traced out on the recciving cylin:ler 
shall produce an accurate copy of the original picture, it is ncccss.try 
that thc two cylinc.lers rotatc at thc same uniform rate. This, in 
gcneral. c.lemands the use of accuratc timing dedces. Thc means 
cmploycc.l in the pre,;ent apparatus consist of phonic wheels or impul,.,c 
motors controllccl hy elcctrically opcrated tuning fnrks. 4 \\'ere it 

J :\ llcscri{!tion of l'lectrical communication lty means of carrier currents will be 
found in "Carrier l'urrent Tclcphony and Telegraphy," Colpitts and ßi.Kkwcll, 
Trans. r\. I. E. E., I 92 I, \'ol. ·lll, pp. 205 300. A discussion of the relations bet ween 
the several components of thc ,ignal wave employed in carrier is given in "Carrier 
o~nd Sidebands in Radio Transmission," llartley, Proc. l. R. E., Feb., 1923, \'ol. tl, 
:'\o. I, pp. 3-t-55. 

1 :\ detailed dcscription of 1 he construction and oper.1tion of the impulse motor 
and its driving fork is given in" Printing Tclcv;r.1ph Systems," ßcll Trans. A. I. E. E., 
I9W, \'ol. 39, Part I, pp. 167-230. 
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po"'siblc to han· two forks at "idl'iy scparatcd points running at 
cxactly thc saml' "peed, thc prohlem 11f synchronizing would uc 
imnwdiatcly soln·d. .-\ctually this is not practical, sincc variations 
of ~pced with temperaturc and otlll'r causcs pren·nt thc two forks 
from operating clo~ely enough togcthcr for this purpose. lf the two 
cylindcrs arc opcratcd on separate forks, eYcn though each end of 
thc apparatus runs at a uniform rate, the recein:-d picture will, in 
general, hl' skewcd \rith rl'spect to thc original. The method by 
which this difficulty has lwen on·rcome in the present instance is due 
to l\ l r. l\ 1. n. Long. Fundamcntally thc problem is soln-d l>y con­
troll ing the phonic wheel motors at each end by thc samc fork. For 
thi;; purpo:-.l' it has heen found dc:-;irable to transmit to the recci\·ing 
station impubcs controlled hy thl: fork at tlll' scnding end. The proh­
lem of tran~mitting hoth the fork impuh-e"' a nd thc picture currcnt 
simultaneously could !Je soln·d hy the usc of two "cparatc circuits. 
lf this were done thc currcnts going m·er the t\\·o lines would !Je 
suLstantially as shmrn in Fig. Ii, wherc the upper curn! repre,.,ents 
tlw modulated picture carrier ior two smTes,.,in· n ·\ ·olutions of the 
pictllre cylinder. and thc lowl' r cun·c ~how~ t hc synchnmizing carril·r 
rurn:nt modulated i>y the fork impu],.,es. 

l t would not, howen·r, Iw l'Conomical to ll"l' t\\·o separall' circuits 
for tlw picturc and synchronizing channcls, con,.,equentl~· thc two 
currents are sen t on t he "'ame circuit. In order to accornplish t his. 
the picture is !'il'llt on the higher frcqucncy carricr, approximately 
1.:~00 cycles pcr ,.,ccond, ancl the :-;ynchrunizing pul:-t's are :-;ent on 
thc lower frcqucncy carrier, approximately ·100 cyclcs per second, 
hoth lying in the range nf irequeneies readily tran:-;mitted by any 
tcleplwnc circuit. Thc:-.c carrier frequeneics arc ohtained from 
t\\·o vacuum tuhc nscillator".• Thc two eurrcnts a n• kcpt :-;epar­
ate from each othcr by a syste m of elcctrical tiltcr" at thc :-;cnding­
and rCCl'i\·i ng ends, so that while tlw currcnt on thc linc con:-;ists 
of a mixturc of two modulatcd freqtwncies, the appropriate parts of 
thc receiving apparatus recein· only one carri t·r frequency each.6 

• Thc \'acnnm tubc oscillator as a sourcc of c.trri<·r cnrrenl is <kscrihed in Colpitts 
and Blackwdl, Loc. Cit. :\ ~-:em·ral di,cu,,ion of tht· \·,tcunnt tnbc oscillator is 
gin-n inthc ":\udion Useillator," ll,·ising, Jour . . 1. I. E. E .. \ pri l and :\l.ty, 1'110 . 
. \ discussion of thc arrangcmcnl of the partintlar oscillator nst·d with the picture 
lransmis~ion •·quipmt·nl is J,:i\'Cil in "\'acunm Tube ( hcillator,'' llorton, 8t•ll Syst<·m 
l'r<it. Jour. july, l'l .?-t, \'ol. ·'· :\o. 3, pp. SOS S.?-t. 

1 The applicatiou of wan• liltt·rs lo muhi-ch.lnnel communication sr~tt·ms is 
discusscd in ( 'olpitts and Bl.lt' kwt·ll, Luc. Cil. ,\ Iore eonlpl,•tt• Ji,eus~ions arc to 
l•c lound in: " l'h y,ic .. d J'h,•ory ol El,·ctrie \\'aw Filtt·rs," Camplu:ll, Br/1 Syslrm 
l'r<h. Jour. :\o\'. 1 t'l22, \ 'ol. I, :\o . .!, pp. I .l2. 
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Thl· """'·nti.d p.lrh of tlll · lllt'cll.lni ... nJ fl-.t•d for rot ,Jting .111d .1ch .uw­
ing tlw cylinder ill tht• ,.,·nclill!-: ... t.Jtion, olllcl for holcling thc· pholo­
dtTI ric n·ll ancl 1 he .Jmplifying and modul.1ting :-.y ... tl'lll .lrt· :-.hown 
in tht• photogr.1ph. F ig. 7. .\ t tlw t•xtn·mt• ldt is thc phonic wlu·t'l 
impul,.l· 111otor. which drin·:; thc lc;ul sercw through il :-.piral gl'ar . 

Fig. 7 Senriing cncl apparatu,; show in~ motor, li lm carrial:c, optical systcm and 
amplifiC'r moclula ior 

Thc :;piral gcar onlinarily tnrns frl'e of tlll' Iead :-.erew. hnt may hc 
engagcd with it hy a spring clutch. T lw lamp housing. whi< h pro­
,·idcs thc illumination for thc photol'lt:ctrir rell. is in the foreground 
al thc ccntcr of thc photograph . The photc,electric n·ll is in a 
cylindrical casc at thc lcft end of thc brg(' box shown on the track 
and projccb intu thc picturc cylindcr on whirh a film is in process 
of ht·ing clampecl. Thc ampli!ic·r and rno<lulator sy:-.tcm is carriecl in 
thc l.1rgc hox to thc right, which is mr>untcd on rushion supports to 
eliminatc di;;turbances duc to vihration. 
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The n·cei\·ing t·rHI mechani~m for turning ancl ach·ancing thc 
cylinder is similar tothat at the sending end. The parts peculiar to 
the receiving end are shown in Fig. 8. They consist of the light 
,·ah·e, which is in the rniddle of the photograph, and the lens for pro­
jtcting the light from it upon the cylinder. The meta! cylinder 

Fig. S~\'ic\\' of receiving end apparatus sho\\'in~ light vah·e aml observation 
microscope 

around which the s<·rJ:-.iti,·e photographic 111m is wrapped, appears at 
thl· extreml' right. The rnirroscopl' and prisrn shown are n,.;ed for 
inspecting the light \·aln· ;qK"rturc for adjnsting- purposcs. 

Elcrlrical Cirw its 

The essential parts of tlll' l'l<·etrical circnits nsed arc shown in thc 
sdll'matic diagrams, Figs. !J and 10, in whieh thc \'arion~ clcnwnts 
which han· !wen <IL·snil,ed preYiously an: slwwn in their relations to 
each ot her. 

Cl'rtain portions of the t·lectriral cirnrits dcscrn· sonll'what detailed 
trl'atmcnt. Onc of thcsc is thc anlplili<·r-mudnlator systcm for thc 
pirtme chanrll'l, tlre othcr is tlw filt<·r syst<·m <'lllployecl for separat­
ing thc pictnn· and sy nchronizin g <"hann<·ls. 
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In Fig. II is ~ IHI\\ n (at tlw top) a diagram uf the din·n currl'lll 
amplifier and tlw nwdulator ll"t'd for tlw picture ehan nel, tog-e thcr 
with diagrams (at the bottom ) showing the ekctrical charactcristics 
of each dement of the ,..ystem. Starting at t hc extreme ldt is t hc 

B~ 
Ez • - t E3 - - t,, 

No3 A~'; ~~l, 
_Lj ---=~ E, •. ~ -~ 

Fi~ . II t 'ircuit sdlt'mali•· of amplifi<"r-mudulator wit h d1..raclcristics of 
cach t•lt•ment 

phntlll'k<"tric n·II. tlw curr<'n.t frnm which p.tsst•s throug h a high 
n·sistall<"l'. Tlll' pott·ntial 1.1pped oiT this r\'sistanet· (of the order of 
:w or ·10 milli\·olts) is a pplied to the grid of tlw llrst \ ·acuum t ulw 
arnplilil'r. The >-l'l'ond , ·aclllllll tuhe amplili\'r is simi la r ly coupll'cl 
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with tlte lir:-t. and tlw \,lClllllll tuhe ntodtd.ttor in lllrll tu it. T lll' 
n·l.llitttt-.hip bet\H'ell illumiu.ttiou and curn·nt in thl· phottwll·t·tric 
cell is, ,,,. :-hm\ 11 in di.tgr.tm \o. I, linl'ar front tlw lo\\l':-l to tlw higlll':-l 
,·,tlu('s of illumin.ltion. Tlll' \"Oit,tgv-ntrrl·lll (/~ \"l'r:-us I) ch.tr;wter-

5YNCHRONIZJNG CHANNEL FILTER 

rm'l 

'+: +~~ 
' r I I 

PICTURE CHANNEL FILTER 

0 4 8 12 16 20 24 28 32 3G 40 
FRECUENCY- HUNDREDS OF Cl'CLES PER SECONO 

FiL:. 12 l'ircuit ,cJwrn.otics i,d>on· anti .ottenuation •·haracteristics ihelow of 
pit"turc (ftall liaw) and ,ynchronizin!{ (cJ,,,-hed liaw) channel filters 

i,..tic:- of thl' alllpliiying tulws .ltld th<' modnlatiug tuhe circuits arc 
,..}wwn in the ftgur<' hy the di.tgratlls \\ hich lie immediate!~· Lelow 
these tuhes. Thl'~ are not lin<'ar on·r their whole l'Xtcnt. lt 
hl'COilll'" nen•,..-..,r:, tlwrdore. in on.ler to prl':-ervc the linear char­
acteristie, which i,.. ess<.'ntial for faithful picturc trano.mis,..ion, to locatc 
th<' rang•· of ,·ariation of current in each of tllC' l<ttter ltlbes on a linear 
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portion of their characteristics. This is accomplished by appro­
priate biasing ,·oltages (Eg), as shown. As a consequence of this 
mcthod of utilizing the straight line portions of the tube character­
istics, thc currcnt rccei,·ed at tlw far end of the line does not ,·ary 
between zero and finite value, but hctween two finite values. This 
clectrical bias is exactly matched in the light valve by a mechanical 
bias of the jaws of the vah-c opening. 

Fig. 12 shows diagrammatically the form of the band pass filters 
used for separating thc picture and synchronizing channels, together 
with the transmission characteristics of the filters. The synchron iz­
ing channel filter transmits a narrow band in thc neighborhood of 
400 c. p. s., the picture channel filter a band between 600 and 
2,500 c. p. s. 

In addition to the main cireuits which ha,·e been discussed, arrange­
ments are made for starting the two cnds simultaneously and for the 
transmission of signals. These functions are periormed by the inter­
ruption of the picture eurrcnt working through appropriate detectors 
and rclays. Testing circuits are also providcd for adjusting the 
,·arious elements without tlw use of the actual transmission line. 

T!IE TRA~S:\IISSIO~ Ll~E 

In vicw of tlw fact alrcady cmphasized, that the currents used in 
picture tran~mi~sion arc causcd to hc similar both as to frequency and 
amplitudP to thosc used in spcceh transmission, it follows that no im­
purtant ehanges in tlw transmh:sion characteristics of the telephonc line 
an· called for. \\'ith reg:ard to thc frequency rangc of the altcrnati ng 
curn·nts whieh must he transmittcd and also thc pcrmissihle li nc 
attcnuation, tlw tran~mission of picturcs is less cxacting on the tcle­
phone line t han is speceh transrnission. In certain othcr rcspects, 
howcvcr, thc rl'quirl'llll'llh for picture transmission arc morc scvcrc. 
For spl'l'ch, tlw fundamental requircmcnt is th<' intelligibility of thc 
re~ult, which may l•c prescn·cd evcn though thc Iransmission varies 
sonwwhat during a convl·rsation. ln thc case of picturc transmission, 
variations in the Iransmission loss of the line, or noisc appcaring e\·cn 
for a bricf in~tant during thc sen'ral minutes requircd for trans­
mi~sion arc all rccordcd and prcscntcd to ,·iew as blemishcs in thc 
finished piet ure. l'ict ure t rnn~mission circui ts must, t hcrcforc, bc 
c;trefully de~igtwd and operall'd so as to reduce the possihility of such 
di~turl•ann·s. In tr;lllsmittin~ pictures ovcr telcplwne lines, it is also 
lll'Cl's~ary to guanl ag;tin,;t certain other eiTccts, induding transicnl 
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Fig. 13 Diagram ill ustrati ng• pcrforma ncc of systcm 
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eiTects and "echoes" cau,..ed hy rdlcctions from impedance irregular­
tllcs. .\high degree of hal,utn: lwtwet·n thc lines and their balancing 
networks at rept'<ller points i,.; also rnJuired. These conditions can Le 
,.;atisfactorily nll'l on wire teh·phom• lines. Radio communication 
channel,.; are inlwn·ntly lt•,..s stal>le and less fret• from interference, 
and special means lo on·rconw their ddects are required in onkr to 
secure high-gradl' pict ures. 

Cll.\tüCTERhTlCs oF REcEI\"Ell PtcrtJRES 

.-\llelectrically Iransmitted picturl's ha,·e, as a re,.;ult of the processes 
of scanning at the sending and rl'cei,·ing ends, a certain amount of 
struct ure, on thc lineness and charactt·r of which tlt-pends t he detail 
remkring of 1 he result. 

The origin and nature of tlw mieroscopic structure characteristic 
of pietures transmit ted I>~· tlw present process is illustrated by the 
diagrammatic presenlation of Fig. 1:~. which may serve at the same 
time to gin· a reYil'w of tlll' wholl' process. \\'e will asswne that the 
original picture consisb of a lest object of alternating opaque and 
1 ransparen t lines. Such a sei of lines is shown at A. The lines are 
assunwd to he mm·ing fnnn left to right across the spot of light fall­
ing on tlw film. The width of the spot of light korresponding to the 
pitch of the screw) is repre~ented by the pair of dashed lines. lf 
the spol of light were infinitely narn1\\· in thL· din•t·tion of motion 
of tlll' picture film, tlw photoelcctrie currenl would !Je represented 
in magnitude in tlw manner shmYn at B. .-\ctually tlw spot must 
han· a finite length. so that tllC' transitions lll'IWL'L'Il the maximum 
and minimnm Yalut·s of current are repn•st•nted hy diagonal lines as 
slwwn at C. I >ue to the llll<l\·oidahle rc;wtann·s in tlw amplifying 
~ystem, there is introdttn·d a n·rtain rounding o!T of the signal so that 
thl' \·ariation of potential imprl's~t·d on tlll' modulator tuhe follows 
~Oilll'\\ hat lht• Ctlllr~l' ~hown at n. The altl'rnating cnrrl'nl intro­
duct·d l1y tlll' \·acuum tuhe o~cilbtor is, tlll'n, gi\·cn the charactcr­
i-.tic~ ~ho\\ 11 al 1~. tlw t·nn·lopt• lll'ing a closl' copy of !J. l'assing 
out lo tlw tr.tlbtlli~"i"" lim•, tlll' facl that tlll' hand of freqnL'IlCil's 
tran-.mit h'd hy a ll'lqlhont· line i,., limited in t'"\ll'lll n·,..ults in a certain 
furtlwr roundi11g oiT of tlw t'll\·elopt• of tlw pictun• t'IIITl'llt as shown 
in F. Tlll' rii>IHlll of tlw light \<Jkl' wlw11 lran·r~l'd hy tlw altl'r­
nating t'IIITl'lll from tlw lilll' pt·rfornts oscillations to l'ithl'r :-.idt· of the 
n·nter of tlw <IJll'riUn·, cotbt•qw·ntl~· opt•ning lir,..t olle ~ide of tlw 
<IJll'rlun· a11d tlll'n tlw otlwr. Tlw two !'lltTl'S of ~kt·tch (~ repre­
~ent tlll' L'Xl'llrsions of tlll' light \'aln· ribhon, with ti11w, past tlw 
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cdgcs of thc apertun·. "·hich btH·r arC' indicatC'd hy parallel ~traight 
lincs. Owing to thC' f<lCI that the light ,·alve aperture must ha,·e a 
finite length in thl' directinn of rotation of the cylinder (ind icated h~· 
t he ~mall reetangle in t he cerHer of the sketch), t herc i~ a ccrtain 
OH'rlapping of t hc light pulscs on t hc film. (This i,;. in fact, necC'~­
sary for the production of solid hlacks.) Theseare indicated dia­
grammatically at /l. ln sketch I arc shown, from an actual phot o­
micrograph, thc ,·ariation::; in tlw imagC' of the light ,·aln• as traecd 
otJt on thc mO\·ing photographic 111m. Herc the da;.lwd lines repre­
sent thc Iimits of the image as formed hy om· rotation of the recei,·ing 
cylinder. lt will be notcd that thc images dnc t<J the op\·ning of the 
light ,·ah·c in cach direction form a douhiC' head<'d linc. These 
double lines arc juxtaposed, ~o that thl' right hand image duC' to orw 
rotation of thc rylindC'r hacks np against thC' ldt hand image duC' to 
tlw ncxt rotation, thus forming on the lilrn a SC'riC's of apprnximatdy 
symmC'trical linC's of \'ariahle width. ThesC' are exhihited cl<'arly 
in thC' cnlarged section of a picturC', Fig. 5. l t will b<' undcrstond 
that fnr purpo~\·s of illu~tration, thc grating used as the tl'st ohject 
in thc prcceding di,.cu,;sion ha,; hc\'n represt·ntcd as tran·rsing thC' 
spot of light at tlw ~t·nding t•rHI at such a high speed that thc final 
pirturt· j,. d<N' to thC' Iimit of tlw rcsolving pmn·r of the sy~tl'm. 
TIJUs t Iw photomicrograph shown in I must he ,·iewed from a con­
siderahle distanrc in onler that its diiTerencc in structtJre from thc 
original ohject A will disappmr. A practical prohk·m in the design 
of pict un· tran,;mission apparat tts is to so chonse thc speed of rota­
tion of thl' cylinder with rdcr!'ncc to thc lossC's in resolving power 
incidt·nt to transmis,;ion that <il'linition is suhstantially tlw same 
along and across thc nmstitncnt pi!'lurc linC's. 

ThcrC' an·, in gencral, two nwthods hy which a lransmittl'<i picturc 
may lll' rl'n·in·d. Onc of thl·~~· is t<l form an im;tge of tll(' light , ·a ln· 
apt·rtttn· on t Iw sensiti,·c photographic stJrfacl'. \\'hcn t his i~ donl', 
in tht· manncr descril1ed in connt·t·tion with Fig. t:J the picturc is 
m;ule up of lines of t'<Jtblant dl'n;.it) and \arying width. ,\ picture 
of this snrt is shown in Fig. 1·1. .-\ ntl'rit of thi~ kintl of pictnrc (wlwn 
n·rl·in·d in twgati,·c fonnl i,. that if tlw structur!' is of suitahlc sizC' 
((i() to fi.-1 linC's to thl' inch) it m;ty Iw u,;<'d to print directly on zinc 
ancl tllll,.. makc a typographic printing platl' ~imibr tn thc carlicr 
form~ of half toll!', wlwrl'i1\' tlw lo;.~ of tinH· u~u;lll\' incident to 
cnpying a pictun· for n·pn~dqclion purpo~l'S tnay ll\'. ;1\·oid<•d. :\ 
di;.ath·;llltagt· of this form of pi<'lun· j,_ that it d<•es not knd ibl'lf 
r<"adily to n·totwhing er to chang<· of ;.iz<· in n·production. 

,\nnther JJl!'thod of picturl' n·n•Jltion is to ll't the light frottl the 
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Fi~:. 15 Portion of transmitted picture of variahlt· fknsity linc type, cnl.lrgcd 
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Fig. I i -\'ariable densit}' line picture--Portrait of :0. 1 ichael Fararlay 
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light \,tht• 1'.111 upnn tht· fllut in .t diiTtJo-t•tl tnanlltT throu~-:h .tll .tper­
tllrl' 11f li\ed lt'll).:th "" th.tt lillt'S of t'Oibtant \\idth (tox.l!'tly juxt.t· 
po,.cd) l>tlt of \ .tryiu).: dt·u,.ity .tre produC"ed. .\ photoutino~r.tph 
of .1 \,tri.tbk dt·H,.it~· pictun· of thc 11paque line lt'st ohjtTt prl'\'iou~ly 
di.,t'll,.,.ed i,.. ,..Jt.,,,n at ./, Fi~. (:{. l' rints made from lilrtt tll'~atin·s 

rt·t·l'in·d in this way. il tht· .. tructure is dtosen tim· euou~h ( ltlll li.w,., 
to the inch or more) arl' cJo,..cly simibr in appearatH'(' to original 
photo~r.tphic prinh and may l.Jl' rcprodun·d through tlll' ordinary 
half-tone cro,;,...Jine scrt•t•n. T hey may he n·toucheJ or suhjecll'd to 
spt.'ci.ll photogr.tphit· procl'dures in any way dt·:-<ired. .-\ n (•nlarge· 
llll'llt of a portion of a \otrial•le dt·thity picturt• is slwwn in Fi~. Li 

.uul t'\,tlllpll's of completl' pi1·tun·s "" ren·i,·etl an· slwwn in Fi~s. 

lti. J j' and 1 ~ . 

Electrically tr.lllsmitted pictures an·, in ~t·neral, suit.tule for all 
JHlrpn,..t•s for whidt din·ct photographic priills are u~ed. Sudt uses 
include half-tone reproduction for magaziHt·s and new~papt•rs, lantern 
,.Iide,;, di,.,pl.ty plwtograph,;, ctc. .-\ mong tlll'~t· u~e~ may !Je men­
tioncd, .ts of ~ome intere,..t, the tr;utsmis,;ion of t ht' thrt•e black and 
white record,; u,..ed for m;tking thrl'c-color printing plates. T he 
fronti,..pit·n• to thi,; artidt· is an t.·xamplc of a thn:c-color photogra ph 
tra!lsmitteJ i11 the iorm of thn·e hlack anti wh ite record ~. each C"orrt:s­
ponding to o11e of the primary colors, fro m wh ich print ing plates 
\H.'re maJe at tlw rt:cei,·ing t:nd. 

Somc pranical details of the proccdure fnllowcd in the transmission 
of pictures Ly the apparatus descrihed may sen·e to clarify the fore­
going Jc;;cription. T hc picturc to hc Iransmitted is wmally pro­
,·iclcJ in thc form of a nl'gativc, which is apt to he on glass anc..l uf 
any one of a numher of ,..izt·s. From this a positin· is made on a cellu­
luitl film of dinwnsions ;i" x 7", which is thcn placl'cl in the cylinJrical 
lilm-holding fr;mw at the ,..cnding end. Simultaneously an unexpost:d 
lilm is pbcetl on thc n·ct·i,·ing end. .-\rljnstnwnts of current ,·alues 
for "light" and "d.trk" t'nnditions arc then madc, on~r the line; 
.tftt·r which thc two cylindvrs arc ,;irnultaneou,..ly started hy a ~ignal 
from om' l'tlll. Tlw time of trathrni,.,,..ion of a .i" x 7" p icture is, fur 
a )1)1) lint· to tht· ineh picturt:, ahmtt ,;en:n minutcs. Thi~ time is a 
relatin·ly small part of tlll' total time requ irctl frum thc taki ng of 
tht· picture until it is deli,·t:red in tlw form nf a print. ~ l ost of this 
tot.tl timt· is tN:cl in thc purdy photngraphic opcrations. \\"hcn 
tht.,..l' are r(·dun·cl to a minimum hy using the negati\'C and thc send­
ing C'lld positi,·c whih· still \Yl't, anJ m.tking thc prints in a projcct­
tion canll'r.L without waiting for the recei\'cd nt·gatin' to dry, thc 
on·r.dl tilll!' j,; of tlw onll'r of three-qu.trtcrs of an hour. 
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Fi~:. 19 .. 'on of cartoon Elt·ctric;il t ransnus'l 
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Tht• lil'Jd,. in whidt dn·trically tr,LII~IIIittl'd pictun·~ nt.t~ · J,l. of 
L:l'l".llt'"t ,.l'r\'in· .m· tho,.l' in \\ hich it i~ de,.in·d to tra11 ~ 111it infnrmo~­
~inn whidt l".tn only l•t• nmn·ycd dlectin·J~·. or at all, hy an appl'al 
to n,.Hlll. lllu,.tration~ of ca~l'~ wlwrc an adt·qu.ltt· n·rh.d dt·,.crip 
tion i,. .d111o~t impo~~ihle. an· portraih, as, for itbLIIICt', of ni111in.d~ 

Fig. 2!}-Eiet:t rically t ransmittl'J fingl'rprint 

or mi,;,;ing individual,;; drawings, ,;uch as details of mcchanical parts, 
weathcr maps, military maps, or other rcpn·,.cntations of tran~it·nt 

conditions. 

Thc valuc of clectrically Iransmitted pictures in connection with 
policc work has bc<"n recognized from t he earlicst days of cxperi­
mcnts in the transmi~sion of pictures. Besidcs thc Iransmission of 
portraits of wantcd individuab to distant points, tlwrc is now pos­
siblc the transmi,.,;ion of tingcr prints. Somc of thc possibilities of 
thc latter wcrc demonstrated o\·cr thc ;\ew York-Chicago pictun· 
scnding circuit at thc time of the Dcmocratic Conwntion, J uly, 
192-1. Thc l'olice Departmcnt of ~cw York ,;clected the lingcr­
print of a criminal whosc complcte idcntitication data wcrc on lilc 
in thc Police Department in Chicago. This single fingerprint, 
togethcr with a code dcscription of the prints of all the fingcrs, was 
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Iransmitted tu Chicago and identified uy the Chicago experts almost 
in~tantly. Thi~ method of identification will be, it is thought, of 
Yalue in tho~e ca!'e~ wlwn· difficulty is now experienced in holtling a 
suspect long enough for idl·ntification to he completed. Fig. ~0 

shows a transmit ted fingerprint. 

The fact that an electrically Iransmitted picture is a faithful cupy 
of the original, oiTers a field of usefulness in connection with the 
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Fi~. 21 Tr.lllsmis~inn of auto)::raph lll.lll·rial -Fir~t senion of J.tpanese·.\mcrican 
Tre.tt~· of IXS.l 

Iransmission of original me~sages or documents in which the exact 
form is of ~ignilicance, such as autographed Ietten;, legal papers, 
signatures, etc. lt would appear that this method might under 
certain circumstann•s save many days of valnahle legal time ancl 
the accumulation of interest on money held in abeyance. For these 
reasons, it is thonght that hankl'rs, accountants, lawyers, and largl' 
real e~tate deal('rs will find a ser\'ice of this kind useful. Fig. 2:2 
illustralt·s the Iransmission of handwriting. 
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~le:-.:-..tgt·,., in (orl'ign l.tngn.tgl'~, l'lllploying .tlph.tlwt:-; of forms not 
:-.nitnl (or telt-gr.tphic coding, .tn· h;lltdlt·tl to .uh .tut.tge. Thu..,, 
Fig. :!1 ,.,ho\h tlw lirst ~~·ctiou of thl' origiu.tl ,l.tp.tlll',.,e-.\nll'ric.tll 
tn·.tty iu J.tp.tlll',.,. ~nipt, a~ tr.tn,.mittl·d from :\,·w \'ork to <'hic.t~o . 

. \dn·rti:-<ing m.tteri.tl, p.trticularly \\ 111'11 in thl' form of "Pl'l'i;tl 
t~·pogr.tphy aud dr.l\riug,., is ofll'll diflinllt aud c,,..,t(~ to !-:l'l to rlis-

Fig. 2Z -Transmission of signatun·s 

t.wt pnhlishers in time (or Cl'rtain issues o( pcriodicals and m.tga­
zincs. A wir1· sl-rvice promises to hl· o( con:-idcrahle ,·aluc for t hi~ 
pmposc. 

A very brge field for electrically transmittcJ pictures is, of cuttrse, 
The Press. Thcir interest in the speedy transpurtation of pict ures 
has bcen indicated in thc past by the cmpluynwut of ::.peeial trains, 
al·roplanes, and other ml·ans for quickly com·cying portraits and 
pictures o( special (·n·nts, tothelarg-e uews distribut ing centcrs. The 
use uf picturcs by uewspapcrs seems at prcscnt to bc growing iu 
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fa,·or, antl many are now running daily pictun.: pages as regular 
features. 

Some of the po,;sibilities in this direction were demonstrated by 
the picture m·ws service furnished to newspapers, especially those 
in Xew York and Chicago, düring the HJ21 Republica n and Demo­
cratic .:'\ational Conventions at Clewlantl antl .:'\ew York. During 
these con\·entions several huntlretl photugraphs were transmittetl 
hetween Cleveland and 1\ew York antl between Xew York and 
Chicago, and copies furnishetl the Press at the receiving points. 
l'hotographs made short ly after the opening sessions, usually about 
noun, were Iransmitted to 1\ew York and Chicago aml reproduced 
in afternoon papers. A demonstration uf picture news serviee on a 
still !arger scale was furnishetl on :\larch 4th, 1920. when pictures of 
the inauguration of !'resident Cuolitlge were Iransmitted frnrn \\'ash­
ington simultaneously to .:'\ew York, Chicago and San Francisco, 
appearing in the afternnon papers in all three cities. Illustrations of 
typical news pictures are given in Figs. 14 and lS. The Iransmission 
of timely cartoons olTers another field for ~en·ice, Fig. Hl. 

Other news-tlistributing agencies can also use electrically trans­
mittetl pictures tu advantage. Amung these are the services which 
make a specialty of displaying !arge photographs or half-tone repro­
ductions in store windows and other prominent places. Electrically 
Iransmitted pictures of interesting e\·ents, ahmtt which newspapers 
have published stories, appear suited to this service, and have alreatly 
been so usetl by some of these picture sen·ice companies. They 
may also be used as lantern slides for the display of news events 
of the day by projection either upon ~creens in front of newspaper 
offices or in mo,·ing picture theatcrs. 

l\liscellaneous commercial uses ha\·c been suggestetl. Photographs 
of samples or merchantlise, of builtling sites, and of builtlings for sall' 
may !Je mentionetl. The quick distribution nf moving picture 
"stills" which is nm\· tlone by aeroplane is one illustration of what 
may prove to !Je a consitlerahle group of commercial photographs 
for which speedy distribution is of value. 



P ropagation of Electric W aves Over the E a rth 
By H . W. N ICHOLS and J . C. SCHELLENG 

""'- ' ,,,. ......... Tht• t·utnp.ar.tli\eh JKH)f lr.tn~nll~~icm o( r.adiu w,l\t'"' c1l I\\CI ''r 
rhro·o· lumoln·ol lllelo-rs molw.ah·s s"n11· sorl of so·lo-1"!1\1' dlcct an tho· ,atauo" 
phert·. "uch .an dfo·o·t j, fouuolto rt·~uh frnm tlll' ,.,;,,, ... ,... of in•t• t•lt·t·trolh 
111 lill' ,lllllll•pill'rt' \\ ilt"ll I ht• lll.l~llt'l ic lil'iol of tllt' t•,arlh j, t.akt•n lllln .IITOIIIll. 
Iu rlw t•o~rth's m.a~awric ri .. lol, whi.-!1 is ahnut on ... h.df ~.urss, 1his "·lo·t·la\1· 
t·ITect will <KTIIr .rl .1 w.an• ll'm:th of approximatt·l~· 21111 nwh·r~. loni/.o·ol 
hvolro~:•·n mnl•·•·ulo-, or aln111s rt•,ult in ro·snn.anl I'!Tt·•·ts .11 freqno·rwi1•, oi 
.1 f.-w hunolro·ol n·.-J,·s. I hi, b .. in~ onlsioll' of I hc r.1olin r.1n~c. Tlw p.q,..r, 
hm\1"\"er, t.ak<·s into .wcnunt 1 Iw ellcct- of innizt·ol molcndt•s .as weil '" 
o·lectrnah. 

Tht• resuh of 1his t'ombin.llion is lhal tlw t•lt•t·tric n·ctnr nf .1 \\avc tran·l­
in~ p.ar.1lld ro 1 ho· m.l~lll'l ic rieltl ;, rotall'ol. \\',a\'cs rran·lin!o: pcqwn<licul.ar 
lo lhl' m.l~nelic lit·lol unolo·r~o dn11blt• rt"fr.u·linll. Critical ctlo·l'b .arc 
oh•t•rn·ol in rn1.11 ion, ht•ruling- oi tlw wa\'C anol .abs11rpl iun al tlw rcsnnant 
fn·qno·ncy. Tlw p.q>er ol<-n·lups lhe lll.lthcmatic.al thl'or~· of thcsc phe­
nnmen.l .and ~in·s fnrmul.1, inr thc \",Hious c!Tccls lohe cxpt·cted. 

T II E prohlem of tlw propo~gation on·r the earth of elcctrmnagnetic 
w,t\'l'S st1d1 as are tbed in radio communication has attract('d 

th l' attl'ntion of a nmnher of inn•stigators who ha\·e attacked thl' 
prohll'lll ,rJong ~OOll'\\ hat difTerl'llt lilll':', with thC ptlrJlOsl' of oiTering 
an l''<plo~n.ttion of how elenromagnetic wa\·es can aiTect instnrnwnts 
at a gre.tt di,;tance from the source in spitc of the cun·ature of the 
earth. \'o attempt will he made here l'> describe adeqttatl'l~· tlw 
\'.trious theorie~. hut \\T remark that the theories of diiTraction around 
a cnnduetin~ ~phere in otiH'rwi,;e empty space did not gin· sati~factory 
re:<ults and led to the lll'Cl's:-ity for the im·cntion oi a hypothetical 
nmduning layer ( ll ea\·i~idl' layer) \\ hose aid is in\'oked to contine 
the wan· hetwl·en two concentric spherical shells. l n many ca--es 
this Hea\'iside layN was considered to ha,·e the properties of a gond 
conductor and it wa,; supposed that a heam of shnrt wan·s, for ex­
ample, mi~ht l•e nwre or less regubrly reHected hack to the l'<lrth. 
T he hi~h conducti,·ity of thi.~ layer was stlpposed to be due to the 
ionizin~ action of th1· still or of partieles in\'ading the earth's atmos­
phere frum outside and prodtwing in the rarl'lied upper atmosplwre a 
hi~h degrt"l' of ionization. The diiTerences in translllission during 
day aml night and the \·ari.ttions which lllTUr at sunrise ,llld ,.un-.t·t 
wert• ~uppo:-ed to t.e due to the ditTerent innizing etTects of the ~un's 
r.tys appropriate tn the diiTen·nt timl'S of day. The explanation of 
the pht·nomenon of "fadir~g" or comparati\·ely rapid lluctuations in 
the inten,;ity of rt·cein·d signals l'llttld then l•e huilt up on the assump­
tion of irrt·~ularities in the l lea\'iside layer prnducing either intcr­
fert·nce between wan·~ arri,·ing hy diiTerent paths or rerlection to 
ditTerent points on the earth's surface. Thc principal difticulty in 
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this explanation i~ tlw nen·,.,sity for rather high conducti,·ity lo account 
for the propagation of wa,·es to great distances without )arge ab­

sorption. 
In HJ12 there appeared an article by Eccles 1 in which the bending 

of wa,·es around the surface of thc carth was explaincd on the basis 
of ions in the upper atmosphere which hecame morc numerous as 
1 he vertical height increa~ed and therehy decreased thc effecti,·e 
dielectric cnnstant which is a mea~ure of thc ,-clocity of propagation 
of thc wa\'C. ln thi s case the \'elocities at higher Ievels will bc slightly 
greater than thc \'C' Iocities at lower le\Tls, which will result in a hend­
ing downward of the wa,·e normal and a consequent cun·ature of the 
wa,·e path to confnrm to thc cun·ature of the earth. In order to 
produce this eiTect without ahsorption thc ions must be relati,·ely 
free. lf they suffer many colli sions during the period of a wa\·e, 
energy will be absorhed from tbe wa\·e and pass into tbe thermal 
agitation of the molecules. Thus absorption of the wa,·e can he 
computed provided thc nature of the mechanism is understomJ 
tlwroughly. 

Sommerfeld and others h<iH' worked out the eiTect of the imperfcct 
conducti\'ity of tlw ground upon thc wan· front and such computa­
tinns Iead to a prcdiction that tlw electric \'CCtor in thc wan· near 
the ground will be tiltcd forward and thus ha,·e a horizontal com­
ponent. This cffect of imperfect conducti,·ity is usually gin·n as 
t lw cau~<· of the !arge electromoti\·c forcc which is induced in the 
so-rallcu "wa\'e a ntenna." This cffect. however, a pparently do<·s 
not Iead to an explanation nf the hending of wan·s arou nd the carth. 

Thcre has ren·ntly appeared an article hy Larmor 2 in which tlw 
idca of a density gradient of ions or electrons is de,·eloped further to 
t·xplain the bending of wan.:s armtnd the ea rth without a !arge ahsorp­
tio n. Thi s papcr, as weil as that of l·:rdes, Ieads to the conclusion 
tha t long radio W<tn·s will hc hent <tround the earth, and that the 
I'!Tcct inneases as thc ~quarc of the wa\'c lcngth, hecoming \"<llli,.,hingly 
>- lila II for \·e ry ,.)wrt wa n ·s. 

The !arge a mount of data 1tow a\·ailahle from both qu,ditatin· 
and qu;ullitatin· ohsen·ations of radio tr;lllsmission shows that the 
phenonwna ma y he morc cnmpliratl·d than would Iw indiratcd h\· 
tlll'!-1' t lwories. I I is found t hat n·ry long W<J n·~ po,.,sc>'>' a considerahl.e 
degrl'l' pf staJ,i lity and freedom from fading and that as tlw wan· 
l~·ngth denc.t~cs the attcnu.Jtion and the magnitudc of lluctuations 
increa>oes llntil for a W<t\'C length of thc onkr of two or thrcc hundred 

• l'n•·. Roy. Sol'., June, !'>!.!. 
'l'ili/ .• llag., I lec., l'J2-I. 
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mt·ter-. there j..; gn·.1t irrq.:ul.1ril\' in tr.tn-<rni,-..;ion !'O that reli.!l>lt· 
communi<·.ttrou on·r l.uul for di,.t.tnrt•s ,,,., ,.hort a-< 1110 milt'>- j..; not 
,d\\,IY"' po,.,.ihlt• t'\"l'll with l.irgt• .tnii>IIIJt,.; of powt·r. \\'ith dt·t·rea,.;ing 

''·"''' lt·u~th \H' lind .tJ,.o \'.rri.rtion,.; in .1pp.rrcnt din·<·tinn of th!' w.l\·<·. 
t ln t he ot ht·r hand, a,.; t he w,l\ t' kngth j,.. decrt•.t,.t•d still further W<' 
lind. ,.;nrm·timc,.;, r.tther ::<nrpri,.;ing incrt•a,;e,; in range and stahilit~·. 

l'hc nature of the (.ulim: ch.tngt•,.;, lwcoming mon· r.tpid. and riH' 
.th ... orption in m.tny t'a~e~ ::<t't'lll" to denea,.t·. Thi,.; pt·nrli.rrity of 
\\.1\l' tran ... mi,. ... ion 11111:-;t bt• ,.,pl.rined in a ... atisf.tctory tht·ory. ln 
additinn to the app.trent :-;elt't'tin· l'ITl't t ju::;t lllt'lltiorwd, ~omt· oh ... n\·a­
tion:-; indic.ltt• that then· <Ht' often diiTen·nt't'S hetwcen e;1;;t anti \n·,.;t 
.tnd north arul :-;nuth transmi,.,;ion ;lt all W~l.\'C lt·n~ths. 

The \·ariDIIS irregul.tritics in radio transmis~ion, and partirul.trly 
the appart'ntly erratic and anomalous l•eha\'ior of elcnronugrwti<· 
wa,·es occurring in the neic;hhorhood of a fcw hundred rneters wan· 
length !'eern tn irulicate that as the ,,.a,·c length is dcnea<:ecl frorn .t 
\'alue of se\'eral kilometcrs to a \'alue of a few meters some kind of 
selet·tin~ l'ITcct occurs which t'hanges the trencl of the physical plw­
nomt•na. The:-e con:-idcrations ha\'e ,;u~gc.;tcd to us the po,;sibility 
of linding somc st:lecti\'e mechanism in the carth's sttrfat'c or in the 
atnw:-;phcrc which becomcs opcr.lti,·e in the ncighhmhood of ~00 

meters. :\ rather superti,·ial e-xamination of the pos-<ibilit~· that 
~uch a scleni,·e mechanism may he fmmd in a possible distrihution 
of charged panides in the at rno~phere has resulted in the eonclu,.ion 
that a seleni,·c etTect of thc required kind cannot he prodm·t.·d hr 
such a phy:"oiral med1ani,..m. Thcrc i:-;, howe\'er, in the earth ·,.. at mo::;­
phere--in addition to di,;trihution:-; of ions-a magnetic field due to 
the earth, which in the prc:-t·nce of ionswill ha\·e a disturhing l'ITect 
upon an dectromaguetic wan•. .\,... is weil knmYn, a free ion mo\'ing 
in a rnagneti<' ficld ha:-; exertt·d upon it, duc tn the magnctic lit·ld, 
a fort'c at right angle:-; to its ,·ehwitr and to the magnetic ticld. lf 
thc ion has impres,.;ed upon it a ,.;imple pcriodic electric forcc, it will 
execute a free oscillation Iogether with a f1•rccd oscillation whost• 
projcction on a plane i:-; an ellip,.,c whid1 i,., trawr,;ecJ in onc pcriod 
of the applied fnrre. Thc eompotwnt ,·clocities arelinear funnions 
of thc cornponents of tht· electric lield and at a <'Crtain frequency, 

depenrlin~ onlr upon thC' rnagnt·tic ticld and the ratio r of the ion. 
111 

lwronw n·ry lar~e unlt·..,,., limitnl hy dissipation. Thi,.. nitical fre-

. 1 llr ·c · d · · qtwncy 1,.; equa to 
2

r.mr 1 /[,,.. nwa:o;ure rn clt·ctrnmagnctlc unit ... 

and t in eiC'rtrostatir units. lt is tlw sanw a:-; thc frequent'}' of frec 
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o,;cillation. For an electron in the earth 's magnetic field (assumed 
to ha,·e a value of 1,'2 gauss) this resonant frequency is lAX 106 cycles, 
corresponding- to a wave length of 21-l meters. 3 \\"e thus have an 
indication that some at least of the phenomena of Iransmission at 
the lower wa,·e lengths may he explained by taking- into account the 
action of the earth's magnetic ficld upon electrons present in the 
earth's atmosphere and acted upon hy the electric ficld of the wa\·e. 
This frequency occurs at approximately the position in the spectrum 
at which the peculiar etTects already mentioned occur. The next 
resonant frequency which would be encountered would he due to the 

hydrogen ion which ha~ a ratio, ~· equal to 1 ~
1

00 that of the electron. 

The resonant frequency of this ion is only SOO cycles and certainly 
can ha,·e no sharply selccti,·e effect in the propagation of electro­
magnetic wa,·es o\·er the earth. \\"e ha,·e, therefore, worked out the 
consequences of the assumption that we have in the upper atmos­
phcre two controlling factors influencing the propagation of elcctro­
magnetic waves in thc radio range, namcly, free elcctrons an<l ions 
together with the earth's magnetic field. The electrons will he 
dominant in their effects in the neighborhood of the resonant frequency 
and perhaps aboYe, while the heavy ions will atTect thc wa,·e at all 
frequencies and, if much more numerous, may he rontrolling at 
frequencies other than thc rritical one. In working- out thi,; theor)' 
it is a~~ume<l that there are pre~ent in tlw earth'~ atmospherc frce 
electrons an <I ion~. ;\t high altit ude~ these are capable, on t he 
averagc, of ,·ibrating un<ler the influencc of thc elenromagnetic 
field through several complete oscillations bdore encountering other 
ion~ or neutral atoms. At low altitudc>s this a~~umption will not 
hold, the colli~ions hc>ing so numerous that the importance of the 
re"i~tance tcrm in thc cquation~ of motion heconws much greater. 
In eilher case thc ions havc no restoring- forces of diclectric type. 
Thc motion of thc electron or ion con,;titute~ a coll\TCtion current 
which rearts tqmn the clectromagnetic wave ;tnd chang-e~ the Yelocity 

3 This frt·qur·ncy do<"s not dr·t"·rHiupon tlw dircctionof tlw tield, and is practi.-ally 
r·orbtant ovcr tlw l"arth'>< ,.urfarc. 

On ;\larch 7, after this paper had lll"cn written, tlw l'chruary 15 issuc of thc Pro­
n•(•dings of thc l'hysical Srwiety nf London arri\·cd in :'\cw York. ln this journal 
therc was a discnssion on ionization in the atmosphcrc in which l'rof. E. \ '. :\pplcton 
-rrggPstcd, in an appcndix, that thc carth's magnetic fi .. ld <Kling upon elr·ctrons 
would chan~o:c rhc vclocity of a l\",t\·e and prnducc rotation .• \ calculation of thc 
critical frequenq· was gi\·en in which, hm\·ever, only tht• horizontal component 
of tlw carth'~ fi<"lrl was u,,,.(, rcsuhing in an incorrcct \"alllc for the critical frequcncy, 
namcly lcss than half thc actual valne. lf the complcte cquations arc \\·ritten 
down it is r·vidr·nl at orwc that thc tot.tl til"lrl is irwolwd in thc critical frcqu<'ncy, 
no matter what may hc thc dircction of prop.1gation. 
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nf prop.t~.lllon of thl' \\,1\t'. rht-. j.,, in f.ll't, tl~t·l•.,..,j, for tht·e\pl.lll.t· 
tion of the nptic .d prctpt'rlll'"' ol tr.tn,.p.trc·lll .uul .tl.,..,rhim.: nwdi.t 
ancl .tl-.ct of tllnli.l \\ hidt ,.ho\\ 111,1!-!lll'lic or e~thn re~tator~ P"\\l'f"· 
J)llt' to t·olli,..iun-. .111d n'l'olllhin.ttion-.. t'lll'f!o!\. will I'·'"" t·ontilllloti..,Jy 
from t Iw t·lc·t·t wnt.Iglll'l it· licld .111d incn•,,,..,. t lll' l'llt'rgy of .tl!i t.ll ie~n of 
nt·utr.tl molt·cule,;. Sinn• thi,.. pron·-..; j,.. irrn t·r,..ihlc it .HTCIIIIIh iut 
ah-.c>rpt ion of l'llt'f~~ r rolll I Iw "·" t'. 

,\,..,..tlllll' .111 dt·t·tron or ion of ch.trgc· r .md "'·'"'" 111 IIICI\in~ \\ith 
\docity I ' .tncl .lt'tt·d upon I·~ .111 t•lt·t·tric lit·ld E .111cl tht· t·.trth'.., IH.tg­
m·tic lil'ld II Tht· cqu.ttie~n of ntotion of tlw in•t• ion will bt• 

/II i· E+ 1 
l ' X II 

r 

(I) 

· : 1 · . f II f h . m wl11ch l ts \\Tlltt·n or anda orm r. (\\' t'II\H'cometnnlll:-;ult-r 
r 

.tb:-t•rption it \\ ill ht• IH'Cl'"'""ry to l.!;l'lll'ralizl' a into a (1- i _!_) to in-
11111 

dudc ,1 rl':-;isting forn:. n·. proportional tu tlw n·locity.) 

Tlw totalntrrent i,.. ~in·n I·~· 

h l = f~+ 2: hr.\"e l '. (::!) 

ln tlu>t' t•qu.ttion~ and thc fnllowin).!' we are using C.tussian units 
.md tlll' ,.ummation rl'iers to different kinrls of ions. 

In ordcr to a\·nid a C'11111plicatcd nnthcmatieal treatment. which, 
howt'\ t•r. i-. 1111t difticult to c.ury through if neces:-;ary, it will l1c as­
:-unwcl th.ll thl' magnetic tit·ld II j,., al11ng thc a,i,., oi :;, \\'hcn nwrc 
l:!t'lll'ral n·-.ult ... .tre n·quin·d, tlwy will he -.tatl'd. All time ,·ariahles 

,Jrt· a-.,..unwd )wriodic with a fretllll'lll'\' >
11

, ,.o that 0 =in . . :...rr 1 / 

Soh·ing l'!)ll<ltion f I) for the l'11111pont·nts oi l ' \\C lind, for c.tch 
type..· of ion: 

. _ina.\'+hl' 
t,- -~~~-a~n~ , 

- hX+inar 
t·~= 

z 
t'3= • 

/11(1 
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from which it appears that a resonance frequcncy occurs for 

lz 
11=- =llo. 

a 

Since e/m for the clectron is -l.iicX 107, the earth's magnetic ficld 
of about 1 /2 gauss will produce a resonance frcquency at 1...1 X I 06 

corresponding to a wa\·e lcngth of 21-1 meters, whilc all heavier ions 
han• resonance frequcncies far outside the spectral rcgion to be 
considcrcd. 

The assurnption that the componcuts of thc ionic motion ••re simple 
harrnonic, in spite of thc fact that thc motion of the ion is rather com­
plicated, is justified as follows. From (I) we find that the vclocity 
of an ion (r), say t•, is rnadc up of thc complementary solution, t•,' 
and the particular solution t•,"=J(E). The latter dcpcnds upon the 
imprcssed forcc E, while thc former has constants of intcgration 
determined by the position and motion of the ion at the last collision. 
The complete current is thus 

The sccond tcrm, hnweYcr, a\·eragcs out over a !arge number of ions 
since thc initial conditions are random ;4 hence, as far as thc etTcct 
upon wa,·e propagation is concerned, we may treat all quantities 
as periodic. 

Following the usual proccdure for the investigation of thc propaga­
tion of waves in media of this kind, weshall rewritc equation (2) in 
terms of the components of the clectric lield, thus for each type of ion: 

( 

(J .\" ) ·• 0 (J .\" ~:1 . . 0 • 

·l'll'ft= 1+ 11}-ll~ .\-1
11
}_

112
1 =t 1.\-lal, 

I I ( 
u.\") .;. 

0 71' 3= ,_ " /, 
II" 

in which ·l'll'e =u or :~.:?X I!P for ;tn dectron and 3.:.!. 109 111 f a , .1/ or 

an ion of ma:-.s .1/. In onler to a Yoid complica t!·d formulas, tlw 
Sllllllllations which lllll'it )JC carried in eqnations (:~) to t,tke <lCCOUilt 

• II is lu·re assumed that 1he mean time hdWl'<'ll collisions is large comparcd to .!.. 
n 
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of tht• dlt•CI nf ioll,_ 11f dillt•rt•IJ( kind" fl.l\1' llt'l'll tlllliltl'tl, lotll it j,_ (II 

l•t· lllldl'r,.,ttHIII th.tt tlw dll'lt·•·tri,· t'~>lbt.lllh '· .r. t'lt'., .tn· hnilt np 
fr~>lll thl' eontrihutillll" of .tll typt'" .. r it>IIS. Thlh r ..... 111 ion .,f III.ISS 

II/ f II/ f . . .\! Wl' 11111"1 pnt u .\[ or u, llo .I/ or II,,, 111 t•qu.Hions (:~1. 

Tlw dTt-etin· dielectric con,;t.nlt, instl';lll of ll!'in).: unity, has thu~ 
t lll' strurturc: 

-In 

and Wt' may \\rite cquation ( '2) ·'"' 

which h.t,., thc significancc of thc scalar cqu.1tions (:q. Thus I is .1 
linc.1r n·ctor function of E and thc opC'rator (f) is skcw syn11nctric, 
indicating .t rotatory c!Tt·ct allout thc a:~:is nf z. 

(The gcncral casc in which h has the thrcc componcnts (h, hz hJ) 
rl'sults in a dielcctric constant having thc structure 

-ßz+ iaz) 
-p,-icq 

fJ 

of which the aLO\·c is <1 ~pccial c.t,.,<'. \\'ith this \·alm· of (f) tlw cqu.J­
tion (-1) bclow contilins thc genered ,.,olution of our prohlcm.) 

Let /l1 ht• thC' m.tgrwtic forn· assoriatcd with E in tlll' w.1n· so that 

c curl ll1 = (f) E 

c curl E = - Ii1. 

Eliminating /l 1 from thc,.,c equ.ttions wc get 

(·I) 

or in scalar form 
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-\2J'+_Q_ diY E = 
1~

2

(iaX+Etl'), oy c-
(5) 

- \2Z+.Q di\· E = 1~
2

(E2Z). cz c-

The~e equations for the propagation of light in magnetically active 
subtances haYe !wen gi,·en hy \ 'uigt, Lorentz, Drude and others 
and form the ha~is of the e:xplanation of optical phenomena in such 
substann·s. .t\s applied to optic~. they are \\·nrkerl out, for exarnple, 
in Dmde's ''Optics" (English translation), page t:~:~. As applied 
to this pro!Jicm, they assume either that the motion of the ions is 
unimpeded or that thc re~i~tance to the rnotion may be expressed as 
a con~tant time~ the Yelocity, which, as e:xplained later. may be done 
in this case. \\'e shall work out some comparatively simple cases 
and point out the condusions to he drawn from thcm. 

C'onsider first a plane polarized ray haYing its electric vector parallel 
to thc magnetic tielrl and mO\·ing in the xy plane; for example parallel 
to x. In this case the clectric ,·ector is a function of x and I only 
of the form 

in(t-1!!.) 
Z=Zo E C 

in which ~ is tlw wlocity of the wa\"e. Substitutingin the general 
1.1. 

equations (:i) we find that 

The Yelocity of propagation is thu~ a function of the frequency and 
of the density X. This particular case cnrrcsponds to that trcated 
by Ecdes and Larnwr in the papers cited. lt \\·ill bc noted that the 
\·elocity is grcater for long wan·s than for short waves and that if .Y 
is a function of distancc from the surface of the carth, the ,·elocity 
will ,·ary in a n~rtical direction, causing a curvature of the rays a,.; 
worked out hy tlw a11thors mentioned. ln thi~ partindar case, how­
<"\·er, which corn·spond,.; compll'tely in pr;rctice to conditions obtaining 
m·er only a limitl"cl ar<'a of tlll' earth's surface, the greatest etTcct is 
produn·d on tlll' long<'r wa\T:-. Sinn· t•l<·etromagnetic wa,·es arc in 
).:l"!ll'r;tl radiat<'d fron1 n·rtic.tl ant<"llllas so that tlw ckctric \"l'ctor 
is Yertical, this ease would corr<'~pond to th<' condition of transmitting 
across t he north or sou t h mag-net ic pol es of the t•art h. 

Tlw seconcl case tollt' considered isthat of propagation along the 
direction of the magrll'tic tield. Iu thi:< ca,;e .\" and l' are functions 
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of:: ,l(ld I .111<1 tlw .lpprcopri.tlc ".,lution,.; cof tlw funci.IIIH 'III.d (•qn.tllon-. 
(;-,) .m· 

\ ., I ( J,t,::) 
• - ,. Cl,,. II I - f- ' 

\." I ( J.lz:;) . =.· I'OS II /- ( , 

which n.:pre"ent two oppo,.;itely circui.Jrly pol.trizl'd componcnts 

tra,·cling with the difTcrent n·lociti(',.; f and ,- Thc plane of polar-
J.Il J.l~ 

ization is rotatl·d through an angle of 2 1r in a di,;tancc gi,·cn hy 

<JO f:] 

x.· =-

Thc third ca,;c to hc con,;idcred is that of propagation at right 
.lllglt·,; to thc m.1gnctic ticld, ,;ar in thc dircction of x. For this case 
t'f]Uation,; (.')) hccomc: 

of which tllt' -.olutions arc 

The first of thc:,c is mcrelr the (wmally small) component of field 
required to makc thc total cmrf'nt solcnoidal, that is, to balance thc 
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con\'cction of ckctrons. The last two show that thc plane polarized 
ray whosc electric n·ctor is parallel to 11 will tra,·el with thc \'elocity 

~\vhilc the one who::.e clectric ,·ector is at right angles to this direction 
J.l2 

and to the dircction of propagation will traYcl at a diiTcrent spccd, 

J.ll 
Thcrc is thus double rcf raction. 

Bending of the rays. l f p. is thc index of refraction, which is a 
function of thc spacc ,·ariables, the curvat urc of the ray ha,·ing this 

indcx is ..!_ dd___!!. whcre s is taken pcrpcndicular to thc direction uf thc 
J.L s 

ray. Since p. is practically unity cxcept at thc critical frequcncy, 
this cun·aturc is 1 2 d p.2/ ds. In order that thc ray shnuld follmv 
thc c.:un·atnrc of thc earth it is clear that p. must dccrease at highcr 

altitudcs; that i,;, dJ.L
2 

must he ncgati\'c. 
ds 

\\'c shall work out the cur\'aturcs for thc special cases considvrc·<l. 
(Tbc first case has l)l'cn gi,·cn aiJm·e a nd was workcd out in the papvrs 
citcd). For the GISe of propagation along Jl, thc two circularly 
polariwd beams ha,·e indiccs giYcn by 

J.lt2=Et+a=J+O'':r --, 
w w-I 

( _1lo) w-- . 
11 

(i) 

(S) 

\\'c arc intcrested in the \'alucs of l,:? ~
2 

in which .\' aml h an.· fuuc­

tion~ of distancc s and also of thc time. These conlL' out to !Je 

(\1) 

(!II) 

;\ ~triking fact ~hown hy thc~e fornltllac is that thc cun·aturcs of 
th•· two rays arc in gcncral diiTcrcnt. ,\ limitcd hcam entering an 
ionizcd medium along a lllagnl'tic nll'ridian will he split into two 
which will tra,·ersc diiTcrl'nt paths. Thus we should expect to find, 
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on·.l..;iun.dl~, .1 cin·ul.1rl\ pol.lri.t.l'd l>e.ull .at tlu· n·n·iH·r dlll' to tiH• 
f.wt th.lt tlw n·n·i,·in).! in..,trunwnt i,.. low.lll·d .at .1 point tow.ml \\ hich 
nnl' uf tlll' ht·.an1,; i,; di' t'rlt•d .aftl'r ho~,·ing p.l ... ,..l'd through .111 nppt·r 
ionitt'tl l.1yer. Thi,. i,.. 111>\\ lwing inn·,..tig.tted t'\.Jll'rimt·nt.tll~·. I t 
j.., cft·.lr th.lt, .llthough the two co111pmwnh do not in gl'ncr.d tro~n•l 

o\Tr thl· :-..unc p.1th, hoth 111.1y t·n·ntu.dly .urin· .11 the ,;anw rl'l'ein·r. 
The tir,;t r.1~·. lwwt·n·r. 111.1y h.1n· penetr.1ted mnch higlwr in thc 

h I I I I . I I I. I tf.\" I I .ltnto,;p t'rl' t 1.m t a· ot wr. t 1.1! IS, to a t'\'l' at w 11r 1 ds 1<1>' t H' 

proper negati\c \·ahll' tu c.IU>-l' it to rcturn tn earth. 

For long w.IH'"• tht•,.e curLitUn·,.. heronw: 

' CTW [ d X X d"., 
(,=:!n} +ds-hdsJ· (II) 

, _ CTW [ _ tf.\'+ ,\' tfft] 
( ~-., .. . _n .,- ds lt ds 

( l2l 

I kncc a limitcd beam of long \\.1\'l'" entering this medium would tcnd 
to ~plit into two of opfJo~ite pol.1riz.1tion and tran~r,;e different paths. 

I h . I f I. I 1 d.\" 1 dh I h I r· n t e :--pena e<1,.;e or w 11l' 1 .\' ds lt ds t 1roug out t 1e mec 111111, 

tlwrc will be 110 ,..uch sep.lr<llion of the beam. 

For \·cry ,..hurt wa\TS 

~ CT [ .tf.\" 3 .\"dfl] 
( 1 = -w· - w 

'211 0
2 ds lt d s ' 

(14) 

llenn· if thc mo,.;t eiTert in· cau:--e of rd ract ion j,.. tlw variation in the 
ionic dcn,.;ity hoth cnmponcnts tl'nd to remain Iogether and to travel 
with a rot.ltion of thc plane of polariz.1tion. l f \·;ariation in thc 
ITl<lgnetic licld i:-- appreciahll' thc two compom·nh lend to di,·erge as 
in tht· ca,..e of long w.1n·,.;. 

For propagation at right angle,.; to ll, ,.;ay along .\', WL' ha,·e 

1-u.\' 
~~~· 

(Li) 

(lti) 
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The LenJing of the plane polarizcd componl'nt ha,·ing the index J.lt 
shows no ::;elect i,·e dTc-cts, hPing simply 

and is apprcciahle only for long wa\·cs unle~s X is n·ry largc. For 
the othcr component we find: 

(lX) 

wlwre , in onler to simplify the formula, only the tt·rm containing 

d/S has hecn inclurled. This applies to ions of one kind. 
( s 

For long wan·s thl'"l' two cun·atures IJpcomP 

(IV) 

(20) 

These formulas show that the lirst cun·ature is alw;tys in thc samc 

d. . f . I f d .\' I 'I I d I . I . trect10n or a gt\'cn \'a uc o tls, \\"11 e t w secon cun·ature, w 11c 1 1,.; 

that of tlw l'kctric \"t·ctor peqwnrlicular to tlw magnl'lic tield, is, for 
\'Pry long wan·s, in thc sa nw din'C'tion as C1 hut, as thc wa\·e kngth 
is decreased or .\' innL·a"cd, rPn·rscs in sign and lwcomcs oppositc 
to C1. .\::; an cxample, if X= I 0, for Ii kilonll'ter wan·s thc eun·a­
tures are opposite, so that if thc first component tcnds to hcnd down­
ward thc st·cond will tend to hend upwanl; while if X= 100, for thc 
samt· wm·e length hoth ntr\'aturcs h;l\·e thc samc sign and the sccond 
is fi,·c timcs as !arge as the first. 

For l'Xlrt'llll'ly short wan•s the two cur\'atures are equal as thcy 
oiJ\·iously "lwuld Iw, sinn· thc magnetic field ca n thcn han• no eiTert. 

ln transmitting from :\cw York to London, for example, wa\'l'S 
trawl approximately at right anglcs to tlw magnetit· lield, which in 
this latitude has a dip .,f al1out 10°. If \\"l' as~umc a plane polarizcd 
ray starting out with its electric n·ctor \"t•rtical, tlw componcnl 
parallel to thc magnetic ficld will hc tlll' largcr and will he suujcct 
to thc ('un·atmP C1 aho\"1', whilc the ~mallc·r component willl1e afTected 
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l>y tlll' lll.l).!lll'lic lidd .111d \\ill h.l\l' tht• cun.lllln· Cz. l"hl' two com­
Jll>nt•nt:;. into \\hich tlw origin.d \\,1\l' j,.. n·sol\ed \\ill tr.l\·el \\ith 
diiTert'lll n•lncitit·s. lt is clt".lr th.Jt \\lll'n the di,..tril>ution of ions 
in the 11ppn .Jtnw,..phen• is ch.lllgl'd hy \ .1ryiug ,..II II Iight conditions, 
the resulting l'lll't·t .11 .1 rl'ccin·r is likt·ly to \'.Jry consider.JI•Iy. So!'IC 
of the pn,..,..ibilities '' ill be di,..cu,.sed I.Jter. 

Rotation of lht' plam· of polari:alion. lt has ht•t•n slwwn that in 
tlw -.t·cond c.l,..l', n.um·ly Iransmission along the lll.Jgnetie lield, thcrc 
will l>t• a rot.ltion uf the pl.me of pobrization of the wan·. This 
rotation is such that tlw wa\·e i~ rol<lled throngh a com plelt• turn in a 
distance ~::in·n hy 

( 21 ) 

lt i,_ intt·n>ting- to 1101e that thc distance in which a long wa\·c rotates 

2rroJ 0 through ::? rr approache:o; the cnnqant value u.\' as the wavc length 

incrc.1ses and that for \·ery short wa\·es the rotation of the plane of 
pol.1rization tends tn \·anish with the wa\·e length. 

Absorption. \\'hen an electron strike" a massi,·c neutral atnm the 
anragc persi,..tence of wlocities is negligihle and in the steady state 
of motion of electrons and neutral molecule" the clement of com·ection 
current represented hy an impinging electron will bc neutralized, so 
far as the wa\·e is conccrned, at en:ry collision. Of the energy which 
has bcen put into this elenwnt of conn?ction current since the last 
collision, a part will he "pent in aceelerating neutral molecules, part 
will go to increase the aYerage random n·locit~· of the electron and a 
part will appear as disordaed electromagnetic radiation. Thus. as 
i.1r as the wa\·e i,.; com·erned, the proccss of collision with ma,..si,·e 
neutral mol('cules i,.; irrc\·er,..ible cn·n if the molenlies arc elastic, 
.md all tht· energ-y pickcd up hy thc elcetron from thc wa\·e bctween 
colli,..ions i,.. takl'n fr11111 the wa,·e at the m·-...:t collision. Exanly thc 
same statt· of aiTairs would l'Xi,..t if at each colli,..ion thc clcctron rccom­
hincd with a molecule <llld a new electron were creatcd with zero or 
random n·locity. Thus for mas,;in? molendes for which we can 
nq::lect tht· pcrsistcncc of elcctron ,·elocities the eiTect upon the wan· 
is cx.Jctly the s.tme whcther thl' colli~ion i:-; cla:;tic or ineb:;tic. 

The".e conclusions are n·rifiPd hy the re,;ults nf two diiTerent com­
putations which wc have madc of the rcsistance tl'rm, n•, in equation 
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of motion of thc electron. Con,-idl'r in the tir~t plarc a mixture of 
electrons a nd massi\e neutral molt·cules , assumcd perfectly elastic, 
in which thc persistem·t• of \'elocities of thc electrons after collision 
is ncgligible. Jf an electric lil'hl XEint opcratcs in th(• x direction a nd 
if the state of motion is a st t>ad~ - onc, wc can computc the energy w 
takcn frum the \\'an· hy a singlc l'lectmn at anr time after a collision 
at the time / 1 and hdort• tlw next colli,-ion . Let this time aftcr / 1 be 
T. If the mcan frcqucney of collisions is f, the time T betwecn colli­
siulh will bc distributcd arcording to the Ia\\· 

fc! r 

and wc shall ohtain the mean energy takcn from thc wa,·e per collision 
by multiplying w by the a) ,o,·e cxprcssion, intcgrating from zcro to 
infinity with rcspcct toT and thcn p('rforming an a\·erage ovcr all the 
timcs / 1• Thc re~ult of thi,- is that thc mea n encrgy loss pcr col­
lision is simply 

c2X2 n2 

'W= 21111~ F+n2 

and conscqucntly the loss pcr sccond is f timcs this. If wc equate 
this to rv2, which is also thc rate at which energy is bt·ing dissipated, 
we find that r=mf, which is therefore tlrc resistance termtobe inserted 
in the cquation uf nwtion of the elcctron. 

Jf thc convcction current is carricd partly by heavier ions, it will 
not !Je a nnullcd at cach collision a nd all thc energy dcri,·ed from the 
fielt! will not bc lost Oll impact. 

The foregoing computation a,.,;u mes as ol)\·ious that energy is ]o,;t 
from thc wa\"e at a rate equal to tlw numher of colli sions timt·~ thc 
a \"cragc e nergy which the dcctron takcs from thc wavc hl'twcen 
colli sions. Thc Sl'Cll JHI mcthod is ~onwwhat mure gencral. Thc 
mean velority at a time I is found fur clcetrons which collidcd last 
in an inlt'n·al at / 1. This is cvidently a function of the n·locit~· 

persisting- through the last rollisinn and henre uf tht• an·rage velocity 
lwfon· the impact; :-;o that if tbc an·ragc Yclocity hdore collision 
wa~ <', that after impact would ],c o t•, in which o is a llumbcr less 
than unity, dcpcndillg oll thc relatin· masses and thc nature of the 
collisinn. :\n~raging for all \ 'alues of / 1 hcforc I and u,;ing the samc 
law nf di~tri l•ution assulned ahm·t·, thc mcan Yclocity of tht• ions 
since tlw last collision is ohtailll'd. By con1 parison with the ~olu­
tion n],taincd for thc \'clocity of fnrccd o:-cilbtion in which the re­
sistin· forcc is n•, \\'l' find that r=mf( l o). For thc spccial casc of 
elcctrons, o may be takcn cqual to Zl'ro, lll'ncc· r = mf. Fur thc casc 
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nf \ t·r~ hc.l\ r ion~ colliding "ith light llclltr.d lltnlt•t'llit-~. r (), ~inn· 

I. For cqu.tl lll,l:.~t·~ ö wottld hc .du1llt one half, ht·tHT r- ~ mf. 
:-.inn· th1• rl'~i~t.tnn· f.tctnr r is t·qtt.tl tu mf, in onlcr to irwltuk thl' 

l'llect of attenu.Hinn of the wa\·c, \H' lllll~t rl'pl.tce 11 hy 

.f I II) • 
lf. ,," tbn.tl, Wl' .t,;,;llflll' .1 W.t\'1' proportion;tl to 

thc cquations (;i) slww that, in onlcr to cakulatc the '.tllll' of thc 
• .I~"orption con~tant k, we must put 

in which E is the gcneralizcd diclcctric C<l!btant appropriate to thc 
Cl,;t' <'Otbid<·red. \\'c haH' wnrkcd out in this way thc al>sorption 
for thc \·ariotl::> ca~~·~ trc.ttcd ahon? with thc following rcsult s. 

ln thc ca,-t• in which thcrc j,. cithcr no magnetic ficld or the magnctw 
fu.·ld i,- p.tr.dld tn the dircction of thc electric H'Ctor, we find 

This fnrmul.t for .1hsorption applies (for dcctrons) for any Yalue 
of f or 11. Thus ncar tht· surfacc of thc carth where the colli~ion 

frt·quency f is of the ordcr of 10~, the fraction Lwill be largc t:\'('11 fur 
H 

rather ~lwrt wa,·cs. As we go higher in the atmosphere this ratio 
decrea,-c,.; for a gi,·cn wa,·e frequency until at a height for which 

f =I wc enrountcr the maximum al>sorption per electron. Abm·L· 
II 

I 
thi" lt-n·l 

11 
anti ronsequently the ahsnrption per elcctron decrea:.cs. 

For ions other than electrons the rcsist.mce will be somewhat diiTerent 
from mf, clcpending upon the ratio of the masses, and a corre~ponding 
cham:_t· must Le made in thc al,m·e statcnll'nt. 

In thi,; papcr wc are ronsidt·ring only the effects which take place 
at hcight:; aiJo\·e that for maxirnum ahsorption so that, gennallr 

,;pcaking, ~ will l>e small or at least lc,.,s than unity. This approxi ma­

tionwill be used in computing the absorption con~tants which follow. 
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As an examplc uf the naturl' of thi:-; apprm:imation, at a hcigh t of 
about 100 kilometcr;-;, we may cxpect an atmo:-pheric pressure of 
IO-• standard amJ a corrc"ponding eollisiun frcqucncy of the ordcr 
of 10''. Thu,; for very long wa , ·es of frequcncy .J O,OUO cycle;-; pc r 

secund wc still havc J_ =.·1, while ;1t thccritica l.freqm·ncyLisonly 
n n 

I 100. 

The computation of the colli:-;ion frequency for electrons 1s rather 
in\"oh-ed bccause of thc peeuliar nature which such a coll i;-;ion m a y 
ha\·c and heca u :-<e it probahly i:- not pcrmi;-;:-;ihle tn ;b;-;umc therma l 
cquilibrium Wlth the molceu lc,; of the g;JS. Thc procc;-;,;cs of ionizat ion 
and recomhinatiun will al:-;o Iead to com plications. Prohahly thc 
mo:-;t :-;ignificant information Willlid h<· thc numhcr of clcctron frec 
path,; per ::.ccond for unit \"olunw. 

T he quc:-<tion of thc beha,·ior of wan·s in or bclow thc layer of 
maximum absorption per iun i;-; a sumcwhat dilTcrent one and helongs 
properly in another paper. 

For the casc uf transmi:-<sion ;1lung a magnetic mcridian thc oppo­
sitely circularly polarizcJ rays ha\·e thc ah;-;nrption constants: 

lt willl1c notcd that , at tlw critieal frcquency , the lirst of these wa \"es 

u.Y II 
has tlw high ah;-;orption '2n } · f and is therdore cxtinguishcd in a 

:-;hort di;-;tancc, while thc othcr wa\·e has anormal ah;-;orption consta n t 

u .\" / 
Sn } n 

Thu;-; for thc c;I:-<C of tran:-<mi;-;"ion along a mcridian a t the 

c ritical frequcncy we might e:-.pcet a recci,·ing station, sufficiently far 
a hon· thl' ground, to rccein· a circularly polarizcd beam. This wou iJ 
nwan tha t if a loop wcrc u;-;cd for reeeption, the intcnsity of t he 
reccin·d s ignal would hc independent of the angle of setting of the 
loop, prO\·ided onc diamcler of the loop was ,;ct parallel to thc d ircction 
of prnpagation of tlw wa n•. ln gcneral, of cour"c, thi;-; ideal cond i­
tilln could no t hc n·;dizcd dut• to thc di;-;turhing aetion of thc ground 
and of othl•r conducting or rdrarting IH>dies and the most W l ' should 
t'"\fll"l· t to ren·in· in pr.wticl' would Iw <111 l'lliptically polarized hea m . 

ln t lw thinl ca~~·. namcly, that of propagation ptrpendieular to 

t lw di rec tion of t lw magnl"tic tield, W<' lind that the wan· polarized 
with its ell'c tr ic \<·c·tnr parallel to the ma gnl'li c licld has the ~amc 
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:! //,,! • .r 
.th,.,orpt ion ,1,., lll'for\', 1\.tllh'l~ G .\" w· 

11 
.111d I hl· othn r.ty \\ hosl' t'Oill· 

,.:: 
plt'' indt•' of rl'fr,H'lillll i,.; f(- f( h.ts tlll' a(,,_orption l'IIIIS!,tll( ~ a•l +/.:~) 

in whidt 1.: 1 and 1.: 2 .trt· the ,,h,-orption l'Clll,.,tant,; ).!in·n alJCJ\ e for 
prop.lg.ll ion .dong a lll<lJ..:lll'l il' llll'f'idi.tn . 

. \t th\' aitical frl'Cflll'lH'Y \\t.' lind, thl'rdore, th.tt thl' ala,..orption 

con,..t.lllt i,; .tbnorm.tlly high and l'l(U<tl to ~-\~. which j,.. c•rH·-h.tlf 
.. n .. · f 

th.tt .,J.t.tint·d for the lir,.;t ray 11f ca,.;e ~. 

One n·ry ,..triking f.tC'l i,.; hrought to light hy thl',..t' l'ljll.ttion,;. Thu,.;, 
rderring to tht• two ,.;1lues of ahsorption cotblants for lran,.;mi::.sion 
along tlw m.tgnl'lic tield, we lind that for \Try long wan·,.; (for which 
w is !arge) tlw ionic ahsorption is n·ry nnwh ll'ss with a magnctic 
tidd pn·,..t·nt than without it. This means that in this ca:<e and in 
thc next tht· prl'"l'nn· of a m.agnetic tield assisls in thl' propagation of 
an l'll'ctromagnetic w;t\'C l•y decreasing the absorption. This rcduc­
tion in ahsnrption may ;lmuunt to a rathl'r largl' amount, ;1s may hc 
seen from an in,..Jx·ction of thc formula for k 1• For ex.1mplc, if in 
thi:- ca,;e w i,.; ~0. corrcsponding to -1.000 mcter \\·an•s, wc find 
th.:n umkr cnrre,..ponding conditions the ah~orption duc lo elcclrons 
only j,.. rcdun·d by thc magrwtic lield to I '-lOOth the ,·aluc it 
would h;tn• for no magnetic lil'ld. ()f course, thcse cases arc not 
din:ctly romparahle bccause tlw path dw,.;l'n by the wa\'C would lx~ 

ditTcrl'llt in the two cases. It i,.. plau,.;ihiP, howen·r, that the propaga­
tion of long wan·,.; along tlw magnetic field may go on with much 
ll•,;::; attenu.ttion than propagation from Ea,.;t to \ \"e,.;t on•r a region 
in which thl' magnetic field is nearly \l'rtical, in whid1 ca,.;c thc dTC'ct 
of the m.1gnetic fil'ld is largcly ah~t·rlt. Thi,; eundu,.;ion, hm,·c,·er. 
cannot ht• madl' in gl'ncral sincc <I numher of otlwr l'all:-l'" are intluen­
ti.d in dell'rminin!; the prnpagation, ior t·xampll', tlw hending of thc 
ray,.., ~~~ that it is 11111 certain that tran,..mis,..ion mTr a region in \\·hieb 
thc ma~netic ticld i,.; n:rtieal is always more difticult than in the 
other ease". 

The rea,.;on for the derrea,.;ecl ah::.11rpti .. n of Ion~ wa\Ts when the 
magnetic ticld can opn.Lll' (that i~. in all ca,.;e,.; in whieh thc elcctric 
,·cctor i" not parallel to t ht· ticld) i,.; tha I I he \·cloci t il':< arquircd by 
thc frl't' electrolb are mnrh 1<·:;,.; for ,..111all \'alues of 11 when thc magnctic 
tield is prt·,..t·n t. 

Fadi11g. B} thi" i,., meant a ,·ari<~tilln with time 11f thc strcngth of 
.1 reccin·LI "ignal at a gin:n point. It i" clcar that a wa\ e starting 
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originally with constant amplitude and freCJuency can he recei,·ed as 
one of ,·ariable amplitude only if certain characteristics of the medium 
are \'ariablc with the time. So far as the atmosphere is concerned, 
these characteristies may bc the distribution of electrons and hea\'ier 
imb and the intensity and direction of the earth's magnetic field. 
lf these arc functions of the time, the ,·clocities, bending, absorption 
and rotation of thc plane of polarization will all be \'ariable, 
the amplitude of \'ariation depending upon the \'ariations of N, 

~~~. I!,~:. as well as the freCJuency of the wave, the effects being in 

many cases magnified greatly in the neighhorhood of the critical fre­
quency. These effects are oln·iously sufficiently numerous to account 
for fading of almost ;my character and suggest a number of experi­
men t~ to determine the most efTcctiYe causes. The question of rota­
tion of the plane of polarization, fading and distortion is now bcing 
e"\amined cxpcrimentally. 

From the formtdas it is clear that thc ,·clocity, curvature and absorp­
tion of an electromagnetic wa\'e as weil as the rotation of its plane of 
polarization can all he affccted hy a time ,·ariation in the intensity 
and dircction of the earth's !leid. An pxamination of the probaule 
time and spacc \'ariatinns of each, hm,·eyer, Iead us to the conclusion 
that thesc arenot of primary importance in determining !arge ampli­
tude fading except, pcrhaps, during magnetic storms. One result of 
thc last two years of consistcnt testing between .:-\ew York and London 
at about GO,OOO cycles has ~hnwn that sen·re magnetic storms are 
always accompanied uy corresponding Yariations in the strength nf 
recei\'ed signals. Thus, although the earth's magnetic field can 
weil exercise a !arge inftuence upon the course and attenuation of 
radio wa\'es, it dnes not secm likcly that its time ,·ariation is ordi­
narily a !arge contributing cause to fading. 

This lea\'es as the probable principal cause of time \'ariations the 
numl1er and distrihution of ions in the earth's atmosphere. lt is 
impo~sihle in this paper, which is de,·oted primarily to a deYelopment 
of a theory of Iransmission im·oh·ing the earth's magnetic fie ld, to 
consider adequately all thc possihilities resulting from changes in 
ionic distrihutions, ln1t somc gcneral remarks may be made. Imagine 
;1 wa\-e tran·ling from the source to the rccei,·er. At a short distance 
frorn the sourn· thP Wil\'e front will be more or less regular but as it 
prngresses, duc to thc irregulariti<'s in ionic distribution, the wan~ 
front will den:lop crinkles which hecome exaggerated as the wa,·p 
goes on. These crinklcs in the waYe front will be due to irregularitics 
in the medium and can ue obtained by a lluyghen's construction at 
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.111~· p•1i11t. I f Wt' con,.;idn tht• w.l\'t• a ,.;hort disLIIIC'l' lwfon: it re.w]w" 
the recei' l'r, \H' will lind rq:ions in which the \\',1\'t• front is conc;l\ t' 
to the n•ct·i' l'r .111d rq.:ion~ of oppo,.;ite eun·.1ture. Thu~ .11 rertain 
porti\lns of tiH' w,l\'l' front l'llt'r~r will Iw r~>IH't'lltr.lled toward a point 
f.1rther nn ;111d .1t other p;1rts will he scattered. Thc lncatit•n nf tlw~e 
com·cx or concan· portions of tlw w.t\'c in tht· nl'ighlmrhnod of a 
gin~n rccci,·ing point will bc wry scmitivc tn changcs in ionic dis­
trihution along ;dl thc paths of thc elcmcntary rays nmtrihutin!,: 
to thc c!Tcct at thc recei,·cr. l lcnrc, if \\'c kncw thc lot.ltion and 
n1on·mcnt of all thc ions hetwccn thc transmittcr and th<' r<'cciver, 
it would hc possihlc, thcorctically, to prt'dict thc rl',.;ultant cfT<'ct at 
thc lattcr point. 

To t'Xplain bding it is essential that thcrc be a time ,·ariation in 
this distrihution. lt is clear that dfccts of this kind shnuld be morc 
markcd at short wa,·cs than at long wan·s sincc a region of thc medium 
comp.1rahle in dimensions to a wa,·c length must su!Ter somc changc 
in ordcr to producc an e!Tcct upon thc reccivcd signal. l f, for t'Xampk, 
thcrc werc space irrcgularitics in the medium comparab le to the wavc 
length, a kind ~>f ditTraction etTcct would be produced at the receivcr 
which would be ,·cry sensiti,·c toslight changes in grating space . 

.-\ possible causc of irrcgularity may be found in the passage across 
the atmosphere of lnng wa,·es of cnndensation and rarefaction, each 
of which results in a change in the density and gradient of thl' ions, 
e\·en though the a\·erage density remains constant throughout a 
lar~.":e \'olume. I f, as St'ems plausible, the upper atmosphere i" 
tra\'ersed by many such atmospheric wa,·cs of great wa,·c length, 
the re~ulting etTcct at a gi,·en rerci,·ing point would be tluctuations 
in signal strength due to a mnre or kss rapid change in the contignra­
tion of the wa\·c front near the recciver. 

For radio wa,·es who~c length is of tlll' order of a few hundrl'cl 
metcrs. fadin!.': expcrimentally oh,;t'n·ed occurs at a rate of the ordcr 
nf one pcr minutc (of cour,.;c, it is not implicd hy this statemcnt that 
thcre is <ln~· regtdar pcriodirity to the Llding). T he pressnrt' wan· 
rderred to would tra\'cl in thc upper atmosphere with a \'clocity nf 
the order of 300 mcters per ,;econd at lower Je,·els or 1,000 metcrs in 
the hydrogen atmosphcrc, so that thc wa\'c lcngth of these "sound" 
wa\'es would bc of the ordcr of .iO uf the radio wa,·e lengths. Tlw 
irregularities of the medium woulcl thus be of suftiricnt dimcn~ion,; 
with respect to the clectromagnetit· wa,·cs so that one of tht· char­
·•cteri~ties referred to ahme rnight be de,·eloped. ln this way we 
might expl.tin \'ariations in intensity of the wa,·c at the rcreivcr re­
curring at inter\'als of aminute or so. 
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Thc;;e eiTects, of cour~e. might be produccd en·n without a magnetic 
ficld hut the re~ult;; of this paper indicate that condition;; in the \\·;n·c 
front will Iw complicated still further by a rotation of the electric 
n·ctor and hy the existence of bending and double rcfraction dul' to 
the magnetic ficld, the;;e cffccts hcing exaggcrated in the neighhor­
hood of t hc critical frequcncy. Duc to the magnctic field we han· 
al~o the possihility of summation c!Tects bet\\"Cl'n compunents of the 
wa\·e which were split off by the action of thc lield and consequcntly 
had tran·led by different paths at different spceds. I t is ohviously 
impossible to make any general statement concerning the nature of 
the effects which will he produced by this complicated array of causes 
but future experimental \\·ork will, we hopc, allow us to estimate 
the relati\·e importancc of thc various elements. 



Open Tank Creosoting Plants for Treating 
Chestnut Poles 

By T. C. SMITH 

f::>. I'ROilUCTI0:-1 

I~"' I lR a 11111111>er of years che,..lnut timlll'r, lwcau,..p oi its many 
desiral•le char.l!'teri,..tics, has ~ern·d a hro.ul fit·ld of u,..efnlne,..s 

in telephoue linl' con,..trtJ('tion work, not only in its nati\·e tPrritory. 
the eastern .md southe;Jstl'rn p.trl of the l'nitecl ~tate..;, hut also in 
rll'i!-!hhnrin~ ,..(,ttes. ln fact, as an an•rage, ahont :200,000 che,..tuut 
poles .tre sl't annu.tlly in the Bl'll ~ystem plant as replacement" and 
in ne\\· lines. 

In an•as which .tre gr.ulually hl·ing cxtendcd from the nortlwrn 
p.trt of the dwstnut growing territory into the sonthcrn sections, 
hlight is r.tpidly rnakin~ serious inroads into this dass of pole tirnher. 
:'\orth of the l'otomae Rin·r pr;wtically all chestnut territories ha\·e 
ht·t•n ,·isited hy thc hlight and it has in a major sense crossecl into 
.1rea" ,..otlth and sonthwt·"t of this rin·r, wlwre it is den·lopin~ frorn 
,..(',l(tt·n·cl spot,.., \\'hile many polcs are yet secured in thc olightecl 
.treas, tlwy mu"t ht•cut within a \'cry fc\\' yt•ars aflcr bccoming a!Tccted, 
in order to sa\'e thcm frnrn the decay which destroys blighted pulcs 
after tlwy an· killed . 

. \ che,..tnut pole la,..ts "ati,..fartorily ahO\·e the ground line hut 
dec<~ys at and within a fcw inches helow the grnuncl, thus weakening 
it ;tt a critical location. ln order to protect the poles from dccay 
at this locatiou, the open tank cren,.;ote trcatment sel'rns to be the 
rno,..l ,..ati-.iotctory, wlwn· thc facilities for applying thc treatrncnt 
.trt' a\·ailahlt·. ln general this trcatment consists of standing the 
polt·-. in an opt·n tank and trl'atin~ thern in a creosote hath which 
con·r..; tht·m from the l•utt encls to a point ahout one foot abon· 
what will 111' tlw ground lim· when the polt·" are sct. The nll'thod 
oi applyinj.!' tlw treatment will l1e explained in rnore detail further 
.dong in the p.tper. 

I lut• to the scattered locations of the clll'stnut timiJer and also to 
thc fact that in many places thi:-; timher i" rapiclly being depleted 
IJy the hli~ht, it has requirt·d considerahlc study to establish loca­
tions for open t.lllk trt·ating plants which would oe !·on\·enient for 
applying the tn·atments ancl wouiJ al,..o han· a sufficient a\·ailahlt· 
pole supply to permit the operatimt of the plants Ion~ enuugh to 
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warrant the ncccssary investmcnt in them. H owc\'cr, suitablc 
locations ha,·e bccn cstablishcd and plants ha,-c hcen const ructcrl 
which will, whcn opcrating to their planncd capaci tics, treat ahout 
130,000 chcstnut polcs per ycar, and thcsc plants may easily he 
cnlargcd to treat additional quantitics as thc dcmand for trcatcd 
polcs dcvelops. 

These plants have bccn dcsigned by our enginccrs and arc being 
opcratcd for a pplying prcscn·atin· trcatments to polcs uscu hy thc 
Bell System. 

Loc.\TI:\G TIIE TREATJ:\G PLA:-ns 

r t might !Je intcrcsting to bring out the go\·crning considcrations 
in locating thc chcst nut opcn tank trcating plants, as compa rcd with 
commercial plants for trcating ccdar polcs, which arc Operating in 
thc north ccntral and north wcst portians of thc lThited Statcs. Duc 
to thc gc-ographical locations in which thc ccdar polcs grow, in rcla­
tion to thc centers of distrihution en routc to thc locations whcre 
thcy will bc used, tn·ating plants of !arge capacities can bc supplicd 
for many ycars with polcs which pass them in the normal coursc of 
tran~porting thc poles from thc timher to thcir cl cstinations. Co m­
nwrcial pole trc-ating !'ompanics seem to ha\·e had no difficulty in 
,-stahlishing locations for handling 100,000 or more ccdar poles pcr 
ycar through a singlc plant; wlwrcas thc sca ttcrcd locations of thc 
dll'stnut poles, as outlincd a!Jo,·c, makc it morc cconomical to build 
tlw dwstnut trcating plants in units var~·ing hctwcen 10,000 and 
:~li.OUO polcs pcr ycar capacity. 

St·Ycral factors wcrc considercd in dctcrmining thc proper loca­
tions for tlll' sc\·cn Bell System trcat in g plants which ha\'C hccn 
lll1ilt. I t was oftcn possihlc to sclcct a locat ion which was admirably 
.ulapl!·d to tlll' purpo~t· whcn consiclcred from two or thrcc vicw­
pr~ints 1>111 which was founcl undcsirahlc wlll'll considcred from all 
of tlw net·t·ssary anglt·s. Thc principal points eonsidcrcd wcrc: 

I. tJu.tntity of poles of thc dcsired sizcs ;1\·ai lahlc locally which 
could he deli,·crcd to a proposcd plant hy wagons, motor n·hidcs, 
l'IC. 

'2. ljnantity o f poles which could hc conw·n icntl~· routcd past thc 
pl.tnt during Llw rail shipnwnts from thc timher to thcir desti ­
n;llions. 

3. ljuality of tlw availahlc timhcr. 
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I. Tlw lt'lrgth of time dming which .r pl.1nt or tlw d··~irl'd si1•· 
!'ollld ')(' ~uppJi,·d \\ilh tinllwr ror tn·.llllll'lll. This I'Slim.lll'd 
li~lll'l' \\Oll(.(, oi t'llllr>ot', dl'll'rlllilll' t(ll' lt•JH.:th t>f (jfl' of tJH' Jln>· 
po~l'd pl.rnl. 

.• •. ({.rilro.Jd f.ll·ilitil'~ olllll fn·ight di,.t.llll't•,; from tlw propo,.t·d pl.tnt 
to point,; wlwn· tlw po!l-,. \\orJld l>l' II,., .• (. 

ti .. h.lil.thility of I.!IJor for op1·ratin~ thl' pl.111t. 

'· l.ot-,lling .1 suital>l1· ~ite for thl' pl.llll. 

1-:,pcri•·nn· of tlw \\·l',..ll'rll J·:le•·tric l'ornp.llly's Purchasing- lkp.trl· 
tlll'lll .111d thl· local .\ ..;,;oci.tll'd TI•J,·photll' Comp.tn~· fl'JHL'~l'lltatin·-.;, 

\llg'l'tlwr with iniorm.ttion frnm ( ;ll\Tl'lllltt·nt rl'pllrt,;, prn,·idl'd the 

Fi~. I l.an<l upon which 'ivlva l'lant was Ruilt 

.tlh\\'t'r~ tn tlw fir,.t lin· itl'lll..;. Studies upon tlw ground \\'l'rt' made 

t•• "l'llll' tlll' n·ntaining- two itt'llh aftl'r a pn·liminar~· stlr\'1'~· of th•· 
>-ilnation h.1d indicall'd \\hat locat ion..; "''l'l1ll'd lo w.trrant con,;id­
n.ltion. 

Tlw lllll'\'l'lllll'"" of tlw l.tnd ,,.., "h"''"'' hy Fig-. I, \\·hich j,. lypiral 
o( tlll' IJI.IIly ;1\,tilo~hle loc.ttion,; ,;tudil'd, lll.ldt• it dirheult lo "l'l'tlrt' <I 

conrp.uativl'ly ll·\·el tr.wt of the propn an·.1 .tnd dimcn,.ion,; adjoining 
a railrn.rd siding or at .1 location when· a siding could convcnicntly 
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bc c!'tahli~hcd. In fact i t ~oon hcca mc e\·iclcn t in making- the pre­
liminary studies, that it would he ncccssary to dcsig-n the various 
trcaling plants to fit thc ],cst of the availahlc trac ts. 

,\s a rcsult of these st udics, scn:n p!ants were estahlishcd ano 
placed in opcration in fin~ statcs as out linco helow: 

l.ocallon 

Shipman, \ "a 
l>anhury, Conn . .. 
:\.ttural BririJ,:e, \ 'a .. 
\\"illirnant ic, Conn. 
Sylva, :\. 1'. 
:\ashvill(', Tenn 
Cercrlo, \\". \"a .. 

Total<. .. 

Date whcn Plant 
\\'as l'lan·d in 

I )pcration 

Oct. 1 ')21 
l>ec. 1 Q22 
.\ pr. 1913 
Aug. 1Q2 .~ 
~lay 1924 
july 1'>2-l 
Sept. t•>H 

.\nnual l'olc 
Capacity :\'o\\" 

10,000 
to,OOO 
10,000 
10,000 
18,000 
18 ,000 
23,000 

99,000 

Total Annual Pole 
Capacity \\'hen 
.\dtlitions :-iow 

l'lann('tl .-\re 
Complctcd 

15,000 
10,000 
18,000 
10,000 
25,000 
25,000 
.~6.000 

139,000 

l t will oe notcd from the a lJo,·e taole that sevcral of the plants 
arenot yet working to their ca paeitics as now planned. In oesig-ning 
the plants, tlw plans werc maue to prm·iue for the total annual capac­
it ics ~hown a l>m·c. Howcver, whcn they were built thc initial capaci­
ties werc made snmewha t lowcr as indicatcd by the tablc, hy omitting 
in some cascs tanks and in o thcr cascs pole handling- cquipment 
which could rcad ily he addccl in conformity with the plans, later 
when thc additional capacities would hc requirecl. 

YARD S!ZES 

lt might not ~ccm ncn·ssary to occupy a ,·ery grcat arca in the 
opcration of a pole trcating plant. llowcn·r, expcricttC<' with some 
of the carlicr plants indicatl'd that a reasonahl~· large yard \\·as ,·cry 
dcsirablc hecaust· of thc lllllllhcr of polcs nccl'ssarily carricd in pilcs 
on skids in thc yanl hoth in thc untrcated ~lock and in thc trea1cd 
s tock. l n so far as prac1ica ble thc poles in tlw various 1rcating 
plants arc arrangPU in such a manm·r that cach lcng1h and cbs~ is 
pil<·d s!"para1l'ly. This grcatly facilitales handling tlw polcs, hut 
n·quin·s con~idcrable ~pacc. t lrdinarily about 80 pole piles arl' 
n('l'l'~sary in a yaru. 

Fron1 four lo t<·n acn·s of land has J,t•cn usl'd for each of thc variuus 
pole trea1ing y.mls. Fig-. ~. which includcs ahoul half of a cmn­
p;Jr;t!in·ly small Capacity yanl, shows the nece~sity for plcnty of 
roont for 1 hc poll· piles. 
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Y.\IH> I..\, 111 ,.., 

~inn· tlll' p11lt• tn·.tting y.anl la~ ·ouh .m· lll'l"t"'"•tr il~ hnilt .t round 
tlw r.tilro.ul -.iding.; \\ hit"11 handle thl' p11le.; in .ltlll out of tlw y.tnb 
.111d tr.lll,..ft'r tlwm fr11111 one l"t",Jtion t11 .111 >ther in..;idt· tlw y.tnl ..,, it j..; 

dt·,.;ir.thk t11 huild tlll' y.Lnl" long .111d 11.1rrow. 

Fi..: . 2 l'orl ion uf l'olt• Yard al l hw uf ilw Smaller I'Lulls. Tool ll oll»l' and 
( "rco,..ott· Stor.1gc T a nk al Right 

Of coursc, the ,;harper the railroad curH·s can hc maJe in l.tying 
out .1 o.iding from the railroad into the pole treating- yard, the ea.;ier 
it i,. lO accommodate thc o.iding to cramped yard comlition,; or to 
.;pn:.td out the tracks over a slwrt, \\idc yard. llow!'H'r, due to the 
use of hea\'}' locomutin:,; on the main line,; and the dt•.;irahility of 
ha,·ing switch curves suitahle for the locomoti\·c.; ordin.uily u,;ed, 
it has been neces.,.try to u.;e 1:! degree railroad cun·c;; in planning 
rnost uf the yard entrances, and in no ra-.t• has a cun·c bcen used 
which is sharper than l tl degrees. 

l t will be noted from Fig. 3 that the pole treating apparatu,.; i,; .;o 
lucatcd that the work of handling pole;; to and from the treating­
t.mks will not interfere in any w.ty with loading outgoing cars of 
tn:ated poles from tht.• :-;kids. It will al,;o hc noted that the pole,.. 
which arc recei\·ed from the rin·r an: treated during the n.llur.tl 
cou rsc of their passagc to the "treatcd" ,;kirk 
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l ·.1r l11,11l,; 11f pol!--. \\hich o~n · n·n·i\t·d hy r.tillll.l\ Iw h.wkcol into 
ll~o· tr.~o·k k.1ding to tht· polt• tn-.1ting pl.1nt for t n·,ttnwnt or rlla\· Iw 
unlo.ult·d upon !Iw "nntn·,Jtt·d" ~kid,., if dt·,.,in·d. l n .tn\· ,.,·c·nt, tlwn· 
,.,h,nlld l•t• .1 lllillillllllll ol l'unfn:-ion in tlw polt' rno\ ing opl'r.tlillrb. 

Fk. I ,..IJo\\,; the :-kid-. .tt ono· t'IHI ,,f tht· ~Yh.t y.ml lwfon· poh•,.. 
h.1d 111'1'11 pilnl 11pon tlll'lll. lt ilhbtr.tto·,.. tlw dv-.ir.tl•ilit\ ol h.l\·ing .1 

I· i~.; . -l '-'kid l ..• youl al I lnt· End of Syh-.1 \'.onl 

Ion~. narro w yanl and al,..o ,..how,; that tlw switch track is the backlo:•lll' 
oi tlw pole yanl. 

I t will al:-o l•c noted from Fig-. I that in the Sylva yard the end,; 
of tlw ,..kid,.. are hrought up close t11 thc track. T his is because tlw 
polt• handling- in 1 hl' ~yh·a yard i,; donc hy means of a locomoti,··· 
cr.tnt· which run:- on the tr.wk and works from thc cnds of the cars. 

l n tlw :\'atur.tl Bridg-e yard, which is ,;hown in F ig. ;), a tractor 
crane i-. u:-ed for p :1le handling-. T his unit has cra wlers a nJ wheel,; 
\\hich operatc on the narrow madw..tys at eilher side of the spur 
tr.wk,.,. Thl' tractor crane run-. np to thc side of a car to unloarl it. 
By operating- at the ,..ide,., of thc rars a much shorter boom is required 
loy the tractor crane than for tlw lt~conwt i ,·e crane wor k ing at t lw 
ends of the cars handling- the ,;arne leng-th,; of poles. 

\ 'ariou.; nwthmb an· u-.t·d for delin·ring- poles to the treatin~ planb, 
frorn tht· hwatiun,., wlll'rt' tlwy are cut. l n aJdition to the U:-t' of 
automobile trucks with thcir traikr,;, and tu the tbl' of hor,;e-drawn 
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wagnn,.; which may be "een along the roau in Fig. ·l, poles are uelin.>rcd 
hy railroad cars, rin~r rafh and ox-tcams. 

ln thc timbcr tlw poles an· ordinarily loaded un cars for :-.hipml'nt 
tu thc treating plants hy mcans of a logging loader shown in Fig. Ii. 

Fi~ . 5 Yard Lanntl at One Encl of '\atural ßridge Yar<l, \'it·w<'<l from :\last of 
· I )"rrick 

I· ig. 6- !'lacing Poles on Logging Car by :\Jeans uf Logging Loa.Jer 
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.\lthOII).:h it h.1-. .1 ,..hor! luu•lll, it i-. .1hlt- 1o la.111cllt· ,·,·r~· Ion~ Jl"l'·" 
lwcau ... t•nf 1111' nwdwd in \\hi('h it lilt ... tiH'Ill. llnt· t•nd "f 11lt' polt•, 
t·itlwr top "r l•utt, j,.. n· ... tt·cl ;1~ain-.1 tlw middlt· point "f the IHHllll 
.llld tht· pt~lt· lifted II\ dw \\inl'h lint• "hi('h 111.1~· 111' .ttl.lt'ht·cl only 
11111'-third or ntu·-fourth of thl' di"'t.lllt't' from tlw lo.ldt·r end to tht• 

Fi;;:. Ceared Loenrnoti\'e in L'~c on Logging Road \\'hich Supplies Poles to 
Treating l'lant 

frt·e entl of the pole. ln Iifting- long- polt•,. by thi,- method, they "'pring 
con,..idcr;tbly, and bra"'h timher usually hrcaks under this trcatnwnt. 
Thus in h.llldling polt·" hy this method, thcy are givcn a tcst bdore 
tlwy lea,·c tllt' timl•t·r. 

The wim·h line i,.. at tachl'd !11 t hl' polt: hy means uf hooks which 
re-.t·mhle in· tong,... From l11n~ t'Xperience in hamlling tht·,..t• tong..;, 
the polt• nu·n are ahle to throw 1ht·m se\Tral fcct and catch a pole at 
any point tlwy clt·,..irc. to pull it from tlw pole pile. This operation 
j, \1'1')' f,ht. ln fact, under fa\Hrahlt· condition..;, ~{.} foot clwstnut 
polt's h;l\·c l•t·t·n lnacll'cl on .1 car at tlll' rate oi two per minutl'. 

Thc polt• pilcs along thl' logging road an· u,..ually disorderly, rl'­
st·mbling a Iot of giant tooth-picb which might han• ht·t·n carcles"'ly 
droppcd in a heap. 
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Steep grades on the logging roads make it Yery desirable to use 
locomotin·s which have a maxirnum arnount of traction. For thi" 
reason, a geared type lucomutin• is IISl'd whieh permits a big reduc­
tion IJl~tween the l'ngine and drin· wheels, and also transmits the 
dri,·ing torque to all wlll'els of thc enginl' and coal tl'rHier which is 
shown, anu abo to thc w)ll'els of thP Water ll'rHll•r which is not shown 
in Fig. i. 

From one toten car Ioads of poles in a group arri,·e at the treating 
plants. :\ car Ioad \'aries ],etween -40 and G;) poles dept·rHling upon 

Fig. X -Car Load of l'ules .\rri,·ing at the D.lllhurr Treating Plant 

rhe size,.. uf tlw pules. They may bt· unloaded hy a lucomotive crant• 
or <1 tr;al'tor cram· ur hy the llll'thod shown in Fig. !J . 

.-\t tht· Shiprnan Yard thl' poks are unloaded I>~· cutting the stakt·,.. 
and permitting the poles tu roll down an l'mbankment into piles 
frorn whirh tlll'y ;tn· drawn to tlw trl'ating plant by rneans of a steel 
ropt· frorn a tractor winrh. 

\ 'tilization of tlw cheapest llll'thod of deiin-ring polt·s to the treat­
ing plant;., is pos,..ihlc· at ( ·l'rl'do and :'\asln·ilk where thc plants are 
localt'd on tlw ri\ er h;anks. These poles are senrrely ticd in rafts of 
alu•ul 100 poll's caeh and eitlwr lloalt'd down tlw rivers or handled 
hy ,..ll•rn whel'l, ri,-cr st1·amho.tts. 
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Fi!-:. <I -l nloadinJ.: Poles al thc Shipman Yard 

Fi~. IG-Four Rafts of Poles at Ceredo Plant 
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lt may l1t' of intl're;;t tu note that the photog-raph shown in Fig. 10 
wa;; takcn from tlll' \\'e;;t \'irginia hank of thc riwr, whilc the Ohio 
hank is sn·n acros;; tlw ri,·er and tlll' Kentucky hilbarevisible hcyond 
thc hridge. 

l'artirularly in the Carolinas, o:x-teams <lrt' lhecl tu dr;n\' pole 
Ioads down from tlw mountain;;. 

Fig. t t -Pole I kliwry hy Ox-Teams 

I· i~:. 12 ll..rri.-k for II .lllcllin~: l'olt·s f rom Riwr Rah s Iu l'il<'s or Pole Cars 
in thP Yard 
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II ''"1.1'1' 1'111.1·-.. 1'-' rut· Y.\Uil 

\\ 'lwn· tht• dl'rrit-k j, u-.l'd for liftin~ pnk-. out of tlto' ri\·n it is 
nt·n•-.,;,Jr~ to -..t·t it .11 .1 tlio;t<~nn• frolll tlll' ,,.,Jtl'r's l'd!,!t' \\ hid1, ol ('nllr~w • 
• lpproachl's .1nd rl'cl'dl's dl'Jlt'IHiing- upon tlw lwi!.:ht nf rlw rin·r. 
Bt•t\111,.,. of thi-. di,;t,Jnn•, tht• poks <lrl' drac-gl'd a-.. \\l'll ,,,. liftPcl u:J 
tlw -..lopin~ ,.iclt• of thl' h.111k. 

Fi~o:. U II.11HIIin~ l'oll's hy \ lan Power 

Fi\:. 14 Tractor Cr.ull' ll.llldlin~.: l'olt-~ frum l<ail llJIIie, in l>anhury Yard 

lt ha-. lwt·n found that \\·hert'\Tr it i-.. po,.,.ihk to l'liminatt· the 
h<~nrllin~ of I"'"'" hy man-po\\·f·r, a con ... iclcr<~hle !'l·onomy 1'<111 hc 
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rl'alized. J.e,.,s mcn arc requirecl for cranc or clcrrick operation, and 
the cranes ancl ciC"rricks clo the work much more rapiclly. 

fn ordcr to mm·c the poiC's ahout the yard it is not necessary to 
retain a freight car to carry them, sincc small rail dollies han· been 
prO\·ided for this purpose. TllC' two dollies shown in Fig. 1·1 are 
,.,eparatc and can be locatecl under the poles at any di"tance apart 
dcpending upun the lengths of the pole-;, 

The tractor crane which is u~ed for pole handling in tllC' smallcr 
plant" is operatcd by a hca\')' cluty ga,;olinc enginc aud it is able 

I· il(. I S St iiT l.q:: DL"rrick Rcmo\'in~ Poles from~Treating Tank and Loacling Them 
ou Flat Car 

to h.llldll' a l,OIHl 11>. Ioad at a Li foot radius through an arc of about 
2i'll degn·t·s. I t has a :~o foot hoom. Since a n·ry !arge percentagc 
of the cht·stnut poles handled, weigh less than Oll<' ton each, this 
tractor rraue has sufliricnt capacity for tlw sen·in·. 

ln tlw smallcr plants \dwre it ha>- Ileen fouud dcsirahlc to incrca:-.•· 
tlw pole trl'ating capacities ahmT what could Iu• handlcd h~· lll<'an" 
of tlw tr;tctor cranes, stil'f leg <krricks h;tn• Ileen inslallcd. Thl·s~· 

• lt-rrick~ an· of Ii-tons cap.tci t y, h.t\·ing l.i-fnot hooms. They arl' 
op•·rated II\· :-oll'alll from tlll' trcating plant l>oilcr, which fl'eds tht· 
~ II.P. hoi,.,ting l'llgines. In- thl'Sl' instalbtion,., thc :-.wingcrs an· 
oJn·ratl·d hy tlw lwi,;ting engin<'"· 

\\'here t he tn•ating plant i~ nf largl' enough capacity to warrant 
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tlll' inn'--tllll'llt in ol lot'CIIlllltin· n.llll', thi,., ~~ P" of unit has pron:n 
to l~t' the mo,.,t -..tti-.f.tctory in opt-r.ttion. Tlll' n.tlll''-' whirh are 
Sllit,thle f11r this typt• of Work h.l\1' ol ;,() foot }Wllllll ;111d ;11"1' ratl'd oll 
17 t ~ tnn;; c.tp.tcit\·. .\ctu.tlly tlll'y <'.tll -.aftoly h.111cllt· a :I-ton ln;td at 
.in ft·t·t r.tditt-- from tlw king pin of tlw er.IIH', pt·rp•·•nlintl.tr to tlw 

Fi!'. 111 l'nloadin!' l'ole~ from tht• Trcatin~ Tanks to thc l>ollies, with 
Locomotin~ Cranc 

track, without tipping the Cilr body of the erane. ( lf cnurse, with tlll' 
boom in a position ahon~ tlw track the maximum safe Ioad is con­
siderahly greall'L 

Tht· nwthocl of handling polcs most commonly u,;ed is illu,;trated 
in Fig. 17 whne the poles .m· liftl·d in a halann·d condition, sw11ng 
111 one ~ide of thl· track an<l piled paralld to it. 

.\n11ther nwthocl which j,., applirahle, particularly to hamlling a 
lll-foot and Ionger poh·. ron..;ists of hutting the pole end againsl the 
l>oom of tlll' locomotiH· crane and swinging it to a pile which lies 
pl'qwndicular to tlw track. This nwthod of handling poles is ,.,imilar 
to th;tt ,.hown in 11'-'l' with tlll' logging outlit in Fig. Ii. 

\\"hl'n the pole,., are piled l'ithcr parallel nr pl'r(1l'lldicular to the 
track as shown hy Figs. 17 and IS. re!-<pl'cti,·cly, thcre !-<hould he 
frl'qllt·nt hreab in thc pifL•,. in order to pL·rmit thL· air to rirc11late 
arouncl thc rx•le,; and kt'l'(l thcm dr~·. and to rl'dun.: thl' tire 
hazard. 



Fis:. I i ll.llldling l'oles by lblanced :\l et hod with Locomotiw l'rane 

Fi-:. IX ll.llullin-: l'ol(• 11 it h End Hutted .\gain~t Boom of Locotllol i1·c Cr.llll' 
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I'RFPARt:\r. l'ot.Es FOR TRE.\ntF:-;T 

.\lthough l'ITort!' were originally made to clean and prepare the 
poles on tlll' (".Irs at tllt' time they wen• n•rl'in·d at tlw plant, in nnler 
to llt' .1hlt' to unlo.1d tlwm frnm the cars dire<"tlr into the treating 
t.Ink,.;, it w.h found to be mon• s.tti,.;f;u·tory to lir~t unload tiH'Ill 

upon ,-kid,.; wlll'n: thl'y would lll' morc arn•ssif,Jc for the removal 

Fig. 19-l'reparation Skids Opposite Trcating Tanks at Sylva Plant 

uf all bark and fon·ig-n matter from the area to be treated and where 
any defectiw poles could he cullcd out before trcatmcnt. 

Thc preparation skids are ordinarily not uscd for storage purposes. 
\\"hcn a Ioad of pules is placed upon them it can bc spread in such a 
manner that ewry pole will be acccssible. 

In Fig. 20 thc Ioad of poles from the dullies has just bccn laid on 
t he preparation skids where they will bc cleaned for trcatmcnt in thc 
far tank which j,. shown f'mpty. Due to the desirability of having a 
rontinuous supply of pules for trcatment, also of having thc poles 
seasnned for sevcral months beforc treatment, it is not practicahle 
in a wry )arge perccntage of cases to ship thc poles direct from thc 
timher to the yard and unload them on the preparation skids for 
immediate treatment. For this reason it is necessary first to pile 
them in the untreatcd section of the pole yard and later to bring 
them to the preparation skids on dollics as illustrated in Fig. 20. 
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TRE.\T:\IE::'\T 

Thc followin~ j,., a n:ry l>rid <llttline of the methotl Jlllr!'lll'd in 
tre~lting thc polcs and also of the results obtained. 

In so far as pract ica hle t hc pol es are seasoncd ti mont hs or morc 
(,l'fore hcing trcated. Tlw nll'thod of treatnwnt consists of im­
mer,.;ing tlll' huth to a kn:l of allout I foot ahon· what will he thc 

Fi ).(. 20 l'rl'paration Skicf,; Oppositc Tn·ating: Tanks in :\ash\'illl' Yard 

ground line of thc poles. for not less than "i hours in creosote at a 
ll'lllJWratun· he!Wl'l'll 21~0 and 2:~0' Fahrenheit. .:\t the end of tlw 
hol treatment, tlll' hot oil is quickly n•nHJ\'l•d from tlll' tank and rokl 
oil at a ll'lllJll'ratllrl' of from f()() ' to I[()' Fa hrenheit is permilled to 
llo\\' quickly into tlw treatinl!; tank tc1 the k·\'l'l pt"l' \ ' iou:-.1~· rcadll'd 
h~· thc hot oil. The cold oil trcatment lasts for at least I lwurs. 

ll eat i:-. ah,.,orlll'd (,y tlll' pole· l>ul!,., in tlll' hol oil l>ath until tlw 
moi,.,tnn· containecl in the ,.,;tpwc,od j,.; either expancled into steam or 
entirely dri\'l'n out. Dming tlw short inter\'al while tlw oil is heing 
r h;tngc·d. the surf;1n·s to Iw treatecl remain co\·ered lly oil from t he 
hot trc·atnwnt. The oil rhange j,.; malle so quirkly that thc pole 
J,utts cool Yl'I'Y little hdon· it is rompkted. Then, as soon as thc 
f'olcl oil is admil!ed, tlw,.,c· surLil'l's are CII\Tred hy thc cn'osn tc which 
n·m<~ins until the pcale lmt ts hl'C<IlllC c'ool. In thc sa p\\'ood, from 
whic ·h tlll' moi,.,turc· has lwl'll clrin·n h~ · the hot treatment, the coolin~ 
Jlr<IC"<'"" condensl'" tlll' :-.tl·am, thu,.; forming a partial , ·acuu m in the 
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wood. Thi" ca!l,..l'" tlw oil, in which thL'"l' surfaccs are immer,;ed, 
to hl' forccd into tlll' wood hy at mosphcric pres~ure. 

During the treatml·nt, the lTt·osote is ahsorbed by the pole to such 
an exll·nt that a>- an an·ragc, allout !l.) pcr cent. of thc sapwoocl in 
tlll' treatccl scction of the pole i~ saturated. This requires from 
2 to I gallons of oil per pole, depending ll(HJII thc sizc and condition 
of thc pule IJl'ing trcated. 

The santl' g('neral fcature~ of <k·,..ign \H'rc fullom·d in all thc pole 
treating plant Iayout,; in :--o far a,.; practi<·ahle. llowc,·er, thc nmnher 

Fig. 22 \'il'w of Treat ing Equipml'nt at S~·lva Plant 

of tlw different unih ll,..<·cl wa,.. \'ari<·d to prm·ide thc plant capaciti<·:-< 
requirl'd. 

In de,..igning the pl,mh it wa,.. found de,.;irahle to separate thc 
pole" into two or thrcl' treating tanb in orderthat the treating gang 
('(JIIId l•t· continwnt,..ly <"ntployed in cither preparing m handling poles 
from or I<J one of the tanks while the treatnll'nt would lll' in progrc,.;s 
in otlwr tanks. B~· di,·iding thc tanks it was al~o possihle to u,.;e a 
:--malh·r quantity of hot cn·o:-ote, sinn· tlll' hot oil could he tt:-<ed in one 
tank and "lwn that tn·atntL·nt was linisll<'d, puntped to anotlwr 
t.tuk <·ontaining ln·:-;h polesready for tn·atntL'nt. Cutting duwn the 
hot oil capacity. of cour,..t•, reduc('d tlw an.ount of radiation in tltc 
lw;tting tank and al,.;o the antount of radiation in u"e at an~· particular 
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tinw in thc tll·.ttin).! 1.111k-., th11-. n·,..nltin).! 111 co11-.id1 r.dll\' lc·-.,.. ,.,le.tlll 
hoih-r 1\l(l.ll'it\· tl1.111 \lollld 111' lll'l"t'""·•r~ with .1 u·r\' l.1rgc· -.inglt· 
trl'.lling 1.111k 1111it. 

ll.tlHIIing polt"' .11 ,.,111.1111·r l.tnk-. j,., llllll'h l'a,.,it•r hl·,·,,u-.1· l1•,.,., 
IHJOIII .tcticlll oi tlw clt·rrick i-. requin·d .111d tlw 1111'11 .11 tlll' t.111ks 1-.111 
rl'.tch .tll polt'-. mon· 1'.1-.il~ ior .11 1.11·hi11g .11111 rt'lllll\'illg tlw dc·rrick 
winch lin1·. 

lt \\,\-. found th.tl .1 n·rti1·.d c·ylindric.d 1.111k ,.;1·n·1·d lwtlc·r th.tn a 
hori/ont.d olll' for 1111' ,.;tor.tgl' of hol oil. \\ hilt· tlll' hori/.onl.d cylindrical 

Fi". 23 I'J..n \'iel\ of l'ol,· R.Kk 

t.tnk,.; W1·re prderahle for cold oil ,.;toragl'. The radiation from a 
n·rtical hot tank is coJbideral•ly rednn·d h~· tht· jacket of hot air 
ri,..ing along ih ,..ide. 

P.trtindarly duriilg the ,.;11111111l'r monlh,.; care llllbt he Iaken lo 
k1·t·p down the temperaturc· of tlll' nold oil. lt has ut·en iound 1hat 
the long l'ylindrieal ,.,teel wnb \\ lwn lring horizontallr radiale heat 
from tlll' oil to the almo,.;phere ,.;ati,.;fal·torily anti thtb keep 1he oil 
('(Hll. 

Cart· ha,., !wen Iaken in thc 1lt·,.,ic::n, to locale the various unih "" 
that all hot oillcad-. wotdd loe a,.; short as po,..,.,ihk in order lo minimize 
r.tdi.tlion. \\'herl'\'l'l' po,.;,..jhll', hoth thc hot anti cold oil are handled 
hr gra,·itr. The ,..t .. ;un hoilt·r j,.; lcwat1·d a,.; near a,.; practical•lc to 
the hl'a\·y hank,; of ,..team radiator,... 

ln all c.h('"• careful ,.,tlld~· ha-. hl'l'll gin·n to iacililating tlll' hotndling 
t,f poles, ,..inec a con..;ideral,lc part oi th1· co,;t nf lht· poll' treating 
process is duf' to pole· handling. 
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l'ot.E R.\CK~ 

For ~upportin~ the pole~ ~tanding in the treating tanks, it i~ nen·~­

~ary to han· a n·r~· strong rack surroundingeach of thl· tank,;. Fig. :?O 
!->ho\\-~ a \ it'\\" at one end and the front ~ide of the two-tank rac-k in 
tlw .\'a~ln·ille plant. The pole~ shown, ~tand S1 2 fl'et lwlow the 
gronnd len·l. They are ~upported at the ends and middle of the 
rack hy timi>L·r~ under the rack platform at a lwight of 1:? leet al>on· 

FiK. 2-l Ex<-,1\·ation for Trt'aling Tanks 

thc ground. .\t the hack, tlw poles are supp:,rted hy a timher which 
i~ lli fl'et ahon· tlw ground. Thi~ arrangL·ment permit~ the tn•at­
ment of any ~ize of pole up to and including 1\.i fel't in length. 

I t will I Je noted in Fig. 2:J, which shm\·s the rack ahove oiH' tank, 
that tlll' poh·s in eac-h tank are di\·ided at the miuuk• hy the pbtform 
of the poll' rack. Thi-. fl'atun• of thl rack ha~ pron·d to he H'IT 
<h-~iraLil' in that it pl'rmits tlw platform man to rc·ach any pole in 
tlw rack during the loading and unlo;Hiing process, ~o that therc· is 
110 delay and no hazard in ·,Ittaching tlw wind1 line sling to, or dt•­
tac-hing it from thl' poles. The taper of the poles is ~uch that amplc 
space is proddl'd for holding- the sertions of the poll's at the pl.ttform 



ll'H'I t'\ t•n I hongh tlu· .tn·.t of I ht• opt'nin~ .11 I hi,.; lt•\ el i,.; ~111111'\\ h.tl 
-.m.dl,·r 1h.111 tlw .tn·.t .. r tht· lu•llom of llw ln·.tling t.tnk. 

"'nil.thlt· r.tilint.:" h.l\ ,. hl'en pr .. ,·itkd .trttllltd .dl p.trt,.; of tlll' pl.tlform 
lo prolt't'l tllt' pl.tlforlll 111.111. Tht·y .tre ~ttl•,..t.tntialt•n~tugh to prolt't'( 

lhc opt·r.ttor ;111tl ~ t'l llt·,il•lt• t•nout.:h to t'OIIIIIl'll".llt' for tlw irrt·gul.tr 
"''t'liott-. of polt·,.. \\ hil'h lila\· lir· again-.t 1111'111 . 

. \-. \\,1,.. lllt'lltiont'd al111\t', in "" f.tr ,t,.; pr.lt'tir·.tblt· tlw t.tnk..; for tlll' 
\ .triou-. pl.llll,.. arl' matle in 11111ltipll'~ uf ,..(;utdard unih. Tlw trl';llillg 

1.111k-. for tlw ~maller planh .tn· II ft·(·t long and ;) fl'ct fi inrhes wide 

with Ii inl'hes in eal'h end of tlll' lanks Iaken up l•y thc \·erlil'al radia­
tors. The~L' Ltnks an· of proper ~izt· 111 trcat I :l carloatl of pole~ eal'h. 

Tlw largt·r planls an· providcd with trl'aling 1anks, cach of which 
will ea~ily handle 1111e carload of poles. The,;t· tanks arc I.i ft•t•t 
long, 1') feet witlc and !I feet ~ indws deep in thc dcar. 

Somc idea of thc ,;izes and arran~emcnt of tlw treating tank,.; can 

Iw hat! from thc exca\'alion for them -.hown in Fig. 21. Each ~>i the 
r.ti"l'd lcn·b ~hown, will ,.;uppttrl lhe hol 1o111 oi a tank \\ hilr· tlw pih 



258 BELL SYSTEM TECIIN/C..JL JOCR.V.-lL 

uetween will contain thc stcam and oil piping, oil hanllling machincry, 
etc. This is a threc-tank pit with spacc for two tanks shown. 

In onler to pro\"idc dry pits for the equipment hclow the treating 
tank bottums and also to fari litate remO\·al of a tank from the grouml 
in casc it might nccd repair, it has bcen found desiraule to huild 
cuncrcte foundations and walls around the trcating tanks. 

Fig. 2(l Tr!'aling Tanks in l'la;., . 

. \ few inclws of space is left ut'l\H'l'n the com-rde rctaining walls 
and the sides of thc trcating tanks. This spacc Sl'f\'l'S two purposcs: 
it per111its placing or remoYing thc tanks with easc and it also pro­
\"ides air spaccs around the sidcs of the tanks, which teml to insulate 
them frorn thc ground. :\s has lll'cn mentionC'd, it is neccssary to 
changc the tcrnperature of tlw oil in tlw tanks quickly from ahout 
2:W0 to al>out 105° Fahrenheit. Tlwre is \·cry littlc lag in making the 
tcmpcrature change due to heat retained hy the tank walk Howe\·er, 
if the ground around the tanks were wet ancl in contact with them, 
ronsiderable lag wouiJ be experienced in making thc temperaturc 
chang{' of tlw oil hecause of heat which would l>c rl'lained uy the 
grouud. 

Thc poles in tlw tanks as shown l'y Fig. 2G rcsl in a position 
inclined slightly hack towanl the racks so that they rl·main in this 



po-.iti1111 \\ithuut lwing ticd. l nclining tlu- t.111k lulltolll" tow.ml 
the rt\lr f.Kilitak-< tllc dr.till.l).!t' .,f oil fr<1111 tlwtll. 

Tlw hott1>111 of the t.tnk is practiLdh twrpl·tulicul.tr to tht• polt•-< 

·"' tlwy st.tnd oll it, whidt minimi11'S tlw lt'tlllt•Jlc~ for tllt• huth lo 
,.lip on tht• t.111k hottom. l n ord t·r to fu r tlwr prt'\t'lll .tny d .tll).!l'r 
front thi.- h.1ppcning, tlll' hottom of e.wh 1.1nk j,.. 1"11\t·n·d l•y t•:-. ll';t 
he;l\·y l n·ing grid..; ,.jmil.tr to th•N· tht•d al ,.uhway \t·ntil.ttim: opt·fl­
iug,;. Th, .... ,. grid,; .1rc supportt·d l•y " suit.thll' 1-bt·am fra11wwurk in 

F1g . li Holturn uf Tn·:~tin~ T.wk Shtming l luri.wntal l<.tdi.ttors ,Jild C ;rid,.; 
( 'm·t·rin!( Them 

\\hich tlw ,;tcl'l pipc radi.Jtor,., an· plan·d. Tlw grid,; do not inll·r­
il're with the circulation of thc hot oil and form a good protection 
ior tht.· radi.ttor,;. 

I·:.H·h nf tlw horizontal cold oil tank,. ha,; a cap;wity of ahout I I ,Oilt ) 

g.dll)n!'. 'Lmk,. of thi,. ..,jzc will t·a ... ih· takt• a lank-t·ar Ioad of cn·o,..ott· 
~·ach, lea\ ing ..,.,nll' re,;nw· capaclt\'. for n· ... id u.d ',jJ \\ hich 111.1~· l~t· in 
the 1.1nk" at the time tht· additilln.tl rar,; of oil an· r('l'l'i\·t·d. T he 
t.tnk t'otrs onlinarily c.1rr~ from :-. ,()Oll to 1:.?,000 galloth of oil. 

T ht· lwt oil tank.., \',tq in I';Jpacity l~t.·twt·t·n :3,0011 and t:J,IHIO gallo th 
cach, tlt•pt:nding upon thc· "izt·,. ,,f tlw plallt!'. ( Jnt· hot oil tank 
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:-;ulliccs for l'ach in,.tallation. ln ordl'r to con,;ern· tlll' hcat, these 
ta n ks a rc cmTrl'd hy a 1 1 :.! i nch coa t of ma gncsia hlock hea t i nsula t i ng 
matl'rial. thl' out:-.ide of \\·hich is co\·en·d hy I .J inch of a-;IJL•stos n·ment 
and 1 i ind1 of half and half ashestos and l'ortland n·mL·nt. 

Boii.FKs, 1<.\JJI.\TOR~, I'RESSIJRE RE<.J'I..\TtJRS .\:'\1> ()J"IIER STE.\\1 

E<,ll'l P.\1 E:-\T 

For tlll'sl' installations, a sclf-contained type of ,.;ll·am hoill't was 
used hccausL' of its comparatiH·Iy high efticil'ncy in thl' ..,izes tl'f)llirl'd 
.md also hecau ... c oi tlll' ease of installation. The lmilers used Yary 

l·ig. 2S llorizontall'uld ()jl T;tnks;tnd \'<-rlicalllut (Jil T ;tnk 

front :w to Sll lwrsqHt\\'l'f" cap:tcity depending up:lll thc sizes oi the 
pl.tnts. Tlll',.,l' lnilt·rs are of thL· return tulndar type with the IIre 
hrt'\L'" and sm 1kl' h lXL'" lined with keyed-in tln· brick. 

Thc hoill'rs an· operatL·d at a pn:ssure of allout 100 lhs. which is a 
suitahle prl's,.,llrL' for tlll' stcam turhinL' and for the steam hoi,.,ting 
enl.!;ines in the pbnts whcrl' these arl' llst·d. This IJ:,iler ,.,team prcssun: 
is too high for thl' cast iron radiators which are uscd to lll'at oil in tlw 
hot and cold tank,., and, for thl' ,.,maller plants. in tlll' trcating tanks. 
O...,!t'atll for tlw,.,t· radiat,,r,., should Iw ,.,upplil'd at a pn·,.,,.,un· of allout 
10 potliHb. ln ordl'r to nwt·t thi,., ... rl'qnirl'nll'nt a pn·ssure red!ll'l'l' is 
u-.t·d to coll\'t•rt tlll' ,.,ll'al11 from tlll' hoill'r pn·,.,,.,tll't', whateH·r it tuay 
lll', to a pre,.,,.,un· of alunll IJJ p<nlnds, lwforl' it t'llll'rs tlw radiators. 

Tlw walt·r condt·t~>-t·d fron1 tlw \·:trill!h radiators is rl'turned to the 
J,oill'r in ordt·r to t·on,.,t·rYt' its l~t·at. Sn1all automatic sll'ant traps 
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p.t ....... tlw \\,lll'r CPIHit·n .... t·d in tlw r.uli.tlor,., .t"' f.t .... l ,, .... it i,.. ru.ult·. l•ul 
do not pt-rutit tlre ,.lt'.tlll to p.t........ I Iu tlw \\.tll'r ,..ide ol tlw,..t· :-m.tll 
.... leam tr.tp ..... thl' pipim: from tlw \,trioth radiator,.. i,. l•rought tol,:t'llrer 

.tnd lnl 111 .t point .tiii•H· tht· ~ll';tlll hoikr \du·n· it is Clllllll'cted 111 a 
l.tq,:t· tiltin;.: trap. Tlw tr.tp .... autom.ttic • .lly rai..;e tlw Wölll'r to a 

recein·r ah:•n· the lnill'r and tlw tilting- trap injects it into the hoiler 

""' f.1ooot a:- it j,.. delin·red to the water pipe lines l1y thl· :-mall trap,;. 

Ir j,.. n·ry dt·:-irahle in the operation of tlw ,;team turhine,; that 
they I)(' ,..upplied with dry ,..team in onlt-r that slug,; of water cannot 
t·lltl'r the turhine chamher,; at high n·locities and injure the \'anes . 
. \ largt· water trap i,; Iewated alul\·e the treating- tank pit at each 
pl.tnt to in,;un· dr~· ,;tt·am for the lurl•ine which is mounlt·d in the 
pil din'l'tly lwlow it. 

TI·.\11'1-:1<.\Tl'l<l·: ('ti~TROL 

.-\ t·ontinnous reconl j,; kepl of tlw lemperature of the oil in the 

treating tank,; by rnean:- of recording thermomeler,.. mounted in the 
hoiler room and ronm-cted by tkxihle thermometer tnl1es to the l1ulbs 
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whid1 arc imnH:r,.ed in oil along the insidc of the tanks after the pule,.: 
arc in placc. In tlw cold and hot tanks the templ·rature does not 
change rapidly, so their temperature,.; can Iw read IJy means of station­
arv inuicating thermoml'll'rs mounteu on tlw ,.;ides of thc tanks and 
h,;,·ing !Jui!Js \Yhich project into the insides of the tanks through 
,.;uitahle fittings. Tlw oil tempL·ratmes, nf coursc, are controlletl hy 
tlw steam \·ah-es tu the racliators in the ,·arious tank~. 

l·i):" . . ~0 ~leam Boilt>r During ln~lallatinn 

()JJ. )1.\:\1>1.1:\1, 

ThL· !wart of thl' oil handling apparatus, of cclllrsl', is tlw n·ntrifugal 
pump which has l~t'l'll llll'llliolll'd and which is dir('Ct conm·ctl•d to tlw 
20 I LI'. stl'alll turl•irH.'. l n sonH.' of the smaller plant,; tlw n·nt rifu gal 
pumps arc operatt·d !Jy ;j 11.1'. gasoline engirws. 

Hoth cold oil and hot oil are fed from the storage tanks to thc 
treating tanks hy gra,·ity. Tlw n·ntrifugal pump is used for returning 
tlw oil from the tn·ating l<111ks to tlw propl'r storagL· tank, for mm·ing 
it from one "tor.tgl' l<lllk to anotlwr or for dl'lin·ring oil frCJJll tlll' tank 
c-<~rs to tlw stor<~gt' tanks. 

Sinn· tlw l'rl·.,,;otc whid1 is ll,.t·cl in pole trmting may solidify at 
any lt'lllJll'ratun· l•elow ltltt' F.illrL·nlwit, L'\'l'll in contparatin·ly warm 
\Yl'<ltlwr it j,. "onwtime.., IH·c·c·,.,.ary to pro\·ide a steam connt·ction to 
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tlw r.tcli.ttor,. in-.icll' tlw t.tnk t".tr in onln to 11\.tkt• tlw oil lluiclt·nough 
(O llow thrnugh tlll' 111''\ihll' lliN' .11111 pipt·,., to th1• l'l'lltrifug.d pump. 
Thc ,.olicliiying of tlll' l'fl'o-.olt' ,\1 I'OIItp.tratin·l~ high ll'tnp,·ratun·s 
.d-.o n·quirl'-. .1 ,.m,dl l•.111k of r.,cli;tt"r" in l'otl'h cold t.111k. 

Tlw ,.tl·.tm pipt· run-., lwtwt·t·n tlw ,.tl'allt t. .. ilt·r ancl tht· \';tritru~ 

t.lltk-., .tncl tlw 11il pipt· linl'-. lll'l\\l'l'n tlll' \·ariou-. t.ank-. anti thl' pttntp, 

Fic; .. H I ;ener . .t \'iew nf :\atur . .t Bridge Plant in Operation 

.trl' groupl'cl -.n that hoth tht· ,.tcam lint•s and oilline~ can hl' l'nclo,.l·d 
in hm;l'". Tlw lwat radiatl'd frmn thc ~tcam lincs warms thl' air in 
tlll' boxt·,. to ,.uch an l'Xlcnt that thc oil remaitb liquid. 

Thc \·ah·c mntrols for thc oil and stC'am lines wh ich are led through 
tlw box''"• are groupcd ,.o that ~l'\·cral ctn hc reachl'd hy opl'ning 
tlll' door of cach of tlw boxes. 

rn thc smalll'r plants which ha\'e the one-haiC-car pole capacity 
of trmting tank", the rl'ntrifugal pump handle~ the oil at a ratl' ol 
ahout 200 gallon~ per minute. l n thc largl'r plants, howl'\'('f, wlwn.: 
the trcating tank-. han· one-c.tr rapacity of pole~, the oil i~ handlccl 
through the ccntrifugal pump at the ratl' of about fi OO gallons pcr 
minutl'. :\,.. nwntionl'd in thc abon· "l'Ction dl•,.nibing tlw tn·at­
mcnt, the high rate of oil mon·mcnt is nt·n·,.sary in ordl'r to accom­
pli,..h thc change from hot to cold oil in thl' trcating tanks in such a 
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short time that the heated pole hutts will not l>e permitted to cool 
when not immer~cd in oil. The oil change ordinarily is made in frum 
-; to 12 minutes from the time the pnmp starb to renw,·e the hot oil 
until the cold oil is up to the proper len·l. 

Experience indicatL·s that no material los,.. in penetration of thc 
creosote into tlw pole~ is experiencl'<l hy ha,·ing the treated se,tiou 
unem-ered for this short length of time. l'raetically the same penc­
tration is ohtained as would Lw securcd hy keeping the poles in hot 
oil for the same length of timl' and tlwn pennitting the hot oil to 
remain around them until its tcmperatun· had gradually fallen hy 
radiation tothat specilled for thc cold oil hath. 

Changing the oil instead of permitting it to cool in tlll' treating 
tanks greatly expcdites tlw t reatments and con~equently increa~es 

the plant eapacity, which, of course, re~ults in a corrcsponding economy 
in the cost of trcating the polcs. 

Co:-;nxstO:'\ 

ln this paper an endea\"or has heen made to eon•r in a gl'neralway. 
tlw principal engineering and npl'rating features inYoln·d in huilding 
neosoting plants designed spceially for applying open tank treatnwnt 
to chestnut poles. lt has, of eourse, !wen necessary to omit practically 
all of the details of construction, which werc followed in huilding 
the Yarious plant~. 

These treat ing plant s are \"aluahle asscts to thc Hell System in 
pnn·iding concentratiott points where prescn·atin~ treatment ean 
Iw economically applicd to the chestnut poles, thus hecoming an 
important factor in the gcneral program for thc consetTation of 
natural re~ources, hy making pos~ihle the utilization of this ,-alual>le 
aud rapid ly dimiuishing t~·pe of timher on·r a ron~iderahly Ionger 
pl'riod. 



Selective Circuits a nd Sta tic Interference * 
By JOHN R. CARSON 

...,, :o.ol -h: Tlw pn·-enl p.qwr h,,, ils inn·p1inn in !Iu· IWt·tl of ,, t'orn·n 
undt·rslamling of lhc hch,l\·ior of «·I"·' ive nrcuil< wlu·n suhjet'lt•d Iu ir­
r .. ~::nl.tr and r.111dom inlerferen.-e, .1n•l nf dt·visin~:: .1 pr.1t'l ic.tlly "' ·i ul 
li)o!urc nf nu.'rit for comp;1ring circnils dt·,i-:n•·tl tn n·dnn· !Iw •·flo.·t·ls of lhi, 
IVJ>t' of inlcrfen·nre. The prnhlem is t•sst•JJIJ.tlly .1 ~l.tlisli.-;-,1 nnt· .llltl IIH' 
n·suhs mu<l hc cxprc~,ed in ll'rms of nwan vahu·s Tlu· m.tlht·m,tlil'.ll 
1henry i, dt•\·elnrlt'tl frnm lhc id .. :• nf lhe sp•·•·lrum nf thc inll'rfen·rwt• ,nHI 
1he responsc of the sclecti\'c cir.-uit is •·xprt'"''" in terms of lhe m•·.•n 

J.~:·~·~~~~:;~;;t','~ ~h:-1 .~:~~~':,/";;\';i/l:~·:~~~::~~IH.:~-~~ ,·l;'~~·~i:~;.~\o:,'n~i i~hi~ ~~~~.~:~::; 
th.ll dedunions of pr;~ctical \'alue ;-,rl' possihle in spile of mc.L)o!rc infnrm.1 
1ion H'J.:.lrdinJ.: thc prcci"• n.llurc anti ori)o!ill of ,,,,tic irllt•rf,.n·nn·. 

Thc ontstanding dedurtions nf pra.-tic.tl \',\luc may hc sunuu.trin:d ·"' 
follows: 

I. En·n with ,,b,-oluteh· i.-lt•;-,1 sp!t·ctin· circuits, .1n irn·dn.-ihle minirnum 
of interfcrcncc will hc ahsorhcd, anti this minimum inn .. ascs linear!\' 
\\ith th•· frcqucncy rangc necess.1ry fnr sign.tling-. · 

!. Tht• w.l\'c-fihcr, whcn propcrly dcsiJ.:ncd, approximatcs quilc clnsely 
tn tht• ideal seltocti\·e cir.-uit, anti littlc, ii any, impro\'clllcnt on·r it< pn•s .. nt 
form may ht• cxpectcd as regards slatic intcrfcrencc . 

. >. As regards st;~tic or randnm interfcrencc, it is quitc uselt·" to emplo\· 
extrcmely high sl'lccti\·ity. Thc J.:ain, as compared with cin·uits nf onl~· 
moderate selt·cti\·ity, is \'cry small, and is int·\·itahly <HTompani.·d h~· 
di>ad\'ant.tges such as sluggishncss of rcsponsc with cotbt'!JliPnt slnwing 
down of thc possihlc spn•d of signalim:. 

4 :\ formula i:; dc\'l'loped, which, togcthcr with rt'blin·l~· ,impll' ex­
perimental rl.1la, prO\·idcs for thc acruratc dl'll'rmin:ltion of thc sp•·•·trum 
of 'tatic interfcrenrc . 

.'i .• \n applkation of thc theory and formulas of the papcr to reprc­
scntali\·e circuit arrang•·ments and scheml·s de,izncd tn reduce stati.­
inlerierence, ~hows th;-,t thcy are inrapahlt: of n·dueing-, in any suhstantial 
deg-rcc, thc mcan intcrfercnn·, as comp;Hf'd with \\hat can 1 ... .-lonc with 
simple fihers ant.l tuned .-ireuits. Thc unt.lerlying- r!'ason lit·s in th(' nat urc 
of thc intcrfcrcncl' itsclf. 

T HE ~electin· circuit j,.. an extremely important element of e\·ery 
radio rccei\·i11~ ~et, a11cl oll it~ el!icient de~ign and nperatinu 

depend,; the economical u,;e of the availahle frequency range. Th e 
theory and de,;ign of ,;electin· circuit,;, particttlarly of their mo,.;t 
con;;picuou,; and important type, the ell'ctric "·an· lilter, han· beeil 
highly developed. and it i;; now po,;,.;il>le to communicate ,.;inudtalle­
ously without undue interferenre nn neighboring channds with a 
quitc small frcquenry ,.;eparation. ( >n the other hancl too much ha,; 
heen expectcd of the selccti,·c circuit in thc way of eliminating typcs 
of interfcrenre which inherently ein not admit of elimination by auy 
form nf selcctin· circuit. I rdcr to the !arge amottnt of inn·ntin· 
thought cJe,·otcd to devi,.;ing ingcniou,; anrl complil'atcd circttit ar-

• Pre,entcd at the .\nnual Con\'Cntion of thc .\.I. E. L., EdJ.:ew.ttcr Bcach, Chicag-o, 
111., junc 23 2i, 19.?4. 
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rangcmcnts dcsigned to climinatc static intcrference. \Vork on this 
problcm has hccn for thc most part futile, an account of the Iack of a 
Llear analysis of thc problern and a failurc to pcrcei\'e inhcrent limi­
tations on its solutions by mcans of selccti\'e circuits. 

Thc objcct of this paper is twofold: (l) To deYelop thc mathe­
matical thcory of the hchaYior of selcctiw circuits when suhjccted 
to random, irrcgular disturbances , hercinaftcr dcfined and dcsignated 
as random interfermcc. This will includc a formula which is pro­
poscd as a mcasure of thejigure of merit of selectivc circuits uith respect 
to random interfermce. (2) On thc basis of this theory to examinc 
thc prohlem of static interference with partictllar reference to the qucs­
tion of its elimination by mcans of sclecti\·c circuits. Tbc mathe­
matical theory shows, as might Iw cxpcctcd, that thc complete solu­
tion of this prohlem requires cxpcrimcntal data rcgarding thc fre­
qucncy distrihution of static intcrfercncc which is 110\\' lacking. On 
the other band, it throws a grcat dcal of light on thc wholc problern 
and supplies a formula which furnislws the thcoretical basis for an 
actual detcrmination of thc spcctrum of static. Furthermorc, on 
t hc hasis of a ccrtain mild and physically rcasonable assumption, 
it makcs possihlc generat dcductions of practical \'alue which are 
ccrtainly qualitatin·ly corr!'ct and are bclie,·ed to im·oh·e no quanti­
tatiYcly scrious !'rror. These condusions, it may be stated, are in 
gencral agrccmcnt with thc largc, though unsystematizcd, body uf 
information rcgarding thc hchaYior of selectiYe circuits to static 
interfcrcnce, aml with thc meagrc data aYailable regarding the wa,·e 
form of clementary stat ic disturbances. 

The outstanding conclusions of practical \'alue of thc prescnt 
study may bc summarized as follows: 

(1) EYen with absolutely ideal sclecti\'C circuits, an irreduciblc 
minimum of interfcrcnce will bc absorbed, and this minimum in­
crca~cs linearly with the frequcncy range ncccssary for signaling. 

(2) Thc wa\'c-iiltcr, whcn properly designcd, approximates quitc 
clusely to thc ideal sclect iYc circuit, and little, if any, impro\'Cmcnt 
on·r its prcscnt form may bc expcctcd as rcgards static intcrfercncc. 

(:{) t\s rcganb static or random intcrfcrencc, it is quitc useless to 
employ !'Xtrcmely high sclccti\'ity. The gain, as cornpared with 
circuits of only moderate sclccti,·ity, is Ycry small, and is incYitably 
.1ccompanicd by disa!h·antagcs such as sluggishncss of rcsponsc with 
con~equent slo\\·ing down of tlw possible speed of signaling. 

(-1) By aid of a simplc, casily computed formula, it should bc pos­
sihlc to dctcrminc cxpcrimcntally thc frcqucncy spcctrum of static. 
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t;')) Formul.1~ ~in·n hdow for conlparin~ the rdati,·e efti('it'IH'it·,.. 
of ,;clecti\'e circuits on the h.t,;i,; of :>i~nal-tn-intcrfcrcnc-c eJwr~-:r ratin 
arc bclie,·ed tn h.n·c con,.,idcr.lhll' pr.lC'tit·al \',due in e,..tim.ttin~ tllf' 
rdati\'c utility pf ~cll•cti\ e circuit~ as rcgard:; static- interferenrc. 

II 

I li~cri111in.ttinn between signal and interfcrcnce hy means of sclcc­
tin· circuits dl'pcnds on t.1king ad\'antage nf diflcrenccs in their wa\'e 
f\lnn.s, .111d henrc on <litTerenccs in their frequl'IIC.\' spectra. lt is 
thcrcfore the functinn of the Sl'lecti,·c circuit to rcspond cflcetively 
to tlw rangc uf frequcncies c,;::;cnti.ll to the signal while di,.,criminating 
ag.1in:-;t all other frcqucncics. 

lntcrfercnrc in radio aml wirc romn1unication may be hroadly 
cla~:-;itied as syslematic and random, although no ahsolutely hard and 
Llst di~tinctinn,., arc pos,.;ihlc. Syslematic inlerference includes tho~c 
di~turbanccs which arc prcdominantly steady-state or thosc whnse 
cnl'rgy j,. almnst all containcd in a rcl.tti,·ely narrow band of the 
frl'<Jlll'lll')' rangc. Fnr examplc, intcrfcrcnrc from indi,·idual r<Hiio­
tcll'phonl' and ,.)ow-spt'(.'d radio tdegraph stations is tobe dassiticd as 
::;ystl'matic. Random interference, which is discusscd in detail later, 
may bc pro,·isionally detined as thc aggrl'gate of a largc numher nf 
elcmentarr di,;turbanccs which originale in a large nt1mher of un­
rclated soun·cs. ,·ary in an irrcgubr, arbitrary manner, and are char­
acterized statistically by no sharply predominate frequency. An 
intermediate type of intcrfercncc, which may be tcrmed either quasi­
systematic or quasi-random, depcnding on thc point of view, is the 
aggregatc of a !arge number of indi\'idual disturbances, all of the same 
wa\'e form, hut ha,·ing an irrcgular or random time distribution. 

In the prcscnt paper we ;;hall bc largcly concerned with random 
interferencc, as detincd ahoH, bccausc it is helie,·ed that it repre­
sents more or less clo;;cly thc generat charactcr of static interference. 
This question may he left for thc present, however, with the remark 
that the subsequent analysis show::; that, as regards important prac­
tical applications and dcductions, a knowledge of the exact nature 
anrl frequency distribution of static interference is not necessary. 
~ow when dealing with random disturbance, as defined abo\'e, no 

information whatsoe,·er is furnishcd as regards instantaueaus values. 
In its cssence, thercfore, the problern is a statistical one and thc 
conclusions must bc exprcs;;cd in tcrms of mean ,-alues. In thc 
prcsent papcr formulas will be dcri,·ed for the mean energy and mean 
square currml absorhccl by selecti\'e circuits from randorn interfer-
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ence, and their applications to the static problem and the protection 
afforded hy selectiYe networks against static will be discussed. 

The analysis takes its start with certain generat formulas giYen by 
the \\Titer in a recent paper1, which may he stated as follows: 

Suppose that a selectiYe network is suLjected to an impressed 
force q, (1). \\'e shall suppose that this force exi~ts only in the time 
inter\"al, or epoch, o ~I~ T, du ring which it is e\·erywhere finite and 
has only a finite number of discontinuities and a finite numher of 
maxima and minima. It is thcn repre"entahle hy thc Fourier Integral 

q,(/)=1 ·rr [ "'J(w) ·cos (wi+O(w) ] dw 
• 0 

( 1) 

wherc 

[f(w) 1
2 = [.["'q, (I) cos wldl J + [.fo""c?(/) sin wldl J. (2) 

:\m\· Iet this forcc 1/J (1) be applic<l to thc network in thc drh•i11g branch 
and Iet the re~ulting current in thc receh•ing Lranch Le denoted by 
I (1). LetZ (i w) denote the ,.;teady-statc lransfer impcdance of the 
nctwork at frcquency w. '2 rr: that is the ratio of e.m.f. in driz•i11g 
brancl1 to currcnt in receh•ing Lranch. Further Iet ::: (i w) and cos 
a (w) dcnotc the corre~ponding impedance and power factor of the 
recei,·ing hrancl1. It may thcn be shown that 

1"" . , {"" IJ (w) '2 

0 
(I (I) ]-dt=l 1 rr.

0 
\ Z(iw) [2 dw 

and that the total encrgy n· ahsorLed hy the recci,·ing hranch is 
gi\"en Ly 

)I • - ] , 1"" IJ(w) 12 I ~(. ) C<h.- ~(w). (/w. 
- ; rr o I Z(iw) [2 ~ Iw ~ (-t) 

To apply the formulas gi,·en abo,·e to the problem of random 
intcrfercnce, con~ider a time interYal, or epoch, say from l=o to I= T, 
during which thc nctwork is suhjectcd to a disturhance made up of a 
!arge number of Unr<'bted elenwntary di~turhances or forces, !/J 1 (/), 

tP2 (/) ... 1/J" (I). 
lf we write 

then hy ( I ), <1>(/) CIIl l•c repre>'ented as 

•1•(1) = l rr [ "" i F(w) I· cns (wi+O(w)] dw 
•H 

I Tran,iPnl o-.·ill.ll ions in Elec! ric \\"a\" Fiill'rs, Carson and Zohd, n .. tl Sys/rm 
Trcllllira/ Jmmw/, J uly, IIJ2J. 
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.llld 

[
"' .• {"' F (w): 

[/ (ll )·d/ = 1 1r '/. ) •• dw. 
• n • II r~ ( I W • 

\\\• now introdun· tlw function R (w), whi r h \\ill l't' ternll'd thL· 
tllt'r_l!_\' spl'l"lrum of t Iw random in terferelll'l', and which is anal~· t ic--.1 :t~· 
ddirll'd hy t he equ.ll ion 

I 
Riw) = ]" F (w ): 

/
'"' R (w) 

Jz= I ~~"." Z ( iw l ~dw, (Ii ) 

1) = 1 {"" R(w) (') () d 
71"•

11 
Z(iw ) ~:; Iw ·rosa w. w. (i) 

P. P and R (w) hl'corne independent of the T prm·idccl thc cpnch is 
m.ule ~utlicicntly great. /~ is /Ire mean square curren/ and />/Ire mean 
pm<·er absorbed by lhe reah•ing bmnclr from /Ire rallliom inlerferwcr. 

In the application,.; of tlw foreguing formulas to the problern undcr 
di"cu,..,;ion, the mean ,;quare current 1~ of the formula (ll) will bc 
takcn as thc n:latin: lllL'a,..un: of intcrferL·nce instead of thc mcan 
power P of formula ( i I. Thc rea~on for this is the surcrior sim­
plicity, hoth as rcganls intcrpretation and computation, of formula 
1fi). Thc acloption of F as thc criterion of interference may he justificd 
a" follow": 

( I) In a great rnany important ca~cs, including in partictllar ex­
perinll'nt.d arrangl'ITIL'nts for the mea,.;urement of thc static cnergy 
spcctrurn. the rl'cci,·ing de,·ice is suhstantially a pttrl' resistarHT. In 
:;uch rase:; multiplication of /~ by a constant gin·s the actu;tl mean 
power P. 

( 2 ) lt i,.; oftcn com·enicnt and desirahle in comparing sclecti,·e net­
worb to haYc a standard terrnination and recei\'ing de\'ice. A threc­
elcmcnt ,·acuurn tuhe with a pure rcsi,.;tance output impedancc sug­
ge,..ts i~;;df, and for this arrangl'ment forrnulas (Ii) and (i ) are equal 
within a con=-tant. 

(;H \\\· are u..;ually concerned with rdati,·c arnounts of encrgy 
ah,..orhed from static as cornpared with that ahsorhed frorn signal. 
\ 'ari.i!ion of the rccei,·er impcdance from a pure constant rl'sistancc 
would only in thc l'\:trerne cases affect this ratio to any great t•-.:tent. 
In othcr wonb, thc ratio calculated from forrnula (G) would not 
ditTcr grc.llly from thc ratio calculatcd frum (i). 



270 HELL S l"STE.ll T ECIISIC.ll. JOCR.\'AL 

(-t) \Yhile the interference actually appercei,·cd eitlwr ,·isuall~· or 
hy car will certainly depcnd upon and increase with the energy ah­
sorbed from static, it is not at all certain that it increa:o;es linearly 
therewith. Consequently, it is belie,·ed that the additional refine­
ment uf fonnula (7) as compared with formula (fi) is not justified 
hy our prcsent knowledgc and that thc representation of the recei,·in~ 
de,·ice as a pure constant resistance is sullicicntly accurate for pre:o;ent 
pmposes. lt will he under>otood, howe,·cr, that througlwut thc 
following argument and formulas, P of formula Ci ) may hc suh­
stitutcd for Jz of (!i), when thc additional relinemcnt secms justificd. 
Thc thcory is in 110 sense limitcd to thc idca of a pure constant re,.,ist­
ancc rcccin·r, althou~h the ,.,implicity of the fonnulas and their case 
of computation is considerahly enhanccd therehy. 

Thc prohlem of random intcrferencc, as formulated hy equations 
(ti ) and (7) was hriefty discus,.,ed by the \Hiter in "Transient Cbcilla­
tions in Elcrtric \\'a,·c Filters" 1 and a number of ~encral conclusions 
arri,·ed at. That discussion will be hrielly summarized, aftcr which a 
morc detailed analysis of the problem will be gi\"Cn. 

Refcrring to formula (G), since both numerator and denominator 
of the integrand are e\·crywherc ~o, it follows from the mean yaJuc 
thcorem that a value w of w cxists such that 

fZ = I!Jw) {"" dw 
1r •o I Z (iw) \2 ' 

(S) 

The approximate location of w on tlw frl'qll('ncy ,.,calc is h<tscd on the 
fnllowin~ considerations: 

(a ) In thc ca,.,e of cfCI('ient sclccti,·c circuits designcd to ,.,elcct a 
continuous fmite rangc of frl'qucncies in thc inten·al w1 ~w ~w2, 

tlw important contrihutions to thc integral (!i) are conlincd to a finite 
continuous range of frequencies whid1 includcs, but is not greatly 
in l'\Cess of. thc range which the circuit is designcd to select. This 
fa c t is a consequence of the impcdance characteristics of scll'ctin· 
circuit s, aml I hc following propcrties nf the spect rum R (w) of random 
in tnfl'renn·, whirh are discussecl in detail suhsequent ly. 

(h) R (w) i,., a continuous finite function of w which con\·erges to 
Zl 'ro at in li ni ty ancl is l'\·erywhcre positi,·e. lt posse,.,scs 110 sharp 
maxima ur minim;1, anti i ts varia t ion wi I h rcspect tn w, where it cxists, 
is rclatin·ly slow. 

fln the ha~is of tlll'"l' ('onsiderations it will bc assumed that w lies 
"it hin thl' band w1~w~w2 and that witlwut ~erious errur it may bc 
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t.tken ·'" tht• ntid·frl'qlll'lll'\ w.., of tht· la.ancl \\ hid1 111,1\· Iw dc·liawd 
eitlu·r ,,,., (w 1 + w~) '2 or a~ w 1 "·~· ( ·, •ll,.,t''llll'lllly 

{: = R(w,.,) [ "" dw 
1r • n L(iw) t (!I) 

Frolll ~H) it follo\\~ th.tl tlu• 111ean ~quare currellt 1~. duc to r.utrlom 
intt•rfnl'lll't', is m;u(e 11p of two i.wtors: one R (w.") \\hielt is propor­
tion.tl to thc t'tll'rgy lt'\ l'l oi tltt• interferetH'l' ~pc·ct n1111 at mid-fn.·qut'IH')' 
w,., '2 Jr: anti. "''l'Otlll. tht· intq~ral 

[
"" dw 

P =I 1T' '/ (. ) ~ 
• l) E~ /W 

(I 0) 

whid1 i~ indl·pt·ndent of tlte dwractcr and intensity of thc interierem·c. 
Thu,; 

( I I ) 

Formul.t ( II) is of eon:-;iderahh: practical importance, ltt•cause hy its 
.tid tlw "IWl'tral e11ergy len·l R (w) can be dctermitwd, OJH'e / 2 is 
nperimentally measuretl and the frequenc~· charactt·ristics of the 
n·n·i,·ing m·twork "Jit'cilit·d or nwa,.;ured. l t i:-; approximate, as dis­
nl,.;,;ed ahO\·e. hut can he made as accurate as desired IJy cmploying 
,, sufliriently "harpl~· "eleeti\·e nctwork. 

The fonnula for the jigure of mail of a seleclh·c cir(l(i/ 'ü.'ilh rt'spcrt 
lo ra111iom interfercna is colbtructed a,; follows: 

I .et thc "ignaling cnergy ltc ,;uppo,;ed to lte ,;prcad rontinuou~ly 
.tnd uniformly o\·cr the irequenry intcr\'alcorrC'sponding to wa ~w ~w2. 

Ttwn the mean "'Jllan· ,.,ignal current j,; gi\'en hy 

~~~)'""' d w 
71' • L(iw) 2 

or, r.llht·r, on thc (,a"is of the s.tme tran::.mittt:d encrgy to 

(12) 

The ratio of the llll'an "quarc currC'nls, due to signaland to interfcr­
cncc, is 

pz u 

R(w".). wz-wa 

J~2 
Tht• tir"t f.wtor R(u.•".) dt·peiHI" only on thl' :-ignal and intcrft.rcnce 

t·nergy lnt:I~. and doe~ not in,·oln~ the propt:rtil's of the network. The 
::on·ond factor depcnds only on the ndwork and mea::.urcs the 
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etilcicncy with which it cxcludcs CIH'rgy outside thc signaling range. 
l t will thcrdorc he tcrmcd llle jigurc of mcril of lhc sclccthoc circuil and 
denotcd hy S, thus 

S= - 1- ~ = - 1 _1"'"' -~..:... f "" _ dw 
w2-w1 p w2-w1 w, Z(iw )2 · Jo 1 Z(iw) 2 ' 

(1-t) 

Stated in wurd s, the jigure of mcrit of a sclecti!•e cirwit ·witlz respect 
lo random interfcrcncc is cqual lo lhc ratio of the IIICUII squaresignala nd 
intcrfcrcnce currents in tlle rcrei<•cr, di<•ided by the corrcsponding ratio 
in an ideal band filtcr which transmits witlwut loss all currcnls in a 
"uni/'' band (w2-w 1 = 1) and absolutely cxlinguishes (ltrrcn/s outside 
this band. 

l l l 

Before taking up practical appl ications of thc foregoin g formulas 
further consideration will be gi,·en to the hypothesis, fundamental 
to the argumcnt, that o\·cr the frequcncy rangc which indudes thc 

important contrihutions to the integral .{"" 
1 
Z~i:) !2 the »pcctnun R(w) 

has negligilJic tluctuation s so that thc int egral 

1"" R(w) 
o Z(iw) 12 dw 

may, witlwut a pprcciahlc error, he replaced h~· 

[
"" 1 

R (w", ) Z(( ~ l • 
• o J Iw -

wlwrc wm 2 1r is the " mid-frcqucncy " of thc sclcctiH· circuit. 
Thc original argumcnt in support of thi s hypothesis was tu the 

eiTer t that, sincc thc intcrfcrcn cc is madc up of a !arge numhcr of 
unrclatcd elemcntary disturbances distrihutcd at random in time, 
a n y sharp maxima or minima in the spcctrum of thc indiYidual di ­
tur!Jances wuuld hc smoothcd out in thc >opcctrum of thc aggregate 
disturhancc. This argumcnt is st ill helicH'd to hc quitc sound: thc 
importanc<" of the qucstion, howc\'Cr, ccrtainly ca lls for the morc 
detailcd analysis which follows: 

,\' 

Let •1>(1)= ~<tAt-t,) 
I 

wherc /, dl'llott·s the time of incidciH'l' of thc r1
h di,.;turhance <!J, (1). Thc 

ele1ncutary di>oturkulccs 4J 1, <P~ • .. <Ps arc a ll pcrfcctly a rb ;trary, so 
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th.tt •I• ~/) ,," tldint·cl ],,. ( l."1l j" thl· tn.,,..t gt•tH·r.tl typt' of cli,..turl,,lllt't' 
)H'""ihlt· . Tlw only .I:'SIIIIIJition lll.tdt· as \l't is th.tt t hc in"t.lllts of 
inl'itletl\"t' / 1 ... 1.., .lrl' distrilllttt·d .11 r.ulllonl on·r the l'JHIC'h o ~I~'/'; 
.111 .ts.;ulllption which is de.trl~· in .uTnrd.mce with tiH• f.tch in tht· 
t\t"t' of ,..t,ll ic int erfercnt"t'. I i Wt' writl' 

C(w) = r ~,(t) l'OS w! tft, ,/o 

.'i,(w) = [~,(1) sin w! tft, 
• 0 

(lti) 

it follow,.. irom ('2) ancl (Lil, aiter somc l'<!>i)" rearrangcmcnts that 

\' .\" 

F(wl ~= ~ ~ cosw(t,-fsi ( C,(w)C(w)+S,(w)Ss(w) ) = 
r • l s • l 

~ C,2(w)+S,2(w) (I i ) 

+ ~ ~Ctl,..w{t,-!sl ( C,(w)('.(w)+.')~(w) Ss(w) ). r-J,:\. 

Tlw lir,..t Sllllllllation is simplr ~ f,(w) i2 • Thc uouble summa­

tion ill\·oh'es thc factnr co,.; w (!,-/,) . :\my hy , ·i rtuc of thc assump­
tion of r;~ndom tillll' distrihution of tlw ckmcntary disturbances, it 
follow:-; that /, and fs, which are indq)cncicnt, rnay each lie anywhcrc 
in t h1..• epnch o ~ t ~ T wit h all \·alm·,; l'<jU;tlly likely. The mean value 
of F (w) 1

2 j,.. therdore gottl'll hy 41\·cragi ng2 wi~h respect tu /, and ls 

CJ\Tr all po,..,..ihle ,·ahtt•,;, whcnn· 

F(w) ~= " "" f,(w) 2 +:? P 1-coswT 
w'! 

X ~~ (C,(w)Cs(w)+S,(w)Ss(w) ) {IS) 

an« I 

fZ= l " ""j'"" j,(w)
2 

'2 " """ " """ j "''l-coswT. 
1r1' - ,, Ziiw) 1 ~ tfw+1f1'2~~ . 0 wZT (C,(w)C(w) 

+S,(w)Ss(w) ) Z~i:) 12 . 

'The ..1\'l'r.t~:in)!; procc's with rcspeC"l to thc par..ltlleters I, and /, employcd ahO\'C 
logic.tll~· applics to thc ,t\·cra~e result in a n:ry l.tr)!;l' numher of cp<x.:hs during which 
the sy,tt·m is expü,ecl tu thc ,,tmc set of di~turhant'cs with ditTercnt but r.wdom 
time di~trihutions. ! >therwi,c st.ttcd. thc ;n·cr..1;:ing proccss gi,·cs the mcan \'aluc 
corn·sl>on<lin)!; to all possihlc cqu..~lly likely tim es of inridencc of the elcmcntary 
distur Mnn·-. Thc a"tllll(ltion is, thcrcforc, that if thc cpoch is made sutllcicntly 
largc, the ,tctual cllt:ct ol thc unrd.ttccl dcmcnt..ll)' distllrh.tnccs will in thc long 
run Lc thc 5.1111C as thc a\'cra;:c cllcct of all possihlc and C«fll..llly likcly distributions 
of the clcmcntary disturh.tnccs. 
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);ow in the double summatiun if the epoch T is made sufficiently great, 

I I (I - cos w T) . I h . h . I 1 t Je actor ---·::1-T-- van1s 1es everyw erc cxcept 111 t c llL'Ig 1 >or-

hood of w=o. Consequently, the double summatiun can hc \\'ritten as 

Finally if wc write X / T=n=an:rage numiJer of disturbances pcr 
nnit time, aml make nse of formula (2), we get 

( lU) 

which can also be written as 

(20) 

whcn i,=i, (/) is the current duc to the ,'h disturbance cfJ, (/) . 
.1\ow thc douiJlc summation Yanishes when, due to the prc,.;cncc of a 

rondense or transformer, the circuit does not transmit dircct currcnt 
to the recei,·ing brancl1. Furthermore, if thc disturhances are oscilla­
tory or altcrnate in sign at random, it will !Je negligihly small com­

pared with thc single summation. Consequcntly, it is of ncgligible 
,.;ignificance in thc practical applications contcmplatccl, and will 
hc omitlcd cxrept in spccial cases. Therefore, disregarding the double 
::,unllnation, the forcgoing analy,.;is may IJC summarized as follows: 

R(w) = \11
• "'-"' f,(w) 1 =11· r(w), 

. ---- (21) 

(22) 

II , ....,. [ "'=•/ 1~·-•d , ' 1,·(/=n ·z· I, 
.\ - ·ll 0 

P= II {"" r(w) I . I ) 
\ . '/( -:--)~ ::(zw) · cos n- (w · dw 

.. • U E~ lW I 
(2-l) 

= J1 "' ';:(', = 11 • ~II 
\
. ... . 

.. - (25) 

ln thc:-.e furmulas 11 denotes the a\·erage number of clcmentary dis­
turiJanccs per unit time, u•m the cnergy absorbed from thc r'h disturb-
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.1nn· ~ l/l .. 1nd /' 1he 1111'.111 pmH-r .d•,;orht·d (rom the a~o:~o:rqo:.ltl' 

di~turh.lllt o t' o r (u.•l j,.. dt'li11t·d l•y fonnnl.1 ( :!0 1 .111d i.; lht· lllto,111 ,..pt·c·­
lrlllll t•f 1he .q.:grq:.llt' di,;turl•.lllt'l', Ihn,; 

rtw) I .\' " "' {,(w) 2 R(w) 0\'0 - 0 
( :!Ii ) 

\\Oe .Ir!' 1111\\ in ,, po,.ition lo di,..toll"" lllllrl' prel'i:-ely lhe o~pprn'\illla­
liolb, fnnd.lllllolll.d ln foruliJb,; (!I) ( II ), 

/
' "" R (w) j' "" 

."(0 ~dw=R(w,..) 
• u .-. Iw ) • u 

dw 
Ztiw ) ~ · 

('2 i' ) 

Thl' ;~pprm.imatiun in\'oln·d in lhi,; formul.1 culbi,..ls in identifying 
u.•". :! ll' with thc "mid-frcquency" of thc ,;electi\OC cirC'uit, and is based 
on 1hc hypotlu:si,; that o\'er thl.' rangc of frequencies, which indude,; 
the import.llll contrilmtion to thc integral (:.!:!), thc tluclualion of 
R (w) may he ignoredo 

:\ow i1 i" c\'iuent from furmubs (21)-( 22) that the lheoretically 
complclc :-olution uf the prohlem rcquirc,; that R (w) hc !;peci licd 
o\er 1hc t:ntire frequcncy rangc frum w =o lo w = x 0 I )b\oiou,;ly, lhe 
requircd information cannol bc dl•duccd wi1hou1 making Sll llll' ;tddi­
tion.tl hypothcsis rcgarding thc character of the i111crfeno•nn· or thc 
rnechani~m in which it originales. ( )n thc other hand, tla' mere 
,l,..~umption that thc indi,oidual clcmcntary disturhance,; 4> 1 • 0 0 <P" 
ditTcr among them,;cln~,; ,.,uh".tantially in wan· form and dur;ttion, or 
lhat lhc maxima of thc corresponding spcctra [J,(w)! ar<' di,;tributed 
mocr a con,..idcrablc frequcncy rangc, is "urticienl to e,;lahlish lhe 
condu,..ion that thc inJi,oidual tluctuation,; are snHu>thcd out in lhe 
aggregatc and that conscqucntly r (w) and hcncc R (w) woukl ha\'c 
ncgligil•lc tluctuations, or cur\'aturc wilh rc~pcrt to w, O\oer any 
limitcd range of frcquencics comparahlc to a signaling rangeo 

It i~ admittcd, of coursc, that thc foregoing :>tatcmcnls arc purely 
qualitati,·c, a::; they must bc in the abscnce of any prccisc information 
rcgarding thc wa\'c forms of the elcmcntary disturbancc~ cnn,;lit uting 
random interfercncc. On thc other hand, thc fact that slalic is cn­
counlrrl·d at all frequcncie,; wi1hout any ,;harp changc,; in i1~ inlen:-:.ity 
as the frequency i,; \oaricd, and that thc a~sumption of a systcmatic 
wa\e form for thc elcmenlary disturl•ann•s would l•e physicallr 
unrcasonable, con::;titutc slrong infl'rcntial ~upport of the hypothesis 
undcrlying equation (:? i' )o \\'att and .. \ppletun (Proco R oyo Soco, 
April :3, IU2:3) supply thc only cxprrimcntal data regarding thc wan• 
forms of thc elerncntal)o di,..turhanccs which they fonnd to IJc clas,;ili­
aulc under general types with rather widdy \'ariablc amplitudes and 
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durations. Roug-h calculations of r (w), based on their resu lts, are 
in !'Upport of the hypothesis made in this paper, a t leas t in the radio 
freq ut>nry ra nge. In addition, the write r has made calculations 
!Jascu on a numbcr of reasona blc assumptions rega rding variations 
of wave form among the indi,·idual disturhances, a ll of which resul ted 
in a spcctrum R (w ) of negligible fturtuations o\·cr a frequency ra nge 
neressary to justify equa tion (2i ) for e ffi cient selecti\'e circuits. 
llm,-e, ·er the prohk·m is not t heoretically solvable by pure mat he­
matical a nalysi s, so that the rigorous verification uf the theory of 
selee tivity den·loped in this paper rnust bc based on experimental 
evidenr e. On tlw other hand, it is su lnnitted that the hy po thesis 
introdueed reganling statir interfcrence is not surh as to vitiate 
the ronclusions, qualitatively considered, or in gencral to introdure 
sc rious qua ntita ti\'c errors . Furthermore, l'\·en if it wcre ad mi t ted 
for the sakc of argument that thc figure of merit S was not an accurate 
measure of the ra tio of mean squa re signal to interferenre curren t, 
ne\·crthclcss, it is a true mcasurc of the cxccllenre of t hc ci rcuit in 
cxduding interfcren ee energy outside the neressa ry frcquency ra nge. 

1\ ' 

The pract ica l a pplieations of the fo rcgoing a nalysis depcnd upon 
the formula s 

-o R (w,.) { "" dw ( ) 
f · = 11" - •u l Z(iw) l2= p·R W m ( 11 ) 

a nd 

(1 4) 

which contai n a ll t he information which it is possible to deducc in t he 
easc of pu rcly ra ndo m intcrfe rcncc. They a re based o n the p rin­
ei ple tha t t he e!Tcct of thc intcrfcrcnce on the signa lin g system is 
measurcd !Jy thc mcan squa rc intcrferen ce currcnt in the rerci \'ing 
hraneh, and that t he effi eicnc y of the selecti,·c eircu it is measured 
hy thc ra tio of the mca n squa re signal and in tcrferenre current s. As 
s tated ahovc, in the casc of ra ndom interferenre resu lts m ust he 
expressed in terms of mca n , ·a lues, a nd it is clcar that either the mean 
square current or the mca n cnergy is a fun da men ta l a nd logica l 
criterion. 

Referring to formula (1 1), t hc followin g important proposition is 
dedueible. 
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lf Ihr si.l!'lafinl! syslrm rt'tfllirn Ihr· lransmis.1ions 1~( a band of frr·­
tfllt'111"in forrt·spolltiinf!, lo 1111' inltn·al u.·~-w •. anti I/ lfll' .ll'lcdit•t' l"ircuil 

1s rJfit irnlfy tfni.l!,nfd lo lhis 1'1111, lhcn lhf 11/t'!lll .I!JIItlrt' inlafarnu· 

. . I I. I I '1/(w.-w.) tllrrfnl 1.1 proporllo/111 lo ltt' Jrr'tjllt'111")' 111111 li'lt 11 ·:!;r . 

Thi,., inllnw,., from the f.1ct th;Jt, in tlw c.J,.,L' of cffwil'ntly dt·,.,ignl'd 

I I ·1 I . I I I f (w··-wtl I J,IIH -II ter~. 1 l'"Jgnl't to ~~· l'Ct t ll' reqiiL'IH'Y rangc -:!;r a111 

. . { "" t!w . . 
l':\dlldl· otlll'r fn·qiiL'lll'le~. the Jlltegr.dj

11 
X (iw) ~~ •~ proporttonal to 

w2 -w 1 to a high degrL'l' of approximation. 
The pr.wtical cotbCIJIIL'nn·~ of the~e propo~ition~ are important and 

imnwdi.Jte. I t iollows that as the ~ign.tling :-;peed is increa,;cd, thc 
amount of interference ine\·itably incrca,;cs praeticall~· lincarly and 
that thi,; increa,;e i,; inherent. ..-\gain it :-;lwws thc ad\·antage of 
,;ingle \·:-;. double sidc-baml Iransmission in carrier telephony, as 
pointed out by the writer in a recent paper.3 It should be notcd 
th.lt the increa,;ed interference with increa,;ed ,;ignaling band width 
is not duc to any failure of the ,;electi\·c circuit to cxclude cncrgy 
out,;ide the :-ignaling range, hut to the inhercnt neces,;ity of absorbing 
thc interference energy lying inside this range. The only way in 
whieh the intcrfcrence can bc reduced, a,;suming an eflicicntly de~igned 

I I ·1 I 'I I f (w .• -w,) . 1 >,tnc Ii tcr an1 a prc:-;cn >cc rcqucncy rangc ~:!;r , ts to ~L' cct a 

carrier frcquenc~·. at whieh thc energy ,;pcctrum R (w) of the interfcr­
cncc j,. low. 

Formula ( II) prm·idt•s lhe lheoreliral busis for an uclual delemrinalion 

of lhe slalit: spnlrum. :\lea,;urement of 12 o\·er a suflicicntly long 
inten·al, Iogether with the measured or cakulatcd d.1ta for e\·aluating 

the integral { "' 'l d': .,. dctcrminc~ R (w".) and this determination 
• u ,, (rw) -

c.tn be made a,., acemale .ts desired hy employing- a sufficiently sharply 
tunl'd circuit or a "ufticiently narrow band tilter. l t is sugg-c~ted 

that the experimental tbta could he gotten without great difticulty, 
.tnd th;tt the re~ulting information n·garding the ,;tati,;tical frcqueney 
distrihution of ~tatic would he of !arge practical Yalue. 

Thl' selectin·ligmL· of merit S .J,; delined hy II!) i,; madc up of two 

facturs, 
1 

which is inn·r~ely proportional tu tbe rcquircd 
(w2-wJ) 

signaling frcqlll'llC)' rangc; and tbe ratio uf thl' intl'grals u,·p. This 

'Si~;rul-to-Slalic-lnterfercncc R.1tio in lüdio Telephony, Proc. I. 1<. E. K, 
june, 1923. 
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ratio is unity fur an ideally designed selectin· circuit, an<l can actually 
be made to approximate clo,.ely to unity with correctly designed band­
lilters. Formula (1-l) is !Jelie\·ed to han' Yery considerablc Yalue in 
cumparing Yarious circuits designed to eliminate interfercnce, and is 
ca!>ily computed graphically when the frequency characteristics of 
the !>electiYc circuit arc specilied. 

The general propositions deducihle from it may !Je hrietly listed 
and discussed as follows: 

JJ'ith a signafing frcqueucy rangc (w2 .~w 1 ) spcujicd, thc uppcr limiling 
-7r 

mlue of S wilh a lheorelically ideal selcctiz•c circuil is -( 
1 
-), and lhe 

w2-w1 
cxcellence of lhe ac/ual circuil is mcasured by the closeness 7i.'ilh which 
ils jigure of merit approaches this limiting mlue. 

Formula (1-l) for the ligure of merit S has Ileen applied to the study 
of the optimum design of selectin' circuits and to an analysis of a 
large number of arrangements designed to eliminate or reduce static 
interferl'nce. The out~tanding conclusions from this ~tudy may be 
hrietly re\·iewed and summarized as follows: 

The form of the integrals rJ and p, taking into account the signaling 
requirements, shcws that the optimum "l·lcctin· circuit, as measured 
hy S, is one which has a constant transfer impedance o\·er the signaling 

frequency range (w\-w 1), and attenuates as sharply as possible 
-7r 

currents of all frequcncies outside this range. :\my this is preci:-ely 
the ideal to which t he band lilter, when properly designcd and termi­
natl·d, closely approximates, and Ieads to the infen•nct• that lhc 7i'lli'C 

jiltcr is the bcs/ possiblc form of selccli!•e circuil, as regards random 
intcrfercncc. I ts superiorit y f rom t Iw ste;uly-sta te ,·icwpoin t has, uf 
l'Oltr"c, long been known. 

:\n inn·stigation of the effect of securing extremely high selectiYity 
lly nwans of lilters of a largt' numher of sections was made, and ll'd 
to tlll' following conclusion: 

ln tlw case of an l'lliciently designed hand-lilter, terminated in thc 
proper resistance to suhstantially diminate retlection losscs, thc 
figure of nwrit is gin·n to a good approximation hy the equation 

S= I I .. , 
w2-w1 1+1 lhn-

when· 11 i:-; the numlll'r of lilter ~ections and (w 2 -w 1
) tlll' Iransmission 

:!7r 

ha nd. I t follows t hat lhc sclcctii'l' fir,urt• of mcril inacascs iua ppreciably 
u·i/Jr an ill(rmsc in lhc llllllllicr of jillcr salions bcyond 2, and /hat lhe 
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h11ntl jiltn of a Jr.t• udions m11 bt• t!nir,nt•tl lo lwt•r a Jir.urr nf mrril 
I 

rlosrly upproximalill.f!. !Iw idt·al/imi/illf!. l'tllur, (w~-w.)' 

Thi,- propo,oition j,- merel~· a sp~'ci.tl c.1,.t' of tlw ~~·rwral principle 
th.rt, ,,,. rq:.rrd,- st.rtic interftorence, it is us~·h·ss to ~·mplny t"\lremely 
hi).!h selecti\·ity. Tlw r:ain ohtainahle, as cnmpared with only a 
modn.rte amonnt nf ~wh·cti\'ity is sli~ht ;111d is inherently accom· 
p.rni~·d h\· .111 incre;r,..ed sluggishn<>ss of the cirnrit. That j-; to s.ty, ,,,.. 
tlr~· :-;~·kcti\·it~· i:-; incrt·as~·d. tlre time rcquired for thc signab to huild IIJl 
i" irwn·a:-l'f.l. with a reductinn in qu.tlity and possihle signaling :-p('l'tl. 

.-\n11ther rirruit of prartictl intercst, \\·hieb has hcen prnposed as a 
solution of tlw "st.rtic" prohlcm in radio-communicatinn ronsists of a 
seril'S of siMrply tuned oscill.rtion l'irruits, unilatcrally m uplcd through 
amplilicrs.~ This circuit is designed tn rerci,·c only a singlc frcquenry 
to whirh all the indi,·idual osrillation circuits are tuned. Tlw tigure 
of nwrit of thi,- rirruit i,- apprnximately 

whcre 11 denntcs the numbcr of scctions or stages, and L and R are 
the inductancc and rcsistance of thc indi\'idual oscillation circuits. 
The outstanding fact in this formula is thc slow rate of increase of S 
with the numher of stages. For cxamplc, if the number of stages is 
incrcascd from 1 to .i, the ligure of mcrit increascs nnly by thc fartor 
~.tlti, whilc forafurther increase in 11 the gain is ,·ery slow.5 This gain, 
furthcrmore, is accompanied hy a se rinus increase in the "sluggish­
ncss" of thC' rircuit: That is, in the partciular example cited, by an 
increa:-;c nf ;i to 1 in the time required for signals to huild up to thcir 
steady state. 

The analysis of a numbcr of represcntati\'e schcmcs, such as the 
introduction of resistance to damp out disturbanccs, balanring 
,..chl'me,.. dcsigned to neutralize static without affecting- thc signal, 
(ktuning to change the natural oscillation frequency of the circuit, 
dcmodulation through several frequency stages, etc., has shown that 
thcy are one and all without ,·alue in increasing the ratio of mean 
:;;quare signal to interference current. ln the light nf thc gcneral 
theory, the reason for this is clear and the Iimitation imposcd nn th(' 
solution of the static problern by means of selccti\'c circuits is seen 
tn bc inhcr('nt in the nature of the interference it!'clf. 

'5ec l'. S. f'<1tcnt :\o. I t iJUi<J to .\!cx.1ndcrson. 
'\\'hC'n the nurnhcr of stagc, >r i~ fair!y b.rge, the ;.('lcni"c fi.:url' of nu·rit lwrnmes 

proportional to /n ancl thc huilcling.up time to 11. 



Some Contem porary Advances in Physics- VII 
Waves and Quanta 

By KAR L K . D ARROW 

T HE inYaluahle ag-cnt of our hC'st knowledgc of thc enYironing­
world, and y('t it,.;(']f unknown exc-ept hy inferenc-e; the inter­

mediary het\H'Cil matter and tlw finl'st of our ,.;enses, and yet it,.;e]f not 
material; intangihiC', and yet ahle to pre,.;,.;, to ,.;trike hlows, ;md to n·coil; 
impalpahle, and )"('t tlw \·ehicll· of the energie,.; that Aow to the earth 
from the stm-light in alt times has heen a n·cogniz('d and ('011:--pinrmr,.; 
kature of the physical world, a ]J!'rpetual reminder that the material. 
the tangihll', the palpable Htbstances ar(' not the only real onl',.;. \"('t 
its appa rl'nt importancc, to our forl'runners who knew only tlw rays 
to which the l')"(' respomb and su,.;pcc-tl'(l no otlwrs, was as nothing 
])(~siele ib real importanee, whic-h was realizco n·ry gradually ehrring 
thc ninetC'enth ecntury, as llC\\" familil·s of rays wen· discmered 
one aftcr the other with new detecting instrumcnts and with rww 
sourccs. Radiation is not ahsent from the places wlwrc therc is 
no l'ye-stimulating light; radiation is omniprC'sl·nt; thC'rl' is no region 
of :--pace ('IJC"losed or houndless, \·acuous or occupied hy matter, which 
is not p('rvaded hy rays; there is no suhstanc-e whieh is not perpetu­
ally ah,.;orhing ray,.; and gi ,·ing othcrs out, in a eontinual intcrchange 
of energy, wirich either is an equilihrium of equal and oppositc l'X­
changes, or is stri,·ing towanls such an equilihrium. Radi<ltion 
is one of the g-reat generat entities of the physical world; if \H' ("(lllld 
still liS(' the wonl "clenwnt," not to nwan one of the eig-hty or ninety 
kinds of mat1·rial atoms. lnrt in a deeper Sl'nse and :--mnewhat as the 
anc-ient;; ll"l'O it, \\l' might desc-rihe radiation anrl matter. or possihly 
radiation and cleetrieity, as c-oequal elements. ..\lso the prohlem 
of tlll' nature and structure of radiation is of 1111 lcsser importancc 
than the prohlem of the struc-turc ano nature of matter; aml in fact 
neither can h(• trcated separatcly; thcy are so inextricahly inter­
twined that whoe\·er :--l'ts out to expound tlll' pre:--ent nllldition of 
om· soon tinds him:-;ctr outlining the otlwr. Onl' cannot write a 
di>-cour>-t' o11 the nature of radiation ahllle rwr oll tlw :-;tructure of thl' 
.1tom alon(', «llll' C<lll hut \·ary tlll' relati\'(' l'lllpha:-;is laid upon thesP 
two "uhjl"«"h, or rath(•r upon tlH'sl' two aspl'C"t>- of .1 singh· suhjl'rt; 
<llld i11 thi" .trtid1· I sh;dl rc:-;t;ttl' many things alulllt the atolll which 
\\t·n· :--tated in fornH-r articles, lmt tlw t•rnpha,.;is will be laiclupon light. 

Spl'aking H·ry gl'llerally and rathl'r \·agut·ly, light has hel'll llllH"h 
rnorc tractallll' to thl' theori:--ts than most uf the uthcr ohjects of 
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t•nquiry in phy,..ic·,.. or rlwrni ... try. I ln·r ,, r.llher long pc·ri"cl .. r ~T;~r~. 
it "'·'"' inch·l'd gt·nl'r,tll~ n·g.tnlecl a~ pl'rfc·ctly intelligil•ll'. Thc· 
f.cmou.; h.tt th· llt't\\l'c'n tlw corpu,..nrbr tlwt~ry acl .. ptecl h~· :'\c·wtc•n, 
.111cl tlw "·1\"l'-theory f111mcll'd hy llc-,..c;~rtc·~ and lluyglwn.;, clic·cl out 
in tlll' l'.trlic·r ye,lr~ of tlll' ninl'!cTnth c·c·ntur~· with tlw gr,cdual c·x­
tinction of tlw forml'r. Thc· hi,..tory of optic,.. in thl' ninl'lc·c·nth !'l'll· 

tury, from Frt·~nel and Young to :\ l idll'l~"n ancl Raykigh, j,.. tlll' t,dc· 
of a hrilli.tnt ,..eric·~ of heautiful arccl ~triking dc·nl<llbtration~ "f the 
w.tn·-thc·ory, of c·xpc·rinH·nt,; whirl1 \\Trt' founcll'cl upc111 tlw wan·­
theory a~ tlll'ir ha~i~ and woulcl 11<1\l' f;cilc·cl if tlll' l•a,..i~ h;~cl n11t l•c·c·n 
lirm, of in~trunH·nt,; "·hidt Wl'rl' dt·~ignc·d and eompc·tc·nt to m;~ke 

clillicnlt ancl ddicate ml'a.;un·merll,; of all ~ort,; irom the thicknc·,..~ 

of a ,;hcet of molt'CIIIcs to thc diamcter of a ,;tar -and wcnrld han· ll('l'll 
u:-elc·.;,; h;~d tlll' tlwory bel'n Ltlbciou~. Thc• detail,; of tlw hl'nding 
of light around thl' ,;idl's of a slit or tht· cclgt· of a ~c·rt·c·n, tlll' intricatL' 
pattern of light ancl shadc fornll'd wlwre ,;uhdi,·i,..ion,; of a l•eam oi 
light are reunitl'd aftcr ,;cparation, the complexitie,; oi rdraction 
through a l'llr\'l'd ,;urfare, arc reprc·.;ented l1y tlll' tht·or~· with all 
n·riti,tl>le acncracy: and ,;o arc the inrn·dil•ly complicated pherwnwna 
at tencling the progre,;,; of light through cry,..tal,;, phenonwna whic·h 
han• ,;lipped out of common knowlc·dge hecause few are willing to 
nnclertake the lahour of lll<blering 1he theor~·- Tlw waH·-Ihl'ory of 
light stand,; with :\t·wton',; inn·rse-,;quarc Ia"· of gra,·ilalion, in re,;pect 
of thc many cxtraordinarily prccise tc,;ts which it ha,; undergont• wi1h 
triumph; I know of no nthcr which ran ri\'al cither of tht·m in thi,; 
rcganl. 

By lhc tcrm "wan·-theory of light" I ha,·c rncant, in tlw ioregoing 
p.cragraph, thc conreption that light i,; a wa,·e-motion, an undulation, 
a pl'riodic form ad,·aneing through spare without di:-torting it,; ,;hape; 
I 11.1\T not mcant to imply any partindar an,;wcr to 1 lll' qu!'.;tion, 
u·hal is it of 1.i.'lzirh light is a 7.i.'(lt'C-motion! l t may seem ,..urpri,..ing 
that onc can makc and dcfcnd the com cption, without ha,·ing answert•d 
thc· qucstinn hcforehancl: hul as a mal tl'r of fact there arL' rertain 
propt·rtil'~ co111111on to all undulation,;, and the,;e arc thc pwpertit·,.. 
which han· hccn n·rilied in thc experimcnts on light. Thc·n· are al~o 
et•rtain properlies which arc nnt sharcd by ,;uch wan·,; a~ llw,.,e of 
~ound, in which thc \'ibralion i,- rontincd to a ,..inglc dirc·ction llhat 
normal to the wan·front) and 111ay nnt ,·ary ntiH"nd:-t· lhan in ampli­
tudc ancl pha,;e, hut arc shared hy tralb\Tr~c or di~tortional wan·,.. 
in l'l,t~tic solids, in which tlw Yil•ration may lie in any of an inlinity 
of direction,.. (any direction tangc·nt to tlll' w,c\dwnt). Light pos­
,.,t·,;.;c·s thcsc prnpcrti!',., ancl therdon· thc wa\·L·-motion which i,.. 
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radiation may not be compared with the wave-motion which is sound; 
but a wide range of comparisons still remains open. 

Of course, , ·ery many haYe proposed images and models for "the 
thing of which the vibrations are light", and many ha,·e helie\"Cd 
with an unshakahle faith in the reality of their models. The fact 
that light-wan·s may be compared, detail hy detail, with trans,·crse 
, ·ihrations in an elastic solid, led somc to fill uniYersal space with a 
solid clastic medium to which thcy gave the sonorous name of "lum­
iniferous aether". lt is not many years since men of science used to 
amaze the laity with thc remarkahle conception of a solid suhstance, 
rnillions of times more rigid than steel and billions of times rarer 
than air, through which men and planets serendy pass as if it were 
not t here. E,·en now one finds t h is doct rine occasionally set fort h .t 

In that image of the elastic solid, the propagation of light was 
conceived to occur hccause, when one particle of the solid is drawn 
aside from its normal place, it pulls the next one aside , that one the 
next one to it, and so on indefinitely. 1\leanwhile, each particle 
which is drawn aside exerts a restoring force upon the particle of 
which the displacement preceded and caused its own. Set one of the 
particles into vihration, and the others enter consecutin·ly into 
Yihration. l\1aintain the first particle in regular oscillation, and 
each of the others osci llat es regularly, with a phase which changcs 
from one to the next; a wave-train tra,·els across thc medium. Onc 
particle influences the next, because of the attraction hetween them. 
Hut in the great and magnificent theory of light which l\laxwell 
erected upon the base of Faraday's experiments, the propagation 
was explained in an altogether different manner. Vary thc magnetic 
fi eld across a loop of wire in a periodic manner, and you ohtain a 
periodic electric forcc around t he loop, as is knmn1 tn eYeryone who has 
dahhled in electricity . \ 'ary the electric field perindically, and you 
ohtain a pcriodic magnetic field - this a fact not by any means so 
wdl known as the other, one which it was l\laxwell's distinction to 
have a nticipated, and which was Yeriticd after the eYent . In a 
traYeling tra in of light-wa\"Cs the clcctric ficld and the magnetic 
fi eld st imulate one another altcrnatcly and reciprocally , and for this 
reason the wa,·e- t ra in tra,·els. Sinn· the perimlic clectric lield may 
poi ut in any one of tlw inlinity of directions in tlw plane of the wan·­
fro nt , the \\·a,·e-motion pos:-cs~es all the frcedom and yariability of 

1 t\ppan·nt ly the imagc of thc Cla~ tic solid was ncwr quitc pcrfcctcd; onc rccalls 
I h«:' que'l ion as to whet h<"r its vihrat ions \\ l' r<' in or normal to the plane o f pola rizal ion 
of thc light, which n·quired onc a nswer in o rder to agrce with the phcnomena of 
r<"lknion, and anoth<'r in onh·r to ag rcc with t ho,c o f double rcfrar tion. Prohahly 
a mndus t·it•rtrdi could hav«:' hct·n .trr.~nged if t he wholc idea had not l>cen snperscdctl. 
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for111 \\ hich .trl' rt'qllirl'd to .tiTOIIII I for I h1· oh~•·n cd propt•rl ic,., of 
light. 

:\l.t\\\t'll',.. thl'or~ intmt·di.ttdy .tchi!'\cd tlw ,.,lttlllling ,.,lltTl'"" of 
pn· ... l'll t in~ .t \·,tlut· for t hl' ~pn·d of I hl' int.tginl'd l'lt·ct rotu.tgtH'I ic 
\\,t\l""• •ll'tnminctlt·\cltbin·ly fn>m nwa~un·mt·nh upt>ll tlw m.tgtl!'tic 
licld~ of l'lt·ctric t·urn·nt,.,, .tnd .tgn·eing preci,.,l'ly with tlw ol> ... l'f\l'd 
"]ll't'd of light. Two ~uppo:-.t·dly di~tinct pro\·inn· ... of phy,.,ic:-., !'<tdt of 
\\hielt h.td hn·n org.tnill·d on it,., own p.trtintl.tr l>.t:-;i,., of l'\(leri•·nn· 
.tnd in ih own p.trticul.tr m.tlltll-r, \\l'l'l' ,.,uddt"nly united l>y .t ,.,trokl' 
of ~yntla·,.,i~ to which iew ii any p.tralleb c.tn he found in tht· hi,.,tory 
oi thoui_!ht. .\nd thi~ i,; hy 110 nw.tn~ tht• only achit·n_·ntt·nt of tlw 
electrolll.t).:lll'lic tht•ory of li).!ht; tlwn· will ~hortly he ocea~ion to 
lllt'ntion ,.,onl!' oi the otlwr,.,. 

:\ow th.tt tlwre w,1,., ,..., much t'\·idt·nn· that light tr.t\'<·1~ <1., a wa\T· 
nwtion, .uHI th.tt it,., "'Jll't·d .111d other prop<·rtit·,., are tho,.,t• of elt-ctn>-
111.tgnetic \\,t\l'~. it IJl'came ur~o:<·ntly dl·,.,irahlt· to inquire into the 
n.tlllrt' of thl' souras oi light. Lr.lllted that li(!;ht l'll roulc outw;m l,.; 
from .t luminou~ p.trtid<· of matter i~ of the nature of a comhination 
of \\,IH'·tr.tin,;, wh.ll i,., uking pl.tn· in tht· luminou,., p<trlicle? T othis 
IJIIl'"tion .111 our l'\pnietH'l' and ;tll our hahih of thought ,.;ugge~t om· 
,.,oll' oll\·iou,., .ut,;wer th.tt in the luminou~ particl t• there i:-. a Yihr;lling 
,.,.,mething .• t i'ibralor. or lllon· likely ;tn l'll<lrtllou:-; numht.>r of Yibra­
tor,., om· toeadt atom. po,.,~ihly and the o,.,cillatiot~:-> of the,.;e Yihra­
tor-. .tn· tlw :-ource-. of the \\,tn·-. of light, a,., the oscillation:-; of a 
'iolin--.tring or a tunin).!-fork are the -.ource~ oi wa\·e~ of :-;pund. 
Thi-< .tn.tlogy dr.1wn frotn ;wou-.tic,.,, thi-. pictun· of the Yihrating 
\ iolin- ... trin!-: and the ,·il>rating- tuning-fork, ha~ het.>n pmYerfu l 
indt'l·d. it hegin,., to ~l'l'l11, too pmn·rful -in guiding the formation of 
nur idt•;t,., on light. lt i,., protitahh· to reft<·ct that the e\·olution of 
thought in <H'tllt ... tic-. mu ... t han· traYell'd in the nppo,;ite ,.,en-.e from 
tlw l'Yolution of thought in opti<·,.,. \\ 'hoen:r it was who wa,., the 
lir~t to concein· th;tt -.ound i-. a wan:-motion in air, mu:-;t n·rtainly 
ha\ <' ,trrin·d .tl the idea hy noticing that :-ounding hodil·,., ,·ihrate. 
llm· il'l·l ... tlw trl'mhling of the tuning-fmk or the hell, one "lT" the 
,·iolin-~tring .tppan:ntly ,.,pread out into a band hy the ;unplitude 
of it,., nwtion; it i,., not diftirult to huikl app<~r<lllh which,likl' a :-lowl'd­
down cint·m.l liltn. make:-; the ,·ihration:- ,.,eparately Yi,..ihle, or, like 
tlw ,.,troho,.,copt·, prodttn· ... <Jll <·qui\·alt-nt and not mi,.,Jeading illu,.,ion. 
Thi ... \\,1-. not po~ ... ihle in optir,.,, and m·n·r will he. I n <H·ou:-;tir,;, 
one m.ty -.onwtime,.. <HTl'(ll thl' Yil>ratiotb of the ,.;ounding lmdy a,.. 
.tn indl'pl'ndt·ntly-gin·n fact of l''X(Wril·nn·, <Jnd rea,.;nn forward to the 
\\a\·e-motion "Jlrl';tding outward:- into the l'll\·ironing .tir; in optics, 
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thi:" cntrance to the path is closed, one must reason in the in\'er~e 
:-;en!'e from the wa\·e-motion to thc qualitics of the shining body. 
lnevitably, it was assumed that when the path should at last he 
succes!>fully retraced, the shining body would he found in the sem­
hlance of a vihrator. 

Fora fcw years at thc end of the ninctcenth century and the begin­
ning of the twentieth, it secmed that the desired vibrator had been 
founci. Apparently it was the electron, the little corpuscle of nega­
tive electricity, of which the charge and thc mass wcrc rather roughly 
esti mated in thc late nincties, although l\Iillikan's ddinitc measurc­
mcnts were not to come for a decadc yet. l\Iaxwell had not con­
ccivcd of particles of electricity, his conception of the "clcctric fluid" 
\\·as indccd so su!Jiimated and highly formal that it ga,·e point to 
the celcbrated jest (I think a Frcnch onc) about thc man who read 
the whole of his "Eiectricity and l\1agnetism" and understood it all 
except that he was never able to find out what an clectrified bodr 
was. H. A. Lorentz incorporatcd thc clcctron into l\Jaxwell's theory. 
Concei\'ing it as a spherule of negati,·e electricity, and assuming 
that in an atom one or more of thesesphenlies are held in equilibrium­
positions, to which restoring-forces varying proportionally to displace­
ment draw them back when they are displaced, Lorentz showcd that 
these "bound" electrons arc rcmarkably weil adapted to scn·c as 
sources and as absorbents for electromagnetic radiation. Displaced 
from its position of equilibrium hy some transitory impulse, and thcn 
left to itsclf, the bound electron would execute damped oscillations in 
one dimension or in two, emitting radiation of the desired kind at a 
cakulable rate. Or, if a beam of radiation streamed O\'er an atom 
containing a hound electron, there would be a "rcsonance" like an 
a<oustic rcsonance-thc bound electron would vihrate in tune with 
tlw radiation, ahsorhing cncrgy from the bcam and scattering it in 
a ll dircctions, or quitc conc<:>ivahly deli\'ering it m·er in some way or 
other to its atom or the cnvironing atoms. Thcrc were numerical 
agrcemcnts betwcen this thcory and cxpcricncc, somc of them vcry 
s triking.2 Apparcntly thc one thing still necdful was to produce a 
plausible thcory of thcse binding-forccs which control the rcsponse 
of thc "l•mmd'' clectron to disturbances of all kinds. Once thesc 
wcrc propcrly dcscribcd, thc wa\'es of light would be supplied with 

':\ot.thly, thc trcnd of the tlispcrsion-cun·cs fnr ccrtain transparclll substanccs, 
n·ccntly t•xtendcd by Rcrgen Davis and his collahorators to thc rangc of X -ray frc­
qul'nt·ips; 1he normal Zccma n efTt'C t ; \\'icn's obscn·ations on the exponcntia l dring­
down of 1hc luminosily of a canal-ray bcam, intcrprl'tcd as thc cxponential dcdinc 
in tht· vihration-amplitudcs of the bound clcctrons in thc tlying atoms; thc dcpcn­
dt·nrc of X-ray scattcring on the numbcr of clcctrons in thc atom. 
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tht·ir Yihr.ltor~. tlll' <.'lectrom;J~ndic thcory would rccciYc a most 
,·,du.Jhlc ~upplemt'nt. :\ml. mud1 ;Js .1 cnmpctt'nt thcory nf thc 
him.ling-forct·s w.ts to bt• desirl'd, .1 continuing f.tilmc to prnducc onc 
wnuld not impugn the dectrom.tgnetic thenry, which in it;.c(f was a 
cohcrcnt systt·m, self-sustaining ;tnd st·lf-sufficient. 

This was thc st.tte o( .dT.tirs in tlw l.ttc ninetics. Thc wa\'c-con­
ccption o( light h.td existcd for more than two ccnturics, .111d it was 
~e,·enty-fin• yt'ars sincc any noticcahlc opposition had hccn raiscd 
.tg.tinst it. Thc clt·ctrnmagnctit· thcory of light had cxistcd for about 
thirty ye.trs. and now that thc clectron had hccn discm·cred to scn·c .ts 
,1 sourcc for thc w.tn·s which in their propagatinn through span· 
h.ttl aln·.ul~· het·n so abundantly expl.tincd, thcrc was no t'fTccti,·e oppo­
sttJon to it. :'\ot all thc facts of cmis~ion and ahsorption had hccn 
accountt'tl (or, but thcrc was no reason to belieYc that any particul.tr 
onc of them was unaccountable. AuthoritatiYe people thought 
that the epoch o( grcat disco,·cries in physics was ended. lt was 
only beginning. 

In the ycar lfiOO, :\lax Planck published the result o( a long scrics 
of researchcs on thc character o( the radiation inside a complctcly­
cnclosed or ncarly-cncloscd ca,·ity, surrounded by walls maintaincd 
at an e\·cn tcmpcraturc. Enry point within such a ca\'ity is tra­
\Wscd by rays of a wide range of wa,·e lengths, modng in all dircc­
tions. By the "charactcr" of the radiation, I mean the absolute 
intensitics of thc rays of all thc \'arious frequencies, traYersing such a 
point. The character of the radiation, in this sense, is perfectly 
determinate; expcriment shows that it depends only on the tcmper­
ature of the walls of the ca\'ity, not on its material. According to 
the electromagnctic thcory of radiation, as completed by the adoption 
of the electron, thc walls of the caYity are densely crowded with bound 
clectrons; nor are thcsc clectrons all bound in the same manncr, so 
that they would all have the same natural frequency of oscillation­
they are bound in alt sorts of different ways with alt magnitudcs of 
restoring-forces, so that eYery natural frequcncy of osciltation O\'Cr a 
wide range is abundantly reprcsented among them. .:\'ow thc con­
clusion of l'lanck's long study was this: 

lf the bound eleclrons in the ·walls of the cm.•ity (i.e., in any solid body) 
did real/y radiale U'hile and as they oscil/ate, in the fashion prescribed 
by the electromagnetic tlzeory, then the charac/er of tlze radiation in tlze 
cat'ily 7L'Oitid be lotally different from lhat u.rhich is obsen:ed.3 

1 The beliefthat the character of radiation within a cavity could not be explained 
without doin;: some \'iolcnce to the "clas~ical mcchanics" had already becn gaining 
ground for some years, by reason of extremcly rccondite spcculations of a statistical 
nature. lt is nr} difficult to gaugc thc cxact force and bearing of such considerations. 
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llowcn·r, ij thc bound clcctrous do 110/ radiale cnergy ".i:hilc 1/tey 
oscillalc, but accumulatc it aud sm·c it up and finally dischargc -it in a 
singlc outhurst ".i.'lll'll it allains sonll' onc oj a ccrtain scries of -.•alttcs 
hv, 2/tv, :3/zv, etc. (h stand:; fur a constant factor, v for thc frequency 
of vil>ration of the ckctrons and the emittnl radiation)-/hcn the 
characlcr oj tlzc radiatiou <i.'i/1 agrcc u:ith tlzal <chifh is obscn.•cd, pnl\·ided 
a suitahlc \ ·ahw hc choscn for the con~tant h. 

T hc ,·alue rcquircd 1 for hin C.C.S. units krg !-l'<'onds ) i!- ti .. i:uo ~7 • 

llere , thcn, \\'as a phenome11on which the clcctnamagnetic theory 
scemed to bc fundamcntally incapahle of explaining. For this 
notion of a hound ekctron. whid1 oscillates and docs not mcanwhilc 
radiatc, is not merely foreign to thc dassical theory, laut \Tr~· dan­
gerous to it: one does not sec how to introducc it, and di"placc the 
opposed notion, \\'ithout hring-ing down )arge portions of the structurc 
(including the numerical agrecments which I cited in a foregoing foot­
note). H o\\'e\·cr, Planck had arri\Td at this conclusion by an intricate 
process of statistical and thcrmodynamical reasoning. Statistical 
rcasoning is notoriously the most lahorious aml pcrpll' xing in all 
physics, and many \\'ill agree that thcrmodynamical reasoning is not 
much less so. l' lanck's inferl·nce madc an immense imprc:-sion on 
thc most capahlc thin kers of thc time; but in spitc of thc> c>arlr ad­
hcrcncc of such mcn as Ein:-<tcin and Poincar{>, I su:-<pl'Cl that l'\'l'll to 
this day it might practically lac cnnfincd to thc> pag-e~ of tbe nwre 
profound treati~cs on thc philo~ophical a:-<pects of phy:=:ic", if ccrtain 
expcrinwntcrs had not ltcen guided to seck and to disconT plwnomcna 
so simple that nonc could fail to apprelwnd tlwm, !-o extraonlinary 
that nonc could fai l to bc amazed. 

ll onour for this guidance l>l'longs cbiell~· to Ein,;teitl. \\ 'here 
l'lanck in l!lOO hau ,;aid simply timt l>ounclekctrons emit and ai>sorh 
cnergy in lixed finite quantities, and shortly aflerward:=; had softened 
his non•! idea as far a s po:-<~iblc hy making it apply only to thc act 
of cmis,.;ion, l·:insll'in in l!HJ.i nt:-<hl'd l>uldly in and pre:=;c>nted the idea 
that tlll'sc lixed tinitc quantities of radiant l'llergy retain thcir iden­
tity throughout tlwir \\'amkring:-< through spacc from tbe nwment 
of emi~:-<ion to thc momcnt of ab~orption. This idc>a hc ofTcred as a 
"heuri:-<tic " onc thc word, if 1 grasp it,.; connotation exactly, is an 
apologetic ~ort of a \\'ord, u:-<c>d to descrillL' a thcory \\'hich achic\'L'S 
~uccc""l' ~ though it s ;Jlltho r fcels at !wart that it really is too ah~urd to 

'I Lake th~ numc ri!'a l \ ·a lues o f thc constant ft S(':!llt•n •d through this a rti.-lc from 
t;,. rJach. '1'111' " "ightt·d lll<"ol ll uf the t' XJ x-riment . .J , ·,alucs, withduc rcgard to thc 
n ·lal iH' rt·lia l>ili t y of t ht• \·arious mt'lhods, is ta kt·n '" 6.S5 or (J .5h. tll ::. :\onc of 
thc individual \'<Li ues ··it<'d in tlw"' pagt·s is dt"finit .. ly known to dificr from this 
a\·cragc Ly morc th.1n t hc expcri menta l errur. 
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Iw Jlrl'"l'llt.lhle . Thc implic.llion i,.., th.ll thc l'\))('rinwnter~ ,..Jwnld 
pron•t•d to \l'ril~ the prt·diction~ h.l><ed upon tlw idc.1, quitt· a~ if it 
\\l'rt' .lccept.lhlt•, \\hilc rt'llll'lllhcring .d\\,l~s th;~t it is .thsurd. lf the 
,..ucn•-.,..t'>' continuc to mount up, the aJ,,..unlit~· m.ty he conlidt·ntly 
l'\)l\'Ctl'd to f.tdt• gr.Hiu.dl~· out of tlw public mind. Such wa~ the 
dl'-.tin~· of this hl'uri,..tic idt·.t. 

I will tto\\ d,·,..crilw ,..ollll' of thc-.t· wondl'rfull~· simple phl·nonll'n.t 
\\ondnfully ,.;implt• indeed. for tlwy stand out in full :;implicity in 
dom.tin,.. wlwn· tlw d.t,..,..ic;d cll'ctromagnetic tlwor~· would alulost or 
quitt· n·rt.tinly imp11,..e .t -.l'riou" romplt-,ity. lf l'lanck 's inferenn· 
rro111 tht• eh.lr.lCit•r of thc r;HJi,ttion within a ca\·ity had hl'l'll defcrn·d 
ior .l!lol lll'r liftn·n yo•;tr,.., om· or mon: of tlwsc phellllllH.'na would 
,,,.. .. urcdly h.tn• lll'en di,..cmC'red indcpt·rulently. \\'hat would han· 
happt·m·d in that c.t,;l·, wh<tl rour,..t• tht· t'\·olution of theoretical physics 
would h.tn· follmH·d, it is intt•n•,..ting to conjecture. 

Tht· plwlnt'lalric t:ffal i,; the outllowing of electrons from a metal, 
occurrin:.: when .111d lll'c.tu,;t· tlw !lll'tal is illuminated. lt was Ji,;­
co\l'rt'd ~~~ Hertz in ISS!l, but :o;e\eral years elapsed hefore it was 
known to hc .tn efllux of electron,.., and H·n·ralmore hdore the electrons 
\\l'fl' prm·ed to ('Oll\(' f11rth With :<)1l'l'dS Which \'<lf)' from OllC eiCCiron 
to anotlwr. upwanl,.; a-. far a:-- a certain definite maximum \·alue, and 
nen·r l•t·~·oml i t. 

Ih-re i:< a rather ddicate point pf interpretation, which it i:" \\'l'll to 
examine with ::;ome care; for all the contron·rsie:-- as to conti nuity 
\ er:--u,; di:--continnity in :\'<llllre turn upon it, in the last analysis,. 
\\'hat i,.. nwant, or what rea,;onal>le thing can be meant, whcn onc 
~ay,; that the spceds of all the eleetron,; of a certain group arc con­
lim·d within a ecrtain range. l'\.ll'IHiing up to a certain limiting top­
most \·,due? lf one nlllld detl·ct each and en·ry ell'ctron :-eparately, 
.llld ~t·paratcly me<J!"'Ure its :<pl'l·d, thc meaning would l•l' pcrfectly 
dcar. For that matter, thc :<tatt·meJH would degener<lle into a 
trui~m. The f.1ct is otherwi:<e. The instrtlmt·nh used in work such 
a,- thi:s pcrcei\·e electrolh only in great multituJes. Suppo,..e that 
onc intcrcept,; a stream of electrons with a metal plate conncctcd by 
a wirc to an electrometer. l f .t harrier is placcd lll'fore the deetrons 
in thc form of a retanling potential-drop, which is rai:--ed highcr and 
higher, the moment en·nttwlly comes when tlw current into the 
c.:lectrometer dcclines. Thi,.; happen:< ht·eanse the slmn·r ell'ctrons 
arc ,.;topped and drin·n l•ack l•dorc they n·ach the plate, thc faster 
ont·,.; surmount the h.trrit·r. .·h tlw potential-drop is further magni­
tit'tl. thc reading of the elertronwter decrease,; stt·<Hiily, and at l.1st 
hcconw.., inappreci.thle. Beyond a l·ert.tin critical \·aluc of the retanl-
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ing voltagc, thc electromctcr reports 110 influx of elcctrons. Uoes this 
really mean that there arc 110 clectrons with mure than just thc specd 
necessary to owrpass a rctarding ,-oltage of just that critical valuc? 
Or does it mercly mcan that the electrons flying with more than that 
critical speed are plentiful, but not quite plcntiful enough to makc 
an impression on the electrometer? I s there any topmost speed a t 
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.-:I DVE.I2SE. VOLTAGE. 
Fig. 1-Curves showing thermionic electron-currcnt \·crsus opposing voltagc, dclllon­
strating a distribution-in-speed extending ovcr an unlimited rangc of spccds. .:\lultiply 
thc ordinales of thc middlc curve by 100, those of thc right-hand cun·e by 10,000, to 
bring them to the samc scalc aml make them mergc inlo a single curvc. (L. II. Gcrrm·r) 

all, or should we find, if we could replacc the current-measuring 
device with other and progressi,·ely hetter ones ad infiuitum, that tlw 
apparent maximum speed soared indefinitely upwanb? 

Absolute decisions cannot be rendered in a question of this kind; 
IJUt it is possible, under the bcst of circumstanccs, to pile up imlica­
tory cvidence to such an extent that only an unusually strong will­
to-disbl'lievc would refusc tobe swaycd by it. The jwlgmcnt dcpcnds 
on thc shapc of thc cun·e \\·hich is obtaincd by plotting the elcctro­
mctcr-reading t•s. thc retarding potential in othcr words, the fraction 
y of the electrons of which the en.crgy of motion surpasscs the amount 
x, detcrmincd f rom thc retarding-voltage by the relation x =el'. 
Look for example at the curws of Fig. l, which fefer to the clectron-
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Fig. 2 l'un es sho\\ ing photoelect ric C'lcct ron.current \ er~us opposing \'olt.agc, 
demora.tr<1ting a da-triiJUtion-in-spo· .. d extendang mt·r a r.lllgt• limited at thc top. 

(){. A. ~lillik.tn, Pilysiwl Rn:iew) 
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,;tream llowin~ ,;pontaneously out of an incande:-.n·nt wire; tlwy are 
thrL'l' ,;~:gnll'nt::; of one ,;ingle curYe, plotted on di!Terent scales <b the 
numeral,; show . Thi,; curn· hell(},; ~o gradually around toward~ 

tangency with the a:>.:i::; of ah,;ci,;,;ae, that one can hardly a\·oid the 
inference that it is really approad1ing that a:-;i,.; a:- if to an asymptote, 
and that if the electrometer at any point cea,;cs to d<'clare a current, 
it is l•ecall>'l' the electronwter i::; too in::<l'n,;itin· to rl'spond to the 
smaller currenh, and not berause tlwre are no fa,;ter electron,;. Look 
instead at the curn·s of Fig. 2. which rder to the eiC'ctron,; enwrging; 
from an illuminated surface of sodium. These curn·,; ::;Jant ,;u ~harply 
towards tlw ;l'.:is of ah::<cissae, they hend so slightly in the )HJrtions of 
their cour!->L'S where the data of e:>.:periment determine them. that the 
linear e:>.:trapobtion oH·r the littll' intt:n·al into the a:>.:is comlllL'JHls 
it:-elf as natural and ine,·itahle. lkcausL· the <'urn·s for the thl·rmi­
onic elcctrons approach the a:>.:is so gently, it is agreed that tlreir 
Yelocities are di::;trilnrtcd continuously m·er an unlimited range: l•e­
cau::;e the nrrn:::; for the photoelectrons nrt into it so acutely, it is feit 
that tlll'ir yeJocitie:-. are confined below adefinite ma:>.:irnum ,·alue. 

Thi,; therdore i,; the photoelectric cfTect: wan·s of light inundatc 
the ,;urface of a meta!. and electrons pour out with various n·locities. 
sonw nearly attaining and none e:>.:ceeding a partinrlar topmost 
ya Jrre. I will desi~nate this ma:>.:imum :-.peed, or rather the corre­
sponding ma:>.:imum kinctic energy, l•y Emax· .\nalyzing the proce,.;s 
in t he da,.;sical manner, one must inragine the \\"<1\"L'::; entering into the 
metal a nd setting the indwelling electron,; into forced oscillations; 
the oscillations grow steadily wider; the speed with which tht: elt•ctron 
da shes through its middle position grows !arger and !arger, and at 
last it is turn from its rnoorings and fon·es it::; way through the surface 
o f t he met a !. Some of the energy it ah::;orlll'd during the o:-cillations 
i::; spent (connTted into potl'ntial erwrgy) during t he l':-wape; tlw 
rest i:-< tlw kineti c t·uergy with "·hich it flies away. En·n if tlw electron 
wert· fn·•· wit h in the 111l'tal and could o>'cillate in re:-<JHll1:-<t' to tlre 
wa \Ts, unre ::; tra irwd hy any re::;toring fon·t·, it would still han· tn 
spt:nd !->O li1L' of it :- acquired L'lll'rg y in pas::;ing out throngh tlre houndary 
of t lw nwLrl ( th e LI\\ ::; of t lwrmionic t·mi,.;:-ion furrri~h eYidence l'llOIJglr 
for this). l t is na tura l to inft·r that F'. 111,,x is the energy ahsorhed hy 
an l" lectron ori!-!"ina lly frL'l', minus this ;urrount {Iet me call it P ) which 
it ll llbt sanilice in nossing the frontil'r; thl' electrons whiclr L'll1ergc 
with L"llergi t·" lower tlran /~max m a y }JL' suppo:-;ed 10 ha\"e made tlre same 
:-.anilin· ;rt the fronti e r and n tlrers in addition, wlrl'ther in tearing 
the rn:-t:ht·:-; a way front an additiona l rl'straint or in colliding \\"ith 
;Itolll,., 1ltrring their t·migration. This is not the onl)· concei,·al•le 
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uHnprl't.ltiou, l•ut it ..,,.,.111'- unproftt.d•ll' 111 t•tHt'l" int11 clu· ollu·r..;. II 
i-. thndorl' /~ 111." \\ hich .tppl'.ar,.; to nu·ril clll' tno,.;t .11 tt·ntiott. 

\11\\ tlll' 1111"1"1' f.u-t tlt.tl tlwre i-. .1 tll.t\itll\1111 n·l"t·it\ of tlw l'~c.qwd 
,·h·ctrotb, th.tt tlll'rl' i-. .111 /~"""' i-. not in it-.,·lf of .t n.ttun· to -.nggt·-.t 
th.tt tht·d,~ ... ,.j,·,tl tht·t~r~ i,. iu.tclt-qu.tt,-. l t j,. lht· Jwculi.~r dqwndt·nc, 

of thi-. qu.tntit~ 1111 tlw t\\o mo~t imp"rt.tnt controll;tl•lt· qu.ditie;; 
,,f thl' light on it-. inten-.itv and 1111 it-. fn·qllt'tll·~ whidt ,1\\,tkt·rt... 
tlw tir-.t f.tint ... n-.picion-. th.H ,.,ontl'lhing h.t... .tt l.t,.;t !wen di,.,con·red. 
\\hielt tlw cl.t-.-.ic.tl tlu·11ry i,.; ill <Jd.tptl'd to expl.tin. ( lnt· would 
pn'(lict wich .t good deal of confrdt·nn· that thl' grl'.tler tlw inlt'tbity 

of the light, the gn·.tter tlw t•n•·rgy <tcquired l•y thl' eh·rtn111 in •·•wh 
n·de .. f it-. forn·d o,.,cillati1111 would Iw. tlw ).!Tt·;rter tlw t'Jll'rgy wich 
whid1 it would lin.rlly hn·.tk .tw.ty, tlw .l:l"l'.ller thl' n·,.;iduum of l'lll'rgy 
\\ hid1 .11 thl' l'lld would he ldt t11 it. But /•: 111," i,.; found t11 l•l' indt·­

JH.'Ild,·nt of the inletbity of the light. Thi,., i,.; ~trange; i1 i~ "'"' though 
thl' w.tn·-. healing llpon a hl'ach wen· d"uhlt-d in their lwight and thl' 
powl'rful n•·w wan·,.; di,.;turlwd four timl',.; a~ m;111y pl'hhk,.; a,.; l•dorl', 

hnt did not di,;pl.ll"l' .t ,;ingle ""~" 11f tlwm <tny f.trthl'r nor agit.tte it 
.111y more \'iolently th<tn the ori~in;d gentle w<tn•,.; did to the pel >hle,.; 

1 h.tt clwy \\ .t,.,lwd <thottt. .\ ,.; for t he dq>endenn· 11f /~ma' on 1 he fre­
'llll'tll'y of the light. it would l>l' lll'f't•,;,.;ary to make <tdditional <t,;,;nmp­
tion,; to t·akul.tte it from the cla,.,,.;ical tlwory; in <tll)' ca,.;e i t wou ld 

prohahly not hl' n·ry ,.;imple. Hut the actn;tl rebtion hetWl'l'll F.ma~ 

.md v j,.; the ,.,implt·,.,t of all relatiotb, ;;hort of an a],,.,olute pr11porti1111-
ality; thi,., i,.; it: 

( I ) 

Fil:. :{ ,.,ho\\,. the n·lation for ,.,odinm. oiN·rn·d hy :\l illikan. 

Tlw m.tximum l'lll'rgy of tlw photoell·t·tron,; innl'<t"l'" linearly wich 
the freqnency uf the light. P i,.; a con,.;tant whidt \·aril'" from one 
Jtll't.tl to .tnother. l n thc term,.; of the ,.;imple foregoing interprl'la­
tion, P i-. the enl'rgy \\ hich an ekrtron nn~,.;t spend (more preci,.;el)·. 
tlll' t·nergy \\hielt it llllbt in,-c,.,t or Clln\·ert into potential l'lll'r!0·) 

'' hen it pa,_,.,.,., through the frontier of thc mctal on ic,; way outward. 
('omp.tring tlw \·alut·,., of P for ,.,e,eralmetals with the cnntact poten­
tial-. whidt 1lwy di-.play rclatiH·Iy to nne ;mother, one lind,; powl'rful 
,., idence mntirming thi-. theory. Ha,·ing di,;nh,.;ed thi" p.trtirular 

.t~pt·t·t of the qtll'-.tion in thc lifth artil'le of thi,.; '-l'rtes, I will not 
•·ntl'r further into it at thi.- point. 

Tlw cotbtant h i;; the ,.;antl' for alt tlw ml'lal,.; which ha,·e lll'l'll 
ll-l'd in '-lldt ,.,perillll'llh. Tlw l>l'st dl'termination,.; ha\·c 111'1'11 made 

upon two or thrl'l' of thl' ;tlkali llll'tal-., for the,.t· arl' the only metals 
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Fig. 3 Cur\'e showing the linea r relation het wl'e ll thc ma ximum encrgy of photo­
l'leclruns and thc freqlll'IICY uf t hc light whic h exc itcs t hem. ( :\l illi ka n, Physiwl 

Ret•iew) 
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\\hielt rt·lc.tst· clct·trnn'"' \\ ht•ll illn111in.ttl'd with light of \\ idt• •·on\ t'll­
ienl r.tnge'"' of frt·qut•nt·y and color. :\lost 111.-t.ds 111ust l>t' irradi.tted 
\\ith ultr.tvit•lt-t light, and tht• e:-..perin1ent~ l>t't'ollll' \t'r)' diflicult if 
they must llt' pcrformcd with light of fn·quetlt'ies f.tr fro111 th•· 'isildt· 
speetrum. Tlw v.tlue~ whieh :\lillikan obtaint·d for sodium and for 
Iithium .tgn·t• within tlw l'''lll'rinwntal crror with ont· ,111other ;111d 
with tlw 111e.1n ,·alue h =ti .. -.7.10 27 (:!) 

The m.tximum t'llt'rgy of the t•lt•ctrons relea:-l'd hy light of the 
frequency 11 is therdore equal to a quantity hv which i:- the :-.lllll', 

\\hatt·\er met;d lll' illuminalt'd hy tlw light .1 quantit\· whi.-h is 
characteristie of the light, not of the lllt't;d minus ;t qu.mtity I' 
whieh, thert· 1s C\!'r)' reason tu hdit·ve, is the quot.l of t'lll'rgy sur­
rendered hy t\H"h electron in passing out acro:-.s the l•ourulary-surface 
llf thc meta!. lt is as if each of thl' relt-a:-.cd elt-.-trons had ren·in·d 
a quantity hv of energy from the light. I will go one stt·p furthcr. 
and lay down this as a rule, with another eautiously-in:-ertcd as if tu 
guanl .tgainst too suddenly da ring an inrw\·at ion: 

Photoelatric tmission occurs as if lhe energy in lhe light <<'ert• ronren­

/rated in pat'kfls. or unils, or wrpusdes of amo1wl hv, a111l Oll<' u•lrole 
uni/ u•ae delil·aed m·er lo each eleclron. 

This is a perfectly Iegitimale phrasing of equation (1). hut I doul•t 
whether anyone would ever haYe employed it, en·n with the guarded 
and apologetic as lj, but for the fact that the \·altre uf li givcn in (2) 
agreed admiral•ly weil with the \·alue of that constant faetor inn•h"ed 
in l'lanck's thcory, thc constant to which he hau gi,·cn this ,·ery 
syrnlml and a so111cwhat sintilar role. I >derring for a fcw pagcs ont' 
uther ex t renwly rdevan t feat ure of the photoelect ric effect ( i ts "in­
stantaneity") I will proceed to e:'l:amine these ot her situations. 

An etTect which might weil Le, though it is not, .-alled thc im•crsc 
pholoeieclric e_ffec/, necurs when electrons strike ,·iolently against 
metal surfaces. Since radiation striking a meta) 1nay elicit electrons. 
it is not ,;urpri:,ing that elcctrons bomhanling a metal should e:'l:cite 
radiation. Electrons rno\'ing as slowly as thu:,c which ultr;l\·iolet ur 
hluc light e:'l:cites frorn sodium do not have this power; or possihly 
they do, but the radiatiun they e:'l:cite is generally too fl'ci,Je to be 
deteeted. Electrons moving with :spceds currc:-ponding to kinetic 
energics of hundreds of equi,·alen t ,·olts, 5 and especially elect runs 

1 Onc cquivalent voll of cnergy = the encrKY acquired by .111 elcctron in passin): 
.teross a potenlial-ri~c of one voll =e 300 ergs = 1.591.10 " crgs. This unit i~ 
usually called sirnply a "volt of cncrgy ", or "voll", a bad u";>):c bul incrarlicable . 
. \lso "sp<:cd" is used inlerchangcably with "energy" in spcakin): of clc..:trons, and 
one finds (and, what is worse, cannol avoid) such deplorahlc phra>cs as ",, •J.X·cd 
of 4.9 volts"!!! 
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with cncrgie:-; amounting to tcns of thou:-;and:; of cqui,·alcnt Yolts, ein 
po:;st•s:-; it. This is in fact the proccss of exritation of X-ray:-;, which 
are radiatcd from a meta! target exposed to an intcn~e bomhanlmcnt 
of fast clectrons. The protagonists of the cll'ctroma~netic tlwory 
had an explanation ready for this cfTect, as soon as it was discon•rcd. 
A fast elcctron, collicling with a meta! platc, is hrought to re:-;t l>y a 
slowing-down process, which might l1c gradual or abrupt, uniform or 
saccade, ln1t in any casc must be continuous. Slowing-dmn1 entail:; 
racliation; thc radiation is not oscillatory, for the electron is not 
oscillating, hut it is radiation none the lcss; it is an outwanl-:-;prcading 
singlc pulsation or pulse, comparahle to thc narrow sphcrical shell of 
condl'nsed air which din·rgcs outward through thc atmospherc from 
an clectric spark ancl has l1een plwtographcd so oftcn, or to a transient 
in an clectrical circuit. 

< Jnc may ohject that tlw pulse i:-; just a pulse and nothing nwre, while 
thc X-rays are Wa\·c-trains, for othcrwisl· the X-ra)· :-;pectroscope 
(\\·hirh is a diffraction apparatus) would not functinn. T hc objection 
is an:-owen·cl hy poi111ing out thc quite incluhitahle fact that any pulse, 
\\hatcvcr its :-;hape (l>y "shape" I mean thc shapc of thc curvc rcpre­
seilling the elcctric licld strcngth, or \\ hatc\·cr othcr variable one 
clwoses to takC', as a ftuwtion of time at a point traversed by the 
wan·) can hc accurately reproduced l1y supcrposing an inlinity of 
wan·-t rains, of all frequencics and dinors properly-atljusted ampli­
tudcs, which efface one another':-; perimlic ,·ariations, and in fact 
ellace onc anothcr altogetlwr at all momcnh except cluring the timc­
inten·al while the pulse is passing 0\ er cluring this in~en·al thcy 
coalesce into tlll' pul:;t·. Thencc, the argument Ieads to the con­
teillion that tlll' ;wtual pu]:;c is maclc up of just :;twh \\an·-trains, 
and the :-;apient diiTracting crystal recognizl's tlwm all and dilTract:; 
!'ach of the111 duly along i~,; proJwr path. The prol>lem i~ not new, 
nor the aib\\l'l"; white light has long het·n diagnosed a:; l"<lllsisting of 
just such pul:;e~. and tlw mcthod of analyzing transient impulses in 
electrical circuits into tlwir equi,·alent sunh of \\a\·e-train:-; ha,.; heen 
~triki ngly succl'ssful. 

The application of the method to this ca:;e of X-ray excitation 
enj oyed om· qualitati,·c ~un-e,;s. Thc spherical pulse din·rging from 
thc place where an electron w;ts hrought to rest should not hc of equal 
thicknt·ss at all the points of it:-; surface; it :-;lwuld l•e hroader and 
llatter on thc ~idc tow,ml:; tlw direction wlwnce the electron eanw, 
thinner aii<I :;h;Irper on thl' ,.,ide tm\·;mls the direction in which thc 
electnm was going \\ IH'n it wa,; arre:-;ted. :\nalyzing the pulse, it i:-; 
found that at the point wlwn· it i" lm1ad and low , the mo:;l inten~e of 



SO.I/1. ttl.\//1//'(l/\./Nl .11•1 .. 1.\t/\ /.\' /'//l'l/1\ 1// ~"h 

its l'tJlli\,Jh·nt \\,1\l'·lr.tin,.. .tn• on tlw \\holt· of .1 lo\\t'r lrt·qUt·IH") tho111 
tlw moo-t illlt'll"t' of tllt' \\,1\t'·tr.tin,.. \\hich t'on,..titult' it \\ht·rt· it i.., 
n.trrow .nHI high lh t'\,uninin!-! .liHI n·,..ol\ ing tht· X -r.t\.., r.ulio~tt·tl 

f rom .1 t.lrJ..:t'l, .tl '.1 riotb indin.ll it llh l o t ht· tlin·ct ion of t lll' I •o1n ha rding 

elt·t·tron,.., thi,.; "·'" \t·rilietl n·ri!"ted in p.trl, n•ll .dtogt·tlwr. Tht• X­
r.l),.. r.tdi.llt'd lll'.trl) ltm .mJ.., t he "oliiTt' of tlll' ekt·t n •n-"l n·ant int"llltll' .1 
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FrJ;:. -l l'urn·~ ''i,..whrom.rli.-""1 l'.l.-h n·pn•,;enling lhe inlt·n,;itr of X-rarlialion 
nf a Vl'ry n.trrow r.lll).:t' of frcqut·n.-it·,, plotll'd ver>'tb tlll' erwq~~· of I he homharding 

clerlron,;. Duanl' & llunt, Pltysiwl Rr1•ii"U!) 

lt•,..,..er proportion of high-freqnciH'Y W<t\l'·trailb, they arc sof/cr ,.,.. 
the phr.be i,.., t han thc X-rays radiated lll'arly along tht• prolongation 
of the l'll'l'tron-,..trl'alll. ln the "pectrum of l'<lch of tht·se llt'ams of 
X-r.ty,., tlwn· is a W<l\'(' length wlwn· tlw dt'lbit) of radiant enl'rgy 
.tttain,.. a maxinllllll, and thi,.. \\<1\'L' length i,.; longl'r in the foriHL'r 

heam th<Jll in the latter ont·. So much is implied in thl' da,.;sical 
theo1y. 

Hut it j,.. nm\hen· implied in tllt' l'l.b,..ical theory that tlw ")ll'drum 
of an X-ray l•eam. prodnn·d wlwn t·lectron,.; of .1 colbtant t'lll'rgy 
rain down upon .t ml'tal, ,..Jwuld t'\tend up\\anb only to a cerlain 
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rnaximum frequcncy , and then and there come to a sudden end; yet 
apparently it does . There is a high-freque11cy Iimit to each X-ray 
spcctrurn, and wa,·c-trains of frcqucncies excceding that Iimit are 
not dctcctcd; whereas the spectrum of the hypothetical pulses ought to 
indude waYe-trains of every frequency low or high, the amplitudes 
indccd rleclining to infinitely low values as one goes along the spectrum 
to inlinitely high frequencies, but certainly declining smoothly and 
graclually. To dcmonstrate this high-frequency Iimit is a delicate 
experimental problem, quite likc that othcr problem of demon­
strating a sharply definite topmost value for the energies of photo­
clectrons. That question whether the curves of photoelectric current 
z•s. rctarding voltage, the curves of Fig. 2, cut straightly and sharply 
enough into the axis of ahscissae to prove that there are no photo­
electrons with nlocities higher than the one corresponding to Xo, 

rcturns again in a slightly altered form. 

The rnost reliable of the methods actually Hsed to dcmonstrate 
the high-fre(]uency Iimit dcpends on the fact that the high limiting 
frequency (which I will call llrnax) varies with the energy of the bom­
barding elcctrons, incrcasing as their velocity incrca"es. Thercfore, 
if the radiant encrgy belanging to rays of a certain fixed wan length 
or a ccrtain fixed narrow range of wave lengths is scparatcd out from 
the X -ray heam by a spectroscope, and measured for various Yeloci­
ties of the impinging electrons, passing from very high nlocities stcp 
hy s tep to very low ones; it will decrease from its first high value 
to zero at some intermediate Yclocity, and thereafter rcmain zcro. 
But according to the classical theory also, it must decrease from its 
firsthigh value to an imperceptibly low one; the descent howenr will 
!Je gradual and smooth. Thus the only question which can be settled 
by experirnent is the C]Uestion whether the clescent from measurablc 
intensities to immeasurably small ones resembles the gentle quasi­
a symptotic decline uf the curvc of Fig. 1 or the precipitate slope of 
the curn of Fig. 2. The data assemhlcd hy Duane and l lunt arc 
shown in Fig. 4 plotted in the manner I haYc clescribed; therc is lit tle 
occa sion for doubt as to which sort of curn· these resemble most.6 

Each nf the curns in Fig. 4 represents that portion of the total 
int ensi ty of a n X-ray hearn, which belongs to rays of waYc lcngths 
nca r the ma rked value of thc frequency v. This frequency is the high 

• Tlm·c simple curvcs of thc ini<.'Jlsity-distrihution in thc X-ray spcctrum arc 
bhown in Figure 5. T hl• ahscissa is ncitlwr frcqucncy or wavclcngth, bul a vari.thlc 
which varics continuously with cithcr (it is actually arc si11 of a quantity propor­
tional tu w.tn·len~:thl so tha t thc acul c .lll ~k hl'tWl'Cn cach curvc and thc axis of 
ahscissac, al the point \\hcrc thcy mcl"l, corrcsponds to and has much thc sa mc 
mcaning as thc acute anglcs in F igurc 2-nol so conspicuously. 
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limitin~ frt·qut·rH·y ""'·" for that \·.tlut• of tlw l'IH'r~y /~ of thc hum­
hanli11g l'lt·t·tro11", whid1 t·nrrl',.;pond~ to thc poi11t on tlw .1\i,.; of 
a h,.ri,.;,.;.&t' wlwrc thl' curn· (1•\tr.tpnl.ttt·d) inll·r,.,·ct,.; it. Thl' rt·l.tti"n 
hl'tWlTil "m.•x .md E j,.. tht• ,.;imph•,.t nf ,tl l r\'l.ttions: 

T he nllbl.tnt lt i,.; tlw ,..,1111\' for ,tll tlw nH·t,tl,.; on whidt thc t:\Jll'ri111l'11t 
h.b hct'll pnfnrnwd .1 ft'\\ of t Iw ll'a,.;t f tt,.;ihh· om•,.;, fnr 111\'t.tl,.; of .1 

low 11wltiug-pni11t wotlld ht• 11H·Ited lwforl' F. n >ttl tl he liftl'd f.tr t·nough 
to gin· an .ll ll'qll.llt' r.111ge for dl'tl'rlllining thc relation lwtWI'l'll it and 

R, t, ~.l o/tnf~'''' ~/ /Vt#.l 

•r~"""' ro /llo3' .r JJ 81to~, 
('-11h ~".,41 r~dbon 3vblrdct•d), v• 

Jl:,- "~. JtiJ 
~4fvl3'o.' h 8 ,,_." by fM3• CV~3, 

•-'"·'VI •·"~'"- •.:~v . .. ,.. 
•f4(11J itY. h·6Jl•tO-•ra.:~~, 

: ~~~ :: z::~:!:: :. 
«Nn o.'dll lt d#t,rm,"4/Jon3 onrh«J..",, 

"""' tl'll3 YdiW oF • 1.:1 6_",•10- .,8 3•c 
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Fi~. 5-The con t inuous X -ray spcctrum for thrcc valucs of thc cncrg-y of thc horn­
harding electron~. intcn~ity heing plotted versu~ a quantity varyin;.: uniformly 
with frcquency. l~nore thc 1~aks. ( 0. L. \\'ch»tcr,'.Physlwi_Rn·it"U.'.) Sec footnotc 6 
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v111 _... The ,·alue 7 gin~n for it by \.erlach, after a critical study of 
all t he determinat ions, is 

h = li .. i~.IO ~7 (-1) 

Thc highest frequency of radiation which electrons mm·ing with 
tlw energy F. are ahle to f'Xcite. wlwn tlll'y are l>rought to rest l>y 
colliding with a meta! targct, is tlll'rdore cqual to F. di,·ided I>}· a 
constant indepl·mknt of the kind of meta!. So far as this high lim­
iting frPqliL'IH'Y is conn·rned, it is pcrfectly Iegitimale to express 
equation (3) in tlwsc words, 

Excitation of radiation by clcctrons stoppcd in thcir jlir,ht by collision 
~•·ith a meta! occurs as if thc cncrgy in thc radiation ~•·crc con(cntratcd in 
units of amountlzv, and onc such unit ~•·cre crcatcd out of thc total cncrr,y 
~chich mch clcctron surrendcrs ~L'lmz it is stoppcd. 

:\,.; for the radiation of frequencies inferior tu the high limiting 
freqttciH')', it is Yery easil}· l'Xplained l>y asserting that nwst of the 
clectrons come to rest not in one operation, hut in SL'\·eral SlllTessin· 
ones, di,·iding their energy up among sen•ral units of frequencics 
inferior to ~'max or E lz; or possil>l}' they lose energy in \·arious sorts 
of impach or ,·arious otlwr ways l>dore making the lirst impact of 
thc sort which transforms their energy into energy of X -rays. :\othing 

al•out it mntradicts the italicized rule. S till it is not likely that any­
(Jill' would han· formulatl'd equation (:1) in such language, if tlw ,·alue 
of the l·onstant lz which appears in it wcre not identical with tlw ,·aluc 
which WL' han· already onn· encountcred in analyzing tlw photo­
electric f'iTect. and with thc \ ·a luc at which Planck earlier arri,·cd. 

I think it is too early in this discourse to fusc these italicized Rules 
for thc releasc of electrons by radiation and the excitation of radiatinn 
hy clectrons into a single Rulc ; but by nmtemplating the two Rules 
sid<' l•y sid<' onL· arrin·s without much Iabor at an infercnce which 
could IH• tested l'\'l'll though we had 110 way of nll'a,..uring tlll' fre­
qul·ncy of ;t radiation, and in fact was n·rilied lwforl' any such w;~y 
exi,..ted. For if electrons of l'tll'rgy 1~ ca n excite r;~diation of frl'quency 
I~ h, and radiation of frequency 1~ h striking a piece of meta! can 
elicit dectrons of L'llergy lz (1~ /z) J>; thcn, if a target is homh;tnled 
with l'il'rtrons, and anothl'r meta! target is exposed to tlw radiation 
which l'tllanates from the lirst Olll', tlll' fastest of the electrons which 
escapl' from the ~enmd target will nwn· with the same n·loeity and 

't;,·rl.wh n·g.ml~ thi~ a' thc mo"l ;u..-urate of alltlll' nwthods for detcrmining II, 
an opnuon in whil'h prohahly nol • .II would conntr. lt ha, heen maintained t hat 
t hc hi~:h-fr,.qn•·ru·~ Iimit, lik•· t h•· w.n·el•·ngt h of maximum intt·nsit~· in L he X-ra\· 
~(>l'< t rum, d•·t>t·rul, on t he irll'lin.rt ion of tlw X-ray he.trll to t hc cxrit ing (•lt•t·trnn· 
't n·.uu. I do rwt know wh•·t her !Iw l'X(I!'rirnerJI" .rddun·d in ,upport of this d.1im 
h.tn· lw·en adl'qU.tt•·ly confutcd. 
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tlw ~llllt' cnl'rg~ a!'. the clcctrons which "trike tlw lirst ont· (minus tlw 
qu.mtit~· P which, hmn·,·cr, is immeasur;d>ly ~m.dl and perft·c·tl~· 

IH').:Iigil>le in comp.1ri:-on with thl' t'Jll'r).:\' of tlll' l'lertron~ which 
l'\eite ordin.1ry X-ro~y,. ). This fact enwrged from a ,.l'ril's of t'\l't'ri­
ment:; which \\Crc performell hy ,.,,rinth pcopll' in the lir,.t dl'c.ult· 
of this century, thc rl':-lllh of which wen• ).!l'lll'rally phra,.,l'd sornt·· 
what in thi,., \\.1\', "thl' t•nergy of tlw ,..,.,·oJHiar~· l'lf'ctrons dt'J>c•nd-. 
Pnly on tlw l'llergy of the primary elt·t·lron,.,, not on the nature ,,f the 
m.1teri.d whirh thc prim.1ry eleetrons "trikl' or on th;lt from which 
the "l'eorHI.Iry l'kctrons i,.,,.,ue, nor on tlw di,.t;mce o\·er which the 
X-ray" tran•l." l'pon these re,.,ults Sir \\'illi.un Bragg hased hi,. 
corpu,..cul.lr theory of X-rays; for (Iw ;1rgned) the mo,.,t sensible 
interpretation of the Lwts is surely thi,.,, th;lt !-oOllle of the l'lectrons 
striking tlll' lir,.t t.1rget rd)()und with tiH'ir full l'nergy, aml rt·hound 
again with thl'ir full l'nergy from the ,.,,·corHI target, each of thl'm 
c;1rrying with it from the tirst to the secnncl t;1rget ;1 pnsitin· partide 
which neutralize,; its charge m-er that part of its coursc, and sn ddeats 
all the methods de,·ised to recngnize a tlying l'lectrnn. Xot many 
years l.lter, Sir \\'illiarn cooperated in the slaying of his own theory, 
by dewloping the l>e~t uf all methods for pro\'ing that X-rays are un­
dul.uory and measuring thl'ir wa,·e-length~; hut it was only the im­
agery of the theory that peri~hed, for its e,.,;ence, the idea that the 
energy nf the tirst electron traYels as a unit or is carried as a parcel 
to thc place wherc the second elcctron picks it 11p, had tn hc resur­
rcctcd. .-\11 the my,;tery of the contrast bctween wa\'e-theory and 
quantum-theory is implieit in this phenomencm, for which Sir \\'illiam 
found an inimital>ll' simile: "I t j,.. as if onc dropped a plank into thc 
sea from a hcight of !Oll feet, and found that the "prcading ripple was 
able, .1fter tra\·clling 1.000 miks and l>emming infinitesimal in t·om­
p.lri:-on with ih original anwunt, to act upon a wc10dcn ship in ,.uch a 
w.1y that a pl.tnk ofthat ,.hip llew out of it,.. placc to a height of 100 
ket." 

Anwng thc radiations excitl'd from a mctal hy clt'ctrons of a ,;inglc 
l'nergy E, thl'rl' are many of which the frequcncics difTl'r from the 
interpreted frcqul'ncy E h, h1·ing IO\wr. .-\mong thc electrons ex­
pcllcd frorn a meta! hy radiation of a ,;ingle frl'qnency "• therc are 
many of which the cnl'rgie" ditTer from thc intl'rprctcd encrgy-Yalue 
h11, hcing lower. The:-e were accounted for by supposing that the 
electron~ an· troul>led hy repl·ated encnunters with clo:-ely-crowded 
atoms. lf thl'n a mctal \'apor or a ~as wcre bombankd with ell'Ctron,; 
nr expo:-l'd to radiation, would all the excited radiation han· a singlc 
frequcncy conforming to cquation (:3), would all thc relcased electrons 
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han a single cnergy conforming to cquation (1)? Onc could not 
affirm this a priori, for a solid meta! is not a collcction of free atoms 
closc togcthcr as a gas is an assemblagc of frcc atoms far apart, but 
rather a structurc of atoms which interfcre with onc anothcr and arc 
oistortcd, and thcrc are many electrons in a solid of which the honos 
and thc constraint s arc n~ry different from those hy which the cll·c­
trons of frcc atoms are controlleo and vice n·rsa. \Yhcn a platc of 
sodinm or a pool of mercury is cxposcd to a rain of clectrons, not 
cxcccding say 10 cqui\'alent , ·olts in energy, nothing apparent hap­
pcns.M \\'hcn thc , ·apor of eit her meta! is si milarly exposed, the atoms 
respono in a manncr from which they are inhihitcd, wh en thcy arc 
bound Iogether in thc tight lattinwork of a solid or the prumiscuous 
crmnling of a liquid; and light is emitted. 

Tbc phenomcna are clearest whcn the bomhardcd \'apor is that of 
a ,·olatile meta!, such as mercury, sodium, or magncsium . Tlw atoms 
in snch \'apors arenot usually houncl together two hy two or in greatcr 
rlusters, as thcy are in such gasC's as oxygcn or hydrogen, of which 
the rc~ponsc to elcctron-impacts or to raoiation is not quitc unocr­
stood to this day; and thc first radiations which they emit arc not 
in the al most inaccessible far ultra-\'iolct , like thosc of the monatomic 
noble gascs, hut in the nC'ar ultra-\·iolct or C'\'Cn in thc , ·isible spcctrum. 
Dealing with such a \'apor, I will say mcrcury for definitcness, onc 
ohscrn•s that so long as the cnergy of the bombarding electrons 
rcmains lwlow a ccrtain ,·alue, no pcrccptiblc light is emittcd; but 
lwyond, tlwre is a certain rangc of cncrgies, such that electrons pos­
sessing them are ah lc to arousc onc single frC'f]liCncy of radiation 
from thc atoms. Onlinarily, as whcn a \'apor is kept continuously 
cxcitcd hy a self-sustaining ciC'ctric discharge throughout it, the 
atoms cmit a grcat multiturl(' of different frcqucncies nf raoiation, 
fon11ing a rich and complicatcd !'pectntm of many lines. But if tlw 
l·ncrgy of thc hombanling clectrons is c-arcful ly adjustcd to some valuc 
within thc spccifiC'd range, only onc linc of this spcctrum makC's its 
appcarancc; under thc IJcst of circumstanccs this single linc may hc 
excecdingly hright, so that the ahscncc of its companions-somc of 
which, in an ordinary arc-spcctrum, are not much inferior to it in 
hrightncss- is dccidcdly striking. The onc linc which constitutes 
this sinp,le-li11e spectrum is the first line of the principal sC'rics in thc 
complctc arc-spcctrum of thc elcment; its wa\·e lcn gth is (to Iake a 
f•·w l'Xamples) ::?.i:~t):\ for llll'rCllry, ;iS!Hl for sodium (fnr which it is a 
douhll'l), -l;ii I for magnesium. 

':\ n:nrding 10 a \ 't'ry rcccnt papcr !Jy l". II. Thornas, radial ions from iron cxcitcd 
hy •· IL"c trons with a s low an cncrgy as somc two or thrcc cqui,· .dcnl volls havc hccn 
dctcctcd. 
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Dnt•s this ~inglc linc appe.lr suddt·nly .1t a pn·1·i~t· \'alue of thc 
t•ncrg) of thc impinging t•lt·rtrnn ... ? Thi~ qlll',..tion ~uggl',..ts ihclf. 
when olle h.1s .ilrl'.ldy studied tht· t•,cit.llinn of X-rays from solids hy 
electrons and thc c'cit.llion of dC'ctron~ from ,..olids hy light. I krc 
again \H' mct·t th.ll tiresomt· hut inehwtahlc prohlcm, ;1s to what 
ronstitutes .1 suddt'll .lppear.lllcc, .111d how \H: should rt·cognit.t• it if it 
re.11ly occurrt·d. Thc only con:o;istt·nt W.l)' to mect it (nmsistt·nt, that 
is, with tlw w.tys .dre.Hiy t•mployl'd in tlw prior cases) would I1C' to 
nw.1surC' the inten,;ity of thc line for \'arious \'alut•s of thc l'nergy of 
the C'lectrons. plot thc cun·e, and tlecidc whcthcr or not it cuts thc 
•• ,is of ahsci~~.1c .11 a sharp angle. This is in principle thc sarnC' 
nwthod a:o; i:o; usC'd in dett•nnining whethcr a gin·n X-ray frcquency 
.lppt'<HS suddcnly at a ):;i\'en Yaluc of thc cncrgy of the elcctrons 
homh.mling <I solid; thc curn·s of Fig. ·I wcrc so ohtained. Attempt­
ing to apply thi" same method to such a r.1diation as 2,;):3G of mer­
cury, one has thc solitary arh-antagc that the frequcncy of thc light 
is "harp and dclinite (it is not ncccssary to cut an arhitrar)· band of 
r.Hiiations out of a continuou" spcctrum) and twn grcat countcracting 
di,.,lth·,llltage,;: tlw intensity of thc light cannot he mcasured accur­
.lll'l)' (nne has to gucss it from thc ctTect upon a photographic plate) 
.111d tlw impinging electrons ncYcr all havc thc samc cnergy. Owing 
prohably to tlwsc two difticulties, thcrc is no published curve (that I 
know of) whieh cuts down across thc axis of ahscissae with such a 
dccisi\·e trend as thc curvcs of Figs. 2 and -!. Still it is gencrally 
accepted that the ad\'ent of the singlc line is really sudden. T he 
Cflllllllon argument is, that one can detect it on a photographic film 
t>xposed for a few hours whcn the energy of the homlJarding clcctrons 
is (s,1y) .> cqui\'alent \·olts, and not at all on a plate exposcd for hun­
dreds of hours whcn the bombarding \·oltage is (say) ·L) Yolts. In 
thi,; manner the encrgy of the clectrons just sufficicnt to excitc 2,):31) 
of mcrcury has hecn located at -!.!1 equivalent Yolts. DiYiding this 
critical cnergy (expres,;ed in ergs) IJy the frequency of the radiation, 
we get 

( 1.\le ';)00) / (c .0U002.i:31i) = !J.;j!). 10-27 (.>) 

lt agrccs with thc ,·alues of thc constant which l dcsignatcd by h 
in the two prior ca,_C',., and the data oht<lined with other kinds of 
atomsarenot discord.111t. Cerlach arri\·(·s at li .. ili· I0-27 as the mean 
of all valucs from expl'riments of thi,; type upon many vapours. The 
evidencc is not quitC' ,..o ~trong a,; in tiH' prior c<l,.;es, hut fortunatelr 
it i,; supplcmented and ,;trt'ngth('llC'd hr te,.tinwny of a ncw kind. 

\\'hen clcctron,. strike solids and excite X-rays, it is impossible to 
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follow their own later history, or the ad\'cntures of a beam of radia­
tion after it sinks into a meta!. \\'e ha\'e inferred that the electrons 
which collide with a piece of tungsten and disappear into it transfer 
their energy to X-rays, but the inference lacked the final support 
which would ha,·e been afforded hy a demonstration of these \'ery 
electrons, still personally present after the collision but depri,·ed of 
their energy. Now when electrons are fired against mercury atoms, 
this demonstration is possihle, anti the results are very gratifying. 
I ha,·e already se,·eral times had occasion to remark, in this series of 
articles, that when an electron strikes a free atom of mercury, the 
result of the encounter is \'ery different, according as its encrgy of 
motion was initially less than some -!.!1 equi,·alent ,·olts, or greater. 
In the former case, it rchounds as from an elastic wall, having lost 
only a ,·ery minute fraction of its energy, and thi,.; fraction spent in 
communicating motion to the atom; hut in thc latter case, it may and 
often does lo,.;e --l.!J equi\'alent \'olts of its energy e11 bloc, in a single 
picce as it were, retaining only the excess of its original energy 0\·er 
and ahO\·e this amount. Thus if electrons of an energy of 4.8 equi,·a­
lent \'olts are shot into a thin stratum of mercury Yapor, nothing 
but electrons of that energy arri\'es at the far side; hut if elcctrons 
of an only slight ly greater cnergy, say ti.O cqui\'alcnt ,·olts, are fired 
into thc stratum, those which arri\·e at the far sidc will be a mixture 
of electrons of that cnergy, and Yery slow ones. The ,·ery slow 
oncs can be detcctcd hy appropriatc means, and the particular \'alue 
of the cnergy of the homhanling electrons, at whi rh some of them 
art· for thc tirst time transformed into these \'ery slow ones, can hc 
dl'termincd. Once more we meet that question as to whether thc 
Iransformation does make its tirst appearance suddenly, lmt in this 
Glse the indications that it does arerather precise and easy to read. 
Furthermore it is possihle to measure the cnergy of the ,.;low electrons, 
and one find:; that it is equal to thc initial energy of the electrons, 
minus the amount -l.!l equivalent \'olts. (These mea,.;urements are 
not so exact as is desirahle, and it is to he hoped that ,.;omelmdy will 
Iake up the ta,.;k of perfccting them. ) 

\\'e, thcreforc, sec hoth aspects of the Iransaction which occurs 
wll<'n an electron whereof the energy is -!.9 equi\·alent \'olts, or greater, 
strikes a mercury atom. I t loses-!.!) cqui\'alent ,-olts of encrgy, and 
WL' measurc tlw lo,.;;;; thc atom scnds fnrth radiation of a ccrtain 
frequcney, and no otlwr; thc atom docs not ,.;end forth en·n this 
frcqucncy of radiation, if nortc of the electrons tired against it has at 
lea!'>t so murh encrgy. \\'c haYc already comparcd thc cnergy trans­
fcrrcd with thc frcquenry radiated, and as in the case of X-rays 
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t'\rited from a solid t.lrgt·t hy \'ery f.~:-t clt-ctrons, it is lt·gitimatc lO 

s.ty fnr tlll':<t' r.tdi.llions whirh form tlll· sing lr-lint· spt·rtr.t .,f metallic 
.I!Oilb, th.lt 

F.xcillllion oj /Iu ray forming a singlt'-line spulrwn, by Jlzt• co/lision 
1~( 1111 tlt'Ciron agains/ un a/11111, oaurs as if llzl' t•nergy i11 lht• mdiation 
<cert' cona,llrlllt'd in unils of 11111(11111/ hv, 11111/ Olle such rmil uone crmlfll 
11111 of lht Iota/ magy <t•hich llrt l'lalro11 .mrrmders. 

There .~rc yl't scn:ral phcnomcna which l might lrcat hy thc sa mc 
indurti\'C method, arri\'ing aftcr cach exposition at a Rulc which 
would rcsemble onc or the othcr of tho~c which l ha\'e thus f.1r writtcn 
in it.dir~; hut it is 110longcr c\pcdicnt, I think, to pass in cach inst;~ncc 
thmugh tlw ~.IIIW d.1horatc inducti\·c dctour. These thrcc phc­
nomcn<~ whirh I han~ disrusscd already comhi ne into an imprcssi\'c 
and rather formid.1Lic ohstarlc to the cla,;sical manner of thinking. 
Ih-re is a nwrrury atom, which rceei\'cs adefinite quautity of cnergy 
C from an t•lcctron, and distrihutes it in radiation of a definite fre­
<(lll'IIC)' C Ir. Here again is a multitudc of atoms lockcd tagether 
into a :'-Olid, and whcn an clcctron con,·eys its encrgy U to thc solid, 
it rl'di,;trilmtes that energy in radiation of a dclinite frequcncy U/h. 
( I t i~ truc that many othcr radi;1tions issuc from thc solid, hut thcy 
an· all explicaJ,Je if onc assumcs that thc clectron mar deliver O\'cr 
its cnt·r!-''Y in ~tage~. and thcrc is 110 radiation of thc sort which would 
con trovcrt thc thcory hy virtuc of its frcquency cxcccding U/ 11.) 
And whcn that radiation of frcqucncy U, hin its turn strikcs a mctal, 
it is liaLlc and able to relcasc an clcctron from within thc mctal, 
confcrring upon it an cnergy which is apparently cqual to U. .Ap­
parently thcrc is some corrclation Lctwccn an cncq,ry U and a frc­
qucncy [.' h, Lctwcen a frcqucncy v and an encrgy hv. Apparcntly 
a Llock of encrgy of thc amount U tends to pass into a radiation of 
thc frequency [r; h; apparently a radiation of the frcqucncy v tcnds 
to deli\'er up cncrgy in blocks of the amount hv. Thc threc italicized 
Rulcs coalescc into this onc: 

Pholoeleclric emission, and lhe excilalion of X-rays from solids b_v 
elec/rons, and tlze excilation of single-Ihre speclra from free a/oms, occur 
as if radiant energy of 1/ze frcquency v 'iL'crC concenlraled inlo packels, 
or unils, or corpuscles, of energy amounling lo lzv, and eaclz packet ~•:ere 

crealed in a single process and v:ere absorbcd in a sing/e process. 
If the ncutralizing as if wcrc omittcd, this would Le thc corpuscul.lr 

thcory rcdit·i.-a. I t is good policy to lca,·c thc as ij in placc for awhilc 
yct. Rut conservatism !-UCh as this nccd not and should not dctcr 
anyonc from using the idea a" Lasis for c\·ery prccliction that can 
bc founded upon it, and testing every one of the predictions that 
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can be testet! by any possible way. 
cited in these Rules discon·red. 

Just so werc thc three phcnomena 
All of them irl\'oh·e either the 

emission or the absorption of radiation, and so du all the others which 
I could have quotcd in addition, if this account hat! bcc:n written 
three ycars ago. Re~erving to the end the one new phenomenon 
that tran~ccnds this Iimitation, I must explain thc rc:lation hetween 
this problern and the contemporary Thcory of Atmnic Structure. 

The classical notion of a ~ource of radiation is a \'ibrating clectron. 
The classical conception of an atom competent to emit radiations of 
many frequencies is this: a family or a system of electrons, cach 
electron remaining in an equilibrium-position so long as the ~ystem 
is not disturhcd, one or mure of tlre electrons ,·ibrating whcn thc 
system is jarrcd or distorted. A system with thcse properlies would 
ha,·e to contain other things than electrons, otherwisc it would tly 
apart; it would ha\'e to contain other things than particles of posi­
ti\'e and particlcs of ncgati,·e elcctricity intermixcd, othcrwise it 
would collapse together. One would ha\'c to postulate some sort 
of a framework, some imaginary analogue to a skelt'ton of springs 
and rods and pivots, to hold thc clectrons together in an ensemble 
able to \'ibrate and not liablc to coalesce or to cxplode. This would 
not be satisfying, for in making atom-models onc wants to a\'oitl 
the elaborate machincry and in particular the non-electrical com­
poncnts; it would be much more agrecable to build an atom out of 
positi\'C and negati,·c clectricity associatcd with mass, omitting all 
masses or structures not elcctrifietl. Ne,·crt lreless, if anyone had 
succeedcd in de\'isin g a framework ha\'ing the same set of natural 
frequencics as (say) tlre hydrogm atom exhibits in its spcctrum - if 
anyone expert in dynamics or acoustics lrad been ablc to demonstrate 
tlrat some peculiar shape of drumhead or bell, if anyonc ,·crsed in 
electricity had bcen able to show that some particular arrangement 
of condcnsers a nd induction -coi ls has such a scries of natural \'ibrations 
as some one kind of atom displays-thcn, it is quitc safe to say, that 
frame work or that mcmhrane or that circuit would today be either 
the accepted atom-model, or a t least onc of thc drid candidates for 
aeceptance. 1\obody e\'er sueceeded in doing this; it is the eonsensus 
of opinion today that tlrc task is an impraeticable one. 9 

• lt is difficult lo pul this slall'llll'lll into a rnorc prerise form. Rayk·i~h was of 
the opiniun !hat tht· hydro~:t·n spt·C'IrLIIII cuuld not bc re~arded as thc enscmhle of 
natural fn·quencit·s of a mcchanic.•l syslem, loccause il is the ~:encra l rulc fur such 
sy~lt:ms !hat thc seco11d power uf lhe frcqucncy conforms tu simple al~ci.Jraic formulac, 
while in lhc hydrogen spcclrum il is I he Jirs/ power for which tht' al~:t"hraic cxprcssion 
is simple. I Je admillcd, howc\'Cr, !hat ll \\\IS possii.Jic to lind "eXl't'pl ional " mcchan­
iral systcms for which thc fir~t powt·r of thc frequt·ncy is gin·n h\' a simplt' formula; 
which gocs f.1r to \'itiate 1 hc conclusion. Anothcr aspect of thc formub (6) for 
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Thi,; :-t't t•f n.ttur.d freqllt'll<"ie~ whkh h.tt11ed .111 the dlorts tu 
t•'\pl.tin it, thc st·t con,;tituting the two :-intplt·,;t of all ~pt·ctra (tlw 
:-pt·ctrum 11f atPmic hydrogen and the :-pcctrunt of iunit.\.•d hdium), 
i~ ~in·n I•) thl' ft•nmlla 

(Ii) 

thl' diiTt·n·nt lines L•t·in~ oht;tined hy as,;ignin~ <.li!Tcrent integr.d 
,-,dues to the paranll'tcrs m anti 11; lines corrcsponding to \·;ilut•s of 111 

ranging frnm I to ;i indu:;i,·c, and to ,·alli\.'S uf 11 ranging from 2 to 10 
indusin·, h.n·c alreatly been t~b,;ern·tl. and therc is no rcason todoubt 
th,lt lincs currcspuntling to much higher \'alucs of 111 anti 11 ;tctually 
.1rc cmittcd, but arc too faint to he dcLecte<.l with our apparatus. 
Thc const.tnt R h;~:; one ,·alue for hydrogen, atllllhcr almt~,;t cxactly 
four tinws as grt•<tt f11r ionizcd hdium. 

llcrc, tht•n, is the problem in its simplest prcsen tation: llow can a 
model for a hydrogen atom hc constructed, which shall cmit rays 11f 
the fn·qucncics gi' en by thc ft,rmul.t (li), only the,;c and no othcr~~ 
The oln·ious ;~nswer ''ß)· constructing a mcchanical framcwork 
h.n·ing prcci,;l'ly thesc natural frequcncie,;" i:; practically cxdutlcd; 
it ,;cems infeasible. Something radically ditTerent rnttst he donl'. 
The achieYt'ment uf :-.:ieb Bohr consistcd in <.loing a radically ditTercnt 
thing. with such a tlegree of :;ucccss that the exlraordinary tlin:rgencc 
of hi,; idcas from all foregoing one~ was all hut uni\·l'rsally condone<.l. 
I do not know how Bohr tirst approached his thcory; but it will do 
niJ harm to pretentl that the manner was this. 

Look OllC\.' morc <Jt the fonnula fur the frequencics .,f thc hydrogen 
"pt•ctrum. lt expres:-t•s e<t('h frequency a" a <.li!Tercnce bct\\'cen twu 
tl'rm::;, anti the algdxaic f11rm of each term is of an extreme sim-

the hydro!:Cn spcctrum is this, that it specilies intinitcly many frcqucncies within 
finite inlervals endosing certain cril ic<tl \ alues, such as R, -tR, 9R, and so forth. 
l'oincar<· is s.tid to h.tve proved 1 hat the natural irequencies of an elastic medium 
with .1 rigitl huund.try c.umot display this leaturc, so long as the displ.tcements are 
~:overm·d hy the famiti.tr cquation fi'<> rlt: = k'\'<>· For a membranc t his equation 
is t.tntamount to thc st.ttemcnt that the restoring-ion-c acting upon an clcmerll 
of lht· memhranl' is proportion.d to thc curv.11Ure ul the membranc at thal clcnll'nt. 
Ritz wa~ ,,htc to show that the natural frequcncics of a square memhranc would con­
iorrn tu the lurrnula lhi, (f the restoring-force upon each t•lcment of the llll'lllhranc, 
in,tead of l~t:ing propon ional to tlw curvature of tht· membranc at that t"lcmenl, 
dt·pt:ndc•l in <lll cxn·cdingly invuln·d ,\IId arrilic·ial manner upon tht· curv.tlun· oi 
the nwmbr.tne t"ISt.·wherl'. I lt· apohlgiLed ahund.mtlv fur tht·extraonlin<~ry charactcr 
of lhe propt·rties with which ht h;td l~t·l'n uhligcd to entlow this mcmhr.uw, in orclt·r 
to arriw .11 the dt·sired lormul.t: hut his proccdure might havc prm·cd unstbpt·•·t•·•tly 
iruitful, if Buhr's interpret.llion h.t<l not suppl.mtcd it. 
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plicity. l\lultiply 110\\' each member of the formula by lz, that same 
constant h which we ha\·e cncountered three times in the course of 
this articlc; and rc\'erse the signs of the terms. 10 The formula becomes 

(i ) 

in the left-hand mcmber there stands lzv. The reader will have 
hecome more or less accustomed to the notion that, under certain 
condit ions and circumstances of Nature, radiant energy of the fre­
quency v apparent ly goes ahout in packets or corpusdes of the amount 
lz v: now and then, here and there, energy is absorbed f rom such radia­
tion in such amounts, or energy is converted into such radiation in 
such amounts. Suppose llzat llzis also lzappens uolzen a hydrogen alom 
radiales, whatcwr the cause which sets it to radiating. Then the 
left-hand member of the equation (.'>) represents the energy which 
the hydrogen atom radiates; so also does the right-hand member: but 
the right-hand member is ob\·iously the difference between two 
terms; llzese lerms are respectively the energy of llze alom before it begi11s 
to radiale, and llze energy oj llze alom ajlcr il ceases jrom radialing. 

The prohlem of the hydrogen atom has 110\\' experienced a funda­
mental change. The proposal to makc a mechanical framework, 
having the natural vibration-frequencies expressed by (G), has been 
laid aside. The new prohlem, or the new formulation of the old prob­
lem, is this: how can a model for a hydrogen atom be constructed, 
which shall !Je able to ahide only in certain peculiar and distincti\·c 
states or shapes or configurations, in which various states the energy 
of the atom shall han· the various \'alues -hR, -lzR ·1, - lzR,'!l, 
- lzR )(i, and so forth? 

Bohr's o\\'n model has become one of thc best-known and most­
taught conceptions of the whole science of physics, in the tweh·e 
years of its puiJiic cxistcnce. He based it upon the conccption, then 
rapidly gaining ground and 110\\' generally accepted, that the hydrogen 
atom is a microcosmic sun-and-planet systl'lll, a single electron re\·olv­
ing around a much morc massive nuclcus bcaring an electric chargc 
•·qual in magnitudc and opposite in sign to its nwn. This is really 
a most unpromising conception, \·cry ill adaptcd to the modification 
we nced to make. \\'e want an atom which shall be ablc to assumc 
nnly tho~e definite \·alues of encrgy which wcre listcd abo\·e: - lzR, 
-lz R ·1, -lz R. !I and the rest. Xow the energy of this sun-and­
planet atom depends on thc ~rbit which the electron is describing. 

1° For lhc cxplanalion of this r.tlher conft~»in~ rC\'Crso~l, st:e my thircl articlc (po~gc 
27!!; or po~ge II of 1he rcprint). 



S<).\ff- CO.\' f F:.lfi'<>R.·IRl" .1/W.·I.\'C/ S /.\' /'1/L\/CS 1'11 31l7 

Ii tht· t·m·rgy 111.1~· .~~~unle only tho:-e dl'flnite \·.tlut·s. tht• elt'ctron 
111.1~· tk-.cribe ouly n·rt.1i11 dt"linitl' orl>it::.. But tht·n• i,. no oll\·iou,.; 
rl'a,..on why the t'lt'ctron :-hould not dt•snil>c an~· of an infmity of 
other orbit,;, cirrul.1r or t'lliptieal. To con,..idt-r only thc cin.:ul.1r 
orhih: if the ;lt<>lll may h.1n· 110 other ,·alm•,.; ,.f t'llt·rgy th;111 - IrR, 
.llld -IrR ·1. aud -IrR !1, .uul the n·,..t of the ,..erit•,;, tlll'u it may not 
n·\·oh t' in .111y othl'r circular oriJits than tho,;c of \\ hich the radii arc 
,.~ '2/rR, .111d e~ :!(IrR ·1), .1nd e2 2(/rR !1), a1Hl ,..o forth: hut why jlbt 
tht·~t·? \\'hat prcnuts it from rcn! l\'ing in a cirntl.1r orhit of radius 
,.: 2(/rR :.?l, or any other ,-aluc not in thc ,..crie,;? :\ ud forthat m.lttl'r 
how c.lll it re\'oh·e in a dosed ori.Jit at all, siuce acconling to tlw 
fundarnentalnotion,.; of thc t•lectromagnl'tic thl'ory it llllbt be radi;1ting 
its t'lll'rgy a,; it re\'oln·s, aml so llllht :-iuk into the nuclt·u,.; in a gradu­
.tlly narrowing spiral? 

Hohr did not rc~oln· the~e ditlicultie,;, and no une ha,; en·r re,.;oln·d 
tlwm exn·pt by ignoring thcm. T hc customary procedure i,.; to 
!-t•lt·et ,_ome common featurc of the"e permitted orhits, and ckclare 
that it is thi" feature which rna kes these orhit,.. pcrmis,.;ihle, and 
iorhi<b tht· electron to fnllow any othl'r. For example, tlwre is the 
fact that the angul.!r monwntum of the ekctron in any one of the 
permitted circular orhits is an integer multiple of the con,;tant quan­
tity h '2;r, Ir lwing thc ,..anw constant a" we han· rnet hitherto, which 
is hardly an accidl'ntal coincidence. If one could only think of ,.;ome 
plau,;ible rt·ason why an electron should want to re,·oh-e only in an 
urbit wl;ere it can ha\'e sonw integer multiple of h 2 ;r for its angul.tr 
rnonwntum, and should radiate nu energy at all whilc so re\'ol\'ing, 
.tnd should rl'iuse to re,·oh·e in an orhit where it rntbt han· a frac­
tional multiple of Ir 2;r, thc mmlel would certainly I)(' much for­
tifled. Failing this it is ncces,..ary to put this assertion about the 
angular mornentum as a downright a~sumption, in the hopc that its 
\'alue will bc so great and its range of usefulness so widespread that 
it will commt·nd it,..l·lf as an ultim;lte basic principlc ,;uch ;b no one 
thinks of que"tioning. So far this hopc has not heen thoroughly 
realized. ( >n thc onc hand, Sommerfeld and \\'. \\'il~on did succced 
in gcnt:ralizing it into a somewhat wider form, and u~ing it in this 
wider form they cxplained thc tine structure of the lines of hydrogen 
.md iunized helium, and Epstein explaincd the effect of an electric 
tield upon thc:oe lim:s. T hese are truly a~tonishing successes, and 
no one, I think, can work through the details of thcse applications 
to the tinal triumphant comparisons of theory with expt·riment, and 
not cxpericnce an impression amounting almo,.;t or quitc to eon­
\'iction. Yet on thc other hand this gt:neralization docs not account 
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for thc frcqucneies forming thc spcctra of othcr elemcnts. 11 Thcrc is 
the spectrum of neutral helium, for cxample, and the spectrum of 
sodium, and the spectrum of mcrcury; in each of thcsc there are 
scrics of I in es, of which thc f requencies are clcarly bcst expressed 
cach as the difference between a pair of terms, and these terms should 
be the encrgies of the atom bcforc and aftcr radiating. But wc ha,·e 
not thc shadow of an idea what the corrcsponding configurations of 
the atom are; it may be that the outcrmost elcctron has certain 
pcrmissible orbits, but wc du not know what these orbits are like nor 
what common featurc they posscss. 

ls it thcn justifiablc to write down a Rule such as this: thefrequol(ies 
af the rays which free atoms emit are such as to confirm the idea tlwt 
radiant energy of the frequency v is emitted in packets or corpusdes of 
the amount hv? \ 'cry few mcn of scieuce, I imagine, would hesitate 
to a ppro\'e this. HmYc\·er onc may ftuctuate in his fcclings ahout 
13ohr's model of thc atom, thcre always remains that peculiar relation 
among the frcqueucies cmittcd hy thc hydrogen atom, which is so 
nearly copied hy ana logaus relations in thc spcctra of other elcments. 
\\'hen one has oncc looked at the general formula 

( hR) ( hR) hv = -lz2- -1Ji2 ('i ) 

and has oncc interprctcd the first term on thc right as the energy 
of an atom ])(.forc radiating, the second term on the right as the 
energy of tlw atom after radiating, and the quantity hv as the amount 
of tl}(' packt·t of encrgy radiatccl, it is \'Cry difficult to admit that this 
way of thinking will en~r bc supcrsedcd; particubrl~· when one rc­
memhcrs the auxiliary facts, such as that fact about the elcctrons 
tr.111sferring just 4.!1 cqui\·a lent Yolts to thc mcrcury atoms which 
they strike, 110 more and no lcss. 1\nalyzing the mercury spectrum 
in thc sa mc way as the hydrogen spcctru m was analyzcd, wc find 
thc frcquencies cxpressihle as dilTcrcnces hetWL'('Jl terms; interpreting 
the terms as encrgy-\·alues, we lind that hetweL'Il the normal state 
of the mercury atom and the m·xt adjacent state, tlll're is a dilTcrence 
in energy of 1.!) equi\·;dent \·olts, ;md hetwet·n this and the next 
adjacent state there is a further ditTcrence of l.S \·olts. This then 
is thc rl'ason why an electnm with less than -Ul equi\'alcnt \·olts of 

11 Tlw mathcmatical CXJU'rts who han• bhoun•d O\'Cr the theory of tlll' helium 
alom (lwo clel·trons and a nudcus of ehar~<· +2,·) ,ccrn to luve con\·inn·d thcrn­
"·lw•, that tlw fc:tlllr<'s which di,rin~ui,h thc p<'rrnittcd orhits of thc l'lcl'lrons in 
rhi, atom, wh.tl<'n·r tlw~· ma~· hc, an· dcfinill·ly not the sarne fcarur<'s as distinguish 
thc pl·rrnitred orhits of rhe clectron in thc hydrot;cn a torn. This cannot bc said 
with lcrtainty fur any othcr atorn. 
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t'll!"r).!) C.ln \'OIIllllllllil',lll" 110 t'nl"rgy ,Jt .tJI to 01 IIICITIIr~· .t!OIII; .1nd .1n 
electron with ;j nr ti equi\·,tlent \·olts nf Clll'rgv t".lll tr.lll"fl"r only l.!t 

of them. I t i~ cont·ei\-.JIJk• th.1t otlwr conditions 111.1~· llt' fc1und to 
c:on·rn thc orbits of the electrons, scJ tho~t the .1tonb :-.h.tll h;l\ L' onh· 
the presrribed energy-valut•s and 110 others: it j,. t•n·n cuncei\·ahll' 
th.lt the corll'eption of electron-oriJits 111.1y l1c di»card!'d; h11t the 
interpret.1tion of the terms in the formula ("i) .. " t·nergies will. in all 
h11m.m prohahility, l>e pt•rm.tm·nt. 

Thc foregoing Rulc is thus vcry strnngly ha"ed; hut ll'l us llt'\'erthe­
less rephra~e it in a somcwh.1t milder form a,; follows: The idt·a /hat 
radiaut enagy of fuqucncy 11 is emillccl in parkt'ls of lhe anwunl h 11, 

ancl the COillt'lnporary tllt'ory of al01nic slrudure, bei<L't'l'll lhew gil•e 11 

allrartiz·e and appmliug aaounl of spt•clm in gl'lraal, and a com•inringly 
e.md explarra/iorz of /wo spatm in parliru/ar. 

Hut what has happcncd mcanwhilc to thc \'ihrator, to the cbril­
l.lting electron, to the postulatcd elcctritied particle of which thc 
viurations caused light-wavcs to sprcad out from around it likc 
sound wa\·es from a bell? lt has disappearcd frnm the picture; or 
rather, since the attempt to account for thc fn:quencies of a spectrum 
as the natural frcquencies of an clastic framcwork was auandoncd. 
nu one ha~ tricd to re-in,.;ert it. But thcre are somc who will IH'\·er IH' 
quite happy with any new conception, until thc \'ibrator is estah­
Ji,.het.l as a part of it. 

lonization, the total removal of an elec-tron from an atom, affords 
another chance tu sce whethcr radiant energy hcha\·es as though it 
could bc ausorbed only in complcte packcts of amount lr11. That 
it rcquires a certain definite amount nf encq~y to deprin· an atom 
of ib loo:-.est electron, an amount eharactcri"tic of thc atom, may 
110\\' be regarded as an experimental rc:.tdt quitc heyond qul',..;tion, 
.1110 not requiring the support of any ;,peeial thl'ory. Thus, a frcc­
tlying clcetron may remove the loo,.;cst eleetmn from a f ree mercury 
.Jtom which it ,.;trikcs, if its cncrgy amounts to 10.-1 cqui,·alent \·olt,..;, not 
IL':-,;: or thc loo,..est l'lcctron from a hclium atom if ih encrgy amounb 
to at lea,..t 2-!.G cqui,·alent \·olb. lf radiant encrgy of frequency 11 gol',..; 
.1hout in parecl,.. of magnitudc lr11, thc frcquenry of a parccl which 
.tmounh jtbt l':\,lf'tly to 10.4 L'lJIIi\·all'llt \·olt,..; j,; 110 =2 .. i:tlll'6, corre­
:-ponding to a wavl' lcngth of 11:--.S.\. Light of inferior frcqucncy ,..;hould 
Le unahlc to ionize a mercury atom; light of ju,.;t that frcqll('llC)' !'hould 
ju,.;t !Je ablc to ionizl' it: light of a highl'r frcqut·ncy 11 should Lc aLle 
lO ionize the <ltom, and in addition confer upon the relea~ed ell'ctron 
an additional amount of kinetic energy equal to Ir (11-110). The same 
could be said, with appropriatc numcrical changes, for every other 
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kind of atom. Of all the phenomena which might sen·e to illuminate 
this difficult que~tion of the relations bl'twcen radiation and atoms, 
this is the one which has heen least studied. The experimental 
material is scanty and dubious. There is 110 reason to suppose that 
light of a lowl'r frequency than tht· one I haw called llo is able to 
ionize; but it is not clear whether perceptible ionization commcnces 
just at the frequency llo, although it has heen ohsen·ed at frequencies 
not f ar !Jeyond. Tlw en{·rgy of t he releascd elect rons has not becn 
measured. 

Thl' remo\'al of deep-lying electrons, the electrons lying close to 
tlw nudei of massiYe atoms, is much hetter known; aml the data 
confirm in thl· fullest manner tlw idea that radiant energy of the 
frequency " is absorhed in units amounting- to hv. \\'hen a beam of 
X-rays of a sufficiently high frcquency is directed against a g-roup of 
massi,·e atoms, \'arious streams of electrons emanatc from thc atoms, 
and the electrons of cach strcam ha\'c a certain characteristic spccd. 
Tht> kinetic encrg-y of cach clcctron of any partindar stream is cqual 
to hv, minus thc amount of energy which must UC' spcnt in extracting 
the electron from its position in the atom; for this a mount of energy 
is independently known, being the energy whieh a free-ftying- electron 
must possess in order to dri\·e the bound elcctron out of the atom, 
which is measurablc and has becn separately measurcd. Here again 
I toud1 upon a subject which has hcen treated in an earlier article 
of this series- the sccond-and to pre\'ent this article from strctching 
out tu an intolerahle length, I rcfrain from further repetition of what 
was ,,·ritten thcre. The analog-y of this with the photoelectric effeet 
will escape no rcader. 1-lt·re as thcre, we ohsen·c electrons released 
with an cnergy which is admittcdly not hv, but hv minus a eonstant; 
the idea that this eonstant represents encrgy which the electrons 
han· alrcady spcnt in escaping, in one case throug-h thc surface of the 
meta! and in tlw other casc from their positinns within atoms, is 
ft>rtified hy indepcndent measurcmcnts of thcse encrgies which gin: 
\·alues agr('(•ing with these constants. 

\\'e haYe considerl'd \·arious itcms of eYidem·e tending to show 
that radiant t'IH'rgy is horn, so to spcak, in units of the amount lrv, 
and dies in units of tlw amount hv. \\'hcthcr cnergy n·mains suh­
di,·ided into the:-.e units during its incarnation as radiation remains 
1111:-t'ltled; to st•ttle this question a!Jsolutely, onc would ha\'l' to deYise 
,..,ome way of testing tht· l'IH'rgy in a lwam of radiation, otherwis{' than 
l•y ahsorl•ing it inmatll'r; and such a way has not yet !wen discoYcred. 
Therl' is, ho\n·n·r, another quality which radiant energy possesses. 

ConreiH· a stream of radiation in the form of an cxtremely long 
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tr.tinof plane \\an~,.;. llowin):! ,tgain,.;t a hl ;wkened pl.ttc facing norm.tlly 
a~.tin,.,t the direction in whidt the~· <t(h·;nwe, which Ltlterly alN•rl•,.; 
them. Thi,.; wa,·c-train ,.;h.dl ha,·e .tn inten,.;ity 1: hy whid1 it is 
llll'.tllt, th.tt an amount of C'nergy I appe.tr,.;, in the form of lwat, 
in unit .trea of tlw hlackened pl.ttC' in unit time. Furthernwn·, tlw 
radi.ttion i,.; found to e\crt a pre,.;,.;ure p ag.tithl tht• hlackened platc; 
hy which it is mcant, that unit an·a of tlw plal!· (or the framework 
uphnlding- it ) acquire,.; in unit time an amount of mon11·ntum p . 
.. kconling to the cl.ts,.;ic.d clt·ctromagnetic tlwory, n·rified l•y cx ­
Jwrience, p is equ;JI to I c. ( 'nit .trea of the phte acquire,.;, in unit 
timl', t•nergy to thc amount I and momentum to the amount I r. 

\\'hcre j,., this cnergy, and where i,.; this momt·ntLIITI, an iihtant 
heforc they appe;tr in the phttc? Ont· might say that they did not 
e\i:<t, that tlwy had ,·anished at thc monwnt when the radiation ldt 
it,.; source, not to reappcar until it arri,·ed at th{' platc; hut such an 
answer would be contrary to the ,.;pirit of thC' dcctromagnetic theory, 
and we han· long been accustomcd to think uf the cnergy as cxi,.,ting 
in the radiation, from the moment of its departllrt' from the ~oun·e 

to the nwment of its arrival at the recciH·r; thc term "radiant cncrgy" 
impliC's this. :\ lomcntum has the same right to hc concci,·cd as cxist­
ing in thc radiation, during all thc period of it,.; pas,.,agc from source to 
rccein·r. l n the ,.;ystcm of C'quations of thc classical clcctromagnetic 
thcory, thc expre,.;,-ion fnr the stream of encrgy through thc clcctrn­
magnC'tic tield stands side hy :-ide with the cxpression for tlw stream of 
nwmcnt11111 Howing thrnugh the fiel(]. lf thc sccond exprcssion i,., not 
,.;o familiar as the first, and the phrase "radiant monH.·ntum" has not 
entered into thc language of physics Iogether with "radiant ('llergy," 
thc rcason can only hc that thc pre:-surc which light cxcrts upon a ,.uh­
stancc is very much lcss conspicuou:- than the hcat which it communi­
catcs, aml secms corrcspondingly less impor!<lnt,~which is no y;Jlid 
reason a t all. Radiant cncrgy and radiant moment11m dc:-crn~ tlw 
samc :-tanding; it is admittcd that thc cncrgy I is thc cncrgy which i,., 
hrought by thc radiation in unit time to unit arca nf thc platc which 
hlocks the wa\·c-train, and with it thc rarliatinn brings moment11m 1 c 
in unit time to unit arca nf thc platc. The dcnsity of radiant cncrgy 
in thc wa,·e-train is ob,·iously I c, the dcnsity of radiant rnomentum 
is I c~ . 1 

:\ow Iet that tentatiw idca, that radiant cncrgy of thc frcqucncy v 

i,., emittecl and absorbcd in packet:- of the anwunt lzv , hc complctcd 
hy thc idca that thc:-e packcts trawl as cntities from thc place of 
thcir hirth to thc placc of thcir death. l.ct me now introducc the 
word "quantum" to rcplacc thc altcrnatin• words packe/, or zmit, ur 
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corpusde; han: held to these alternati,·e words quite lang enough, 
I think, to bring out all of their connotations. Then the energy I 
j,- hrought to unit area of the plate, in unit time, by I /hv of the quanta; 
whirh also bring momcntum amounting to I 1c. Shall we not divide 
up thc moment11m equally among the quanta as the energy is dividcd, 
and say that each is endm;.'ed ~i.'ilh the inheren/ energy hv and H•ith the 
inhrren/ lliumen/um hv, c? 

The idea is a fa,.;cinating one, but not so ea:-;y to put to thc trial 
as onc might at first imagine. ?\one of t he phenomcna I have dc­
~rri!Jl'd in thc forcgoing pages atTords any means of testing it. ln 
studying thc photoelectric effect, we concluded that each of thc 
clcctrons relcascd from an illuminated sodium plate had rercived 
tlw cntire encrgy of a packet of radiation; but this does not imply 
that c·ach of them had recci\-cd the momenttun associated with that 
c·ncrgy; thc monwntum pa,.;:-;cd to thc plate, to the framework support­
ing it, c\·entually to the earth. The same statcment holds truc 
for thc relea:-;e of elertrons from the dcep Je,·els of heavy atoms, such 
a,.; de 11roglic and Ellis ohsen·cd. E,·en if the same experiments 
should he pl·rformed on frec atoms, as for example on mercury ,·apor, 
no rlcar information could be cxpccted; for thc momentum of the 
ah:-;(•rhcd radiation may divide itsclf bctwccn the rcleased electron 
and thc residuum of thc atom, and this last is so massi,·e that the 
spced it would thus acquirc is too low tobe noticecl. Only one way 
sL·cms to hc open; this is, to bring about an encountcr between a 
quantum of rarliation and a free electron. so that whatc\'er momentlun 
and whatL'\Tr energy are transferred to the elertron must remain 
with it. and cannot l1c pas,.;cd along to morc massi,·e objects whcre 
thc nwmentum, so far as the possibility of oh"crving it goes, is lost. 
.-1 priori onc couhl not bc ccrtain that e\·en this way is npcn; radiation 
might ignore clcrtnms whieh arenot tightly hound to atoms . 

.-\rthur II. Compton, thcn of \\'ashington Llni,·crsity, is the physicist 
who~L' cxpcrimcnts wcrc thc first that clearly and strikingly disclo,.;cd 
such l'llCounters hct\\"l'l'll quanta of radiation and scnsibly frcc clec­
tron~. ( lthers had oh~ciTed the ctTcct which re\·eals them, hut hi:-< 
wc·rc thc lir:-<t nwa:-;urcnwnts accuratc cnough for inference. llnaware 
at tlw moment of the nwaning of hi~ data, hc realized it almost imnw­
di;~tely aftcrwanl. and "o e~tahli:-;lll'd thc fact and the explanation 
hoth a twofold achic·\·cnwnt of a Yery unu~ual magnitude, whcnre 
tlw plwnonwnon rcn·i' cd thc namc of "Compton clTect" hy a unin·r::;al 
accl'ptancc, and de~ern·dly. 

\\'hat C'ompton oh:-;ern·d was not thc presenn· of electron~ pos­
i-Csscd of momenttun acquircd from radiation · these elcctrons were 
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ho\H'n·r tn hc di:-co\·cn·d l.1ter, as I shall prc~cntly llll'l1tion ·hut thc 
prc:-t•nn' of radi.ttion of .1 lll'W ~ort, t'llllll' into hcing- hy \·irtut• "f thc 
l'lll'l>llnll•r:- lwtwct·n thc ori~in . .t r.tdi.ttion .uul fn·t• t·hTtrons. \\'c 
h.tn• not cncoulltercd ;mything of this sort ht·n·t"f"rc. \\'ht•n a 
qu.mtum of r.Hiiant cncrgy rdca~cs .111 l'il'ctron fnlln <111 o~tom, it dies 
c·omplctd~ · a11d confers its cutire c·11ergy 11po11 tlw elcctro11. Tlll' 
dispo,;;d of it,; monH·ntlllll gin's 110 tronhll', fnr as I han• llll'lllilllll'cl 
thc atolll takcs carc of that. \\'hcl1 tlw electro11 i:- iuiti . .tly fn·t· . 
. tnd tlll'rl' is 110 ;ttom to ~wallow 11p the monw11t11111 of the radio~tion. 
it c-.tnnot Iw ignorcd in thi,; :-implc fashion. Fnr if tlw quant11111 die! 
uttcrly di,;,tppear in an encountt•r with a frl'C' t•IL·ctron, thc n·locity 
which tht• clcctron acquircd wonld han· to hc ,;uch that its kinetic 
encrgy and its lllOilll'l1tlllll \\'('fl' sep;tratl'ly cqual to thc encrgy aml 
momentlllll of thc quantum; ln1t thcsc distinct two conditions would 
gcner.dly hc impo,;sihll' for thc ekctnlll to fulfil. ll encc in gc·1wr;d, <1 

quantum po:-se~,;ed of monwntum cannot clisappcar hy the proccss of 
tr.tn,.,fl'rring it:- ('\lergy to a fn:c elcctron, whatcver may Iw tlw ca,.,t· 
with an clcctron hound to <I massin· atom. Th is rcflcction might 
e,t,.;ily ha,·c ll'd to thc condusion that radiatio11 and fn·t· elcctro11s ca11 
h.l\'l' nothing to do one with thc othcr. 

\\'hat actually happcns is this: tlw cncrgy and the momentum 
of the quant11m are partly confcrrcd upon thc elcctron, the r{'sidues 
of cach go to form a ne\\' quanturn, of lc;;scr e11crgy and of lcsser 
and differently-dirccted momentum, hcncc lowcr in frcquency and 
detkctcd obliqucly from the dircction in which thc original quantum 
wa,.; mo,·i11g. The encount{'r occurs much likc an impact hetwccn 
two elastic balls; what pren·nts the analogy from bcing pcrfect is, 
that whcn a mcl\'ing elastic hall strikes a stationary one, it Jm,es 
sornc of its ~pecd but rcmains the samc hall, whereas the quantum 
retains its specd hut changcs O\Tr into a nt'\\' and sma lll'r size. I t 
i~ as though a billiard-hall lost somt' of its weight whcn it touched 
anothcr but rollcd ofT sidcwi~c with its original spccd. I do not 
know what this inno\'ation would do to the technique of hilliards, 
hut it would at all c\'cnts not make technique impos~iblc; the result 
of an impact would still Iw calculahle, though the calculation~ would 
lea(l to a new rcsult. Thc rulcs of thi,.; microcosmic billiard-ganw 
in which thc struck balls are clcctrons aml thc ~triking halls are 
quanta of radiant cnergy are definite l'IHlllgh tu control the consc­
qucnces. The rulcs arc these: 

Consen·alion of energy requires that thc cnergy of tlw impinging 
qu,ultum, lzv, be equal to the sum of thc cncrgy of thc resulting 
qu.1ntum, lzv', aml the kinetic encrgy K of the rccoiling electron. For 
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this las t qua ntity thc expression prescribed by the special relati,·ity­
theo ry 1 ~ is used, viz. 

K=mr~ (--1 - -1) .,_;J -ß2 

in whir h m s t a nds for the mass of the elcrtron and rtJ= ~· for its spred. 
Thc equation of con~ervation of encrgy is then 

hv = hv'+mr2 (_ /_I_ -1). 
V J- ß2 

(~a ) 

Consermtion of momenlum requires that tlw monwntum of the 
impinging quantum be equal to the sum of the momenta o f the result­
ing quantum and the reroiling electron. l\ l omentnm heing a ,·ector 
quantity, this rule requires three scalar equations to express it, which 
threr may he retlured to two if we choosc the x-axis to roincide with 
the dircction in whirh the impinging quantum travels, and the y-axis 
to lie in the plane common to the paths of the reroiling electron and 
the resulting quantum. Designale by cp the angle between the paths 
of the imping ing quantum and the rrcoiling electron; by 0 the angle 
betwecn the paths of thc two quanta. The magnitude of the momen­
t um-\t•rtor is, by thc special rclati\·ity-theory, 1111' , ! l - ß2• Con­
sen·a tion o f momrntum then requires: 

!11• C=(hv' C) ('OS 0+- 111~ ('OS cp, 
, l l- ß2 

0 = (/11.' r) sin O+ --
1111

, sin cp. 
, I J-ß2 

(Shl 

Eliminating cp and !' hctwrcn these three cquations, wc arrive at 
t hi s rclation be tween " a nd v' , the frrquencirs of the impinging quan­
t um and thr rrcoiling quanttun - or, as I shall hereaftcr say, hetwecn 
t hc frequen r ies of thr primary X -ray and the scattcretl :X-ray and 
t hc a ngll' 0 hetwt·t•n thc directions of thr primary :X-ray and thr 
scat ten·d :X -ra y : 

' " (!l) 

12 lf Jlw re.Jder prders to tbc 1 he f.11ni liar ex prcssio ns !mu2 for 1 he kinetic energy 
and 1111' for 1 he ma~: n i tude of 1 he momentum of 1 hl' ell'c l ron, hc will arrivc al a 
formu(,, for v' which, while apparen t l~· dissimila r to (9 ) and not so elegant, is ap­
pro:~.imall·l~· idl'nlical with it whe n r• i~ not l no largc--or, which com('s prartically 
Jo th<" sanw thing, who·n hv issma ll in comparison with mc2 ; a condition which is 
reaJized for all x.r,Jys JIOW )o{'ing producC'd 
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Thc rl·l.1tinn hctwcen :>..' and X. the w.1vclengths of the prin1.1ry 
lw.un 'liHI of tlll' :;c.lll<'red hc.un, i,.; ,.;till ~impkr, l•l'ing-

X'-:>.. _!I ( 1-cns 0). 
11/C 

(101 

Tbc intrn~ion of this angll' 0 intn the fin.1l egnation may st·cm to 
contradict my l'arlier statt•nwnt that the resnlts of the impart ;nc 
c.tkul.lhll'; for it i~ truc that thl'H' are not eqnations t•nough to l'limi­
n.ltC 8, and yet I have otTl'n·d no additional means of caknlating it. 
ln f.Kt it cannnt hl· cakulatl'd with tlw <bta at our command. .\11 
that \H' arc able to say i:; that 1/ tlw re~nlting guantum goes ntT in 
thl' dirt'ction 8, tlwn it~ fregul'ncy is gin·n hy (fl). \\'hat deter­
minl'S 8 in any particular ca~l'? ReH·rting- to the imagc of the billiard­
h.tll::;, it is easy tn f.t'e that the direnion in which the rebounding hall 
roll,; away depen<b on whether it gave a central blow, or a glancing 
hlow, or something in hetween, to the initially stationary hall. lf 
WL' knew just which sort of a hlow was going to be gi,·en, wc could 
c;deulatc 0; otherwi~e we can only apply our conditions of con~en·ation 
of <'nergy and consen·ation of monwntum to asccrtain just how much 
of it" energy the rehounding hall rel<lin~ wlwn () has somc partie~tlar 
value, and then produce or, if we cannot producc at will, aw;1it 
colli:;ion which resnlts in that \'alue, and make our comparison of 
l''\perinwnt with theory. So it is in this ca,.;e nf the rehounding guan­
tnm. \\'hen a beam nf primary electrotb i,- :;cattered by encountering 
.1 pil'ce of matter. some quanta rehound in each dircctinn, and all the 
\·alue:; of 8 are represented. \\'c cannnt knnw what detennines the 
particular \'alue of ()in any ca~c; hut we can at least ,.;elcct any dircc­
tion wc desire. mcasure the frcquency of the quanta which han· 
rehoundcd in that direction, and compare it with thc formula. Fig. Ii 
i,- a diagram illustrating these relations. 13 

The comparison, which has nm\· hecn made rt'peatcdly hy Compton, 
rcpeatedly hy 1' . .r\. Ross, and once or oftener hy cach of :-;c\·eral other 
phy"ici~ts-notahl~· de Broglie in Paris-is highly gratifying. Thc 
value of the frcquency-ditTerence hetween the primary X-rays and 
the 'cattcrcd X-rays, that is to say, between the impinging guanta 
and thc rehounding quanta, i,- in cxcellent accnrcl with the fnrmula, 
whl'ther the measuremenh be made on the quanta recoiling at -1;)0

, 

at Utl~ or at 1~.) 0 , or at intcrmcdi.lle value,; nf the angle 0. The 
mcthod consi,;ts in rccci,·ing the beam oi scattered X-ray,; into an 
X-ray spcctro,;cope, wherehy it is ddlectcd against an ionization­
chamber or a photographic platc at a particular point, of which the 
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location j,; thc mca,;urc of thc wa,·c-lcngth. An image can he made 
on thc same platc at the point wherc thc bc<lln would ha,·e :-.truck it, 
if it had rctaincd the frcqucncy of thc primary hcam. Thc twn 
images thcn stand sharply and widely apart. l ndeed it is not neces­
sary to make a special imagc to mark the placc on the pla!c where 
a ~cattcrcd hcam of unmodificd wa,·c-length would fall, for there 
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Fi~. h Diagram showing the cnergy-rclations cnsuing upon an impact hetwcen a 
<]uanturn and a lree <·lcctron. (. \lter l>ehyc.) Sec lootnotc lJ 

fl('arly always is such a l1ea m and such an imagc. .-\ plausible cx­
planation is easy to lind; one has on ly to assunw !hat thc quanta 
composing this hcam have rchounded from eleclrons so rigidly bouml 
in lo atom,; that tlwy did not hudge wh<·n the impinging quanta struck 
them, and thcsc were retlectcd as from an immo\·ahle wall. 14 

13 The diagram in Fig. 6 is designc<l to illu,.;tratc thc rclations hetwecn thc cnergy 
ol the primary quantum (radius ol thc dotted semicirclc), thc energy· ol thc re­
lMJUrHling quarllurn lradius of thc uppcr rontinwJus ,·un·e), and the encrgy of thc 
recoiling •·lenron lradius of thc lower conti nuous ntrvc). Thus thl' two arrows 
111arkcd with a .'i are proportional respectin·ly to thc energics of the sccondary 
qnantum and of tlre recoiling clertron, whcn the enC"ountcr has taken placc in such 
a fashion I !rat tlw angle (J is cqual to tlre ao~ lc hetwcl'n thc arrow 10 and thc upper 
arrow S. ln thc s.11nc """-~. the an~le hctwel'n arrow 10 ancl lower arrow $ is cfjual 
tn t1> o( the cquations (Q). -

11 
.\, .r rnall<"r of f.tcl we ha\·e no indepc·nd<·nl nll'.Jils of knowing th.ll tlll' n·coiling 

c·l<"c·trons .1rc.: initiallv fr<"e, ur that tilt' ,,.,tll<'l'l'd 1><',1111 with thc nuxlified frcquenn· 
ori~inOJ!!'s lrom colli.,ion' o[ prirnan· quanta with initialh· Ir<"<' elcctron~: wc kno\,· 
·~nly th.tt thl• fn·qul'ncy of tlw ".,;ll<"rccl quant.t i~ ,ucJi as would hc cxpccted if 
httl<" or nu <·nergy is SJK-11! in frl'ein~-: thc t•k<"lrons, and liulc ur no momcntum ts 
tran,f<'rn·cl otlwrwisc than to thc electron, which, of cour~c', is not quitc thc samc 
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ln tlw phPto).:r.lphs whid1 I n·prodttn•, 1& the imprinh nf tlw-.t• two 
lw.lllh ... 1.111d -.id1• "' -.id1·. l n tlw lir~t of tlll'lll, Fi~. 7, tlw spct'lrtll ll 
.,f tlw prim.tr\ r,t,.,.. i,.: -.pl·ci.11ly dl'picll'd on tlll' III'P~"r h.1lf of tlw 

pl.llc; une "~'~'" tlll' ••· J . • md ; lint·s of tlll' 1\-snil'-. of molyhdl'llll lll , 
thrtT linl's the lirst .1 douhktl of \\hich tlll' \\.t\l'kngth-. <trt• respl'c-

Fi>:. i :\hon•, the K-spt·ctrurn of molyhclenum a-.-louhlet, p-line, -y-line frorn left 
to right); bdo\\, the spt·ctrum of this same r.1diation aftPr ;;ratlering at ()0° frorn 

aluminnm (each linc douhlcd 1. (I' .. \ . Ross I 

ti\'l'ly .110-.'i ll. \ .. ti:tL\ , .Ii) ~. \ . Bclnw, thc "pcctrum of t hc 
,..ccondary ray" -.cattercd at thc angle 0 is sprcad out: tn each of t hc 
prima~· ray,., there corrc,..pond-. a -.cattered r.ty of thc ,..;un c wa \·c­
lt>ngth, and hc,..idc it anothcr r<J~' of which thc w;l\·~·length e:-o;cecd ,., 
that of ih companion hy the rl'quired amount. 

thin>:. The Cornpton •·ffeo:l h;JS tw .. n ckmolblrat•·d only wlwre therc are elcctrons 
associ.lted with .tloms. lt m.ty he lh.il the rehounc.J occur~ nnly irom an l'lectron 
which i~ conncrtNI to .111 .tlom hy "'Hili' twculi.lr li.1ison, \\eak :><J f.1r as tht• •·n•·r>:\' 
rl'quired to hreak it is concl'rnecl, hnt •• hll' to control tlll' rl'spon~e of the eiPctron 
to an irnpact. Sonll'thing ni thi~ "''rl ma~· h.tH' ln he ,,s,unwd lo explain why thc 
l'ITect j" apparcntly not ;:rl'atl'r for cor11lun i1T ,uh ... tann·s 1 h;m for insulating ones 
.md is certainl\' fec·bll'r for ma...,i\'c atoms with numc•rnlb loo,el\'-houncl elcclrons 
th.tn for light .~torns \\ith fcw. · 

•• I am inc.lehtl•l to l'rofl's,or Ru~s for thl'~ photngr.tph>. 
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.-\nother series of photographs, in Fig. S, show~ the two scattcred 
ray~ produced when a beam of the Ka-radiation of molyhdenum falls 
upon various ~cattering suhstanccs: carhon (tlw sixth clcmcnt nf thc 
pcriodic table), aluminiurn (the thirtc>enth), coppc>r (the 1\n>nty-ninth), 
and sih-er (the forty-se,·enth). Thc rdatin· intensity of thc twn 
rays- that is to say, the proportion hetween the nurnher of quanta 
which rebound as from frcc electrons, and tlw numlll'r of quanta 
which recoil as from immobile obstacles \·arics in ;t curious manner 

Fig. 8 AbO\·e, the K o.-linC' of molybdenum; bclow, the same radiation afler scatter­
ing al 90° fromcarhon, aluminium, <'opper and sih-er. ( I' .• \. Ross) 

from-otH.' of the~l' eknwnts to another. l\lost of thc quanta scat­
l\"n·d hy Iithium undeq~o thc altcration in wan•length which wc han· 
calculatcd; ncarly a ll of thc quanta :-;cattercd by Iead cmcrge with 
tlw sanw frequency as thc inciclent quanta. .-\ppart·ntly, thc hca\·ier 
tlw atoms of a substancc are, the le~s conspicuous docs Compton's 
d'fl·ct bcconw. Further. the n·lati\'c intensity of the two rays as­
s ttlllC'S difTcrc>nt valucs for one and the same suhstancc, depending 
on thc direction of scattering. This is illu~tratcd in Fig. !), the curn·s 
of which may be interpreted a~ graphical rcpres!'ntations of photo­
graphs like those of the foregoing Figure, the ordinate standing for 
the density of the image on the photographic platc. (r\ctually, the 
ordinate s tands fo r a quantity which is nHtch more nc>arly propor­
tional to the true intcnsity nf thc rays that is, the amount nf inniza-
1 ion which thl'\' producc in a tknsc gas.) These cttrn·s show, in I hc 
fm;t plan•: th;;t thc separation ht·twccn the two ~cattl·red rays has 
tlw proper throretical \'alues at the angk· 45°, at !10°, and at t :3;i0

; in 
tlw sccnnrl plan•, among the q11anta scattrn'd at 4.1°, those that 
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n·t.tin tht· prim.try \\',1\dl'nglh an· tllllrt' .thnnd.1111 th.1n tltt· .dtnt·d 
ljll.llll.l. \\ hilt• <IIIIOllg tht• ljll.llll.l ~l'alll'rl'd al J:t·,' tht• llllldilit•d lllll'S 

h.l\t' tlll' pn·dt~ntin.lllt't'. \\'hy lht• rd.1tin• t'llllllllllllllt'~" 11f tlll',..t' '''" 
kind,.. nf ~c.tltt•ring. of th•·,..,· two mndl's of intt·r.wtinn lll't\\t't'll qll.lllt.l 

I·•!>: 'J Tlw nwdilied and unnwditi .. d scatlt'red ra\·s, al varinus inclinations, n:rordt·•l 
h\ 1 h .. t•mizal ion-d1amher mdhnd. The \'l'rtical line T repre,..t·nts t Iw po,..il ion 

,,dcublt~l (rom 1 111 for thc moditied ray. (;\. II. Compton, Physiwl Re·<'il"<l') 

.111d m.1tter, ,.,Jmukl depe11cl on thc suhstancc nnd on thc angle 0 is a 
clt't'lll'r que,..tinn than any we ha,·c con~i<.lerecl. 

The recoiling elect rons also h<l\'l' Ileen detected; aml Figs. 10 anti II. 
whid1 an· plllltographs Df the tr;til,.. left by flying eleclrons as they 
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pron·l'd thn>ll!o!h .1ir ""J>er-..•tur.lll'd \\ith \\,tlt·r \.apor. ,.lum-. t'\idt'llt't' 
inr tht•,..t•. 1

g Tht· lnng .. inuou,. tr.til,. .an· tho,.t• oi f.,..,, t•lt·ctrrHh, whidt 
\\t ·n· lihl'r.ttl'd in>lll tht·ir ,llona.. h\· hi!o!h-fn·quency qu.ant.t procn·ding 
.lt'ro,.. ... the g . .,..; each of tht•,.t• t'lt·ctron,.. p,.,.,.., . .,,..l.,. tlw t·ntin· t'llt·rgy 

oi .1 \·ani,.;hl'll qu.1ntum ~minlb .. ueh p.1rt of it ·"' "·'" ,.,ll'rilin·d \\ la·n 

I· ig. II Tr.1il~ of rt't·oilin).: t·lt·t·lrons 1C. T. R. \\'il:.illl, Prort't'tlin~s o( lht• l<oyal Sorit'ly) 

the t:lectron t·mcrgt·d from it:- atom). The sm.dl ,..lightly-elongated 
comma-like "hlohs". the "fish tracks" as ( ·. T. R. \\'il son ealled 
them, are tlll' trails ,.f \·ery slow elt·ctn>ns tlw,.e are tht· eleetrons 
from which quanta rehounded. transferring in the rebound a littlt· of 
their l'llt·rgy anti a little of their momcntum. The:-e appt·ar only wlwn 
tht· frequl'ncy of the X -ray quanta cxceeds a l'l'rtain minimum amount 

a circumstance which, Ctllnhined with otllt'rs, ,.hows that the com-

"I .tm indehte<l Iu l'ruft-,sor 1. T. R. \\'il,on ao11l 1n 1hc S.·n .. l.orY uf lhc l~o\·,tl 
"••·iely for JH.'rmi"ion Iu rq•rc•lucc lht·"'' pholographs. · · 
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nwnness f>f the Compton effert dcpends not mcrl'ly on thc nature of 
the ato111s and on the angle at which the scattering is ohsen·ed, hut 
also upon the frequcncy of tllC' radiation. High-frequcncy quanta 
arc liahle to relJOund in the manner prescribed hy Compton's assump­
tiuns, IJUt low-frcquency quanta are not. Light of the YisiLle spec­
trum suffers no change in wa\·elength when it is scattered. 

i\ l ust we tlO\\' roncedc that radiant energy tra,·cb about through 
:-;pace in the form of atom-like units, of corpusclcs, of quanla e\·cry 
one of which, for a radiation of a specific frequency v, posscsses al ways 
the samc cncrgy lzv and always the same momentum lzv c? H ow 
indecd can \\'e Ionger m·oid admitting it? The phenomena which 
I ha\'e cited do rcrtainly seem to close the ca:-;e beyund any possi­
t.ility of rcopcning it. Yet they might hc interpreted in another 
way -a way whi<.-h will pro!Jably seem extremely elaborate and artilirial 
to thc reader, a way whieh will seL'lll like a mere excuse to a\·oid 
a simple and satisfying explanation; and yet this would not Lw 
sulticient to nmdemn it utterly. \Ye might lay the whole hlame and 
l1unlen for all these "quantum" phenomena upon the atom. \\'c 
might say that there is somc mysterious merhanism insidc e\·ery 
atom, which ronstrains it ne\·cr to emit radiation of a frcquenry v 

ttnlcss it has a quantity of energy hv all packed up and ready to dcli\'er, 
and lll'\·er to ahsorh radiation of a frcquency v unlcss it has a special 
storeroom ready to rcrei,·c just cxactly the quantity of energy hv. 
This indcl·d is not a bad formulation of Bohr's theory of the atom. 
lt would he lll'l'l'ssary to go much further, ancl to say that not only 
l'Y('ry atom, out likewisc e\·ery assemhlage of atoms forming a liquid 
or a solid hody, rontains such a mechanism of its own; for the phe­
ti!Hlll'lla whieh I ha,·c called the "photoelectric e!Tect" and the "im·crsL' 
photoelectrie effcct" are qualities not of individual atoms, hu t of 
pi<·n·s of solid metaiY Aml it would he necessary to go mtll'h further 
yl't, aud make nll'chanisms tu account for the transfer of momcntum 
frolll radi<ttion to electruns. 

Yct e\Tll this would not !Je suffieicnt; for the most surprising and 
im:xplirahh· fact of ;dl is still to hl' prescnted. I lere is the crux of 
the great dill'lllllla. lmaginc radiation of the frl'qucncy v emerging 
frotll an atom, for a length of time determined uy the comlition that 

17 lt W,IS fornwrl~· l'OIIIl'lldeJ that this cxpJanation, while applicaulc to thc UC­
h.n·ior of fr<"e atoms which responJ unly tu ccrtain discretc frequencics, wouiJ not 
a\'.til forasolid snl"larwc like sodiu!n which deli\'crs up t·lcctrons with cnergy hv, 
wh,tll'\'l'r !Iw fn·')II<"II<'Y v may be. This contcntion, howc\'cr, is probauly not 
forcible, as il <".111 ),.. sup)"""" that thc solid has a \'ery grcal number of natural 
rr .. qut·n.-it·s \'ery .-lo~c tog<·ther. This in fact was the infcrence from Epstcin's 
1lwory of tlw photol'i<·ctric .. tTccl. 
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tht• tot.d t'lll'rg~ r.JCii.tted :-;h.dii•L' hv C'\,ll'tly. .\tTording to tht• w.t\ ,._ 
tht•nry, it t'lllt'r)!t'!'i a:-; .1 :-plwric.d w.tn·-tr.lill, oi "hich tht· w.1\ t'· 
fn>nts an· .1 :-;eril',; of ~''ll.IIHiing :-plwn·:-. widt·ning- in .111 dinTtioii:­
.IW.I\' fro111 the atolll at tht•ir rollllllt>ll n·ntrl'. l'l.tn• anotlll'r .1111111 
11f ;(ll' :-;,JIIIL' kind !'iCillll' (itt)l' di:-I<IIICI' il\\,1)'. .\pp.ln'lll(y it 1'.111 

.th~orh 110 r.uli.mt energy .11 .111, unlc,.;,; it ,th,.;orh:- tlll' wholt• ;11111111 11 1 
hv r.tdi.llcd from the f1r:-t .ttnnL But how C.lll it do thi,., "''t·ing th.11 
only a very ~m.dl purtimt of l';u·h \\',1\Tfront touchl'd it ur c;llllt' <IIIY­
where near it, .111d mueh of the radi.mt l'lll'l'gy went ofl fro111 thc lir"t 
atum in ;1 di.unctrit·.llly oppo:-;ite direction! ll o\\ can it n·.tch .111d 
~uck up .111 thc encrgy front the entire w,l\·efront, ~o litth· oi which it 
.Jctu.dly intercl'pt:-? , \ nd tlw ditliculty with thc llll•lllentunt i" C\ l'll 
greatcr. 

But, of coursc, this c'pcrimcnt i~ unrealizahle. l n ;1ny l.thoratory 
e'-.pcrinwnt, there ..re alway~ great multitmle:-; of radiating atom~ 
clo~c togcther, .tml thc .1ton1~ expo~•·d to tlw racliation arc hatlll'd in 
myriad,; of w,1,·c-train~ proceeding from myriacl~ of ~ource~. Doe~ 

then the atom which ah,;orhs the anwunt hv of cnergy takc it in little 
hits. one from thi" wan~train and anotlwr from that, unti l the proper 
eapit.ll is l.1id up? Hut if so, it ,.urely would require somc apprcciahlt• 
ti111c tu gathl'r up the ~ep.trate amounts. .-\cconl ing tu thc clas,;ica l 
t•lcnromagnetic thcory, a hound elcctron plarcd in a wan·train of 
wan·length >- will gathcr up cncrgy from an area of each wa,·efront. 
of the urdt·r of magnitude of the qu.tntity >.~. H enn.: we should not 
expn·t that the cxpo,.ed atom would linish thc ta,.k of a:-;,;cmuling thc 
anwunt of energy hv from thc variou,; wa\·ctrains which pass by it, 
until the l.lpse of a time-inll.:n·al sutlicient for so much energy to liow 
.1gain,..t a circle of the area >-~. ~et up facing- the ray,; at the poi n t 
where thl.! .ttOIII stands. Set up a mcrcury are, or Letter still, an 
X -ray tube, and mca,.me tlll' intt·nsity of thc radiation from it at 
v.uious di"t.lnccs. \'uu will ea,.ily find a po~itiun "ufficiently near 
tu it for con\'cniencc, and yet :-.ut1iciently far from it, ~o that if a 
circul.tr target of thi,; area wen· ~et in that po~ition, thc radiant energy 
falling upun it wuuld not mount up in one minute nor in one day 

nor in unc )'l'ar, to thl.! amt•unt lzv. \'et CO\Tr tlll' ,;ouree of ray:-. 
with a ~huttcr, and tht·n pul .1 picn· of matter in that po~ition~ and 
then Iift the shutter; and you will not ha\ l' to w;tit a ycar. nor a day, 
nur .1 minute, for thl.! lir~t dectron which enll'rges frum the matter 
with a whole quantum of energ-y; it will come out "o quickly that no 
l''\pt'rimenter has, a,.; )'1.!1, demon~trate<l <l delay. \\' hat po:-,.,il•le 
a,.;~llmptions <IUOUI the ,.;trlll'lllrt: of thl· a/0111 (';111 <HTOllnt for thi~? 

:\Iore and more the evidence is piled up to cumpcl 11s to colll"L'Ut: 



BU.J. Sl".'iTJ:.\1 THIIX/l.-JL J(l{'NX.·IL 

that radiation tran·ls around the world in curpusclcs of energy hv 
a nd moment11m hv c, which ne\·er e:~.pand, or at all e\-cnts always 
remain sma ll enough tu he swallowed up in une gulp hy an atom, or 
to stri ke an electron with one single concentrated bluw. 

But it is unfair to cluse the case without pleading unce more the 
cause of the undulatory theory- the more so l>ecausc, in the usual 
fashion, I ha\·e mHil'rs tated the old and presumptivcly familiar 
arguments in its f;t,·or, a nd gin·n all the alh·antages 10 the arguments 
of the opposition, which still han· the forcl' ;md charm of non·lty . 
Furthermore, I may ha,·e produced the imprl'ssion that tlw conception 
of the quantum actually unites tht· rorpuscular theory with tlw w;tn·­
theory, mitigati ng diseonl instead of ncating it. \\'hy are we not 
rl'ally ,·oicing a perfert ly rompl'lent wan·-theory uf light, when we 
im;Jginc wa\·e-tra ins limited both in length and in breadth, so narrow 
that they can diYe into an atom, l>ut so long that they contain hv of 
l"IH'rgy altogether? jilamm /ary wan·-trains, so to speak, like the tracing 
of a sine-wave in rhal k upon a l>larkl>oanl, or the familiar picturc of 
a sea-serpen I? 

\\'ell , thc ditllrulty is that the phenomena of interference and of 
ditTraction, which are the hasis of the wa,·e-t heory, imply that tlw 
wa,·e-trains are broad, that they have a considerable cross-sectional 
arca; these phenomena should not ocrur, if the wan·-trains wen· 
li lament s no thicker than an atom, or n·en so wide that their cross­
,.,ertional area anwu nted to >..~ . Let me rite one or two of these 
phenonh:na, in tardy justirc to the undulatory thcory, as a sort of a 
makl'weight to all the "quantum" phenomena I ha,·e descrihed. 
lmagi ne an opaque scret·n with a slit in it; light tlows against the 
screen from lx·hind, son1e pa,;se,; through the slit. The slit may he 
;.upposed to l>e half a millimetre wide, or L'\·en wider. lf light consists 
of quanta only as thick a,; an atmu, or e\'l'n as thick as the wa,·e­
ll'ngth of tlw light, tlwy will ,..!Joot through the slit like raindrop,; or 
-.and-grain,; thruugh a widl· opl'Il skylight. I f they arl' all Illü\'ing in 
Jhtrallel direction,; IJefore they n·ach tlll' slit, they will continue so to 
nJm·e aftl·r they pa,;,; through it for how shall they know that tlw ,;lit 
has any houndaries, sinn~ they are :-;o ,;mall and thc ,;lit is ,;o largt· ? 
The !Jeam of light which has pa,;sed through tlll' slit will alway :-; 
retain the same cross-section as thc slit. But \H' know that in truth 
the heam wilkn,; after it gues thruugh the slit , and it devclop,; a 
pe!'uliar distrihution of intensity which i,; accurately tlw same as Wl' 

-.hould e"pect, if the \\·an·front i,., ~.·idcr than thl' ,;lit - so much widl'r, 
that tlw slit cuts a piereout 11f it. which pien· ,;pn·ad,; o utwanls inde-
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pt•ruft.nt ly in its 11\\ 11 f.t,.hilln. "· Th,·n·forc 1lw qu.tnllllll llllb1 l>e \\ id1·r 
th.ru the widt·st ::.lit \\ hich di~pl.tys cle.tr ditTr.tctilln-phenomcn.t and 
this m.tkcs it .11 le.1st .1 millimetrl' wi1k! But this is not tht• Iimit! 
( 'ut .lllllthcr slit in tht• seret•n, p.trallel to th1· lir:-.1 onc, a disi.IIHT d 
,1\\,tV from it. \\'here the widcning dillracted light-IJt•.tnls from th1· 
rwo slits intt•rpcnelrate one another, tlll'y will produce interfcrcnn·­
Jl.lttt·rns of light and shade, accurately the sanlt' as \H' should t•,pt·ct 
if tlw \\,1\·dront is wider th;ul tht· dislance d. Thc qu.tnttllll must 
tlwrdPrt' ht· wider than thc gre.ttt•st distancc hctwec11 two slib, tlw 
light-he.tl1ts p.ts,.ing through which are ahle to intcrfere with Dl1t' 
.ulllther. The ::.lits may lll' put quitc far apart, a11d tht· light-heanrs 
hrnught togl'lher hy systcms of prisms and mirrors. This is the 
principle of i\licht·l,.o11's fanH>us 11ll'thod of detcrmiuing thc diault'tl'rs 
of ,.tars. He ohtaincd intcrfcrenre fringes whcn the two beams of 
light were taken from porti11ns of thc wa,·efront /wenly jeel apar/! 19 

Therdure the qu;lllltrm i,; twenty fcct widc! This is thc object 
from which an at11111 onc tcn-milli11nth of a millimetrc wide can suck 
up all its cncrgy! this is what enters a,; a unit i11to collision with an 
electron tcn thousandf11ld smaller yet! 

Tlw evidcnce is 11ow hdore the reader: 1111t the e11tire t·,·idcncl' fnr 
cithcr 11f the two cml('eptions 11f radiatio11, but, I thi11k, a fair santpling 
inr ltoth. lf eithcr ,·iew has lwen incquitably treated, it i~ thc un­
dulatnry theory whirh has J,cen u11dcrratt·d: for, as I han: said already 
J,ut c<tl11llll S<lY too often, thc cvidc11C'c that light partakcs of thc nature 
of a wa,·c-mntilln is trcmcndously cxtcnsin' and trcmemlously com­
pelling: it :-t·cms the less powerful 11nly lwcause it is so thoroughly 
i.uniliar, aml through much repctition has lost tlw forn· of non·lty. 
Still, it is not 11cccssary to hold all the reJc,·ant facts nmti11ually in 
miiHI. 1f onc could reconcilc a single typical fact of the ont· sort, such 
as the intcrfcrenre l1etween hcams of light hrought Iogether from p.tr­
allell'lJllr,.es far apart, with a single outstanding bct of thc other sort, 
s.rch as t hc in::-tan tane1 1Us Cl1lcrgcncc of elect ro11s wi t h grca t t•ncrgy 
irom atoms upon which a fcehle l1eam of light has only just lll'cl1 
tlire,·ted-if onc could unify two such phcnontcna as the:-.e, all of the 
othcr~ woultl prohably fu,.,c spontancously into a harnw11ious ~ystt'lll. 
But in thinking ahout thesc things, thcre is onc mure all-important 

1' ( lne mighl, of course, inquire, why ~hould a piue of the \\an·fronl of a quantum, 
··ut out of it by thc ctlgcs of a slit, cxpan.t after p.tssing through thc slit whcn thc 
quanlum it~clf apparcntlr rushes through spaec without t•xpanding~ 

" lt might be argucd thal the~e quanta from slars have eomc an enornwusly 
long wo~y, anti po~~ihly havc h;ul a hdtcr d1ancc lo l'Xpan.t than lhc qu,tlllil Jl.lssing 
.ono~s <l Iabaratory roorn from an X-ray tubc or a men.:ury arc lo a nwtal plalc. 
llmH·ver, sinn· the photot·lccrric ecll is us•·d Ln nll'.tsure 1 hc hrighln,·ss nf a star, they 
•·vi.tcnrly pro•lun· I hc ".,rnc ~orl of photoclt·rt ric t·tT•·ct .os ncwhorn quan1.1. 
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fact that must IH'n·r be forgottt·n: the quantum-theory in,·oln·s the 
wa\'c-thenry in its root and ha!<i:;, for IIre quan/11111 of a gi<·en radialion 
is dejined in /erms of lhe jreque11cy of /hat radialion, aml /Ire frequenry 
is determinu.l from the waYelength, and the wa\'l'length is de/ermi11ed 
by applying lhe ·wm•e-/lreory to measurements on interference and dif­
fraction pattt:>rns. \\'as there c\·er an instance in which two such 
apparently Contrad ietory thcories werc won·n so intimately the one 
with the other! 

The fusion of tlw theories is not likely to n·sult from new e:-.:pcri­
mcntal c\'idcnce. Indecd there are alrcady indications that further 
e:-.:periments willmcrely acccntuate thc strangeness, much as happcned 
wi th the numerous e:-.:perimcnts de\·iscd and performell thrce or four 
dccadcs ago in the hope of scttling whether the earth docs or docs not 
mm·e relatin·ly to thc acther. l\ lorc prohahly what is rcquircd is a 
modificatiun, indeed a rc,·olutionary extcnsion in the art of thinking 
such a re\'olution as took place among a fcw mathematicians when non­
Eudidean geometry was established by thc side uf Euclidcan, as is 
taking place today among the disciples of Einstein who arc stri,·ing 
to unlcarn thc habitual distinctions betwccn time and spacc-surh a 
re\·olution, to go centurics back into the past, as occurred in the mind,., 
of mcn generally when they learned to rcalize that the earth is rnund, 
and yct at e\·cry place upon it the sky is abo\'C ancl the ground i,., 
helow. Our descendants ma~· think pityingly of us as we of our 
ancestors, who could not comprchend lww a man can stand upright 
at the Antipodcs. 



Wave Propagation Over P a rallel Tubular 
Gonductors : 

The Alternating Current Resistance 
By SALl..IE P E RO MEAD 

Svsor~rs: On tht• hasis ol J\laxwell's laws anrl the conditinn~ ol con­
tinuitv of electric and ma~nctk forccs .1t thc surfacl's ol thc conductor, the 
fund.Jinental cqu.Jtion~ .1rc cst.thlishcd lor thc axial l'lcc:-tric forCl' and the 
ran~enra.1lmagnellc forcl' in a non-ma,::nt:'tic tuhul.ar conductor with p.ualll'l 
rcturn. Thc alt<'rnatin~ c:-urrcnt rcsisranc<' per unit IC'n,:;th is tht'n dcrivcd 
as th<' mean dissip.ltion pt•r unir IC'n~th dividcd hy thc mcan square rtarrcnt 
Tht' >:cneral lormul.1 is l'xprl'sscd as the produc:-t of tht' alternatin>: currcnt 
rcsist.Jr,c:-e of thc c:-onductor with conn•ntric rcturn and a factor, tl'rmccl 
rhc "proximit~· l'llt•t:l c:-orrcctinn l.tctor," whi.-h lormul.atcs tlll' C'llect ol 
thc proximit~· nl 1 hl' paralll'l rcturn conductnr. The auxiliary functions which 
.1ppc.u in thc ~::•·n.-ral fnrmula arc cach ~ivl'n hy thc produn ol thc cor­
respondin~:: lunnion lur rhc c:-asc of a solid wire and a f.tctor invoh-ing thc 
v.tri.thle innl'r hound.uv of thc conductor. 

ln (!t'neral, the n·si;r,mcc mav ho• calculatcd from this formula, usin~ 
l.thlo·s of P o;,.,._·l functions. Thc.rnost irnportant practical c:-ascs, howevcr, 
nsu.allv ir,.,..l\'(' onl~- rhc limitin,:; (orms of thc llesso•l functions. Spcc:-ial 
lnrmul.ll' o( this kind arc givcn lor thc casc o( rclativl'ly !arge condurtors, 
"ith hi,:;h imprl'sscol frcqnl'ncit's, and lor thin tubcs. .\ sct ol curns illus­
rr.ate< th<' applicatinn ol thc lormui.IC. 

I. I :o-;TROill'\TIOX 

,
1
\1" ERE cirnrl.tr mndurtnrs of relatin·ly large diamcter a re 

under con,.;ideratinn, the efTect on thc a lte rnat ing current 
fl""i -. t.tnce of the tuh11lar "" di,.;tinguished from thc solid cylind riral 
form lwcome,.; 11f practical importancc. :\I r. ll erhert B. l>w ight has 
w11rked nn .1 spl'rial ca,.;e nf thi,.; prnhlcm and den·lopcd a form ula 
for thl' r.ttio of altcrn.tting tn dircrt currcnt resi:;tance in a ci rcui t 
Clllllpn,.;ed of two parallel tullf's wlwn the t11bes are t hi n. 1 :\ s infinite 
,;um,; of infinite serics are in\'oh-cd, howe\-er, his result is not weil 
.1dapted to computation. 

:\I r. John R. Carson has e;i\-cn a complete solu tiun for t he a ltc r­
nating current re::.istance of two parallel ~olid wires in his pa per 
"\\ 'aw Propagation 0\'er Parallel \\'ires: T he Pruximity E ITcct," 
Phi/. Jfag., .-\pril, 1!)2 1. T he analysis of that papcr may read il y he 
extended to the more general case of propagation 0\·er twn tubular 
cnnductors by a parallel method flf de\'elopmen t. T his is clone in 
the prescnt paper. As the undcrlyin~ theory is ident ical in the two 
problcms, familiarity with thc fonHer paper will bc assumed a nd the 
analysis will merely be sketched aftcr the fundamental equations are 
l'Stablished. 

1 "Proximity Effect in \\'ircs and Thin Tulx·s," Tr.ms .. I. I. E. E., \'ol. XLI I 
19!3 , p. 1:150. 
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In this papcr formulae for thc alternating current resistance have 
been worked out in detail with particular rcference to thc case of 
rclatin~ l y !arge conductors at high frequencies and to rclati\'cly 
thin tuhc::;. In gcneral thc auxiliary functions im·oh·ed areexpressen 
as thc product of the corresponding functions for solid wires by a 
corrcction factor which formulatcs Ihe greater gencrality duc to 
thc \ ·ariahll· inner houndary of the comluctors. As far as possihlc 
thc symhols arc Ihc samc as in the solid wirc case hut rcfcr now lo 
thc ::;ystcm of tubular conductors. l'rimes arc addcd whcrc the 
Ietter~ cknotc the corre::;poncling- functions f()r thc solid \\·ire casc. 
Thi::; will harclly Iead to confusion with the primcs uscd in conncction 
with the lks~el func tions to denolc cliiTercntiation. 

Thc generat solution is den·lo)wd in scction I I. Thc alternating 
currcnt rcsistancc of one of the tuiJular concluctors is cxprc::;sccl as the 
product o f thc a ltcrnating current resistancc of the conductnr with 
concentric return and a factor which formulatcs the eiTcct of the 
proximity of thc para llel rct urn conductor. Section II I is a sttm­
mary of the gcneral formula, special asymptotic forms and forms 
for thin conductors. 

II. l\ I ATIIE~IATICAL :b:,\L\'sJs .-\l':IJ DERI\'ATio~ OF FnR~IUL.\E 

\\'e rcquirc thc cxpression for thc axial electric forec, E,, in the 
conductors. Sincc the tubular conductor docs not cxtcnd to r = 0, 
the ek·c t ric force must hc cxprcssed by the more gcncral Fouricr­
Bcsscl cxpansion, 

E.= 2: .·1"[J" (p)+ A,.K" (p) ) cos nO, 
tr=U 

whcrc 

=!= yi "\/zwlwn r=a, 

a and a bcing the outcr and inner radii, respecti,·ely, of the con­
ductors. T he additional set of consta nts An, A1 ••• A,. is to be deter­
mincd hy thc conditions of coruinuity at thc inner boundary of the 
cont.luctor. lt is nerc::;sary to satisf~· thc houndary cont.litions at the 
surface of onc ccmductor only, since thc sy mmetry of thc system 
insun~s that thcy \\'illthen he s.Hisficd at the surfacc uf thc othcr also. 
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In thl' diclcctric ::.p.1cc in,.,idc thc tubc whcrc r<a. thc axial elcctric 
fnrcc 111.1\· hc \Hittcn .. 

F •• = ~ C.J.(rl ro~ 110, (I) 
N•(f 

or rl·placin~ tlll' lh·ssl'l functions by thcir ,·,.tue~ for vanishingly 
sm.dl argun1cnts, 

E. = ~ n.r• ('OS nn (2) 
N - (J 

whcrc L> .•• 1> 1 ... !J • • ne constants dctcrmincd h~· thc bounrlary rondi­
tinns. .\ppl~·in~ ~ J axwcll'~ law rclatin~ thc norm;ll and tallgl'ntial 
m.•gnetic iorcl'~ Ll, aml 1/0 tn thc axial clcctric forcc, givcs 

JJ.iw/L0 = ~ ....... ·I. [J.'(p)+>...K'.(pl ) cos nn, 
r ­

"""'() 

for thc !<pacc insidc thc conductor, anti 

. "' rwlle= -......~ nfJ,.r•-• cos 11fl, 

Nc:O 

.,., 
iwll, = ~ II!J.r•-• sin nO, 

•=U 

( .t ) 

( fi ) 

for thc inner dielcctric (JJ =I). l ~quating thc two cxprc::.sions for 
thc tan!!cntial magnctic forcc 1/fJ anc.l fnr thc normal magnctic in­
duction JJII, tcrm by tcrm at thc surfacc r=a, 

(I) 

\\'hencc, for the practically important casc of non-magnctic con­
ductors in which Jl. = 1, we ha\'c 

(S) 

and 
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In thc suhscquent analysis J. (Ü of the solution for the solid wire 
casc is replaced by 

J.W- I::: igK.(~) =M.W. (10) 

and J.' (0 is rcplaced by 

J '(t) _ /•+l(r) r:· '(t) = u '(t) 
" <; Kn+l(r).l\.n ~ • " <; • (11) 

Otherwisc the forrnulation of the alternating currcnt rcsistance of 
t he conductor procccds exactly as in thc solid wire casc. For the 
electric force at the surface r =a in the conductor, we write 

anrl determine the fundamental cocfficicnt A o in terms of thc current 
in the conductor. Thc resistancc R of thc tubular coml uctor pcr 
unit lcngth is defined as the mcan dissipation per unit length divided 
hy the mcan squarc currcnt where the mcan dissipation is calculatcd 
hy l'oynting's theorcm. Accordingly, we gct 

R - R 12JJ.iw{.lfo W+1 ~~ , •. U .. W . JI.'Wt 
- ea -~- .lfo'W 2 - h. ,-Jl~'W conJ. Jfo' W \' 

n=l 

To dcterminc the harmonic coefficicnts h 1 . •• h. or A 1 ••• A •. 
thc total tangential magnctic force and thc total normal magnetic 
induction at the outcr surface of a conductor arc exprcsscd in tcrms 
of the Coordinates of that conductor alone, and the conditions of 
continuity at the surface are applied. This Ieads to the set of cquations 

( - 1) " "" ..... 
q., = (- 1)"2p.,k"- ( I ) 

1 
p.,k" ' (q) 

II - . _ " 

(I -1) 

tl = t. 2. :J . . 00 

whcre 

11n = ( ~M.' W - nl.lJJ., ( ~ )), € JI'(Ü, 

P• = (~.1!.' W- 1IJ1..lf. (€)) (.li.'W + nJ1..1/., (€)) , 

k. 
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\\'lll'll the Jlt'rllll'.thilit\' is unity, tlw solution, to tlw s.lltll' onler of 
.tppro,im.ttion .1,; in tlw ,.;olid win· l'otst', is 

(!Ii) 

wht·rt· 

J.(~)=ll.+it· •. 

p. = (- I )"'2k"s", 11 = I. '2 ... cn, 

_ •) I - '\ , I- (:!k )2 

s-- ('2k)Z . 

Sincc thc re,.;istance ~ of an isolated tulmlar ronductor is given by 

R - R 1'2J.l~·J!. Jfo W ( l!l ) 
o- ea ~ Jfo'(~l 

t•quation (1:~) hecomt·s equation ( I ) of the formulac in tltc ne:xt section . 
This i,; thc generat ~olution for thc case of nnn-mag-netic conductors. 

i n ~cneral R may be cakulated from this fo rmu la and ta bles of 
Be,..,t•l functions. The her, bei. kcr and kei functions 2 and the rccur­
rcnn· formul.le are sullicient to c\·aluate thc Be~<:el fu nctions hu t 
the process is long. l n thc mo,;t importanl practical cases, t he 
mnductors arc rather !arge and thc applicd frequencies fairly high . 
\\'ht•n this ;,. true as wcll a,; whcn thc tubcs are \·cry thin thc formulae 
usu.dly im·oke only tlw limiting form,.; of the Bes,;el fu nctions. Th e::-e 
'Pt't·ial result,.; .He g-i\'t'll in the tw:xt ,..t•ction. 

I I I. .-\LTER:'\.\TI:\1; Ct"RRE:'\T R E-.ISL\~C'E FoR~JLTL.\E FOR 

.:\ 0:'\-\ 1 .\I;~ETIC ll J:-.l>t'C'TORS 

The ,;ymhol,; uscd are: 

a =outer radiu,.; of conductor in cetllinwters, 

<l = innl'r radiu,.. of conductor in ccntimeter,;, 

r=interaxial separation l>etwcen conrluctor,.; tn ccntimeter"· 

k =a c 

X= conducti,·ity of conductor in clt•ctrom;tgm·tic c.g.s. un its, 
: .\ ('On\'cnient tabJe O( thcsc (unrtiO!IS (or ölr!:lllllt"nlS fro111 0 (O )() at inlcrva)s o( 

n.t i-< inmrporatcd in :\Ir. l>wi~o:ht's p.tJl<'r ".\ l'rccisc :\lcthod o! Calculation of 
Skin Etlcct in l,;ol.ttcd Tube,," J . . l. I. E. E., .\ug., 11)2.1, 
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JL = pcrmeahility of condttctor in electromagnetic c.g.s. units, 

w=2JT timcs frc(juency in cycles per second, 

i= v=I 
X =a , /4JTAW 

)' = cn.fflTxc:; 
~ =xi , /l 
~ = yi ' l"f 

}.,.= -Jn+l(r}, 1\,.+l(n 

J,.(~) =u,.+h•n 
= ßc~~el function of first kind of onler 11 and argu ment xi"\ /l, 

Jn'W=~;i~) 

u,.'+i<•,.' = dJ,.(fJ. 
dx 

K (Ü = Be~scl function of sccond kincl of or<ler 11 a nd argumcntxi "\/1. 

}. '(') = dK,.W \,. ., d~ 

R = rcsistancc pPr unit length of tuhular con ductor with parallel 
return, 

Rv=resis lancc per unit length of tuhular conductor with con­
centric return in elcctromagnetic c.g.s. units, 

C=proximity effect corrcction factor, 

R= C Ro. (I) 

The auxiliary functions involn·d are: 

'+ ' 3 Ji:> _ R 1 ( 1 _ II llollo <'o"1'o ) 
\ o- o 111 , , 

111 llo<'o - llo l'o 

wlwrc 

R 1 _ 1 w 110 t'n
1 
-llo

1
l'o 

0 - 1/ \ lT~ llt2+7'J2 

=resistanc<' of ~oli cl wirl' with C«liHTiltric return, 

m+in l+~oKoW 'JoW 
1 +~oKo'W-Jo'uTr 

, _ , ~ l- q [llt(llo-<'o)+<•t(ll"+<'o) ]l 
~-1! p I P [ll t(llo+<•o)-<'t(llo-1'.,) ]\ ' 

(20) 

(21 ) 

(22) 

(2:~ ) 

1 Th<" ral io R,. R~ ns•:illalcs aloovt uni I y which it apprnach!'s mon• ancl more 
.-ioJ><"Iy as tlw frcqlii"JH"\' inrrcases. II is due to th!' fact that the phase of thc rurrent 
in the inner portion of tlw solid concluctor may hc such as to oppose the current 
in Jl11· mJtl'r portion, 1h.1t the rcsistancc of th<" solid roncluctor rnay be gre:Jter than 
th.tl of tlw tubt· !'Vt·n though the hcating dfc·ct in thc latter is the greater. 
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\\ht·n· 
, \ 1:! u 1 (u~+t•.,)-ua(u .. t•.l 

.1! = .\' ~~~=+1'.,2 

. I +:O.,/\,W 'J,(l;l 
p+,q= I +X,KoW .Utl' 

' a. 
7
"" =

7
"" I +X.K.-I(tl J. 

whnl' , , 
, ""''" - "" 1',. 

iL'• = u!_, +t'!_, ' 

'b ( K.(t)) . (I+ 1\.'W) a.+l .= I+X"l.(tl conJ. X"J.'(t) , 

. 1- , 1 i-(2k)2 

s= 2 (2kr-· 

Tlw fnrmul.1 for the corrt·ction f.actor C i,.. then 

C= I+ ~ , / w' (S, + 2gk2S2) 
II " " ' ll'•' 

wherc 

S 1 = ~ u•.k2
• s2

", 

·-· 

For !arge \'alues of the argumenl 

Ro = Ro' [ 111- 11 (I - ,~J J 
and the correction factor is 

C= I + 2 '
12

·- l lx (.'->·,- 2~ [P +tJ( l 
m - 11 (I - I \ I 2x) .r . 

(2·1) 

(25) 

(2fi ) 

(21) 

(2S) 

(2!1) 

( II) 

(30) 

(31) 

(32) 

\\'hcn x and y are both !arge quantities, the auxiliary functions an• 
as follows, prO\·ided term.- of the second order in l ix anrl 1/y arc 
negligible, n in d and h below being equal to the numher of terms 
in which s, aml s2 com·erge to a required order of approximation. 

\\'ith the notation 

COS =COS \ /2(x- y), 

sin =sin \ '2(x- y), 

('Xp=exp[- \ fz(x-y)), 

R -Ro'l+[(l+a)sin-(1-a)cos)exp-a exp2 
(
33

) 
.,- 1- [( 1- b) sin+ (l+b) cos) exp+b exp2 
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whcrc 

a = l -
2 

1 ~~ . r 1 u' \ '=v2- , an<> 7rl\ X 

wlwre 

1 1+((1-c) co~- ( 1+ r) ~in ] cxp -r cxp~ 
g=g 1-((1 + c) cn~+(l-r) ~in ] exp+r c~r;· 

c= l - -
1
-- ~ 

2V2x 2 '\,t '!.y ' 

(34) 

g' =- '-l'!.lx, (36} 

1 1- ((1-r/) cns- ( I +rl) ~in ] cxp-d cxp~ 
w,.=7t',. 1- (( l +h) cos+(l-/z) sin ] cxp+hcxp~· (3i ) 

whcrc 

d=l+~~~ -:- ~ - ..ti~~+ t F- 1. 
2 2x 2 '2y 

h= l +·t(n - 1 )~- 1 _ 4(n + IF- I 
2 2x 2 \./2y ' 

1 1 2n - l 
n•,. = '-/ :? - 2x . · (38) 

.\t fn·qw·ncies sufticicntly high tu a tTon l practicall~· skin nmduction, 
th1· followin).:" formuLw indicate the way in whirh thc rl'sistancc of 
tlw tuhular conductor approachl's its Iimit, tiH' rl'si~t;mce of thc 
solid wirl'. 

(3!l) 

C=C",( I - ...1 x), (I\') 

, 1 +Fs~ 

( "'= 1- k2s2' 
(40) 

. 1, - Fs~ I .( 1- k2s' )2 I - 2 si n cxp l 
2

\ 
2 

l -k4s'ii 1+2k- ( l -k2s}2 l=-2coscxd' (..t I) 
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\\'hen tlw condtu·tors .tri' \ t'r )' thin t uhe,.;, i.e., t hin .b comp.tred to 
tlw r.uliu,.., (11- n ) 11 i,.. IH'I'l'""·'rily st11.tll .11ul. in gt'lll' r,tl, x -y i,.; 
,.;m.tll. ()[ Ct•ur,.,e. \\IH·n the fn·qtwncy i,.; high t'llt•ngh, .\· - y l'l'Colltl'S 
l.tq::l' in .1n~ · c,l,..l'. \\'hl'n thi,., i,., lrtll' with r!',.,fll't'l tothin tuhcs , how­
t·n·r. _, .• 1nd y willu,..u.dly Iw l.trgt• t•nough to 111.1k1' tlw a,.,y•uplotic for ­

mul.u· .1pplic;1hle; llllt, if .\' y i,.; ,.;mall, thc .q>proxim.llion-; 

J. (n =J.w 

rt:dun· thc corrcction f.tc tor to 

a - n 
wlll'rc p= - a-, 

.tnd the resistance with conccntric rcturn to 

(42) 

2li"Xa (a - n ) is, of cour"c· th1· dirccl current rl·sistance of a H'ry thin 
conductor. 

lf (a-a ) a is very small and nl'gligihlt• comparl'd with 211 'x 2, whcrc 
" is thl· number of tl'rm,., in which the series of (\') com·crgl' to a 
rl·quirl'd order of approximation, 

(\'1 ) 
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As a check on formulae (V) and (VI), the limiting cases may be 
arrived at directly as follows. lf the comluctors are thin tubes, 
tht: harmonic cocfticients are giYen by 

( +' ~- r k [ kl n<"+ ' )k., + J (t'>) ~ - ] )" •) ( () ( + I ) 11 
11 1,- -~,~)f- "/2. ••• o • o) 

f-<~-n ,_-11 ~ ·) ~. 

and 

so that 

= ( - 1)"2k"s", 

JI. = JI.' = I 
.lfo .lfo' 

C - R . I [ 1 '" I I 12 J/" . J/ -'] - ea I + 2 - , ln Jlo conJ. J/o' 
n=l 

( ·1-1) 

(45) 

(4ü) 

thc same result as for thc corresponding limiting case of a solid con­
ductor. 

On the othcr hand, if ~ is not large and ~- r is very small, 

k" ",.=<-I)"+' 11 H~- r). (H) 

M" - 1 
Jlfo - ' 

(48) 

.V,.' in 
(4~) 

.llo' =- x(x-y)' 

so that 
C=l, (50) 

and 

R=Ro=RJ.c .• (5 1) 
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wht•re RJ, is thl· direct current resistancc ••f the thin tuhul.1r con­
ductor. Eq,;. ( lti) .llld (:,11) •l!·:ree with thc corre"ponding limih of 
formulac \' and \'1 H'"pectin·ly. 

Thc cun l'" of the .ltTolnp.ln\·ing tigur!' du not prl'lencl to rt·pH·,.t·nt 
thc pro'\imity dTt·ct corre!'lion f.1clor with pn·.-i,.ion. They an·, ho\\'· 
cn·r, accur.llt' for thin tnl,..,.,, .llld indic.lte tht· onler of m;Jgnitnd•· 
nf thc f.1ctor for \·.1riou,.; '.!lut·-. of th•· thickn''"" of tlw tuhul.1r !'llll­

dul'lor and ,.how the ll.llllrc of it,. \,1ri.1tion with l'l'"l'l'!'l tu thc applit·d 
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__j 

frequency. Thcy are computcd from formula (\' ) which is valid 
f••r quitc high frcqucncies whcn the tuLcs are thin. \\'hen the thick­
ness of the tubes is greater, howe\'er, the range of \·alidity with resperl 
to frequency is smaller, the dotted purtions indicating a douhtful 
degrec of precision. lt was previously pointecl out in connection 
with formula ( !\') and is immcdiately deduriblc from physical con­
siderations, that all of the cun·es eventually coincide with the curve 
for the solid wire which approaches the \'aluc l.l;j,j asymptotically . 

.-\s a simple application, supposc the resistance is rcquired of a 
tuhnlar rnnductor with an outer radius of 0..!1:?.-, em. (that of :\o. ( > 

g.lllge .\.\\'.1 ~- copper wire) who,.e rcsisti,·ity is lli!Hi .. i elertromagnetic 
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unit s pl'r nn. , wlwre thcrc is an equal parallel return so situatcd that 
k =0.2;i and a frcquency of ii,OOO cyclcs pcr secon<i is applicd to the 
circuit. Tlwn m= ,;~7rXw = l.'i.2G and x=ma == lii.2ti X <Ul25 == li.:~o. 
\\'hen thc ratio of the thickness of thc conductor to thc radius is 
greater than aLout 0.01 the proximity e!Tect corrcction factor C is 
apprecia iJie. If the ratio is O.O;i , reading C from thc eur\·es, giYcs 
C== J.()(J.!. From fonnula (-12 ), Ro= ;i.'2-l ohms per mi. which makes 
thc rcsistancc R = .').;i:3 ohms per mi . 



Abstracts of Bell System T echnical P a pers 
Not Appea ring in this Journal 

l'oia-Frequmry Carria Tdc~raph System for Cabf,·s. 1 B. 1'. 
11.\\ttt.rn:-.:, II. :'\Y(,ll bT, :\1. B. f.,,~,; and \\'. 1'. l 'llt-:1.1 "· Carrier 
ll'legraph :<y>otcm~ using frequencil·s ;thon· thc voil'c range han· lwl·n 
in u,;t· for .1 nurnbcr of y!',\r~ on opcn-wirc lim:~. Thc,.,c ,.,yst•·n~-o, 

howen-r, arl' not ,;uit.thlc for long toll cal•ll' opcration ht·•·au,_,,. ral•ll' 
cireuit,; grc.ttly attt·mt.l!t' currcnts of high fn·qucncit·,... Tht· ~y,.,tt·m 
desnilJt•d in this p.qll'r u"t'" frl·qut·neics in the \·oicl' rangt• and j,., 

,;pccially adaptl'd for operation on long four-win· cahle circuit:- tt·n 
or nwrc tt·kg-r;tph circui t,; l•eing ol Jt,t inable f rom ont• four-wirc circui t. 
The ::..mte carril'r frt·qul'ncic,; are 11~ed in hoth dircct ion;; and an· 
spaced 170 t:ycles ap.trt. Tlw carrier currl'nh arl' supplil'd at cadt 
terminal ::.tation by nw;uts of a ,;ingle multi-frcqm·ncy gl'ncratur . 

.\Ietai/ir Polar-/Juplex Tdegruplz System for Long .')mall-Ga.f!.t' Cables.'! 
Jou:-.: II . BEt.L, R. B. S11."' K, and 1>. E. BK.\:-.;,.,o:-;. In conncrtion 
with carrying out tlw toll-cahle program of the fi l'll System. a rnetalli··­
eirruit pol.tr-dupln: tl'll'graph ,;y,;tl'l11 was dl'n·lopcd. Tlw mctallic­
rt·turn l)'(X' uf circuit lcn<b it,..l'lf n·adily to tlw l·ablc condition,;, its 
frt:<:dom from interfert·nce allowing thc lbl' of low potcnti;tl,; and 
curn:nts ,;o that thl' tl'legraph may he ,;uperpo~cd on tclephune cir­
cuits. The ncw ,..y,..tcm n·prt·st·nt,; an unusnal rl'lincmcnt in dircct 
currcnt telt·graph circni t,;, t ht• operating eurren t hci ng of t he :<anH· 
order of magnitude as that uf the telt·phom· eircuits on which the 
telq;raph is :-uperpo,.,t·d. 

The following are some of the outstanding- ft:aturt•s of tht: pre~ent 
systcrn. ·en,;itin· rt:lays with elo,..e(y halann:d winding-s are employl'd 
in the metallil' circuit, and "\·i!Jrati ng eircuits" are pro,·idt·d for 
minimizing- di,..tortion of ,;ignab. Repeaters art: u,;ually ,..pan•d 
about 100 miles apart. Thirty-four-\·olt linc hatteries are ll,..t•d and 
the linl' current i~ four or li\·c milli-ampLn·s on representatin· circuih. 
:-,upt·rpo"ition i,; accompli,;hcd by tlw compositing nll'thod whidt 
dcpt·tHb upon irequcncy di,-crimination, the ll'IL·graph m-cupying the 
frt:quency rangc bclow that of tht: tclt·plwne. :\L·w local-circuit 
arrangl'ments han· Ileen de,;igncd, L'l11ploying polar relays for repl'ti­
tion of the ,.,ignab: thc,..c arrangl'llll'llt,.. are ,..uitahle for thl' in making 
up circuit,.. in comhination with carricr-curn·nt and ground-rcturn 
pol,tr-dupll'X tl'll'graph "l'Ction,;. :\l'W forms of mottnting an· l'lll· 

1 jtJurnal .\. I. E. E., \'ol. H, p . .!U, t'l!.i. 
~ l'rt·~•·ntecl at thl' micl-wintc·r ('Oil\('fllion o( tlw .\.I. E. 1-:., Fl'IJ., t'll.i. 

JJY 
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pluyed in which a repeater is either built as a compact unit or is 
maue up of sevcral units which are mountetl on 1-bcams, and sub­
st•quentl~· intcrconnected. In thc lattcr case the usual arrangcmenh 
for sendinK and recei\·ing from the repcater arc omitted, and a sep­
arate " monitoring" unit provided for connection to any one of a 
group of repeaters. 

The metallic system is suitahle for pro\'iuing cireuits up to 1,000 
milcs or more in length, the grade of sen·ice being hetter than that 
usually obtained from grountl-return circuits on opcn-wire lincs for 
such distances. A!Jout ;):i,OOO miles of this type uf telegraph circuit 
arc in sen·ice at present. 

Polarized Telegra ph Rclays .3 J. R. FR\' antl L. .-\. \.ARD!:\"ER. 

This paper tliscusses t wo forms of polarized telegraph rclay which 
haYc l>een tlewlopctl by the Bell System for metallic tclegraph cir­
cuits antl for ca rricr currcnt telcgraph circuits. Both rclays are uf 
the samc genend construction except that onL' is mure sensith·e and 
c-arries an a uxiliary accelerating winding. The mure sensiti\'e n·lay 
is required to operate on reYersals of line current of one milliampere, 
a nd at the samc time rctain it s adjustmcnt o\·er long pcriods and 
fa ithfully a ntl accurately repeat signals. It is intcresting to note 
that under an· rage COIH.Iitions thc ratio of power controlled by the 
contact ci reuit to that requiretl by thc linc windings is about 5,000 
to one. The parts entering into the magnctic circuit of this relay 
cxccpt for a permanent magnct , are made of the ncw magnctic alluy 
(permalloy) rccently de\'l'lopecl in thc Bell Tdephune Laboratories. 
Permalloy Jencis itsclf to use in this relay hecause of its high pcnne­
ability and Yery small residual ('ffects. The design uf the relay 
armatme and the support for the nHn"ing cuntaets is sueh that eon­
tact chatter is practically eliminated. l'hoto-micrograms showing 
practica lly no destructi\'e action are giYen of the eontacts uf a relay 
which was in eont inuous scrYi!'e for 8 L:Z months, during \Yhich time 
eaeh contact made and brokc its circuit approximately 4.1,000,000 
times. 

Supcrt'isory Systems for R emoie Con/rot.• J. C. FIEL(). \\' ith thc 
great growth in puwer di~tributur sys tems and especially with the 
advent of the automatic sul>stations with no a ttendant thcre has arisen 
IIt't:d for a superdsory systcm to indicatc to thc ccntral Ioad dis­
patcher the position or operat ing conclitiun of each important power 
unit in the outlying stations ·and a l~o tu gin• him means to operatc 
promptly the~e power units whcn tlcsired. 

3 juurn.d A. I. E. E., \'ol. 43, p. 223, 1925. 
'Elt·clrical Communications, \"ol. J, pp.127-133, 1924. 
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By thl' turnin~ of ,, key thc dispatrlu·r can opt·n or do..,t• any switdl 
nr circuit hrl'.th·r, st.trt or stop anr of tht· m.whint·s .md ren·in· l•;tt·k 
.dmost inst.tntly .1 visnal and !'nlltinuous si~u.tl nf .t n·d nr l!rl'l'll l.unp. 
Tlll' prl'Sl'lll systl'lllS proviele in l'lll'l't a key and t\\o l.tnlp..,, olll' rl'd, 
olle green, for t'.tdt unit super\'ised mountl'd in t•.tsy an·t•..;s of tlu· 
disp.t tdll'r. 

Twu 111.1in sy,.,ll'lllS knuwn as tlll' distril.Jutor supt·n·i,.,ory .tllll the 
sehTtor supen·isory luve bl'l.'ll dcn•loped lo nH·et the varying nm­
ditions of ~ervice. 

The distributor systcm is recurnmemled when there is a !arge num­
her of units to be supen·ised in a gi\·en station. lt consi,.,ts c~scn­
tially of two motor-Jri\·en distributurs, one in each :;tation, running 
in ,.,ynchronism. Brushes on each distributor pass o\'er currespond­
ing segments of two sets of 50 segments at the same instant. Thus 
hy mcans of only four connecting wires between the stations thc con­
trol ancl continuous indication nf ;iO power units is pos:-;il.Jie. 

The selector system is recnmrnended when therc is only a ft·w 
switchcs to be super\'ised in a single station nr in se\'eral stations 
located some distance apart. I t consists essentially of band oper­
atcd ke~·s to send prcdetermined codes nf irnpulses lo operate se­
lccti\·e)y stcp by step selcctors at the distaut stations. After the 
selcctor has operatecl the power unit, an auxiliary contact on this 
unit opcrates a motor-dri\·en key to send cocled impulses to operate 
a sclcctnr at the dispatcher's station to indicate the condition of the 
unit by lighting a red or green lamp. Several stations can be super­
\·isccl over the same three-line wires. 

The di:-;p.ttcher, by looking at the lamps on his control board, can 
thus tell at all times the electrical and mechanical conclitions at all 
point:-. in the system and has means to change thc operating condi­
tions at any substation according to the demand for power. 

Sole Oll Dr. Louis Colzen's Paper 011 ..-11/ernaling Current Cable 
Te/ef!.raphy. 5 L. :\. :\I.KCOLL. Thi,; is a criticism of two papers 
which were published in the Journal of thc Franklin Institute l•y 
Dr. Louis Cohcn. lt is ~hown that Cohen's cle\'elopment of the 
tlll'ory of cable telegraphy contains many ddect,; aml crrors, and in 
particular that his criticisms of H. \Y. ?\ralcolm's book, "Tht' Theory 
nf thc Submarine Telegraph and Tt·lcphone Cable," are without 
foundation. 

Telephone Cirwil Unbalances, Determination oj .lfagnilwfe ancl 
Localion.6 L. P. FERRIS A~D R. G. :\lcCt.:RDV. This papl'r dis-

' Journal of thc Franklin Institute, \'ol. 199, p. 99, 1925. 
1 journ..1l :\. I. E. E., \'ol. 43, p. liJJ, 192-l. 



3-t~ B EJ.L svs·J F. .\1 7 T:C/1.\"ICAL JOl"R.\".-11. 

cus~es thc e!Tects of u nha lan ces of telephone circuit s on noise aml 
cro~stalk, anti descrihes met hods for detect ing t Iw pre~en re of t he~· e 

unhalanres a nd loca tin g tlwm when dell'cted. Tlw maintenance 
of telephmw c ircuit s in a hig h state of eflic iency with respect to 
hala ncp is import a nt sinn· unhalancps contrihut~· to crosstalk het\\"<'<'11 
telephorw cirruits and to noise when ~uch cirnrits are invoh-ed in 
inductin· expo~un·s. Different types of unhalances are includ<'d 
a nd their l'ITect s under ditTerent conditions of l'IH:rgization of the 
unhalann·d circuit and neighhoring condurtors are discussl'<l. :\lethods 
are desrrihed for determining : 

( 1) The genera l condition of circuit~ \\ ith re,..pec t to l>alann· hy 
cross ta lk measurements from tlwir terrninals. 

(2 ) The approximate location of unhalances along a lirw hy nwas­
ure nwnts over a ran ge of frequencies with a hridge at oiH' end of the 
lirw . 

(:~ ) Thc final loca tion of unhalances hy tield nll'a~uremcnts with 
a n unhala nce detec tor ,,·hich may he operated hy a Iineman and 
which usua lly does not require interruption of telephorw ,..<·n·in·, l':>..n·pt 
nH,nH·nta rily . 

Toll ci rcui t oflice unhalanccs are hrie!ly discussed and a special 
h ridge fo r detec ting a nti measuring tlw unhalances of composite sl'ls 
is descrihl'<l. .\ mathematical treatment of the hridge method for 
locating unha la nccs and a disc ussion of the neccssity of terminating 
t lw <· ircuit s im·ohwl in the tes ts in their cha ract eristic line imped­
a nces a re gi\·cn in a n appendix. The method s and apparatus 
d esnihed a re widely used in t he Bell System and a fTord opcrat ing 
tekphone compa nies mea ns fo r ma int a inin g- thcir circuits in thc 
cond ition of minimum prac ti ca hle unhala nce. 

Thc Thcory of P robability a nd S omc .·1 ppl iratio11 s /o En _ginccr ill .!! 
Proh/cms. 7 E. C. l\lou :--: ,\ . The purpose of this paper is to sug-­
ge»t a \\·idl'r recog-n ition hy enginel'rs of a hody of principles \\·hich , 
in its mathematical for m, is a pm\Trful instrtlllll'lll for the solutio n 
of practical prol1lems. Cer ta in fund a mental principles of tlw thenry 
of prohahilitie,.. are ,..tatcd a nd a pplied to three prohlems from the 
lield of t<·lephone l'ng-i rwering . 

.\'otr on lht• J.~·ust .\ l crlwniml l~quimlcn t c~f Lig./tl.8 HERIIERT 1 ~. 

l n :-.. l 11 thi s paper tlw va llll' for t he hrightlll'Ss of tlw l1lack hody 
at tlw nwlting point llf platiilll m nTl'n t ly oht a ined hy the \\Titer is 

' Jou rna l .-\. I. E. E ., \'ol. H, p. 122, I 'J25 . 
' J ournal of the llpri.-.tl Socil'ly uf .\nwrican and R•·v. uf Seienlilie ln ~l rtlllll'n ls, 

\"ol. 10, :\o .. l, :\l arch, 1'12.'i, p. 2/W. 
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tbt'll to lin•l ,, \,Jitlt· for thc le.J:<t lllt't'h,lllic.tl t'l)lli\·,tl··nt of light u,..ing 
tlw lall'-.t ,,tlut•,.. for tlw hl.wk ht1tly t'ott-.l.lllh .uul tlll' nwltin~ point 

of pl.11inun1. Tlll' "llt't'tral lumintllb l'i'licit·rw~· cunt· ohtainnl hy 
Tynd.dl .tntl I ;jh,.;on j-; erHployt•tl. lt i,.. found that m·t·r tlrc cntirl' 
r.lllgl' of proh,Jhlt• \·,tlue,.; of the hbck hntl~· t'olbt.lnh, tlw \'altrt•,.. for 

tlw lc.1-;t nH·ch.lllit·al t•tpri,·,dent of light rH.l)' l1e plotlt'tl "" a ,..lr;tight 

I. · f c. I I • I tnc 111 lt'rm,.; o 
1
: ,.;o t 1<11 t II' pn•,..t·nt computattorr,.; 111a~· ll' ,.,_ 

prt·,..,..t·d in .1 ,..irHplt• t'l)ll.ltinn in\\ hich .llly dt•,..irctl \·ahw,.; of tlw hl.wk 
hotl\' cnn,..t.tnl:< may hl' in~l'rll'tl. 1·,..ing the bte,.;t \';tim·,.; tlw lt·a,.;t 

nwch.micalcqui,·.d··nt of light i,.; fountl to he .OOitil watt,.; pcr hum·n. 
Thi,.. j,.. practic;dh· idcntit·al with tlw \·ahll· ohtaim·d hy u,..ing tlw 
author\ ,.,,rlil'r cxpcrinll'ntal tlt•tt·rminat ion tt-.ing thc monochromatic 
grt'l'll nll'rcury light, when comhincd with tlll' ( ;ihson and Tyndall 
hu11inou,.. l'llicit·ncy cnnT. 

l'lw/odulric Propalics ofThin Films of Alkali Jlclals. 9 I I ERBERT 

1·:. In:-.. The thin lilm,.. of alkali meta I,.; which dcpo,..it spontancorbly 
on dean mctal ,..urface,.; in highly cxhatblctl irwlosurcs an· studietl. 
The alkali llll'tab, ,..otlium, potas,.;iurn, ruhidiurn, anti cae:-.ium, in the 

thin tilm form all cxhihit. to a striking dcgree, thc selcctin· photo­
ckctric ellect lir,..t di,.;eo\Trcd in ,.;odium-potassium alloy. l·:xperi­

mt·nt,.; on \'arying thc thickne,..,.; of tlw depo,..ill'd film show that thc 
:-clecti,·c eiTert only occur,.; at a ccrtain stagc of thc tilm\ de\·clop­
mt·nt: for \·t·ry thin film,.; the sclectin· effcct is abscnt, anti it dis­
appe;u,.. again for thick layers of the pure alkali metal. The \\·a,·c­
length maxima of cmi,..sion pn·,·iou,.;ly a:<crihcd to tlll' selectin.· effcct 
in thc pure alkali mctab on the hasi,.; of ob:<t·n·ation,.; with rough or 
collnicbl ,;urface,.; arc ah,.;t•nt in tht•,..e thin film,.;. 

Thr .\"ormal anr/ Selalir•r Plwlorlrclric li.JTrcls in lhe .·llkali .\[1'/a/s 
und ThCir .llloys. 11' IIERHFRT E. IYE:-. and .·\. L. Joll:'-:sRI.IJ. The 
photoelt·ctric· curn·nt,.; from spt·cul.tr surface,.; of molten ,.;odium, P'lt­
a,..,ium, ruhidium, arul cat·,..ium. and tlwir <JIIoy,.. an· ,..tudit·d at 

\ .triotb <tllglt·-; of incidellt't' ror t he two princip<tl planes of polariza­
tion. The ,..t·lt·t·tiH· phottwlectril' eiTecl i,.. clr·arly nhihitetl only in 
thc ca,.;c of thl' liquid alloy of :-odium and potas,..ium. \\'an·-length 
tli,..trihution curn·, ,..110w maxima of l'llli,..,..ion, which are lbtJ;JIIy, hut 
not alway,.;, mo,..t pronrHIIICl'd for light polarized with the l'!ectric 
\Tctor p.trallel to thl' pl.tlll' of ineidt·ncc. TlH' wan·-length m.1xima 
prl'\'iou,..Jy a,.;,.;igtH'd to t he ,..en·ra I f'll'ment-. are not confirtiH'd; tlw 

• .\,;<rophvsieal Journ.ll, \'ol. I. X, :\o. -l, \'ov('rnl~<·r, 192·1. 
10 .\,lrophy,ical Journal, \'ol. LX, :\o. I, :\ov('Jllh('r, I'IH. 
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maxima Yary in po!-<ition for the same elcment with tlw condition 
and mode of preparation of the surface. 

Thcory of thc Srhro/cffek/. 11 T. C. FRY. The current from a 
,·acuum tuL1c is composed of discrete particles of electricity which 
emergc acconling to no regular law but in an accidental, statistical 
fa~hion. The current therefore lluctuates with time. If the fluctua­
tion~ arc amplified suffiriently they may be heard in a telcphone 
recein·r as "nnise"-a type of noise which is due to the mechanism 
of cll'ctron emission it~elf and not to out~ide interference. This 
noi~e is called the "SchrotefTekt." 

The efTect is of certain importance from the telephone standpoint. 
for it appmrs that ~ignals, the intensity of which is Jower than that 
of the aceidentat current fluctuations, can ne,·er !Je rendercd intel­
ligible J,y vacuum tube amplification since the noise due to thc sta­
ti!'tical tluctuations of space current would be amplified to the samc 
l'Xlent anci would mask the signals. Fortunately, howe,·er, tlw 
dTect is murh less pronounced under Operating comlitions than it is 
under the conditions which are most fa,·orahle for lahoratory study. 
Thi~ is due to the fact that thc prcscnce of spacc charge under opcrat­
ing conditions smooths out thc clcctron strcam to a \"ery material 
L'Xtent, and thus reduccs the tuhe noise. The Iimitation imposed 
upon amplification is thercfore not serious. 

The pr<'Sl'l!l papcr dcals with what we han• termed "laboratory 
conditions" as distirH.'t from "operating conditions." lts principal 
result, arrin·d at hy theoretical considt'ration, is: That if the elcc­
trons arc t•mitted independcntly of onc anotlwr the intensity of the 
noisc in the nreasuring instrument is 

S=vwr, 

whcre v is tlw lllllllht·r of electrons <"111ilted per unit tinic and Wr is 
thc averagt· on·r all elcetrons of the encrgy that cach \rould han· 
l"allsed to Iw dissipated in thc mea-.uring de,·ice if not othcr had L·n·r 
!wen l'Initted. 

\\"h<"n thi,., forrnula j" applicd to the type of simply tuned t·ircuit 
that wa" con,.,idt·n·d hy earliL·r "ritt·rs, it ll'ads to suhstantially the 
tlw "ame JTsults as they had ohtained. I t is moregenerat than tlwse 
t•arlil·r rl'sults, howt'\"L'r, and rest~ on lt•ss questionahlc methods nf 
deri\'ation. lt is, in fact, mon· gl"neral than tlw prohlem of the 
Schrotl'fTt·kt it>-l"lf and applies equally weil to the al1sorption of 
energy from any type of areidentat di~turhaiH'l' which satisfies thc 
t·omlitinn that the indi,·idual eleetromoti,·e impulscs occur inde-

11 Journal of Franklin Institute, \'ol. l'l9, p. 203, 1925. 
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pendent!~· of om· anothcr. ~tatic in radio telt·phony and rert.tin 
types of crosstalk prnh.thly s.tti,.;C\· thc,..t• mndition,.;. 

nu Transmission l'ni/. 1~ R. \'. L. IIARTI.EY. Th(• Bt·ll S~·stelll 

ha,.. ren·ntl~· adoptt·d ,t lll'\\' transmi,.;,.;jon unit, ahhrl'd.ttt'll Fl', for 
t•xpn•-...;in~ tiJO~l' qu.tntitie~ which herctofon· ha\'e lll't'll expres,.;t-cl in 
milc,.; of ,.;t.llldard c.tl>le, or in Europe in ll'rm,.; of the ßlunit. lt i,.. 
shown that unit~ of this typl' nw;tsllrl' tlw log.trithm of ;t r;ttio, and 
th.tt tlw pn·st·nt art require~ that thi~ ratio lll' that of two anHHtnh 
of pmH'T. Any of thl' proposed units may hc ~o dl'fined. Tlu·ir 
es-.t•nti.tl diiTt•n'nce i~ in the ratio chosen tu corre,.;pond to ont· unit. 
The r.ttin choscn for tlw TU, 10°·1

, makes it ncarly thc sanw in ,..ize 
.ts tlw SOO-cycle mile, which has a(h·antages. lt also facilitates tlll' 
the of cummon logarithms in prdcrence to natural logarithms for 
which the ratio e of the ß/unit is adaptcd. r\ distortionless refer­
enn· system calihrated in TU is discussed, and conn:rsion tahlc,.; for 
the various units are gi,·en. 

Thc Thrrmionic ll'ork Funclion of Oxide Coaled Platinwn,ll C 
D.\\'lsso::o.; and L. H. GER~IER. .:\leasurements of the thermiunic 
work function of pure platinum coated with oxides of barium and 
,..trontium havc l>een rnade simultaneously by two methods for the 
,;ame segment of a uniformly heated filament. The theory of the 
mea~urements and the experimental arrangernents are the samc as 
n,.;ed in an earlier experiment on the thermionic work function of 
pure tungsten.u Filament tempcratures accurate to ±5°, were found 
from the resistance of the filament at 0° C. in conjunction with thc 
temperature coeificients of rcsistance. (l) ln the Calorimetric nll'thod 
the equi,·alent voltagc of the work function was computed from the 
sudden \'oltage change resulting from switching oll the space currl'nt, 
due to thc cooling effect of the emission. The determination was 
much more diificult that in the case of thc tung,.;ten filanll'nt, and 
measurements were rnade at the signle temperaturc, lOG.t° K. .c\t 
thi,.; temperature the work function cf> was found to he cqual to 
1.7!1± .0:~ vo)h. (2) ln the templ'rature ,·ariation method it wa,.; 
fonnd that, after the tempt·raturc had been changed suddenly from 
<llll' \'alue to auot lwr, t he erni,.;,..ion changed apprnximately exponen­
tially from an initial \·alue to a final steady \·alue. The half value 
)ll'riod of this changl' ,·aried from a few ,.;cconds at high tcmperature 
to on·r a quarter of an hour at low temperaturc. lnterpreting thi,.; 

"Electrical Communications, July, 191-l. London Electrici.lll, j.111uary tl> and 
B, 1'>25. 

u l'hysic..t Review, \'ol. H, p. 666, 19H. 
" l>,l\·isson and Germer, l'hys. Rev., 20, 300 (1922). 
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plwnollll'lllln a~ duc to a progre~~i,·c and re,·er~ihll' change of thc 
character of the tilament with temperatnre, the initialemis;..ions after 
tcmperaturc changes from IO!i 1° K , \n·re u~ed to dctermine the b 
constant of Richanlson's l'quation corresponding to the equilihrium 
character of the lilament at 101i·l° K, and similar measurcments 
wen.> made for tlw b constant corresponding to tlw character of the 
lilament at \111° K. Tlw two detcrminations Iead, through the 
relationship rj>=bkje, to 1./!) \'!Jits and l.liO ,·olts for thc corresponc!­
ing ,·alucs of rf> . For IOii 1° K , then, the two mcthods gin· YalliL'S 
for q, in agreenwnt. The nwasmenwnts are, hm\·L·n·r, not suflicient ly 
accuratL' to gin· any indication whctlwr or not an electrun within 
the ml'tal posse,.;ses the thermal cnergy akT/ '2. Th e ,·arious cor­
rection~ made and po,.;sihlc errors are thoroughly discussed. lt is 
puinted out that if thL· transition from the cqui lillrium statc at onc 
temperatun· to that at another had occurred sn rapidly as to a\'oid 
oh,.;er\'ation, a disagreement of 2.) per cent. between the ,·alues of 
q, gin·n hy the two methods would han· heen ohtained which might 
han· heen misinterpreted. 
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Thc Bell Systetn T echnical Journal 
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Oliver H eaviside 
By F. GtLL 

A LTII<ll'l;JJ ahkr pcn~ 1 ha\'l' l''\prc~~ed appreriation of thc l.ttc 
Olin·r llc;l\·i~ide, it i~ pt·rh.tp~ permi~~ihle for an Engli~h tell'­

phone cngineer to prc~ent a notc regarding- him. Of his life-history 
not \ l'ry nnwh i~ known; hut hc may ha\'c bcen influcnrl'd in his 
choicl' of a rarecr hy thc fart that hc was a ncphcw of thc famous 
tdegr.1ph l'nginl'er Sir Charles \\'hcatstonc. Hca\·isidc was horn in 
London on :\lay J:J, IS.'iO; hc entered thc ser\'icc of thc Grcat:-..'orthcrn 
Telegraph Comp.my, opcrating- submarine cahles, and he remained 
in that scr\'icc, at :-..'C'wcastlc-on-Tync. until 1Si4. \ \ 'hile he was 
with thc 1\·lcgraph Cornpany, he puhlished in 18i:~ a paper showing 
the pos~ihility of quadruplex tclegraphy. 

:\t thc age of almut :.?I, owing, it is snggc~ll'tl, to increasing deafncss, 
ht·ldt thc ~cn·ice ofthat Company anti took up mathcmatical rcsearch 
work. How he acqui red his mathcmatical training docs not sccm to 
hc known ;~ perhaps he was self-taught,-in some of his l'apcrs he 
implics it. By whate\'cr means hc mastered the principles, it is 
l'\·idL·nt that he was an ardent student of :\l axwell, for constantly 
in llca\·iside's own writing runs a \'ein of appreciation of l\ Iaxwell. 
For some time he li\·ed in London, then he mo\·ed to l'aignton in 
De\'on~hire; his Electrical Papers arc written from thcre, and hc dietl 
at the ncighhoring town of Torquay on Fehruary 4, IU2;i, in his 
i.it h ycar. 

That is ahout all thc pcr~onal history at prcsent a\'ai lable, anti yct 
it gi\'es a clue to a tluminant notc in his charactcr, \'iz., rcluctance to 
come into promincncc, originating, pcrhaps, in a kintl of shyness, 
which ultimatcly k·d tu thc rcclu"t' statc. I t i~ strange that so remark­
.tblc an in\·cstigator shonld. in his earlier manhootl, ha\·c con\'incctl 
so fcw, notwith~tanding the fact that hio; \'oluminons writings made 
his name weil known. lt must , howen·r, he remernbered that his 
.trticles Wl·re \"Cl')' diffi cu lt, l'\·en for ath·anrcd mathl·maticians to 
follow, for hc uscd a systcm of mathematirs which, at that time 

1 Tlr~ E./ulrJci<lll, \'ol. XCI\', p. li-l, hy Sir Oli,·cr Lodgc, F.R.S., 0.;\1. Sa/ur~. 
\"ol. 115, p. Bi, hy Ur. :\ll'x. Russe II, F. R.S. 

2 \\'as hc thc youth with thc frown in thc lihrary? llc says hc "thcn died," hul 
.1lso says "he was ('alen up by lions." (E. ;\l.T., \'ol. II I, pp. I and 135.) 
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was unusual. \\'hatcvcr the cau~c. the fact rcmains that until auout 
thc year lDOO fcw cngincers unclerstood himo 

Cuming to hi~ work, what was it that Hem·i~idc did, and upon 
what doc~ his fame rcst? That is too I arge a subject for a tclephone 
enginccr to answer fully, but as rcgards communication cnginccring 
somcthing rnay uc saido Hi~ great achic\·cmcnt was thc disco,oery 
of thc laws governing thc propagation of cncrgy in circuitso H e 
recognizcd the relationship hctwccn frcqucncy and distortion; hc 
illustrated it by numerical examplcs, and he showed what was re­
quircd to makc a "distortionless circuit." Further, he showcd thc 
effects of "attcnuation" ancl the rcsult of "inductance" (thcsc words 
werc his own coinagc) in imprO\·ing telcphonyo H e also cxplainccl 
how thc inductancc of circuits could bc incrca~ed; hc suggested the 
use of continuous loading, of lumpcd indurtancc in the form of coils, 
and he pointed out the difficulty of obtaining sutlicicntly low resistance 
in such coilso llc im·estigated thc ciTect of sca and land ancl thc 
upper atmospherc on thc propagation of radio cncrgy and how it was 
that this encrgy cou ld hc Iransmitted mocr thc mountain uf carth 
intern~ning het\\occn two distant placcso 

fli s acti\oity in thcse mattcrs can bc~t bc illustrated hy cxtracts 
from his writings, as follows: 

In his "Eiectrical Papers," \ 'ol. II , writtcn in 1:-\Si, po Hiol, he 
gin·s numcrical examples of frcqucncy di~tortion a nd of its correctiun, 
and says: 

"lt is thc \·ery es~cnce of good long distancc t<'kphony that 
inductancc should 110/ be ncgligiblco" 

In his "EicctromagnC' tic Thcory ," \'ol. I, pu],Jishcd in lSfl:~. hc 
considcrs in .SC'ction 21t', po 4-1 I. 

"various ways, good a nd bad, of incrcasing the inductancc of 
circuits" 

H e suggcst~. pagc .J..j;), the u:-c of 

"o 0 0 inductance in isolatcd ltnupso This mcans thc inscrtion 
of inductancc coils at intcnoals in thc main circuit. That is to say 
just as the cfTcct of uniform leakagc may l>c imitated hy leakagc 
conccntrated at distinct points, so we should try to imitatc thc 
inert ial eiTccts of uniform ind ucta nce hy conren trat ing t hc induct­
ance at distinct pointso Thc more point~ thc better, of coursc 0 0 • 

Thc ]o:Jectrical dilliculty hcrc i~ that indurtancc coils ha\·e rcsistancc 
as W<'ll, and if thi:-. is too grcat thc rcmedy is worse than the discasco 



.l'il 

. To get l.1rge inductanc~· with sm;dl rl'sist.•nn·. or, mort' gt·n ­
er.dly, to 111.1kt· coib h;n·in~ brgt' time colbt.lllts, rl'quircs the u"c 
of pll·nty of coppt'r to gl't tht· t'O!Hiuctann·, and plenty of iron to 
get tlw inductalH"~·. cmploying a propcrly clrN·d magnctic circuit 
properly di,·idcd lO pn·n·nt c'l:tra resi"tam·c .llld canrdlation of tl:e 
inneascd indnctann· ... This pl.1n .. . is ;1 straightfnrwa nl 
way of inncasing thc L l.~rgely without too much incrcasing the 
n•sistant't' and m.1y hc worth working out and dcn·lopmcnt. But 
I should add th;lt there is, so far, no dircct c\·idcnre of the lll'nclicial 
artion of indnctance hrought ahout in this way." 

ln "Eicctrical Papers," \ 'ol. II, p. ~11. hc deal~ with rcllcctl'tl 
wa\'cs. aml on page :n i hc says: 

" ... but the transmitter and the rccei\'ing tclephone distort 
the proper signals themseln·s. Thc distortion due to the electrical 
part of thc recei,·er may. hmn·,·er, he minimizcd hy a suitablc 
choice of its impedance. 

"Eicctromagnctic Thcory," \'ol. I, p. -10-1:-

"\\'t' ha,·c SCl'll that thcre are four distinct quantitics which 
fund.1mentally control the propagation of 'signals' or disturbances 
along a circuit, ~rmholized hy R, K, L, and S, the rt'sistance, 
cxtcrnal conductancc, inductance, aml pcrmittance;" 

"Eiectromagnetic Thcory," \'ol. I , p. -111:-

"lt is not mcrely enough that signab should arri\'e without bcing 
di~torted too much; hut they rnust also be big enough tn hc useful 
... :\'or can we fix any limiting distance hy considcration of dis­
tortion alone. Ami C\'Cil if we could magnify \·cry wcak currents, 
say a thousandfold, at the rccci,·ing end, wc should simultancously 
magnify the foreign intcrfcrcnces. In a normal state of things 
intcrfercnces should be only a small fraction of thc principal or 
working current. But if the latter he too much attcnuatcd, the 
intcrfcrenccs hecome relati,·cly important, and a source of ,·cry 
serious distortion. \\"e arc, therefnrc, led to cxaminc thc influence 
of thc different circuit constants on the attenuation, as compared 
with their influencc on thc distortion." 

"l~lcctrical l'apcrs," \'ol. II , p. 102:-

"I was led to it ( the distortionlcss circuits) , by an cxamination 
of the e!Tect of tclephones hridged across a comrnon circuit (the 
proper pbcc for intermediate apparatus, rl·mm·ing their impcdann·) 
on wa\'es Iransmitted along the circuit." 
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\\'ith regard to Radio Communication, onc extract must suflicc 
writing on The Electric Telegraph in Junc, 1!102, for the Encydopcdia 
Britannica, hc s;.Jys,-"Eicctromagnctic Theory," \'ol. II I, p. 33.1:-

"Therc is something similar in 'wirclcss' tclcgraphy. Sea watcr, 
though transparent to light, has quitc cnough conducti,·ity to 
makc it behavc as a conductor for Hcrtzian wavcs, and the samc 
is truc in a morc impcrfcct manncr of thc earth. Hencc thc wavcs 
accommodate thcmsch·cs to thc surface of thc sea in the same way 
as waves follow wires. The irregul.trities make confusion, no 
doubt, but thc main wa\·cs arc pullcd round hy thc curvature of 
thc earth, and do not jump off. Thcrc is another considcration. 
Thcrc may possibly bc a sufficiently conducting layer in thc upper 
air. lf so, thc wan·s will, so to speak, catch on to it mure or less. 
Then the guidancc will he hy the sca on one sidc and t hc uppcr 
layer on thc othcr. But ohstructions, on land espccially, may 
not be comlucting cnough to makc wavcs go round them fairly. 
Thc wavcs will go partly through thcm." 

Probahly due to his long scclusion, his approach to certain suhjects 
was rather critical. At one time I tricd tu get a portrait of him for 
thc Institution of Elcctrical Enginccrs, hut failed ;-hc did not wish 
to have his photograph cxhihitcd, he thought that "onc of thc worst 
results (of such cxhibition) was that it makcs thc pul>lic characters 
think thcy rcally arc vcry importa nt pcople, and that it is thcrcfore a 
principle of their livcs to stand upon doorstcps to he photographed." 

On another occasion when I scnt him a copy of an articlc by a dis­
tinguished tclephonc cnginccr on "Thc llca\'isidc Operational Cal­
culus," he replied th;.1t hc had "lookcd through thc papcr ... with 
much intercst, to sec what progress is ucing madc with thc acadcmical 
Iot, whom I han· usually found to he \'Cry stubhorn and somctimes 
wilfully blind." 

Somc ha\'C held that Heaviside was not recognizcd as hc ought to 
havc hcc11. This was prohahly thc casc somc time ago, hut not in 
reccnt years. Thc same is truc of many vcry grcat mcn who werc 
much in advancc of thcir time, for thc English havc thc national 
charactcristic that they do not makc much fuss ahout their grcat 
men. So if llca,·iside suffercd, hc sharcd this cxperiencc in common 
with othcr pioncers who dcservcd highcr rccognition. Sec, for cx­
amplc, what lleavisidc himself said ahout onc of thcse, in a footnote 
in "Eicctromagnetic Thcory," \'ol. III, p. sn: 

"Ccnq;c Francis Fitzgt·rald is dcad. Thc premature loss uf a 
man of such striking original genius and such widc sympat hics 
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will bt• cou,;idl'r!'d h~· tho,;e who knl'\\' hi111 .llul his work to Iw a 
n.ttional misfortum•. t >f course, thl' 'n.ttion' kuows nothing ahout 
it, or why it ,;()(luld he so." 

I >uring thc last 20 years or IIIOIT, the signific.tnn· and lumiuous 
qu.tlity of the work nf llca\'iside has hl'l'll iucrl'asing hy acklwwlcdgc:.l 
mathcmatici;llls an<l hy practical telephonl', tel!'graph aml radio 
enginecrs. To otlter electrical enginl·<·rs his treat111ent of wan·­
transmi,;sion has not yet appeal<·d quite ,;o :-.trongly. 

l'robahly his tirst recoguition callll' from his contrihution to the 
problem - "Eiectromagnetic lnduction and its l'rop;1gation" in the 
F.lrclrician. lt appeared as a series of artides hetween January, 
I~S.'i .llld l>ecember, ISSi. lli s "Eiectrical l'apl'rs" wcre written 
.tt ,·arious times and wen• published in two \·olumes in 1~!12. Thcn 
followed his thn·e \·olumcs on "l~lectromagnetic Theory"-on the 
hasis of the Rleclrician articles puhlislll'd in IS!J:3, 1S!J!J and 1!ll2. 
lie also \HOle, in 1!102. the artide on the "Theory of the Electric 
Telegraph" in the "Encyclopedia Bri tannica." 

In ISUI, the Royal Society marle him a Fellow. In IS!lfl, tlw 
.\merican .·\cademy of .-\rts and Seiences elected him an llonorary 
;\lember. in !!lOS the In stitution of Electrical Engineers did thc 
same, followed by thc .-\merican Institute of Elcctrical Engincers in 
l!ll i'. The Litcrary and J>hilosophical Society of ;\l anchester also 
t·lected him an Honorary ;\lember. He was an Hon. Ph.D. of the 
l'ni\'l'rsity of Gottinge11. and in 1!>21, thc Institution of Electrical 
Engiueer,; confcrred upon him the highest award in their gift-the 
F.traday ;\ledal. HP was the tir,;t recipient of thi,; .:\ledal which was 
e,t,thli,..hl'd to comnwnwrate thc .iOth annin·rsary of the founding of 
thc original Soci<'ly of Telegraph Engineers and of Ell'ctricians, ancl 
since then the llll'<hd has h('l'n lwstowed upon Sir Charll's l'arsons, 
Dr. S. Z. dc Ferranti, and Sir J. J. Th om~on. 

From time to time there werc reports of his li\'ing in great pu\'erty, 
and attempts werc made to help him. These reports lackl·d propor­
tion, hut it is truc he had not much moncy and perhaps still lcss com­
fort: hc was a difficult man to help. Towards the end of his lifc he 
rccei\'cd frorn the Hritish Go,·ernment a Ci\'il Pension. His indc­
pcndcnt character rendered it necessary that oflers of assistance should 
he tactfully made and apparently this was not always thc casc, as I 
belie\'e help was sometimes refused: hut there were those who suc­
ceeded. .-\nnther difliculty was his unconn·ntional mndc of li\'ing 
which cau~ed him, in his last years, tn lin• as a reclus(', cooking and 
looking after his hotbe alonc. 
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just what o ther work Hea\"i~ide did, in addition to his published 
writings, i ~ not a t pre~ent known to me. I belie,·e he lcft a good 
deal of ma nuscrip t, but whether it is in such a state that it could 
)Je com pleted by another, I do not know. Let me conclude this nute 
by a n extract from his last chapter of his last hook, "Electromagnetic 
T heory ," \ 'ol. 111, pagc .')19:-

'' As the uni\"erse is boundless one way, towanls the great, so it 
is equally boundless the .other way, towanls the small; and im­
portant e\·ents may arise from what is going on in the insidc of 
atom s, and again, in the insicle of clectrons. Therc is 110 encrgetic 
clifficulty. Large amounts of energy may be \"ery condensed by 
reason of great forces at small distances. How clectrons are rnade 
has not yet been disc: l\·ered. From the atom to the electron is a 
great step, but is not linality. 

"Li,·ing matter is somctimes, perhaps generally, left out of 
consideration when as~erting the well-known proposition that the 
course of e\·cnts in the physical world is detcrmined by its present 
s tate, and by the laws follow.:d. But I do not see how living 
matter can be fairly left out. For we do not know where life 
hegins, if it has a beginning. Tlwre may he aml probably is no 
ultima te distinction betwcen the )j,·in g anrl the dead." 



The Loaded Submarine Telegraph Cabte • 
Oy OLIVER E. DUCKLEY 

-.;, 'lll"'l' · \\ il h ,JII inrre,•~·· of l r.JIJj,· , .•• rn·in~: •··•P·ll·it y of .1110', o\'l'f 
th.1l of rnrn"'l"'ndin~o: Lli•lt•s ol lh•· prt·\·ious ,Jrl, 1111' 'l'\\' York-.\~on·s 
J~erm.dlo\'-lo.l•h·tl LJI>Il' m.1rk< a n·,·olul ion in ,uhnl.lri•w .-•• hh· pra.-lll't'. 
Thi< l',Jhll' n·pn•"·nh tlw fir,l pr.11·t i.-.11 ·•I'Pii,·,ll ion nf intlnl'l in· ltwlinlo': 
lolr.llh•H.·e.lllil' I",Jhlt•,. l'lu· •·opp.-r •·ont!lwlor nf tht• c.Jhlt· i, surrountled h~ 
.11lun 1 •• ~ •·r nf tlll' n•·" m.J).;lll'l i.- m.Jl<·ri,d, pt·rmalloy, whi.-!1 ~•·n·•·s lo int·n•,J'<' 
ir- intln.-l.llln· .uul .-on-.·qut·ntly ils ,JI,ility lo lr.uhmil .1 r.1pitl 'IHTt•s,ion 
of lt•lt·J.':r.Jph ,i~:nals. 

l'his p.Jilt'f cxpl.1in< thl' p.lrl pi.Jy.-tl hy lo,Jtlin).: in the op.-ration of a cahle 
of thc 1\l'\\ IYI"' .mtl di.,.·u--t·s sonw of 1hc prohl,·ms whit·h wen· in\'oh-l'd in 
thc tlen·lopnwnl leatlin).: up tothe fir,t •·ommt·n·i.d inslall.11ion. l',,ni.-ul,,r 
,Jll<·ntion 1s ).:in·n to IIHISI' f<·.ltllrt·' of lht• lransmi"ion prohlem wlwn·in 
,, pr.ll·tit· • .l •·al•h· tlifT<·r~ from llll' itlt• . .l ,.,.hlt· of pre\'iou' lheort'li•·al tli~­
cu~"~IOih. 

llrid nlt'nl ion i< matl•• of 11\t',ll" of operal in!-': lo.Jd<·tl .-ahlt·< and t Iw pos­
sihlr trend of fulun· tlt-n·lopml'nl. 

I'Eiüf .\LL!l\' Ltl.\lll:\1 ; 

T JIE announcenwnl on September :?!, IV:?-1, that an opt·r;rting 
speed of on·r 1/•fltl lettt·rs per minute had been ohtainl'd with 

the tll'\\' :?,:mo mile Xew Ynrk-.-\zores permalloy-l••aded rahlt· uf the 
\\"e::;tern ('nion Telq.:raph Company, brnught to thc attention of the 
puhlie a den·lopmenl which pnuni"es to re\'olutionize the art of suh­
n·arine eahle telegraphy. This ;mnounn•mt·nt was hased on thc 
result of the tir;,t test of the operatinn of the new cahle. .-\ few weeks 
later, with an impron·d adju"tntent of the IL'rminal apparatus, a 
,;peed of m'l'r I ,!100 letters per minute was ohtained. Since this 
spced repre,.ents ahout four times the traffic capacity of an onlinary 
cal.Jie of the :-.ame size and length, it is clear that the permalloy-loaded 
cable m;trks a new era in transoreanif' CI Hllll1ttnication. 

The Xew York-.-\ zures eahle represents the tirst practical attempi 
to :'il't'llrl' innl'ased ,;peed of a long suiHll<lrine telegr,tph c.thle hy 
indueti\c loading a nd it is the !arge <btrilmted inductance of this 
cable which is principally respon"ihlt· fur i~,; rema rkabk performance. 
This inducLmn· j" :-.t·cured hy ;,ttrrnuncling tlll' condw·tor of thc cahll' 
with a thin layer of permalloy. Fig-. I ;,lwws tht· corbtruction of 
the deep ,;l'a :-.t-ction of tlw rable. In appearance it ditTers from the 
ordin;try typt· of eahle principally in h;n·ing a pt·rmalloy tapt· IJ.OO i 
inch thick and fl.I:?'J inch widt:', \Happed in a do;,e helix around tlw 
stranded copper condunor. 

Permalloy, which has been descrihed by Arnold and IJmen ,l is an 
.tlloy con"isting prinripally of nicke! ancl inm, characterized hy n·ry 

1 l'n·"··nted hdorc thl' ,\ I. E. E., Junc lt., 1925. 
'Jour. Frallklirr /Iu/., \'ol. l'l.'i, pp. fll t IJ.ll, :'llay 1923; B. S. T. 1., \'ol. II , :o-.:o. 3, 

p. 101. 
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high pt·rnwability at low magm·tizing forces. The rclati\'e propor­
tion of nicke! and iron in pcrmalloy may be , ·a ried through a wide 
range of additional elcmenls as, for exampk·, chromium may ])(' addcd 
to securc high resistivity or otlwr dc~irahll· properties. nn account 

I 
Fig. t l'.:rmalloy-l.oaded Cahlt·. .\hon·, st·ction of dcep sca type showing con­

'truction. lklow, scction of con· showing pcrrnalloy tape partly un\\'OlltHI. 

of its ext rcmcl y high initial pernwaJ,ility a thin laycr of permalloy 
\\Tapped around thc copper conductor of a cahle grca tly incrcascs it s 
inductancc C\'l'll for t he sma lies! currcn ts. 

In the casc of the l\"ew York-Azores cablc thc pcrmalloy tape i:-; 
composed of approximatcly jg} /1. nicke! and ~I }zt'( iron and gi,·cs 
thc cahle an inductancc of allout !i.t millihcnrics per nautical milc . 
An approximate \'ahtl' of thc initial pcrmca!Jility of the penna lloy 
in that cablc may he got hy <Jssuming the lwlical tapc rcplaccd hy a 
cont inuous cylinder of magnetic material of 1 he same I hi ckncss.3 

This material would havc to han· a pcrmeahi lit y of a llout ~. :wo to 
g i\'c t hc ob~cr\'cd induclance. ,\ bettcr appreciation of thc cxtraor­
dinary properlies of thc m·w loading- material may J,c o htai ncd by 
comparing thi s pt·rnwahility with that which has pn·, ·iously Ileen 
ohta ined with iron as the htding material. Thc Key \\'cst- lla\·ana 
Jelephom· c;tblcs arc loaded with O.IIU" inch diamctcr soft iron wirc. 
The pcrmcaiJility of this win·, which was t hc bt•sl which conld hc 
obtaincd oHnmcrcially whcn !hat cahlc was madc, is only about ll!i , 

3 Thc truc inilial p~rrneahility is slightly higher. To cornputc it, al'counl rnusl 
hc Iaken ol thc fa<'l 1ha1, contrary lo \\hat has ht·cn sonwtimcs a,;sumecl, thc mag­
n.:tic lines of induction in the tapc clo not lorm clo,.cd loops arounclthc wirc lnJlll'ncl 
lo follow llw lape in a lwlical palh. Thc pitch ol thc hclical path of thc lines of 
induclion is ~li;:htly less than lhat.of lhc permalloy tapc with 1he rcsult lhat a lirw 
ol induction tak .. s a Jlltrnhcr ol turns arouncl thc concltwtor, thcn nosses an airgap 
ltt·l \\'l'en I wo adjan·nt l nrns ol tapc and conl inut•s along tlw tapc lo a point wlwrc 
it ag.tin slips hack anoss an airgap. (I. E. llucklt•\', llritish l'a!t•nt ;-.;o, 206, IO.J , 
1\lan·h 27, I11H, al~o 1.;:. \\'. \\'ag1wr, E.\'.T., \'ol. i, :\o. S, p. ISi, !QH. 
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or approxinhtlt·l~ ntlt'·t\H'Iltil'th tlt.tt of tlw pc-rtn.dl .. y t.tpt· of tlw 
:\ew York-.\tores eal>k. 

Tlw propo:-,!1 to 11:-t• pt•rnJ.dloy lo.Hiin~ to incn·;t..,t ' tlll' :-pn·d of 
Ion~ telq.:r.1ph e.1hll's was ollt' outconw .,f ;111 inn·sti~a ticon under­
takl'n hy tlw anthor soon ;Jftl'r thl' w.tr to dctermine whl'tlwr sorm: of 
tlw llt'\\' nwth .. ds ;utd m.ttl'ri.tls den·loped prirnarily for lt·kphony 
might not lind import;mt application to suhm.trirw tel1·~r;q1hy. In 
the ~ub:-eqllt'lll dl'n•lopllH'Ilt of the pl·rmalloy loaded c;thlc a brgl' 
nttmhcr (lf rww prohll'ms, hoth thl·orL·tical and practica l, h.ul to he 
soh-l'd hdore the manuf.wttlrt' of a cahlc for a comnH:rcial projl'ct 
could he undertaken with rl'as .. nahle assurance of sucn•ss. T ht• 
prohlems l'llronnterl'd wen· oi tltn·l' princip;d kinds. First was that 
of the tra11smi:-sion of signal,.; oH·r a cahle ha\·ing tlw characll'ristic" 
of tlw trial conduetor:- madc in tlw lahorator~·. .\lthottgh tlw tlwory 
of tran:o;mission on·r a loadl'd cahle had het·n pn·,·iously treated hy 
other:o;, the prnhlem t·onsitlered had ht•t•n that of an i1h-al loaded cahle 
with :-;impfe a~:-nmptions a.- to it,.; ekctrical constants and without 
n:gard to tlw practical limitations of <t real cahle. T he second class 
of prohlems had to do with the prat·tical aspect,.; nf dc,.;ign, manu­
factttrl' and instaii.Jtion. l n this connection an L·xtensi\'l' serics of 
l'X(ll' rimL·nts was conducted to detcrminc t hc mcans reqnircd to 
st·cnrc at thc ocean Lottom the characteristics of tlw lahoratory 
samples on which the tran,.;mis,.;ion ,.;tndies \\Tre hascd. r\ mong tlw 
numerous prohlems which arosc in this connel'tion Wl'rt' those ('Oil­

cerned with protectin~ the copper conductor frorn any pnssiiJit· dam­
age in thc heat-treating opcration which was lll'l'l':-s;lry to Sl'Cure the 
desin•d ma~nctic characteri,.til's, and tho,..t• com·t·nwd with protecting 
the strain-sensitin· permalloy tape from h1·ing damaged hy sub­
rnerging thc cahle to a great depth. T he third das,.; nf prohlt·rn had 
to do with terminal apparatus and nwthnd» of operation. Thl' 
pro,.;pt.•ctive sjll'ed of the nt'\\' cahle wa,.; quite heyond the capahilitil·s 
of standanl cahlc equipment and arcordingly tll'\\' apparatus and 
operating methods suitcd to tlw loaded cahlt· had to hc worked out. 

In particular it was necessary to dt·\ ·e lop and construct instnlllll'llls 
which rould he used to demonstratc that tht· SJll'l'd which had ht·t·n 
predicted could actually he secun·d. Tlw s11cn·s,; of tht' inn·stiga­
tions along all thret• lines i,.; attt>slt•d II\· tlw n ·s11lts which Wl'rt' oh· 
tainL·d with the :\"!'w York-:\zores c;,hJ;.. I ig. ~ ,..hows a Sl'l'tion of 
cable r(:'conk·r slip, thl' t•asily lq:iblt · tm·s,..;Jgc· of whic-!1 \\' ,1-; st·nt from 
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Horta, Fayal, and recein'd at :\"e,,· York at a speed of 1,'1:?0 Ietter!' 
per minnte. 

I t is principally \\·ith reg-ard to the tlr~t of the~e cla~se~ of problems, 
that of the tran,.mi,.,_ion of signals, that the following discnssion is 
conn-rtwd. :\o attempt will l>e madt· here to disruss tlw details of 

TIIE \\ESTER:\ EI.ECTI<I<" ("(J:\11'.\:\Y 

FRESIIEST .\T B(JT l"ll:\1 \1.\RKET I'RICES 

SIIE IS IIIS SI STER 

Fi~-:. 2 Test :\le~~age. \\"estern ("nion :\ew York-.\7-ores l'ermalloy-Loadld 
Cahle. Sent frorn llorta (:\zon·s) and rcC"ei\"ed at :\ew York, :\o\"ernher 1-l, 192-l. 
Speed t 920 Ieiters per minnte. Rccorrled wit h ~pcdal high specd siphnn reconler 

design and de\elopment of the physical structure of the cahle, nor 
will thne !Je gin·n a detailed description of the operating results or 
how they \\erl' obtaincd. Tlwse suhjecb must l>e resern·d for l.tter 
puhlication. lt is desired in what follows to explain how inctuctive 
loading impn,,·es the operation of a submarine cahle anti to point 
out some of the prohlems ronrerned with the Iransmission of signals 
which had to he considered in engineering the first long loaded cahle. 

F .\CTO Rs LntiTI:"t. SPEED oF :\o;-.;-l.o.\DEil C.\!lt.E 

ln order to understand the part played h~· loading in the trans­
mission of "ignals i t is d,·,.iral>le tirst to n·Yiew hriell~· t he "tat us of 
the ca ),)l' art prior to the introduction of loading anti to ronsidl'r the 
factor" tlwn lintiting caJ,Je spel'd and the po,_,_j!Jle means of on·r­
coming tlwm. .\ cabh• of tlll' ordinary ty pe , without loading, is 
l'SSl'll tially, so Ltr a" i h ell'ct rical propnt ies arl' t·oncl'rtll'd, a resbt­
ance with a capacity to l·arth di,.trilntted along ih length. :\lthough 
it does han· stllllt' indtwtann·, this is too ,_mall to alTert Iransmission 
at onlinary speeds of ")ll"ration exn·pt on cahles with l'XIrenH'ly hca\"r 
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l'OIIlllll'tl>r,.; Thl' IIJll'rating "Pl'l'rl .,f •• llllll·lo.J(It•d l'al>le i,.. olpproxi ­
III.Jtl'ly ill\ l'r,..l·ly proportion.JI to tlu· pnullwt of tlll' total n·,.;i,.;tann• 
hy thl· total <'ap;Jrity: th.Jt i,-, 

' k 
.'i = ('Rr~· 

\\lwn· c j,., l'olp.Jrit~ ollld R n·,.;i,..t.JIICl' Jll'r llllit length, and I j,- thc 
kngth of th(' l-.thll·. Tlw rol'llicil'lll k is j.!l'lll'r.tlly n·krrl'd to a,; thc 
"l'l'l'd con,..t.lltt. lt i,-, of <'Oilr"l', not a Clllhl.tlll ,..jnn· it d<·pend,.. on 
'<lll'h factor,., ;,,.. ter111in.tl inll'rfl'rt'lll'l' and met hod of OJWrat ion, httt 
j,., .1 l'Oil\'l'llit·nt l>,t,.;i,- fnr l'OIIlparing the l'lliril'ncy of opl'ration of 
cahle,.; of dillereut electriral dinll'n,.;ion,.;. As thc tl'chniqut• of opcr­
ating cahll'" ha,.. intpron·d tlll' aceeptcd , ·a hll' of k ho~,.; incn·a,.;<·d, ih 
\'ilhll' oll any time hcing dcpcndent ()JI thl' factor tlll'n limiting thl' 
maximum ,.;pced ohtainahle. Thi,- factor ha,.; at tillll'" hcen tlll' 
sen,.;itin·m·,..,.; of thc rccei,·ing app;Jratu,.;, at othcr time,; tht· di,.;tor­
tion of ,..ign.tl,.;, and in reccnt )'l'ar,; interfcreJH'l'. l>uring a great part 
of the hi"tory of suhmarim· cahk· tl•kgraphy distortion was eonsidercd 
thl• factor which limited tht• spl'l'd of opcrati011 of long cahlcs and on 
thi,., account most of thc prt•,·iou,; di,.;ctbsions of ,..uhmarinc cahlc 
tran"mi,-,.,ion han· lwl'n concerncd principally with distortion and 
mran~ for corn·cting it. :\ s tl'rminal apparatus was gradually im­
proved mea1b of correeting di,.;tortion werc den·lopcd which prae­
tically l'liminatt•d di,.;tortion as an important factor in thc opcration 
of long cables. \\'ith distortimt thu,; t•liminated the spced was found 
to hc limited prineipallr hy thc ,.;en,;itiH"ncss of thc rccci,·ing ap­
paratus. This Iimit wa-., hm\'t'\'t:r, l'iiminatl'd in turn hy thcdcn~lop­
ment of ,;ignal magniticrs. During ren~nt year,;, in which nunH:rous 
cahle signal m.tgnitier,.. han· IJt•cn availat,te aud llll'thods of correcting 
di~tortion han· ht'l'll understood, th\' only factor limiting <"ahko spced 
ha~ heen the mutilation of the fl·l·hl(' rl'cci,·cd ,;ignals by intl'fferencc. 
i\lost cabJt·,.. are opl'r.ttcd dnplex. and in the,.;e the "Pl'l'U is tbually 
lintited by interferl'lll'l' hetWl'l'll tlw outgoing and incoming ,.;ignak 
ln cablc~ operatcd ,;implc"X, ;Hili al,;~ in c;Jhlc,.. operated duplex whcre 
terminal condition-. are unf<l\'oraiJie, speed i,.; limited hy l'Xtraneous 
intl·rfert·nn· which may he from natural or man-madt· sonr<'l'S and 
which varies grcatly in dilll'n·nt locations. The strength of the 
recei\·cd curn·nt must in l'ithl·r ca>-e l•e ~rc.tt l'nongh to make the 
,.ignals Iegihle throngh thl· superpo"l'd intcrferl'lll'l' ntrrl'lll. Owin g 
to thc rapidity with which thc rl·rein·d signal amplitudc is dccreased 
as thc 5pccd of >-t:nding is incrca,;ed, thc Iimit in~ spel·d i,; quitc sharply 
dcfined by thc interfcrcJH'l' to which the cahle is ,;uhject. 
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\Vith thc spccd of opcrat ion thus limitcd thcrc were twu ways in 
which the limiting speed could ])(' increased: the intcrference could 
be rcduccd, or the strength of signals made greatcr. i'\o great rcduc­
tion in interfcrencc dm· to Iack of perfect duplex halancc could bc 
expected, as balancing networks had already hcen grcatly rcfincd. 
Extrancous interfcrcnce in certain cascs could hc reduccd hy thc use 
of long, properly terminatcd sca-earths. Thc signal strength could 
bc incrcased either hy incrcasing thc sending voltagc or hy decrcasing 
thc attcnuation of thc cahle. Hmvc\·cr, with duplex operationnothing 
at all is gaincd hy increasing thc voltage in cases whcre Iack of perfcct 
duplcx ha lancc Iimit s thc spced, and with simplcx operation any gain 
from raising the voltagc is ohtaincd at thc cost of incrcascd risk to 
thc cablc, the sending voltagc heing usually limitcd to about 50 
\·olts by consi<lcrations of safcty. Thc attcnuation of the cahlc could 
be rcduccd and thc strcngth of thc signal incrcasc<l hy use of a !arger 
copper conductor or by using thicker or hcttcr insulating material. 
:-.!onc of thcsc possihlc impro,·cmcnts, JHJ\\·cvcr, sccmed to offer pros­
pect of very radical advance in the art. 

Tn tclcphony, hoth on land and submarine lincs, an advantage 
had bcen ohtaincd hy adding inductancc 3 in either of two ways, hy 
coils inserted in scrics with thc linc or hy wrapping thc conductor with 
a laye r uf iron. Thc insert ion of coils in a long deep-sca cable was 
practically prohihitcd by difficultics of installation and maintenance. 
Acconlingly, only thc sccond method of adding inductance, com­
monly known as Kraru p or continuous loading, could hc considcrcd 

• The idea of improving tlw t ran smission of signa ls ovcr a line hy adding dis­
trihuted inductance lo it origina led with Oliver ll eaviside in 181\i (Eiec trician, \'ol 
X IX , p. i9, and Electromagnetic Tlwory, \ 'ol. I, p. -l-!1, 11\93 ), who was thc tirst 
lo call attention lo tlw part playcd l>y inductatH'e in the Iransmission of current 
impulses over the <:ahle. !Je suggesled as a means for ohtaining increased induct­
an<:e the ust· of iron as a part oft he conductor or of iron dust emLedded in thc gutta 
percha insulation. llc also prorosed inscrting indm:tan <:e co ils a t intervals in a 
long line. Othcr types of coil loading were proposed by S. 1'. Thompson ( British 
Patent 22,30-l-IS91, ancl 11. S. t'a! t·nt s 5il,i0ö and Sil,iOi-IX'J6), and hy C. J. 
l{eecl (U. S. l'al enls 510,612 a nd SIO,(li3-1S93). ;\I. I. t'upin (:\.I. E. E. Trans., 
\ 'ol. X\ ' 1, p. 93, IS'I<J, and \'ol. X\'! I, p. HS, 1900) was the firsl to formulatc the 
critt•rion on the hasis of which <:oil loaded telcphone cabl,·s l'Ould hc designed. Con­
tinuous loading hy nwans of a longitndinally disl'ontinuons laycr of iron <:overing 
tht• nmdurlor was proposcd hy J. S. Stone in IXIJ 7 ( lT. S. P.ttent 5i8,2i5). Breisi~ 
rE. T. Z., :\ov. 30, 11\'l<J i suggesl<'<l the use of an open helix of iron wire wound 
aronncltlll' l'<>ndnctor and Krarup ( E. T. z., :\pril 17, 1902) proposed using a dosed 
~piral so that 1 he adjan·nt lmns wert· in contact. J. II. Cuntz (U. S. Patent 977,713 
tiiPd :\larch 1'!, I'JOII proposed anotllt'r form of con tinuons loading. Recent generat 
di~cussiotJs of lnad .. d lele~-:r.q>h cahl<· prohl<·ms han• heen ~-:iven hy :\ Jakolm (Theory 
of ~ulunarin•· Telegraph and r, ·J..photw Cahlt•, London, l'll i) a nd hy K. \\'. \\'agner 
ll·:l<·krr. \'arhtr. Tt·•·h., (ld, 1'121•. 
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for .1 tr.tn,.on·.tnic ll'll•gr,tph l-.thl!' and it i~ prim.trily with n·g.ml '" 
continu"u" ln.uling th.ll thl· following di,.l'lN.,ion is CllllCcrJH'd. 

I·:I'FI·.( ...... llF I.0.\1>1 :\I' 

\lo,.t of thc propo~.d~ to lo;ul Iekgraph cahles h.tn· had tlw ohjl'!'l 
of n·dudng or climin;tting di,;tortion, and acconlingly mo,.t of tlu· 
m.tthcmatic.tl treatments of loading havl' l>l'l'll from that point of 
vicw. Thc reduction of di,.tortion is, hmn·n·r, not the only hl·ncfit 
to he ohtaincd from loading and, in faet, may not always hc Sl'l'lln·d 
in the high speed opl'ration of a loaded cal.le. Thc principal henelit 
nf loading from the praetieal standpoint is to decrease the attcnua­
tion of thc signals so that for a given frequeney morc eurrl'nt will lll' 
received or so that thc minimum permissible eurrcnt may be rceeived 
with a grcater specd of signalling. From thc mathcmatieal stand­
point thcrc are two ways of treating the problem of the loaded cal>lc, 
lirst with rcganl to the Iransmission of a transien t impnlse, and 
second with reganl to setting np steady alternating currents of definite 
frequcncy. l n the ultimatc analysis the solution of eithl'r prnblem 
can he got from thc other. However. for practical purposes they 
are two distinct means of attaek. \\'hieb should he uscd depends 
on the object tn be secured. l f one is cnncerned primarily with tlw 
effect of the cable on the wave shape of the signal transmitted over 
it, it is fairly obvious that the transient treatment has ath•antages. 
lf, however, one is conccrned only with the strength of the rcceivcd 
signal. as is the case if there is assurance that the signal shape ean in 
any evcnt bc corrccted by terminal networks, then the steady state 
treatment is sufficient and much more convenicnt to apply. l n 
the case of the real loaded cable the complete transient solution is 
extremely complcx and the steady state treatment rclatively simple. 
The solution of the transient problem of an ideal loaded cable is, 
however, vcry valuable to givc a physical picture of how inductive 
loading aids the high speed Iransmission of signals. 

The transient solution of the problem of an ideal heavily loaded 
cable has bccn worked out by l\ lalcolm ~ and morc rigorously hy 
Carson 6, who ha,·e determincd the cun·c showi.ng the change of 
current with time at one end of thc cahle if a steady c.m.f. is applicd 
at zero time bctwl'en the cahle and earth at the distant end. Such a 
curve is callcd an "arrival curvc" and for an ideal loaded cablc com­
prising only constant rlistributed resistance, Capacity and inductance 
mar han· a form likl· th.1t shown in Curn· I> of Fig. ;{, which is to Iw 

' Thcory ol the Submarine Tclc~raph and Telephone Cahle, London, 191 i. 
'Trans. A. I. E. E., Vol. 38, p. 3-!5, 1919. 



/ IF./.1. 'iT STT:Jl T I :CII\"/CAI. JOl 'R.\'.·1!. 

compared with Cun·e a which is the a rr i,·a l cun·e of a non-loadl'd 
cable. Tlw strai g-ht \"crt ica l .part of C"u r\'c h rcprcscnts tlw " head" 
of the signal wan• whic-h has tran~lled o\'er t he cahk at a dcfi nitl' 
specd and with diminishing a mpli tude. The d<'finitl' head of thc arri,·al 
cun·e is tlw most striking chararteristic differcncc hctwccn the ideal 
load r d and thc non-loaded cable . In tlw lattl'r, as is e\· idcnt from 
Fig. :~. thc currcnt at thc recci\'ing end starts to ri:'e s lmv ly almos t 
as soon as thc key is closed at the transmitting l'nd. \Yhen a n P.m.f. 
is applied to the sendingend of the non-loaded cahle a charge spreads 
out rapidly oYer the whole Iength, the recei,·ing end charging up 
much morc slowly tha n the scnding end on account of the re,-i,-tance 
of the intern·ning cond uctor. Hen cr, if a signa l train consisting of 
rapid ly alternating positi,·e and negat iYe impulsl'S is applicd to the 
send ing end, the effect a t thc recei,·ing end of chargin g the cablc 
positi\'c::ly is wiped out hy the succec::ding negat iYl' cha rge hefore there 
has Ileen time to huild up a considerahle positi\·e potentia l a nd the 
successi\·c a ltcrnating impulscs thus tend to annul each o ther. In 
the loaded rahlc thC' effect of indu r ta nce is to opposc thc sett ing up 
of a current a nd to maintain it oncc it has heen established, a ml 
thu s to mainta in a defin ite wa\'r front as thc signal impulsc travels 
o, ·er thc cahlc . Hcnce , with inducti,·e loading the strength and 
indi\'iduality of thc signa l impu!scs arc retaim·d and a mur h higher 
speed of signa llin g is po~sible. l t should hc noted that by spccd of 
signaHing is meant thc rapidity with which successi,·e impubes are 
sent a nd not the rate a t which thcy tra\'el O\'er the cahlc. Thi s specd 
of trawl is actua lly decreascd by the addition of indu ctancc, ahout one­
third of a second heing requircd for an impulsc to tran.'rst• tlw ~L'\\" 

York-Azores cahlc from end to end. 
l t should hl' noted that Curw h of Fig. ;~ is for a n idea l loaded 

cah!c:: in which t he facto rs of rcsistance, capacity and inducta nce arr 
constant. In a real loaded ca hle none of the~e factors are consta nt 
a nd the arri,·a l run·e ca nnot lll' simply and accnratc!y computcd. 
En·n thc c-apadty which is usually assunll'd as constant for rea l 
rahlcs \'arics apprcciably with frequencics in the telcgraph ranRe, 
and owing to the fact that g-utta pcrcha is not a pcrfect diclectri c 
material its ronductance, which is a lso \'ariahle with frequency, rnust 
he takcn into acwnnt. Althou gh thc indurtance uf thc cab!c is suh­
stantially constant for small current s of low frequ cncy , it is grea tcr 
for thc high currcnts at thc:: scnd ing end of thc eable on arcount of 
thc inncasc of nwgnetic pcrmeahi!ity of thc loading material with 
lil'ld strl'ngth and is !css at high frequcncics tha n at low on account 
of t!w !-hit·!rling t·tTcct duc to eddy currl'llh. Tlw rc~istance is highly 
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,·.tri.tblt· ~itwt· it compri~t·~. in .ulditi••ll 111 tltt· rc·~i>-t.tun· 11f tlw coppcr 
cowluctor, cllt·c·tin• re~i>-t.utn· clut· to edd~· ntrn·uts .lllcl hy~tcrc~i,_ 

tn thc lo.ulin~ nt.llni.d. hoth of which Yary with fn·qut·ncy aud currcnt 
amplitttdt·. Furthl'rntorl', then· i~ ,·,triahll· iuduct.tun· aud rl·~istanre 
in tlll' n·tllrll rirruit out~idc tht· in~nl.tted ronclurtor whidt ntust lv• 
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takcn into account. .-\lthough it is n·ry difficult to romputc the 
cxart arri\·al rurve of a rahlc ~uhject to all of thc~e variable fartors, 
an approximatc ralculatinn in a sperifir ra,;c like that of the ~cw 
York-.-\zorc,; rahlc ,;hows that the arriYal rurn· ha,; thc gencral ,_Jtapc 
of C'urve l' of Fig. :{. I t will hc noticcd that although thi,- arrival 
run-c larb the ,..Jtarp tlclinite hcacl. rharartcri,..tic of thl' ideal loaded 
cahlc, it ,;till ha,., a rclativcly ~harp rist• and that tht· time rcquircd 
for the impubc to trawn.c thc cable i" not gn·atly different from 
that of the ideal loaded rahlc·. 
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:\lthough it is difficult to ta ke exact account of the variable char­
acteri,;tics of the loaded cable in the solution of the transient problem, 
it is easy to take account of them in the steady state or periodic 
analysis by means of well -known methods. lf a steady sinusoidal 
\'Oltage, l's. is applied at one l'lld of thc cahle the resulting \'oltagc, 
~ ', , at thc distant end \\·ill Iw givcn hy the cquation 

where l is thc length, P, the propagation con,.,tant of thc cablc aud k, 
a consta nt which depends on tlw terminal impcdauce and which is 
unity in case the cahle is tcrminated at the recci, ·i ng end in it s so­
ca lled characteristic impedancc. Thc propagation constant is gi\'en 
hy the hrmuL1, 

P = '/(R+ipL )(G+ipCJ =a+iß, 

where R is thc resistancc, L, the inductancc, G, the lcakancc and C, 
the capacity per unit len gt h and p is 211' times the frc(ptcncy. Thc real 
part of the propagation constant, er, is ca lled thc attcnuation constant 
and the imaginary part, ß. the wa\'c lcng th constant. Hy st•parating 
a ancl ß the amplitudc and phase displaccment of the recein·d \'oltage 
relatin• to tlw sent voltage may bc computed for any partindar 
frequency and t hc beha,· ior of a complex signal train may he workcd 
out hy analyzing it into its Fourier components and treating them 
separately. Thc phase shift is, howe,·cr, of importance mainly a~ 
regards thc shape of thc recei,·ed signals and their a mplitude may, 
in general, bc oh tained from the attenuation constant alone. Thus 
if it is known that the signal shape ca n in any case be corrected hy 
terminal nctworks thcrc is no nccd to bc concemed with more than 
the attcnuation constant to comput e the specd of thc cahlc. 

In the case of a cahlc of thc permalloy loadcd type, er is giH·n with 
an approximation 6 sufficil·nt ly dose for thc purposes of this discus­
sion hy the l'<JIIatinu, 

For thc pttrposc of contputing R it is con\·cnicnt to separate it into 
its component s, gi\·ing 

6 For ace ur.1l C •·ompul a lion uf a llenn.11ion thc completc formula for u IIIU>I hc 
ll~l't l. 
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R. coppcr n·"i-.t.IJII't' (ll'r rlllit lem:tlr 

1<, edd~· nrrn·11t rcsi,;t,IJH'<' pt·r 1111it lc11gtlr 

1<, "e" retur11 n•sistann· per unit ll'lll.:th 

Rh lry,;tl'resis resistann· per r111it lcllgth 

111/ I 

Tlw copper rcsist;mce R, is th.ll d!'termirwd h~· a diren nrrr('JJI 
mcasun·mt·nt of tlw loaded coruhwtor si11n· tlw resist<~lln' of the 
huling t.l(ll' is so high and its kngth j,.; so gre.Jt th.1t tlw curre11t 
tlowing longitudin<~llr thrnugh it m.1y he safel~· rH·glected. 

Tlw eddy nrrrcnt rl'sistance R, is gi\'CII apprn:xim.Jtdy hy tlll' 
formul.l, 

whcrc I is the thickrw,;s or dialiH'It•r of tlw loading Ll(ll' or wire, d, 
the out::;ide diamelt'r of thl· lo<llled cnnd11ctor, f, tlw frequt·ncy, p, 

the re:-oi:o-tivity of the loading material, J.l., its m<~gnetic pt·rJJw;Jhility 
a11d m. a coJJstaJJt which dcpcnds on tlw form of thc loading mat('rial 
and is in general great!'r for tap(' than for wire huling. :\lthmr gh 
it i,; po:-o:-oihlc to compute a \·alue of m, tlw ,·alrw fmllld in practice is 
alway,; largcr than th!' tiH'or('tical \·;due which is n•·ces"arily h;1:o-cd 
"" simple a,.,sumption:-o a11d doL'" not takl' into account such a factor 
as , ·ariatioJJ nf perrm~al•ility tlrrough tlre no,.,,.;-,.,!'cti:nl or length of the 
loading material. Accordingly it i,., rwn·",;ary to dell'rmine 111 e:x­
perimcntally fnr any part inrl.1r type of loaded nJIIductnr. 

Thc :o-ea-return resistance may l•e safely m·glt·ctL'd in tlll' com­
putatinn nf slow "pl·ed non-loaded cahle,;, lnrt it is a hctnr of grcat 
consequence in tlw heha,·ior of a lo<Hkd cahle. By :-ea-n·turn re­
sistancc j,.. llll'ant thc rc,_i,.,tann· of tlw rl'turn circuit including the 
dkct of thl· armor \\ire <lllcl :-t·a water ""rrnunding the •·or(' of the 
rablc. Althnugh the e:xact calnrlation 7 of this re,;istance factor i~ 

too comple:x to he discu:-"cd herc, thl· rwed for taking it into account 
may he quitc simply e:xpi.Jinccl. Sinn· thc cahlc has a ground rcturn, 
currcnt must tlow outside the core in thc same amo11nt as in the con­
ductor. Thc distrihution of tlw return cmrent i:-, howen·r, dependcnt 
on the ,..tnrctrtn· of tlw cahlc a,; \n·ll a..; on thc frequcncie:- inn•h·cd 
in signallin~. lf a direct currcnt isseilt tlmnrgh a Ion~ cahlc with thc 
earth as return condrwtor tlw rcturn curn·nt ,.,preads out through sucli' 
.1 grcat vnl11me of carth and "ea water that thc rcsi:-ot;liH'C of thc 
return path is nc~ligil>lt·. I >n the othcr hand if an altcrnating current 
is ,;ent through thc cahlc the rl·turn •·urrl·nt ten·ls 10 Cl>lll'l'lltratc 

7 See Carson anti I ;j)hcrt, Jottr. Fra11klht /lnt., \'ol. 1<>1, p. iOS, 1<>2 t: F.lutricia11, 
\'ol. 811, p. 4'1<>, 19.?Z; ß. S. T. J., \'ol. I, :\o. I, p. SS. 
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around it, the degree of concentration increa-;ing with the frequency. 
\\'ith the return C'urrent thus conC'entrated the n·sistance of the sea 
watl'r is of considerable C'OilS<'<JUCIH't'. lt is further augnwnted hy a 
rcsistance factor C'Olltributed by thc C'able sheath. This may !Je 
bettcr undcrstood hy considering the cable as a transfornwr of which 
thc conductor j,.; the primary and tlw armor wire anti sea water are 
each dosed ,..l'C'OlHiary C'ircuits. OhYiously thc resistanC'es of the 
seC'nndary circuits of armor wire and sea water enter into the primary 
C'ircuit and hence sern· to incn.:ase thc attenuation. Tlw prescnn· 
of the armor wircs may thns he an actual dctrinwnt to the trans­
mis;;ion of signak 

To take account of the hysteresis resistance, Rh. and also of the 
incrl'ased inductance and eddy current resistance at thc semling end 
of tlw cai,Je it is most co1n-enient to m mputc the attenuation of the 
cahlc for currl·nts so small that Rh may be safely lll'gll'cted. The 
attenuation thus C'omputed is that whiC'h \\·mild be obtained on·r 
the whole cable if a very ;;mall scnding ,·oltage werc used. The 
additional at tenuation at thc sendi ng end for the desired scnding 
\'Oitage rnay then l>e approx imated hy computing successi,·ely frorn 
the ;;ending end the attenuation of short lengths of cahle m·er which 
the currcnt ampliturle may be considered C'onstant, tlw attenuations 
of separate lcngths being addcd togetht>r to givl' the attenuation of 
that part of the cable in which hysteresis C'annot be negh'c ted. In 
this computation acC'ount must, of course, hP taken of thc inC'reascd 
inductance and eddy C'urrcnt resistanC'e accompanying the highcr 
currl'nt~ at the sending end. 

fla,·ing calculated or obtained by measuremcnt the seYeral resi~t­
anC'e factor~ and knowing tlw capaC'ity, leakance and inductancc, thc 
wholc attcnuation of a cahll' for any desircd frequcncy may be com­
puted and a curve drawn showing thc variation of rccein~d currcnt 
with frequency for a gin·n sl'nding \'oltage. This r<'lation for a 
partindar case is slwwn in Cun·e c of Fig. ·!. Cun·c a shows for 
comparison tlw relation lletween frcquenC'y and receivl'd currcnt of a 
non-loaded cahle of the same size, that is, a cable ha,·ing a conductor 
diametl'r thc same as that of thc loaded concluctor and having the 
same Wl'ight of gutta pcrcha. Curvc h shows the hcha,·ior of an 
id<'al load<'d cahlc ha,·ing thc same inductance, capacity a nd d.c. 
resistanC'<' as tlw rcalloadl'd cahle of Cun·e c, hut in which thc leakanC'e 
and altnnating current increnwnts of resistancc are as~umed tobe zero. 

i'\ow, if the lcn·l of intl'rference through which the current must 
hl' recl'i\ed is known, the maximum spl'ed of signalling for the loaded 
cahle rnay he ohtainl'd from Cur\'e c. lt is that spl'ed at which thc 
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hi!o!hc.;t ircqllt'llt"\ lll'<'t'""•tn· to m.tkt• th•· "i!o!n.d-. lt·~o.:ihlt• j.., n·n·i\ t•d 

wi th ,.,ufli•·icnt .unplitwlt· to ,.,ll···h· "''·rridt· tlll' ""P•·rp•N·d intl'r­

fcrclll'l'. Ju-.t wh.lt tlll' n·l.ttion of th.tt fn·qw·twy j.; to the "Jll't'd of 

,.,ign.tlling c.tntHlt l't' ddinitel,· ,.,t.ttcd, ,..inn· it dt·pt·wb on tlll' llll'thod 

of opn.ttion .md t'lllil' t•mphl\'l'd .b \\t'll ;t-. on tlw dl',..irl'd perfl'l'tion 
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npt·rat ion and siphon rerordcr reeeption a fair Y;tlul' j,., a llout l .. i 
times thc fundaml'ntal fn:quL·ncy of tlw signal,.;, that i,.,, the funda ­

mental frequeney wla:n a ,.,L"ril',.; of alternate dc1t,.; and d.~,;ht•,.; j,.; hl'ing 

scnt. 

R t-:\l.\){1-(,.; OC\' TltE I> E"I';"' IIF Ln.\1>1-:1> C.\III.E.., 

By rderring again to thc l'<JUation for lt, ahon·. it c,tn now ),,. 

e;.;plained why high pt·rml'al,ility is a m·n·:-,..ary dwral'tl'ristic o f the 

'}c>lm/11/.1 l F. F.., \'ol. II, p. tiS, tCJ!Z. Tr;lfh.tllion~ .\.I. E. E., \'ol. -11, 
p. 20, 1'122. 
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loadin~ material if a benefit is tobe ohtained from continuous loadin~. 
The addition of the loading material has two oppositcly directed 
efTccts; on thc one hancl it tends to imprm·c transmi~sion hy increasing 
the incluctance and con~equcntly decreasin g thc attenuation, and 
on the othcr band it tends to incrca~e the attcnuation hr increasing 
thc efTect of leakance and hy thc addition of resistance. i\ot only 
are t he hysteresis and eddy-curren t factors of resi~tance adcled by 
the loading material but it must also be lookcd upon as increasing 
either the copper resistancc or thc capacity on account of the spacc it 
occupies. Generally it is more convenicnt to Iook upon thc loading 
material as replacing some of thc copper conductor in the non-loaded 
cable with which comparison is made, since hy so doing all of the 
factors outsiele of the loaded conductor a re unchanged. .1"\ow, if thl' 
loading material is to be of any benefit, the decreasc in attenuation 
due to addccl inductance must morc than offset the increa!'e clue to 
;H id ccl resistance, including the acldccl copper resistance d11e to tlw 
suhstitution of loacling material for copper. In the limiting casc tlw 
)m,·est permcability material which will show a theorctical ad,·antagc 
from this point of ,·iew isthat which, as applicd in a ' 'anishingly thin 
layer, gives morc gain than loss. For any partinilar size and length 
of cablc thcre is a limiting \'alue of permeahility which will satisfy 
this condition, this limiting value heing grcatcr thc Ionger the cablc 
and thc smaller the diamctcr of its conductor. 9 For transatlantic 
cahlcs of sizes laid prior to Hl2:~ the minimum initial pcrmcahility 
requin:d to sho\\· an acl\'a nt agc is highcr than that of any material 
known prior to the invention of pcrmalloy. .t\ctually a considerab ly 
higlwr perml'ahility than this thcorctical minimum was, of course, 
reqttirt·cl to makc load in g an cconomic ad\'antage since there are 
practical Iimits to thc thickncss of loadin g material and si ncc thc cost 
of applying it has also to !Je takcn into account. Further, thcrc arc 
Iimits on mcthods of operatimt imposed hy loading which nccessi­
tate still higher penneahility to make loadin g \\·nrth \\·hile. 

Since the addition of loading has two opposill' tcndcncics in its 
effect on attcnuation, the practical d csign of tlw cahle must be bascd 
on a rompromi~l' het\H'Cll thcm. Thus, to 1'l'CUre thc maximum 
~ain from loading a cahlc of a gin·n size, tllt' loading material shnuld 
],,. cho~!'ll of such a thiekrll'ss that tlw gain dut' to increased induct­
anre from a slight incrcase of thickne:-;s just ofT:-;ets the los:-i duc to 

increasl'd re~istann: and dielectric ll'akance. l n practice, of course, 
t•conomic con"idt•ratinns of the cost of various thieknes:-iCS of loading 
must a lso l•e takt•rt in to acc• >1111 t. 

• S.·c Briti,h l'a tPnt :\o. 18-l,i i -t 11)23, to 0. E. Burklcy. 
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In dc!-igning the :\,.,,. \'ork -,\t.ores e.1hll' "OIIIt' .1"!--IIIIIJ>Iion h.11l to 

L~t• made .• ,.. to tlw t''\tr.uwous intt·rfl'n·nn· which would Iw t·m·nunll'rl'd. 
Tlworl'lir.d eon,..idl'r.Jtion,.. J,·d us to lwlicn· that tlll' lo;ldt·d eahll' 

would ht· 110 mon· suhjecl to 1''\tern.ll intl'rft·n·nce than 11011-lo.ull'd 
eahlt-s. I t ,.,.1'11 appc.tred th.1t it would lll' l1·ss aflL·ctt-d hy ~ollll' 

types of interfen·uce, for, owing to tlw ,..horter wa\'c-lcngth for a 
givcn fn•(]ut·ney, a disturhance which atlcets a grcat many mill's of 
cahll' !'imultaneowdy is kss cumubtin.· in its l'flt·ct at thc terminal 
of a loaded than a non-loadl'd calllc. 1\ rc<•sonahle as,..umptiou ~~·cnted 
to bt• that thl' tot;JI mt·r.dl attenu;ttion which nn1ld hc toll'ratl'd 
for tlll' loadt•d c.thle was <ll least <IS grcat as that which experience 
had ~hown tn J,e pnmissihle for ~implex operation of non-loaded 
cahll'!'. This maximtllll p1·rmissihle at tellllation dl'pends, of coursc, 
on conditions of terminal intcrfcrl'nl'L' and 110 tixed ,·altte can hc 
gin·n as applicahlt· to alt cahles. l lowcn•r, for a\'crag-c conditions 
of terminal interfcrencl' in locations frec from power li1w disturh­
anccs and whC'rt' tlw cahll' lie~ in rl'latin·ly deep water near to ils 
tcrmin.d !andin~. a rcasonahle ,-alue of total attenuation constant 
for thc funcianwntal fre(]uency of cahle codc is allout 10 (SIUI T. l 1.) for 
reconler opl'ration and about H (7~.2 T.U.) for relay opcration. Tht:"c 
wcre the approximatc ,-,ducs as~umcd for thc :\ew York-Azorcs cault: 

and btcr cxperiencc has dernonstrated that they were weil justitied. • 

I >t..,TOKTIO:\' I:\' Lo.\DEil ( ·.\Bt.Es 

Throughout alt of thc prccedin~ di:,;ctbsion it has heen assumt:d 
that the relation hetwcen attenuatinn and termina l intcrfercncc 
would Iimit the spced of !'implex operation rather than that distortion 
of :,;ignal shapc would Lc the lirnitin~ factor. ..:\ lthough this is, in 
fact, 10 thc ca,..c with non-loaded cahles it was not sclf-evidcnt as 

reganls thc loaded cahlc, and to rnake reasonahly ccrtain that thc 
spced could !Je deterrnined from thc att~.:nuation-frequenry rdation 
required a dernonstration that the signal distortion of a real loaded 
cahle could bc corrected IJy suitahle terminal apparatus. One of 

the merits long claimeci for loadin~ was that it would reduce dis­
tortion and, indecd, an ideal loaded cahl1· with nlllstant inductance 
and without rnagnctic hysteresis, t:ddy currt:nt loss, dielcctric lcak­
ancc and sca rcturn resistance would ha\·c ,-ery littlc distortion and 
would gi,·c a spccd limitcd only by lt'rminal appar;ttus. IIowever, 

to Rl'<'Cnl work o[ J. R. \arson rU. S. P.Hcnt 1,315,53'l ·I'JI 1)) and R. ('. :\lathcs 
ltr. S. Patent I,J II ,2SJ 1919 has shown that with thc combint·c.l usc o[ vacuum 
tubc amplificrs anc.l distortion corrccting nl'lwurks, di~turlion in non-loaded cablcs 
can be compensated to any desirl'cl dcgrec. 
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a real loaded cahlc, the indunance of which \·aries with both current 
a nd frequency and in which all the abm·c notcd rcsistancc factors 
are prcsent, may gi,·c. and in !-!"encral will giYe \\·hen operated 
at its maximum spC'ed, greatcr distortion of signa ls than a non-

.., loaded cable. 
To soh-c the quest ion of d istort ion on a purely t heoretical basis 

requirecl considcration of the Iransmission of a transient o\·er the 
loaded cable. This was made C'xtremdy ditlicult hy the existence 
of numerous possihle causes of signal distortion, thc cfTects of which 
could only he approximated in the solution of thc transient problem. 
In adclition to the distortion resulting frum thc rapid increase of 
attenuation with frequency due to the Yarious sources of alternating 
current losses, di,;tortion peculiar to thc magnctic characteristics of 
the loading material had also to Iw takcn into account. Tbere are 
se,·eral types of magnetic distortion to he conccrned ahout. First, 
there is tlw production of harmonics as a result of the non-linear 
magnetization curYc of the loading material; sccond, thcrc is a pos­
siblc asymmctrical distortion duc to hystercsis, and thinl, there 
is a possible modulation resulting from the superposition of signals 
on each other, that is, in effect, a mmlulation of thc head of tlw waYc 
of one impulse b~· the tail of thc wavc nf a prcceding impulsc. The 
first two of these are efll'cti,·e at the ,;cnding end of the cahlc and 
the thinl near the rccei,·ing end . 

• \ computation of di,;tortion, inducling thc peculiar magnC'tic 
l'ITects, hy a steady stal<' a.c. mcthod hascd on mea,;urcments of short 
loaded condurtors indicatvd that thc cahle should opcratc ,;atis­
factorily with onlinary sl·nding \·oltagcs. Further l'\·idcncc 1hat 
nmw of thesc ,·arious typcs of distortion would l>c of !'crious con­
SC'(jlll'llCl' and that tlw di,;tortion of a loa<!t·d cahle could l>l' correctcd 

hy tl'rminal apparatus, wa,; ohtainl'd hy l'Xperinwnt,; with an arti­
licial lin<· rolhlructl'd to ,;imulatt• clo,;l'ly. with n·ganl to dectriral 

char;wteristics, tlw typl' of loadl'd nmductor with which Wl' were thl'n 
experimt·nting. Thi~ artilicial !in(' wa,; loaded with iron du,;t con• 

coils which ~l·n·ed tlll' purposl' admiral,}y, not only a~ n·ganls in­

ductann· and altl'rn;Jting CliiTt'lll rl'si~tann.' hut also as reganl~ 

magnetic distortion. lron du,;t is. of com,;t•, \"<•ry diiTercnt in its 

m;1gnl'tic eharaetl'ri,;tic~ from pl'rmalloy. llo\H'\l'r, owing to thc 
!arg<· numh('r of turn,; on a coil. it i,- opl'ratl'd at much higlwr lield 

strl'ngth~ and on a part of tlll' maglwtizatit•n cun l' corresponding 
approximatl'ly to that at which pl'rmalloy is opl'ratl'd on the cablc. 

Tlll' l'a sl' for magnetit· di:-.tortion wa s in f.1ct a lit tlt- worsl' with tlw 
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artilil·iallim· th.tn with tht• tlwn propo,..t·d c.dllc·. Fi~ . . i ,..(mws .1 photll­
graph nf tln· .1rt ilit·i.tl linl', tlll' c• •ils 11f \\ hid1 .m· in tlw l.tr~l' irc •n 
pnt,; and thl· n·.;i,..t.IIH'l' .uul p.l('l'r t'Otllll'll"l'r t'.l('.ll'it~· units of which 
olfl' in tlll' "ll'l'l (\l,..l'S. This lim· \\<I!'< l'qlliv.dl'lll '" .. 1.71111 lldlltic.d 
mill' c.d>le huh·d \\ i1h :m millihl·nril·s pl'r ll.lll. ancl on·r it ll').:ihl" 

Fi);. l.oa•lt-•1 .\rtifi.-i.cl Linc.: 

,;ig;nal:-. were :-entred at ,.pet·<l,; up to morl' than :!,liOO Ietter,; per 
minutc. ~uch a ~pt·l'<l of oper.Jtion \\<b quite hl'yond tlll' range of thc 
then availahle tell'graph in,.;tntnwnt,.. and accordingly ,;pl'cialtran~mit­
ting and rl'cei,·ing in,..trllllll.'llb \\l'fl' rl'qnin·d. Tlll' multiplex dis­
trihutor of the \\.l',.;tern Electric printing telegraph ~ystl'tn prm·cd 
an excellcnt tran,..mitter for experimental purpo::-es and, for receiving, 
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mw was made of a ,·omhined Yacuum tul1e amplilier and signal shaping 
nct work, the signals bcing rccorded on a string oscillograph. Fig. Ii 

shows part of a test mes~age recei\'(:-d on:-r thc loaded artificial cahle 
at a spccd of 2,210 Ietter:; per minnte. 

The results uf the tcsts with thc artilicial loaded cable were en­
tircly in agreement with our calculatinns aml showed that it was 

Fig. 6-Tesl :\lessa!(e. Signals receiwd .\pril 16, 1Q20, o\'er coil-loarled artificial 
linc equi\'alcnt to a 1 iOO n.m. cable with 30 m.h. 'n.m. Speed 22-lü Jettcrsper minule 

pussible to obtain satisfactory signal shapc with a coil-loadcd cable 
ha\'ing alternating current resistance and distortion factors ap­
proximating thosc uf thc pcnnalloy-loadecl cahlc. The exact beha,·ior 
of thc propo~cd cablc, including such factors as sea-ret urn resistance 
and a somewhat \'ariable distrihutcd inductancc, could not, of coursc, 
bc duplicatcd without prohibiti\'e expen~e. The approximation was 
considered, hnwe\'cr, to he suflicient ly good to justify proceetling 
with a loaded cable installation >'U far as qtu:stimJS of signal shaping 
were concerned. lt is intere~ting l11 nute that tlw factor which 
limited the uperating ~pl'ed of the artifici;.! loa,h·d cable was one 
which is not pre,.;ent in a contirtuousl~· loaded cahll' hut which would 
po,.;,.;jiJ)y l1e a s!:'rimb factor in the opcration of a coil loaded cable, 
namely,lw o~cilbtion,., 11 re,.;ulting from tlw finite sit.c and scparation 
of the inductance units. 

Ot•ER.\Tto:\ oF Lo.\IJEIJ CABLES 

\\'ith tlw complctinn of thc artilicial loaded cable tests there wa~ 
;.till onl' principal qtw~tion of transmi,.;sion which had to remain 
unan,.;wered until a cal•le had Ileen installcd. This was thc question 
of halan!'ing tlll' cable for duplex operation. Onlinary submarine 
,·ahlt-s an· generally operated duplex, the total speecl in the two 
direl'tions L•l'ing usually from ;thout I .3 to 2 time,; the maximum 
simplex or onl·-way ~peed. Exn·pt in ca~es wlwre tlw external inter­
fen:ncc is \ery had, the limiting spl'ed of duplex oper;ttion i,; dC'tl'r­
mined hy the accuracy with which an artilicial line can bc madc thc 
electrical equi,·alenl of the cahk. Onlinarily thc artilicial line i,; 

11 Carsun, Tr.llls. :\. I. E. E., \'ol. 3R, p. 3-l5, 1919. 
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m.ule up only of units of re"ist.lnn· .tlld t';tp.tcity arra11ged to ap­
pro\irn.tll' thl· distributcd rcsi:-t;lllcc and c;tp.tcity of thc cahlc. Scllne­
tirnes induct.tm·c units are added tn h.dancc thc srn.tll indurtanre 
\\hielt t'\'CII :1 non-lo.tdl'd ca hle has. l 11 tlw .ll'l twl operat ion of 
cal>lcs, artiliciallines are .tdjtbted with the gre.tlesl care and a remark­
.tl,fe precision of l>.tlance is ol>taincd. This is lll·n·ss.try lwcausc nf 
thc grc.tt dilkrcrKc in ntrrcnt a111plitude of thc outgning a11d incotning 
"ignals. thc forrner hcing of tlll' nnkr of I 0,000 tirncs tlw latter. I t 
i" quitc oll\·ious that it will hc much more diftintlt to ,..t•curc dupftox 
opt·r.ttinn with .1 lo3ded tha11 with an ordinary cahll•, since 1101 o11ly 
do thc coppcr re,_i,..tance and thc dielcctric capacity ha,·e to t,e hal­
ann.·d. lntt thc artitici;tl line must also be pro\'idl·d with inducta11cc 
a11d .dternating curn·nt rc,.;i"t.IIICC. . \ lso thc sca-rcturn rcsist3nce 
.tlld inductancc which \'ary with frequency rnust bc halanccd. 

l11 \'iew of these diflicultics it will probably he impossible to gct 
.b gre;tt a proportionale gain frorn duplcx operation of loaded cablcs 
.. ,.. j,.. securcd with ordin.try cahlcs. llowc\·cr. it is quitc e\·idcnt that 
it will he po"sihle to :-ccurc dnplcx operation at somc spel·d, since, 
with loaded as with non-loaded cablcs. thc ratio of rccci\'ed to scnt 
current incn:a,..cs rapidly as the spced is rcduced and on this account 
it is much ea"ier to duplex the cable at low speeds than at high. T o 
make duplexing- worth while un ;1 c,dJle with approximately equal 
tr.tllir lu.tds in hoth directious it i~ in g-cncral only nccessary to get 
.1 ntw-way duplex ,..peed hulf as grcat a~ the simplcx speed. In fact 
in sorne c.t"l'" the operating ad\'antages of duplex would warr.lllt 
c\·en a ,..lmn·r duplex ,..pccd. < >n thc other hand, thcrc an· c;tules 
on which the traftic i~ largely undirectional through most of the 
day and whidt would accc•rdingly rcquirc a one-way duplex spl'l'd 
~Om!'what higher than half thc simple:-.: spccd lo justify duplex opcr­
ation. \\'hcther a sulliciently great spccd of duplexing could bc securcd 
to justify dc~igning a eablc on thc hasi,; of duplcx Operation could 
not bc judged in ;uh·ancc of laying thc tirst cable, and accordingly 
it w.ts dccidcd to cngincer that cablc on thc hasis of si mplex opcration. 

Although it w.ts expccted that the ncw cablc might at tirst ha,·e to 
he operatcd si111ph·x it ~hould not bc supposcd that any great tlitll­
culty or loss of operating ctlicicncy was anticipated on this account. 
l'hc specd of the ~C\\' York-Azorcs caLic is so great that to rcalizc 
its full commercia l ad\'antage practically rcquires working it o n a 
rnulti-channcl basis as, for examplc, with a Baudot codc, multiplex 
systL·m, similar to that uscd on land lincs. Such a systcm may !Je 
conveniently adaptcd to automatic dircction reversal and with this 
modification most of the common objcctions to simple:< operation are 
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removetl . lndeed, simplex operation may in this case possess a 
real ad,·antage o\·er duplex from the commcrcial point of view since 
it permits dividing thc carrying capacity of the cable most cfficiently 
to ha ndle thc excess of traffic in one direction. 

Although means havc Ileen made a,·aila!Jle for making efficient 
use of the loaded cablc it should be recognized that the mcthod of 
operation hest suited to satisfy commercial demands must be deter­
mined from futurt· expcrien\e with cables of the new type. This is 
especially true with regard to relati,·cly short cahles. The discussion 
of the loaded cable problern in this paper has Ileen confined wholly to 
the realm of long ocean cables whcre the limitations of the cable 
rather than terminal equipmcnt or operating rcquircments determine 
the bcst design. This is the simples! ease and the one which at present 
sccms to show the greatPst gain from loading. \\'here traffic require­
ments are limited and where there is no prospect of ever requiring 
higher specd than can Iw obtained with a non-loaded cahle of reason­
able weight, the advantagc of loading is !es,; anti hemme,; smaller 
as the wcight of non-loaded cahle which will af'complish the desired 
result dencases. lt should not he C'oncludcd, howen·r, that loading 
will not lind important application to short cables. l\lany short 
cables arc parts of grcat systems and must he workcd in conjunction 
with long cables. In sud1 cascs it may pay to Ioad short sections 
where otherwise loading would not he justified. Permalloy loading 
al so ofTers great possihilities for multiple-channcl carricr-telegraph 
npera t ion on both long and shnrt C'ahles and \Vith this type of opera­
tion in prospect it is too early, now, to suggest Iimits to the future 
a pplica tions of permalloy to cables or to predict what will be its 
ultimat e efTef't on transo\canic C'ommnnication. 



Useful Numerica l Consta nts of 
Speech a nd Hea ring 

B>· HARVEY FLETCH ER 

\on:. Tht• m.llt·ri.tl ~:in·n in !his p.1per ""·'' prt•p.•n·cl in .1 morl' nJO· 
dt·n•etl form for puhlic.1lion in !ht• lnh·rn.Hinn .• ll'ri!U".tl T .• hlt·s. Iu orclt·r 
ro 111.1ke i! ,\\',lil •• ble in cnll\'l'nien! {orm for thc tbc of h·lt·phone t·n~int·t•rs 
ir w.1s tlt·t•mt·d a<h-is.1hlt• !0 puhlish it in this journal. The author is 
indt•h!l'd lo llr. j. C. S!t•inht•r!o: for .1hiP .bsi,;!,llll'l' in rollt·t·!in~ and 
.~rr.lll!-:in~: lhl' rn.l!t•ri.tl. 

I. BIIILI<HiR.\1'11\' 

A BIBLI< l(~R.-\1'11 of papcrs on l'i1ch () i~crimination, l ntcn~ity 

Discriminalion, .-\ hsolute Scrbiti,·ity of thc Ear, l'pper Limit 
of .-\ udihility. Lowcr Limit of .-\ udihility, Thcnril·~ of ll caring and 
nJher miscl'llaneous work~ nn Spl'ech and ll caring arc gin·n in a 

paper hy II. FleJchcr, Bt'/1 Tnh. Jour., \'ol. II , 4. pp. 1 i'S 1:-iO, Ort., 
In:?:~. 

II. .\u-.ol.l'TE SJo::-.:sJTI\ JTY OF TIIE E.\R 

The -.en-.iti\'ity is the minimum audihll' rm:< prl',.;surc in d yncs 
rm-2 in ear canal. Thc Yalm·s helnw are the aYeragl· of thc results of 
\\'ien C:lrch. f. .!!es. Physiol. !17 , p. 1. 1\lO:l), Fll'tchcr and \\'egcl 
(Ph.vs. Rf"i.•., Hl, p .. -,;-,:l. Junc, 1!1:?:? ), and K ranz (Phys. Re;•., 2 1, p . . 173, 
:\lay, l\1:?:~ ) weighted :l, i':?, and 1·1, rl' ... pecti,·ely acconling tn numher 
of ears te,.,ted 

Frc<]uency (tl\' 11 
Sensiti,·ity (clpwsl 

T.\BI.E I 

I.!X 256 512 
021 . OO.l'l .Oll! 

1112-t 
00052 

211-t~ 
000-ll 

111. :\lt:-.:DinJ AnliBLE l'll\H:R FoR .\ .:\oR\1.\L E..\R 

.to% 
1100-ll 

Thc power in microwatts pa-.sing through each square ccntimeter 
in the waYe front of a free progrc:<si\c wa,·e in ;tir under a\·eragl' 
conditions i:< rclatcd to thc rm,.; pressurc in dynes by the formula 

P=:?O .. ">'\ J. 

The figures of Table I may bc convl'rtcd hy thi:< fnrmula to minimum 
audiblc powcrs. IL is thus seen that the minimum audiblc accoustical 
power is at frequencics bl'IWl'l'll :?,OIJIJ and 1,000 ,·ihrations pcr secnnd 
and is cqual to l X 10 10 microwatt,.; pcr square centimetcr 

1 Th(• symbol d" is us~•l to d~nolc "doul•lc" or t·omplete ,·ihrations. 

Ji3 
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IV. RA:\ljE UF AUDITIO:-r I=-r FREQL'E:\C \' A::\0 hTE:\SIT\' 

In Fig. 1 the lower Cllr\'C is a plot of thc awragc sensiti\'ity 
, ·a lues gi,·cn in Tablc I. The upper Cllr\'C gi,·cs tiH' prcssurcs that 
producc a sensation of feeling and scn·cs as a practical Iimit to 
the rangc of auditory sensation. (\\'cgcl, Bell Tcch. Jour., 1, p . .'i!i, 
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No\'cmber, 1!)22.) In\'l'stigators , -a ry from about S to -lO eh· for 
thc lowcr pitch Iimit anti from about 12,000 to :~:i, OOO d,· for tht> 
uppcr Iimit. (Sec 1. ) Thc ,-alues of 20 and 20,000 d\' shown oll 

thc chart werc takcn as lwing musl rcprc:-t•ntati\'C. ll alf of the 
ohscrvations lic within the tlottcd curn:s. Th c pitch is equal to 
100 log2 N and the scnsation unit s cqual to 20 log P where Xis the 
frcquency aml P is the pressure. (Fictchcr, Jour. Frank. Ins!., Hll , 

V. l\ I INDIU~I PERCE I'TIIILE 1::\CREASE 1:-r l :\TE:SSIT\" .\:SD FREQUENC\' 

(Knutben, Phys. Ret•. 21, p. Sl, Jan., l!l2:n 
Sensalien Level in Sensation 

Units or TU's 
10 
20 
30 
40 
50 
60 tu IUII 

Frcqucncy 
M 

128 
256 
512 
768 lo 40% 

Per Cent Increasc in lntcnsity 
to bc J ust l'erccptiblc 

23 
14 
12 
lt 
111 (J 

10 
l'l'r Cl'nt lncrea"' in 
Freqnency to hl' Jn~l 

Percl'pl ihle 
.9.l 
.59 
..to 
.32 
,30 
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p. ::!~~~. ~t·pt., l!l:?:t) Thc st'n,-alion len·l ."i of a St>lllld is dl'firll'd hy 

I' S=:?ll log /',, \dH·n· /',. is lhe llrn·shold pn•ssun•, or il is lht• numlll'r 

"f st•ns.ttit>n unil:< aht>H' llw Ihreshold of audil>ilily. Tht•:<e :<t•nsalion 
unils .rn• llw s.llllt' as llll' lr.lllslllis,;ion unit,.; u~ed in tekphorw l'l'­

ginl'ning. 

Thc pt•r n·nl incn·asl' in frt·qul'ncy lt> ht> jusl pl'rcl'plihll' ,·aries wilh 
scn~1tinn (e,·cl in al>nut lht• sarm· way as dt>t's llll' pl'r n·nt incrca,;c in 
intcnsity to ht• just pern·plil>lt•. Thc valut·s an• for munaural rc­
replion lhc toncs hl'ing (ward succcs,-in·ly. 

\'1. TuE :'\ntnER oF Dot'lii.E \'tliR.\TIIl:\'S :'\Et"J·:s-..\R\' Tn 

DETEI<\11:\'E l'tn II 

( Bode, Psyrltol . ."i!ud., :?. p. :?!1:~. 1\Hli) 

T.\1\I.E II 

\\'cak Tone~ :\krlium Tom·~ 

FrNJ. rh- Time (~er.) :'\n. of d\' Time (sec.) :"\o. of rh· 

111< 0 0-t% 12 I 
2S6 0 0600!< I 7. 6 
.ll<-4 .06i.2 2-1 tJl< 0 0-4-45 I i. 1 
$11 nSiQ 21) ().J 0 0-l.H.J 21.!< 

\ ' II. TIIE :\IASKI:-;G EFFE\T OF Ü:'\E SO!':\'D 1'1'0:" TIIE AL'fliBILIT\' 

oF .\:\'OTIIER Sou:-;o 

(\\'cgel and Lane, Pltys. Rr7.•., 23, p. 21ifi. Feh., Hl21) 

lf thl' ear is stimublcd hy a pure lonc of frequcncy X 1, it is in 
generat rendered less sensili,·c to olht>r purl' Iones. Thc tnnc that 
ronslantly stimulales thc car is called lhe ma,;king lonc. The tonc 
that i,; hcard in the pre,;mcc of this s1imula1ing tone is callcd thc 
maskcd tnnc. Thc masking is mca~urt'd in st'nsation units or Tll's. 
lt is l'qual to 20 XIogto nf thc ratio of thc prcssures ncrcssary to per­
n·ivc thc maskcd tonc with and withnut the prc,.;t·nn· of th1· maskingo 
tonc. ln oth(·r word,.; it is l'(jllal to tht· nurnhcr of units that the 
threshnld has hccn shifll'd. Fig. :! ~hows the amnunt of maskingo 
(ordinate) of tones of various frcqucnci!·s as a funclion of 1hc sen~a-
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tion Ievel (a h~ci~~a ) .llld fn·qttt•m·y X , of th1· m;t~kin~ tolle. ln 
Fi~. :1 dat.t fnr ,, ma~king tone of I ,:::!00 th· i~ plot tl·cl in which tlw 
frequcncil·~ of tlll' m.t~kecl llllll'>' are plottl·cl oll the ah,.;ci,.;,.;a. ln onkr 
to ~ct ~ati::;f.tctory curn·,.; of thi~ killd it is m•n•,.;::;ary to take morl' 
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comprl'hensi\'c data than that slwwn in Fig. 2. Thc solid cun·cs of 
Fig. -l show thl· masking \\'hcn thl· maskcrl and masking tom·s are 
introduccd into oppositc cars. Thl· dottt'd run·(.'s wen: takt·n from 
Fig. 2. 
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\ ' 111. Co~nucTIO:'\ 01• SKl'LL BEn':EE:'\ TIIE Two EARS 

A comparison of the two curves in Fi~. --! shows that the attenua­
tion introduced hy the skull from one ear to the other when the tone 
is introducerl hy a telephone receiYcr is between I J and 50 sensation 
units corresponding to an intensity ratio of from 10·1 to 105• This 
becomes i TU greater when rubber caps are interposed between the 
hearl and the recciwr cap. 

IX . L ocALIZATIO:" OF Pt.:R E Tn~Es AS A FUNCTIO:'\ OF TIIE PliASE 

DI FFERE:'\CE AT TIIE Two EARS 

(G. \\'. Stewart, Phys. RC'l•., 2.'i, p. --!2.), l\lay, Hl20) 

The experiment<ll resulb can he rep re~enterl hy tlw formula 

~ =O.OO:HS +.S (approx.) 

<I> is the phase ditTcrence in rlegree~ of t he tones a t the two ears. 

A is the number of degrees to the righ l or left of t he median plane 
that an ohserver locates the source of souncl. The direction of 
location is toward the ear leading in pha:-;e. 

N is the frequency of the tonein dv. The relation applies only for 
frequencies of 100 to 1,000 dv., indusi,·e. 

X. f:ONST.-\:\'TS i'sED I~ THE tO~IPl"T.-\TIO~ OF TIIE l.Ot'P:'\ESS OF 

A co,IPI E:\ Snt·:-;n 

( Fleteherand Steinherg, Phys. R("1•., 21. p. :wn. Sept., 1 !l2--l) 
(Stcinherg, J>hys. Re<• . To Iw puhlisherl soon ) 

lf L Iw the loudness a" judged hy an a\·erage normal ear, then 

where 

p. = rms pres,.ure of tlw IIth romponent , 

ll'. =a weight factor for the n'11 component (Fig .. 'i) 

r =a root fartor (Fig .. i ) 

The sen~ation len·ls ( SeC' 1\") gin·n in tlw chart are for the cnmplex 
tone. 
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XI. l>y:-.: ,\\IH' .\1. Co:-, .. q".\:'\1':--; oF nm llt ·:. \RI:'\c; :\1~-:c · ti.\SIS\1 

(llowl'll, \\'. II., ".\ Tl'xthook of Phy~inlogy" 

(\\'ri!o7:htson, Sir Thom.t~. "Analytical l\Icchanism of tlll' ln tnnal Ear" ) 

(11) Ear Canal 

(b) 

l.ength, :!.1 :!.Ii cn1. 
\'olumc. 1 nn 3 .. 

:\n'it at Opl'ning, .:~:~ to ,;iO cm2 • 
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(r) Hammer 
Length , .1\ to .fl cm. 
\\'ci~ht, :n mg. 

(d) :\m·il 
\\'cight, 2;i mg. 

(e) Stirrup 
\\'eight, :3 mg. 

(j) l\ l echanical l mpedance of the Ear Drum 
(lhta hy \\'egcl aml Lane, Bell Telephone Laboratories) 

T!H' onler of magnitude is :?0 to :30 mechanical ohms (cgs units) 
over the frequcncy range from 200 to 4,000 eh·. 

A. Spt·cch 1 '( •wer 

(l>ata furnishcd hy C. F. Sacia anti L. J. Sivian, Bell Telephone 
Laboraturics) 

1. The average speecb power deli,·ered hy an average speakc>r is 
about 10 microwatts. In the process of ohtaining the a\·erage the 
silent inter\'als wcre includcd. l f thcy an• excluded the ;:n-erage 
increases about ."iW~ . The peak power fn·quently rises to 2,000 
m icrowa t ts. 

2. \'ariation of avcragl' ,;ptTch power dclin·red by diiTerent person,; 
during COIWersation. (Fig. ß. ) 

B. Encrgy Frequency I >istril•ution of :\n·rage Speech 

(Crandall and l\ l acK enzie, Phys. Rl."i.•., Hl, p. 221, l\l arch, l\l22) 
(Fig. 7) 

C. Acoustic Power in \'owel Sounds 

(l)ata furnished hy C. F. Sacia of the Bell Telephone Lahoratoric,;. 

This data Iogether with a d<•scription of tlw apparatw• and 
metlwds ust·d in oht ;Jining it will hc gin·u in a p;qwr soon tn he 

puhli,;h(•(l. ) 

Tal•h· I II eontains data nu tlw power of individual ,·owels ohtained 
from aualyziug tiH' \ ·owd portions of thl' sylbhles shown in tlw kcy­
wonl. Thc lirst two eolt1mns gin· the a\·crage power in microwatts 
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of "\ lll<ill's .tnd S fl'm.lll's during thl' (l.lrtind.t r ~'Ydl· "f tlw funda­
nwnt.ll ront.1ining th1· maximum l'lll'rgy for un.H'I'l'llll'd '·"wl'ls. :\ 
rough estilll.lll' uf thc corrl'"P"IIdiug ti~llrl'S of typil·al atTl'llll'd 
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vowels may Iw ohtained hy multiplying thesc valucs hy a factor of 3. 
Thc third and fourth columns gi,·c peak factors which converl the 
power ligurcs of tht• lirst two columns into maximum instantancous 
powers. Columns 5 and li give the maximum values of thcsc pcak 
factors found among the male and female voices, respcctivcly. 

TAßLE III 
.lcoustic Pou•t•r i11 ,\Jicrowa/!s of the l'owel So1111ds 

( I) (1) (J ) (-I ) (5) (6) 

Pm Pm 
.h . l'cak .\v. l'cak :\lax. Peak :\lax. PL•ak 

\ 'owcl Key Factor Factor Factor Factor 
8 malcs 8 fem. 8 malcs 8 fcm. 8 males 8 fcm. 

--- - -
tool li 41 1.6 2. 8 J 8 J -l 
took 31 -!9 -l 0 3 I 4 <) 3 -l 

ö tonc 33 H -l I .1 4 () -l -l <) 

o' talk 37 -19 -l 5 3.3 :; i 3 (J 

() ton 29 38 -l 6 3 9 () 8 5 7 
a top 50 -18 -1.2 3 6 -l 2 -l 7 
a' tap ·13 39 5.4 -l i 7.4 5. 2 
c ten 25 30 5 () 3 8 (). 3 -l 6 

tapc 21 30 5 3 -l 5 (J () 5 I 
tip 15 31 -l I 3 8 5 X 5. 7 
team 32 23 -l i 2.6 5. 8 3 IJ 

XII I. FREQCENCY OF OccuRRE;'\CE oF ENr.usH SPEECH Souxns 

(Table IV contains data from a book by Godfrcy Dcwcy , "The 
Relative Frcqucncy of English Speech Sounds," Han·ard 

University Press) 

Speech 
Sound 

ä 
a' 
c 
c 
t· r 
i 
i 
0 

ö 
o ' 
LI 

ou 
h 
eh 
d 
f 

TAßLE 1\' 
Relatit•e Freque11cy of Ocwrre11ce of Euglislz Speech Smmds 

Rcl. I Speech 
Kcy Frcq. Sound Kcy 

top 3.3 !.: 
tape I. 84 h 
tap 3.95 j 
ten 3.44 k 
eat 2. 12 I 
term 0.63 lll 

tip 8.53 n 
dike I. 59 ng han~.: 
ton 6 3.1 Jl 
tonc I 63 r 
t a lk I 35 s 
Iook 0 71 sh shcll 
tool I S<J th ( thin) 
our 0 S'J th thcn 

I SI t 

I 

d talk I 0 52 

I 

V 

I I 
-l 31 w 
I 8-l y 

z 

Re I. 
Freq. 

0. 7-l 
I. SI 
O.H 
1. 71 
3 7-l 
2. 78 
7.14 
096 
2.04 
6.88 
-1 .55 
0 Si 

Ji 
.1.-13 
i. 13 
1. 28 
2.08 
0.60 
1. 97 
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XIV . IN TERI'RI·:TATION O F S!'EEC' II 

(Fict chcr, U., Jour . Frank . In s/., 1\1:~. Ii, ]lllll', l\12'2 ) 

.\ mcasurc o f thc intcrprct ,ttion of "pccch was oht.1inc<l hy llll' illl S 

uf ,1rticul.1tion tc~ts. ;\leaningk·"s syllahlcs werc prolJOIIIl l'l 'd an<l 
uhscrn•rs wcrc rcquirc<l tn reronl thc syll.thlcs. Thc artirulation is 
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-

thc pcr ccnt of sy llablcs tha t wcrc corrcc tly rccordcd. Thc articula­
tion depcnds upon thc ~en sa t ion Iew! of the speech (Fig. S), and 
upon thc width of the frequcncy ba nd Iransmitted (Fig. U). 

The syllahles that were ren mied in thesc test s wcrc analyzed to 
show the articulation of the fundamental spl'cr h sounds. Fig . 10 
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shows thl'Sl' articulations as function,.; of the sensation )e,·cl of thc 
spccch . In Fig. 11 thcy are shown a,.; functions of the width of the 
transmittl'd frl'qucncy band. I t :-;hould Le lllj tl'd that thc tcrm 
a rticulation as here ernployed dcnote" only thc correct intcrpretation 
of unrclatcd spcech sounds and is not a measure of voicc naturalncss 
which is al"o an impnrtant faf'tor in the telephonif' transmission 
of "(Wl'Ch. 
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Gra phie R epresenta tion of the lm peda nce of Net­
w orks Conta ining R esista nces a nd Two Reactances 

By C H ARLES W. C ARTER, Jr . 

• \ thTN \l T: The drivin~·JK>int impcdann~ of .111 ekctrical n<"twork com­
P"'''-''1 of .111y numh .. r of r .. si~tanct•s, arran~o:•·d in .111y w.1y, .111d t wo pun• 
react.llll'l'"• of ,11\y <lq:r<'t: of complic.1tion within thcnb<·h···~ hnt not rl'latrd 
to t·.wh ot h•·r hy mut n.il rt'.l<"l.HH't:, inserted at .my t wo points in t Iw n•si,t . 
• uwe m·t\\ork, 1s limitcd to an •·n· .. ntrit- .wnul.tr n·gion in tlw romplt"t pbn•· 
\\hid1 j, dl'll'rlllined hv tht· n·si,t.lllt't: nctwork alont•. 

The IKliiiHi.uics of ·, his re~o:ion arc non-intersectin~o: circlcs c-entered on 
t hc axis of r .. als. Th .. di.unetcr of thc cxterior houn<lary t'Xtcnds from thc 
v.1luc of thc impc<.l.1nn· whcn hoth rcactanccs arc short-circuitcd to its 
\',11111' when IKlth .1rc open-circuitcd. Thc diamctcr of thc intcrior boundary 
(''(!emls from the valuc of thc impedance whcn onc reactance is short­
circuited .1nd the othcr open-circuitcd to its valuc whcn thc first rcactanrc 
is npen-circuitcd and thc sccond short-ci rcuited. 

\\'ht•n eithcr react.lllce j, fixcd and the othcr varics over its completc 
rangc, the h.·us of thc driving-point impedancc is a ci rde tangcnt to both 
boundaries. Bv means of this grid of intersccting cirdes the locus of the 
driving-ll'>int in1pedancc may hc shown ovcr any frcqucnry range or O\'Cr 
.my vanation of elcments of thc rcactanccs. T his is most cotwen icn t ly 
donc on a doublv-sht·eted surf.11·e. 

The paper is iliustratcd hy numt'rical cxamples. 

I :\TRO[)l'C rtü :"o: 

Sl' PI'OSE that an\' number of resistances a n: combi ned in to a 
network of any sort and pro\·1ded w1th th ree patrs of terminals, 

numbered (1) to (3) as in Fig. 1. The prohlem set in this paper is 
to in\'estigate the dri\·i ng-puin t impedance1 of such a network at 

Any 

ll ~actßnc:e (2) Resistance 

Net.v.or-k 

(I) 

Vor-iot:>le 

(3 ) RMctance 

ZJ 

Fig. 1-T he :\ctwork tobe l >iscussed 

terminab (1) when Yariahlc pu re reactanecs, Z 2 a nd Z J. a re connectcd 
to terminals (2 ) and (:3), respecti\'Ciy. Z 2 and ZJ a re for rnecl of 
capacities, self and mutual inductances. T hey are not connected 
to each other by mutual reacta ncc, but they may be of a ny degree 
of complication wirhin themseh·es. 

T he problem is dealt with in terms of the complex plane: that is, 
thc resistanrc components of the impedance, S, measured at te rmi nals 

1 Thc dri\·ing-point impcdance of a network is thc ratio of an imprcssed electro­
motive force at a point in a hranch of thc nctwork to thc rcsulting currcnt at the 
same point. 

387 
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(1) are plot tcd as abscissas and the reactance componcnts as ordinates. 
To cvery valuc of the imped a ncc, thcn, thcrc is a corresponding 
point , and to thc \'alues of the impcdance O\'er a range of Yariation 
of some elcmcnt, or over a frequency rangc, therc corresponds a locus, 
in thc complcx plane. This locus may !Je Iahelied at suitablc points 
with the corresponding Yaluc of thc Yariablc. So lahelled, it com­
bines in to one the cun ·es which arc usually plotted to show s<' parat l'ly 
the \'ariation of thc reactancc and resistancc components or to show 
scparatcly the \'aria tion of absolute value and a ngle. 

The usc of the complcx plane is not ncw: it is thc basis of most 
of the \'ector diagrams for clectrical machincry. Thc character­
istics of both smoot h aml loaded transmission lin cs have a lso becn 
displayed by its means. Its application to clcctrical nctworks, how­
ever, is not common, and it is a subsidiary purpose of this papcr 
to illustratc thc fa ct that the propcrtics of certain networks, which 
ha,·e complica tcd charactcristics if cxhihitcd in thc usual way, may 
bc shown quitc simply in the cotnplcx plane. This si mplicity, com­
bincd with gencrality, is attaincd hy application of theorems con­
cerning func tions of a complcx variable which arc immedia tcly avail­
able. 

T11 E Fu:.;o,DIENTAL EQliATJo:'{S 

Tbc impcdance mcasured in branch 1 of any nctwork is 

S=R+iX = ~ 
.lu 

(1 ) 

wherc .l is thc discrirninant of th c nctwork , cithcr in tcnns of branchcs 
or 11 indcpcndcnt mcshcs.2 

J\ ssigning thc rcactances z2 and z3 to meshcs 2 a nd 3 

Ru R12 R, a Rw 

R21 R22+Z2 Rn R 2n 

R3, R32 R3a +Z3 R3n 
.l = (2) 

R .. , Rn2 Rna Rnn 

whcre R,i is thc rcsistancc in mc~h j and R,k( = Rk;) that common 
to mcshcs j and k. 

' St:o:: (~ . .-\ . Campl>l·ll , Tra nsactions of thc .-\.I. E. E., .~u. 1911, pages 873- 909, 
fo r a completc tl iscus,.ion of thc solution of networks h ~· mea ns uf detcrminants. 



,\'F/'11'01\f.:\' C0.\'1.1/.\'1.\'(; "fii'O 1\T I<"T.I.\'<"FS .lS0 

S = ..1 +A 22~2+~1a3Za_+~t22·nZ2Za .. 
. ·t 11+..t ••·22Z2+..t 11·3~3+..1 11·22·3~2z3 

whert• .-1 is tlw tliscriminant of the n·,.,istann· netwnrk .donl' ;md .- l ".u.u 
dC'notes the cof.1ctor of tlw protluct of tlw l'lcnwnts of .-1 loratl'd at 
thl' intersections of rowsj, k and I with columnsj, k and /, rt'SJll'Cii\'C'Iy. 

For conn·nit•nn· this is writtcn as 

.;;= a+bZ2+cZ3+dZ2Z3. 
. a,+b,Z2+c,Z3+d,Z2z3· 

( I ) 

Thc C"onstants of (:~) and (4) are real and positive since they are 
cofactors of terms in the lcading diagonal of thc discriminant of a 
resistancc network. Tlw cleterminant bcing symmetriC"al. therc is 
the following relation anwng them: 

(;i) 

Tbc function to he studied is, thcn, a rational function of two 
variables, ha\'ing positi,·c real cocfficicnts dctcrmincd by thc rcsist­
anccs alone. Furthcrmorc, if one reactancc is kept constant while 
the other is Yaried, thc function is hilinear. Thc particular propcrty 
of thc bilincar function, which has bccn studied in great dctail, of 
intcrcsl herc, is that by it cirdes arc tran,;formed into circles. 3 

\Yhcn, as in this case, thc ,·ariable in a bilinear function is a pure 
imaginary, thc function may bc rcwritten in a form whid1 gives 
directly the analytical data necdcd. For suppose 

u+•·= 
u•= u,+t•,: (G) 

where: is a pure imaginary and the col-fficients are complex. This is 

(7) 

:\lultiplying the second tcrm by a factor identically unity, 

(S) 

wherc primes indicatc conjug.1tes, or 

m•,'+u 1'<• m• 1 -u.-<• (u,'+"•'='). 
·w= u1•••'+u,'t-;-r + u,P,'+u,'•·; X u,+t·,: 

(!l ) 

J G. A. Campbell discusses, in thc papcr cited, thc thcorcm that if a single clcmcnt 
of any network bc made lo trawrsc anr circlc whatsocvcr, the driving-point im­
pedancc of thc nctwork will also descrihe a circlc. 
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:\ow, a~ z is , ·a ried, the first term is con~tant. in the second term 
the first fa c tor is constant and the second factor varies only in angle, 
since the nunwrator is the conjugate of the denominator. The first 
term, therefore, is the Center, and the alJsolutc value of the first 
factor of thc ~ecoml tcrm is the ra<lius, of the circle in which w mO\·es 
as z take~ all imaginary valucs. 

( l:s-E \ ',\J{(,\JII.E lü:.\CT.\:'\( E Cl\'(:'\(; CJR<TL.\R I.()(TS 

Thc signilicann· of thc e4Uations may he madc apparcnt by a 
study of Fig. 2, which shows the impedancc S whcn one of thc re­
actances, say z3. is marle zcro. \\"e han:, then , 

S = ~l+A2~2 a + bZ2 
Au + A u.22Z2 = a 1+btZ2 

(lU) 

and the trivial case ab 1- a 1b=O is exdudt·<l. This is of the type of 
(G). \ \ 'hen Z2 varies on·r a ll pure imaginary values, S traces out a 

X 

I· ig. 2 Locus of the lmpedanc!' S with ( Jrw \'ariabl .. Reactance 

ci rclc , which (!! ) ~hows has i1 s centcr on the resistancc axis. l t,.; inll'r­
r cpt s o n the resistance axi ~ are 

.'i = a = R,,, sa \·, when l.' z= O 
llJ 0 

(II) 

an <I 

(12) 



Bttt in .1 >-\'111111l"tric.tl determin.lllt 

\\ h~·llC"l' 

.1 11 .1~: .. l, ::=.-1.1, 1.n: 

11h 1<a 1h 

II b 
11 1 < b

1 

(II) 

(I Ii ) 

Tn lind thl· \·,due of S whcn 7.2 has some valuc, s.1y 7. 2 = 1.\" 2 , it ·s 
only nece,.,sary tn m.1rk the circubr lcwus with a s1·ale in tnms ,,f 7. 2• 

Thi,.: m;1y he donc directly hy n,.:ing (!I ) to determine the angle, </>, 
which the radins of the cirdc lll.lkcs when Z 2 =iX:. l t is simpler to 
u,.:e thc fact that a line pa,;,;ing through R" and the point S has an 
intercept on thc rcactancc axis of 

( Ii) 

whcre ~ =b a,. 

The factor ;; is detcrminccl (,y thc re,;i,;tann·,;; therdorc the scalc, 
as we11 as thc locus, is completely lixetl i.Jy thc rc,.,istanccs. Sinn~ ;; is 
always positi,·c, as Xz i~ increased the circle is tra\·cr:'ed in a clock­
wi~e sense: for positive values of Xz the upper semi-circle is covered; 
for negati,·e ,·alues, the lower. That is, when Zz is an inductance 
thc impedance of the network varies un the upper semi-circle from 
R., to Rb as the frequency is increa~ed frum zero to intinity. \Yhcn 
thc magnitude of 7., is changed thc samc semi-circle is described but 
each point (except thc initial and final unes) is reached at a different 
frequency. \\ 'hen Zz is a capacity the lower semi-circle, from Rb 
to Ra, is traccd out. 

\\'e know that, in general, thc valuc of a pure reactancc 4 increa;;c:-. 
algebraically with frequency, and that its resonant and anti-rcsonant 
frequcncies alternate, bcginning with onc or the other at zero frc­
quency. \\'hen X2 is a general reactance, thertfore, a~ thc frcquency 
increases the entire circle is describcd in a clockwise scnR· hctween 
cach consecuti,·e pair of resonant (or anti-rcsonant) frcquencies. 
For example, if Z 2 is made up of 11 hranches in parallel. onc i.Jeing an 
inductance, onc a capacity and thc others inductance in series with 
capacity, as thc frequency increases from zero to infinity the circle is 
traccd out completcly n- I timcs commcncing with Ra. 

'See : :\ Reacrance Theorem, R. :\1. Foster, Bell System Teclmical lo11nwl, ,\pril, 
1914, pagcs 259-267; also: Theory anrl Design of l 'niform anrl Composile Electric 
\\'ave-Fihers, 0. J. Zobel, Br/1 System Trclmiwl Jormr•ll, January, 11>23, pagcs 
I-li, es[l('Cially pages 35-Ji. 
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In Fig. :~ i,; ,..hn\\ n thc impt·d.tnn· lc>clls ft•r tlll' p.trtintl.tr nl'twork 
).!iH·n nn thl' di.tgr.tm. Thc cin·lc i,; m.trkcd in tern~,; of 7.2• From 
it. n:rt.1in pn,pt•rtil',; of S 111.1y he re;ul .tl uncc: thl' n·,.,i,.;t.tllCl' com­
pc>ncnt. R. \,trit•,.; IJt'l\\t'l'll :.?titl .tnd j;itl c>hn~,;, .111d tht· rl';trLtllt't' 

Fig . .lb-Components of Irnpedancc in Fig . .3 whcn Z 2 is Douhly-Resonant 

component, X, is not grcater than 2l.5 ohms nor le,.;:; than -2-L'i ohm,.., 
attaining thcsc \'alne,; whcn Z 2 i,; +.510i anrl -i'JIOi, rcspcctin·ly. 

\Vhcn the \'<triation of the rcactance .7.2 with freqnency is known 
thc \'ariation of R and X with frequcncy may hc found hy nsing the 
,;calc on the cirdc. Fora p.Hticular rcactancc nctwork, thc scalc may 
bc markcd dircctly in term,.; of frcqucncy, or if it is desircd to comparc 
thc beha\'ior of R amlJX whcn ditTcrcnt rcactancc nctworks arc sub-
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~tituted, thc impedancc locus may he marked with the frequency 
~cale for each reactancc network in some rlistinctive manner. 

H owever, to show in thc usual way some of the types of R and X 
curves reprcsented by the locus of Fig. 3, as weil as to avoid necdless 
cumplication of what is intended as an illustrati\·e rather than a 
working clrawing, Figs. :b and 3b ha\·c heen prepared by direct pro­
jection from Fig. 3. In Fig-. :3a are shown the Rand X Cltn·cs plotted 
against frequency when Z 2 is an inductance. In Fig. 3b are shown 
similar cun·cs when Z 2 is a clouhly-resonant reactance. The R com­
ponent has a minimum at each rcsnnant frequency and a maximum 
at each anti-resonant frcquency, while the X componcnt bccomcs 
zcro at rcsonant and anti-rcsonant frequencies ali ke. Thc numbcr 
of examples from this onc resistance nctwork might he multiplied 
endlessly; it is belie\·ed, howeH·r, that tht'se are sufficient to show the 
great amount of information to he ohtaincd in \·cry compact form 
from one simple figure in tlw complex plane, and thc cspccial supcrior­
ity of thc complcx plane in rlisplaying the characteristic common to 
alt thc cun·cs of Figs. :ia ancl 3h: namely, that R anrl X at any frc­
quency, with any rcactance nctwork, arc ~uch that the impeclance 
lies on onC' circle. 

Two \'ARIAßLE REACTANCES Gn'I=--G EccENTR IC 

t'.N~ULAR DcmAIN 

Returning to the more generat impedance of (4) it is scen that in 
cach case short-circuiting and open-circuiting the terminals (2) and 
(:3) one at a time, and \·arying the reactance across the other termi­
nals, yiclcls a locus for S which is a circle of thc type just rliscussed. 
Thc,.c cin·les arc rll'terminerl as follows: 

Extremitics 
Cirdc of I )iamctcr Scalc Factor I( 

Z2 = ll H .• aml R, cj a1 

Z2 = x Rb a1Hl RJ d ' bl 

Z a= O Ra and Rb b 'a1 

Z a= X R, and RJ d 'c• 

whcn: R =c/c1 and R.J= d/ d1. .\n cxau1inatinn similar to that in 
(I:i) (Vi) shows that 

R. :S R,, :S Rt, 

R. :S Re :S RJ. 

(lS) 

( Hl) 
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I t 111.1y iurthcrnmrt· lll' •~'-"llllll'd witlwut loss of !o:l'ltl'rality, ~inrc it 
is llll'rt·ly .l lll.lltl'r of l.tlwlling tht• re.wt.llll"t'S 7.1 .llld xl. that Rb$R,. 

11\'ncc, tht• four nitical poinh uf th1· impt•tl.ttl\'t' .m• .tlw.tys in tltt• 
following onlt•r: 

These cirdes .Ht' slwwn in Fig. I. By nwans uf tlw appropriatt• ,.;cale 
factnr,; ~ t'.lt"h may Iw marked in term,.; of tlw rl'actance which j,.; ldt 
in tlw rircuit. 

::\o\\' suppt>,.c Z.1 is kept nmst.lllt at ,;ome \·aluc which is ;1 pllrl· 
im.lgin.lr)', and z~ is \'Mied n\·cr thc r.mgc -jXJ $,7.2$+i:.G. \\'e 
m 1\' rewritc ( I) in the norm.d form (ti): 

\'= a+c7.J+(b+c!7.J)Z2 
• 111 +ctZJ+ (h.+d.Z3)z2· 

(:2 1) 

X 

R 

Fi~. -4 Thc Region to which ~ is Re~trictcd and th(' Critic.ll Circlc-s 

The loru,. uf S j,; nm· of a family of cirrle,.;, l'.lch cin·le corresponding 
tn a \alul' of Xl and compktely tran·dottthycompktt· ,·ariation of Z 2 • 

The propertic~ of earh rircle may he founrl hy ~ub,.titntion in {fl ). 
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Similarlr. if Z 2 is hcld constant whilc .l3 varies, the locus of S is onc 
of another family of circle;;;. 

Ry thc u~e of (!J), keeping (ii) in mind, it may l>e shown that the 
cirdes of each of these families are tangent to two cirdes determined 
hy the resistancc nctwork alone. Both families are tangent inter­
nally to a cin·lc rentered on thc re~istance axis, cxtenoing from Ra to 
RJ. Both arc tangent to a cin·le centen·d on the re,;istance axis, cx­
tending from Rb tu Re, in ~uch a way that thc Za-constant circles are 
tangent externally and the Z 2-constant circles are tangent enclosinf!. the 
circle from Rb to Re. These relationships an· illustrated in Fig. 4. 

The circles Ra to RJ ancl ~ to Re are, thercfore, outer and inner 
boundaries, respecti,·ely, of the region mapped out hy the two families 
of rirdes generated when first one and then the other reactance is 
treated as a parameter while the remaining reactance is treated as 
thc variable. 1'\o matter what reactances may be attached to termi­
nals (2) and (~). the resistance component R, measured at terminals 
(1), is not greater than the rcsistance when terminals (2) and (:3) are 
open and not lcss than the rcsistance when terminals (2) and (3) are 
short-circuited, and the reactance componcnt .\", measured at termi­
nals (1), is not greater in absolute valuc than half thc difference of 
the resistances mcasureJ whcn terminals (2) and (3) are open and 
short-circuitcd. That is, 

(22) 

(23) 

The two familics of cirdcs (Z2-constant and .l3-constant) intersect 
aml may hc u,;ed as a eoonlinatc system from which thc components 
of S may he rcao for any pair of values .l2, Z3. To avoid inter­
scctions gi\'ing extrancous \'alue~ of S resort is made to a donbly­
shcctcd surfacc, analogaus tu a Riemann surface, for which thc two 
houndary circlcs arc junction lincs. That is, the impedance plane is 
roncein'd of as two superposcd ~heets, transition from onc to the 
othcr hcing madc at the houndary circles. Thus, in Fig. 5, whcre 
the two shcl'ls arc scparatco, caeh Z 2-constant circle is shown run­
ning from thc outer tu the inner houndary in Shcet I (using the clock­
wisc sense), and from thc inner to tlw mller houndary in Shcct 11, 
whill' tlll' Za-constant circll's run from thc inner to the outer houndary 
in Slwct I and arc completed in Slwet ll .b 

1 lt rnay hc lll!'nliuncd I hat thc inner .111cl oulcr houuclaril'S arc impcda ncc cur\'cs 

I I z 7. A n A " I Z, .-I u .1,,.u . I 
trarcl out w 1en , , . , = ..t "'"' ,.11.., 2 

anc z; = ..1 ,
2 

A ~>·n' rcspccll\'C y. 
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Sheets I and II of Fig. 6, takcn togethcr, show thc impcd.tnce domain oft hc net work 
at the hottom of thc oppo~itc pagc, ma<lc up of three fixc<l rc~i~tance> and two 
variable rcactances. Thc da~he<l cur\'C, appearing in fuur distinct parts, t wo on 
each shPct, shows the impcdancc S whcn 7., 1s thc douhly-re~onant circuit of Fig .. lJ,, 
and 7.1 is an in<luctancc of 1.0 hcnry. Points on this cun·e are Iahelied in tcru~> of 
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The numbering of thc shcets is, of course, arbitrary. If the upper 
half of the Z 2=0 circlc is put on Shcct I, thc arcs of the othcr critical 
ci rcles are dctermincd as follows :6 

Circle On Shcet I On Shect II 

Z2=0 Uppcr half Lowcr half 

Z2=oo Lower half L'pper half 

Z3=0 Lowcr half Upper half 

Za=oo Upper half Lower half 

Each sheet, then, is divided into four sub-regions, indicated on 
Fig. 5 by the signs of the reactances for which S is within them. \Vhcn 
Z 2 a nd Z 3 arc composed of single clements the sub-regions in which S 
falls at any frequcncy are as follows: 

Sub- At Frequency 
z2 7,3 Region Zero lnfinity 

lnducta nce Inrluctance (+.+) S=Ra S=Rd 

I nductancc Capacity (+.-) R, Rb 

Capacity l nductancc (-.+) R b R , 

Capacity Capacity (-,-) Rd Ra 

The course of S over the complcte frcqucncy rangc may bc shown 
hy a curvc through the appropriatc intcrsections of the Z 2-constant 
and Z 3-constant circlcs, as in the following examplc. 

The impcdance rcgion for a particular bridgc nctwork is illustrated 
in thc two shccts of Fig. ll. Thc arcs of Zz-constant a nd Za-consta nt 
circles in cach shcct form a curvilincar grid supcrposcd on thc R,X 
grid of thc complcx plane. For examplc, if Z 2 =200i and Z 3 =000i, 
thc valuc of S is rcad from Shect I as 32i+i2!H, and S has this valuc 
irrcspectivc of thc structurc of Zz and Z3. 

An impcdancc cur\'c (dashcd) is shown in Fig. ß reprcscnting thc 
Variation of S with freqUCllC)' whcn Z2 is thC doubly-rCSOil<lllt rcactallCC 

• \\'hcn thc shccts arc numhcrccl in this way, thc point S falls on Shcct I or Shccl II 
accorcling to thc following tahlc, in which k1 and k 2 arc thc crit ical \'alucs for thc 
produn and quoti(•nt of Z 2 ancl Z 2, rcspt•cti \'cly, gi\'cn in Footnote 5: 

(Z,, Z,) 
On Shcct I, if 
On Shcct II, if 

(+.+) 
z,,Z,<k, 
z,;z.>k, 

(+,-) 
Z,Z,>k1 

Z 2Z2 <k, 

For thc nctwork of Fig. 6, k1 =116,8i5 and k2 =0.972111. 

(-,+) 
z,Z,<k, 
Z 2Z2 >k 1 

(-,-) 
Z2/Z,>k, 
z,;z,< k, 
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ust'tl in Fig . :~h and 7.J is an inductancl' of 1.0 henry . This impt·dann· 
curn· has four parts, two iu l'<ll'h sheet. l t start s on tlw resistanre 
a'is at the inter:-.!'ctinn of the 7.2 = ~ and Z a = 0 cirrles. :\ s the frc­
quency innca,..cs from zcro thc tirst part of thc cur\'c is trared out in 
Sheet II. At 2:1 cycles thc impedancc is apprnximately :HO+iJ.I O 
Thc reactance component has a maximum of allout 2;i(} ohms at almut 
70 cycks, tlll' re:-.istance compnnt·nt has a maximum of ahout 720 
ohms at ahout llill ryclcs, the re;wtancc compon cnt h;1s a minimum 
of ahout - 110 ohms at ahout :wo cydt•s, and fina lly at almut -ISO 
cycks tlw curvc reaches thc inner houndary, whcrcupon it changcs 
to Slwet I. l t remains in Slwct I up to a frequency of ahout !JIO 
cyrles, tllc rcsistancc romponent ha\'ing a minimum and the rcact­
anct• romponent a m.1ximum, wh ich may I)(' reau from thc diagram. 
The impedance het wcen !II II cyc l!'s and approxim;1 tely 1 ,:3DO cycles 
lies on Shect II, and from I ,:mo cycl!'s to infinite frcqucn cy on Shect 1. 
Thc resistancc Cllmponent has a total of thrcc max ima a nd thrcc 
minima, and thc react;1ncc component thrcc maxima and two minima , 
followin~ the cyclical order: R-minimum, X-maximum, R-max imum, 
X-minimum. 

An interesting cxerci~e is to oh~er\'(' thc cffcct on the impedance 
r ur\'e of changing thc \'alue of the inductance Z 3• Thc curve inter­
sccts thc Z2-constant circlcs at the ~amc frcqucn cies in each casc, 
hut the points of intersertion arc mo,·ed in a clockwise or counter­
rlockwise ~ense as Za is increascd or decrea~cd. \Vith each such 
ch;lll~e parts of the impedancc cur\'e di~appca r from onc sheet and 
reappear on thc o ther. For instancc, with a dcnease of the inductancc 
Za thc tirst loop of thc impcdance cur\'e on Sheet I I shrinks, a nd with 
sufficicnt dccrcase in inductance may become too small to plot, al­
t h ou~h it does no t clisappear cntirely. 

I t is evidcn t that if Z2 and Z a are formed of reactance networks of 
greater complication thc impcdance Cur\'e may he very involved. 
But no matter how tortuous its path, it is restricted to the impedancc 
region, that is, to the ring-~hapcd region bctwcen the non-intersecting 
bound.1ry cirdcs detcrmincd hy thc rcsistancc net work a lone. 

l\ly thanks are due to D r. George A. Campbell for his sti mulating, 
continued interest, and to l\lr . R . l\1. Fostcr for suggcs tions on every 
phase of this work. 



The Vibratory Characteristics and Impedance of 
Telephone Receivers at Low Power Inputs 

By A. S. CURTIS 

T I-IE onlin a ry telephone recei n ·r i~ one of thc most sen sit i\ ·e 
known detectors of weak a lt ernating currents over a con ~iderab l e 

part of t he a ud ih le frequenrr range. lts high scnsiti , ·ity, combined 
wi th its sim plicity and com·enienct•, han· lcd to its genera l adoption 
as the de tect ing clement in thl' .-\t • impeda nce bridge a nd o ther 
measuring apparatus cmplo~·ing the nul mcthod . Thcre a rc also a 
number of cases ou tside of tht• lahoratory where a knowledge of the 
behavior of the rcceiH·r operating near its minimu m a udible power 
input is of importancc. In apparatus dcvelo ped during the \Vorld 
\Va r, such as that fo r detecting and locating submarines, in radio 
reception , a nd in thc rcce pt ion of ,·arious other sort s of signals, the 
receivcr is frequently operated ncar the th rcshold of a udibility . 
\Vhile it is in gencral possil>le to employ a , ·acuum tube ampliti cr to 
render weak signa ls morc easily a uclihlc, consiclera tions of cos t or 
increased complication often makt· it impraeticahle to do so. ln 
a ny case, if it is desircd to reduce to thc Iimit the minimum a udibl e 
signa l, it is nccessary tu know the constants of thc recci,·er working 
on thcsc low power inputs, in order to dcsign intelligen t ly it s circuit s 
a nd o thcr associatcd apparatus. 

Current Ii teratu re dcali ng with thc sensitivi ty of telephonc receivers 
indica tcs t hat thc relation bctwccn the impeda nce a nd \'ibra tory 
cha rac teristics of the recci,·er at current s near minimum audihility to 
those as ordinari ly dctcrmi ncd in the labora tory, is not genera lly 
known . l t wou ld, therdorc, seem of in terest to publish the results 
of an experimental dctermination uf rccei ,·er charac teristics a t \'e ry 
low currents. Such an ill\·es tigation was car ricd on in l\HS and 
1!1 1\l, u~ing the \\'estern 1-:kctric ::\o. 50!1 rad io recei ,·cr (the present 
stamlard \\'estt·rn Ekctric Reccin·r fo r radio usc). The work, 
howe\·er, was clone, no t merl'l)' wit h the idea of d l' termining the 
dw racteristics of thi s partindar instrument , hu t fo r thc purpose of 
asccrtaining thc hchavior of rccci,·ers in gencra l, near minimum 
audibility. 

lna~much as the dampt·d impl·c.h ncc of t lw reccivcr- that is the 
inqwdancc.' wi t h tht· t.liaphr;~gm helt.l nwtionles" is n·rr dose to 
the impt·(bnce ohtainl'd witli thl' instrument on the ear , it is com ­
rnonly used as t ht· ba ~ i s of l"in·uit cakulations. ,\ knowledgc of it s 
\';tim: for weak currl'nt s is thcrefore of importa ncc. l\ll·asuremcnts 
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\\l'rc tir::.t 111.11h- of dw d.a111p('d imp('d.111n· uf ;. ix in~tniiiH'lll~ .11 a 
fn·qnt'IHT of 1,1100 cyck:-; for a widt• r;mg1· of input currt·nt, ;111d l.lter 
tlll' work w,,,.. 1'\ll'lldnl to tlll' llll';'l:o;Un·nwnt of the vif,ratory char;w­
tt•n:-;tlc:-;. .·\ hridge m·twork w;1:-; ll~('d for nwa,..uring tlw rurrl'nt 
-.upplit·d lo tlw illlfll'cl.IIH't• hridgt· and from the t'ircuit t·onst.lllh tlw 
t'nrrt·nt through tlw n·cein·r lllldt•r tc:-;t could lll' c.dcubll·tl. Tlw r('-

Co"trolh"~ Hc!work. 

Osc.illator 

Fig. 1 

~i"t a nce:-; in thc \·ariou:; arm,; of tlll' controlling bridgc network wcre 
cho"t·n :-;o "" to furni:-;h an c:-;scntially constant current through the 
rcn·in·r undl'r tt· .. t, although it:-; impcdam·t·might vary through a rather 
wic..le rangc. \\'ith the cxtrcmcly small values of currcnts involwd, 
it was ncccssary to amplify thc power to the hridge halancing rccci,·ers 
approximatelr 100 TL For this amount of amplifit·ation, it was 
nb,·iously necc!"".lry to take extreme precautions in grounding and 
shielding the apparatu,.., in nrdcr to rcducc to inaudibility thc cffcct 
nf stray tit·lds from the sourcc nf currcnl supply. This was success-
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fully done and thc impedance bridge measured impedance accurate ly 
with currcnts as low as I0- 9 ampcres, through thc receh·er under 
test. Thc correctness of the point of halance of the bridgewas estab­
lished by measurcments of standard impcdances o\·er the rangc of 
currents employed in the reccinr tcsts. A schcmatic diagram of 
the circuit is shown in Fig. 1. 

For mcasurcmcnts of dampcd impcdancc, the reccivcr was placed 
in a small sound-proof box, wit h its diaphragm dampcd l>y a microm­
cter depth ga uge, which was cardully adju~ted so as just to impingc 
upon thc diaphragm. It was neccssary to insulate the recciver from 
mecha nica l agitation, sincc minutc voltagcs gcncra ted in it were 
sufficicntly a mplified to causc an cxccssiH• noisc in the head rcceivers. 

Fig. 2 shows thc damped efTecti,·e resistance and reactancc of the 
six in st ruments, taken at 1,000 cyclcs, plot tcd on scmi- logarithmic 
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papcr. ! t will l>c secn that l>elow approximatcly 10 "6 amperes, thc 
impcdanre is constant. l!owcn-r, ahO\·c this \·al ue both thc efTcc tivc 
rcsistann· and thc reacwnrc show a consistent incrcasc with thc 
curn:nt. Thc minimum currt·nt em ployed ( I0 -9 ampcrcs), is hctwecn 
two and threc times tlw minimum audihle current for this type of 
instrument, lnrt frwn the data. takcn there is JH> rcason to suppose 
that thc impedance would vary fo r small<..·r rurrents. This rcceiver 
has a windin g- of I 1,000 turns, and it r an, therefore, be assumcd that 
this t)'pe of structure will ha,·c constant impl'dance below a magncto-
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rnotivc force of .01 a mpere tmns. For lahoratory ml·asuremcnt s on 
this instrumcnt a currcnt of 2 X l0 6 ampercs is ordinarily ust•d, and 
it will he notcd that the impl'(lancc at cxtremcl y low currcnts is not 
greatly different. 

lt is gcrwrally known that, in thc case of cithcr a s teady or an 
altcrnating tield, thc pcrrncahility and thc shapc of thc hys teresis 

F ig. 3-J. = natural freq ucncy; .:. = logarithmic dccrcmcnt per sccond; 2ß =depression 
a ngle of principal dia meter ; z .. = ma ximum motional irnpedancc ; R = free rcsista nce 

a t rcsonancc ; z. = damped irnpedance. 

loop for ordinary magnctic materials reach limiting values as the 
magnetomoti\·e force is rcduced, that is, further rcductions of the 
magnetomotive force havc no ellect on these magnetic charactcristics. 
The results cited abo\·e show that this condition obtains for a weak 
alternating field when it is superimposed on a relatively strong steady 
field. 

In the measurements of frce impedance for determining the vibra­
tory characteristics the small sound-proof box could not bc used on 
account of the proximity of its walls . Accordingly, the recei\·er 
.md the impedance hridge werc placed in a large sound-proof booth 
with padded walls wherc the ellcct of retlection of sound wavcs was 
very small. \\'ith the diaphragm of thc instrumcnt free to vibrate, 
its efficiency as a sound detector was matcrially incrcased and the 
noise in the head receivers due to thc slightest movernents of the 
observer bccame so serious that it was not feasiblc to take data with 
currents of less than 2 X I0- 9 amperes. 



BELL SYSTEJI TECIINICAL JOURNAL 

Fig. 3 show~ impedance characteristics, with thcir associated circles, 
of thc sa me recei\'er with currents of 2 X IO 9 and 2XIO-s amperes. 
I t will be seen that the differences between thesc cun·es arc insignifi­
cant when one considers the low preci~ion of motional impedance data 
in thc ab:;enre of extreme precaution~ with regard to constancy of 
temperaturc, etc. 1\loreo\'er, other impcdance analyses at inter­
mediate ,·alues of current agree with thc abO\·e within the precision 
of thc measuremcnts. 

To summarize the results, it may be said that the characteristics 
of recei\'ers remain sub:;tantially unaltered as the current is reduced to 
the point of minimum audibility. In taking impedance measurements, 
it is weil to use a current which is low enough tobe on the flat part 
of the cur\'e. This can usually he done without the use of arnpli­
fiers between the impedance bridge and balancing reccivers. The 
fact that the \'ihratory characteristic~ of the receiver remain un­
altered as the power input is redured to the threshold of audibility 
throws an interesting light on the hehavior of the diaphragm material 
under \'l:ry small motions. Ca lculations of the rninimum audible 
a mplitude near resonance, hased on the fact that the constants of the 
material remain unchangcd, show it to be of the order of I0-9 centi­
meters. This motion is less than the llH'an molecular diameter of 
the diaphragm material. 



Some Contemporary Advances in Physics- VIII 
The A tom-Model. First P a rt ' 

By K AR L K. DARROW 

.\. h nwllt·c rouY RHI.\UK" .\1101 r .\To\1-:\lol>t·I.S 

l\;J t>RE than .111y otlll'r \\ord of the l.tngu.tgl', thl· wonl a/om 

i,- implir.tted \\ ith thl' histon· of hum.tn ,..pl'nli.ttion,.; con­
Cl'rning tlw n.tture oi thing,.;. lt i,- introducl'd wlll'n (Wople cease to 
content thenbeh es with ol•sl·n·ing .• 111d hegin to philosophizl'. Thl'n' 
,trl' man~· or t(ll' funcf,llllt'llt;t( ;llld l'S,..l'lllia( writing,_nf the fitl'rature of 
physics in which it dm·,.. not appl'.tr, or appear,.. without warrant. 
Tlw,..l· an· tlw clc,..criptions of things ob,..l·rn·d, tlw ;u·counts of expcri­
llll'llb, the rl'Cords of mea,..url'llll'llls, on which the edifice of thcorl'lical 
physics is foundcd. There an· many articles of what is commonly 
calkd the "tlll'orctical" sort in which it does not occur. Suchare the 
papersoll tlw rnotions of pl.ull'ts, oll the Yibrations of elastic solid:;, 
on the currl'llh in clcctrical networks, on thc courses of light-rays 
through optical ,..y,..tc·nb papcr,; which an· l',..scntially descriptions, 
.dthough they gin· tlw imprc·s,..ioll of being soml'lhing grl'ater and 
deqll'r becathc they relate to idcalizl'd casl's, and are phra,..(·d in tlll' 
lo~ccmic l.mgu,tge of mathematics. \\"hcn the word alom appL"ars 
justitiably in a di,..coursc, it nll'ans that tlll' author has dcparted from 
the safe routine of dt'scribing obsl'n·cd and obsen·able l'\'ent,-, how­
ewr sckctiwly, howe,·cr :-kilfully, howL"\·cr illtelligently. lt significs 
that he has gone beyond the Iimits of obst'n·ation, anrl has entered 
upon the audacious ad\·enture of constructing hy the side of the real 
univcrse an ideal one, which shall act as the real onc does, and be 
intelligible through and through. 

:\toms are the building stones of this art-world ur image-world, 
which is intl·nded to reprcsl·nt the actual world. impcrfectly indecd 
for thl· time bcing, perhap,; compll'lely at sume distant day. Some 
iew experiments, it is truc, pron· (as weil as anything can pron· any­
thing elsc) the existence of Ycry minutl> particlcs of matter ha,·ing tlll' 
minute chargcs, thc minnte masses, the minutc magnetic moments 

1 This part, thc fir~t of two composing thc articlc, is devotcd chielly to thc facts 
of obscrvation which the favorilc atom-modcl of the physicists of today thc atom­
model known by thc names of Rutherford and of ßohr-is tlcsi.:ned to inlcrpret. 
.-\ bricf descripcion of this atom-model is included; hut the detailed account of the 
peculiar features, of thc strange and importanl limitations which arc imposcd upon 
it to adju.t it to all the phcnomena mcntionl'd, is rcscrvcd for the sccond part. 
Owing to t hc 17eat quantity of information which it is dcsirablc to prcscnt, thc 
.Hticle needs all thc ll('nefit it can dcrive from a carcful and obvious organiz;1t ion, 
and I have sacrificed llucncy tu a quitc formal arrangl'mcnt undcr hcadin.:s and 
~ub-headings. 
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which it is found expedient to ascribc to the atoms. These cxpcri­
ments are enormously important, for they invcst the atom with a 
realit y whirh nothing elsc rould gi,·e it. T o some they havc givcn 
the hope that all thc properlies of the atom may one day bc dcmon­
strated unquestionably by direct cvidcncc. There is little reason 
to expcct that weshall sce that day. The atom is no Ionger entircly 
a product of the scientific imagination; hut neither is it cntircly an 
objcct of cxperiencc. l\lost of its propcrties arc invented, not dis­
covcrcd. \Vhether this invented and imagined entity is "real" is a 
difficult qucstion. Perhaps it is best to e\·adc such a qucstion by 
asking the questioner what he mca ns hy "rea lity". As a matter of 
fact, it is not possible to discu ss atomic theories thoroughly without 
raising and se ttling such formidable questions as, what is a theory? 
and, what is an explanation? alld even, what is reality ? pcrhaps 
evcntually, what is truth ? I do not aspirc to answer these questions. 
ßut therc are some common misconceptions about atoms which it is 
prudent to clcar away at the Legi nning. 

ln thc first place, onc does not uttcr an atmnic theory by saying 
that a substance is madc up of small pieces, each exact ly like a !arge 
piecc of thc substancc in en·ry respect except size. \\"c should 
achicvc nothing hy saying that iron is made of black lustraus con­
ducti,·e magnctic atoms, or tha t glass is huilt of colorless transparent 
brittle insulating atoms, or that an apple consists of white soft 
sweet juicy atoms. The atoms must be endowed with fewer and 
simpler properlies th an t!Je substan ce thcy are meallt to compose, 
elsc they arc futile. Onc must sclcct some of thc properties of thc 
su hstance to Lc attr~hutcd to its atoms, and sct the o thers aside 
to he explailled by thosc. 

Aga in, it is not obvious whi r h properties s!Jould hc selected for 
the atom; these dcpcnd largcly Oll thc fantasy of thc atom-lmilder. 
Howcver, certain qualitics such as viscosity and plast icity, con­
ductancc for heat and cond uctall ce for electricity, opacity and trans­
parcncy and lustre, warmth and Havor alld fragrancc, a rc not usually 
assigncd to atoms. ln gcncral, the morc a quality of a substancc 
varies with its statc, thc lcss it is suitl"d to he made an a tmnic quality . 
Fcrromagnctism is a quality which one would assign almost in ­
stinctivcly to thc iron atom; but it is possihle to dcpri,·c iron alto­
gcthcr of this quality Ly a simple hcat trcatment, and lwnce it is not 
gcnerally supposcd to he a featurc of the atom. But thc rule is not 
an absolute Olle. Tbc visible radiatiolls from gaseaus iron arc sup­
poscd to !Je charactcristic abovc all other thillgs of thc atom itsclf, 
yet thcy ccase when the iron is condenscd. I t is su pposcd that in thc 
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cnndensed pha~t·s tlw atoms are ~~~ dose lo~l'lher that they distort 
nnc anothl'r a pl'rmissible idea if used with discretion, yl't an atomic 
theory could t•asily bt•come a Jm•aningless form of words if this devke 
wt•re <'mployl'd withnut Iimit. Uf all the properlies of matter, mass 
alone appl'ars lo be entirl'ly l'Xl'lllpl from change. For this rcason 
.tll atom-mndl'ls involn· mass as an essential property of the atom; and 
this is the only re~pt•el in whieh they all agree. 

Few and simple, therdore. must be the properlies of the atom; yet 
we must not rush tn the other extreme, aml contri,·e atoms simplified 
into uselessness. The chemists know of eighty-eight different elc­
ments, sulliciently unlike to he distinguished: and we all know how 
grcat is the contrast between carbon and gold, hydrogen and Iead, 
tluorine and helium. lt is scarccly likcly that such ditTcrences as 
these can be explained hy atoms which are simply hard pellcts differing 
only in size aml shape a nd weight, like those of Lucretius and Newton, 
or hy atoms which are abstracl centres of force,like those of Roscovich. 
\\'e are forced to invent atoms more complicated that thcse: and from 
this it is not far to say that wc must imagine a structurc for the atom; 
and from this scarcely farther to say that we must imagine an atom 
built of parts. 

At this point we meet with a clamor from a m1mber of excellent 
people, many of them otherwise quite innocent of Hellenie culture, 
who ha,·e it firmly tixed in their minds that alom is the Creek word 
for imfit·isible; whence they concludc that when the physicist spcaks 
of subdividing his atoms, he is contradicting his own terms, hc is 
violating the rulcs of his own gamc, and has forfeited his right to bc 
heard.~ The premi:;e may be right, hut the conclusion is absurd. If 
snme of the properlies of gold are explained hy assuming it made of 
atoms with fewer properties, and later the explanation is imprO\·ed 
and extemled by assuming these atoms made of still smaller particlcs 
with still fewer properties, the second step is not less Iegitimale than 
the lirst. lt may he contcnded, with some reason, that the name 
alom should be transferred at once to the smaller partides. At hest 
this would he on(' of the changes which are desirahle in prineiple hut 
cause more trouble than they are worth. The contention is, however, 
weakened by the fact that some at least of the smaller particles of 
which we imagine gold atoms to be made are not imagined to be 
peculiar to gold, hut are concei,·ed as particles of a fundamental sub­
stance common to all elcments. That the "atoms" of the many 

2 I should havc pul this passagc cvcn morc strongly, hut that Schuster teils thal 
Kch·in hirnself inveighcd on onc rK·<.';lsion againsl thc idca of subdividing atoms. 
He W.ts answcrcd by a young man who said, "Thcrc you sec the disad\·antagcs ol 
knowing \.reck." This sccms as goori an answer as any. 
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clcments should bc systcms of "atoms" of one or a fcw funda mental 
materials is a thoroughly pleasing idca, although at prcscnt a n lln­
realizcd ideal. lt is unknown how far our desrendants \\·ill find it 
expedien t to dis:-;ert the atom; but it is certain that they will not be 
stopped by etymology. 

Another fact ahottt atom-models is that they are not a lways dis­
placed hy their succe:-;sors; sen·ral may and do persist side by side, 
each adapted to a cert<lin set of facts and ohsen·ations. Every a tom is 
designed in \'icw of a \'cry small fra ctiun of the available knowledge 
allout properties of matter ; and thi s applies to the latcst modcl as 
weil as the earliest. The chemists of the nineteenth cent ury were 
most impressed by thc immutahle wcight of matter a nd by the laws 
of chemical coml Jination; hcnce their a toms were mercly weighted 
particles equipped with hooks to ratrh the hooks of othcr atoms. T o 
the physicists of fifty ~ ·ears a go the phy:-;iral propcrtics of gases seemcd 
the easiest phcnomcna to intcrpret, and they imagined atoms as 
rigid elastic spheres with radii of :-;ome 10 8 centimet re; by the masses 
a nd motions of such atoms they expbined the pressure, e las ti city, 
,·iscosity, diffusion and .specific lll'ats of g-ases. The physicists of the 
next generation a ttemled r hictly to the cmi:-;sion, thc refraction , the 
dispersinn of vibra tory radi<ttions hy luminous gases, a nd conrei,·cd 
the ato m as a framework holding ,·ibrators, like a l>clfry with a ca rillon 
of l,ells. This third nw<kl is inferior to the serond in cx plaining the 
propcrtics of gases, inferior to thc fin.;t in explaining the la ws of rhem­
ical combination ; each of tlw three is supcrior in its nwn field to the 
a tom-model to whi r h this articlc is rhielly de,·oted, a nd which in its 
turn is prim;trily adaptcd to a lleld of its own . St ill other atom­
mmlt>b ha\'e heen dedscd, endowed with other properties, to account 
for othcr phennnwna : and it is altogether proha h lc that many more 
will \)(' pre,;ented bdo re the en·ntual one is attained, if it e\·er is. 
For in s ta nce, wt· ma~· somt• d a r hehold an a tom-model de vi~ed to 
explain the r ondttc tion of clcc tririty in :-;olid,;, n·ry competcnt in its 
llcld and quit e unlike thc :-;e o thers. l n the e\'t•ntua l atom-model 
th e essen t ia l qna litit·s nf all o f these , and of many others, must hc 
happily coml,ined ; it dot•,.. not ma tt e r ahnut the int's,..entia l ones. ~ 

' :'\ ow anti I hen a.n art i..Ic appear~ .i n a physic.d <~r ehemica l journal, in which 
an odd ly uncon \·•·nllonal atom·model ts propo"·d to tnl erpn·t somc such propertv 
of lllilll.er as ~ht• tl ~t·rmru·ll'l'lric t'lle!'(S, o r SU pra-COil<Juct i\·it y, or vall'IICC, or SOIIlC 
ot her w11 h wluch I he Rul iH'rfon l· lloh r atom-mod .. J has not as vl'l hcen matched. 1t is 
c.hy for a ph~ siri,t to i~-:rwn· stwh art il'iPs, o n 1 he ~ rnu n~l . t h:·,l a ny ~norlrl <il'parti n~ 
from that of l<nt l11·rford and llo hr mu' t l>l' \H on\!. I h" 1s n·rtamlv a llllstakl'n 
policv . . \ny p;arti;alh cnnltwt,·nt atonJ·nlo< lc-1 dt·st·ITl'S t o l>c t·x.uuined with can·: 
its ''"'·nti;al ll'alurt·s liHbl n·.'\'l><"ar in t hc ,., ·,·ntua l model. llut of course thc 
t·~st·uti.d featnre is not always 111· conspicuons onc. ' ' 
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Iu awaiting that c\·entu.tl atont-ruodcl. it is bt·st to rq:.ml thc 
atnm~ of thc pre:-cnt da~· as mutable and tr.tnsitory. l.ike railway 
timc-tahlcs, ato111-111odl'ls should hc in,.;crihcd ":::oul•jl'(·t to !'hangt• 
without notire." :-\othing is irrc\·oc;tblc in phy,.,ic:-, t·:xn·pt thc 
reronl of p.bt t•n·nb; aml Wt' who han~ :-t'l'll thl' undul.ttory th('ory 
of light a~"ailcd .md sh.tkl'll 111.1y weil he,.;ita!l· to put IIIIIJIIl'"tioning 
f.1ith in any .ttom-nwdel. En·n if thcrc i,.; no d.lllgl'r of ··hangt·, it 
is a \'irtue to kt•t•p d.1ta and thcorics ~harply ,.;l'p.Lratt·d in onl'',.; 111iml. 
in no ticld is thi~ morc dillicult and imporLtnt than in tlw licld of 
this artide, whcrc the \'cry l.utguagc u~cd to dt',.,cril•t· the data i~ 

"''tur.1ted with thc spirit of a particular ronc<"ption of thc ato111, and 
it is cu~tom.try to e:xpound thc theory lwforc tlw fact,.;. For thesl' 
rea,.;ons I shall go to thc oppositt'l':\trcme, .utd tn·at tlw coittt·mporary 
.1tomic thcory with an l':\aggerated rc~crn· which in lll<tll)' pl.tCl'S will 
sccm c-.:cessi,·c to the n·adcr and in somc to the writcr himsclf. 

The fa,·oritc atom-modt•l of thc phy,.;icists of tmby i,.; a strurturc of 
clcctrons, congrcgated about a positi\-cly-chargcd nucll'us. Thc 
data which this atom i:- dt·:-igncd primarily to interprct \\'NC di,.;cm'l'rcd 
hcforc l!li:J, or d:-t' :-incc l!ll~ hy mcthod,.; dt·,·cloped l•dorc that 
time. Thl',.,l' discm·cril',.. an· dm· largcly to Ruthnfonl, whosc name 
thc modd often hear,.;. Tlll' sections of this artidc which arc lahclll'd 
B, C and /) an· dt•,·otetl to tlw,;t• data, and to tlll' infercnrcs from 
them. ln J!ll:3 a grl·at change in thl' :-;ituation was wrought hy a 
brilliant idca of :-\iel,; Bohr. Bohr did not di:-;co\'er ncw data; he 
taught a new way of interpreting old onl's, hl' :-howed rncn how tu 
rcad spectra. Through this intcrpretation of spectra, and through 
data which wcre discovercd hy mcn inspired with his idea, a pre,·i­
ously-unknown propcrty of matter wa,.; di,;closed. This is e:xpresscd 
hy saying that each atom pos:"c,.;,.;c,.; many di,.;tinct Stationary Statcs. 
The largest ,.;cction of this Fir:"t l'.trt of the article, thl· ,.;ection E, 
is de\·otcd to the knowlcdgc of these Stationary Stall'"· I lad thl',;l' 
hl'cn discm·ercd earlier, an atom-modcl might ha\'c bct·n dl·,·ist·d to 
c:xplain thcm anci them alone. Rutherford's atom-modcl was already 
in thc tield. and it \\as modified so that it might intcrprct thc new 
knowledgc. To thcsc modilications, of which somc are of a rcmark­
ahle sirnplicity and hcauty, the Sccond Part of this article will l>e 
dcvoted. 

B. Tm,; ELECTRo:'\ 4 

Thc electron is the atom of ncgati\'C clenricity. An indi,·idual 
t•lcctrnn can he capturt'd upon a droplct of nil or mcrcury, or aminute 

'This seclion is •lr,blically t'llrtailed, for lhc chid f.tcb ahout the ell'ctron should 
hy this tinw l>c commun knowlcd~t·. \I illikan's I><JQk "The Electron" (now in its 
second cdilion m..1y be consulted. 
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solid particle, and the amount of its charge determined. This amount 
is ·Lii-!.I0-10 in electrostatic units, according to 1\lillikan. lt is 
designated by the symbol e. \Vhen a magnetic ficld is applied to a 
stream of clectrons all moving with the same spced, the electrons are 
deflected all to the same degree, which shows that they all have the 
same mass. This mass is practically equal to 9.10-28 in grammes, 
unless the L·lectron is moving at a nry uncommonly high spced, in 
which case it is appreciahly greater. 

These facts of expcrience are ahout all that is ddinitely known 
or needs to he knmm about the elcctron, in order to apprcciatc its 
roJe in modern atomic thcory. There is no good way of determining 
its sizc, although the lcngth of its mean free path in ccrtain gascs 
indicates, pcrhaps dcfinitcly pro,·es, that it is much smaller than 
an atom. If thC' electron is a spherule of negative electricity uni­
formly dcnse, thcn its radius cannot he lcss than 2.10- 13 cm, for if 
it were, the clectromagnetic mass of the sphcrule would excecd the 
ohsen·ed mass of thC' l'kctron.~ This size is much smallcr than thc 
one which it is expedient to attribute to the atom, happily for us, 
since otherwisc it would bc difficult to conceive of atoms containing 
electrons. 

Since electrons can bc coaxed or forced out of suhstances of e\·ery 
kind -elemcnts and compounds, metals and non-metals, liquids and 
solids and gases-the atoms arc supposcd to contain onc or more 
clcctrons apiccc. This argumcnt was formcrly fortified by the fact 
that thc light cmittcd from glowing gascs is in many respects such as 
oscillating clectrons would emit. This second argument is for thc 
present under a cloud.6 

• This is a short way of saying that, if the elel·tron werc a partidc of smalkr radius 
than 2.to-n cm., more enerp;y would have tobe supplied to it to increasc its speed 
than is actually required. for, in ordertoset an electrified particlc into molion, 
cnergy must be supplied to huikl up t he magrwtic fil'ld which surrounds a mO\·ing 
clcctric d1argc; this cnergy U is additional to the kinetic energy ~mt•• required to 
"et thc ma~s m associated with the charp;c into motion with speed v, and it may he 
rcp;arded as thc kinetic energy associatl'll with an extra "ckctromagnetic" mass 
2l'/v2 which thc particle possesst·s hy \'irtuc of its charge. This quantity 2U 1'2 

can bc calnrlate<l, for a gin•n size anti shapc of the ek·ctron; if wc make the electron 
l<M> sma ll, 2 L' t•' comt·s out I arger t han it s ohservcd mass, which is a rrdurtio ad 
ah511rdum. Thi" illustrates thc rather surprising (;~ct that we are not permitted 
to imap;irw tlw elt·ctron as ;~n infinitl'iy small particle, a mere geonll'tncal point 
loaded wit h an inlinitcly conccntrated rharge and m.1ss. Speculations ahout its 
si1.c and ~hapt• and the di,;trihntion of chargt• within it arc not nl'ccssarily trivial; 
some mav •·n·n hc n·rifiahlc. \\'t• also llll'l'l with this dilemma: how does thc elec­
tron, a ,;i,·ee of n•·gativc clectrieity of whi.-h cach part should rcpcl cn·ry ot her, 
kt·t·p from expl<Miing! 

' l'•·rh.1ps I ou~ht to lll<'lltion that F. Ehn·nhaft of \'ienna has hcl'll ardently 
•·ontl'nding for ahout lift<'<'ll ycars th.11 lill're i~ 110 SIKhthing as an clectron. II<· 
maiut.dns that hc can dcmon~lrate negative charges much sm.1llcr in amount thau 
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l'o,..iti\'!·1~·-ch.trgcd p.trtil'll's .tre fottnd in .lhttnd.mn· in ~;l,..l''i in 
which .111 l'h·ctriral di ... ch.1rge is or h.ts l.ttdy lll'l'll m.tint.tinl'd, and 
thcy nt.ty l•t• prn<lun·d und•·r \\t·ll-cnntrollcd circllm:<!.ltH'es hy pourin~ 
.1 stn•.tm of l'lectroth with propcrly-adjustt·d spccds into a g;1s, an•l 
in otll!'r \\,tys. I >nl~· the r.1ti11 11f thc charge to thc mass can l•t• 
dl'tnmint·d fur the,.;l' p.trtide";, not tll!' dw.rgc individually nor the 
m.ts" indi,·idu.dly. But p.1rtid!'s of apparcntly the :<<tme snh!'tance 
show distinct ,-,tlm·s of thi,.; ratio, which stand to one anotlwr as 
tht' numher!' 1. ::?, :~ • ..• and the internlt'di;tte \·alttcs do not ocntr. 
This support"; tlw qnitc n.1t11ral idca that the~e particles arc atoms 
whieh h.tn' lost one or twu m three nr morc of their elcctrons. If 
\\C make this snppo";ition, wc thcrehy as,;ume ,-,dues for the chaq~es, 
o~n<l Clll caknl.ttc tlll' ma:<scs of Lhe partides from these and the 
ohscrn·d \·ahtt•s uf thc chargc-m;t!'s r;Jtio. Thc masscs lie hetween 
10 :I and 10 21 (in grammes) for particles occmring in thc \'apors of 
thc \·.trious ehcmieal elements, and they lic in the same order as the 
combining-weights of the chemieal elcments. This is powerful testi­
rnony that the partides indeed dcsen·e the name of "atoms''. 

There is nnc sort of po,.;itivc particle for which thc charge can he 
rnc.t,.;ured directly. Thi"; i,; thc alpha-particle, which cannot he pro­
dured at will hut is supplied hy Xature from radio-acti\'e suhstanees. 
Cnunting thc numhcr of these particle,; emitted from a hit of radio­
aeti,·e suh,.;tanrc in a gi,·en time, and measuring the total electrical 
chargelost hy thc ,;uh,..tam·e in the samc time, and di,·iding the lattcr 
tigurc hy the formcr, Rutherford and Regencr nbtained the charge 
of the alpha-partidc. whieh is twicc the clectnlll-charge (with rc\·erscd 
si~n) within thc limih of experimental error. This suggPst:< that the 
alpha-p.trtidc i~ an atnm of something- or other, which has lo,;t two 
electrons. A,- an cvacuated tuhc into which alpha-partide,; arc ad­
mitted j,.. prcsently found to contain helium, the "~omething- or other" 
i,.. ~uppo,..l'd to hc helium. Thc ma,;s of the alpha-partil'IC' ran he de­
termined directly from it,; chargc and l'hargl'-ma,;,; ratio. I t amounts 
to ti.tiO 10 ~•. and thi,- agrees with thc mas,; inferred in thc foregoing 
way for thc po,.iti,·e partiele,.. found in helium. 

-t ii-t-10 10• .\nyone interestecl in his casc may find it presented in the :\pril, 1925, 
numhcr of tht• Philosopltiwl .\la.~a:in~. The quc"tion is for experimental phy"irists 
to dis"uss: but it i~ not likely that thl' edifire of mc><lern physirs is liahlc to hc ruined 
hy a tl.lw al its \ery found.ttion, such as this wnuld IJe. 

7 The materi.1l of this section may !Je found muc-h more extensi\'ely prest•nted in 
my fourth article, in which I h.l\'C also written ahout isotop!'s, a suhjt"ct omilled 
here for the SJke of bre\'ity. 
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Thc alpha-partide is supposed, like the electron, to he much smallcr 
than an atom; partly hecausc it can go through a thin shect of meta!, 
ehictly hecau~c of C'\·icknn.• to Iw expounded in thc ncxt paragraph. 

Collisions hetwcen alpha-p;rrticlcs and other partides of similar 
mass are occasiunally uhsen·ed; the mass of thc struck partide can 
be dc<iuce<i frorn the dircctions in which it and thc alpha-particlc lly 
ofT aftcr the impact, assuming only that C<Hrsen·ation of momentum 
and conservation of kinetic cnergy prc\·ail during the impact. In 
this way it is possible to determirw thc masscs of tiny partidcs (prc­
sumahly atoms) of hydrogen, lll'lium, oxygcn and nitrogcn (perhaps 
e\·cntually of other elements) in tcrms of the mass of the alpha­
particle, which is determined frorn ih chargc-mass ratio an<i its 
chargc, which are deternrined direetly. lf all tlll' properlies uf the 
elemcnts could he cxplained hy atcHns pos:-essing no featmcs exrept 
charge and mass, all thc foundations of scienrL' might he laid down 
alrcady. 

Thc alpha-particle is o!H' of the mnst Yahrahle and powerful instrn­
ments in the physicist 's equipment. I I is a snrt of hypcr-microscope, 
JlL'Ilctrating and ren·aling the arrangements of systems so minutc 
that microscopic ohjects are uniYcrses compared with them. Ruthcr­
ford's den·lopnwnt of the techniquc of u~ing the alpha-partielL· is to 
he ranked among his grcatest works. 

l'ositi\·ely-charged particles with masses as low as that of the 
electron have nen·r heen ohsL·n-ed; the least massin· of thc known 
positi,·cly-drarged particlc·s has I ,X IO times thc mass of the electron. 

D. TttE 1\'t•c I.E.\R ;\Tmt -1\ l nnEt. 

Since we ha\ e met with positi\·ely-ehargcd particles wirich are 
acccpted as atorns depri\'cd of onL' or morc c>f I hcir eleet rons, and 
since thesc incomplete atoms a re much greatcr in mass than the 
electrons, it is natural to suppose that the nmrplcted atom consists 
of a positin·ly-charged partielL· or nuflrus in which almost its entire 
mass is concL·ntrated, and one or mure electrons which compensate 
the chargc of tlll' positive partiell' hut adcl little to the mass of the 
atom. lf WL' further suppo:-L' th.1t tiH" <iinwn~ions of the electrons 
and of thl' positin·ly-chargl'cl partide are small in cumparisun with 
tlll' di~tann· hetWl'L'n thl·nr, WL' in\T!It thc nur!t·ar a/om-modrl.' 

ThL· direct eYidence for the nuclear atom-model consists of a \Try 
1 ( 'ommonly kno\\ n as 1111' Rlir hcrford atom-moclel, afrl'r thc phrsicist who in­

' •·nll·d ir ancl di~con·rc·d mo~l of I hl' I'Viclt·nce for it; O<Tasionally as .\ag.wka 's, aftcr 
anorlwr phy~ici,r who ~lllo:lo:l''l .. d it; <><Ta~ionally ,1s 1 he S,,lurnian mcllll'l, as some 
h.l\·•· 'lll'l'""'d th.tt thc· .. ll'c!rons lie in tl.11 rin~o:s around thc nuclcus likc rhc rings of 
Saturn around lhat pl.uwr. 
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sm.dl hut a hcautiful and n>n ,·incin~ s1·ries of l'''Jll'rinll'nts, of which 
tlll' Jir"t .111d tht• ruo,..t wt•n• 1wrfmnll'd hy Sir Ernest Rutlll'rfonl ;11111 

hi,.; pupik~ Thcsl' l''Pl'rinwnt,.; arc· dt'si~necl lo show that the orhit 
of ,1 millllll' ch.trgl'd p;lrtidt· (usu;tlly an alpha-partiell'), llyin ~ throu~h 
,1 thin ftlm of nH·t.tl, i,.; in !'l'rt.1in 1',1:-t•s n·ry likl' tlw hypnholi< orhit 
of .1 conH·t around tlll' surt. Such <tll orhit is tiH' path of ;1 particlt• 
mm·ing nl'.lr to .1n iruntohih· p.1rticle, for in,.;tance a li~ht partiell' 
lllo\·in~ clo,.;e to a rnuch mnrl' 111.1:-,.;in· 11111', which attract,.; it or rcpel,.. 
it l>y a fnrn· \',1ryin~ inn·rsdy ;1,.; tht· sq uare of their distann• apart. 
lf tiH·,..t• '''J>l'rinH·nts ,.;ho\\' what thcy arc• dt·,.;igned lo slww, tht·n they 
indic,lll' that tlw atom inchnies a particle much mort· m;1:-sin· than 
.111 l'kl'lron, hearing an l'lt·<tric char~e. and sulliciently isolatccl fn>111 
tht· otlwr charges in thc atom (such as the clectrons ) so that ih ficld 
of fon·t· in a measurahle spa<c around it is not disturhed hy thcirs. 
\\'t• cannot. howt'\'l'r, tracc thc cntirc path of an indi\'idual llying 
ch.1rgl'd partide as it swings around throu~h an atom, and arc forc!'d 
to makt· up for thi,.; dcliciency hy a statistical study of the ,·j,.;ihl,· 
portion,.; of tht· paths of a grcat multitude of chargc partidt·s. 

l.et u" ron,..ider cxa<tly what thc,.;c cxpcrimcuts ,.;how; for whaten·r 
tlll'y do pro\·c i,.; thc IIH>,.;t sccurcly pro\·cd of all the belief,; about 
atnm,.; . ln the fir,.;t pb<c, they show that thcrc is a nuclcus ; and a 
,.a<ant ,;pa<c surrounding it, in whirh an in\'cr,.;c-squarc forcc centred 
upon tht• nucleu,.; pre,·ail,;; and thcy indicate thc dimcnsinns o f this 
,·acant sp;tcc. This <ommcn<es within 10 12 cm. of the nuclcus. 
which i,; another way of ,;aying that thc diarnetcr of thc nudc us is 
le,.;,; than JO - Iz cm.; and it extends heyond a di~tancc gin·n (to takc 
in~tann·:-;) "" 1·1.10 12 cm. fnr platinum and I0 -9 rrn. for argem, which 
i,; anothcr way of saying that nearly all of the ncgati\'c chargc of thc 
at111n lies still farthl'r out from thc nucleus. lf thc ncgati\'C chargc 
i,.; indt·l·d ;.u\xJi,·idnl into t·lt·ctron,;, tlll'n thc atom is fmmed likc a 
IH>Ilow doud of l'ltTtron,;, with a ma,.;sin· positi,·cly-chargcd nurlcus 
at thc centrc of thc intcrior hollow. 

Thc diamctcr of this cloud of elertron~ is not furnislll'd hy the 
t•xperimcnts on alpha-particlc ddlcction~; but <on ~idl'rin g that thc 
di,..t;wrc hctwccn adjaccnt atoms lockccl into a crystal lattice i~ 

gcnerally a ,;mall multiple of 10 ·~ cm., it cannot he much greatl'r than 
10 ~ nn. unle,;,.; \H' arc preparcd to admit interpenctration or ,·ioll'nt 
di~tortion of atoms; nor does it sccm likcly that thc diameter i!' \'ery 
much srnalll'r than this amount. I ha,·c already mcntioncd that 
~Oill(' of thc pn>Jll'rties of g;be:- arc adcquatcly cxplaincd by as,;uming 

• For thc malhcmalical thcory of thc'c cxpcriments, the ":cond arlil'lc of this 
scrit·s may l.e consuhcd. 
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that the atoms are elastic rigid spheres with a diameter of about 
10 -8 cm. Fnlike as an clastic rigid sphere and a cloud of electrons 
seem, this agreement hetween so differently made estimates is prob­
a!Jiy no mere coincidence. lt will he notired that all of the ligure,; 
ahout sizes at which we ha\'e arrin·d in such \'ariou,; way,; (diameters 
for the electron and the nucleus, for the ,·acant "pace inside the 
electron-cloud, for the entire atom ) are quite compatible with one 
another. lf the Yalue deri\'(:d for tlw dianll'ter of the interior hollow 
had heen ten times the spacing of atoms in a crystal, or a tenth the 
diameter of a sphcrule of dectricity with the same electromagnetic 
mas,; as an electron, we should indeed Iw in trouhle. 

In the "econd place, these stmlil',; of tlll' dellections of alpha-particles 
yield numerical ,·alues for thc nuclear charge: (ii . .t± I)e for platinurn, 
(.tfi.:~±O. i )e for sihw, (2!l.~±O.i) e for eopper, l!le fnr argon, ti.iie 
for "air" (a sort of statistical an·rage of thc \'alues for oxygen and 
nitrogen).l 0 To thc,;t• mu~t hc added the ,·alue +2e for the nuclear 
charge of helium; for wc ha,·c alrcady seen the e,·idence that the 
alpha-particlc is what is ldt of a lwlium atom whcn two elcctrons arc 
n·mon·d, and thcsc Jast-rited cxperiments show that it is itself a 
nucleus, hence a helium nudcus. This nudear charge must he hal­
anced hy ncgati,·e charges within the atom; if this halancing negati,·e 
charge is subdi\'ided into electrons, thcn the numerical factors of e 
occurring in lhese numerical \'alues are equal respecti\'ely to the 
numLer of electmns IJl'longing to each atom. \ \'e thus ha\'e fairly 
arcurat\' l'~tin~ates of the number of constitucnl electrons within 
earh of four or li,·c atoms. 

TIH'"(' estimate~ agre(·, within their experimental uncertainties, 
with tlw fa111011,; and ~pl('IHiid idea of ,·an den Broek anti i\ loseley: 
that tlw lllllllhl'r of electrons in each atom, and the nuelear charge 
llll'asurl'd as a multiple of tiH' electron-chargc, "is the same as the 
numhl'r of t Iw place occupiecl hy tlw clement in thc perindic tahll'". 
This iclea is also supported by rough mea,;uremenls of alpha-partirk 
dellec tious hy a few other atwns, anti hy the exteut to which diiTerl'nl 
a t.,lll s scat tl'r X -ray,; ; 11111 tlw most important of thc additional 
c ,·idence will lind it s appropriatt· place in tlw Sl't'ond ~eetion of thi,; 
a rticlc· . 

Tht'"(' conclu"ion ~ are al111ost all that can he deducecl fro111 tlw data. 
Tlw arr.lllgl'mt·nt of l'lectron s within tht• l'leetrnn-clnud is aln11'"' 

10 R..f...-t• JWt'' for th<·"· d.1 1a are· "i'·•·n in tlw fuurth art idt• of this seril's. The 
oi.Jl.l olot..int·ol lo~· E. S. ll il' lt·r l l'roc. Rov. s ••.. . 105.\, pp. 4.H- 4.'ill, t<J2 ·1} show 
in.-idt·nt.JIIy, if I do not mi,n·.,. ) h is ar ti cle, tha t tlw n ucft...r charges of :\lg and .\I 
h,l\'l' !Iw d .. ,in·d \,dut'' l.!c a n•l H r, respt..-tiv•·h-, with in a ftow pcr cent. Ruthcr­
ford's studit·s of e r~ conn tt·rs l>cl \lt'CII a lpha -pa rticles and h ydrogt·n atoms pro1·c 
a nuclt·.•r ch.1rg•· of c fur l hc ),, u .:r. 
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t·ntirl'ly l'lllll'l',tled. lt i,; not altogt•llll'r in,H·n·:-;sihll'; for I ht· dl'lh·c­
tion,; :-;niTerl'd hy ;llpha-p.utides .uul ell'dron,; llying thrull!-:h atom:-; 
.trt' inlllll'lll'l'd hy the l'll'clron,; pf thc aiPill, not hy lhl' ntwlcus l'\· 
dn,..in·ly; and from thc dl'grl'l' in which tlll' ohsern·d ddll'etions diiTt·r 
from what thc mwlcu~ ;1lonc wonld Ctllllpcl, it is po:-;silllc lo draw 
:;omt· CPndnsions allout the way in which thc cll'clron,; arc arrangcd. 
Thc m.tlhl'm.ltical dillicultic:;, as the reader will re;ulily admit, arc 
trcmcndou,;: thc problcm of dctcrmining thc path of a llying clcct ron 
thrnugh a clond of clectrons, probahly thcmseh·cs in motion, is 
cllllllgh to make the bcst of mathematician:-; dc:-;pair; yet snrnc progress 
in this dircction has already bct•n achieYed, as I narrated in thc sccPnd 
.uticlc of this serics. ,\gain, the scattcring of X-rays lly atPms 
should dl'pend on thc manncr in which thcir elcctrons are arrangcd; 
aml :-;omc mca,.;urements and some dednctions have already hccn 
m;l(ll'. although the researches ha,·c heen in abeyance for somc ycars, 
prol>ahly becausc the newest discovcries allout X-ray scattering make 
it c:~otrl'mely doubtful what the mechanism of the eiTect really is. 

Thc study of dcllections of alpha-particles hy atoms has thus 
hrought precious guidance to the atom-builder, and imposl'd ,;en·rc 
limitatinns upon him, yct only partial ones. H e is constrainl'd to l'rt·rt 
his atom acct•rding to ccrtain fundamental rules, and yet has an l'\­

trcmcly frce hand in arranging the details. H e is practically eom­
pcllcd to I>Uild thc atom of an elcment which occupics the Xth plarc 
in the periodic system, out of X electrons and a much more m;1ssin: 
nucleus with a positive charge Xe. The data which I ha\'e citcd do 
not all,;olutely enforce these numerical \'alues: llut there i,; no other 
mudel which they permit which eould possibly rival this one in 
respect of con\'incing simplicity. ll e may not make thc clcctrons 
go mnrc than a few times to~s cm. from the nucleus; he i,; constraincd 
to lea,·e a srnall \'acant space araund the nuclcus, and within this 
,.;pacc hc mar not tampcr with the in\·erse-square law of furce (a 
rc:;triction which has eliminatcd SC\"Cral fa,·orcd atom-modcls uf the 
decade l•efore Hll0). 11 Ha\'ing cnnformed to these re:;triction,; Iw 

11 Except that he may arul must alter the inverse-square law of force to just the 
extent that further and more rlelicate expcrimcnls of I his type require. Thus 
Bidcr (l.c. supr<J) concludcs, from a study of dellcctions of alpha-particlc• passing 
clo>-e to the nuclei of aluminium atoms, that within about 10 12 cm. of thc alumini um 
nucleus the invcrse-square rcpulsion which it excrts upon an alpha-parl iele is 
supplcmcntcrl by an atlractivc force--pcrhaps an invcrsc-fourth-powcr attraclion, 
just halancin~ the repulsion at a distance of 3.-l-1· 10 13 cm. from the centre of the 
nuclcus. Rutherford earlicr found anomalil's in the encounlcrs bct wcen hydrogen 
nuclei anrl alpha-particles, which su~~csted to D.rrwin lhat the lattcr mighl he 
considered as a disc-sharlCd hard parucle, or an ohlate spheroid of semi-axes -l.IO 13 

an•l S.ltr13 cm.; 1his would rcpcl hydrogen nuclci according to thc inversc-square 
law so long as it tlirl not actually strike thern. 
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may do very nl'arly as he pleases with thc clectnllls and tlw n·gion 
they occupy. .:-.:o data can hc ill\·okt·d tn support him nor to 
confute. 

Having expoundcd the mcrits of the nudear atom, I will procccd 
to undo my work in part hy pui11ting out its great and gran· defect. 
No less a dcfcct than this, that it is impossible. It cannot exist. 
E\'en if it were hrought into cxistencc miraculousl~- at an instant, it 
could not survi,·c, for it carrics thc seeds of its 0\\'n dissolution within 
itself. For if at that initial instant all of the ele<trons were at rest 
relatively tu thc nucleus, thcy would immediatl'ly start towanls it, 
fall intu it, and expirc. Of course, this conscqucJll'C is so oLvious 
that the notiun of stationary elcctrons would not cven occur to any­
onc h;n·ing a howing acquaintancc with mechanics. Such a persoll 
would immC'diately assume that the elcctrons wcrc in motion around 
the nucleus as thc planets are around the Hlll; he would conn·• t tlw 
nuclcar atom-model into what I might call a sun-amf-plancts atom­
modcl, thc nudcu,; playing the role of the sun, the electrons thosc of 
the planets. Such an idC'a is alluring in thc extreme; it implies that 
Nature acts similarly in grcat things ancl in small, copyi ng thc solar 
system within thc atom; ancl this is most atTC'ptahle, partly because 
of its philosophical hcauty and partly herausc it C'nahles us to use 
thcinte llectual methodsand ha!Jitsacquired in thcstud~·ofastronomy, 
relicving us of thc Iabor uf acquiring Jll'\\' ones. { rnfortuna tely it is 
as untenahle as thc idea that the clectrons stand still. For owing 
to the radiation of encrgy which continually gues on from accclcrated 
electriticd particles, an elcctron cannot descriht' a circle or an ellipse 
ahuut a nucleus, as a planet may ahout the sun; it can only desnilw 
a narrowing spiral, ending in a l'lJIIision betwccn electron and nucleus. 
Thc nuclear atom is not stahlc nor enduring; and the dilemma is 
compll'te. 

Thc only recoursc is to make some l'ntirely lll'W and unprccedented 
assumption; for instancc, that the t·lectrons, in spitc of e\·crything, 
can stand still in certain positions witlwut falling into tlw nucleus; or 
that they, in spite of t:\Trything, can rc\·okc interminably in Cl'rtain 
dosed orhits withuut spiralling into the nucleus. Such a modilica­
tion of the nul'lear atom is, of course, essentially a denial of it. :\n 
atom Clllllpo,.ed of massl's and electrostatic charges, plus certain 
re~trictivc rules or arhitrary \lssertions, is 110 Ionger simply an atom 
composed of masses and ell'ctrostatic chargcs. Inslead of giving 
t~ our ultimatc particles a fcw properties selected from among the 
tmes which matter c11 massc displays to our scnses or uur instruments, 
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we h.tq· to inu·nt ""'ne th'" 1111<'" f11r them. Thi,., ,.,t·en~,.; rq:rt·tt.thh·, 
but only loet".lll,..t' o11r t''Jil't'l.ttion" \\l'fl' too high . 

. \nother cirntnht.llll'l' lt-.ul,., 11" to ,111other dill'llllll.t . Snppo:-.e that 
Wt' nntld t'irnnnn·nt th.tt ditlintlty .tlulllt the fl'\'oh-ing elt·ctron, 
whid1 r.ttli.tte,; p.trt of ih l'lll'rgy ;I( t·;wh rt·\'olution .111d ,;)idl'" down 
.1 :-.piral p.tth into tht· nucll'u-.; suppo:-.e that Wt' l'l>tlld lind ju,..tilit·a · 
tion for so~ying th.tt 1111 r.uliation ot'l' tlr,;, that the dl'ctron likt· .t pl.tlll'l 
may ren>ln• fort'\l'f in .tn ellip,..t·. lf two at~>llls l'~>llidl'd, as in a ga,.. 
tlw~· lllll.'t \'l'f) fn·qut·ntly d11, \\ould not the l'lcctrolh all ht• t)j,.._ 

.trr.lllgt·d. di,..oq,:.lllitl'd, tlung 11\Tr from one orhit int11 another~ Thi,.. 
Wt' ,;h<lldd t't•rt.tinly '''Jll't'l; yet ii it happen,;, 110 two atllllb in a ga,; 
t\111 ht· l'X.Ktly .dikt•, nor l'an any atom retain its charactcr f11r morc 
th.w a frat · tion of .t sel'ond. lf this i,; so, thcn the \'arious sharply­
detined propt·rtit•,; of a c:a..- mll,;t, each and t'\'l'ry onc of tlwm, he 
,..t.ttistil'al propl'rties 11111 them,..eln·s properlies of indiYidnal atlllll:i , 
but the rc,;ult,; of other properties oi incliYidual atoms, held in ditTcrl·nt 
anwunt,; hy ditTerent atoms and all an·ragcd togl'lher. In ""llll' 

c.t,;t•s this i,; nnohjectionahle; lht• pn·s,;un· and thl· tempcralurc of a 
g-as are sharply detinite properlic,;, n:..-ulting from the ma,;,.; and thc 
lllolion oi thl' atom,;, and thc lattt•r of tht•,;c propertie,.; i,; not m·n·,;­
,;.trily 1he ,;,tnlt' for any tw11 a1n111,; a1 thc samc mnmt·nl nor for any 
at11111 at dilll'rent nwmcnts. But onc wottld hc rehwtant to treat thl· 
,;pectntm of a g;ts a,; ,;uch a propcrty: according to all thl· tr;Hiition:-. 
oi physil's thi,; is lllll' of 1he propcrties of lhc indi,·idual alt>nl:-i. Bu t 
thc ~pectrum i~ \'t'ry c~>rtslant, :-.harp. immutahly delined; Wt' lllll,;l 
thcrd~>n· a:-:illlllC eithl'r 1hat it dcpeml~ only on the numl>er 1>f l'lt·c­
tron~ in the at~>rn and 11111 llJlllll their motion llllf po:-.ition, an idl'a 
\\hich wmdd bc ditlintlt lo carry 1hrnugh; orthat tlw elel·lmns ;lf(~ 

inl'luctahly con,;trained 10 certain orl>it~ nr cerlain po,..ililllb, "" that 
thc ;1t0111 rct ;tin~ its pcr:-~>nality and it~ character. 

\\'e han· now matk tlll' acquaintance "f twt> idt·as which will l>c 
exn·cdingly prominl·nl in the ~econd di,·isillll of 1his ;trticlc. Tlw 
nttrk.1r atom-modt:l i~ of itsdf un~tahle; tlll'rvfore stahility llllbt he 
enforcecl IIJlllll it hy ~>lllright a~sumption, it 11111~1 bl· made :-tahle hy 
li,tt. But thi~ :>tahility may nol IJc l'XterHkd to all l'OIH'CiYal>lt· 
arrangements or conligur;llion~ of tlw model: it 11111:-.t l>e rt'"l'f\'l'd 
f~>r onc or a few, that the at~>lll nuy po~:-css a hxl·d character .111d a 
pers~>nali ty . 

\\'t: now .arrin· at the plwnon!l'na hy mmn~ of which thesc ,·aguch·­
expre:>scd idcas arc to IJe :::.harpencd and hardcned into ddinitc 
cloctrincs. 
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E. TIIE STATIO:\'.\R\' STATES 

E 1. 1'/ze Direcl F.z•idence for lhe Slationary States 

Jmaginc a tuhc lillcd with gaseuns helium, and containing a hot 
lilament from which clcctrons cmerge. By nl(•ans of an accclcrating 
potential applied betwccn the lilamcnt anti a fine-mcshcd gauze close 
in front of it, the elcctrons are spcccled up, and pass through the ga,.; 
with an encrgy which is accurately controlled by the accelerating­
potential. A third clectroclc is maintaincd at a potential only slightly 
higher than that of the filament. To reach this electrode, the elec­
trons must sacrifice ncarly all of thc cncrgy which thcy acquirl'd in 
coming up to the ganze. If thcy lo,.;e little or 110 energy in their 
progress through thc gas, they can win their way to thc third clec­
trode, like watcr rising again to the len·l of its sourcc. If, howc\'cr, 
they lose a notahle amount of cnergy to tlw atoms with which thcy 
collide , they cannot n·ach the third Pkctrnde, as water which has 
turned a mill-whccl cannot dimh again to the len·l whcnce it f<"ll. 

By measuring tiH' cmrt'nl into tlw third electrode in the helium­
lilled tulw, it is found that if tlw clcctrons ha\'e an amount of energy 
lower than I!l.i;) l'<JIIi\·alcnt \·olts, they lose scarcely a ny of it in 
their progrcss through tht· gas; hut if thc energy of an ckctron is just 
cqual to l!l.i5 cqui\'alent \·olts, it may and frequently does lose its 
CIH·rgy altogcther; and if the l"nergy of an clcctron surpasscs Hl.i5, 
it may and frequently <Iues surrender just 1\l.i;) cquiva lent \'olts to 
tlw gas, retaining thc residuum itself. lmagining that the clcctron 
collides with atoms of hclium on its way across the gas, wc concl uclc 
that thc helium atom can rercivc exactly l!l.i5 uf thcsc units of 
energy, no lesser quantity and (within certain Iimits) no grcat er. 
From similar experiments it appears that the mercury atom can 
recei\'e -Uiü cqui\·alent \'olts of l"ncrgy, no smallcr amount and (within 
n:rtain Iimits) 110 !arger. I t appcars that thc sodi um atom can 
reeei,·e 2.1 l'<flli\·al<"nl \·olts, 110 less and (within certai n Iimits) no 
more and the Iist can he t·xtendccl to some thirty elcments. 

,\noth('r \\";Iy of s;1ying the same thing is this: thc hclium atom may 
l'Xist (;It least transiently) in its normal state, or also in a sccond 
state in which its cnergy is greater hy l!l.i:i equi\·alc nt \·olts than in 
its normal state, lmt not, !'O far as Wt' can lind cvidence, in a ny statc 
with any intermediate \'ahle of energy. Let 11s call this second 
state an "excited slate." Tlw mcrcury atom thcn has, in addition 
to its normal state of undclim·d cnergy, an excitcd statc of cm·rgy 
gr<"atcr hy ·Uili l'<flli\'alent \'olts. The sodium atom has, in addition 
to its normal state, an excited ::-.tatc of t•nergy greatcr by 2.1 cqui\·alcnt 
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\·oll~ .tnd ~" with .1 lllllllht'r of othl'r~. I gin· tllt'~l' .uHI a few 
ollll'r \ .thu·~ in lhl' following lahll': 

T.\lli.E 

''" :\e :--;,, l's \l~o: IIJ;t 

Erwr~o:y-,·.tlut• of the 
\urrn;rl ~l.tll' 0 II 0 
Fir>l t•x•·itt·d ,l,llt' 111 i5 lh h5 2 t I -15 i I (>() 

I ltht·r •·xciletl ~l.lll'S. 20 .'5 IS 4S 4 ·I I XIJ 
s ·Ll 
h i 

loniLt•d .tlorn 2-1. s .!1.5 S. 12 3 I) 7 (j llt -1 

I t will l>e notirl'd lh;ll \·aluc::; are gi\·cn for ~l'\'l'ral excill'd stal•·~ in 
tlll' sanH' cnlumn; 1hese re~l upon e\·idcnce of lhe sarne :;ort a~ doc:; 
1lw lir~l e-.cited ~Iaie, :o;o 1ha1 in ~l'ncral llll' atom musl Lc con::;icl!'rl'd 
lo pthsess not one only, Lut sl'n~ral pm•sible ~tall'S in addition to ils 
norm.tl slale. 

lt will he noticed also lhat \·allll'~ are ~in·n for lhe "ionized alom." 
The~L' are the amount~ of l'lll'r~y just sullicient (when applied hy 
rm·an~ of an impinging eleclron) to dl'tach an elcctron from the atom. 
\\'hen l'leclrons with so llllll'h energy or more are poured into the 
~as in qneslion, positi\'ely-charg~.:d particles, s11ch as I pre\·ioll:;ly 
menlionL'U and characterized a:; lhl' residncs of aloms deprin·d of an 
eleclron apiece, appear in it. l t is not absmd lo call 1his an "excill'd 
slale." lf it 1akes just 2-t.;", equi,·alent \'olls nf energy todelach an 
eleclron irom a helium alom, thcn lhe syslem formed of an ionized 
hclium atom and a free eleclron has a polenlial<·rwrgy of 2-Li eqni,·a­
lent \'olt:-.. .:\ny experiment, therdorc, in which the cncrgy required 
to detach an ell'ctron from an atom is mcasured anr cxperimcnl 
for dL'Iermining 1he ioni:ill.f!.·Polenliul, as 1his cnergy when expressed 
in l'qtri\·aiL-nt \'olts is called is es~cnlially an experiment for locating 
onc of 1he cxci1cd :;tales of the alom. 

l n lhis :-.ense the cnerh")'·\·alucs of thc last line in Tahlc I arc to hc 
takl'n. I introducc them hcrc fur two rcasons. In thc first plan·, 
tht· fact lhal lhi,.; energy-Yalue is grealer than any of the nthers in 
lhe ~ame column :-uggcsts this intl'rpretalion for the excited stales: 
I hat lhey corrc:-pond cach to a Cl'rtain pur/iu/lifting-ont of an dcctron, 
10 a Cl'rtain slage nf incomplele sepuralion, whill' thc enl'rgy-\·aluc of 
the ionizcd atom corrcspond,.; to thc /o/u/lifting-out or to the compll'le 
separation. Thi,.; idea is fnrtilil'd Ly 1he fact 1hat a hclium a1om 
may he ionizcd hy two con~L·culi\·e blow,.; from clcctrons each with 
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20 cquivalen t voll::; of cuergy, if t he hlow::; fall closely enough together­
as if the t·ncrg}' spent in raising the atom to its first excitcd state 
were paid into account, anti could he u~ed toward dctaching thc 
electron when thc deli ciency is supplied. This fact is cxcecdingly 
important for the theory, a nd I meution it here a,.; a pa,.;sing anticipa­
tio n . In the !'erond place it is desirahle-for a _rea,.;on which will 
pre,.;cntly appear- to mca::;urt· t he cnt:rgy-\·ahll',.; of t he normal and 
of the excitctl statt•,.; not from the l'llt'rgy of tlw normal state, a,.; I 
haYe donc in Tahle I. but frnm the energy of tlw ionized atom as 
zt•ro-\·alue. This is done in TaiJie I I. 

T.-\BLE II 

lle :-.: .. :'\a Cs ;\lg llg 

Energy-\"al ue of I hc 
lonized a tom ... (} (} 

Xon-ionized atom -.~ 2 3 . i 
Excited stales .. 3 !),5 3 () - 4 <Ji 

- s 54 
First excited stale. 4 i5 4 ~-' -.~ (} -2 \5 - 4 l) - s i4 
:-Jormal stall'. -24 s -2 1 5 -5 I -3 I) - i .6 - tll 4 

\Vith this conYention, ;tll the t•nerg-y-valut·s for tlw non -ionized atom 
hccome negat in· a sourn· of confusion, hut not of ncarly ::;o much 
confu::;ion a::; the prt·\·ions conn•ntion would cn·ntually entail. l t 
is weil to rcnH:m her tenaciously that, in at lt·ast nint· cases out of 
tt·n in thc literature, the energ-y-valut·s of the normal state anti tlll' 
t·xcitl'tl states a re rderretl to thc cnerg-y of the ionized atom as zero, 
and that they al l should always hear thc minus sign, thongh generally 
i t is lcft off. 

For thc e:xcited ,.;tates a nti for the normal state, I will employ thc 
common gencral name of Stationury St,I/cs; occa::;ionally, for the sakc 
of variety, the alternatiYL' name lcr.'c!s. .-\nother common wonl is 
lcrm, the origin of which will appear in the ne:xt ~t·ctio n. 12 

As tht• rcader willlll' forn·d to m;tkt· himself familiar with schematic 
repn•,.;t·nt.ttion,.; of the Stationary St.tll'!:i, he may as weil hegin at 
onl'e with a simple onc. Fig. l is a di;tgram slwwing the stationary 
,.; tall·s listecl for lll'lium in tht· forq~oing tahles. Tht· len·ls are repre­
sL·nted hy horizontal lines, :-.l'parated l•y distances proportional to tht• 

n .\nyom• who rl'acls I ht• physical lit l'r.lt un· of tod.1y soon l)('comes familiar with 
tlw phra'l' "tlw <·lectron i, in tlll' ... orhit" u,ed in.tt-.ul of "the alom is in thc 
... 'lall·." This phr,l'l' exprl'''l'S lhl'ory rather than facls of ol"l'r\'ation, a nd 
dol"' not ••lw.•y• expn·'' tlwory a<ll'qUall'ly; I han! a\'oided it in this article. 
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ditTt·rt·tll't'' lwt \\t't'll tlwir t'lft·r~y-\ .dlft·s ( ll"ll.dly, IJ.,\\ t'\ t·r, tJw"•· 
di"t.utn·s .lrt' di"torlt•d for l'~>ll\'l'llit·fln•). Tlw l'llt-r~y-\ .dw·", ,.,_ 
Jlrl'S'-t'tl i11 l'lJIIi\,dt•JII \'oJts, ;trt• .tlli\t•d lo tlll' Jillt'S; Oll tJw (l'ft, tht•y 

an· llll';bllrt'tl from tlw normal :-Oialt' uf tlw llt'lllr.d .ttom ;p. /.l'r" of 

I - --- --! ! ~ f- I 

~~--r--+-T-~~~-J~.---~~-+J-_t-'~~L-__ r_-,~-~1-~r~-~+-+ 
I 

! - I 
; : . 

__ I I 

~ ~ ----~- -"-- · "--- :J ---l- ~- -' ----t- --- !. , I -!- l 
_;_ --~- , ·- . -~ . ·l . : r f- - ~- . I -1 -!- . ~~ - I 

,.,. 
:'T -~--1-- ·+ "j' ... ·--+'· ·j----l .l 

I 

Fig. l-Di.1gram of thc stationarr statcs of ht·lium, dt'tt·rmined J,y the m('thod of 
clt·•·tron- impact s 
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energy; on the right, tlwy arc measurcd from thc state of thc ionized 
atom (which is thc nwrc comrnon practice)13• 

E ,!. Bohr's I n/erpre/alion of Spec/ra 

in 1!112, tlw cvidencc to which thc foregoing ;-ection i~ de\·otcJ wa~ 
still cntircly undiscm·crcrl, tlw Stationary Statcs wcrc unknown. 
That evidencc was sought and found he<'allsc \"iels Bohr had di,·ined 
the Stationary States in Je,·eloping a lll'\\' anrl hrilliant intcrprctation 
of spcctra. Llntil thcn, all physicisb had wished to interpret thc fre­
qucncies forming thc spt·ctrum of an atom as tlw natural resonance­
frcquencics of an clastic systt·m. Bohr supplanted this idea with 
an idca of his own, one of the most non·!, feeund and potent in all 
the long evolution of physics. Scn·ral of the ideas incorporated in 
tlw contemporary atom-model are dut· to Rohr; among them all this 
is the primary and fundamental one, and certainly the most sen1re. 

Considt·r thc spectrum of hydrogen. In the ,·isihlc region, this 
spectrum consists of a "line-;-crics"-that is tn say, a procession of 
lines coll\·erging upon a Iimit. falling at intcrvab cn·r narrower and 
narrower, these intcn·als so smoothly diminishing that tlwy hear 
witness to a common character and a mutual origin of all the lines. 

Fi~. B.dmer ~t·ries u( lines in lhe hydrogen sp('clrum. (R. II. CurlisR, (nun 
Fooll' & :\lohh-r, "Origin u( Spectra ") 

This line-;-eries is shown in Fig. 2. Xot only to tht• eyc is it of a 
wonderful regularity; thc frequencies of its consecuti \ ·c lines arc hound 
Iogether in a simple numerical law. Thcy are equal succcssively to 

vt;m-R ·:F, vum-R ·P, l'tim-R, :i2, l't;,..-R/lP, ctc. (I) 
13 This mcthotl o( ltKating stationary s!ates hy ous('n·in~-: lran~fers of l'llergy from 

l·ltTlrons at atoms is c.dlt·tlllll' mrlhod of illeltlslic imp11cls; for I he impacts o( eleclrons 
a~-:.1ins1 atoms arc claslic ilty tlelinit ion) so long as Jhere is no Iran~( er o( t'llt'rgy 
into the internal economy o( llll' alom, anti arc irwla~tic when such IransCers occur. 
\\'lwn an altHll n·turns ii11o ils normal slalc from an exciled statt', it usually emits 
radiaJion: lwnn· a nH·thod fur tlelt'cling Jhe lir~t comnH·nn·mt·nt of ratliation is 
lhU.dly (pt·rhaps noJ always) t·quivalent lo a method for deJcl'ling tlll' firsl t·om­
lllt'lll't'lllt'lll o( irll'la~l ic impat·ts. .-\s it is generally easier Iu sei up apparat us for 
dt·lt·t·ling radi.1tion Jh.111 to ~eek t·vidt·nt·e for t·la~lic imp.lcls,tlin·ct ohst·rvations 
upon t llt'>ot' la~t an· llllt go ahund.mt. as they ~hould hc. :'\ohotly n•ally knows how 
many ~t.11ionary ~tales might !11· di ... con·red hy tlw nwlhod o( inelaslic impacls, 
ah hough Franck anti Einsporn dc·tt·cTed on•r a dozen for nwrcury (o( which those 
gin·n in Tahle II are ~ome). ln facl tlll'y tlett•t'lt•d morc than coultl t•onn·niently 
Iw as<·ril>l·d to mercury aloms, so th.1t it "'·"' nen·~s.1ry to atlrihule somc of tlll'lll 
to nwlc·cult-s. 
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in which 

v11 .,. frequenry of thc Iimit of thc ~('rie~ = R I 

R ~'.111ding for ,, cert.1i11 const.ult. Thcre i!' another serit·s of lin!'s 
in tht· ultr;n·iolet p.1rt of tlw ~.IIIIC ~pectrum, wherl'of tiH' fn·qii«'IH.'ics 
arc t•qu.d t'on"entt in·ly to 

(:!) 

in which 
,,,,".=R, 

R h.n·in~ the stme ,-,due a~ hdore. The uttcr simplil'ity of the 
tl'rllls to hc suhtr.1ctcd from ~'Ii"' in each of these ca!-ie~. not to !-ipC<lk 
of tlw rl'I.Jted form of t he e-.;pres~ions for "I'"'' suggests like ~imple 
l.1w~ in othcr lil'lds of phy~ics that in this fornml.1tion of thc fal'ts 
solllething highly important has heen parti.1lly un,·eilcd. There arc 
Cl'rt.lin othcr series in tlw spectrum of hydrogen, and inspecting thcm 
.111 one is Ieu to the rull' that t''i!ery frequt'IICY emillcd by the hydrogen 
alom cun be calculated by inserting tlljferen/ pairs of inlegers in lht' 
places of m and n ;" IIre formula 

( I I) v=R 11~- ;!2 . 

Thc ca,;e of the ionized-helium •~ atom is quite as !-iimplc. Every fn·­
qucncy cmitted hy thi,; atom can he calculated hy assigning clifTcrent 
(Mirs of integer \·alues to thc constants 111 and 11 in the formula 

(·I) 

l.ine-~l'ries han' heen found in the spectra of many other t·IL·nwnts. 
Sonw of them are ;Js strikingly outstanding as the line-series in the 
spt·l'trum of hydrogen, ancl com·erge upon Iimits !-iCarcely h·ss easy 
tn locate; for instance, thc "princip.1l" !-ieries of the !-ipectrum of 
sodium (Fig. 3). ;\lost are hy no means so oh,·ious; often they are 
involn·d in the midst of a luxuri;lllt jungle of unrdated or othl'rwise­
rclated line,;. ;\lost spl'ctra l'nnccal thl'ir structures from the un­
practisl'd eye, as a tone-poem of Strauss it!-i theml's or an opera of 
the Ring ib Leitmolh! from the inexpcrienl'L'd ear. Long training 
and a skilkd judgmcnt arc rcquired in thc dcciphering of spectra, 
C'l'l'(H in thc few untypically ~imple cascs; and tlsllally the arrangl'­
ment of lincs into seril's which thc spectroscopist prcsents must Iw 

"The rearler may 1.1ke this, for the time loeing, simply as the name ol a (Mrlicular 
elernent. 
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acccpted hy the thcorist without questinn and without sugge,.;tion, 
for he is not compctcnt to analyzc thc data for him~clf. 

ll a\'ing grouped a certain numhcr of lincs into a scriC's, h;n·ing 
gucs~cd as weil as possihle the convcrgence-frequcncy VJim of this 
'"erics, the ~pectroseopist has still thc ta~k of limling thc numcrical 

a lllll l LI 1 1 
limit 30 20 15 12 10 9 

b 

Fig. 3-l'rincipal serics of sudium (L wo photographs). ((~. I<. llarrison, Physiml 
Rrt•it"IL') 

law to which th<' com•ecuti,·c frequencies conform. t\s a lll<Jtter of 
course, all the frequencies can ])l' expresscd l>y a formula generalized 
from ( I ) and (2): 

v;=vu,.-J(i) (.1) 

in which i i,.; the onler-nnml•er di'"tinguishing each linc, and j(i) is a 
diiTerent quantity for each of thc lines, which approaches zcro as we 
pa'",; along the sC'ri<·,.. to tlw Iimit. This mcan'" nothing hy itself; thc 
qtll'stion i'"· dot''" tlw function j(i) ha\·t· ;1 simplicity comparahle with 
tlll' simplicity of tlw ~uhtralll'nda in (I) and (2) which suggcsted that 
they an· the sym]u,Js of sonwthing deeply important? In gcnl'ral, 
t he funct ion j(i) is not so simple a,; t he funct ion which occurs in t he 
,..cries of tlw '"lll'Cira nf hydrogen and innizcd lll'lium. ln many cascs. 
howl'\t·r, it is ahnost as simpll'. in others a little more complicated, 
in others a little more complicated ~·et, and so forth; so that thc 
t·n·nttlal resnlt is thi,;, that t ht· formula (:n appears tobe thc proper 
wa~· of ck,..nihing thl· linl's of ,..l'ries spectra, C\Tn in cascs whcrc thc 
,..nie,; i,.. so irn·gular and thl' form of thc functinn f(i) so intrica tc 
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1h.11 if i1 \\t'ft' lhl' onl~· .. crie-. in t"l.i>-11'111"1', no ont· would al lach any 
p.arl ic·ul.ar imporl.aucc lo it. 1

' 

To lht• phy"ici"l,; of a genl'r.alion a.:o, whn rl'g.mlc-d llw sJwdrunt 
freqtii'IICit·,; ,," n.tlnr.tl yjJ,ralion-fn·qucawil'" of lhl' .ttom, ancl tril'd 
h.trd to inn·nt .t nwch.anic.tl nwdd of which tlll' \·ihralion-freqtt('llf'i•·,., 
,.,ltottld conforttt to tlw fnrmul.t (:l) or 1he more ~t·neral formul.t (;i), 
tltt• ch.tr.Jcler of lhl',.,l' formul.tt' w.t,; an in,.,urlll<lllntal•ll' "J,~t.wlc. 

1-:l,.,,·wherc 1" I h.ne gin·n a hrid .1c·c·oun1 of lhC' Yain attt·mpt,; to ron­
trin· ,.,uch .1 ntcult·l. Hnhr .akn1donul this pron·dure ;dtog!'tlwr: and 
l.tkin!-! I'IJII.llion (:\1, Iw lllllltiplit·d hoth side,; of it hy l'bnrk's con­
,.,t,ant h ( = 1) . .-,li·IIJ ~7). 

hv=hR( 
1
.- ~). 

1n- n-
(Ii) 

Thc "ignilic.ance of this an d!'pends on the nteaning of h. l'lanck 
h.ad found it e:--pedient. in den·loping- an adcquatc theory "f radiation, 
to ;a,.,,unw that "olid hot hodies arc populatcd with multitndl',; of 

... , 111 

I 

• • • ··-
• I'~ 

Fig . .j l'rincipal ~tril'S o( hdinm !'in~ll't ~ystl'm ). er. l.yman, .. 1 slrophysiral 
Joumal) 

""cill.lt in~ elect rons of all t hl' ,·aric ons f rt·quencie,;, pos,.,c,;:-;in;::- a 'ery 
curiotb and ine:--plicaltle propcrty: this hcing, that an m·t·illator 
,·ihrating with freqncncy v can cmi1 r;uliant energy of that same fn·­
quenry v only in units or quanla of amount hv. Einstein had f"und 
it e:--pedicnt, in de,.,rribin~ the photoelertric ciTcct and other phe­
nomena. to a .. ,.tnne tha t radian t em·rgy of 1 hc f rcqucncy v goc,; ahou t 
in uni~;. or quanta of thc amnunt hv, emittcd intcgrally, ah,;orhcd 
inlt•grally. tra\·clling intcgrally. Suppo:-;e thcn that wc a:-sume that 
the quantity hv, ,.,tanding on thl' ll'ft-hand :-;idt· nf thc cquation (li), 
n·pre,t·nt,., thc arnount of radi.ant t·ncrgy emitted hy the hydrogen 

' 5 .\s a nt.~ttc·r o( fart, the !'<'ri•·~·limit i~ not gl'rtl·rally ,.o oltviou~ to thc cy<· that 
il ctn II(' lr•:at('(l at onrt'; it is dl'l<·rmirwd alt<·r ancl hv mcans of .1 car<•lnl rhoicc 
of thl.' nw~t ~nitahlt· form lor th•· lunrlion f il. Thi,; is.onl' of thl' dil1i.-ulti<·snf thl' 
spt·rtro,.copbl'> la>k. · 

••)n thl' ,..,·cnth articlc o( thi, '"rics HoolnOil' 91. 
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atom in thC' process of pourin~ out radiation of the frequency v. The 
right-hand side is the diflerencc between two terms. One term is 
the encrgy of tbe hydrogen atom bdore it emits thc radiation of fre­
quency v; the othcr is tbe energy of the atom after the emission is 
concluded. The radiation of freque11cy v is emilled by reaso11 of a /ransi­
tioll belween /wo s/alionary s/a/cs of lhe hydror.e11 a/om; lhc euergies of 
ll1esc s/a/cs are cqual /o lhc /crms ~i.'hereof lhe frequency v is lhc differcncc, 
cach /crm multiplied by h. The terms of the spectrum formulae are 
the energy-values of thc stationary states of the atom, when trans­
lated into thc samc units by multiplying them by Ii. \\'hen Irans­
lated into proper units, IIre /erms arc cnergies, and lhe energies are 
/erms. This is Boh r's great and memorable idea. 

t >nce this idea is accepted, tlw known stationary statcs of the atom 
increa~e enormously in numhcr. Thc paltry onc, two, or half-dnzen, 
which an· all that ha\·e heen detected hy oh~erving the energy-losses 
of rehounding electrons, arc multiplie<l into hundreds and thousands. 
Thc accuracy with which each cner~y-value is known is augmented 
tenfold or a h undredfold, somet im es far more; for spectroscopic 
measurenwnts are among the most accurate in physics, although the 
nen·ssity of extrapolating the obsen·ed frequencies to arri,·e at the 
series-limit neutralizes some of their precision. 

I >rw point must be kept clearly and always in mim!, al the peril uf 
infinite confusion. The cncrr.y-m/ucs 7t•hich IIre spatrum /crms· supply 
are not thc energ-y-\'alues of the stationary states measured from 
the normal state, as might secm natural; they are /Ire encrgy-m/ucs 
measured from lhe s/a/c of lhe ioni::;ed alom. These heing negati,·e, 
it is thc negatiw term-\·aluc which is significant. Equation (ti) 
nHJ,.;( therefore he rewritten in this Cashion: 

hv = Rh (- _!_) - Rh (- -
1 

) . 
112 1112 

(7) 

The l'IH'rgies of tlw sun·t·ssi\·c stationary states of the hydrogen atom 
are -Rh, -Rh I, -Rh !1, - Rh/lli, and so fnrth, relativcly to the 
t·rwrgy of tht• ionized atom as zero. Tlwy are not Rh, Rh '4, Rh !l, 
and ~o forth, relatiw·ly to the normal state of thc atom as zero. Any­
om· who t•ntt·rtains this last idea is doonwd to trouhle. 

Tlll' stationary statl'S of the hydrogen atom are shown in Fig. ;i, 

which is t·onstrtwted like Fig. I, with the l'lll'I"J..!)'·\·alm·s of tlll' \·arious 
ll'\Tls mea,.;ured downwanls from the state of the ionizcd atom, and 
afli\ed nn the right. The distances from the \'arious le\'cls to the 
Zl'ro-linl' art• proportion,t! to tht•st• energy-\·alues (this featurc will 
lll'llCl'fort h he found too incnm·enien l lo main tain). 



Tlw t'llt'rg~ -\ .thu· 11f .1 ~t.tl ion.tr~ ,..t,lll', \\ lwn "J.t.tint·d J,,· .tlt.tl~ t.ing 

.1 ,;pt·t·tntnt. j,; gt•twr.ally gi\l·n not in l'tpti\·,dl'nt \·olt,.., but in a unit 

t-.tlkd tht· "\\.t\l'-lllltllllt'r." Tlti,.. unit i,; I ln timt·~ .a,; gn·.at ,t,; ;111 l'rg, 

.tnd :WIIht t' (.thout .OIIIll:!:l71 timt•,; ,,,.. gn·;tt a,; .111 l'!JIIi\·;akut ,.t,lt. 

\\'la·n tht• t'lll'rgy-\ .dllt'" of two ~tat ionary ,;lall',; an· l''pn•,..,..t•d in 

ION I ZE.t:> 
AT OM 

-----:-~h 
\6 

-IG -k 
-----~ 

I· i;:. 5 I )i,t~rarn of thc sl.llionary stat!'~ t•f hydro;:t'n, <il-duC"cd from its spt'ctrum 
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thili unit, the ditTerence hetween them is cqual to 1 ·c times the fre­
quency of tlw line which corresponds to the tran,;ition from one to 
the othcr. 

;\ spcctrum-line corre::-ponding- to a transition betwccn two station­
ary statcs is symholized, on a diagram of stationary state,;, hy an 
arrow connecting the dashcs (or whaten·r marks are used) which 
symLolize the two lc\·ek This is illu,;tratcd in Fig. G. 

I pause at thi~ point to remark that each of what I han· heen 
calling tlll' "stationary states" is in fact usually a group of two or 
nwn· stationary states, often hut not always exceedingly elose to­
gether; just as many stars in the sky are in fact groups of stars too 
close Iogether for any hut an excelll'nl tclescopc to discriminatc. 
This will IJe discussed at length in a later ::-ection; at present it is 
expedient to rcgard C'ach of these groups as onc s tationary state. 

The experimental test of Bohr's method for identifying stationary 
states consists in comparing the stationary states inferred from the 
spectrum, according to Bohr's procedurc, with the stationary states 
deri\·cd directly by the st udy of electron-impacts. The agrcement 
is pcrfcct wherc,·cr the cx periments hy the latter method can hc 
carried out. Ry a curinus fatality, this is impracticahle for hydrogen 
and ioniz(•d h('liurn, as rH'ithcr sort of atom occurs in gas quiescent 
enough for experinwnts on t'lll'rgy-transfers from electrons to atoms. 

For ahout fifteen other elements, tlw comparison has heen marle 
for two or more of the St;Jtionary Statcs. Every energy-\·al ue givt"n in 
Tahle II was ohtainecl hy thc nwthod of elcctron impacts, and con­
tirmed 1,~ · analyzing the spcctrum of tlll' elenwnt. 

E S. Tlzr Class(fi((l/ioll of .','talionary Stalt•s by l'tilidug "Rulrs of 
Srlrrtio11" 

I han· saicl that en·ry linc in a spcetrum, at least of thosc arranged 
in ~~·ries, may he rl'presented hy an arrow connecting two station<u~· 
statcs. lf arrows are drawn from e\·ery one of the stationary states 
to en·ry othcr, will cn·ry arrow corrc~pond to a line actually oh~en·ed 
in t he spectnrm? I·:,Try line has an arrow; does c\·ery arrow h;n·e a 
lirw? By no nwan~; tlw all!--Wl'r i::- delinitely and strongly negati\'e. 
lf the wan· ll'ngths cleducl'd fmru ;dl tlw pns~ihle arrows arc :;nught 
in the :-pl'Cirtllll, mo:-t nf them .1re found unoccupied Ly lincs. Thc 
great majorit~· of tlll' apparl'ntly pos,..il1le transitions either do not 
occur at all, or if they do occur, thl' L'lll'rgy which is lilwratcd is dis­
pn!--cd of in ::-onJl' other way than hy radiation. There is rea~on for 
lwlie,·ing that the atmn may l'llll,race this last alternatiH· if it col-
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Iid<"" \\ ith .111otlwr .ttom nr with .an l'll'ctron. Otlwrwi-. ... it "1'\'nb 
th.tt if tlw .ttnm c.tnnot r.tdiate thP etwrgy lilwratl'd in a tr.111~itinn, 

the tr.ut"ition ihl'lf C.lllllllt h.IJlJl<"ll .11 .dl. lf, th1·rdnn·, th1• lim· cor­
n•"ponding tn an .1rrow i:-; mis"ing, the transitinn cnrn·"ponding ln 
tlw arnl\\ 11111-.t Iw inhihitl'd hy sollll' .tg<"ncy a:-; ~l't nnknown. :\l.llly 
tr.lll"itinns mu"t he inhihit1'<l. for 111,\11'' lim·s are missing. 

Th1'"l' mi"-.ing lir11•,.. .tn• pn·<"ious to thl' ~tlldl'nt of spcctra and lo 
the .Jr<"hitect nf .ltolll-nllldl'l~. \\'h;rtcn•r l'Xplanation is dc,·i,..t·d for 
tht• ,..t.rtinn.Jry st.lll'S must i11cl11dl' a rl'ason iur thl' ueeurn·nn· of 
""1111' t r.1n"i t ions .wd thl' rH•n-occurrenec uf "orltl' ot hcrs. This i:-; 
guod r.Jthl'r th.tn bad fortune, ~ince if such a reasun is dl'm;andl'd, it 
m.t~· ht• found in on1· .111d not in anuther of two compcting thcurit•,., 
which othcrwi:-;l' WCI\rld stand on an cqu.JI footing; tlw mis,;ing liru·s 
m.ry l'H'n ~uggl'~t .r theory. At alt evcnts they suggest a sy~tern of 
cl.r,..,;ili\,Jtion; and. whilc the hardcncd theorizer may regard a systl'lll 
of ci.J,;silic;ation as nll'rl'ly tlw fnrerunncr of a thcnry. a theory is itsl'lf 
oftl'n nothing nwre than a classitication st;Jtcd in the langtrage of an 
.trtilici.d analogy. lt is. in Ll\t, possiblc to arrangc thc statinnary 
,..t,Jtcs. not in a singlc \nlumn as in Figs. l or ;), but in se\·eral as in 
Fig. ti; this arrangcment heing so eontri,·ed, that any transition can hc 
idcnt itied in a mnmcnt as betonging among thosc whid1 occur, nr 
.1mong tlw,.;e which are rni,.;sing, whichever its case may be. 

Thc mcrc fact that such an arrangcment can be contrived shows 
that thc mi",..ing lincs are not distributed at random, bttt su!Jjcct to 
,..OITll' :-ort of a rufe. Such rules are known as principlrs of srlrclioll. 
The mi,..,..ing lines are comnwnly called z•crboll'lt lines lty the German 
phy,..iei,;h, po,;:-iltly hecause that was thc mnst conspicuous word 
in tlw otlicial Cerman language ltcforc the war. It is not a happily­
cho-.en word, ncithcr arc thc Engli"h equi,·ah:nh "forltidden" and 
"prnhihitcd"; :-incc while wc know that thc lincs arc missing, we do 
JH>! detinitely know what cirnnn~tancc j,; re"ponsihlc; and, whaten·r 
that circumst.1ncc m.1y be, it is highly utwom·cntional for a physici,..t 
to "·•Y th.tt it "fnrl·ids" the lines. The " .. IIIC nhjection arplies with 
extra forn· to thc phra-.e "forbiddcn lty the selcction-principlt:". 
lt is much hl'ttcr to accept tlw fact that n·rtain lines are missing a,; 
a fact of e'\pl'riencc, and tlw ,..('lection-principles as rules of cxpericncc 
wla·reby the facts are cndified. 

E .:. Tlre Familirs of Stalio11ary Sta/rs (for Ollll'r .lloms /Iran llydrogen ) 

Tlwrc is a far-reaching contras! het\\Cf'll rhc spl'ctra of ;11l atoms 
hut hydrogen and ionizerl helium, on thc one hand, and the spectra 
of thcsc two atom,; on the othcr. The sclcction-principlcs at first 
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acrentuate this contrast, and later to a cerL1in extcnt aid to explain 
it away. I comllH'IlCl' with the atoms other than hydrogen, and takt' 
sodium as the specilic instanre. 

A few of thc stationary states of thc sodium atom arc exhihitcd in a 
single column on the left of Fig. 1). The energy-\·alue of each Ievel, 
measured from the energy of the ionized atom as zero, is affixecl at 
the ldt; hut the practice of drawing the Ievels at distanccs proportional 
to their energy-,·alues has hacl tobe discarded for thc sake of lucidity. 
l n this casc, the distances are proportioned to the di!Terences between 
the logarithms of the energy-values. Drawing arro\\·s from each of the 
Ievels to e\·ery other, and ascertaining which of thcm correspond to 
actual and which to missing lincs, wc find that thc missing lines are 
suchthat the stationary states can bc sorted out into se\·eral families, 
to he arranged in parallel columns as on the right of Fig. ß. T herc are 
at least se\·en of these, hut it is of 110 ad,·antage to us to consider more 
than thc first four. The featurc of this arrangement is, that lransitions 
between slationary states in adjacen/ columns correspond lo actua!lilrcs; 
but tlre lincs corresponding lo all otlrer lransitions are missing. 

This is a principle of selection. lt may be phrased in an equi,·alcnt 
but pregnant way, in this manner. Let me attach to the se,·eral 
rolumns thc nunwrab 1, 2, :3, -1 ••• , as thcy arc indicated at the 
hases; and Iet mc use k as thc gcncral symbol for cach ancl all of thcse 
numerals. Then this partindar selcction-principlc may be phrased 
thus: 

Tlrc only transitions "<t•lrich corrcspond to ac/ual spl'Ctrum 
lincs are tlrosc in -.c!riclr k changes by unity; ~k =±I. 

The numcral k hears the ponderous name of a:imutlral quan/um­
numbcr. This is a name derived from theory and not from experience, 
as will he madc clear in due time. The principle of sclcction which 
has just heen stated is tlw ;;clection-principle for the azimuthal quan­
tum-num]Jer. 

Exceptions to this rulc occur; the !'erboten lincs, like other <•erboten 
things, occasionally evade thc prohibition. This happens partiru­
larly whcn thc atoms arc ~uhjerted to inten~e electric lields, or to 
violent spasmodir ell'ctrical disrharges in whirh ~trnng- tran~ient 

lit'lds arc product'<l; in the;;c rircumstances great numhcrs of the 
rnis~ing- lines leap suddenly into sight. In Fig. 11 some of thc;;e lines 
appear t'licited hy a ,.,trong electric lield. Some line~ corrcsponding 
to chang-es of k hy two units or hy none, whirh hy the forcgoing rule 
;;]wuld be ah:-ent, do actually orcur l'\·eu wheu there i;; no ohviou,., 
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rl'.l .. on who~t!'\ l'r for thinkill).! th.1t thc· atoms ;1rl' ,.;nl•jl'ct to llnu,..u.d 
,..trc· .. ,..c,..Y Tht' t•,ceptiorb, lrcl\\ l'\ c·r, ;rrc not llflllll'I'IIIIS t•nough to 

j!'np.mlilt' tlll' rrrlc·. 
T\\11 otlll'r fc·.ltllrcs of tlw coltunns ,.;hould hc poilltt·d out; lir,..t, 

th.tt thc ,..lltTl':-i,..i\ l' lcn·l,.; in t'<ll'h t'olunln an· not ,..catten·tl at rantlom~ 

hut form .1 conn·rgi11g :-;nit•s appro.ll'hillg tlw top of the rolun1n "" 
Iimit ( t heir t·rwrgy-\·alucs form a st'lJIIl'IH't' t'olln·rging to zcro); a11d 
Sl'CPild, th.1t tht•n• i,.; 11othing arhitr.1ry ahOLtt thc ordl'r of the colunub, 
,..inl'l' tlw t·olumn at tlll' l''tn·mc ldt ad111its of tratbiti~>ns to only 
one other column 01nd thcrdon• i,.. unnli,.;tak<~hle, and all the others 
foll~>w after it in ;1n immut.thlc onlcr. 

I~ .;. .·1 Digression .-I boul .Yolalion 

The syrnl"'l for a transition betwecn twn stationary statcs, <HHI for 
the SJWCtrurn linc which corresponds to that transition, consists of 
thc symbols for thc two st01tcs separated hy an arrow, or a dash, or a 
!-ol'lllicolon, or any con\Tilicnt mark. T hc final statc· is commonly 
\\ritten lirst. Thtts thc linc due to thc transition from a state B to 
a st.llc .-l i~ de,.;ignatcd th11s: (...!)- (/3). Chess-playcrs will hc re­
minded nf the 'Tontirll'nt<~l" systcm of dcscribing mo\·es at chcss, in 

which symhnls for thc ~quarcs from which and to which the piece is 
mo\·cd arc writ ten down one bdorc thc othcr. 

Thc nntation for spcctrum lincs thus tlows easily and naturally 
from thc notation for stationary statt•s. T his notation is not in 
principle n·ry di(licult, but it has hecome confuscd and confusing, 
largl'l)' hccau,.;c of the alteratinns which have bccn wrought upon it 
to m.1ke it exprcs,.; not thc facts, but din•rs theorctical intcrprctatinns 
nf thc facts. .-\Iterations in narncs and tltltations gcnerally produn· 
.tn !'vil etTect in phy"ics C\L'n whcn ju,.;tilied in thc highest degree, 
fnr thc old ,..y,..tcm,.; and thc new persist sidc by sidc and caust• in­
terminahlc troublc; all thc nwrc i,.; this so wht·n thc alt1·ration,.; ;1rc 

h;l,;t·d nn uncertain grounds <llld impcrmancnt. Thc notatinn for 
-.tationary -.tate,; has already suiTered much in this 111anner, and 
prohahly thc wor,;t is yct to cmnc. 

Thl' cla-.,..ilication of len·l,; whid1 I ha\·c jtbl dl'scrihed l'llahles and 
n·quin·.; lh to gin• a twofold symlu•l to each lcn·l; tlll' symhol mu,.;t 
de-.ignate tiH' column in which thc lt·n·l stand,;, and ih order-numlll'r 
nr ,..c·rial numlll·r in that column. The columlh an· gt'IH"rally desig-

17 l'ootl', :\l .. ggers and :\lohler ob~cr\'l'<l a linc corrc~pondin~ to a change of two 
units in k (thc linc il,sl-(.l,d), in thc notalion tobt· cxpbin<'d in S<'l'tiun E5l undcr 
circum~tanc"~ in which il sccmc<l impoS»iblc to hdie\'C in an .. t>llnrmally brge 
clectric ficld. 
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nated by thc Jettcrs s, p, d, f (ur their capital, or Gothic, or Creek 
cquivalents). 18 A spcctro,.;copist u,.;ing these symhols generally writcs 
thc serial number of the len·llwfore the Ietter, with a comma bctween, 
thus: (I,s) and (2,p) and (:3,d). <>r the columns may be designated 
by thcir values of the numeral k, which is then commonly written as a 
subscript to thc serial numlll'r. Tlw,.;c sym iJols ha\'e at least the 
a<h·antage of being comparati\'el)' fixed. I t is far othcrwisl' with the 
serial numbers. One might expect that the le\'el haYing the greate:-;t 
cnergy-value in a partietllar eolumn would !Je ca lled I\'umber I, and 
the successi\'e ones :'\umber 2, i\'umher :3, and so forth towarcls thc 
convergence-limit. Unfortunately (though for not a bad reason) 
the habit is to dcsignate the first leYcls of the successiYe columns by 
the ordcr-nurnbers 1, 2, 3 aml -t, successiYely; so that their respecti\'e 
sy rnbols arc (l,s); (2,p); (3 ,d) ancl (-t.j). These are the symuols I 
ha\'e affixed in Fig. ü; but they arc not the only ones, as the orcler­
numbcrs ha\'e jumped up ancl down ~cveral times to satisfy thc ex­
igencics of new atom-models. lt would he unprolitable to confusc 
the reader with further details, at least at this point. The important 
things to remembcr are three: that the symbol for each stationary 
state must contain one index for its column and another for its place 
in its culumn- that the former index is usually one of the specified 
letters - that the latter index is a lllllllher, usually ucginning with 
I, 2, a. ·l for thc lirst lcn·l in the s, p, d, f culumns, respectiYely, and 
asccnding along t hc column in unit steps. 

E 6. Namesand Features oj the J!os/ Noled Liue-Series 

EYery line in e\'ery series, according to Bnhr 's fundamental idea, 
corresponds to a transition or "comhination" betwc>en two stationary 
states of thc atom- to a transition from an initial state to a final state. 
The atom possesscs morc cnergy in the initial statc than in thc final 
state (we are :-;pcaking nf emission-spectra only). llence the energy­
\'alue of the initial state, reckoned as it u~ually is from the energy of 
tlH· ionized atom as ZL'ru, is algehraically higher and arithmetically 
luwer than the energy-YahJL' of the final state. 

Th e Yarious lines of any onc line-sl'ries ha\'c this in con•mon: they 
correspollll to tran~itions from Yariou~ initial :-;tates whirh howen·r 
all lie in one and the same rolumn, into onc linal state whirh is the 
same for all and lies in an adjacent column. Each line-series thns 

18 The symbol b is sometimes u~cd instcad of j. For thc C"olumns following to thc 
right of thc f-column therc arc various notations, particularly j', j", f"' and g, II, i. 
See also footnotc 21. 
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l•dongs to nne p.trtinal.tr tin.ll ,.t.ttl', .111d to Olll' p.trtieul.ar l'olumn of 
init i.tl ,..t.t tl'S. 

Tlll' line·,.l·ril's cotbi,.ting of tran,.,ition,. into the stall' ( l,s), or 
lt'rminatin~ upon tl.s\ .ts thl· phr.t,.l' sontetinH'" i,., hears thl' n.tmt· of 
prin.-i{>tll snit·s. lt,. l'oiiSl'l'Uti\l·lilll·,.. an·: (l,s)-(:!,p); (l,s)-(:~.pl; 
( l,s)- (-l.pl .1111l ,.;o forth. They .are ,.;ignilied hy tlll' hhw arro\\,.; of 
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Fi,.;. i .\noth .. r w.ty of mappin,.; tht! stationary ~tatcs of souium 

Fig. 6. Thc general syrnbol for this ,..cries is ( l,s)-(m,p); which will 
hl' quite intelligible. The ( l,s) Ievel is the normal st<tte of the atom; 
con,..equl'ntly, the ,·arious lines of the principal serib correspond to 
tran,.;itions, hy which the atom regains its normal stall' after a tempo­
rary exilc from it. lt is prohahly for this rcason that the serics is 
prominl·nt cnough to ha\'e recl'in·d the n.1me principal from thc 
spectroscopists. 

Two series terminale upon the (2,p) Ievel. One of thc:-.c consists of 
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transition s from ,·arious lt·,·els of thc s-column . This is thc slwrp 
(or sccond ) subortfinale ,.;l'rics, aml its ,.;ymhol' i,.; ('2,p) - (m,s) . The 
othcr ,.;eries consists of transitions from \·arious IL·,·cls of tlw tf-column; 
it is tlw dijfuse (or lirst) subortfinale ,.;t·rics, and its syml>ol i,.; ('2,p)­
(m,d ). Yellow and red arrows ,.;ignify thcse ,.;l'J'ics, rcspcctin·ly, in 
Fig. G. Of tlll' two lim·-serics terminating upon the (:{,d) lt' \'l•l, only 
une has bcen cndowt•d with a ll<tnw; this is tlll' scries (:~.d ) - (m,f ) , 
knuwn alternati,·ely a,.; the Bergl//a/111 or tlw f undamental serics (the 
second nameisahau onc) and symbolizcd hy green arrows in Fig. i. 

These scries secm to he the only Olll'S whid1 impresscd thcmsch'es 
strongly enough upon the minds uf spcctroscopic cxpcrts to reccin· 
namcs 1!' from thcm. Howc,·er, many other ,.;eries ha,·c been identihed, 
and cmphasized, cspcci:dly sincc Bohr's manncr of thinking took root 
among the studcnts of spcctra; for instance, serics terminating upon 
('2,s) and (:3,s), which arc conspicuous in the spectrum of helium, aml 
such line-scries as (:~.tf) -(m ,p) , anci (4,!)- (nr,d ). 

Se\'eral rules about line-scries , whid1 a re \'t•ry prominent in accounts 
spcctra, bt•comc self-e,·idcnt wiH·n thc rules go\'crning the stationary 
states are mastered (of course, this is only hec:w,.;e thc lattcr rulcs 
are based upon thc former ). For instance, thcre is a rule that the 
sharp and the diffuse serics ha\'c thc sanw limiting-frcqucncy; ;tnd 
therc is a rulc that the diffl'rence hctwt·cn this limiting-frequency 
and thc limiting-frequency of thc principal seriPs is cqual to thc 
freqm·ncy of the Iirst line of the principal serics. The readcr may 
dcriw these IJy inspccting Fig. G. 

Such mies do not apply to tlw S(K'<"Ira of hydrog-t·n and nf ionizcd­
hclium, whid1 arc profoundly different from the spectra of sodium 
and ot her elenll'n ts; and i I is perilou:; to a 1 tach such namcs as principal 
or subordinate to the line-seril's of those first clemL·nts. Tbc stationary 
states of thosc elemcnts arc known hy tlwir energy-\'alues, and thc 
serics hy the names of their discm·crers or interprl'tcrs. 

F. 7. Further Analysis of llrt• Statiorwry St,Jies of 1/ydrogeu antf Joni:;ed 
1/elium; Fine .'·>trur/ure 

ln our carlin analysis of tlw :-;peclrtllll of hydrogen and the spectrum 
of ionizcd lwlium, wc inferrt·d front ,·ach of tlw~w Sf>l'Ctra a family of 
stationary statcs, thc L·nngy-\'alul',.; of whieh follow onc upon tlw 
otlwr in a \'ery rcgubr procession gon·rncd hy a simple numL·rical 
law. This makt·s it practically impossi],ll' lo diYidc up tlwsc station­
ary s tales into clas~cs; all of tlw l,·n·ls for each of tlll' aloms nHISI 

10 Thc r <'.ulc-r will n·t·o~ n iz l', in I ht· inil i.d~ ol I ht·sc n;lllll'>', thl' l<'llt•rs s, J>, d, b, 
a nd f uw d lo clesig na t• · t ht· ~,. , n .tl t'Hinnlll s o f l t·n· l ~. 
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inc'\ iuhh Iw .lrr.lngl'd in .1 ~inglt• colnnm, ,, ... ic \\,1>- donc· in Fig. ;,. 
Buc in chi-. .lrr.lllgt·mt·nc lhl' ,.l'lt'l'lion-principlc· of clw ft~rt·g"ing p.1r.1-
gr.1ph i-. .lpp.ln·nch- l'oncr.l\.t'lll'tL For. wlwn thc· lt-n·b of tht• ... odinnl 
.1Colll \\t'rt' .u-r.lllgl'd inco coh1n1n~. clw tr;ubilion~ lwCWtTII l .. n·l~ 
ht'longing to onc· .md clw ~.11111' ct~lumn \\t'rt' among clw inhihict·d 
cr.ln>-ilion,;, clw lim·,.. corn•,..ptHHiing to tht·,..,· Wl'rt' alllt>llg Chl' mi ...... ing 
linl'~. Buc cht· tr.1n~icion~ hi'IWtTII clw lt'\l'l~ in clw ~ingll' column 
which coiiC.Iin~ .111 of thl'lll for lhl' hydrogt'll .11om, corn·~pond Co the 
.lctu.d lirw,; whil'h con,;Citute ehe l'nlire h~·drogen spectrum. 

Thi,.. di,..n>rd i,.. only apparl'nL lt ,·,mi,..hes wiH'n \H' rceall ehe f.1ct, 
.dre.ul~· onn· nwntioned a,; a fon•warning and then nt·glectl'd for l'.l"e 
of t'\po,..icion, chat the ~tacionary statt•,; of ehe hydrogen atonJ:o> are 
n>rnpound that what ha:-o bel'n called a "stacionary stace" in ehe 
prl'ceding p.1ge,; i,; re;dly an l'll,..l'lllhle of adjacent scationary ~tace,;. 
t·:n·ry line nf dw B.dnll'r :-eries. the serit.·s R(l 111 2 - l ~~). is actually a 
de~sc douhlet; thc frequency-dilTerences hetWl'C'Il ehe compom·ncs of 
.111 the douhlcts are approximacely the samc. l ncC'rprl'led in the 
nt.•w f.J,;hion, this means that what wc ha\·e callcd the ~tationary stalt' 
of t.•nergy -Rh.'-! i:-o actually a pair of "componcnt" 13lat ionary ,;tatcs 
\·ery cln,.,e togethcr-so close together, that if thc encrgy of one werc 
exactly -Rh 4, thc energy of the uther wou ld d epart from that 
\".lluc by less chan one part in forty tlwusand. F urther in analyzi ng 
ehe spectrurn of hydrogen wc cannot go, prohably hecause thc minu tc 
details (if therc are any) of the structure of its lines O\"l'rtax t he 
re::.oh·ing-powcr of our spcctroseopcs. T he spcctrum of ionized 
helium, howen·r, is spread out in a more generous sca lc; and some 
of ics lines were analyzed by Paschen. .-\ mong these were the lincs 
of frequeney -IR(l :P-1 -P); -IR(l,'32 - l .)~); and IR(l ':32 -l/fi2). 

They werc resuln·d rt.•spectiH·Iy, inco :-ix, li,·e, and chree componencs; 
.111d the linc ·IR( I -F-1 .)2) rt.·sohwl into four. 

l nterpreted in thc new manner, these data mean that what we han• 
c.11leu the stationary stall's of energy-\·alues --lRh !l , --IRh lli, 

lRh ::?.i, and -Rh ;~c;, are really ensl'ml•les of "cnmponent" sta­
cionary ,.;lall'" lying \"t•ry dn,..ely Ioge! her. I I \\"llllld ,;carcely be 
po",.i!Jit· to infcr fro111 lht•se uata, indl'pl'llllently and without l'X­

Cr,llll'OII,. guidancl', ju"t how many "componL·nts" helung to each of 
lhl' four en,.emhlt·s. Foreunacdy or unfortun;1tely. l'a,..chen's measure­
nll'nls were pn·n·tlt-d anti inspirl'd uy a "Jll'l'ilie predircion of thl' 
numht·r of componl·nts in each l'lbcmble a prediction that what 
we h.1n· ealled the 11th "utionary "tah' ,..hould he a group of n "com­
ponl'nt" stationary ,;!alt•". This prcdiction is gr.1phically ,..l't forth 
in ehe :-oecond eolumn of Fig. ~. in which thl' len·l of energy-\·,due 
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- -!Rh is drawn as a single dash, the next !1.'\'CI as two dashes, thc 
next as three, and so forth. J>asclwn's data were therefore compared 
with this prediction. 

The data and the prediction were found compatible. lf arrows 
are drawn from L'Yery "componL·nt" stationary state to every other 
"component" stationary state, it is found that cach of the lines which 
was observed corresponds to om· of the arrows (hut it is necessary 
to assume that, in somc places, two or morc adjaccnt lines are fuscd 
apparcnt ly into one IJy reason of the insufficient resoh-ing-power of 
the spectroscope). Some uf the arrows, howcver, correspond to missing 
lines. Evidently some sort of inhihiting agency is at work; some 
sort of a selection-principle is adumhrated. Furthcrmore, some and 
perhaps all of the missing lines appear when thc electric tield strl.'ngth 
acting upon the radiating atcHns is increased, and this, it will be 
remembcrcd, is thc beha,·ior of the missing lines in the sodium spcc­
trum. \Vhethcr the selection-principle could e\·er hm·e been inferrcd 
from thesc data alonc seems doubtful. Naturally onc proceeds to 
try out the samc principle as sen·cd for thc previous ca:3e. Can the 
component stationary states of the ionizcd-helium atom be sorted 
out into parallel columns, in such a manner that transitions hetween 
Ievels in adjaccnt columns correspond to actual, all the othcr trans­
itions to missing, lines? 

This is attempted in thc manncr shown in Fig. R. The resnlt is 
fairly satisfactory. Thc lines due to transitions hetween Ievels in 
adjacent columns should by this principle be visible, and they are. 
The lincs corresponding to transitions l>etween Ievels in the same 
column, or more than one column apart, should be missing; and 
some of thcm arc, llllt also some of them undeniably can be seen. 
To account for these unwekome guests, it is lll.'cessary to asstune 
that somc of the radiating atums are subject to a strong electric field 
which might, ln1t would not be likcly to, cxist in thc discharge. This 
is an uncomfortaulc solutiun; but there a re other numerical agrce­
ments !Jetween the pn:diction and thc data, which it is not expedient 
to dcscribc a t this poin t, bu t which are gond cnough to excuse tha t 
deficicncy to some ex!t'nt. En sommc, the evidcnce presents 110 

insupcrable objcction to our arranging tlw co111ponent stationary 
s tates of thc ionized-heliu111 atom in par.d lt-1 columns, and dedaring 
that thc only tran~itions which occm (exrept in s trong electric ficlcls ) 
are tho~l.' },etwl'en members of adjacent col umns; and thi~ is just 
what \\'l' did with the sodium atom, aml c1n in general do with L'\·L·ry 
otlwr kiml of atom whereof the spectrum has been interpreted. This 
bcing grantcd, we can asscrt that thc spectra and the stationary 
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"t,t!c,.; of the ioniZl'l.l·hl'linm .ttnm (aud prc:-;uruahly tho~c of tlw 
hydrogl'll atom) arl' not"" r.ulically difTl'rl'lll from tho,.;c nf thl• ~culiutll 
.tlotn .1~ thl'Y '-l'l'llll'd to lll'; ~OIIIt' of thc apparcut ditTnl'llCC''-i (".ing 

tr.tn•.thll' to the f.1rt that rorn·,.;pondin~ ll'n·ls in thc f, thc d, tlw fJ 

. -:··· I ! . f. -}-- ~-

___ L_ -1- ~: ·f- i 

Fi;.: ~ lli.tgrarn of the srationary statcs of ionized hclium, n·,uln:d tu aernunt for 
the finc structurc of the spectrum lincs 
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and the s-columns, which in the smlium atom are widdy separated, 
are in the former atoms so dosely crow<led Iogether that lincs, which 
in tht- sodium spectrum an· far apart, arc in the fornwr spectra packe<! 
into all-hut-irrcsolulJle gro11ps. This is probable, llllt not certain. 
Further rlata about othcr lines in the ionized-lwlinm spcctrum would 
be gratdully rcccin·d.20 

The notation for the variuns "componcnt" stationary states of the 
ionized-lwlinm atom is shown in Fig. S. Tbc successi,·e columns 
are denoted hy thc nunwrals I, ~. 3, -t .•. for which the gcneral 
symbol is k, as prc\'iously. This nunwral is ,,·ritten as a subscript 
to the serial numher uf thc Je,·cl in its column, which cmnmences with 
1 in the first column, 2 in the sccond, 3 in the third, and so forth. 
ßy inspccting the figure, the rcader will sce a reason for using these 
different \'alues of the serial-number fur the lirst Je,·els of the different 
columns. The scrial-number is designatcd by 11 aml callcd thc /otal­
qual!/um-number. The numera l k is called thc azimutlzal-quan/um 
number, as Lcforc. These hea\'ily long namcs are imposcd by thc 
thcory and not by thc data. 

E S. Furt/zer Analysis of tlzc Stationary Sta/cs of Ollzer Elemmts than 
Ilydrogen and Ionizcd Ilclium; .llultiplcts 

Ha\'ing perfonneu a two-stage analysis of the spectra of ionized 
hclium and of hydrogen, \\'e rcturn to the spectra of the other clements 
for a second attack. 

Let us consider the reasons for making these analyses in two stages. 
\\'Jwn thc mid-Victorian physicist traincd his spectroscope upon a 
tulJe full of glowing hydrogen, he saw the spcctacle of Fig. 2- the 
con\'crging processinn of distinct bright lines, of which the frcquencics 
form that delightfully snwoth numerical progrcssion which wc ha,·c 
already nwt. Later physicists with hcttcr instruments disco,·erc<l 
that cach of tlwse "lincs" was in fact a pair of lines. Now in strict 
truth, this <lisemTry showc<l that the ''lines" of the Balmcr scrics 
Wl'fl' 110 lincs at all; for a douhkt is not a linc. But thc physicists 
continnl'd tu rdl'r to tlw "linl's" of thl' Balnwr scries, chiclly no doul>t 
l•l'cause to anyone l'(]Uippcd with an onlinary spcctroscope the doul>lets 
do appear as singll' lirws. By itsl'lf this is little rcason; hut the usage 
is not altogl'lhcr faulty. Fl'w pcople would lwsitate to ;ul111it that 
l'ach of thc~c dou!Jiets is nut a emtple of rasu;tl nl'ighhors, not two 

20 lt would hc particularly intcrc~tinJ.: to ~l"lllc hL·yontl CJIIC'stion wlwthcr tlw 
mi~sin~ lim·s demand tlw sclcl'lion-principlc alrcarly cxplaincd in ~l'l"tio n E-t, rather 
I h;111 tlw unc Iu Iw cxplained in s1·ction ES. This is onc uf thc rcasons for wa11tin~: 
lo produn· and cxaminc thc spcctrum of douuly-ionizcd Ii I hium, in which thc e\·i­
do·nn· would prohahly hc much clearcr. 
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unn·btl'd liru·~ fortuilou,.,ly cltN' tngelht•r, hut .1 po~ir 11f liru·., ,.,harin~ 
,.,onw dt•t·ph· fund.tnH'IIt.tl qu.tlily in <"~llllntntt. Thi., i~ indic.rtt·d 
chidh- h,· tlw f.rct~ th.tl thl' di,.,l.llll'l' (llll'.t,., trrl'd in fn·qut·ncyl lwlwt·t·n 
lht• contpnllt'lll~ of .1 doul•lt·t i,., tht• salllt' for .tll tht· douhlt·h, and n·ry 
~m.tll cnmp.tn·d with tht• disl<lllt't' lwi\\Tt'll cotbl'Clltin• douhlt•t,.,. 
For thi,; n· . .,.,on the douhlct~ .tn• lrl'.lll'd ,.,., t·nlitit·,.,, and lhey reqtlire 
;r n.tllll'; whil'h i,., what phy~ici~l~ han· pn·~t·rn·d for thL'IIt, in con­
tinuing to call tht·rH "line~." "I >oul•let" would l•t·lwtlt•r tlun "linl'", 
and "group" would Iw l•etler yl'l; hut wt· c.rnnol t'\Tr Iu• ~urt· that 
t'\t'll the app.trently-~ingle lint·~ .tr<' 11111 n·ry c\o,_,. group~. a rul yl'l 
it would hl' ,.,illy to call t•very line a group. Siriu~ appear~ a,. a double 
,.,tar in ;r ft·"· of 1lw 1110~1 powprful tde~cope~. hut nol>ndy would 
in,.,i,.t on e.tlling it a douhlt- ~Ltr when poinling it out in tlll' night ~ky . 

.-\11 thi,. i,. nnt ~o tri,·i.tl a~ it ~oliiHk lt i~ l'a~y enough to "Jll'ak 
of douhJet,; when looking at lim·~ which appe;rr ~ingle exn·pt when 
, -it·wed in the mo:;t powerful spectroscopl', ;uul tht·n are re~oln·d 

into componl'nts much clo~er Iogether than the rwan·:;t :;imilar line 
i:; lo eilher. Such linl's occur not in tlw :;pl'ctra of hydrogt·rt and 
ionizt•d helium only, hut in the sp<'ctra of sodium and othL·r l'lenH·uts 
).!l'tll'rally. Hut tlw spectroscopi:;t i~ constanlly applying such nanres 
.1~ "douhlt-1" anti "tripll't" and "quadruplet", and thl' inclu~i\'e 

nanw ''multipll't" tn groups of lim·,. whieh li e far apart in the spec­
trum. with scorp,; of others intL·n·ening. llere his function is not 
tn split apparent lines inlo narrow groups, hut to unilc widcly-scat­
tered lines into widl' ~roup,;. Thi,- Iw does not because of propinquity 
of the lines, hut heeause of resemblanct·s m analogies or fixed intcn,;ity­
relations hetween them, or hecause Iw finds it possible to con:-;truct 
a scrics of such groups with idl'ntical frequency-difTl·n·nces between 
corrcsponding lincs within thcm. or l•ccruse of analogies with otlwr 
t•lenll'nts wi1h more pcr~picunu,; spl'Cira, or theorctical predictiwr:-;, 
or intuitions or clain·oyann•. Crottps such as thesc arenot generally 
1crmcd lines, except in n·ry ahstran discu,;sion,.: it is dirticult to 
call a group a line, wlwn it is clearly rcsoh·cd hy any itbtrumL·nt 
worthy the name of speetroscopc. Hut they are like thl' lines of the 
Balmer serics, tn·ated as entitics hccau:-;c thl'ir lincs arc helicn·d to 
:-;hare some deeply fundamental quality in common. 

\\'hat I ha\'e said about lines and groups of lines is transfPrable in 
~uh,.,tance to stationary statcs and groups of stationary ~tatcs. \\'hat 
wc had originally cai~L-!1 the len·ls of hydrugL'Il and ionized hclium, 
with tlteir energ-y·\';tlucs - Rh 11~ and - IRh · ~~~ (n= I,:?, :J ... ), 
wen• rt"<nh-cd into groups of len·ls in 11rder to intcrprl'l 1he finc 
:;lructure of the lines. Hut owing to the propinquity and to cer1ain 
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numerieal relat ions of the le\·els in a group, and to certain qualities 
of the tran~itions lwtween them, it was feit that the le\·els of each 
group shan· soml' dceply fund a ment a l quality in common. For this 
reason Wl' uscd a system of classification in which each le\·el is rC'pre­
sentcd hy two sym!JO!s, one for its group and one for its place in its 
group; and we num!Jercd the len·ls in succe~~ion, not 1 and 2 and ~ 
and f and Ii and so forth, but l 1 and 2 1 a nd 22 and ~~ and :h and :3 3 
and so forth. lnt erpreting tbe groups of lincs in the spcctra of 
sodium and othcr a toms, we infcr groups of Ievels. Thc levC'ls in 
one of these groups a re often far apart . Thcy may Iw eightC'Cll or 
mon• in numl>er, ot her Ievel s rnay lic het ween; but hy reason of tl1l' 
reseml> la nces het wccn the lines whenrc thl'y wcre infcrn·d, hy rcason 
of n·rtai n numerical relations bctWl'CII thc lcvels themseln~s. they 
arc l>clicn·d to havP some decply fundamental quality in comnwn. 
lf this is \·ague, so also at times is the intcrpretation. 

The sta tcmcnt s in thc foregoing scctions ahout the stationary 
states of sm lium arc now to ht· undcrs tood a s rclating to groups of 
stationary s tates. It is thc groups of s/a lionary sla/es which are 
arranged in parallel rolumns, designaled by numerals k, such /hat 110 

/ransition lakes p!ace rmless in it k cha nges by one uni/ . It is the group 
of stationary sta tes whi ch is marked Ly a pair of nnmerals, one to 
dcsignatl' it s col umn and th e ot her its plaee in its column ; or by a 
Ietter to dcsignate it s column and a numeral to dcsignate its placc in 
its eolumn. It is thc group of s ta tionary sta tes which is denoted Ly 
(:h) or ( J,s) or (:i,d). 

T o dcnot e a partic ular stat ionary sta te we must add, to the symbols 
for it s gronp, a third sy mhnl for it s place in it s gronp. This sy mhol 
is genera lly a nnmcral , hnn g on as a snhscript to the Ietter desig­
nating thc col umn (thus: (2 ,pJ) and (2,p2)) o r as an additional suh­
snipt to thc t\\'() llllllll'l'<!b (thns: :~21 and a22).21 The most COIIllllOII 

gcn \'ral sy mhol for this numcral is j. Gcomctrically, the stationary 
statcs may Iw rcpn':-<l'lltt'd hy lin('s or dot s arranged, not in onc row 
of scn·ral parallel columns as in Fig. i, hut in :-<en·ral rows of parallel 
t·olumns. Readl·rs with three-dimL·n:-;ion;tl imaginations in good 
working ordcr may den·lop this ilka ad libitum. The systems for 
assigning the \·a lucs of j are shifted around C\Try ft'\\' months to 
corrc!'pond to nL'\\' atom-modl'l s, and are scarccly worth mcmorizing. 

21 ThP notation su~:~:estcd hy Saundcrs an<l l{u!'sell, evident ly in concord with a 
number ol otll!'r ('Xperts, is huilt in this way: l>csignate thc column to which a 
~:roup l>t·lon.:s hy 1hc lell<"rs su~:.:e~1l'd in section ES, rapilalizt·d (i.<",, S, P, n, F, 
C, II lor k = 1, .!, .l, 4, 5, h); wrilc thc serial-numher ol I h!' group Irelore the leller , 
and append I hc ,·alue ol j as a suhscripl to I he lcllcr. II it is dl'sired to stat c wha t 
sort ol a syslem (d. sertion EIO) a Ievel belongs to, one rnay add a n index to the 
lelt ol the Ietter and ahO\·c it. 
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Thl' ltt•,.;t of chem, howt'\l'r, arl' ;ICiju,.;tl'cl ~"·'"Co t·xpre"s a lll'\\' ancl 
.tclclicion.tl :-t"leclion-principlc·, \\hic·h i,.; nwqu.tl \\ith ehe ollu·r ""lc•c­
tion-principh• Wt' mel .1 fcw p.1ge" alton·. 

Thi,.; principk i~ dc·rin·d in I he "·IIlie' w.1~· .1,.; I he f1r:-;l onc·. Tht· 
group,.; of lc\el,.; .lrl' l'~l.thli~lwcl hy infl'rt'IJI'c· fwm tlw group,.; of lin!'~: 
then .1rrcnv,.; .1rc• dr.twn frnm l'n·ry lc·n·l lo t•n·n· other, tlw corn·­
,.;poncling ,.;pectrum-linc,.. arc• ,.;ought, and mo~t of lhem an• not founcl. 
~onw of cln•,.;c· mi--~ing line,.; .trc· cho~t· which woulcl conlr;l\·c·nt• llll' 
lir~l ~t"lt•t'lion-prilll'iplc•, "" tlwy curn·,.;poncl to 1r.111,.;itions in which 
thc nunwral k rh.lll).:t'" hy morc th.tn olle' tmit, or not al all. 1'111ting 
tlll'~e .t,-idc, tiH-rl' .trc· !<lill ;1 n11mlwr of mi,.;,.;ing linl's, to which tlll' 
tir,..t ,.;t"lcction-principlc- h.1,.; oiTl'rt·cl no ohjl'ction. :\ow it is found 
po,.;,.;ihle co choo,..t• the numt·r.tl j in "urh a m;lnnl'r that tlw only 
tr.m,.;icion,.; which t·orrc-,.;pond to actu.tl spcctrum lint•,.; arc cho,.;c in 
which j changt•,.; lcy one unit nr not at ;1!1 (J.j=O,± 1). Furthl'rmnre 
ic i,.; po,.;,.;jhlc- to adju,.;t ehe- ,-;tlue,.; of j in such a manne-r that the lines 
corrl',.;ponding- to tran,.;iciolb, in which j j,.. initially zc-ro ancl n·mains 
unch.mged, arc mi,.;sing. 

Thi,.; i,.; ehe sclrrtion-principlr for Ihr inner quan/11111 numbcr; for 
the numcral j, wlwn adju,.;cecl in thi,.; manner, is known as the inner 
f]Uancum ntunher. Thi,.; again is ;1 name impnsed hy theory and not 
hy the cl.lla of experience . 

.-\s ehe two selcccion-principlc-s arc eiTectin· cnncurrently, the pair 
of cht•m m.1y lcc fu~ed into thi,.; one: 

Of !Ire Ihrer 1lltlllt'rtlls n, k and j, u•lziclr sparjy a slationary sla/e com­
plt'ldy, t·wo (k and j) may he so rhosm !Iw! !Ire only lransitions ·wlzich 
correspmuf to actual lines are tlzose in ·whiclr: jirst, J.k = ± 1; secoud, 
J.j = 0, ±I; tlzird, j is not zero botlr before and af/er !Ire lransition. 

This complicatc-d rulc i,.; c\·iclcntly thc sign nf somc ,-ery important 
principlc, thc full nature of which thu,.; far c,.;capc,.; us. lt will prohahly 
~ccm dillicult tn gra,.;p ancl fix in mincl: hut diffi,ulty of thi,.; "ort i,.; 
likdy tn ahnund in the phy~ic" of the ncar futurc. Xot sn many 
)'l'ar,.; ago thc phy,..ici~t ',.; p;uh lay among differential cquation,;; thc 
ddter hc wa,.; in integrating hanl ,.pecimclb of thc~c, thc hctter he 
wa,.; fittcd for his profe,.._ion. I ,.;hnulcl not ctre to say that thi,.; is 110 
Ionger true; huc he will prolcahly han· lo l'uhi,·atc a ~en~c for prnh­
lt•tJb ,.;uch a" thi,... 

lt remains to gin· somc idt"a ahout the numlwr of stationary ,;tates 
in thl' \·arious group-.. For ,..odium, as laid ouc in Fig. ß, thc groUfb 
in the s-column arc mcrcly ~inglc le\ c-1,.; (thi,.; suumb like a contra­
diction in terms, but may be horne for tht· sakl' of thc generality); 
the groups in the othcr columns arc pairs of len·ls, or "dnuhlct tcrm"." 
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This is thc common character uf thc alkali dcments Li, ?\a, K, Ru 
aml Cs, which o\cupy the first column of the pcriodic table; prob­
ablv al so for thc noble metals whid1 sharl' this column, but thc data 
arc. fcw . For clenwnts of thc sccond column of thc pl•riodic tahle 
thl"rC arc two C'ompkt<' systcms of stati011ar~· statl'S, each h;l\·ing 
its own s-column, its o\\·n p-column, its own d-column, and all thc 
re~t. ln one system, all the groups in en·ry column rcducc to singlc 
Je,·cls; it is a siug/rt system; in thc othcr, all thc groups in thc s-column 
arc singlc le\'els, all thc groups in thc other column arc triads of 
Jc,·els or "triplct tcrms;" it is a "triplet systcm." The complexity 
mmtnts up stagc hy stage as we cruss thc periodic table of thc elc­
nwnts from ldt to right, and suon bccomes terrific. 

E 9. E.ffect of .lfaglletic Field 011 the Statio11ary Sta/es 

\\'hen a magnetic field is applied to a radiating gas, most of the 
Jines of its spcctrum are replaced by triplcts (Fig. !)), or hy c\·cn richcr 
groups of lincs (Fig. 10) . By a somewhat loose usagc the lincs are said 
tu !>C resoh•ed into threc or morc componcnts. This is thc "Zecman 
dTcct." Therc is a multitude of empirical rulcs ahmll thcsc compo­
lll'llts, their spacings, thc way in which their numher aml thL·ir spacings 
\'ary from one line to another, and othcr featurcs. t\ n ·ording to the 
ncw fashion, howe\'cr, wc focus uur altentimT not on thc componcnt 
lincs, lmt on thc stationary statcs which arc infnred from them. 

The efTcct of a magnctic ficld may he desC'ribed hy saying that it 
replaccs cach stationary state (with a few cxceptions) by t \\'O or 
more new oncs. l·:adl of tht'se new states n·quires fnnr symhols to 
dcsignatc it; the symbols 11, k and j for thc original stationary state, 
and a new srmlml 111 to denote its placc in thc rcsulting groun. As 
h~rctofore, whcn cn·ry stationary s tate is conncctcd with cn·ry other 
hy an arrow aml thc corrcsponding lines are sought, it is found that 
smnc of the lincs arC' missing. Still anothcr selection principlc is 
thcrcfore to he sottght , and thc \'alues of the ncw numeral 111 arc to 
hl' so adjustcd if possihlc- that the selcction-principlc can bc read 
l'asily from thl'm. \\'h<'n so adjustcd 111 is callcd thc 111agnetic qualllum-
1111/llber. 

In ccrtain cascs thc empirical rulcs for the cnmpnncnts whcreby 
thc magnetic field rcplaces thc indi,·idual lincs arc simple; and thc 
deri\'cd rul~s for thc ncw stationary s tatcs whid1 arisc out of thc 
original oncs wheu thc nTagnctic ficld is applicd arc corrcspondingly 
simple. These arc thc cases of "norma l" Zceman ciTect (thc ad­
jecti\'c "normal" may he <111 entircly mislcading d10icc). Let .l L'm 
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repn·-.l'nt thl' t'lll'f).::\'·diiTt·rcnn· lwtw(·t·n lht> 11\'W ~t.1tinn.1ry ~Ltt•· 

dt·lwh·d hy thl' indl''\ 111, .111d thl' origin.tl ~t.1lion.1ry st.1lt'. Tht• rult·~ 
.lrt· compri"l'd in thc formul.1, 

~l'..,=mr..:/1/r (S) 

.111d in thl' ... ,•lt·t·tion-principle. l n 1111' formula II ,..1,1nd~ for 1111' 

nt.t).!llt'l ic f1l'ld. w j.., .t f.Ktor l'qn.tl w i1hin t''I:Jlcrinwntalerrllr to r I TrJJ.<" 

( JJ. = 111.1,.. ... pf 1 h.- t•lt·•·t ron) and t'I>I1111H>nly irll'lll ifil'd \\ it h il. 111 has I"'" 
or ntc>rt• \.tlut·,.. ,..p.tn·d om· unit ap.1rt (fllr insl<tncc, I <111cl 0, 11r ~ and 

~. nr I .111d II .1nd I). 
Tht· ,..l'lt·t·tion pri1wiple i,; ,,,. fullt>\\,..: l'hc nnly /ransilions <<•hirh ror­

rnpollll /o ac'lwrl linn arc Jlwsc in -;chid1 m dwngcs hy unily nr nol 

IJ II 
I· i~. <) Ellen nf ma;.:nel ic field on "l't't'l rum lines. II'. Zeeman, Jounu1l of lht' 

Fm11klin {lts/ilult"l 

al a/1: ~111 = 0. ±I. T his j,.. 1lw sclcr/ion-prinriplr for lhe magnrlic 
ljlllll//11111 111111/bl'f. 

l f \\t' allll\\ 111 lo a,.;,..umc only lwo \·alm·,.;, lhi:- principle lucomt·,.. 
nug.tlory. lf ~>11 lhc olhl'r hancl. \\T adopt tlll' principle. 111 ran as,;umt· 
.tny numlwr of \ .tfllt'" whalt'\'l'r, pro,·idl'cl only lfwy arl' ,;p.ll·l'd :tl lli'it 

I·~· 111--~lort· complic.IINI eiTct·ls of ma.:n('(ic fields on speclrum lin('s. 
1'. Z<'!'man, l.c. 

illlt·n·a),..; it m.tkt·,- no ditkrl'nre with 1he oh,.;crn·d lim·-. whether there 
an· \wo or twn hundred 11\'W ,..lalionary ,..tatl',; for l'H'ry original one. 

Thi,.. j,- ronn·nit·nt for rlll'orizing. l n dealing with thl' Zt•t•m;m dTt·rt 
in ,_;l'rll'ral. .111<1 not merely with the,..t· ,;pl'ci,tl "normal" ca,;e,;, it j,.. 

lll'll'""·lry to a,.;,;unw thal w j,; not n·,-crirtl·d tn lfw partintfar ,-allll· 
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just gin·n, hut depcnds on the stationary statC' in quc~tion; and that 
111 dcpends on thc value of j for the stationary statc in qucstion. 

\'ery strong magnetic liclds tn·at a group of stationary statcs as if 
tlwy wen: one single ::;tatc as if they were lirst all fuscd together into 
om•, and thi~ om· tllC'n resol\'cd according to equation (X). This is 
thc PaSt"lu:n-Bark e.lfert. lt cvidently mcans a great dcal. 

The light cmit tcd f rom a gas cxpo::;ed to a magnetic lield is polarizcd. 
Smne of the m·w lincs an· circularly polarizcd allout thc dircction of 
the magnetic lield as axis; othcrs an· planc-polarized, with thc clcctric 
n·ctor parallel to the dircction of the magnctic lield. T he lines cor­
re::;ponding to transitions in which 111 changes l•y one unit are all 
polarizcd in the former way; the lines corrcsponding to transitions 
in which 111 does not changc are all polarized in the lat tcr way.22 

E J(). Jutern·latious of Jlultiplcts and Zeeuuu1 Effert 

I insert this section chicAy for thc l•enclit of such readers as may 
})(' preparing for a thoroughgoing stmly of almnie thenry. Othcrs 
may do weil to pass it on·r, as the statcmcnts it contains can scarccly 
bc apprehendcd with any vi,·idness, except hy the aid of pcnci l and 
papL·r and houn; of rcitcration. For those who omit this ~crtion I 
will merely say, that the material dcsrrihcd in it gocs far to show that 
the numerical ,-alucs which we han· Ileen assigning to k and j an.' 
not quite arhitrary, hut are dctermined by something fundamental; 
although the oncs heretofore assigncd are not necessarily the most 
exprcs,.;ivc. 

I hegin with a description of thc various known systL'lllS of stationary 
states, condC'n~ed into Tahle I II . To make this tahle dear I will 
e-.;plain the fourth linc; this line contains the .;tatl'lllellt that a "quartl't 
~ystem" of ~t;ttionary states con~i,.;ts of an s-cohtmn of ,.;ingle len· I ~. a 
p-column of group~ of threc IL"\·el,.; each, and a d-column, an f-colttmn, 
and additional coluntns of groups of four len·l,.; each. 

:\.11ne of Sy~l('lll 

Singkt 
Doul•let 
Tripll'! . 
(Ju.Jrtt·t 
(Juinll't 
St·xtt·t 
St·pt<"l 
llctl·t 

T.\lll.l·: 111 

p f' f" 

12 Tlw t·ITc·c t of ,, lll.lJ.:IH't ic fic·ld on rcsonance-r,,diat ion, discon·rcd hy \\'nod and 
J-:11.-tt, will l•t• ,Jt.".-rilll'd in tht• s .. cond l'art. 
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1-:ll'nH•nt,.; of tlw lir,..l colnmn of lhl' )H"riodi1· t,d•l•· P"""l'"" a donl•lt-t 
,.., . ..,,,.111 of ,..t,tlion.lf\ ,..t;ttt•..,: l"ll·nH·nt,.. of tlw tltird coh111111, ;1 do11hlt·t 

,..y,..tl'lll .uul in .uldition .1 qn.1rt!'l "Y"ll'lll. I t i,.. inft.rn·d th.11 t·h·nwnl,.. 

of tlw liftlt n•lt111111 1"'"-~''"" tbt•._, .• 111d ,, "1'\lt·l ,..~..,lt·nt in addition; 
t'li"IIWIII,. of 1h1· "t'\ l'llth, tlw,..•· thn·1· .111d .111 ol"ll'l ,..y,..tt·nt in .uldition. 

Elt•IIH'IIh of thl" ,..l"f'fllld coh111111 of tlll' pl"riodi1· t.thlt· po""~'"" .1 ,..ingh·t 
,..,.,..,,.,11 .111d in .uldit ion .1 triplt-t ,..~·:-.tl'lll. lt j,.; infi'ITI'd th;tt t·ll'llll'lll:-. 

of tht· fourth •·o1lllllll po,..,.;e,..,.. th•·,..t· two and .1 quinll't :-.ysll'lll in addi­
tion; l'll'llll'llt,.. of thc ,..i,th column, tln·,..t· thn·1· .111d a ,..1·ptet "Y:-.11'111; 
t'it'llll'llh of tht• ei).!hlh, tht·,.t• four and il 1111111'1 "Y"Il'lll. The,.;p inft·r­
elln·,. h.l\t'l••·e11 p.trti.tlly \l'fili1·d. For tiL111i11m, in tlll' fo11r1h column 
of tlw pniodie tahle, tht· triplet and quint1·t systt·IPS han· htTII di,..­
co\Tred; for \'illladinm (lifth column) the quariet and "1'\ll'l; for 
ehromium (;.i\lh) tlll' quintet and ;.l'JHet; for lllilllgilnc;.c (,.;e\'l·nth) 1111' 
qu.trtel, ;.l'\let. and 111'1!'1; for iron (loighth) thc triplet. quintct, and 

,..eplt'l. Appilrently it j,.. hy no means n·rtain that thc unmentioned 
,..y,..lt'm,.; ilre n·;tlly missing. "" 1 hc dillinlil ies uf ilnillyzing t hl'Sl' com­
plt•\ ;.pl'l·tra <1re tcrrilic. 

Therl' <1n· ccrt;lin rules gon·rning thc numher of len·ls in a gronp . 
• 111d the l'ITef't of a magnetic lield upon tln:;.e len·ls. Tlwse ruil's 
Wl"rc discon·red chietly hy Land{·; I gin· tlll'm in his notation. 

rectll. 111 hq::in. that \\T h;l\T designatcd carh gruup of kn·ls hy a 
nunwral k. which is I for all thc groiiJh in thc s-column. 2 for all 
group,.; in tlw p-column. ~ for all groups in thc d-col11mn. anti so forth. 
\\'e han· further distinguished thc diiTercnl lc,·els in a group hy 
.tssigning them diiTerent ,·alues of anothcr numeral j; the manner in 
which these ,-,tlues of j are ehosen was descri l•l·d in Sl'l"tion EK Land(· 
introduces a ntlllll'rill K whieh is sn1allcr than k hy ~; K thus is ~ for 
all gro11ps in thc s-eulumn, I~ for all groups in the p-column. and ;.o 
forth. He also introdm·cs a nunll'ral J which is greater than j hy ~; 
.111<! a numeral R whid1 i,; ~ for cn·ry h.:,·el helunging to a ,;ingkt 
system, 2 2 for l'\·ery len·l betonging to a donbiet ,;ystcm, :~ 2 for 
cn·ry lcn·l betonging to a triplet ,..y,..tem. and ,..o fnrth. 

The;.e arc l.and{o',.. ruh·,..: 
(I) Thc total ntunlwr of len·ls in a grnup char;wterizt·d by tlll' 

llllllll'r,li K, lwlonging tn a ;.y,..tem rharacterized hy the numeral N., 
j,.. twil'l' thc ;.malll·r of th1· two 1111111eral,; Rand K (that is. it i" 2R if 

R<K: 2!\ if R>K: '!.R = :!.K if R=K). 
(2) ln tlw fornmla (S) fm the Zcl'lllall dftol't, the factor w is equal 

to r llTJ.fC multiplied by a fanor g, which th·pends nn the numerals 
R, K, and 1 for the lcn:l in qm·,..tion in the following man11cr: 

(!J) 
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(:3) ln the same formula, the magnetic quantum-numher m depemls 
on the numeral J for the Jen•) in question; it as~ume~ '2J ya)ues 
altogcthcr, commen<:"ing at the maximum ,·alu<' (J- ~) and going 
downwarcls acro~s zcro to ( -J +!). 

These rules form a beautiful littlc prohlcm for thc dcsigncr of 
atom-models. They haYe oftcn heen tc~tcd and ,·crificd (it is not easy 
to lind out just how far), and a\ prest·nl arc: widcly uscd in thc deciphcr­
ing of spec\ra. I t appears, lwwc,·cr, that somc spcctra-particularly 
thosc of thc inert gases- are \oo complicatcd c\·cn for thesc rules, and 
possess a structure e\·cn more elahoratc. Considering how diflicult 
it is \o grasp thc s\ructures alrcady dcscribed, one may he excused 
for feeling somc dismay at thc prospcct. 

E 11. Eifec/ of Electric Field on the Stationary States 

\ \'hcn an elcctric fidel is applicd to a radiating gas, thc lirws of it~ 

spectrurn arc replaccd by groups of lines, ofll'n rich and com plicatt·d. 

A.4388:S HrS :A4026:S 

Fi~. 11 R!'solution of sp<'ctrum-linC's into !:roups, di.-placl'ment o f lincs, an<l <·nwr· 
!:<'nce of mi~sin~ lirws, prudun·d loy a stron~ t·lcnric lil'ld !i ncrcasi ng from tlw lop 
downw.trds to nearly thc uo!lunt of th<' picturcl. (j. S. Foslcr, Physica/ Rrt•ir<t') 

( Fig-. 11.) From th!'st· wt• inft·r, as IH"rl'lofore, that the stat ionary stalt•s 
al'l' n·plac!'d hy grmrps of station;rry sta\es. Thc ;rtom-nwd!'l pn>­
po,.,<·d for hydrogen and ionizt'd lll'lium has lwen t•x traordinarily 
stHT<·s:·.ful in dl'snil•i ng tlll' l'ITt·ct of electric lit'ld upon tlwir spectra, 
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.tnd thl'rl'for(' I ,..h,.tl 'iol,lll' tlll' rull' I h,t, t' ht'rl'tofon· follm1 t•d, .1nd 
po,..tponl' the dt•,..cription of tlw phenolllt'll.l until tlu· thl'ory j,.. ,..l.ltt·tl. 
.\tom,.. nf otlwr kind~ ,\fl' ,tiTt'l'll'd in .1t lc.t:o;t two w.ty,..; tht• ,..t.1tiono~ry 
,..l,lll'" ,Jrc di;;pl.lCl'd, olllll the ''mi,..,..ing lint's" an· C\'Okt·d, ,,,.. I h .. ,.,. 
,..,,id .tlready. 

I~ 1.!. lnlt•n.üty-Ralios 

The relati,·c inten:-;ities of the ,·arious lines of a douhlct, or triplct, 
or multiplct arc often l'qual within thc (fairly !arge) uncertaintics of 
me,t,..urcment to simple ratio~. such as I::!, :! : :3, :J: l. This happt·ns 
too ofteil to be easily put down as a mere coincidencc, and indicatc:o; 
th,tt the occurrence of transitions is gm·erncd by simple laws. Our 
,..deetion-principles .ue themseh-es indicatinns of the same type. sinrc 
thcy m;ty he taken as signifying that the intensity-ratio of ccrtain 
linc,; to ccrtain othcrs is zcro. This prohlcm may be more diflicult 
th.tn the om·s I have stressed hitherto, sincc each line in,·oh·es two 
,..t,ltionary st;ttes and is not a qu.1lity of one only. This applies to 
othl'r properlies of lines, such as their ,..Jtarpnt·,.;s or diffusenes:o;. 

I~ 1.-J. Excilalio11 of llldil•idual Frcquencit•s 

So Jung a,.; an atom i::-. concci,·ed a,.; a helfry full of hells of \'arious 
pitche,;, it would pro!JaiJiy !Je argued th.1t a shock to the atom would 
,.;ct .dl thc bells to jangling, and a ga,.; hombarded hy dectrons would 
emit all of its natural frcquencil's if any. Thc interprctation of 
,..pectra to which thesc pagcs arc devuted Iead,- to a n·ry ditTcrcnt 
idea. ;\ spcctrum-linc of frequcney v is emittcd when the atom 
po~,.."cs from a stationary "tate B to a :-tationary sta tc ..1. T hc cncrgy­
v.tlue of :o;tate B hy itself dot•,; not detcrminc v; thi,- is controllcd b: 
the ditTcrence bctwcen the enl'rgy-,·alut•,.; of B and .1, which is hv. 
But thc t'lll"rgy-\·alue of B has en·rything to do with whcthl'r or not 
the frcqucncy v j,- emittl'd Ultdl'r gin·n conditioJb; for it will not he 
ernitted ..11 all unJe",- thl' atum is tirst put into ,;lall' B. l f the ga:o; is 
humharded with t'lt"ctrons of energy iJbufficit·nt to rai,..t· an atom from 
its normal "tate to "tatt· B, then thc lint· in quc,;tinn, and all of the 
othcr line,; which rt",.;u(t from tran,;itions from B to othcr lt·,·cl,- of 
lower l'Ill·rgy-v.tlue, will fail to appear. I f the ener~· of the clectrons 
is raised pa:o;t the eritical v.tlue (the ditTercnce betwt·en the encrgy­
value of B and thc energy-value of thc normal statc) all of the,;c lines 
suddenly appcar. 

Thi,; is illustrated by Fig. 1:!, rclating to magne,.;ium. An clel'tron 
..,triking a magensium atom and ha,·ing an encrgy cqual to :t:! l'lflli,·a-
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ll-nt \ 'olts i,.. al•le to put tlw atom ii1to a p;trtintlar l'xeited state; the 
atom l'lllit s radi;ltion of wan·len).:"th ·lfiil in returning- to its normal 
state. To gl't tlll' atom to emit another sort of racliation, tlll' electron 
must possess fi .• i l'qlli\·alent \·olts to put it into anotlll'r l'Xc-itl'd state . 
.. \n~- l'Xcited statl' ean hc rcached ii the eleetron has 10 l'qlli\·alent 
\·olts to pass on•r to the at«JI11. 

In a gas sustaining- an elertrical discharge, the atoms arc sulJjl'rt 
to stimuli of stwh varicgatcd forcc and type that tlw distinctions 
hctwcen different lines are not so clearly markcd; hut it can lll' Sl'l'n 

6.~ 

H 

••••••····.(>lirii"iiifill-•11"1- 10 

Fig-. 12 -Succc~si\'1 · •·xl'itation of lin .. s n·quiring- •·lectron-impacts of su<TL'ssin·ly 
g-rcal•·r ,·iolenn· to bring- aloms into the m·n·ssary initial stales. (Footl', :\lcg-gl'rs, 

and :\lohler, Philosophiwl .lla~:a:i11rl 

that mild disl'harges fa\·or lines for which thc initial len·l is adjarl'nt 
or dose to the normal le\·el, while other lines rcquire a n1ore \·ioll'nt 
stimulus. Furtlwrnwre, whcn a gas is steadily heated to highcr and 
highcr tcmperaturcs, \·arious lines of its spcetrum appl'ar in nwrc or 
less thc order of the stationary states which are tlw initial statcs of 
thc t ransi t ions responsihle for t lll'se Ii ncs. ;-\ccordingly a "t cmpcra­
ture cbssitication" uf spl'l'trtllll lines h;ts hel'll den·loped at l\ lount 
\\'ilson f lhst·n·atory and ,.J,;ewhl'n', and is \·;duahlc in deeiphering 
intri•·atc spertra. 

I~ I!,. .-I bsorption-Sprrtra 

An atom which will cmit a frl'(]lll'IH')' v wlll'n it is origin;tlly in a 
stall' Band passl's O\'l'r into a state .-1, will ;thsorh light of tlw same 
frl'qttt•ncy if it is initially in tlw sLtll' .t l. This has tlll' important 
Clllbl'qlll'lll'l' that tlw lines \\ hich a gas ahsorhs, wlwn lying at rcst 
and tlllexcill'd, an· th«N' whieh it l'lllits in passing from ;tny ;md en·ry 
otlwr sLttl' into thc normal stafl'. Tlw lincs cmitll'd wlwn an atom 
pas,..l's from one of its ,..tation;try statl·s into anotlll'r which lattcr is 
not the nonn.tl statc, an· not al•surhed l•y the gas lying quil'Sl'l'lll and 
undisturhed. For this rl'ason lwlium ;111d lll'llll and ar).:"Oil are quitc 
tratb]MI'l'lll to all , ·isil•le light, although they ha\'l' many l'llli:,;sion-
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lir11·.., in thi ... re~ion of tlw "JI"I'trum: for t',IC'h of tlw-.t· lint·,.; t·orn· 
"IH•nd-. to .1 tr.111 ... ition into ""1111' o1lll'r th.an tlw norm.tl o.,l.ate and tlu· 
lrrtt·,.; \\hil'h t'orn·-.pond to tr.11a...ition,; into tlw n••rnt.d o.,l.att· lit· f.rr 

otT in tlll' ultr.l\ioll'l. Hut if ,.awh ,, g.a-. i" m.tdt· tht· tht·atr•· of .1 :-t·lf­
"""t.aining t·h·ctric.d di-.ch.argl', tlll' otht·r lint•:- likt·wi,.(' olfl' .ah ... orll('d. 
for tlll' di-.da.arge pllh 1lw .rttHll-. of tlw ga ... 1t'111por.1rily h11t fn·qrwntly 
i11to \·,ariou-. .tl111orrrr.tl ... t.1te,.;. Thi" inc-idl'nt.tlly i-. ont· oi tlw hit:­
of t'\·idt·nn· th,at an .1tom 111.1y "ojou rn ior a linitely long time in 
.anotht·r ... t.1tion.1ry ... t.tll' th.111 tlll' normal om·. lf the ga,; j" heatt·d. 
tlll' ,;,111\l' dTt·l't .,,·,·ur,.;; ior tht• ,·ioll'nt c-olli,;ion,.; IH't\\'tTII ;atona... in a 
hot g,a,.; ot't'oa...ion.ally bring ;atona,.; into t''\l'ited ,.(;11t'"· 

B~· oh-.t·n·ing the aho;orption-,.pt·c-trum of a quit·"n·nt ga" nnt· learns 
\\ hich I im·" in t lll' t•mi,;-.ion-,;pt'l'l rum l'orn·"pond to t r,llbi 1 ion,; in to 
1he norm.al ,.t.a1e .1 Yaln.ahll' pit·n· of iniorma1ion in t lw .-a,;e,; of 
elt·mt•nt,; oi \\ hich the ,;pt•c1r.a are complic-alt'd ;md oh,;cun•. 

I~ /.i. Spalra of loni:;ed .l/oms 

ln ,, ,·ioll'nt elcc-tric;tl di,.dlarge, .. awh ;a,; a "l'·'rk, 1he ga,; emi1s 
many lint•,. which canno1 l•t• littl'd in1o tlw .. y,.tem of "L'rit·s of tlw 
u,.u,tl ,;pt•t'1flllll of 1lll' gas. T ht·-.t• m;ay ;al"o llt' prodtwed hy hom­

hanling the ga" with l'lt·t·trrJJb ptbst•,;"ing nwrc than t·nough t•ncrg-y 
to ionize ih atona.... Tlll'y arc helit'\'l'd to t•manatc from ionizcd 
atonb, or from a1on"' deprin·d of om· c- lt·ctron . T lw spt·ctnrr n of 
ionizt'<l-lll'lium h.a,; ht•t·n n·ry important in 1 hc ... c pagcs. l n n·ry 
,·iolt·nt ,;p.ark-. many more lines t'nll'rge, and tht•"t· an· a,."oci;atcd with 
atom-. depri,·cd nf 1wo, 1hrt'l', or t'\'l'll more t•lt·l'tron,;. 

Tlw "l"'ctrum of the ionized atom of an deml'lll n·"t·mhlt•s, in ih 

"Y"'''Ill of sl'ries, and in n1ore rninutt· dl'l;ail,;, tlw "pt·t·tnnll of tlw 
neutral .110111 of tht· dement pn·ccding it in 1lw period ic ... y ... tem . 
Thc ... pec-trum of an a1om dl'prin·d of 11 elt-etrons rt•,;t•mhlcs tlw .. pec­
trum of 1ht• neutr.1l atom pren·ding it hy 11 plan·" in the periodic 
,.y,.tt·m. This confirm,; the hdief that the ,;pectrum anrl tlw otlwr 

propt'rties of an l'lt·mt•nt .an· deterrninecl chiclly hy tlw nurn l •t·r of 
l'lec1ron,.; which it... atom contain~. 

E /Ii. .\'-ruy .•.;peclra 

Thl' difTerencc hl'!Wt'l'll tht· X-ray ... pt·ctra to which we now eonw, 
and 1he "optic.rl" ~pt·ctra which wt· han· l•t·en cliscu ... "ing- "t'l'l11l'd 
profound aml ,-ital in the t•r.t of n·ry deft.cti,·e knowledge, hut it 
ha~ faded stc.Hiily aw.ty wi1h tlll' deepening of llJHier"t;tmling. T wel\'l• 
or tiftet·n year,- ago thc contra,;t w,t,.; multiform aml \'t•ry "harp; for 
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the optical ,..pectr.t were produccd chietly hy maintaining an dectrical 
dischargt• in a gas, thc X-ray spectra ill\·ariably by bombarding a 
solid hody with cxccedingly fast-mm·ing elcctrons or with uther 
X-rays; the optical frequcncies could be diiTractcd and refracted. 
tlw X-rays not at all or almo:-.t imperceptibly little; thc optical fre­
qucncies wt•rc all inferior to :~.1 015

, the X-ray f rcqucncies all clcarly 
nwre tha n a thousand times as great. Since then, rays of almost 
all the intermediate frequencies anci with intermediate properlies 
haYe heen gencrated in a Yariety of ways, and thc distinction is no 
Ionger trenchant, exccpt hctwecn thc extremes. To makc it so, onc 
must seek a thcorctical rcason and perhaps there is nonc to hc found. 

Therc is, hm\'CYcr, apparently good ground for introducing a 
theoretical distinction. I han· pointed out heretofore that the cnergy 
which an atom loses, whcn it radiales one of the lines of its "optical" 
,.;pcctrum, is less than the ionizing-cm·rgy. Or, turning this staH•­
ment around and amplifying it a littlc: thc energy which an atom 
al>sorhs, when it ahsorhs one of tht· rays of its optical spcctrum, is 
lt•,.;s than what is required to detach the lcJCJSest electron from it. 
Therdon· it is possiblc to assume, at lt>ast as a trial hypothesis, that 
tlw encrgy is spcnt in Iifting the loo,.;est electron partway out-a 
hypothesi,.; fortilit·d hy thc fact that, whcn thc atom has just ab,..orlwd 
smne cnergy in this manm•r, the elcctron can he detached hy supplying 
thc atom with cnough extra cnergy to hring thc total amount up to 
the ionizing-energy. But if we take one of thc typical X-ray fre­
qucncics, and multiply it hy h to ascertain how much energy thc atont 
gains in the proccss of ahsorl1ing that frcquency, we lind that the 
quantity hv cxcccd,.; thc ionizing-t•nergy tn·mt·ndou,.;ly. This circunl­
st<tncc makcs it quitc out of thc question to imagine that thc X-ray,.; 
an: duc to chang<·,., in the po~ition or the motion of the loo,;est clt-ctron 
alone. \\'c.: m;ty tln·rdon· dl'linl' tlw X-ray frt>quencieo- as thn:'t' which 
cannot ht· e:-.:plainl'd as clue to transitions of the loose:-;t electron, 
from une motion or position to another, unaccompanied by otlll'r 
changes. By this dl'linition,en·ry freqm·ncy "for which thc quantum­
t·nergy /11• is gn·ater than the ionizing-energy, goes into the X-ray 
"fll'Ctrum. For the remaining frequencies the question is mure 
duhious, perhaps lll'H'r quite to l1c ,..t·ttled unless and until com­
plete theoretical cl.tssilication of all thc lines is attained. In this 
st·ction, ho\n·n·r. I ,..hall ,..peak only of frequencics hundrcds ur thou­
s; lllds of timcs greater than tht· ionizing-frequency . 

C.tzing upon typical X-ray l'Illission o-pectra onc set•s that tlll'y 
con"i:-.t of groups of lincs with wide intl'rYals hct\H'Cil. Going from 
higher frequcncics towards lower, the group" arc known succcs,..iYely 
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,J,.; tht• 1\ ~ronp, tlu· /, ~roup. tht• .1/ group .tncl thl' .\" ~roup. Tht · 
\\onl sair·s i,; lllorl' cunllllt>lll~ u,;ed th.tn grouf>: l>ll l thi,.; j,.; .t llli,;­

forllllll', for it -.u\!~l'"h .1 d.tn~t·rou-.1~ mi-.h·,u ling .tn.tlogy with thl' 
-.t·rit•,; in thl' optic.d ,;pl'Clr.t which \H' h.t\l' ,;twlit·cl with -.o llliWh 
c.tn·. 23 Tlw pron·-.,; oi lllt'.t-.uring tht•-.t· litlt'" .md da-.-.ifyin g tlwm 
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Fi!-"!'. U l>ia~r.1m of ~l.tlionary ~l.tlt:~ <l•·~i~m·d to at't'ounl for lhe X -ra) ~pt·l'trurn 
o( ur.u1iurn. IFrom Si t·~;: IMhn , afll' r Co>ll'r ) 

wa,; carril'cl out aftl'r tht• rli-.-.cmiuation of Rohr \ gn·at idea that 
cach linc-frcqlll'IICY should hc multiplietl by h ancl thc product in­
tcrpretcd as thc diiTnl'ncc lwtwt·cn thc energy-valuc,.; of two ,.;tationary 
,;tatc" of thc atom. The nunplctc analysis of an X -ray spectrum 

1
' ln fact tht• u,;.t~t· is in\'crtc<l. .-\ ~·rit·~. in thc optit'al Sfl('druru, is a 't:t of lin c~ 

h;tvin>: t hl' "'''"'' firr•ll ~l.ttt· in common; but t hc "k-sai•·s" is ·• ~~:roup of lint:~ ha\·in~ 
rhe samt: irtili<ll >lall' in common, thc L-"·ril's a set of .~ ~nmps rorrl'spuru.Jing to J 
initi.tl statt's. 
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thus culmin;1te~ in a diagram of stationary states, as for the optical 
-;pectra. 

Such a diagram i~ ~hown in Fig. 13, which is for an elenwn t far up 
in the perimlie ~y~ll'lll, thl·refore with a rich system of X -ray lines 
aml stati<ln;n·y ~tates. In comparing it with one of the diagram~ 
macle for optical spectra, it must he rememhered that its scale i~ 

l'norn1ously morc eompre~sed I he distance f rom top to bot tom cor­
rc,..pond" to about one hundred thou~and equi\'alent \·olts. Each line 
in the X-ray spectnun corresponds to an arrow between two of the 
le\·els, hut not e\'ery arrow corresponds to a line. .\ gain there is a 
selection-principle, and thi~ ~election-principle i~ partly expre~~ed hy 
attaching a double index to each o f the le\'el~. \\'hen thc indices 
are assigned as in Fig. 1:~. transition~ lwtween len·l~ for which the 
second numeral diiTers hy one unit include the only one~ which actually 
occur. Hut thi~ is not the complete ~election-principle; it i~ necc~­

sary to add that in any actually occurring tran~itio n, the first numeral 
must changc by one or morc units: and further, that tran~ition~ may 
occur only between h' \Tls to which different Ietter~ are attached. 
The tir~t numeral is de~ignated l>y 11, the ~econrl hy k; they are called 
the total and the azimuthal quantum-numher. 

The lcn·ls are also frcquently known b~· ll'ttcrs with ~ubscript 

numcrals, a~ tlw diagram show~. Thl' Ieiters hy now arl' prctty 
ddinitely lixcd, hut tlw ~~~l>~cripts are ~till heing shuttled around. 
Tlw notation for the X-ray linl's is in a terrihle ~tate. 

A curious and eddently important fl·ature of tlwse len·ls is, that 
whl'n an atom is pul into any one of tlwm say into thc K len·l, 
or the /, 1 lt·\·el, or thc L2 lcn·l it l'XtrudL's an electron. Or, in uther 
words, t'ach of thcse stationary statcs is a statc in which thc atom 
Iacks one of its clectrons- likc tlll' "ioniz1·d-atom" statt• from which 
we pn·,·iuusly nwasured the energy-\·alues in dealing with thc optical 
spL'ctra. All of them, at least the highest oncs, are in fact "ionizcd­
a tom states." Sinn·. howe,·cr, thl'y arc all diiTerent, it is natural to 
suppose that a diiTerent l'lectron is mis~ing, or that an electron is 
missing from a diiTl'rent plan•, in cach of the dilkrent cascs. Ap­
parcntly an atom cannot t'Iller into a stationary statc with so high 
an l'nergy, and n•n1ain lll'Uiral. 

\\'p IIHJst pause to consicler from what sL111danl statc the l'lll'rgy­
\'alues of thl'~l' stationotry ~tatt•s are measurt'd. In the pre,·ious ca~l' 
of the optical SJH'Cir;t, tlw t'lll'rgy-\·otlues of the ~tationary statt·s \\'l'rt' 
nwasurt'd, so to spt'ak, downwards from the statt· of tlw ionizcd atom 
to the normal state of the neutral atom; tiH· l'IH'rgy of tlw ionizl'd 
atomwas setequ;d to zero, that of the neutral at()Jn in it~ normal statl' 
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llwn h.ul ' ' n·rt;1in lll'g.lti\ t' '.dnl'. ;dl th(' otllf'r t'lll'r~Y -\ .dlll''i Wl'rt ' 
nq,:.ltin· .1nd ~c.ltt('n'tl l>et\\Tl'll thl''il' t\\o. In thi,., 1'.1-.t' of tlw X-ray 
"(W.'t'lr.J, tlw l'lll'rg~·-,,llllt''i of thl' :-tati~tn.1ry :-1.11•·:- .m· llll'<bllrl'd 
rtfr.<~zrds from tlw nor111.d 'il.llt' of thl' nt·utr.ll .1tom, to \\hid1 tiH' 
t·nerg~·-,·alul' zero j-.; .. ,.,,..i~rwd, whilt· all tlw otlwr l'llt·r~it·-.; an· po,.,itiv •. 

ln Fig. 1:~ thi,; zero-lirw ""'"' Iw im.tgined jn-.;t under tlw lt·\l'llll.lrkt'd 
!'. 

The t':\,lf'l po,;ition of this zt·ro-lirw for tlll' hi~h t•m·rgy 'il<ltion;~ry 

'il.1tes j,; not \ '('ry atTIIr.ltl'ly known; ;dthough the dist,lfln• lwt\\Tl'll 
.111y two len·l,; i,; d('tt·rmim·d with all tht• u-.;ually n·ry grl'at t'\.al'litudt• 
of X-ray w.n·elength-mea,;un·mt·nt-.;, tlw di,;t;IIH't' from any kvel to 
tiH' n-ro-lirw is uncl'rt.lin within a few tens of \'olt,;. This unn:r­
tai nty i,.; not great t·nongh to ht· important wlll'n dealing with tlw 
high-fn·f}nt·ncy X-rays. 

This point heing attendt·d to. wt· are rww in position tn con,;ider 
tlw ,;trikin!.! diiTerenn· hetwt·en X -ray l'llli,;sion-spectra and X-ray 
.1hsorption "Jll'l'lr<l ,..triking indeed when one Iooks at typic;d photo­
gr.tphs, appan·ntly altogether a diiTen·nt matter from the contrast 
hetWl't·n optit·al t•mission-spectra and optit·al ahsorption-spet·tra, yet 
in principll' n·ry mrwh thl' 'i;lllll' thing. In dealing with opticd 
spt•rtra, I remarked that whik an atom may alJsorh any frequent ·y 
which it can l'lllit while the compktl' ahsorption-,.;pectrum of a g:ts 
is identic;d with its complett· l'lllission-spectrum. yet the ahsorption­
spectra om· ordin;1rily set·s contain only a small selection of thc emi~­
,;i~tn-line,;. This on·nrs ht·canst· when a gas i~ heing e:\amined for its 
al>sorption-sJwctrum in the lahnr;~tory, hy sending light through it, 
it i,.; gl•ner;dly in an nntrouhll'd anrl quiescent condition, each tJf its 
atom,.; heing in the norm;d state; tlwrdore it ahsorbs only surh fre­
quencil'~ a,.; pro,·okl' transition~ from thl' normal state to the ,·ariou~ 
exritcd !il<~lt•s, and not such frl'lJilencics as wuuld induce transitions 
from onc e:~;citl'l.l state to another, for ft·w or none of the atom~ are in 
any onl' of the e:~;cill'J ,.;tates to start with. Surh al,.;o i:; the casc 
with the X-ray spectra. Quiescent atoms ahsorh only such X-ray 
frequencics as produce tran,.;itions from the normal statc into onl' 
of the stationary states design;lted hy K, or L~o or L2. and so forth 
they do not ahsorh such frequencies as would produre the transitions 
from L. or L2 to K, for instance, for the atomsarenot initially in the 
states L 1 or L 2• This is quilL' the same heha,·ior a,.; is ohst·n ·ed in tiH' 
re'iponsc of atoms to radiation,.; in their optiral spl'rtra. l t is nilich 
more pronoun ced, hmn·\·er: for, whik it i,. possihle to makt· a gas 
ah,.;orb frequencies whirh produce transitions from om· e:~;citt•d state 
to another, hy maintaining 1he gas in a state uf intense l'lectrical 
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e:xcitation, this ha ~ Jle\ er lwcn done with metals or gascs expo:-;ed to 
X-ray frcquencies . 

Atoms thercforc do not absorb such X-ray frequencics as are 
reprcsentcd l'y the downward-pointing arrom; in Fig. 13. Thcy do 
ahsorb such frcquencies as would be repre"entcd hy arrows drawn 
from the w·ry bot tom of t he diagram - a litt le below t he lc,·el marked 
J> up to thc various le,·els; aml (it may "l'l'lll, une:xpectedly) they also 
absorh frcqucncies somcwhat highcr than thc:-;c. This howe\·er docs 
not nwan that the atom may Iw put into an e:xcited statc of highcr 
encrgy than thc K state, for instancc; it mcan:-; simply, as dircct cvi­
dencc prO\·es, that thc e:xtrudcd clcctron rccei\'l·s thc extra cnergy and 
gocs away with it. Owing to this fact, thc X-ray ahsorption-spectrum 
consists not of sharp ahsorption-lines at the se\·cral frequencics cor­
responding to a transfcr of the atum into the K-statc, thc L 1-statc, 
and so forth, but of continuous J,aml" commL·ncing with sharp cdgcs 
at thcse frcqucncics, and trailing out grmlually towards highcr frc­
qucncies. 

Anothcr curious fcaturc of the X-ray spcctra is that tran~1twns 

from thc various e:xcitcd statcs of high energy-values, such as tlw 
K-state and thc L-states, dircctly into the normal state, apparcntly 
do not O('('Ur. 

E 17. Bund-spectra 

Band-spcctra arc the ~pcctra of molccules. - that is to say. of 
l'iustcrs of two or more atoms, such as appear in certain gases. This 
is pro\·cd by the fact that thcy arc displayed by gases which arc 
known in other ways (grammc-molccular ,·olume, ~pccific hcat) to 
consist of moleculcs; hy tlw fact that thc hand-spectrum of such a 
gas disappcars whcn thc gas is lwated to the point wlwrc its molcculcs 
arc dissociatcd into atoms; and hy thc gencral sucn·ssfulncss of thc 
(J!Iantit <Jtin· theory hascd on tlw as,.;umption that thcy are Olll' to 
IIWil'I"IJies. Occa~ioually hand-spcctra an· di~played uy ga~cs which 
an· not utherwise known to contain molecules, sud1 as hclium and 
potas~ium; it i~ supposed that tlwy arc due to molecull's too few 
to he detectcd hy tlll' othcr acccptccl methods. Psually they an· 
easy to distinguish at lirst glancc fmm the optical spl'Ctra of atoms, 
although thl·rc arc l')I.Ccptions, such as thc hand-spectrum of thl' 
hydrogen nwlcculc. Likl' thc ~Pl'Ctra we haH' discusscd, tlwy consist 
of linl's ; the tcrm "hand-t--pectrum" cil'scrihes thc mannL·r in which 
thcsc linl's are groupcd. .\gain like thc spl'ctra we ha\·c discus:-;ed, 
tlwy arc analyzed according to Bohr's fundamental principlc, by 
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intt-rpn·ting tlw line~ a.; the rt•sult~ of tr.tnsition.; llt'tWl't'll sl.ttion.try 

Sl.lll"'· 

tlf tht• t•nornJous and chantic ,·aricty of factsahout thc tllagneti~ 
prnpt·rtil's of m.lleri,tls, only a h-w of thc h'ast con,;picuous h;l\ ·1' lll't'll 
"t·n·in·al>le to atnm-huihkr~; the lll>torious nncs ha\'e hdpl'(l , ... ry 
little or not ,11 all. The f.tntous and characteri~tic magnetic prop­
t•rtit·s of iron, nic·kcl. cnl>alt, dcpt'll<l on thc arrangcmt•nt nf tlw atoms 
ancl on thc tempcratnn· of thc met<tl, a11<l cannot saft·ly l>c attril>utl'cl 
tn 1 he .ttonh 1 hcm,..ckes. l>ia lll<tgnctism, an inconspicw>us and 
r.trdy-mcntioned quality of n·rtain clcmcnts, is in sc>Jnc in~tance,_ 

quitt' independt·nt of tl'ntperature, <tnd may wc11 he a property of 
the ,t!OiliS. ]';tramagllelislll, <111 aJmosl equally in'conspictiC>liS f]UaJity 
nf certain otht·r elenwnt,.., depencb on tcmperature, hnt in such a way 
that it may somctinws he l''<plitined l>y as,;uming that cadt atom ha,; 
a characteri,..tic 111agnctic moment, thc sanH~ fnr all thc atonts of a 
'llb,.,t,ll\cc. Tlw ,·ahll' of this magnctic n1omcnt nf thc atom may Lc 
cakulated from mcasun·ments on thc paramagnetism of the suh­
,t.tnn·; the proccs ... of t·alctalation irH·oh-es certain a~,..umptions, at 
~e,.,.,, one of whit·h is at the prcscnt opt·n to qucstion. 

I >ireet mca,;un·mt·nt" upnn the magll!'tic moments of ccrtain atnms 
arl' 111>w heing m;1de hy Ct·rlach; aud I hey are among thc most im­
portant achien·mcnts of thc,;e ycars. In a small clcctric O\'CII, a 
nwt.tl ,..uch a" "ih-cr i,; \'aporizcd; a l>cam of the outflowing atom~. 
P"""in~ through a ~mall orificc in thc wall of thc O\'Cil and tlmmgh 
otht·r" heyond this one, evcntually tran·t,.. aero"" a strong ma~nctir 
fi('lcl with a strong lield-gradit·nt and falb upon a pbte. Suppo~e 

that cach atom is a har-magn('l, ori<'ntcd with its lcngth parallel to 
th(' magnetic fidd. lf thc field wen· uniform, tht· har-magnet woulrl 
not he deticctecl, it would tran·l ano,..,.; tiH' fil'ld in a straight linc: 
for ;Jithough its north pole would he dra\\·n ,;idewi~e hy a forre, its 
,..outh pole would hc pushed by an C:\actly equal forcc in thl· c~actly 
opposite direction. That thc atom may lll' drawn aside, the ticld 
must he perccptihly diiTercnt at two points as do,..(' Iogether as tlw 
twn poles of thc magnet. \\'hcn one con,..idl'r" how small an ohjecl 
thc atom is, it i~ clear that thc ticld must changc ,·cry rapidly from 
onc pnint of spacc to anothcr, it,; gradicnt mu,;t l>e cnormou~. Cerlach 
~urcct'fl<'d in contriving so grcat a magnetic lielcl with sn grcat a 

~radicnt that thc heam of flying atom~ "'"" pcrreptil>ly drawn a,..idl'. 
Thc llHht-cletiectl'd atc>Jns are tho~e of \\·hieb the magnetic a'<l'~ are 
mo,.,t ncarly p<trallcl to the magnetic fielet. Frmn their dctlection,.., 
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the tield, and the lield-graclient, the magnetic- moment of the alom 
c-an l1e c-omputed ,·ery :o.imply. The Yahres thu~ ohtained are of the 
onlt-r of 10 10 in CGS unit~. 

I shall c-omment in the secund part of this artide upon otlwr infer­
enc-es from these experiments, which are as ,·aluahiP a~ the experimenh 
upon the lran,.,fer of encrgy from dt·ctroll>· to atoms. At this point il j,_ 

sutlicient to n:alize I hat these experinrent.; pron· that atoms, or at least 
the alom" of "onw eh-ments, po,.,,_e,_s magnetic monwnt. lf magnetic­
IIIOilll'nl is due to t·leclric- c-urrent llowing in rlosed orbits, as Ampere 
and \\'el>er guessed a n·ntury ago, the atom mnsl he supposcd to 
contain such nrrrents; if the atom consists of a nndeus and electrons, 
some at least anwng tlll' l·IL·ctrons 11111st be suppo~ed lo c-irc-ulate. 
:\nd if the eleetrons arc as~umed lo cirnrlate in a partieular manner 
the magnetic nH>nH.'Ill of the atom ~o designed can hc eomputed, 
and thereiiJH>n tested hy experiment. 

This completes the Iist of I he phenonH:JJa, the properlies of mal I er, 
whieh are u"ed in designing the contl'nlporary aton1-model. :\ohody 
will require to l>e com·inced that it is not a Iist of all properlies oi 
matter, nor of all phl·n,>mena. The"e are not among the oln·ious 
and familiar qualities of nwtter; and no one meets any of lhem in 
eYeryday life, nur perceiYe" any of lhem wilh his unaided senses. 
They are phenomena of the l.dH>ratory, diseon•red after a long and 
pain,.,taking den·lopnu·nt of lahoratory leehnique. Lucretius did 
not know thenl, and they Wl'rl' inaccessil>le en·n lo 0-'ewton and 
to l>alton. They are a Yery limill'd selec-tion from among the phe­
nonll'lla of nature, hut not for thal tlw less important. T he ;1Iom­
model which is deYi,.,ed to explain t hem is a t hl·st a partial atom-model; 
thus far it "l'rn·s for no ollwr phenomena than these, hut these il does 
intl·rpret with '"' elegance and a competenn· quite without precedent 
among atom-nHH]el,.,. I ha\·e said that some of these plwnomena are 
explained hy concei,·ing an atom made of a positin·ly-c-harged nucleu" 
and a family of electnms around il; hut this C"l>nception is not lenahle 
if unnHHiilied. lt Gl ll he modilied so"" to interpret the rcsl of the"e 
phl'llOlllL'Ila; lnrt thi,., mean" little hy il,.,l'lf. The importallt facl 
j,., this, that lhl' modifications which are demallded appear in some 
ca,.,t·s to lll' endmH·d with a he;ully and a simplicity, which indicale 
that tlwy an· the l'XJlrl'ssions of an underlying principle of 0-'aturc. 
To tht·,.,t· tlll' following articfe will he dt·v~>ll'd. 
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~\,nl'"""l': Thi~ p.tpt:r ~iVt'"' ,,n.tly~•· ... nf ob~(·rv.ttion~ of lonJ.:-\\.t\T tr.ln,. 
tlll~,ion .1cro~s tht• .\ll.uttit· ovn .1 Jll'riod ol ahout '"" ~···.tr~. Tht• pri11cip.tl 
,·ont·lusion~ \1 hich I ht· d.11.1 "'-'1'111 to ju~t ii ~· .trt' "' lollows. 

I. Sol.or r.tdi.otton is ~lul\\n to ),.. tlw controllin!( l.l<'tor in <kl\·r111inon~o: 
t Iw diurn.tl and ~·.tsnn.tl v.ui.ot ions in ~ign.1l lit·ld. Tr.tn~mi,,ion lrom 
"·"' tn \lest .111d wc,t lllt',l'l t·,hihit simil.tr char.trlt·ri,tic,, 

2. l'r<On~mis-ion in I hc rq:ion hordt•rin~o: on I Iw di\'ision lot·t \1 ('t·n I Iw illumi­
n.tlt·d ancl I hc cl,trkt·nc~l hc·mi-ph..rt•s is ch.or.wlt'ri~t·d hy incn·,,".,..) attc·nn· 
.otton. This m.tnift·,ts it,.·H in thc "'""''' .uul sunris.· dips, thc clt1'rt'a-'· 
in thc p•:rsi~ll'tle'c• o[ hi~o:h ni~o:ht·tinw ,·,tlucs in sumnwr .tnd tlll' clc·cro·<O"" 
in d.,~li.:ht ,·alu .. s tlurin~o: tlw \\inter . 

• l. lll'linitl' corrl'l.ttion h.b lot·o•n lmuul hl'lwco·n .tlmormal radio tr.tns· 
mi-~ion .llld di~turl~on•·•·s in the t'arth's ma.:nl'lic lit·hl. The l'ITt·c·t i~ tn 
clc'\'rt•,,.,. ~o:n·.otl~· the ni~o:ht·tinw lidd strcn~o:th .tncl to incr""'" sli~:htly thc 
tl.tyli~ht v,1lues. 

4. Tlu· Iimit ol tlw hiJ.:h-night-tinw \'ahll· of si~o:nal fic·ld stn·n~o:th for 
tr.lll"-lll.llltic tlistanrc is t'S"<'ntially that ~o:in·n h~· thc lnn·r"· llist.tncc 
1..1\\. The normal d.tvli!(ht fielt! strcn!(ths oht.1itwd in tll!'sc !Psis c,u1 hc 
,lprnximalt'd hy i1 forniuf.l u( thc S.lnH' form as Ihn>!' carficr propost·tf fotlt 
"ith ""llt'\\ h.11 dillt·rc·nt t•on~t.tnts. 

5. Thc major sultrcc of long wa\·e ,;tatic, as rcccivccl in hoth England and 
tht• l'nitcd St.11l's, i, indicatcd tu lx· of tropical ori)(in. 

b . ln gt·rwral, the ~tatic noi,..,• is lower <~I thc highN fn·quem·il's. .\t 
ni!:ht thc decrcase with incn.·asC' in frcqucnn· is exponcntial. l n day-timc 
tht· clcncast· with inncasc in frcquenl'y is linl'ar in the ran~c of 15 to -40 
kiloc:yclc~. Thc ditlercnce het wt·t·n day anti night stat ic is, therefore, 
.lpfl.lrt'lllly duc lar!(cly to dayli~:ht attenuation. 

i. Thc cffcct of tht· static noi~•· in intl'rll'ring with si~nal transmi~sion, 
,IS >h0\\'11 h~· the diurnal Variation~ in the si~naf-to-noisl' ratio, is found 
to hc gcnerally similar on hoth sides of thc .\tlantic. 

X. Experiments in both thc l'nitcd Statcs anrl En!(land with directional 
r<'tl'iving antennas of thc W;l\'C antenna type show an a\Trage impro\'e­
nwnt in thl' ,i~o:nal-to-static rat io of ah01tl .'i as compan:d wit h loop rcnptinn. 

I T will ltt: n:callctl that >oomt.·thing on·r two years ago, cxperimen~>o 
in orw-way radio tt.·k·phone tran,.;mis,..ion wcrc condttrted from 

tht.• l'nitecl Statcs to England.2 l n re,.,pect to thl· clarity anti uni­
formity of the ren·ption obtained in Europe, the re~ults rt>pre~ented a 
distinn ad\'atl!'l.' in tht• art un·r th<.· tran~atlantic ll',.,Js of 1~11 .'1. 

Howt.·n·r. they were rarried •nll during thc winter, which is mnst 
f.noraltle to radio transmi~sion, anrl it was rcal izt·d that an t·xtensin• 
f;n orahlc to radio transmi3sion. anti it was rcalized that extensiH· 
"tudy of the tran,..mi,.,,.,ion ohtainal>t... d u ring- less fanmthk timt·,. 
would l~t: rt·quired hdore tht.• cle\·elopmetll of a tran>-atlantic radio 
tt.·lcphonc "en·ice rottlcll•e undertakt.·n 11pon asound engin<.·ering l tasis. 

1 l'n·-...·ntc·cl lodorc th•· Jn,titutt· ol ){.ulio En~:inc·c·r~. :"llay II, l'll.i. 
2 "Tran,...tlantic Radio Tt·ll'phnny," .\rnolrl ancl Espt'nschie<l, lntmm/ nf .·1./.E.E., 

.\u~:n>l, l'lB. ~·•· ,,1,.,, "f'mln .\mplificrs in Tran .... lllantic TelC'phony," Oswald 
and ~·hellen~:, prescntcd bdore the ln~titutc ol Radio Engim·crs, :\ lay 7, tQH. 
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Con~cqucntl~· . an extended program of measurements was initiated 
to di,;do~e tlw transmi,;sion conditions obtaining throughout thc 
twcnt \·-four huurs of thc day and the \·arious seasons of thc ycar. 
The n.1etlwd,; uscd in conducting the~e measurements and the rcsult,; 
ol>tained during thc fir~t few months of thcm ha\T alrcady been 
dcscribed in thc paper predously mentioned. The rcsnlts thcre 
reported upon were Iimite<! to one-way Iransmission from the Pnited 
States to England upon the teleplwnc cha nncl. Since thcn thc 

Fig. I 

n]('asurcments h;l\ e l•een extended t<• include traJblllission nn sC\Tral 
fn·qucn<i<·s in cach dirt"ction from radio telegraph stations in adJition 
to the 5i kilocydes employ<·d l>y tlll' tel<·phoiH' channel. 

The prL·sent papcr is, therdore, in the nature of a report upon thc 
results thus far ol•tainl·d in work currently under way. lt seems 
dr·siral•le to make pul>lir· thcsc results l>ecause of thc b.rge amount 
of \·alual>le data which tlwy han· already yielded, and hccausc of the 
timely intne~t which attadws to inform;Jtion hearing upon the 
fundamentals of radio transmis~inn. The carrying on of this cx­
tensin· n1easurenwnt program has lwl'n madc pnssihle through the 
co11perati"n of <·ngineers of tlw following organization,;: in the l 'n ited 
States Tlll' 1\nwrican Tl'lt·phone and Telegraph Company and the 
Bell Telephone l.ahoratories, lnc., with tlw Radio Corporation of 
.\merica and its :\ssociated c .. mpanies; in Engbnd - Thc Inter­
nationa l \\'t·stcrn Electric Company, lnc., and the British Post Office. 
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Tlw ~n·m· of thc·~c· tr.lll .... ttl.tntic l''tll'rinwnh is ~hll\\11 in Fig. I 
l'lw Hriti ... h tnmin.d ~t.tti~>ns will l•t· ~l't'll tu lie in tlw ,·icinit~· ~>f 

LcliHI~>n .tncl tlw . \ ml'rit-.111 ,.;(ati~>lb in the llClrtlwa ... tc·rn part of tlw 
l'nited ~t.ttt"'· The l'nited St.ttt•s tr.tn~mitting- st.ttions an· tlw 
r.ulio tl'lephnnc· tran~mitter at Rock\· Point. ancl the nonn.d r.ulin 

Fig. 1 Extcrior of Riwrhcad Radio Rccci,·ing Station 

tcle\!raph tr.wsmit ters at R ocky l'oint and :\l arion, :\I a,..s. The 
nwasuremt·nts ~>f tlll'~l' stations werc made at :\t'\\' Sout hgate ancl 
;1t Chedzoy, England. T lw British tran,.;mitting- stations util izecl 
in llll'itsuring tlll' ea,.;t to \\L'st tran,.;mis,.; ion wen· t hc Hriti,.;h l'ost 
( >t1ice telegraph stations at Lealielcl ancl at :\ortholt. T lw recei ,·i ng 
mt•a,..llrl'lllt'llh in the l'nitecl Stall's \\'t'fl' initiatecl at t ;reen H arhor, 
:\ las,..., ancl continuecl ill Belfast, :\ l aine ancl f{ j,·crllt'ad, L. I. 

The Rin·rlll'ad rl'eci,·ing- ~tation, ,.,ho\\·n in F ig,;. :2 and :~. j,.. typical 
11f tht· rect'i\·ing ,;tation,; in,·oln·d in the mt·a,..un·mt· n t progra m . The 
intl'rior ,·iew of Fig. ~ ,..flCiw,; tht· group of l'l'l'l'i\·ing nwa,..llrl'ment 
appar.ttus at the right iliHI th(' loop itl tht· ldt. Tlw thn·t· bays of 

. apparatus shown art· a,.; follow,;: That ;1t tht· ldt j,.. the ree('i\'ing 
set proper which i,.;, in rc·ality. two rccci,·ing ~l'!s in one, arrangccl so 
that one may hc set for mt·asun·ml·nts on onc frcf]lll'ncy band and 



BFI.L Sl'STE.ll TEC/fXICAL JOL'RX.·IL 

thc othcr ,..et upon another band. Thc !'l't is prm·idcd with Yariahle 
tiltcrs which accounts for thc considerahle numl>cr of condenser dials. 
The sccond hay from the ldt contains \·oicc-frequency outpul appar­
atus, cathode ray oscillo~raph aml frequenc~· metC'r. Thc thinl bay 

Fi>;. 3 lnlcrior Ri,·crhead Sialion 

carries tlw sourcc oi local signal and means for allcnuating- it, and 
thl' fourth J,ay corllains mC'ans fnr nwnitoring thc Iransmission from 
tlll' lll'arby Rocky l'oint radio telq>holH' transmitter. 

Tht• llll'a,..rrn·mt·nts an· of \wo quantities: (l) , the s trcngth of rc­
n·in·d tield, and (:!l tlw strl'n~th of r<"cl'in·d noi~c ca uscd J,,· static. 
Tlw p.rrticular fn·quencit·s up,;n which the measureiiiC'nls wc~c takcn 
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(giwn in tlw ch.trt ,.f 1:ig. II lj,. in .1 r.tll).:l' l,..t\\1'1'11 1.-•. tud till kr. 
Thc arrows indic.tft• lhl' !'-ingll' fn·qtll'tll'y tr.tll!'-tlli-.-.i .. n;; which WITt' 
l'lllploy,·d for !'-ign.tl li..ld :-lrl'ngth tm'.t!'-lll'l'llll'nl!'-, tho"" at lh!' h·ft 
indiea1ing thc frl'qllt'th'it·" n·n·in·d in thl· I 'nitt·d St.tlt•o; fr11n1 l·:ngl.tnd, 
and lh,.o;e .1t 1 hl' righl, tlw frl'qtll'tll'it·" n·n·i\'(·d in Engl.lltd fr~>m 1 h,. 
l'nitl·d "t.llt•-.. Tht• l>l.tck o;qnan·,.; in th1• ch.trl dt·not1 · 1111' l>.lllds in 
whit·h 1 lt!' noi ... l' nw.t:-lln·nH'lll" \\'l'rl' t.tkt·n. ln ).:l'nt·r.tl tlw nH'.ISllre-

~t 
il..- ~~~!:~r~J 

:r 
,. t LlAfi(LoC .... l 

• --- ~1\0 C•CUS 

• +-- ~~(~,d~~) 

·· t 

'J 

ltQ';IIOfrQI'•If"•,J 
~7\U) CI'CU~ 

IA qlc;.. (•.OJ 
2')j'Q) c~cus 

l'i;:. 4 Frrqm·ncy distri hntion of me,l~un·nwnl~. ßl.tck squ.trcs dt"nol<; !..md in 
which noi,e rnea,urcnwnl was Iaken 

nH·nh .,f both fi('ld strength and noise han· heen carricd-out on hoth 
:-idl';; .,f lhe Atbntir al hourly intl•n·;tl;; for onc day nf t'ih'h weck. 
Tlw d.lla prc;;ented lwrewilh arc asscmhlcd from ,.;otm' 10,000 in­
c)i,·idual llll'<l!'-llrcmcnt,.; t;1h·n during thc pa,.;t t\\'1> ycaro; in tlw frc­
!flll'll!'~· rangt· IH>ll·d ahon·. Tlw tran,.;mil ling antcnna ntrrl'nt has 
l~ecn ohtaincd for l·ach indi,·idual field strenglh measun·rn!'llt ancl all 
\·alues C"orrlTied to •• ddinite rdcrenn· anll'nna ntrr<•nl for cad1 
station mca:-ured. The data haH· hn·n sul>jl'rt to rardul analysis 
in ord<"r to cii,-do .. c what phy~iral factors, such as !'-lllllight ancl thc 
e.lrth's magnetic lielcl, alTen radio tralbllli,..,;ion. 

:\11·:.\Sl'IU:~IE:--:T :\] ETIICIIJS 

Although it willnot he neccssary to de:-:nil•e in any detail lhc type of 
;1pparatus cmployecl in making 1he~e me<tsllremcnts. as thi,.; informa­
l ion has alrcady bCl'll puhli,-hecl,3 a l>rid re,·il'w of tlw llll'l hod,.; in\·oh·cd 
will facilitatc an undcr~tanding of thc data. 

1 Rar!io Transmission \lcasurcmcnt~. llown, En~lund, anr! Friis. l'nK'<'l'l!ings 
I R. E., April, 1?23. 
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In general thc mcthocl cmploycd in mca:<uring thc signal ticld 
strcngth is a compa rison onc. r\ rcfcn'ncc radio-frequcncy nlltagc 
of known \'aluc is introduccd in thc loop antcnna and adjustcJ to 
gin· thc samc rL·cci\·cr outpul asthat from thc distant signal. This 
i~ dctcrmined cithcr by aural or \'i~ual means. l'ndcr such cnndi­
tinns cqua l ,·oltagcs arc introduccd in the anten na from local and 
di:<tant snurccs, <t iHI hy cakulating the efTcct i\·c hcight of the loop 
thc licld strcngth of thc recei\·cd signal i:< dctcrmined. 

In the noise mcasurcllll'flts, static noi,..c is admitted through a 
dl'linite frcqucncy hand approximatPI)' :.?,iOO <'yclcs wide. A local 
radio-frequcncy :<ignal of known and adjustable \'oltage is thcn in-

SIGNA~ FIELe r<>o" No<>THO~ r ENG G K ~ 
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Fig. 5 - Diurn.1l variat ion in signal field 
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trodun·d. Tlll' radio-frequency source of this signal is suhjccted to a 
continual frequency lluctuation so that tlw detl'ctl'd notc has a 
wariJling snund. This is donc in order that tlll' l'fTcct nf sta tic upon 
spl'cch can l1e more clo~ely simulatcd than hy u:<ing a stcady tonc. 
The intcn~ity of tlw signal is then adj usted to such a \'aluc that 
furtlwr d<'cn·a,.,t• rl'sult~ in a rapid cxtinction. Thc comparison 
signal is tlwn <'\pn·s,.,l'd in lt'l'ms of an equi,·all'nt radio liclcl strcngt h. 
Thu~ tlw stat ic noi,.,t· is measurcd in tenns of a dl'finitc rcfcrcncc 
signal with whidt it intl'rfcres and i~ cxprcssl'd in micnn·olts per 
mcter. 
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Tlw l'llr\l'" of Fi).: .. -, .IIT ).:i\1'11 ·'" ,.,,unplt•,.; of the lit·ld ::-.lreugth 
nH•.t,.un·nH·nt~ ron·ring a ,.ingk d.ty',.; run. Tlw runes han· hn·n 
con,.;tructed Ly rount·cting \\ith ,.;traight line,.; tlll' d.ttum points of 
mt·.t,.;nrenwnts t.tken .11 hourly inten·ak l t will ht· t·,·idt·nt th,tt 

[.~.1. ' 
P .... 

Fig. 6-~lonthly average of diurnal variation in sign.al fit·ld tr,tnsmission from 
Amcric:an stations on v.trious fr,.quencit"s rt"Ct"in·d al :'l:t·w Somhgal<', Engl.md, 

Septt·mbt·r, 1'12.\ 

they portray thc major tlnctu;ttions occurring througlwut tlw day. hut 
that thcy arc not ~utficiently eontinuous to di,.;dose, in detail, the 
intermediate fluctuations to which thc Iransmission is suLjcct. 

Diurnal l·arialimz. The left-hand cun·e is fm Iransmission frnm 
England to .-\ mcrica on ;Y.~ kilocydcs, and the right-hand one for 
tran"rni,.,,.,ion from .\merica to England on ;,; kilocyclc:->. Thc:-L' curn•,., 
illustratc thc fact, which further d.tt;t suh,.tantiate, that Loth tran,;­
missions are ::.ubjcct to substantially the sarnc tliurnal \'ariation. T hc 
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condition of the tratb<ltlant ic tran!'mission path with rcspect to day­
light amJ Jarkness is indicated hy tlw hands hcneath the cun·es. 
The black portion indicates tlw time during \\'hieb thc transatlantic 
path is t•ntirely in darkncss, the shaded portiuns the time during 
which it is only partially in darkness, anJ thc unshaded portions 
thc time during which dayli~ht pen·ades the entire path. 

The diurnal , ·a riation may hc traced thrnugh as follows: 
1. Rclatin·ly constant field strength pre\·ails during the daylight 

period. 
2. A decided drup in transtnission accompanics thc occurrcnce of 

sunsct in thc Iran smission path bct\n·en thc two terminals. 
3. The adn•nt of night-time conditions ca u,;cs a rapid risc in ficld 

st rengt h to high \ 'alucs whiclt arc maintaincd until daylight approarhes. 
4. Thc cneroachnwnt of daylight upon thc t•astcrn lt·nnin;tl eauses 

a rapid drop in signal strcngth. Thi,., dmp smtwtinws cxtcnds into a 
rnorning dip similar to, hut sma lll'r than, tlw t·\·ening dip. Afkr 
thi s, relati,·cly s teady daylight field strc ngths again ohtain. 

Thn·e or four curn·,., si111ilar to Fig . .i are ohtained each month. 
l{y taking the a\·cragt· of " 'wh l'ltrn·s for I he month of September, Hl2:l, 
thc lowt·r run·e un Fig. Ii is ol>t.tincd. The uppcr curves arc for 
sin1ilar an'ragcs of llll'asllrl'llll'llts madc on t he lnwer frcqucnrit•s. 
These eun·t·s show ckarly that thc rangt· uf thc diurnal fluctuation 
is lcss for thc lm\'cr fn·quencies. This is bccausc uf thc lesscr dar­
light ahsorption. 

Tlw mcchanism by which the transatlantir Iransmission path is 
snl>jcctcd to thcsc d.tily and ::<casona l controls on thc: part of thc sun, 
wouiJ l1e mon· l'viJt' lll wen~ wc t' nahled to ol>sen·e the earth from a 
tixcJ point in spacc. \\'e shon ld tlwn lw ablc to sce thc 0:orth :\tlantic 
arca plunged altcrnately into daylight aml darkncss as thc earth 
rotatt·s ttpon its axis, and to ,-i"ualitt• tht· St:asonal \·ariation of this 
t•xposllrL' to sunlighl as tlw L'a rth n·Yol\'<·s <tbout thc stt tt. Photographs 
of a modcl of the earth sh<IWi tt ~ th<·"t· conditioth han• hL•t•n madc, and 
arc shown in Fig. I. Thc fir"t nmdition isthat for January, in which 
llw entirc path j" in daylight. Tlw curw of ditlrnal , ·a riation is 
shown in tlw picturc and th;tt part which corrcsponds to thc daylight 
condition is indit·att·d l1y tlw arrow, ln tlw twxt po,;i tion thc earth 
has rotated so th.tt th<' l.ondon tl'rmin.tl is in darkm·ss while thc Unitt'U 
StaiL'S l!·nnin.d is still in d:tyli~ht. Thi s corn·sponds t11 tlw t·,·ening­
dip , tlw Jll'riod of poorcst transmission. \\'ith tlw furtlwr rotatiotl of 
the carth into full night-tinw <'otHiitions for tlw t·ntire p.1th, tlw rc­
n·iVl'd signal ri~·s 1<1 tht· high night -tinlt' , ·a lu1·s . These high \·ahJt•s 
contill11l' lltllil the p.tth <t pproal'IH·s the daylight hl'misphcrl' as inJi -
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c.lh·d in thl' fnurth fl""ition. \.; thl' p.tth l'lllt·r,., into ,.,unli~hl, tht• 
,.,ign.ll ,-trl'ngth drop,- \\ith ,, ,.,m.tll dip ntTllrring- \\ht·n ,.,unri-.t· intt·r­

H'IIl'" bt'l\\t't'll tlw '"" tt-rmin.tl,.;. 
St't/SIIIltll l"arwlion. Hv ·'"""t'llll•ling tlw monthly an·r.tgt· l'llrn·,., 

j"r .tll ntunth" "j tiH' n·;tr, tht· dTt·ct oi tlw ,.,t .. t,.,onal \·.tri.ttion on ,lll' 

Fi;;. ~i;;n.tl Fielt! Janu.try \'.tri.ttion with cxposurc of tralbmi-.,ion p.1th tu 
sunlight 
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diurnal characteri~t it · bt·conw~ t'\ ·ident. Thi~ i~ ~hown in Fig. S, tlw 
data for which act ually cun·r t wo )'l'ar~ . 

Thc outstandi ng- point~ to l>e ohst•n-ed in this ligure are: 

I. The continuann· of the high night-time ,·alues througlwut the 
\"l':tr. 

. :2. Tlw ()l'r~istence of the high night-tinll' , ·a lues for a longt·r period 
in the wintn than in the sumnH·r nwnths. 

I 
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Fig. S :'llmnhly awr<l):('s of diurnal varialion in signal lidd, Rocky l'oiut, I. . I. 
(2 X~) lo :\t·\\· Soulhgatl', Eng-land, Si,OOO cycll's .-\nt. Currl'nt, JUO :\mps 

5-!SO Km. 1'>23- 192-t 

:l. The daylight , ·ahtt'"' show a comparati,·ely small range of ,·aria­
tion. 

·L Tlw t•xtn·mt· range of \ 'a riation ~hown hetwecn thc minimu111 
of thl' Slltbet dip and tlw maximum of tlw high night-timc , ·ahtes i~ 
of I ht· order of I to l!JO in lield strengt h. This i~ C'<Jlli \·alen I to l to 
lll,tlllll in po\\l'r ratio. 

lt will he recalled th;at thc cause of tlw ~l';a,;ona lchanges npon tlw 
t·arth\ ~urfan· rl'~idl·s in tlll' fact that tht· earth's axis i,; inclined and 
11111 (ll 'rJ l!'IHiic ular lo thl' plant• of its orl>it al>oltt tlll' Sllll. . .:\s the 
earth n·\·<>kt·s alu>lll tlw sun, tlw sttnlit hl'mi,;plwn· gradually cxtends 
far tlwr ;JtHI fartlwr ll<>rthwanl in tlll' spring mnnths a nd hy the sumnwr 
sol,;tin· n·;wlll's wl'!l ht·yond the tH>rth pole, ;1s indicatl'd in Fig. !l . 
• \s tht·l'arlh continm·" to n·\·oln· a hout thl' ,;un, thl' sunlit hl'misplwrl' 
rt'<Tdt·s ~outhwanl until at tlH' winter ~olstil"l' it falls considnahly 
short <>f thl' north p<>lt· and t'XI l'nds corre,;pondingly hl'yond thl' 
~onth pole. Sinn· tlll' transatbntic path lil's fairly high in thl' nnrth­
<·rn latitud1·, it i,; not surpri sin g that tiH· transmission conditions dis-
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d.,,.,, .. 1 dccidt·tl ~·.t..;on.d inllllt'lll't', The t'ITt·t·l of thi..; ~~·.t..;on.d in­
IIUt'llf't' iu ..;hiftin~ tht· diurn.d tr.lll'-lllis,.,iou ch.tractt·ristic is lll'ttt·r 
,.,ho\\ n in Fig. 10. This ligurt· cnn,_i,.,t,.; of the s.tnw monthl~· ,J\ •·r;tgt· 
diurn.d cnrn·s .ts .1rc .tssemhlt·d in Fi~. S, arrangt·tl out• aJ,.,,.,. t Iw 
ot lwr in-.tt·atl nf ,.,idt· hy ~id<.'. 

Fi):. f) Si~:n.d Field J tllll' :\ i~hl <'otH.lit iun~ showing proximily of I ransmi"ion 
palh tu sunlit hemisphen· 

ln p.1rticular, thcre should IJl' nutet!: 
I. The time at which the sunset dip occurs changes with tlw changT 

in time of snnscl. 
2. Simil.uly, the time at which the morning drop in fielt! strength 

occnrs changes with the time of ,.;unrise. 
3. Tlw rcriod uf high night-tinw ,·allll·s, houndeu lJt.·twt.·en tllt' 

time of snnsl't in the l'nitcd States and the time uf ,;unrise in England, 
is mnch Ionger in the winter than in the ,.;nmmer munths. 

lt is also to bt· ohscn·ed that, as a rule, full night-time \·alm·s of 
signal lieh! strength an· not attained until some time after sunset at 
the weslern terminal and that thcy IJL·gin tu decreasc lx·fore sunrise 
al thc castern terminal. In uther words, thc daylight dTccts appear 
tn cxtcnd intu the period in which the transmission path along tlw 
earth's surfacc is unt.·xptlsed tn direct rays of the sun. The ctTect 
of this isthat with tlw <Hh·ance uf tlw ~t·ason from ,,·inter lo sumnll'r 
the time at which thc high night-time \'ahtt· is fully attained occurs 
latcr anti latcr wlll'rcas thc time at which it l1egins to fall ofT occurs 
earlier and earlier, until thc )alter part of ..-\pril wlll'n tht•st· two ti"mt·,., 
coincide. .-\t this time, tht·n, the transmi,.,"ion path 110 sootll'r comt.·s 
intu the fnll night-time conditions than it again t·merges. .:'l.s tlll' 
,.,eason further ad\'ances into snmmer, the tlay conditions hegin to 
sct in while thc night-time lield strcngth is still rising. The proximity 
to thc daylight hcmi,;phere, which the transatlantic path reaches at 
night during this scason of thc ycar is illustratcd in Fig. !J. 
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,\,.. the ,..unlit hcmi ... phnl' n·n·dcs southw.ml . .ftn tlw ,..nulnH·r ,.. .. ("til'l' 
.1 tinll' i" rc.ll'lwd, ,dl(>llt tllt' midcllc of ,\ ugust, .11 whid1 the full ni!-:hl· 
tinw \',Jhw,.; .1n• ag.1in rcalitl'd, BI')'Ollll this time tlwy arl' Sll'ot.linc·d 
for incn·.1sing pnicl((,.. of tinll'. l t i,.; of inll·n·,.;t tn noll' th.lt at tiH'"l' 
two tinw ... of tlw \l".lr, tlll' l.1st of .\ pril ;llld tlw micldle .. r .\ugu ... t, 
direct "unlight 1''\i,..ts mTr tlw darkenl'd lwmisphl'rl' ,..ollll' ;,oo k:lo­
nwter,.. ,dl(>\ I' tlw great cireh· p.1th. 

For .dl of thl' t'Ollllition,.; not1'd ;dul\"l', nanll'ly, slllbl'l, sunris1•, .llld 
Slllllllll'r appro.wh of the tr.msmissinn path to the northern lu>UlHiary 
of tlw ni!-:ht hl'llli,..phl'rt', tlll' p.lth li c·s in .1 rl'~ion \\·herein the radiatinn 

"~~ .. ~~_;.."'!._A tt~ k«>~ $o...th~-.t~ E~­
•OL t7t~llc,c-.e 
_._.._r<=l~,! 
- · --- · - -- •- 1924 

t 

·~--------------------~ .w , .... , .......... ...., .)..,. jJy """ s."o. Oct """ Ooc. 

Fig. I t \lonthly .nwages of •Llylight field slrength 

frorn thc sun grazcs the earth's surfare at thc l'dge of the ,..un-lit 
hemisphere. Thc Iransmission path a(,.." approaches this rcgion 
unring claylight in thc winter months, a,.; will hc seen b~· rderence 
to thc lirst position of Fig. i for the lllllnth of J anuary. T he results 
of me.burcment,; for the mnnths of .:'\on·mber, I >ecemhcr anrl Janu­
.try for all of thc frequencics me;bllred ,.;how definite rcdurtions in the 
daylight tield strengths. This redurtion is c\·ident in Fig. S for the 
,ji -kilocycle transmi"sion, hut ,..(Jflws up mure ,..trikingly in tlw cur\·l's 
of Fig. 11. T hc clTect of eal'h of thc,;c condition-., in which thc tr.lns­
mission path approaches thc rcginn in whid1 the sol.1r em.111ation j,., 

tange,ntial to the earth's surfacc. \\ill hc ohsen·cd to hc that of an 
increase in the transmi,.,sion los::;. The fact that in one instance this 
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nccurs in daylight would Sl'l'lll to suggl·st for its l'Xplanation thc prcs­
encc of SOilll' factor in addition to sunlight, surh as cleetron emission. 

Field Slrmgih Formular. Thc two major phal'es of thc diurnal 
\·ariation of signal ficld strcngth which lend thcmseln·s to possible 
predctermination are thc daylight values and the cstahli shed night­
time valucs. As to thc night-time values our data show, within the 
Iimits of experimentalerror, that thc maximum ,·alues do not L'Xl'eed 
that ddined hy the in\·erse distance law. This fal"t SL"l'llls to support 
the ,·iewpoint 4 that the high night-time ,·aluL·s arl' nwrcly thc result 
uf a reduction nf thc ahsorption L'Xperien ced during the day. Fig. II 
presents the monthly an-rages of tlw daylight lield strengths fur the 
\'arious frcquencies on which mcasun·mL·nts werc taken. The chart 
at thc lcft is for n·ception in England and that at the right fur rccep­
tion in thc Pnited States. 

Thc difficulty in prcdicting hy Iransmission formulae, valucs to bc 
ex pected at any onc time will !Je evident and thc bcst that can he 
expectcd is to approximate the a\·crage. Thc formulac of Sommer­
licld, Austin-Cohcn and Fuller take thc form 

E 
, 3ii//l _ aD 

JJ.<';.\I=MJ e >.• 

I h l. . 3ii ll I I . I . d " . w H:rc t c col"I!Cicnt - >.,}) - reprcscnts t Jl' s1mp e llcrtz1an ra 1at1on 

cr/J 

fic ld and thc cxponcntia l r-x· the attcnuation factor. From thco-
retical considcrations, Sommerfeld (1!10\l) ga,·c a= .OOI!J and x=}3. 
In thc Austin-Cohcn furmula a is gin·n as .OOL.'l and x=}z. Fullcr 
gives a=.OO-I.i a nd x=l..l. Thc Austin-Coheu formula was testcd 
out cxpcrimcntally chiclly with data obtaincd from the Brant Rock 
s tation (l!JII) and from thc ,\rJington station hy thc U.S.S. Salrm 
in Fchruary and i\Iarch, ttl\:3. Fuller derived his .00-l;} value of a 

frnm 2;i !-<dectl'd oh~ervations from tcsts lrctwccn San Francisco and 
llonolulu in I !II!. 

:\n attl'mpt ha,. (J,.,.n madl' to dcterminc the ron::,tants of a formula 
of tlw ahon· form which would apprm.imate an•rages of somc fi,OOO 
.,IJ~ern·d values of lield strength on·r this partintlar :\c\\" York to 
London path and n\'L'r tlw fn·qucncy r;lllgc nf I i kc. to liO kc. For 
each tran:-.mitting station a :-.eries of comparati,·dy local measure­
ments WL'rc taken to detcrmine tlw power radiated. By comhining 
thl'sc local lllL'a:-.mements with the \'alues ohtained on tlw othcr side 

. • S.:c al_so "l{,,din Exlt·r~,ion of Telephone Sy>ll'lll lo Ships at Sca," ~ichols and 
l·.spenschocd, l'roc. I. R. 1~ .• Junc, 11123, pa~es !2o-2l7. 
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of 1he .\ti.Jntic wt· found th.lt .lppn•,illl,ltl'ly n- .OO.i .111d x = I :!.-•. 
The tr.llbllli..,"inn fornllll.l tht·JI lll'conws 

I~JJt' .1/ 
:riilll 

XI> 
or in term-. of power r.uli.!terl 

wht·n· 

, r :!\IS X 1()1 oo;,p 
I~ = \ I' j) r x .... 

R = Fidd ~trenj:nh in micro,·olt~ pcr mcter 
I'= R.uli.Jted power in kw. 
/)=I >istance in km. 
X= \\'an· length in km. 

The tahle "h •wn nn ncxl page ~ummarizes thc data rebti\·e to 
daylight tr.1nsmission. 

CnRREL.\TlO:\ BETWEE:\ R.\1>to TR."~\11~~111:\ .\'\D E.\RTII·~ 

:\1.\t;:\Eil< FlEt.D 

ln analyzing thc measurenwnts we \H'H' imprcssed hy the oc-ca ­
... ion.JI oc-,·urn·nn· of marked de,·iations from the apparcnt normal 
diurnal char,Jderistic. .-\ series of measuremcnh which indudes an 
l':\,llllpll' of thi:- conditinn is reprl'sentC'd in the uppcr cun-es of Fig. I~­
The curn·s of tlw tirst four day~ exhibit the normal diurnal char­
acteristic as did the curn·s of the prec-eding- mcasurenwnts. The 
nt''\1 tcst of Fehruary :!.i :!() exhihit~ a marked contra~t with that 
of two days pre\·ious. ~uch abnorrnalit~· contimies in greater or less 
dt·gree until p;1rti.11 fl'CII\'l'ry in the test of April ~fl-30. 

Comp;uis"n 11f thesl' data with that of the earth's magnetic tield 
for correspondin).! days shows a rather consi~tcnt c-orrelation. This 
will he t·\·ident from in ... pcction of thc mag-netic data plotted helow 
in the :-.ame tigure. Both the horizontal and \'ertical componcnts 
of the earth's tield are ... hown. The tirst dec-ided ahnormality occurs 
Fehruary 2.-) ~Ii. The three sU<Tceding- periods sh11w a tendcncy to 
n·c-on·r followed hy a second ahnormality on :\ larch 2.i 2ti and again 
Olll' on . \pri I ~2 -:!:t I t is of intcrest to note tha t wi thin limi tations 
of the inten·als at which measuremcnts werc taken, these periods 
corre"pond roughly to tht· 27-day period of the sun. Coincidcnce ... 
... imil.u to thlbe dt·"cril•ed aho\·e ha\'l' Ileen found for other pl·riock 
E'\cept for thi" coincidt·nce of abnormal \·ariations in l'arth',; magnetic 
fil·ld and radio tran-.;mi"sion, l'X<IC'l correlation of the tluctuatiuns 
has not lx-en fonml po"sihle. 
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I l,1yl!ght Fit>l<l Strcngths Daylight Ficld Strcngtlts 

R~'('ei\·in~ Distanre l'ow!'r• Uhsern!d Calculated 

Tt·rmin;al Freq. Km. Kuliatc1l 
Kw. 

[1)23 IIJH ~'__~Austin-Coll('n Fuller This l'ar~r 
------

:\cw Southgate, Eng. Si,OOO s.-t~2 20 6 7 5 i 1>5 i () (, I) 2J 2 7 . 8 
(. \ug.-l>ec.) rjan.-:\ov.) 

:\cw Southgate, Eng. 2S,ioo 5.2~2 ~·l.'i .ts 7 5-l (J 52 i [() 6 i~. 5 50 2 

:\ew Southgate, Eng. li,l.lO .'i,-IX1 
tApr .-l>eL) 

11 ~6 S7 .~ SI> S 2i i llh . Rh. 

l~n·~·n I l.lrhor, :\lass. 2-!,050 5, 1·111 .t 01> 
tjuly-j.m.) 

.H 2 13 1 5'1 . 31) 

Helfo.~st, :\lainc 2-t,oso .t ,sss .t I)() 

(.\pr.-l>ec.l 
51( ?1 I5 6 .'i-1 i -ll ·" 

Rin·rhead, L. I. 2-t,OSO 5,363 .t ()() 
r .\u~.-1 lec. \ 

.H 5 II . .t 55 2 3-l 5 

Crecn llarbor, \lass. 3-t,l.lll S, 1-IIJ .j ss 
{july-j.tn .J 

Ih I I) 5 -1 I 2 .?.lh 

Green llarbor, \lass. 5-1,500 S,Hl i _I) 

(.-\ug.- 1 lec.) 
6.1 5 () IS 1> i I 

Beilast, :\Iaine 51,000 -I,'JSO 5 .j 
l:\pr.-Oct. ) 

I) 1 6 IS 10 I) OS 

Rin·rhead, L. I. 51,000 5,-157 5 .j 
(Aug.-Oct. ) 

5 .3 -l 2 I5 . 5 ') 

• Computed from local observations using formula of this paper. 
:'\oTE: i\Icasuremcnts of Iransmission from Rn<"ky Point (2 X S) on 57,000 cyclcs measurc!d at i\lexico City, July, 192-l, j!ive an 

average 1l.tylight field strength of 39.-l nl\'/:\1. Calculated value -!1.5 mv, :\I. 
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Tht• 111.1)-:lll'tit· d.tt.l h.l\'l' lwt' ll ,.,upplit·d through tlll' courtt ·-.y of 
tlll' l'11itl'd '"'t.ttt·.., <:t·o•lt-tic ...:.urn·y . ...,i111il.tr d.1t.t t.tkt•n iu Engl.nHI 
\\l'rl' oht.tinl'd fro111 tht· 1\:t'\\ ob,.,t·n·.ttory .111d show -.i111il.•r rt·sults. 

Tlll' t·ontr.bt in tlw dium.1l \ ·ari.llion" of radio tr.t1hll1is,.,ion hdort· 
.·nd .litt·r tlw tinll' .1 111.tgnl'tit· ..,torm i,., kntl\\ 11 to han· "t.trll·cl, i-. 

!1 ](JU~tJ~\l~~~~~~~BGB 
;GPR~H~RRRNGH~~Hg 

"~T t·\1 ~ llllt ~ ra• ·;ot'-'1 "!"I ";:'~~ IW ~~ ~ ": W :;::I;: ~ t tll .. t:"-~111 ':~~~~" :':~ '"tll ~;\1 'IWCi:(:V~UI (OIII (UI ,:'(~ '~W": "'\I 'UI";C:UIQ'"' 

.,.~.,..: "·3 &-<C'll ?-4 · JS.ol'b \ttolr -1 -S n·r &-!'l ~~ Acr&-'l ~~ r.-:~ ;<t- ....... ~·" ~1aaj 

1923 

Fi~ . 1.? Corrclatio n of radio Iransmission and carth 's mag"nclic lield l'ransmis~ion 
frorn Roc kr l'oint, l '. S .. \ . ISi,OOO cycl .. s ) to London, Eng". Earth's m.t~netic 

fiPid mca-uret l al Chcltenham, \lrl., I 1• S .. \. 

furthl'r bronght out in Fig. \:). Tbc lowcr ldt-hand curn~ in this 
tigurc supcrimpo,.;l's curn·s of Fchruary 22 2:{ and Fl'hruary 2;) 2G 
of thc prcvinu~ ligurc. Additional casl's wlwre such markcd changes 
nccur arc also shown. lt will be st·cn that similar cffccts exist on the 
lowl·r frcquency of Ii kc. All of thcsl' cxamplcs arc for days of othcr 
than maximum m.tgnl'lic disturbancl'. ln gt·ncral tlll' eiTert is to 
rl'durc gn·atly thc night-tinll' ,·alucs and slightly inrreasc the dar­
light valucs. Thc higlwr pcaks in tlw daylight ticld strl'ngth of 
Fig. ll arc duc to thc high daylight \'alucs which prc,·ailcd at thc 
time of thcsc disturbanccs. 



476 N/-1.1 .. \TS ll'..M TlX/1.\"/C../L JOUR.\'.IL 

:\t·xt to fiL·hl strength thc nwst important factor in dctermini n ~ 

thc communication possihilitiL·s of a radio channcl is that of thc 
intcrferin~ noisc. Thc cxtL·nt to which noise is !'u!Jjcct to diurnal 
and seasonal variations is therdorc of first onlcr of importancc. 

Transmisston rom cl<. PointLJ. WQL to New So uth .!lte En , 
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.~ I 1 
G MT lt Plol 12 AM IZ 12 PM IZ AM tZ IZ PV IZ Ahl IZ IZ Pile 12 At.l 12 12 PM 12 AM IC. 

' • b. 22·23 Sept.. 23·24 Jan. 27-28 Oct. 1(,-17 Oct. . 19--20 
25-26 30-Qct.. I '-b. :!>- 4 2 :!>-24 26-t7 

11123 1924 
--- :'\orm:tl tran~mis!'ion wc.•c.·k cntl ltt•fure ma~ncl ic sturm. 
__....__...._ .\lmnrrnaltran-.mj..,..,ion \\'t•t•k end afh.·r ma~nt'lic ~torm haci J, c-J,:un . 

Fig. J.l l'urr..Ialion hi'!Wt't'll radio transmi~sion .tnd \',triations in l'.trlh's 
lllagn('lie ticld 

/Jiunwl l'arialiou. .\n t·xample of thc diurnal charactcristi c of 
tlw noisl' for hoth cnds of tlw trans.ttlantic path is ~i\'cn in Fi ~. 1-1. 
Onl' curn· is shown for cach of the Sl'H~r<ll frcquencics mcasured. 
Tlw outst;tnding points to Iw oh~l'rn·d arc: 

I. The risc of tlw :->tatic noi~L' al,out th(' time of sunsL·t at t lll' r<'cei\·­
ing stati1111, tht' high Yalues. pre\·ailing at night, and tiH' rather >-ha rp 
dt·nt·a~• <H"CfllllJlanyin~ sunri~e. Tlw cun·t· for 15 kc. shows thc e~­
i~ll·nn· of high ,-alu<'s also in thc aftl'rnoon. I >urin ~ t he s ummcr 
tnontlts high aftl'rnonn \'allii'S are usual for all frequcncics in this 
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rangc . They t·xtcnd latcr into t he fall for thc lowl' r frcqucncics, and 
hcncc are in C\'idcnn• on thc datc on which t hcsc mcasurcmcnts 
wcrc taken, Octobcr-:'\overniJcr. 

2. ln gcm·ral the noi:-c is grcatcr thc lowcr the frequency. 
Noise as a Function of Frequency a11d of Rccciving Localiou. Thc 

clistribution o f stat ic noisc in thc frcqucncy range undcr considcr­
ation is depicted in Fig. 1.') for thc casc of rcccption at ::-\cw Southgatc, 
England. The sct of full-linc cun·cs is for daylight rcception and thc 
sct of dash-line cun·cs for night-timc rcccption. The values obtaining 
during thc tra nsi tion pcriod hctwccn day a nd night have been cx­
cluded. For hoth condit ions thrcc cun·cs arc ;.hown, o ne thc a veragc 
of the su mmcr months, anothcr thc a\'eragc of wintcr months a nd thc 
th ird, thc hcavy lin c, the an·ragc fnr thc cn t irc yca r. The curves 
rcprcscnt a \'eragcs for a ll of the nwasurcmcnts taken during both 
1023 a nd Hl2-l. ln considcring cun·cs of this type it ;;hould hc rc­
nwmhcred that thcy rcprcscnt an a\'crage of a widc ra ngl' of condi­
tions a nd at any o nc time the clistrilmtion of static may difTer widcly 
from that inclicatcd hy the curYcs. Also it should bc rcalizPd that 
thc extreme diiTerencc hctwccn wintcr and sumnwr stat ic is much 
grcatcr than thc diiTcrcncc hctwt•t•n thc an•ragcs. 

A sim ilar study of frcf)ucncy distrihution was madl· at two loca tions 
in tlw Unitl·d Statt•s, Belfast and Rin·rhcad. Thl· rcsult s ohtaincd 
at thcsc two locations togl'tlwr with those for :\cw Southgall', England, 
are prcscnted in Fi g. Hi fur a period during which data wcrc ohtaincd 
for a ll threc placcs. Thc si milari ty of tlw three scts o f cur\'Cs shows 
that thcrc is an undcrlying cause l'omnwn to both sidcs of tlw Atlantic 
which may accou nt for tlw diiTcrenn· lwtwt·t·n thc daytimc and night ­
timt• ~tatic on thc longl'r wan·s. l t will he cddent from thc curn~s that 
for f req uencics aronnd :?0 kc. tlwrl' is not n·ry much diffl'r(' IH'l' !Jet \\'l'l'll 
thc day and night stat ic noisc lmt that at tlw higlwr frcqm·ncics 
in thc rangc studied, thc daylight \'ahll'S Lecollll' con~idcrably lcss 
than thc night-timc valucs. Actually thc diwrgcncc lwtwccn thc 
night-timc and t hc daytime noisc cun·cs 11p to about 10 kc. is an 
cxponcntia l o nc. This suggcsts that thc lowcring of thc daylight 
valucs may l1c largdy dnc to tlw higher ahsorption which occurs in 
thc transmis~ion medium during the day. Tlwrl' is a fmthcr intcr­
t•sting point to hc notccl l'llll!'crning both figurl's, namcly, that thc 
night-timc \'alut·s dl·t·n·a~l· l':o;poncntiall~· with innl'asc in fn'fJIIt'llC)'. 
Sinrc tlwse night-ti nll' \'ahn·s are hut littlc allceted hy absorption 
in thc transmitting mcdiu111, thl· distrilmtion of lhl· sta ti c energy as 
ren·i\'cd, also roughly rqm·sl·nts thc distrilnltion of tlw s tatic power 
gcncrated. 
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Tlw rurn·s of Fig-. lti :-how also tlw suhst,llltial diiTerenn· in the 
noisc len·l whkh n.i,..~,; .1t tlw tlm·e recei\·ing points. .\s lus hccn 
expt:rienct•d in pr.wtire, thc :\t·w ~outhg,ltt· eurn· indie.1tcs th,lt 
Engl,utd is lt·~s :-uhjet'l to interference th.tn nortlwa,..ll'rn lTnircd 
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FiJ{. 16-Frcqucncy cli~trihution of noi'i(' , :'\cw SouthJ{atc, Eng., ßl'lfa,t, :\lainc 
Rivcrhcad, 1.. 1.-:'\iJ{hl time ---l>.ty time ---Aug.-Dcc., 19.!-l 

S tates. In the l'nited Statc,., the ,..uperiority of Belfast o\·cr R i\'er­
head is also con;;istcnt with thc Letter rccei\'ing rcsults wh ich in 
general havc bcen expericnccd in .\ laine. Thcrc should be noted abo 
the fact that the cur\'es for thc,..c three locations lic one aho\'c thc 
othcr in thc inn·rse ordcr of thc latitudc,.,. This is in kceping with 
othcr c\·idcncc which points towards thc tropical Lelt as heing a 
gcneral Center of static disturbancc on the Ionger wa\·e lcngths. 
Further e\·irlencc on this puint is presl'nted helow in connection with 
thc scasonal \'ariations of noisc. 

Seasonal l'ariation. \un·cs showing thc diurnal \·ariation in 
noise le\'cl for each nwnth of the year togcther with the \·ariation 
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in time of sun!'et a nd of sunrisc, arc sho\\"n in Fig. 17. Each cun·c is 
thc an·ra~c of a ll thc mcasurcmcnts takcn during that partict!lar 
rnonth in 1!12:~ a nd 1!):2-1. Thc diurnal Varia tionsare gencrally similar 
for thc diiTcrcnt months in rcspcct to the high night-timc valucs 
which arc limitl'd to the period bct\\"ccn thc time,; of sunsct and sun-

1-1~ . 17 \ lonrhly an: r.a~t·s of diurnal \'ilrial ion of noi~<' . :'\l' \\' South~al c, England-
57,000 cy('b- 191J 1914 
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risl' in Engl.111d. Thnl' i.; a n·rt.tin dcvi.ttion, howt·\ er, which it b 
\\cll to point out. Uming tlw ~tllnmcr months tlw ri,..l' in ni~ht-tintt' 
,..tatic ,..t,ut,.; !'l'H"r.tl hom,.; hl'fore and rc.tclH·s high ,-,tluc~ at ahout 
,..un,.;l'l in Engl.utcl. wlwrl'a,.; in tlw winll'r-tinw, tlw night-timcstatic 
begins to risc .11 .tlJOttl sunst·t and rl'adH·s high \'ahtt·s scn•r;tl honr .. 
l.tll'r. A ,..imilar l'ITtct is oh,.;t·rvcd for tlw sunrisl' condition whcrein 
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Fig. IX-Scasonal variation in rlistrihution of daytimc and night time noisc with 
res~>t·cr 10 sun,ct and sunrisc, Xew Southgatc, England-1923-192-l 

thc reduction of static scts in during- the summer months ahm!t thc 
time of sunri,-t', rcachcs low daylight \'alm·s scvcral hours latcr, and 
in thc winll'r thc reduction commenccs scn·ral hours hcforc sun t isc 
ancl rcachcs low claylig-ht \'alucs at sunri~e. I n othcr words, thc risc 
to high night-timc valucs occms carlicr with rcspc<.t to ~unsct in thc 
snmnl('r than in the wintcr, and conver,.;C'ly thc fall from high night­
time static to the lowl'r daylight valtJC·s oc('urs latl'r with rcspect to 
sunrisc, in thc s111nmer than in the wintt-r. 

This is more ddinitcly hronght out in Fig. IS which co111hincs 
the data for all freCJucncics mcasnrcd. The clash-lincs associated 
with the sunsct cnrvcs, dt·linl'alc tlw hcginning and tlll' attainnwnt 
of thc ni~ht-timc incn·ast·,.. and thost• as,..ociated with thc sunrisc· 
curve dclineate thc hcginning and thl' at tainnwnt of thc low daylight 
values. This discloses the fact that slln.;ct and sunrist· at thc rccei\·ing 
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Fig. 19 :\'ois.· at :\'ew South!(ale, Englancl, in January \"ariation with cxposure 
of PCJllatorial lll'lt !o sunlight 

point dol's not completely control the rise and fall nf the high night­
tinw static. l t has }l!'cn found that the discrcpancy ca n l>e accountcd 
for if sunri~t· anrl sunset an· .taken with respert to a stat ic transmission 
path as distin~uislw(l fmm thc rccei,·ing- point a lonl', and if thc as­
sumption is madc that the cfTcct of stilllight upon thc stat ic Irans­
mission path is similar to that on usual radio tra nsmission. 
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:\IAJOR Rt-:c.to:-to\1. Sot't{l E oF S-r.\ rw :\oht~ 

.-\ bro.Hit•r conception a~ to the Cillbt'S undcrlying tlw dium.d .111cl 
:;ea:-nn.tl \·ari.lt ion i~ oht.tincd hy cotbidcring t h!' t inw of :--1111:--ct ancl 
:;unri~t· on•r .1 considerahll' area of thl' e;trth'~ surf.tn·. Fig. l\1 show:-­
a scric~ of dar and night conditions for thrl'e n·pn·~t·ntatin· p;trts .lf 
tlll' diurn.tl noist• ch.tr.tctcristic ;II Engl.uul for j;tnuary. lt will I)(' 
:o-t'\'11 that the ri~· to high night valuc~ clot·~ not l•t·l:ill nntil practically 
thc time of sun~·t in Engl.111d with o\·er half of Africa still in daylight. 
Hy the time thc high night-timc valttes are f('adwcl, as indicated in 
the ,.,t'cond ph;~:--e, darkm·ss has pnvaded alt of tht• l''!llotlori;d lll'lt to 
tlll' ~outh of Engbnd. lncidentally ;tl thi~ time sttn:--t'l otTilfs llt't\\'!'!'11 
the I ·nitt·d Statt·s and England, rcsulting in n·ry poor ~ignal tran~­

mi:--siott. The thinl phasc of thi~ serics sliClws the noisc ha\·ing jnst 
readtcd the low daytime \•alue and, although thc sun is just ri~ing 

in England, tlw .-\frican equatorial lwlt i~ in sunlight, sul•jt·,·ting tlw 
:--tatic transmi~:--ion path to high daylight attenuation. 

Tlw sunset condition,; which cxistl'd for the aftcrnoon and evening 
of tht• day upon which thc diurnal measttrl'lll('llts of Fig. l·l wen: 
tak(·n arc shown in Fig. 20. The hourly po~itions of thc sunset linc 
arc shown in rclation to thc cn·ning rise of static in London. The 
coincid~.:ncc hetwecn the arrival of ~unset in Lundon and the start 
nf the high night-time noi~e on the higher frequcncics is evident. 
By thc time the high night-time valucs arc readlt'cl, ahout i o'clock 
G.;\I.T., the C(]Uatorial helt to the snuth of London is in darkncss. 

Fig. ~1 shows the sunrise conditinns in relation to the dccrcase in 
static from the high night-time values to thc lnwer daylight values. 
Thc dl'cline ,;tarts allout ;j or ti o'dock an llllur ur two hdorc sunrise, 
and is not complcted until scn·ral hour~ latcr, at which time daylight 
has extcndcd ovcr practically thc entirc tropical helt to the south of 
England which corresponds in generat to equatorial :\frica . 

.-\nother fact pn:~entccl in the previous figures which appcars to bc 
significant in shcdding light upon the ~ource of stati1', is that noist• 
on thc lower frcqucncies ri~es earlier in thc aftt'rnoon and pt·rsists 
later into tllt' mDrning than does thc noisc on the highcr fn•(jucncies. 
This could !Je acnlllntcd for on thc basis that thc Iimits of thc arca 
from which thc rerci\'cd Ionger wa\·e static origin;ttes, l':Xtcnd farthcr 
.tlong the equatori,d zone th<tn they do for the higher frequcncil's. 

The indination nf the shadow linc on the carth's ~urfacc, which is 
indirat!'d in the pn·,·i,•u,; tigun· for Octolt('r :.?~. shif~,; to a maximum 
at thc winter sol,..tice, recedl':-- to a \'ertical po:--ition at thc eqninox 
and tlll'n inrlines in the oppositt· dirl'ction. These sen·ral positions 
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are illustra ted in Fi ~. ~2. The set of three full lines to the right 
shows the position which tlw sun~l't shadow line assunws upon the 
earth's surfare for each of thret• seasons wirlter solstin•, equinox, 
and summer solstire. Likewise, tlw <lash-lirw curn·~ show the position 
assumed by the sunrise lirw for the corresponding seasons. The 

I· i~-: 211 R.-l .tl illn oof ~~~~~~1'1 ,hadllw w.tlllonoi-.· a l :\l'\\' Soul h~:all', England 
0 .-1. 21\ 2'1, 1'1 2.1 
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p.1rticul.1r tiiiH' of d.ty for \\ hich l'.ll'h nf thl· ,..lllt--d curn·s is t.lkl'll, i,.. 
th.tt at whidt tll«' ,..l,ttic in l.ondon ht'~ins tn incn·a,..l· lo l.tr~o:l' ni~o:ht 

,.,tflll'S. ln \\ illtl·r, this «H'l'llrs ahont Slllbl'l, at th1· l'l(ltinox alcout 

Olll' honr l'.lrlil·r .• 111cl in ,..1111\llll'r allout two honrs l',trlil·r, as illu,..tratl'd 
in Fig. IS. Corn·,..poiHiingl\', thl· tintl' for whidt l'ach of thl' sunri-.•· 
curn·s is t.th·u, is th.lt at which tlll.' hi~h ui~ht-time vahll's han· 
rl'achl'd thl' lowl'r dayli!-:hl 'l'alnl's. From Fi~. 11-i it will hc l'\·idl'nt 

Fi~. 2 I- -Rl·l,ction of ,unri,t• ~haduw \\,cllto noc,c al :\'cw South~.llt:', En~o:land-­
()ct. 2il-29, 1923 
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that this occurs during- thc wintcr at allout sunrisc, at thc equinox 
about an hour later, and during- thc summcr some two hour~ latcr. 

lt will l>c obser\'cd that the two sets of cun·cs, une for sunsct anti 
the othcr for sunrise, interscct at approximatcly thc sa mc latitude, 
the sunset cur\'es southcast and the sunrise cun·es southwest of 

Fig. 22-l'osilion of sunscl lin!'s al sunset dip and sunrise lines at sunrise dip in 
noise Ievel in England for \·arious seasons 

Englancl. 1f it is assurne<l that thc ciTect of the shadow wallupon thc 
Iransmission of static is similar tothat upon signal Iransmission across 
thc Atlantic, nanwly, thc high night-time ,·alucs commcncc whcn 
the shadow wall is approximately half-way l>etwecn thc tcrrninals. 
the crossing uf the lines upon the chart may he taken as ha\'ing- sig­
nificance in roughly determining the Iimits of the tropical arca from 
which the major static originales. The crossing of thc sunset lines 
indicatcs that thc castern Iimit of thc arca which contrihutcs rnost 
of the static to England is equatorial l·:ast .\frica. Thc crossing 
of thc sunri,..e lin<"s indicates that tlw correspon<ling weslern Iimit 
is sonll'whcrc in tht· Sout hAt lantic, hct wecn .-\frica and South Amcrica. 
ln other wonb, from tlwsc <lata thc in<lications are that tlwrc is a 
morc or less dis tiJH·t n·ntl'r of gravity of static, which extend alnng tlw 
tropical helt, and that most of the long-wan· static which affects 
ren·ption in England comt·s fron1 the l''Jllatorial region to the s!Hith 
of Englan<l, nanll'ly, l''Jllatorial :\frica. This is exclusi,·e of the high 
afternoon static pre\·ailing during thc SllllllliL'r months. 
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Tlw tl.lt.l uht.tinl'd in tlw l "nitl'll ~t.ltt•s indic.ttt· that gt'l\l'r.llly 
,..jmibr cotHiition,.. ,.,i,.t tlwrc '"" to tlw rl'l.ttion ht.:t\\t "l'tl :-ttn,.;ct and 
,.;unri,.;t· p.tth .md tlw m;ljor rise .llld f.tll of st.ltic. This rd.ttionship 
is ,..)wwn in Fi~. :!:!. which ~hows in tlw nppl·r half tht· coursc of tlw 

Fig. Z3-Relation of sun>et shadow wall tn noi>c at Bel fast , :\l aine, u. S. (Jet. JU 
Xov. 1, 192-l 

night-timc belt as it procccds from Europc to :\mcrica and thc cor rc­
:-ponding ri:-e in the static noisc. Thc noisl' Ievel curn·s are thc 
samc as tlw:-e shnwn in Fig. 1-l for rcccption at Bclfast, 1\lainc. The 
risc commenccs about onc hour hdore and continul'" for onc hour 
or so after sundown. This is for thc fall scason of thc ycar. A 
similar chart fur the sunrisc conditions is gi,·en in Fig. 2-L :\lthough 
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high night-tinw \·allll'S started to fall oiT some 11n· homs hefore sun­
duwn in lklfast, tlw more rapid drop was within sollll' two hoHrs 
in ad\'ance. \\' hile these Cur\'l·s are fur lmt a single day, they are 
fairly representatin· of the an·rage of a greatl·r amount of data. 
The change in the inrlination of the sunsl·t-sunrise curves with the 

Fi~>: . .!-t l<t-l.ilion nf sunrist· ~hadow w.tllro noisc al lklfa~t, \laint·, ll. S. -Oct. .ltl 
Nov. 1, 192-l 

~·ason of tlw y•·ar l'IT•·cts changes for .\nwrican reccption somewhat 
simibr to th<>st' shown for reception in Engbnd, except that fnr the 
Slllllllll'r months th .. coirwidertt·l· is less ddinill·. lt mav lw that this 
is I ••·c;urs•· of t Iw solllt'\\·h;lt lower lat itnd•· uf t Iw I 'nited States terminal 
;rnd of th•· n·n·ptiun uf a gn·ater proportion of the st;-Jtic frnm thl' 
:\ort h ,\nwric;lll cont irwnt. 
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ln ~l"lll'r.ll, tlH"rl"fnrl', thl' .\nu·ric.111 n·-.ults .1cconl \\ith tho,.,,. 
nht.1ined in lo:n~l.111d in indic.1ting qnite ddinitd\· th.1t .1 lar~1· pro­
portion pf tlw ,.,t.1tic rl"cein·d on tlll' lon~er wan·s i,., of tropi1·.d ori~in. 

I t i-.. of cour,.,l', tlll' r.ltio of tlw signal to noi~t· ~tn·n~th which 
detl'rmimo,.. tlw lofllllllllllliration rnerit nf ;1 r,ulin tr.llbllli,.,~ion eh.llllll'l. 

l'urialion rcilh FrtoiJIIt'/11',\'o 0\ compari,.,on for repre~l'ntati\'f· Sllllllller 
.11Jcl wintl'r month,., i:- gin·n in Figo ~.i of tlw ~i~nal-to-noisc ratio 

500 

Fi~. 25 \',uiation of ,;ignal to noi,t· rario with fn:qllt'IH:y. Correctccl to same 
.lllll'nna input power (61\05 K\\'j in Rocky l'oint anlt·nn;t Rcccpl ion al :\cw Soul h­

gate, En~land 

for thc twn extrcmt• frL"fJllL'llCic~ mca:-uredo Both of the,.,e trans­
mi,..,.iorb werc eiTectcd from tlw ~allle ~tation, Rocky l'oint, and ,..im­
ilar antl'nnae wcrc employedo Compari:-on i,., madc of thc on·rall 
tran:-mi,..,.,ion hy rorrecting thc \·aluL·~ of tlw two cur\'L'~ to thc samc 
antenna power input, the powl'r of hoth chanawl~ lwing ~caled down 
to tiS kilow.Jtt,.,o tlw power tbl'd in thc tt·h-plH>Ill' channcl during thc 
carly part" of tlw 1'\:Pl'rinwnt. Thi,., rhart ,.,lww,.; dearly the grcatt·r 
,..tability in signal to rwi:-t· ratio ohl<linahlc on tlw lower frcqnency 
ehanndo \\'hile fnr n·rtain peril>!l ... nf the clay thc highn freqm·ncy 
givc,.. a much hetter r.1tio, it i:- ,..ubject to a mtwh morc scn-rc sun~ct 
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Fig. 2i-:\lonthly a\'cragcs of diurnal variation of signal to noise ratio, Northolt, 
En~:. (G KB J rcceiH!<l at ßelfast, :\laine-20.8 K\\' radiatcd power-41J80 Km-

5.?,000 cycles-1924 
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dccline than is the lower frequency. During the summer time, 
afternoon rcception in England is het ter on t he highcr frequeney 
channel. This is IJCcau,.;e of the nm,.;idcral,ly grc>ater static exper­
ienced at this time> on thc lowcr frequcncy. Tlll' higher signal-tn­
uuisc ratio prl'vailing during the wintn month of January as com­
pared with thc summcr month of July is evident. This is due primar­
ily to highcr summer static. 

Scasonal Variation i11 F.llf!.land a11d U11itcd Statcs. For the 57-
kilocycle channel there is shown in Fig. 2ß, for each month of the 
year, signal-to-noise ratios of two years' data. Theseshow a distinct 
dip corresponding to the sunset dip of the signal field strength. The 
night-time values are generally high in accordancc with the high 
night-time signal strength hut thc maximum values are shifted toward 
the time of sunrise. This is due tn the fact that the noise rises earlier 
in the afternoon and declines earlier in the morning than do the cor­
rcsponding Variations in signal strength. 

Fig. 27 prescnts the signal-to-noise ratins for such data as have 
thus far !Jeen ohtained upon Iransmission from England to the United 
States on a frequcncy of ii2 kilocycles. Thc low valucs obtained 
a!Jout sunset are, of course, duc to the cvcning dip in field strcngth. 
In gencral, thc night-timc ratins do not n·ach high \'alues as da those 
for England hecausc the early 111orning signal ficld strength !Jegins 
to fall ofT whilc the noisl' len·l is still high. Comparisons of the 
signal-to-noise ratins ohtained at ;\t·w Southgatc and at Belfast 
show that the Belfa,.;t v;tlucs an· somewhat higher for that part of 
the day, curresponding to forenoon in the United States and after­
noon in England. This is !Jt·rau,.;e tlw forennon static in the United 
Statcs is lower than thc afternoon static in England. 

Thc picture which !Jas heen given of tlw Iransmission of sta tie 
northwanl from thc tropical !Jdt suggl'sts that thl' signal-to-noisc 
ratio might ],e materially impron·d by the tN' of directional rcceiving 
~ystl·ms. This i,.;, of course, what has actually hcen found to l>c 
thc casl' in commercial tran,.;atlantic radio telegraphy \\'herein thc 
Radio Corporat ion has madl' surh l'ITectivc USl' o f thl' wave antcnna 
devised hy Bl·\·eragt·. Tlll' l'XJll'!'lation,.; are confirmed hy measurc­
lll!'nts whieh ha\'! ' l>t'l'll madc in thl' pre~(·nt l'Xperinll'nts using such 
wa\·l· anll'nllal'. 

A yea r and a ha lf ago the Briti,.;h Post l )C!icc L'>ita!Jlislll'd a wave 
antenna with which to rl'n·in· from the Rocky l'oint radio tclcphone 
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lr.llblllitter. :\ Ion· rtTI'IItl~· .1 progr.uu of I'Pibi~t•·Ht ~>h:-.t'r\'.ttions 

in dircction.d rcn·ptio11 of t';l~t-to-wc"t tr.ln-.llli~"ion W<b al~o llltdcr­
l.lkt·n in which wen· •·mplon·d, wan· .llllt'llll.ll' l•11ilt t.y the Radio 
l'orpor.llion 11f .\ nwri,·;l for radio telegr;tph operation npon lower 
freqtH·nrics. 

:\n indication of tht• illlpron·Htl'nl which tlll' w.tn· <tnlt'llll.l gi\'e:-. 
in sign;tl-to-Hoi~~· ratio is h.ul hy rderenn· to Fig. :..?~. T he set of 

Wl'\8 C•'Kc J R•c•r~ fl!:. 
................. S.''••t. ""•,.. 
- -lll,,...'""'•ad,L I 

t9Z' 

Fi~:. l8-lmpro\'emcnt in si~nal noisc ralio of wa\'e antcnna O\'er loop rcccpl ion 

curve3 to thc right i" for rcception at Chedzoy, England, and thosc 
at thc left for reccption at Belfast and Ri,·crhcad in thc l 'n itcd 
Statcs. The impron·me11t is mcasurcd in terms of the signal-to­
noi~e ratio ohtaincd 1111 the wavc antcnna. di,·idcd l•y the signal-to­
noi~e ratio mcasured ou thc loop. For thc partindar days and frc­
qucncy indicated, thc impron·me11t in Englaud will Iw secn to va ry 
nver a considerahle rangc. a\·craging allout :,. I )ata for reception 
in Englaud is for 1!121 whilc that for thc l 1nited Statcs is for thc 
corresponrling pcriod of 1n2:1. Tlll' l'nited States n·~ults will !Je S(Tn 
to Iw generally similar to tho"l· ohtained in l·:ngland. .\lthough 
thesc expcrinwuts an· ~till iu an early ~tagt·, tlll' re~11lts do givC' a 
nwa~ure of the onll'r of imprm·l'nH·nt \\'hich can lll' l"qwctcd. 

Tesl of IVords L'ndrrslood. Perhap,; thP 111n,.;t com·incing measure 
of the efficiency of direction;d rccei,·ing ,.;y"tt•nJs for transatlantic 
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tran~mi~~ion is the improYelll!'llt effected in the rcception of in­
telligible wonls. Fig. 2!1 ~hows thc impron·nwnt which the waYe 
antcnna in England ha~ madc in the ability to recei\·e certain test 
wo reis ~poken f rom Rocky l'oin t. For t hi~ purpose t here was t rans­
mittC'd from Rocky Point a li,;t of disconnenecl won1s. A rC'corcl 

- V I~"' '· .... ......._ 
.,.,.... 

:\ I ".. I I ... f, A ... IUtA 

1'\ I/_ I 
I 

~- ~ 

\ ....... V'- I i/ \ I 

,./ -.... , ~(00 
12 2 4 I 12 2 4 ' 8 10 12 -

E.a:·q II I 3 S 
Noo. 

Fig. l9-Comparison of rercption on wa\"c antcnna and loop. l'l"r ccnt of wonls 
und!'r~tood-Rcceplion of Rocky Point (l X S) at Chcdzoy, England, 1\ l arch, 19.H 

was made at Chedzoy of the percentage of thc words um1crstood for 
rC'cc·ption on the loop and on tlw wa\·e antenna. This constitutes a 
con\·cnient mcthocl of rough tl'lephon!' te,;ting. It will hc appre­
ciated, howe\·L·r, that it would he pos,;ihle to understand a greater 
proportion of a conn·rsation than i,; reprcsentcd hy these results. 
The Cttr\"cs show that it was possihle to recein>, for examplc, SO% 
of the worcls for hut !l of tlw 2-1 hours on the loop, whereas with thc 
Wa\"e antenna reception continucd for I~ hours. 
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.\I'I'E:\IliX 

l'r.lll,..lll.lntie I{,,,Jiu Telephnnl' ""·''""'lllf'llb 
1'1! l, 1'121, 111!5 

\lunth "' :'llonth l{,·,·onl of '\ui"· ·"'" I· i .. ld "tn·n~th 

:'llonthly .\wr,,~cs of lliurn;~l \'ariation of Si~nal Fiel<! Stren)!;th 
RO<:ky Point, L. 1., L'. S .. \. (\\'VL) :\lcasurcrl at :\cw Southgate, England 

Corrcctcd to 600 .\mpcrcs .\ntenna Current 
5,-lSO Km. li,UO Cyclt·s 

.\pril, 1923 Feh., 1915 

GII.T. 

:'llonthly .\\'cra~es of Diurnal \'ariatiun of Si~nal Ficld Strcngth 
:\1.1rion, :\lass., L'. S. r\. (\\'SI l) :\lcasurcd at :\ew Southg-ate, England 

Corrcctcd to 61111 .\rnpcres .\ntcnna Currcnt 
5,280 Km. 

:\ug., 1923 Feh., 1925 
25,i00 Cycles 
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GMT 

:\Ionthly AveraJ,":es of Diurnal \'ariation of SiJ,":nal Field StrenJ,":th 
Rocky Point, L. 1., U. S. A. (2XS) l\leasured at .:\ew Southgate, England 

CorrectNI to JOO Amperes .·\ntenna Currcnt 
5,480 Km . 57,000 Cyclcs 

Jan., 1923-Ikc., \Q24 

:\lonthly A\'l'r.IJ.:('S Diurnal Variation of SiJ,":nal Field Stre n!-"th 
l.caficld, En~o:lan<l (<~BL) :\Ic.asurcd at Bdfast, :\faine 

Correctcd to 300 ,\mp<'res Antcnna Currcnt 

t9.H 
24,050 Crclcs 



Tl\.l.\\.lll.l.\'ll( 1\.11>10 IE/.Fl'/10.\T. IR.I.\"\".111\'.\IOX ·1'>7 

5,360 Km. 

GMT 

:\lolllhly .\n·ra~e~ Diurn.1l \'ariatiun of Signal Fiel<l Stren~:th 
:\ortholt, Engl.md (l~ KU ) :\leasure<l at lldf..~>t, :\laine 

Correctt•d to 100 .\tllper<'s .\n tt·nna Currcnt 
52,lKJO Cycle~ 

I<J.H 

GI.IT 

.\lonthly .\vcragcs Diurnal \'ariation of Si~nal Field Strcngth 
Leafield, EnglanJ (GUL) :\lcasurcJ at Rivcrhead, L. I. 

Corrccted to .100 .-\mpt:res t\ntenna Currcnt 
24,050 Cyclcs 

1924 
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GMT 

:\lonthly .-herag<'" I>iurnal \'ariation ol Signal Fit:ld Stn:ngth 
Xortholt, En~:lan<l (C~ KB ) :\lcasurcd at Ri n-rhead, 1.. I. 

5,460 Km. 52,000 Cycles 

5,1 SII Km. 

1112-1 

'""1 
:\lonthl~· :ho·r;,.;t· oo[ lliurn.tl \'ariat ion ol Si~n.tl I· iel<l St rt'IIJ.:I h 

l.!·afu·ld, l.ngl.llld <I ;)II.) \lo·."uro·d .ot I ;rn·n ll.orlx1r, :\I.O's. 
( 'orro·o·to·d tu 3Utl ,\mp1·n·s .\111<'111\a ( 'urre11t 

july, 1'123 .Ja11., 1'12-l 
2-1,050 Cycles 
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GMl 

.\lunthly .-\vcr.tJ.:C of Diurnal \ 'a riation of Signal Ficld Strcn~.:t h 
;\;ortholt, En~-:l.md (C h:R ) .\lcasurc<l at Green I larhor, !\l as;. 

Correct('<l to 100 Amperes Antl'lllla Current 
.5,2-ln Km. 

Aug., 19B - Jan ., 192-l 

G"' I 

.\lonthly An:ra~:cs of l>iurnal Yariation of :\oi»e 
:\ew Southg;ote, England 

April, 1923- Fcb., 19.25 

54,500 Cycles 

!.'I. I' ' Jl~ 1. f II '• ' II : 

P111 ... r~ • .,. 

17 ,000 Cyclcs 
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GWT 

:\ lonthly :\ver.1ges of Diurnal Variation of :'\oise 
New Southgate, England 

Aug., 1923- Feh., IIJ25 

u"T. 
!\lonthly Averagl'6 of Diurnal Variation of l'\oi,e 

l'ew South~a!l·, En~lancl 
Oct., 1923-Feh., 1925 

25,000 Cycll'S 

37 ,000 Cycles 
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' i ,. 
:1 

1 

GUt 

:\ lonthly c\n·r.IJ.:CS of Diurnal \'ariation of \'oi"· 
:\c" South~all', England 

IIJ23 1')2-l 
57,000 < 'ycles 
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rst 

:\lnnthl> ,\n·raJ,:l' •A Uiurnal \'ari.tt ion of \'oi»e 
Belf.:tst, :\l.line 15,000 Cyc l c:~ 

192-t 
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E.ST 

\lonthly .-\\'l·rage ol Diurnal \'ariation of ;\oise 
Bo·lfast, \laine 

1924 

..., ~·;;·:--! !' ; I .. , 

: I . . ; : . : . : ! ~ 

:j'llj!',i,:. 
~; I 1" 

\lonthh .\n·r.ogl' ol l>imn.al \',oriation of ;\ois!' 

24,000 C yd es 

.j 

311 ,000 Cycl.-s 



U.-lf.~<t, :\bint· 

~ ~ 
·+· 

I 

Ri\'t'rhead, L. I. 

[ST 

:'\Ion! hly .\wr.IJ.:t' nf lllllrna I \'ari.ll ion of :\oi,e 
52,000 Cycles 

EST 

:\lonthly :\\'era~e of Diurnal \'ariation of Xoi,;e 

19.?-t 
15,000 Cycles 



504 BELL SYSTEM TECJJ.\JCAI. JOL'I?.Y.·IL 

EST 

:\ l onthly An·ra!:•· of Diurnal Variation of :'\oi"· 
l<iwrht:a<l, 1.. I. .~o.uuo Cyclcs 

EST . 

l<in-rln·.td, L. I. 
.:\luuthl) . \v• ·r;•~·· uf lliurn.1l \' . .riatiou of '\oi"· 

192·1 
2-I,UUO Cyclcs 
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Hinrhc;ul, 1.. I. 52,000 Cyclcs 
:\lonthly .\\'cragc of lliurnal Variation of :\oisc 
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1 

.. ,. .. , '4 . . ". ... .. .. 
fST 

~lonthly A\'erage of Diurnal \ 'ariation o{ 1\oisc 
Green Harbor, l\lass. 

Oct., 1923-Jan., 1924 

I 

.. 

1'
1!1 

' I 

.. 

~: : 
-

,, 
0 " ... .. 

15,000 Cycles 
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.t8 '• oll.(; Q.&•t. ••, '· t•-: 41 tl<; '• .,:,_o; I. 1•, ·~41 I '~.t &o,. ~ II 0418 ~1. • fiQoil fl• l 
~y AU PW AU ••t.t AW r'Y &U I•U 6U ""' •w f' W A W 

EST 

:\l onthly .-\ n-rage of l>iurnal \ 'a riation of Xoisc 
Green I larhor, :\ l ass. 

&-pt., 1923 - Jan., l'lH 

(S T 

\lonthly Awr.1gc of I >iurn . .J \ 'ari.1tion of :'\oisc 
(;r"~·n I l.nhor, :\1.•~,. 

J'l!J 

2-! ,000 Cycles 

34,000 Cycles 
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... .. .., .. ..:·•••:••·····:••·; 
"u 411111 • 1111 "'" C1llo '" 

EST 

:\l onthly :\\'\:r.1ge of Diurnal \ 'aria tion of :'\oi~c 
Cr~>t:n lbrbor, :\l.1ss. 

Sept., 1'>.?3 j.1n., 192-l 
55,000 Cyclcs 



Abstracts of Bell System T echnical Papers 
N ot Appearing in th is Journal 

Radioaclit•ity} .-\. F. K O\",\RIK and L. \\· . .:\l c KEEHA:-1. This 
re\"iew of progre~s in radioacti\"ity form~ one of a series of mono­
graphs prepared hy committccs of tlw .:\ational Research Council. 
lt outlines the experimental and theoretical a<i\"ances in the subject 
since Hl IIJ, the date of the last compendium. Thc sect io n head ings 
are: I. lnt roduction, II. Radioactin Transformations, 111 . Alpha­
Rays, IV. Beta-Rays, V. Gamma-Rays, \"1. Xuclear Structurc a nd 
Rad ioactive Processes, \ ' 11 . Radioacti\"ity in Geology and Cos­
mology, VII I. The EITects of Radioacti\"e Ra<iiations upon l\ latter. 
The rcferences to pcriodical Iiterature are particularly detailed. 

Eclro Suppressors for Long Dislance Telephone Circuits. 2 A. B. 
CL.\RK and R. C. ;\L\TIIES. Thi,;. paper gi\"e~ a hrief description of a 
de\"ice which has lwcn den·loJ)l'd hy the Bell Sy~tcm for suppres~ing 
"ccho" ciTccts which rnay !Je encountcred under ecrtain conditions 
in telephonc ci rcnits which arc cleetrically very lung. The dcvice 
has hcen gin·n the name "echo supprcssor" and cunsists of relays in 
rombinatiun with vacmtm tubes which arc operated by the \·oicl' 
currents so as toblock the eehoes without disturhing the main Irans­
mission. 

A nurniJer of ccho suppressors ha\"e Leen operated on commercial 
telephone circuits fur a con~iderable perind, so that their practicability 
has been demonstrated. 

The Telephone Transmission Un it .3 I h. F. B. j E\\"ETT. The 
adoption by the Bell System of the T U as a telephone Iransmission 
nnit aroused considerablc active discu~sion in foreign circles, namely, 
Ly Colonel Pur\"es, Engineering Chief of the Briti~h Post Office 
Department, and Dr. Breisig of the German T elephon e A<iministra­
tion. l n this short paper, Dr. jewett explai ns certain words and 
cxpressions which, whcn accurately defined, he Lclieves willclirninate 
misintnprdations ~urh as seem to have led to tlw cont ron•rsies over 
tlw Bell System TP. 

Dr. jewctt alsopointsout that tlw numcrical :;ize fm a transmission 
unit is controllcd hy two faetors, first, thc magnit!Hie should he such 
that computation is CO!l\'t'llicnt , and serond, thc magnitudc should 
hc such astopermit telephone enginc1·rs and op1·rating pcople to most 

1 Bulletin :'\.i!ional Research \ouncil, \'ol. 10, part 2, \larch, 1'>2.', 203 pages. 
1 Journal A. I. E. E., \ 'ol. H, page 6tll, 1925. 
'London Elcclrician, \'ol. IJ.), pagP 562, 1925 

SOS 
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~.uuple itst•ll j,. h.tl.lllcl'd J,~ pa~:<ing a nH·a,;un·d curn·nt through a 
third t·oil. Tlll' .1pplinl lidd anti thl' indun·d m.tgrwtizatiun are thl'n 
proportiun.rl !11 tlll' l'kctrit· curn·ut,; p.ts~ed thrmrgh tlrl' rn;Jgm·tizing 
c·oil .111d tht• l>.tl.wcing- coil. n·,;pt·ctin·I~·. .\ hystc·n-s's loop is shown, 
oht.tinl'd frou1 .111 irou wirl' weighing :l 111).!" • 

. ln l~.rplana1ion of i't'Culiar Rt1la1ions Ohscn·t'd on .Y-Ray Pmcdcr 
1'/wlo!!,rllphs.' RH'II \Ril :\1. RozORTtl. There has J,l'l'll pn·, ·iously 
rcportt•d (j. ( l. S .. \ .. 1nd R. S. I. G,m-i!l-!li; l!l2::!) tlw cxistenn· of 
".tnom.tlou~" rl'lkctions of X-rays. ohst•rn·d wht·n analyzing suh­
~t.llll't's hy the nwthod of Ikhye-Sdll'rrl'r and l lull. Tht•st' rellcc­
tions .&n· nn\\ explairwd in aecordance with tlw wdl-known laws 
gnn·rning X-r.1~· rl'lil-ctions. l t is shown that the molyhdt•num X-ray 
spt'l'trlllll .1s onlin;1rily used. altbough it is filtt·n·d hy zirconium 
snl't'll>-, nmt;tins in addition to tlll' dt;Jractl'ristic Ka radiation a 
consickrahll' amount of gencr;tl radiation. .:\lthuugb U!'llally not 
l'lkctin·. this g-l'neral radi;ttion bccomt•s important \Yhen thc samplc 
hl'ing- analrzed is l'Oillposcd of crystal grains uf certain sizcs. Tbc 
l'lh·ct und~r discu:<sion is causcd by rcllection of this gcm·ral radiation 
fmm thc principal atum pbncs of thcsc crystals. Sc,·cral cxpnimcnts, 
and a gt·onwtriral an;tlysi,- of the positions and oricntatiuns of thl' 
diffraction l'ITect!'<, conlirm this condusion. 

1 j. 0. S. A. and R. S. l. 9, 1l3-i (August, !9H). 



Contributors to this Issue 

FR.\:\K ( ;ll.L. European ( 'hid Engineer of the International \\"estern 
Ekctric Comp.tlly. :\Ir. Cill has had long cxperil'nn· a~ a tckphone 
l'nginl'er. first, with thl· L'nited Telephone Company in London, 
thl'n with the .\"ational Tl'lephom· Compan~· and later as a con,;ulting 
engineer. .'\t the outhreak of the war, he wa,.; callecl upon to under­
take important work in the :'llini,.,try of :'llunition for which lll' was 
later awanlcd the Order of the Briti,;h Empire. .\,.; Emopean Chief 
Engim·er of the International \\"e,.,tern Ekctric Cnmpany, hc is taking 
a lcading part in tlH' di,.;ct.,.,,.,ion <llld ,.,tudy of conditions ncccssary 
for thc e,.,tahJi,.,hmcnt of an adcquatc long di,.;tam·c tclephone sen·icc 
through Europl'. 

OLI\'ER E. lh'CKLEY. H.Sc .. (~rinnell College, 1!100; Ph.D .. C'ornell 
l'nin·rsity, 1!111; Enginl'ering I kpartmcnt, \\'e,.;tern l]cctric Cnm­
pany. Hll-l l!lli'; JT. S . ..:\nny Signal Corps, l!ll i' 1\11::-;; Engineering 
I h-partment , \\\·,.,ll'rn Ekctric Company ( Bell Telephone Lahora­
torics). I!IIS - . I>urin g the war :\ lajor Huckley hact charge of the 
rcsearch :-ection of tlw I )i,·i,.;ion of Rl',.;earch and ln,.;p!·ction of the 
Signal Corp:-, .\. 1~ . F. I-li,.; early \\·ork in tlw Lahor,Jtorie,.; \\·as 
conrerncd principally with the production and nwasurcment of high 
,-,wua and with the den·lopnwnt of \·acuurn tuhes. :\I ore n·cl·ntl)· 
Iw h<~,.; htt·n colllll'Cil·d with the den·lopnwnt and applications of 
magnetic material,.; and p.Jrticul.trly with thc clen·lopnwnt of the 
IWrm,,lh>y-ll><ult·d telegra1>h cable. 

11.\R \ EY Ft ETCIIER, ILS. , Brigh,un \'ou ng, l!llli'; l'h. l> ., Chicago, 
I !II 1; i1bl ructor of php.ics, Brigham \' oung, I tlüi' OS ; Chicagn, 
1!111:1 ltl; l'ro ft·,.,,.,or, Hrigh<~m Young, 1!11 I lti; l ·~ngi1wering I>cpart­
llll'nt, \\'c"ll 'l'll l~kctric Compan)·. Hllti-~1; Hell Telephone Lahora­
torie,.;, I nc., I !12.i . I >uring rcn·nt year,.;, I )r. Fleteher h;~~ conducted 
l''\h-11:-in· inn·,..ti~..:.Jtion~ in tlH' lieh],; of !'pecch ;md audition. 

t'II.\RI.E~ \\'. C.\RTt-:R, JR., .\.H., lbn·ard. 1!120; ILSc., Chford, 
l!l~:J; .\nwric.tn Tl'll'phone .tnd Telegraph ('ompany, I>epartnH·nt 
of I >l'n·lopnwn I "11<! Rl''-l'<trch, I !12:~ -

.\Rrtii'R '->. Ct RTI". l'h.H., l!li:J; l·~ .E., 1!11!1; Slwl1il'ld Scientific 
School; llbtnwtor in 1-:ll'l'lricall·~nginl'l'l'ing, \';~k L'ni n·rsity, I!II:J I i' ; 
I·:ngi1wering I >ep.trtrm·nt, \\'l':-;tcrn Ell'rtric Company. l!l l i' :2-1; 
lkll Tl'lephone Lahora tories, lnc., l\12.i ::\ 1 r. Curtis' work has 
l•l'l'll Clllllll'l'll'd \\ ith tlw de\·elopml'nt of tekphone in,.;tnlnH·nb. 
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1.;:\KI K. ll\KKtl\\. S.B., l'ni\l'J":-.it~ ol t'hi,·o~go, l\111; ( ni\t·r,.,it~· 

of !'.tri,;, l\111 1:!: l'nin•r:-it\ of Ht·rlin, 1\ll:!: l'h.l>., in ph~,_i,·,; .llld 
lll.ttlwrn.ttic .... l'ni\·t·r:.;it~· of l'hi,'.tgo, l!lli: l·:ngitHTring- I lt ·p.trtnwnt 
\\'l';,-ll'rn Ekctric l'omp.tn~·. I !117 :! I; Bt·ll l't·kphont· l..tllllr.t torit·,;, 
lnc., l!l:!."1 :\Ir. I >.trrow h.t,; hlTll l'ng.tgl'd l.trt..:l·l~· in pn-p.tring 
,..tudi,·,.. .tnd .tn.tl~ ",.,. of pul•li,..lll'd n·,..l'.lrch in '.triou,., lil·ld,; of physic,;. 

l.t.tJ\Il J-:,I'F'-''' tttEIJ, l'r.ttt ln,tituh·, l\10!1; ('nill'd \\'irl'lc,;,; T,·ll'­
~::r.tph l'Pmp.tny as r;1dio npl'r.ttor. ,;urntnl'rs. l!lOi 11:--.; Tl'ldunkl'n 
\\'in·J.·..,.., r,-l,·graph l'omp.tny of .\ml'rit'il. ols:-.ist.tnl l'ngilll'l'r, 1!11)!1 10; 
.\nll'ric.tn l'l'il'phonl' .tnd Tdq . .:r.tph l'omp.my. Engincl'ring I h-p.lrt­
nwnt .md I lt·p.trtnll'nt of lkn·lopnwnt .111d Rl ''l'arch, 1!110 . Took 
p.1rt in long di,-t.tnn· r.tdio tdl'phonl· l':\)ll'riml'nls from \\'a,-hin gton 
to ll.tw.tii .md l'.tri,-, l!ll.i: :-.im-e thl'n hi,; work has hl'l'n ,·onm·ctl'd 
with tlw ,)l-n·loprnl·nt of l<ldio .111d carril·r ,;y,;l,·nt:-; . 

. \t·-.r" B\lt.EY, .\.B., l "niH·r,-ity "f Kan", l,., l!ll.i: l'h.l> .. Corndl 
l'nin·r,-ity. l\1:!0: a:.;,-i,-1<1111 .md in:-;tructnr in phy,.,ir:.;, Corndl. 1\l).i lS; 
S ignal Corp', l". S. ;\., l!liS ]!I; fdlow in physic,-, L'Prnl'll, 
)!ll!l :!ll; l'orning Cla,.,; \\'orb, l!l:!ll :!1: .1:-.,.t. prof. of physir,-, 
l · nin•r:-i t ~· of Kan:-a,;, Hl:!l :!:! : Pl'pt. of I kn•lopllll'nl and Rl',;l'arch. 
1!12:! Dr. B.1ill•y's work whik with tlll' .\rnl'rican Tl'll'pholll' anti 
Telegr.1ph Company has hl'l'n l.1rgdy along thc linl' of llll'thods for 
making r.tdi<J tr.tn:-mi:-:-.ion mca:-lln'llll'nt,-. 

C. :\ .. \'\nER..,ll'\, l'h.B., :\I.S., l'nin·r:-it~ of \\'i,-con:-in, 1\ll!l: 
Technical .\""t. l". S. :\ ;1\·al fon·c,- in Frann·. l!lli l!l; irbtnrrtl'r 
Enginel'ring l'hy:-ics. l'nin·r:-ity of \\'i:-ron:-in, l!ll!l :!0; l~l'lll'ral 

Electric L'P., 1!1:!0 :!I: Fellow to '\orw.1~ .. \nll'r ican-Scamlina,·ian 
Fnund.tt ion, I !I:! I :!:! : .\nwric.1n Tdl'phonl' and T l'lq.:r<tph Co., Dept. 
ni lll'n·lopml'nt ;md Re:-l'arrh, 1!1:!:2 \Ir .. \ndl·r:-on's work h<l" 
hl'l'll chidiy on radio tran:-mi,.,.ion. 
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n-.tdil~ cotHprl'lwnd thl' r.ttios corn·sJHllldin~ to .tny gin·n lllllllll\'r of 
11nits. :-.inn· it is dc·sir.tl•lt• th.tt l'\ c·ry unit Iw h.t,.,c·d on a decimal 
sy:-tt·m ol not,ttioH. unll'ss tlwre is sollll' n·ry import.llll n·.tson wh~· 
it sho11ld not, the Tl· J,,,,;ed on tlw dl'cimal :-ysll'm wa,; dwseH. S.ttis­
f.tclory t'XJWrit'IH'l' dnring tlw p;J,;t year and a half is point<'d to as 
showing tlll' wisdom of h.J\·ing dJO:-l·n thl' Tl' . 

. I Suspc·11sion for _..,·upporlin!!, lJI'Iicaft• lns/rumen/s. 1 • \ . L. J 1111 :--;,., 1n·n. 

Hl'll Telc•phonl' Lahnratories, lncorporated. ~l'\\' \'ork. .\ clt·,;crip­
tion. with di.Jgr.lln. is gin·n oi a moditil·d j11lius """JWllsion clc·,;igned 
t•specially to l'liminate di,;turhances dlll' tn n·rtical ,·ihration,; from 
tlw h11ildin~ structure. The fraHII' holding the iHstrunll'nt is supported 
hy a systt·m of tape-wound coil spring:;, whid1, hecaust• ni the tightly 
wouncl friction t.tpc, cbmp out mcchanical ,·ihrations. Thc framc 
with its h.d.11JCing weights. is he;J\·y (ahout 120 pound,;), and so 
proportionecl in mass that a twi,;ting or tilting impulst', m·ccs,;ar~· at 
time,; in .uljusting tlw in,;trumcnt. disturbs i~,.; mm·ing sy,;tem only in 
.1 sl'Condary dcgrel'. Thi,; is a ,;c·cond feature of thi,; ,;uspension. 
:-;urpri,.,ingly dlc·ctin· kinl'lic in,;ulation is achien·d. Quadrant 
eltTironwter,; anti a mo,·ing magnet gah·anomcter ha,·c remaincd 
undistllrlll'd l'Yl'll wlwn lwa\·y tr11eks were pa,.,,;ing on the strcd Sl'YC!l 
tloors hdow. This type of ,;u,.pcnsion. dcn·loped ,;omc ycars ago 
through tlll' dlorh oi \Ir. II. C. ll arrison and :\I r. J. 1'. :\ l axlield. 
h,,,.. lwl'll ad.tpted for ttst' throughout tht· Bell Tl'lephoHe Lahoratories 
in ,, ,.,,ril'ly oi way,;. 

Po .. ·er .·lmpl(tiers in Tral/sallanlic Radio Telephony.:. .-\ .• \. ( )SW.\LD 

.tnd J. C. Sn! Et.u::-;c ;, Thc paper deserihcs the den•lopnwn I of a 
l.iO-kilow.ttl (output) radio frcquency amplificr instalbtion b11ilt for 
t r.ms.t t l.mt ic tl'lc·phom· tcsh. The cha raeteristics of tlw single­
siclt-hand eliminated-earrier nwthod of Iransmission arl' discusst·d 
with partintl.tr rderenn· to its bearing upon tlw dl'sign nf thc power 
appar.tltls. .\ dassitication of amplilil·rs j,; propo:->ed in which th\'fl' 
,He thrt'l' type,; distinguished from each othcr by tlll' partindar por­
tion of the tulw chararleri,;tic used. Thl' watl'r-cooled tuhe,; t'lll· 
ployl'd iu tlll'se IL'sts an· brielly dcscribccl, spl'cial mnsicll'ration heing 
gin·n to thl'ir use in a large installation. The sy:->tt·m is then ,;hown 
in outlinc hy ml'an,; of a hlock diagram. thc elements oi which an· suh­
::-cqucntly di:->cussed in grcatcr dctail. Thl' theory. electrical dt·sign. 
and mech.tnical rnn~truction of thc last two stages nf the amplilier 
are outlined. including the outpul and antenna cirruit,;. :\l eans L'lll· 
ployL·d to pre\·ent spurious oscillation,., arc describcd. Tlw ml'lhod 

1 Journal Dpt. Sc>e. of .\rn., \"ol. X, :\o . .', pp. IJil<}-lJJI, \lay, J<}.?.'i. 
• Proc of I. R. E., \"ol. t.l, pa~c .l 13, J une, !().?.'. 
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uscd in incrcasing the tran~mission band width to a value much 
greater than that of thc anll'nna is explained. Thc power requirc­
mcnts of a single sideband installation are outlincd and a dcscription 
of the six-pha;;e rectitier, u;;t·d as a source of high potential direct 
current is gi,·en, Iogether with a hrid theorctical treatment of its 
operation. Circuit diagra ms, photographs, and a number of char­
acteristic cun·es are di,.;cussed. 

Production of Single Sideband for Transatlantic Radio Te!eplzowy. 6 

R. A. I-I EISH\<;. This paper de;;eri!Jes in detail the cquipment and 
circuit u~ed in the produclion of the single sideband for tran~atlantic 
radio tclephony in the expcriments at Rocky Point. The set con­
sists of two oscillators, two scls of modulators, two fillers, and a 
thrce-stage amplifier. Thc o~cillalors and nwdulalors operale al 
power Ievels similar to thosc in high-frcqucncy cornmunication on 
land wires. The Ihrce-slage amplificr amplifies the sideband pro­
duced by the~e modulators to about a ;)00-watt Ievel for delivery to 
the watcr-cooled tube amplifiers. 

The lirst oscillator operatcs at ahout :3:3,100 eyclt·s. The modulator 
is balanced to eliminate the carrier; and tht· first filter sdects the 
]owcr sideband. In these trans.Jtbntic t•xperiments the second osci l­
lator operated at ~\l,:"WO cycles, IJIIt might upera tc anywhere l>el\n•en 
7-1,000 and Jm.ooo cych-s. Tht• ,.;econd modulalor, which is also 
habnced, is supplied with .1 carrier by the ~econd oscillator and with 
mudulating curn•nt;; hy lhe lirst modulator and first filter. The 
second lilter is lniilt to transmit hetween 11,000 and 71,000 cydes, so 
thal by \·arying tlw second o;;cilblor, the restllting sidchand, which 
is thc lower ,.;ideband product'(l in the second modulating process, 
may be plan·d anrwiH"rt• hei\Yl'l'll thcse two ligurc~. Transmi~sion 

curn·,.; for thc filtcrs arc gi,·en as weil as somc amplitude-freq ucncy 
performann· cun·e;; of tlll' set. 

A .\'ull-R.eadin.r. .lstatir .1/agnctometer of .\'oz•el Design.1 RICJIARD 
;\I. HuzoRTII. This instrumt·nt is dcsigned for mcasuring tllC' mag­
netic propt·rtie~ of n·ry ;;mall amoun ls of material in thc form of 
fim· win·s, thin Lq>l's, or as thin deposits (dectrolytic, e\·aporated, 
sputtt·n·d) :-.upported on twn-magnetic forms. The specimen, 4 cm. 
long, is mounkd paralll'l lo thl' linc joining tlll' two lll'edlcs, so that 
its pole~ produec tlw ntaximum torquc on tht· suspcndcd 11('edle sys­
tcm. tht· po,..ition of which i,.. rl'ad by mirror and ~cale. Thc etTect 
of the m.tgnetizing coil on tlll' m·edles is annulled once fur all hy the 
:-.uitabl~· pbcing of an .tuxiliary coil, and the magnl'lic l'ITect of the 

'f'roc o( I. f{. E., \"ol. 1.1, paJ.:l' ,!()t, 1'1.!5. 
1 j. o. s .. \. and R. s. I. to, :wt.x 1 :\l.ty, t925J, 
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G eneral Engineering Problem s of the Bell System 
By H. P . CIIARLESWORTH 

' tHF: rhi- l'·ll""r, rt".ld 1..-tor•· tiH' llt-11 ~y,lt'lll 1-:tlu.-.&1 ion.d Conlt-n·n··(', 
t'hi,·,,~:o, junt• U !7, t•l!.', di~··u~"-~ tlw .-h.&r.H"It·r .111<1 "'"1''-' of tlw im­
l»>rt.tnt pruhlt-m- in\ol\l·d in ,·,trin~ lor th•· ~rnwth .tnd "I'<'Ltlinn ol tlu· 
lkll "'''''111. l'lll' pl.wt ,.,,,.,"j"'" m·,-,.,,,,n Iu n~t·•·t "·nin· n·quirt·· 
mt·nts ,ntd tht· 11!~···~-it~ of .td\'.tll<'t•d pl.111nin~ .tr'-' lir~t J.tk•·n up. Tht· """' 
ol I he "I ·omm..rci.d Sun ,., .. " lla· "Fund.tnH·nt.d l'l.&n" and l'll~in•·t·rin~ 
!'O'I ,tndi,·, .trt' .tn.dyzcd to illu,tr.tlt· how .tn en~o:int·t·r all.tcks Jhe prnhlem 
ollm111shin~ ,,,,i,LI!tory IPkphom· >t·nitt•lu the puhlic .. \ rli>~u"ion of 
tlw '''" York-<"hit-.11:0 toll !'.thl,· .111<1 th•· lt·lt-phont• prol>lt·m in :\pw \'ork 
t'ity, .ts illu,tr.ttin· of 'l'<'l'ific t·n~:in, ... rinl-:' prohlt·nts, t·onchult-s thc p.tpt•r. 

T l I E proltlt·m of gi,·ing tt·l•·phon•· :-l'n·in· i,; quite ditT•·rcnt from 

th.tt nf mo:-t hu:-ine..;,.; t•nlt'rpri,.;,·:-. The nwreh;utt, for example, 

may t.tkl' murt" ltu:-int•,.;" in hi,.; ,;tore without m·n•,.;:-arily a lway,; in­

l'rl'<t'ing hi,. f.tcilities. Tlw minute w•· takc anotlwr ,;uhsniher , how­

cq·r. wc .uld to our pl.tnt ;tnd plant inn·:-tmcnt. Similarly, in ron­

twctinn \\ ith tlw manufactnring industry, thc m ;lllufacturer, for 

in-t.tn('l', j,., in a po,.;ition tu exerci,.;l' n·ry dirl'd contrnl on·r hi,; aeti \ ·­

tttt':-. l n tlw tdephone indu,;try, howen·r, nur ohligation i,; to takc 

tht· ,.;l'n·in· ,,,., reqllt':-ted and Iw prep.m·cl to th·lin·r it wlwn and as it is 

n·quirl'd. Fur tht·rmorc. thc atti,·itie:-; of the telephom· hu,;incss a re 

of :-twh a n.Jttlrl' a,; to makt· it (',.;,;cntia l , n·ganlle,.;s of the re motene:-.s 

of the tt·rritory or of the phy,.;i,·<~l ;tncl dimatic nmclitions in,·oln·d, 

th.tt .t '"'~· hl' fntiiHI, a,; iar as practic.thlt-, to CttJJstruet and maintain 

tht· pl.tnt .tnd safl'gu.tr.l the sen·iee to thc public. 

To ntt·t·t the~e t·x.wting rl'quin·ml·nt:- c.tlls for tlw greatt":-t ingl'nuity 

.tn·l fore:-ight in tiH" de,;ign of tlll' teJ..piH•nt· plant anti inntln·,.; e;t rdlll 

:-tutly of ,.,,rio11,.; pi.11JS for pbnt l'Xll'll,;ion anti rl'arrangcnwnt with a 

\ it·w to tlw :-l'kl'tion of the mo:-1 l't'ouomieal and dt•:-i ralJk plan. 

ll. tYing determinl'd tlw fundaml'nt;tl,.; of design, thcre mu,.;t , of eottr,.;p 

ht· dt·,·i:-ed wo~y,; .tlld meau,; oi :-.tft·l~· con,;tnwtiug aud t'llicit"lltly 

m.tint.tining tlw pl.111t. Furthermon·. ·'" the plant j,.; twce,.;,..arily 
,.,,·,tttl'rt·d o\er a n·ry l.trge h-rritory and a,.; the dilll'rent parh nHh t 

work Iogether ,;ati:-f.Ktorily and with tlw llllt:-t l't'lliHtmical re,..tJits, a 

high dl'grn· of !-ot.tlldardiz.ttion is rl'<)ttin·d. still lea,·ing, lwwen·r, 

irn·dnm to ad.tpt tlw plant to dillerl'nt lm·al condition,.;. \\'c lind 

,.,jtJl'nrc on l'n·r~· h.tnd of the Y.due uf thi:- st,tlldardization, not only 
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during normal conditions, but also clttring emergencies, when it has 
been possiblc to quickly asscmblc equipnwnt ur materials from any 
part of the systcm and promptly re~tore or expand the service as 

required. 
Important cngineering problems of great \·ariety, therdore, present 

themseh·es on e\-cry hand calling for considcratio·n hy the engineers 
in the l.cneral Engineering I )epartments, as weil a~ the Traffic, I 'lant 
and Commercial cnginecrs associated with the operating divisions 
of the companics. 

PL.\:\T EXTE:\SIO:"\S TO :\I EET SER\"ICE RE<ll'fRIDIE:"\TS 

.. \ ,·ery !arg<' part of thc enginccring work of tlw Bell System is 
concerncd with thc de~ign of plant cxll'nsions to mcet cxpccted future 
sen·in~ requircnwnts with thc maximum econom~· consistcnt with 
maintaining the :-<·n·icc ~tand~•nls of thc systcm. I shall not discuss 
the magnitudc of thc variuus acti,·ities and requiremcnts of the 
system, hut will recall to ~·our mind a fcw of the outstanding items 
to hett('r illustralc thc magnitude of this part of the engincering work. 

Telephmw stations arc heing conm·ctcu at the rate of o\·er two and 
onc-quartcr million annually. 

The resulting net additions or gain in stations pcr year is approxi­
m~•tely SOO,Oiltl. 

To mcl't this slatiun g<tin and to rcpldC<' <·quipmcnt rcmm·cd from 
plant, switchuoards arc bcing addcd at the rall' of approximatdy 
1,200,1Hhl slation capacity annually. 

Thc Bell System installs in <llll' ycar approximatdy 30 billion fect 
of insulatcu conductor in Iead ron·rcd cable ranging in unit sizes from 
1 pair to 1,212 pairs. Ofthis amuunt, mure than 2i bi llion conductor 
fcct constitutc the net annu~t! incrcase in conductor mileagc. 

The ahm·e plant adclitions, togetlwr with otlwr important items, 
such as polcs, wirc, ctc., im·oln· a nl'l increasc in thc tclephonc plant 
of nearly thrcc hundred million dolbrs annually. 

II i,.. of intcrcst to twtc, in this connection, that tlw annual additions 
tu thc tdcphone plant toclay <lrt' ('qui,·alent to thc entire plant in 
'-t'rYi('c in thc Bell Sy"tem as of alulltl 20 ln 2.) ycar~ ago. 

t lln·imhly with a progra111 of thi-. magnitudc.: and of such diYer~ity 
in tlw ch.Ir<H'Ier of ih rl'l.th'd unib, (\Jrt•ful ;uh·ancc planning is nc.:n:s­
~.•ry to insun· t•conomical and -.a I i ... Lwtory pc.:rfonnanee. 
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ln tlw t'.lrlit'"l d.1y" of tlw tcll'phonc ,..,.n in·. thl' prohll'lll of l.~yim: 
out .1 tl'lt·phnne pl.mt \\,1,.. .1 ,..in1pk ont· .. \ \l'f~ ,..m.dl ""itc-hloo.ml. 
,..impk in ch.Jr.lt"ll'r .nul ..... ,ily mo\ •·•1. if m·n·""'1ry, ",1,.. pl.1n·d in 
,olll<' con\·,·nicnt loc.1tion. thu.dly in n·nlt·d qu;lrlt'r"· .111d from 1h.11 
"" itdJhtl.lrd wirc,; \\l'l'l' rtlll olll' by Olll' .1.- lll'l'dt·d, lo tlw prl'llli~l·~ rif 
ththt' dl',..iring ,.;c·rYice. t·ithl'r on poll',; or on·r housc-tops. l'ndl'r ~uch 
,jmpk .111d nulinwnt.1r~ condition~. 110 "criuu~ fllll'"tion ui tlw future 
n•·, .. Jt.d to Iw .m,;wcn'tl. Tod.1y, how diiTl'n·nt is tlw ll'lcphom· ~itua­
tion in m.1ny l.lrgl' citil's, ~twh as Chi.-.1go. or thrnughout tlw ~y"t•·m. 
L.1rge .111d "pcci.dly dc~igned buildings mu,;t he con:-;tnwtt·d for the 
.HYomm•J<.I.ltiun uf tlw lllTes,...1ry intt•rcunntTting or switching nll'ch.~­
ni,_m.;; expl•n.;in· "witd1hnanb mu,;t Iw placed in the,;l' huildings; 
co:Hinih must he l'XIendl'd irom l'.ll"h of tht•st• huildings along appro­
pri.Jtt· rnUil'" to n·ach tlw thmb.IIHis of lt·kphones which nn·in· "'·n·in· 
fro 11 these ,;witehho.m),;; otlwr conduits must I)(' pbcl'd hl'I\H'l'll tlwsl' 
"witt hho.mb .md tht• otlwr huildin:,.:" .md ,..witrhiH•.ml" throughout 
tlw city so .1s to prm·idt• tlw means oi intercomnHJnieation lwtWl'l'n 
thl' subscriher.; cnnnecll'd \\ ith the switchhoanb lot\llcd in difft.rl'nt 
ht.il lin.~s: stillother eonduits and cahks must he placed lwtwet·n tlwse 
"" itehho.mJ,.. and the n·ntr.d swit,·hhoard or toll hoard frnm which 
r.uli.tll' .-.thle.; and conduih .md lim·,- l':\lt•nding to tlw suln1rhan area, 
to .Jdj.tn·nt eitics. to all tlw otlwr principal citie,- in the l'nit<'d S tall's, 
.llld to Canada. 

E.tch of the lmildings must hc placed in sOIIIl' delinite location and 
it i,.. ncet·,;sary to plan this weil in ach .llll'l' and to dircct thc growth 
of tlw pl.tnt tow.trd that location, en·n though the huilding ma~· not 
be built for .-oml' years hence. Otherwise, n-ry serious and costly 
rearrangements of pbnt would he neces~ary at tl](' time the office is 
opt•ned. Furthennore, each huilding must he planned for some defi­
nite ultimate siz<', although, of cour,;e, the whole building need not be 
huilt at one time. Duct.- cannot hc placed under the strccb onc ur 
onl' "" needed. Puhlic ,..,·ntiment woulrl not, of cour"''• toleratc the 
npening of important street routes ~everal times, or e\·en oncc, each 
year for the purpo,;e of placing an additional duct. :\eitht·r would it 
be L'COnomical, if practicahle, to construct conduib in thi,.; piecemcal 
w.ty. The manholes in tlw.-c conduib mu~t be planned with refen:nce 
to the numher of ducts extending into thcm, not only the Jucts initially 
pl.lcl'd, but if .;iJe run,; are to he made from the,;e manholes or if other 
ducb arc to be placed I.J I er, I his f,Jct must hc forl',;n·n and prm·ided 
for, or eXI<'nsi\·e and expensiYe altl'ration,; arc ine,·ital•le at a later dall'. 

I might go on and multiply thc conditions which must lw 111<'1 in 
con.;tmcting tC'I<'phonC' pi.Jnt in a country ~uch as ottrs in which not 
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only thc- popubtion is growing and mcn-ing, hut where thc dcmand for 
tclephone serYiec is gnm·ing more rapidly than the population. \\\· 
an: in efTel'l planning a growing organi,.;m and we mu:;t reeognize that 
\H' are dealing with ultimatc Iendeneies largely LJl'ycmd eontrol, tlll' 
e!Tl·cts of which arenot capahle of L'Xal'l \'aluation. Hmn.>YL'r, cnough 
ha,.; heen said, I helic\'e, tu indicatc clearly to you that the tclcphonc 
company on L'Yery item of i~,.; huilding,.;, eonduit:; and caule construc­
tion must constantly an,.,\H'r for itself ,·ital qucstions as to the future 
rcquircml'llls of thc system. 

Thi,.; was carly recugnizcd, and one of tlw most important engineer­
ing prohkm:; of the HL"II System has hel'n the formubtion of e,.;timall',.; 
of cxpeeted futurl' telephone IJu,.;iness hoth a,.; to quantity and cxpeeted 
location, and tlw den·lopment, from tlll',.;c c,.;timates, of ha,.;ic plan,.; 
of proeedure, "·hich plans must, of cour;;c, Iw !lc-xihll', capahle uf 
modilication from time to time>, and stwh modilication,.; must he madc• 
aschanging eond itiun,.; ,.;lww thcm to hc alh·i,.;ahk. 

Uur lirst ,.;ll'p in dc:termining the estimated futurc telephone requirL'­
mcnt,.; is to prepare a so-ealkd "CommL'ITial Surn·y" of the city, 
L'oYering the requirement,.; lifteen or l\n·nty years ahead. The,.;e 
studies indudc a nitical analy,.;is of tlw existing market for tclephone 
,.,en·in·. pertincn 1 facts as to tbe pre:;l'Ill sall' of telephone scn·ice, of 
clas,.,c,.; of ,.;erYice and users and forl·ca,.;h of I he markl'l for telephonc· 
,.,cn·icc at thc futurc date or date,.;. Con,.;idcration is al,.;o gin·n to tlw 
growth and distrihution of population, L'XJlL'cted ch;mges in gerwr;d 
wage len·ls, l'lc., and assumption,.; of tlw amount of hu~ine,.;s that must 
Iw ~old in earh area on tlw futurl' datl's ~l'kcted under a;;,..umed rall' 
conditions. 

lla\'ing thus dl'll'rmirwd from the "Comnwrcial Sur\'ey" the n·­
quirl'llll'Ills for tl'lephone sen·in· for \'arious parts of the eity at tlw 
futurc date assuml'd, it i,.; ncxt L'SSL'ntial to den·lop <J comprchensin· 
plan to ,..L'f\T as a ha,..is for tlw byout of tlw pbnt to llll'l'l these rl'quire­
Il1l'llh. .\l'cordingly, a ~o-c-alled ''Fundamenta l Plan" is made for 
tlll' community I'CJ\Tring thc,.;c condition~ a~ e~timated llfiL'L'll or twenty 
years heiH'l'. Tbe imporlai!Cl' of Hll'h a pbn is ohYious, hut ;1 brid 
rden·IH'l' to ~omL' of its features will, I l•l·lien·, lll' of interest. 

ln laying out a pl.tn for a eity, the engilll'l'f' might, ;ts <lll t•xtrl'nll' 
ca,.,l·, l'L'IIIvr all thL· suh,.;rrilwr:;' liiws at onL· huilcling. Oln·iou,.;ly, wt· 
\\oulcl han· ;~ maximum l·flicienl')' in operation in :-.olllL' n·spL·cts, in 
that we h;J<I grouped all of our :;witchhoanb togTtlll'r, lnll our outsidL· 
plant eost,; woulcl he at a maximum and other di,;adYantagl'S would 
uc c:xperienccd. ,\s the other extreme, thc engineer might place many 
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-.lll.dllouildin~" . .rc•nnd tlw t'il\, thu-. Jll.win~ the o11hid(' plant '"""h .tl 
,, minimu111. lout inn~'.t,.;in~ tht• ditlicult\' .11111 t':>.pclbt' of opt·rating "" 
111.111y cc·nlt·r,.;. I llo\·iolbly, tht·rl'ion·, tlll'n' i,.. ""'lll' .1rr.1ng•·nwnt lw-
1\H't'll tlw two t'\lrt'lllt'" I h,l\t' cill·d whit'h would pno\·idt· tht· nw,..t 
t•rnnomic.d .1nd ,..,lli,.;f.tt'lnrY Iayout nf tlw pl.1nt. ~,.,·eral lt·"t c·<l~·t·,.,, 

'' hich in tlw jud~nwnt of tht· t·ngimTr st't'lll promi,.ing, an·, tlwn·fon·, 
"ttuli~·d anti tlw mn,..t e•·o110111ical and ,.,,ti,.factory plan dl'll'rminl'd 
upon. ln complt·ted fonn, the,..t• "Fnnd.tmt·nt.d l'l .11h" furni,.h lh the 
follnwing e""enti.d inform.tlion upon whi.-h to pron·l'd with tlw morc 
detaikd ,..tudie,; conTing pl.111t extt·n,..ion,; . 

• 1. Thc number of n·nlr;d oftin· distriet,. which will llt' rl'quirl'd to 
pro,·ide the telephont• ,.cn·ice mo,.;t t't 'llltOJnil'ally and tlw IHHIIld.n i •. ,., 
nf the,;e n·ntr.d ntlin· di,..triet,.;. 

h. Tlw mtmber of ,..ub,.;criht•r,;' lint·,.; to be ,.;l'rn·d h~· l'<ll'h n·nlral 
ot'lin' di,.trict. 

c. The proper locatinn fnr the ccntr<d oftice in t•.ICh di,;trict to t·nahle 
thc ,;t•r\'ice lo hc gin·n mo,.;t economically with rcg<trd to ro,.t of cahlv 
pl.tnt, l.llld. ouildings and nlher factors. 

d. Thc proper streeh and alky,; in which to build utH!t-rground 
conduit in order to n·,..ult iu a comprchen,.;in·, ronsi,..tent and t•t·onom­
ical di"tributing ,..y,.;tem rcaching l'\Try city l>lock to he ,..t·rn·d hy 
underground cablc. 

c. Thc mo,;t economical numher of duch lo pro\'ide in l'ill'h con­
duit run .ts it j,.. huilt. 

Our t•xperiencc has ,.;hown thal 1 he,.;e fundamental plans redun· 
gue,.,-:work to a minimum hy utilizing thc experienn: of years in study­
ing qm·,.tion,. of telephone grnwth in onler tu makc cardul forcca,.;h 
on thc ht·,.t po~sihle enginecrin~ ha~is. Thc,..e fundamental plan~. 

togcthl'r with rdated ~ludics, thu~ prm·ide a gl'ner<tl program of plant 
exten~ion to bc followerl throughout the pcriod for each of our eitit·s 
and ,.,onwwhat similar pl.tn,; an·, of cour~l'. undertaken for detcrmining 
the futurc rcquir!'ments of our inll'rcity or toll facilirie~. 

ft is t·,·idt'nt that hoth the ultimatc arrangemcnt and thc program 
wlwrl'h~· it is to uc ohtained must ha\'e the utmost tlexihility in order 
to llll'l't unforcsecn rcquin:mcnts, nmst work in ,.;ati,..factorily with thl' 
,.,i,.,ting plan I, which repn·,.ent,; ,,n inn·stment of on·r ~2 .. -,o .l,OIHl,OO.l 

llltbt nll'l'l immediate st'n·in· rt·quin:ments, and al,;o pl·lmit full 
;ul\-antagc hl'ing Iaken of IH:w den·lopnwnls in thc tclephont• art. 

The :-(ll'citic or dt'tailt-d plan for cach projt·ct of plant t·xten,..ion. 
wht'lher within thc citit·,.. as di,..cu,.."ed or l1etwt·en citil·,., in tht· rolllint· 
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plant must, of course, Le started early enough so that adequate time 
is allowcd for completion of the constmction work hefore the new 
facilities are requirctl. The complete inten·al IJetween starting work 
on such a project anti getting- it into ~en·ice can f'eldom !Je less than 
one year and in the case of builcling and n·ntral office cquipmcnts 
mu,.;t, of course, J,c longer. 

Owing to the complexity of the problem of suital,le advancl' plan­
ning for the growth in the tclephone plant as already discusscd, it is 
evident that in the ~tutly of plans for spccilic projeC'ts, selection must 
gcnerally bc maue Let\\·een a clwice of arrangements, morl' than oJH' 
of which might satisfactorily nlC'et the requirements of the sen·ice. 
It is usually necessary, therefore, that two or more practical plans or 
programs for construction must he compared so that the most ad­
vantagcous plan may hc sclectcd. :\n important factor in the sclce­
tion of all of thcse cascs is a study of the rclatin· economics of thc 
different plans; that is to say, a comparati,·c cost study and as these 
studies form such an importan t part of our cngineering work, I Le­
lie\'e it will be of interest to de\·ote a few momcnts to a clcscription of 
the importan t considera tions gt·nerally im·oln·d. 

These engineering cost studies requirc analysis and consideration 
of the cost anti re~mlting annual chargcs for dilTerent amounts and 
types of plant incluclcd undcr cach plan. The annual charges com­
prise items of expcnse incident to ownl'rship of plant and those that 
are incurred each ycar aftcr its installation to keep it in operatiun and 
in sen·iceable condition. 1\s a gcneral thing, in these cost compari­
sons, another intcresting factor is also present; namely, most of the 
plans which are compared call for expcnditures tobe maue at dilTerent 
p(·riods. For ('Xample, one plan might call for erecting a new building 
at a Jll'W lo\ation immcdiatcly; whereas under the othcr plan Leing 
consicl(·rl'd, thc necessary additional spacl' rcquired cuuld bc sccured 
I'Y adding to an l'Xisting huilding and defl'rring thc eomplctc 11ew 

projcct for pn~"iblr tin· or ten years. The rl'l.ttin· economy of thc 
plans, therd()Je, cannot Iw dl'termined directly by a detailed com­
parisun of tlll' expt·nditures in,·oln·d or rcsulting annual charges, b u t 
it is ncccssary in onlcr to gin· .1 fair cnnqK1ri~on to express thc rel.tti,·c 
costs oi the dilTcrent pl.ms in -t1·rms of present worths, or equi\'alcut 
annuitics which gi\'e ligures for thc total exp(·nse in which accurate 
allowancc is maue for the variation of expenditures with respcct to 
time. 
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Thl'~l' enginl'l'ring eost compari~ons lll,ty he ron~idl'rl'd a~ compo~t·d 
of four part~ ur nper.tti lll~; nanll'ly, the premi~t·s or kno\' n fartors and 
.t~,..umptions; tlte formul.1tion or sl'l-up of thc prolllt·m: tlll' solution 
or m,ttht·nt.ttic.tl cakul.ttion~ aud liually tlw intt·rprl'tation of thc 
resultg. Thl' dell'rmination nf the premiscs and formulation ui a 
giH·n prohlt·m is, of cnur~e. a m.ttter spl'cilic tn that pwl,ft·nt, and hcre 
the engitH·er must exercisL' so11nd judgnwn t, for unll'ss t hc as~umpt ions 
upun whidt thc work is hased are reli.thle thc study itsl'lf is uf littlc 
\'aluc. Thl· tllathem.ttiealcakul.ttions are, of course, a dl'linitl' thing. 
llo\H'\'l'r, the inll'rpretation of thc results must always l>c a mattt-r 
of enginecring judgnll'nt and full weight must he gin·n to thtN' factnrs 
which by their n.tture cannot he l'\·aluated in the t'Ost l'Olllpari,..;on . 

• \ cnst study is a fund.ullcntally important toul in assisting the 
cnginecr tn n·al'h a deei~ion as tn the most dc~irahlc plan ur program, 
but as indicatcd it cannot be usl'd to rcplaec tht• exl'reisl' of judgnll'nt 
on his part. The solution of an L·nginl'ering prol>km is, in gcnl'ral, 
not a matter that can hc dt·monstratcd mathl'matically as can, for 
t'X,1111plt•, the propo~ition, that the ~quan· of thc hypotenuse of a right 
triangle is l'qual to the :-lllll uf thc squarc of the two sidcs. .An en­
gincering ,..tudy r.tther requircs in addition to all of the definite facts 
that can bc bwught to bear on thc question thc excrcisc of sound 
judgment on thc part of thc engimTr in wcighing thc results of thc 
eost study with all rdatt:d bu,.;int·ss or other factors bcaring on tlw 
problem. 

Somc f.tctors inYoln-d in thesc enginecring studiL·s arc often of a 
ch.uacter ''hielt do not permit of exprcssion as a din·ct chargc against 
a gi\'cn plan, l>ut mu,..;t bc considcrl'U on a Lroader basis ~uch as the 
ditTerl'lll'l' in quality or depl·ndability of thc sen·icc, etc. .\lso it is 
import.lllt to kl'ep in mind, for example, that, otlwr things Ul'ing 
equal, a pl.111 requiring largc in\'estmcnts has disau\'antages as com­
pared with one n·quiring a smalll'r inYcstmcnt ;;o that c\·cn though thc 
pLm in,·oh·ing a l.trgcr inn·stnll'nt may proYc in from thc co~t study 
by .t small margin, it may bc dc"-irahlc to adopt th1· alternati,·c plan 
so a;; to a\·oid tying up con><iderable amounts of lixed rapital. .Another 
quc~tion to bc kept in mim] in interprcting cost ~tudic;; i~ whcthcr the 
mnre l'Xpen,.,i\'c typl' of plant, u,..ually a highl'r type of plant, can hc 
.tdopted ,...~ti~factorily at a latcr datc or whcthcr tlw derision to be 
made at the pre~l'nt tinw prccludt·s its adoption latcr. i n the formcr 
rase it is oftl·n wisc togofurther in ddcrring fixcd capital cxpenditurcs 
than in thc l.tttl'r ca,;c. Finally, throughout all nf his work the en­
ginecr mu,;t ha,·e forcmost in his mind thc fact that the tdcphone "Y"­
tcm exists for the purpose of furnishing scn·icc to the pul>lic and the 
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rc~ults uf his cnginccring dTort should in,.;urc a ~cn in.· which i!' satis­
factory frum thv suhscrihcr',.; Yicwpoint. 

lt is c\·idcnt from what has Ileen said. I l)f.:licn·. that tlw:o;c cnginccr­
ing cost studics arc of grcat hcnclit in working out thc proper pro­
ccdurc in our enginccring wnrk. and I as,.;umc tlwy are t•qually helpful 
in the cnginccring of any kind of growing plant. :\nything that can 
rcasonably bc done, thcrdorc, to gin~ thc studl'nt an apprcriation 
of thc nature, scope, and application of tlw cconomic ronsiderations 
of thcsc cnginccring prohlems an<..l to dcn·lop hi,- faeultics uf judgmcnt, 
imagination, tcam play, a nd otlwr Tl'lall-d qualitics, \Yill doubtlvss 
pron· of grcat ,-,dut• to thc stiJ<.h•nt in hi~ latn l'ngint·Pring work. 

I han·thus far dcscriheu to you ~omc of tlw n·ry important cnginel'r­
ing pruhlcms inYoln·d in tlw planning and carrying out of plant extcn­
~ions to llllTt l'XJll'l' tl'd futun: ~cn·in· rcquin·nll'nts. I woulu like 
ncxt to consider \\ ith yuu a fl'w of thc cnginccring prohlcm~ that prl'scnt 
tlwm~cln·s in tlw actual dc,..ign or operation of tlwse largc exlt'nsions 
to plant as introdun·d. 

Thc rapid den·lopnwnt of the ll'it-phont· ~~ · st1.·nt, including thc trc­
nwndous growth in tlw numl,t·r of 11-ll'phont·s in sen·in· and the rapid 
incrcasc in tlw l'XIl'nt of ll'rritory which can lll' reaclwd from any 
ll'lcplwlll·, h.t~ lcd to a g rcat in1·rt'<bl' in thc importancc aml difficulty 
of thc ttchnical proi,Jcm,.. inYoln·d in thc de,.;ign and maintcnann' 
uf thc plant. 

Thl'~t· technical prohlcm,.; con-r ;t '1·ry wid1· rangt•. Tlw t·ll·rtrical 
a nd al"lllbtic proJ,km~ inn,ln·d in the transtni~,.;ion of ~Jll't·ch han· 
ll'd ll'lt·phorw 1111'11 to 1111Wh pioncering work d1"<tli11g wit h the llu\\· of 
~u,;tainl'd a11d tran,;i1·11t altcrnati11g curn·nb in ekctric circuits of all 
typl·~ and in thc fund.un e11tal nature of "JlCl'ch and hearing itsdf. 
.\ gain, tlw lTonomica l dc~ign of out,.;idc plant with ,.uitalrle strcngth 
a11d ecolllllll)' in\ ·oh· ~ ·,. inq·~t igat ion~ of charactl'ri,..til·,; of l'on,.;truction 
a11d matl'rial,; a11d thc pre,;pn·ation of timl'l'r, and tlwre are, of cour::-l', 
"Jll'cialm.ttlwmatical a nd otlwr pro!Jil'm~ in\·oh-l'd in thl' dl'~ign of long 
c.tble or wirl' ~pa11 s. Huilding,.. and a,..,.(wiall'd n·11tral ofticC' Pquip­
rn en ts i11\'lrh t• n·ry i11tnt·,..ting mecha nical and dl'ctrical prohlcms 
in tlw m.ttll'r .. r tlw l.ryout of -thc lnrildi11g ,.; ;r11d tlll' arrallgl'llH'llt of 
app. tra tu,; to llH'l't cx.wting n·quircmc nts. Tlw~c i11dudc ma11y 
proJ,)pm,; in tlw dl' ,., ign of 11wan,., fur auto111atically :-.upen·i,;ing tlw 
pn 'l:n·ss of 11-ll ·pholll' l'( llllll'Ct ion ~ a11d in t hc 1 k~ign of tlwu,.;atH I,; 
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o' t~pt·-; ol .lpp.ll·.ltlb lo lllt'l' l "JH't ' ilit· llll't'h,,uic,d .111d t'lt't'trit·,d 

l"l'tJllirt·llll'lll,.., 
\\'h,tt I h.l\t' .dn·,uh ,.,,id t'lliJih.l,..ilt'" tht· import.lllt't' .,f l'llgiun·riu!-: 

\\ork imohc·d in tht· d,·,..ign of llt'\\ pl;lllt. \'t·ry iutt·n·,..tillg t'll!-:illt't'r­

ing "tudic"" .lrl', ho\\l'n·r, .d ... o in\tohc·d in l'tllliH'I'tiou \\ith tlw m.lill­
lt'll.lllt'l' of thl' pl.111t ,,,. \\t'll. Thi,.. in..Judt·,.. tht· ch-H·Iupnll'nt of im­
prto\t'd rnaiutc·uo~IH't' uwtht~tb .1nd routint·-; .111d a tTitit·.d ,,u.dp.i,.; of 
tht• n·,.ult ... nl>t,,inc.:d. judgt·d irnm tlw pnint,.; of \ it·w of l''l:l'ellt•JJ.'Y of tlw 
-.c·n it't' .lmlt't'OIIlllll\ of npt'r,llinn. "1'11 u,..,. a hc>llll'ly illu::.tr.1tion; om: 
might h;I\L' hi,.. auton1ol>ik rolnpll'll'ly gmw mt·r l>y a g;,r;tgL' t·n·r~· 

WH or :?tltlmiJt.,.. oi mnuing \\ ith tht· n·"ult th.1t Iw Wt>uld proh.~l>ly l>e 
n·a"c>nahlr ,..un· of perft·et m.lilllt•naun· uf tlw aut•mwhik (, ,,.,;urning a 
pc.:rfcl't gar.1gcl. hut thc maintt·nann· t'o,.;h would be exrc.:~,.,in·ly high 
.111d 11111 of proportioll to tht· la·ul'lit rl'l'l'i\·t•d. On thc othc.:r h;llld. 
hmH·\·L·r. if 110 atiL'ntion i,.; gin·n 111 tlw maintcn;uH·e of thc <llttomohilt·, 
lll.lintt·n;IIH't' n,,..,,_ W1111ld hc.: at a minim11111 l>ut tlw tlt-prcciation would 
he high. thc opl'ration would ,...,un ht·conw un,_,,ti,.;factt>r~· and ,.;tu>lll'l 

or l.1tcr tlll' n·,.;lllt,.; wonld hL' <t tutal iuterruption tt> ,.;cn·in:- lhC. T hc 
prohlem, therdorc. ,.,·idt·ntly i,.; tu l"nHI tlw prop1·r habnce lwt\H't'll 
o\ l'r.dl ro,;h and ,.;t·n·in· rc~ult~ .• tlld thi,.; i,.; truc, oi cour:;e, uf tlw 
\,triuu,.; cnginL·t·ring proulcn"' to hc ,.;oln·d in ronnt•ction with tlw 

mainll'nancc of the tl'lcphonl' plant. 
Thc cngincering wurk oi thc Bl'll ~y,..tt·m al"o ill\·oh L'S, tu a !arge 

cxll'nt, rt•l.ltion" with uthcr organizatiPtb. T hc:-;c tt·lations arc n·ry 
do,;e with other wire-u,.;ing n>mpanies, including ,;mall telephonc rom­
panic,.; who,.;e I im·,. n>nncet with tlw;;c of tlw Hell ~y,.;lt'lll. l mportant ll'­

l.ttion:-; nHhl ht· maintained by thc l'll~illt:l'r with elcctric power and 
t·leetril· railwa~· t·ompanic,;, as p.trtin!l.trly important prohlt·ms of 

-,,.iety <tnd oi "L·n·iee ari,..e due to tlll' proximity lwtwt·en tht·ir l'lectric 
circuih <lltd thL' tl'IL·phunt· circuit";. Tht'"'' prol>lenb ill\·oh·c prO\·ision 
not onl~ for tlw proll'ction of tht· plant and L'lltployet:s again,;t the 
danger of contal'l with the wia·,- of otht'l companit•,.; l>ut al,.;o indudc 

t'oc>rdin<Jtion of thc two ,.y,.,tcm,.; to prn'l'nt L'Xt'l'""in· indurti\·c ctTect~ 
'' hich of tl'n ht·l'nllll' import;lll t w hl·rt· l'lt·ct rit· pm\ t'f linc,.; 11r cll'ct ric rail­
way,.; and tl'lt·phmw Jincs runparallel to t:ach otht:r. TIH' clectric com­
panics and thc telcphone companie,; often find it a1h·antagcous to cnll'r 
into arrangcnll'nts for thc joint u,..,. of pole lint·s and thi,; prescnts 

many proulcms requiring colhider.t tion hy t hc t•ngineer. I t i,.; c\·idcn t, 
thercforc. that thc prol>lem,; of thc tt·kphonc t·nginccr t·o\·cr a n·ry 

widc <tnd intcresting- lieltl in mcchanical. clectrical antl otlwr art,.;, 
l1oth within thc I>U-;inc,.," ibclf and in rclatiun with othcr utilitit• ... and 
lllllllil'ipal. ,;tah· or national uodi(';; or a,.-;ociat ions. 
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Si'ECIFIC I'IWJECTS ILLL'STRATI:\G TELEPIIOXE E~GI~EERI~G 
I'RURLE\IS 

Enough has J,ecn said, I lwlie\·c, in the foregoing to indicate tlw 
gt·ncral nature of thc !'nginccring pro!Jlcms hanuled in the Bell System. 
lt i~. of cour~c, impracticahk and dou!Jtless would !Je tiresome in a 
talk of this character to deal specilieally with many detailed cngincc•­
ing prol>lems im·oln·d in tlw work which I haYc just dcscri!Jcd in 
general terms. I l>t·licn• that you will gather a Letter a ppreci ation 
of what sOIIll' of the~l· problems arc from thc inspection trips which 
form an important part of this wcek's program, than you could !Jy a full 
discussion of tlwm here. lt will pro!Ja!Jiy !Je of interest, howen·r, 
hdore closing to outline l>riclly one or two typical telephonc enginecr­
ing prohlems of considera!Jie magnitudc . 

.:\t-:\\ Yotn;: -CuiC\tio ToLL C.\BLE 

The first !arge engincering problcm I will consiuer is that relating 
to thc .:\ew York-Chicago toll caule as shown in Fig. I. This ca!Jic 
follows a ruute from .:\e\\' \'ork through llarris!Jurg, Pittsburg, i\cw­
castle, Clen·lancl, and tlwnce to Toledo, and when complell'd 1 will 
extend to South Rencl and then on to Chicago. For parts of the 
distancc through the congested sections it is undcrground, and through 
the open country ii is aerial. 

l 'nti l a comparatiYcly fcw ycars ago practically all long toll cireuits 
werc in opcn wire construction; that is, indiddual wires mountcd Oll 

scparatt· insulators attachcd to cross-arms on poles. This was a 
natural dcn·lupnwnt at first, uue to thc small num!Jer of circuits 
LISU<LII)' inYoJn·u, Ullt \\ <JS also lll'Cl'~~ary Jwcause of the reJa tin·Jy high 
Iransmission Iosses of caJ,Jc circuits wherl', as you know, tlw wires an· 
insulateu by \\Tappings of paper, dosdy twistcd together in pairs and 
quads, and !arge llJilllbcrs of these comprcssed Iogether within a kau 
sheath. The rapidly increasing use of toll sen·ice, howe\·cr, pointetl 
to difficultics in proYiding for futurc growth with opl'n wire linl's. ln 
different parts of the routc uetween Chicago and .:\ew \'ork , for 
examplc, therc Wl'rL· thrcc and four lwaYily loaded open wire toll lines 
and the rate of growth was so rapid it was eYiuent that bcfore lon g­
difliculty woulu hc cxpericnccd in obtaining suita!Jic routcs for the 
additional pole lincs requircd. 

l·:arly dTorh wen· accoruiugly made to dcd:o.c mcans which would 
JWrmit of ~ati~factory talks through cahle and as a rcsult of n·ry 
iuten~iYe rcsearch therc wcrc den·lopeu satisfactory forms of tclcphone 

1 This cahlc h.1s rcccnLiy bccn complctcd. 
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n·pl·atcrs; that i,.;, dl·, ·in·s fur amplifying- fcehle tdqJiwne c urn·nt,; , 
pa,.;,.;ing in citlwr dircction on·r a telcplwne circuit, withuut <tppreciahle 
distortion. Tlw mo,.,t sucn·,.;,.,ful rcpeaters of thi,; type. as you m a y 

know, u"e as tlw amplify ing eh·nwnt tlw \'acuum tuhe, although 
thc tuhe it,.;l·lf j,.; hut a n·ry ,.;mall part of tlw app;trat u,.; required for thc 
:<U<Te,.,,.ful opnatinn of the telephone fl')Watcr, a nd many intere:-ting 

Fig-. :?-Open wire toll linc 

l'llgincning prnhlent,.; h;ulto hc ,.;oh ed in pn>\·iding a eomplete fl'))('a te.- . 
.-\ full di,_n.,.,,.;inn of thi,.; n-ry important ;md inter<::- ting dl·, ·dopment 

i ... giH·n in a paper J,y :\Ir . < ;1wrardi aml I >r. Jcwl'lt, puhli,.;hnl in the 
Tran,.;actintb of tlw .\. I. 1·:. E. for I!II!J. 

The toll cahll· dl'\ dopnlL'llt, ha,.;ed on tlll' lbl' of fl')ll'aters as outlined 
aluJH' and 111.111y othl.'r t•···hnical improH'IIll'Ilb, ll<l\\' makcs it possible 
to gin· :-ati,.i;wtnry ,.;l·n·icc lwt\\TL'Il Chica.go anti ::\l.'w York and inter­
Jllt·di;atl' pninh ,,, t•r toll cahlt• cirnaib of ,.,uch ,.;ma ll ga ugc that clo,.;c 
to :wo circuit,. can l•l' indwkd in a ,.,ingh· ,.,lwath oi :;?5 8" in dianwt1·r. 
The ,.,,aJne nu1nlwr of ··in·uit~ would rl'quire four or live , ·ery lwa,·ily 

huilt pol•· lim·,., of "Jil'Il wire l'nll,.;trul'lion surh a,.; is ,.;lwwn in Fig. 2. 
Tlw con,.,tnwtion of the ( 'hic;Jgo-:\('w Ynrk cahlc was sl; trt{·d in 

1!11:--- and \\illl>l' •·onJpl .. tcd thi,.; y1·ar. ,-\ ,.; :-.hown in Fig. I , thc cahlc 
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j,.. neo\\ in ,..t·n in· hl't\\l'l'll ( 'hil".tgo .1nd Sonth lknd, lndi.ln;l, .11111 
hl't\\l'l'll :\t'\\ York .uul point,.. .1~ f.1r \\'l'~t .1~ Tolt·do. Thi,.. l'.thll· j.., 

olll' l'lt·nwn t of .1 \ l'ry ,., h'n,..i\·,. lll't work of I oll .-.d •I•·~. p.u·t indilrl~· in 

Fi-:. 3 TralbJ oning •·al•lt· n·•·l, 1hnnr-:h .\IJ .. gheny :\l ounlail.> 

Fig. 4 Toll ,·,,hh· lirw in .\ll .. ght·n~· :\lounl.dns 

thl' n••rtlwa ... tl'rn p.trt of tla: t'tlltntn·. lmport.tnt cthfe,- in ~crvice or 
h:in~ in,;tallcd out of Chi•·ago, in addition to thl' :\l·w York-Chieago 
cahlc. includc cal•ll',.; from Chil';tgo to St. Loui,-, Chieago to Tl·rn· 
lLutlt:, Chicago to :\lilwaukl'c. Chicago to I ),l\TIIport , low.t. During 
this Yl'•lr thc lh-11 Sy,..tt·rn j,.. in,..talling mTr 1,0011 miles of toll l'ill•ll· 
containing morc than :2 f,illion .JIIO million fn·t of in:;ulated conductor. 
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Thc sucn·:-;~ful operation of long circuits of this cablC' nctwork has 
l>ecn hrought allout only by thc solution of Ycry difficult tcchnical 
prohlcms, somc of which haYe already lwcn mentioned. lt may bc 
of int ere~t to state that the long through circuits in this cahle will hc 
in tlw nature of four-wirc circuits: in other word~. one pair of small 
gaugc win:s with rcpcaters will hc used for talking in onc dircctiun and 

Fig. 5 Typkai tcl.:phone rl'pcatcr station 

a "imibr pair so t·quippcd will bc uscd for Iaiking in thc othcr dircction . 
. h an illustration of anot hcr type of probk-m inYoh·cd, it may bc of 
intl'rc>'l to mcntion that it is nccessary to employ automatic regu­
lators \\·hich vary with changcs in thc tempcrature of the cable con­
ductors, the amplifica tion introduced inlo thc circuit by some of the 
rl'pcatcrs. \\'itlwut rcgu lation, thc changc in temperaturc occurring 
within 21 lwurs oftl'n makcs as much as a thou~and-fold di!Tcrcncc 
in tlw anwunt of ekctrica l encrgy rl'ccin·d m·cr :\l'\\' Yurk-Chicago 
l'ircuit from tlw same input, a Variation which wnuld, of coursP, ultcrl\' 
pwn·nt gi,·ing ,..,.n·in· m·t·r the ci rcuit s. . 

.\"idc from tlw c·k·ctrical difficultics therc wcre a lso intcresting 
prof,Jcm,.. nf a nHThanical \'nginccring nature to o\·crcome in the desing 
and pLwing of tlw ca l•lc, particularly whcre it passcs through thc 
wildl'mc·-.s nf tlw .-\llq~heny :\lounta ins as shown in Figs. 3 and ·L 
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Tlll' t-.Jhlt• i,- for mn,.;t nf it,; tJi"t,tnn• ,;trnn~ on pole lint·,.; and tht•"t• lirll',.; 
\\t·n· •lt·"i~:ned e,;pt·eially to with,;t,llld tlw "tn·,;,.;l',; t·,ur",·d during ,.,,.,., 
,..torm,.;. Tlll' dt·ci,.;ion ,r,; !11 "helher tlll' c;thlt· "IJorrld lll' trrHh-r~rorrnd 

hg. (• Bank of 2-wire tekphone repeaters 

or aerial in th(' \·arious ,.;cction,;; in it,;elf irn·oked many ('ngirwering 
c"n,..ideration,.;. 

i n addition to the engineering matter;-; in connl·ction with thc cal•lc 
ibelf. oth('r intcre,;ting prohlems pre,;ent tlwmseln·s. of coursc, with 
reg.tnl to thc design and con,.;tnwtion of the teltophone repeatcr station,; 
.wd thcir as:<oci.tted cquipnwnt, thc telcphone rcpcaters !Jcing insertC'd 
in circuits of thi::; character at intC'n·a(,.; of ahout 50 rnil('s. .-\ typical 
repeall'r station is ,..hown in Fig .. 5, a bank of lwo-wire n·pcalt-rs in 
Fig. Ii, and a Lank uf four-wirc repcaters in Fig. 7. 

Fig.::., shuws a \·iew of thc romplctcrl cal•ll'. Jn this ca,;e a loading 
coil ca,..t· i" abo shown, and thc pirturc indicates again the physical 
prohiC'rn of cn·t·ting a cahle through the less accessihk ,.,·ctions of the 
tcrritory. Fig. V :'hnws anoth('r scction of thc complctcd rablc through 
opcn conntry, and shows loading cuil con::;truction and facilities for 
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Fig. ll.tnk of ~-wire tl'll'phmu· rq <·:tt<·r~ 

I 1~. X Toll <-.tlok linc showing loading coil 1·a~~· 
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cutting iu .uldition.d lo.1diug •·oil,.; "" n·quirnl. Fig . 10 gin·,.; an 
interesting Yi1·w of tlll' 1".1hiP on·r the .\llq.:henit·-:, :-ohowing 11-: ag.tin 
the llll't'h,lllil'.d prnhlelli" ill\·oln·d in d•·sign .111d l'~>nslnH·ti~>n. ln 
thi:-o 1'.1"1' tlw 1'.1hl1' follows clo,.;l·l~· tlw t>pt'll wire litu·. whil'h in time will 
be di,.;m,mth·tl. 

lt 111.1\· Iw of int•·n·-.t in thi-.conm·t·tion lo -.l.tll' th.tl tlw pl.tns tol11· 
comp.trt·d in tlw -.tud,· of tollcahll' projcl'l-. g•·•wrally dilll'r primaril~· 
in tlw d.tte-. .11 whid1 tlll'y conh·mpl.tll' :-ouppl..llll'llling or replacing 
opt'll wire ,..en·in· hy c.thlc. Condition,.; und•·r whil'h Lthle heromt·s 
l'l'onnmi•·.d dqwnds. of cour,;l'. on man~· fartor,.;. l'erhaps t hc rnosl 
import.mt ,.ingll' faetor i,.; tlw r.11l' of gro\\ th of tlll' eireuit rcquircments. 
l'lw dl'tailcJ de"ign of tlw cahle abo in,·oiYes n·ry intcrcsting studies 

nf the lTonotnical numher of cirntits tn pro,·ide in tlw cahle slwath . 
. \bo tlw ,.,·onomi ... tf gaugc of each circuit n111,;l hc con,.;idned, l'Olll­
p.trin:;:: in many t·a-.es thc el·nnomies of a largl'r gaugc "·ith tho,.;e of a 
... malkr gaugl' pro,·ided with a greatcr 11111111wr of telephonc repeaters. 

The de-:ign of tlw toll cthlc as disc11:-osed is hut one illustration of tlw 
de,;ign of the toll plant ext•·n,.;ion as a whol<>, a probl•·m which, in 
gClll'ra I, ill\·ufn·,.; tlw considcration of the rl'lati,·e d•·,.;irahility of 
.ttltlitiuns tu t·xi-.ting open wire toll line,.;, J,uilding ncw open wirl' toll 
lines. applying t arri1·r t..lcphone ,.;ysll'llb to •·xisting lines or installing 
toll cahll' . 

• \s anuther ,.pl'citic illu-.tration of tl1l' tdephom· enginccring prol,lcm, 
l will tll'scribe bri..tly tlll' matter of adl'quately meeting requiremt·nh 
in a largc city, u-:ing for purpo,.l':-o of illu-:tration thc ,;ituation in :\ew 
York City and thP ml'lropolitan arca. Thi,.; partintlar "ituation douht­
Je,..., prc,.;ents onc of tlw mm.t diflil'ult enginl'l'ring prohlt·ms and in 
-.ome rc~pects i-: unu:-;ual, yet. on the otlwr hand, it fairly repre;.t·nts 
the kind of engim•c1ing prohll'lll with which tlw Hell Sysll'lll enginl·c·r,.; 
mtt-.t dl'al at all timt's. 

Fig. II indicates ckarly tlw magnitttde of thl' prcsent and future 
prohk·m in thc :\l'w \'ork 111l'lrupolit.111 are.t, a-: Yiewl'd frnm thl' 
llllliiUCr of telepho111'-:. ln !!lll.i tlwrl· \\1'1'1' :.?:.?0,000 ,.tation-: in \'1·\\ 

York City and :30II,tHIII statinns in tlw llll'lropolit;tll arl'a. By 1!12.) 
the tigures had incrl';bl'd to 1,100,000 for :\ew York City and 1,!1110,0011 

for the entire arca. Hy l!ll.i it is e;,tim.ttl'd th.-re will hc on·r 3,000,0110 

,.;tations in :--.·cw \'ork City and o\Tr I,OtHI,OOO in thl' nwtropolitan a:-l';t. 
l'art of thi,.; gnm th ean l1e ascrilll'd to thl' normal increa"c in tlw 
popula I ion and p.trt, uf coursl', to t Iw tl'ntlem·y to makc more u~l' of 
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Fi!<:. CJ Toll cablt: line through open wuntry 

I· i..:. 111 I ·.d•l•· .11td op<·n win· toll lirw in .\lll·~lwny :\lountains 
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the tdcphonc. ln .uldition, p.trt (Ii tlll' ~r11wth i,.. due tu tht· ('on­
ditions following thl· \\'nrld \\'.tr .llld tlw ~t'lll'ralt•t'lllllllllit- trcnd. 

Comp.tring 1!1:21 \\ith 1!111, \\hole,..,tll' l'tllllllltlllity prin·s. ilS )'1111 

know, h.tn• ri,;t·n on·r ;"10 pt'l n·nt: tlw l'n"t nf li,·ing on·r litl per tTIII: 

wagl's in m.tnur.tcturing intlu .. trics o\'er 1011 pt·r t't•nl, while in !Iw s.tn11· 
pl'riod ll'lephom• r.ltt·s gt·twr.dly h.tn• innc.t~t·d less than :)() pl'r n·nt. 

ESTI \t ATED NUMBER Or TELEPHONE S 
NEW YORK CITY ANO 
\tETROPOLITAN AREA 

)000~ 
NY WEIRUPUliUH 
AIE.A~ 

:~~.;JU 
1905 1925 

Fi~-:. II 

1945 

)Cl!>~ 
loif(lo 

and t'\·en h.·ss than thi,. in some nf the !arger citics. Telephone service, 
therdore, represcnts a largc \'ahte for its prin: and in a situation likc 
Creatcr :\e\\' Yurk City. where there are ht'twt·t·n "L'\'Cn and eig lll 
millinn people. it is hutnatural that the nt•w situation in the l'Cnnomic 
halancc nf things, Iogether with tht• lnw pricc of sen·in.· shnwn, would 
make for a \Try suh,.tanti;tl inrrca:o;c in the dcmand for telephonc 
st:r\'iec. This ha~. of cour,;e, al,..o been truc elsewhere. 

As I ha\·c shown then· are at present a total of on·r onc million 
telcphom· stations within :\cw \'ork City prnpl'r sern·d from about 
l:JO ccntral oilice~. ~Ii otlin·,.. ha\·ing IJt'en aclded last )'l'ar. Thc pre­
dictions are that within thc next twcnty years tht· stations and central 
oifices will h;l\·e more than douhled. Each ,..uiN·rihcr in this gn:at 
network must bc ablc to rt:ach promptly t'\Try other subscriber. 
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Duc to the !arge area iiwolved, a great num!Jer of calls within tlw city 
necessitates !'Xtra chaq~cs, whieh means that they must hc spccially 
superviscd and reeorded. There arc many dilTerent dasses of serviee 
furnished tlw puhlie, such as n!l'asured rate, liat rate, eoinhox, ctc., 
and, of coursc, such otlwr spc.:cial sen·ices as Information sen·iee. 
:\ot only individual lines !Jut party lincs and pri,·ate exchanges must 
!Je cared for. Furthcrmorc.:, the dcmands for scn·ice to the extensive 
area surrounding this great city, as weil as the !arge numiX'r of cities, 
towns and rural rommunities throughout the entire countr)·, rcquire 
that prodsion Ul' maue for thousands of toll llll'SSages daily. The 
proulem of gi,·ing satisfartory scn·in· under these eonditions and UIIder 
the complications that eome with the trenll'ndous growth referred 
to is a ,·ery important one and requires cardul and constant stud~·. 

In onler to properly earc for this l·omplex prohlem of furnishing 
telephone sen·icc in !arge rities, telephonc engineers in line with the 
etTorts which have uecn made from the time of the early switch boards 
ha\·e endea\·ored to perform the ,·arious operations antomatically so 
far as consistc.:nt with :;l·n·ice requirements. \\'hile tlw switehhoanls 
whieh you saw yesterday are ralled "manual" switch!Jnards, you 
douutless noll'd from tlw demonstratiun and your ,·isit through the 
ccntral oflice that many of tlll' npC'ratiug features are automatic in 
rharaeter. The latest step in this gen<'ral trend of dc,·elopment has 
ueen to develop a switchhoard which would pnwidc for completing 
many classes of calls entirely without the aid nf an operator, and the:w 
new machine switching equiplllC'nts whieh you will sec toclay are 
gradually'ueing introduced intn \'('\\" York, Chicago, and otlwr !arge 
Clllt'S. This is a ]arge prohlem in ibelf and ill\·oh-es not only tlw 
completion of calls from machine switrhing subsnihers to otllC'r 
machin1' switching subscrilwrs, but tlw rompll'lion of calls incoming to 
machint• switching oflin·s from mannal offwes and outgning to manual 
o(fices. This must ue done without reartinn on the servire or in­
ronn·nicnce to tlw sul•~crilll'rs aml :o;o that the machine !'C)Uipment 
and tlw nwnnally operated switdlho;lnls will work togethl'r as a co­
ordinatl'll wholc. 

I do not know of auy nll·chanical dl·,·ice that reminds one so much 
of tlw functioning of the human hrain as does thi~ llll'Chanism for 
co111pll'liug calls followiug the dialing operation. Tht· completion 
of a "implt• call, while qnite im·oln·d in ihl'lf, is hy 110 means the 
con1plt-te prohlem. There mu:-;t Iw a great many otlll'r features pro­
vi1kd, such, for one l'Xamplt·, a:< wlwre a registt-r is prm·ided on the 
suhsnilwr's lint• to regisl!T the mnnlll·r of ralls undC'r nwasured rate 
sen·in·. ln thl'"<' ca~t·" it is nceessary to insti!T that there shall he 
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propt·r rq.:i,..tr.Jtion ~~~ lht· lll.whirll' .rnd tht· mt·t·h.rrli,..rn i-. "" .trr.lllgl'd, 
tht'rdort•, th.tt tlll tiH· conrpktion of tlll' c.rll it willtt·,..t tht·lirw to n1.1kt· 

-.un· th.tt t'\t'r~ <hing "·'" norm.rl lu·fon· n·gi-.tr.tticlll i,.. .wtu.tlly pt·r­
fornlt'd. Simil.1rly, .rll tht· \\a~ through tht· conlplt'tion of tllt' n·gu l.t r 
.111d spt'ci.rll'l.t:-,..t•:- of c.tlb it j,.. nt'l't'""·"-~ for tht' lllt't'h.uti,..nl to pt'rform 
ju,..t such intric,tlt' furwtiorb ,,,.. th.tt dt'-.nilwd. 

The t·ngint·t·ring of tht· intt'roll'll't' trunk lo~yont in ,, city likt· :\t·w 
York is .tl:-o ;111 imporl.tnl .tnd intt·n·,..ting prohlcm, not only l•t·c-.tu:-e 
of it:-; nl.tgnitndt· hut lwl'all:<t' of tlll' almn,..t unlimilt'd \·ariations whil'11 

EXCHANGE TRUNKING PLANS 
TRUIIJI GROUPS R(QUIR(O 8(T~((N T(N CCNTRAL OrrtC(S 

D1R[C1' TRU"'K PLA'j TAN[)[\1 TAlJ"'I( PLAN TAN0[\4 AND DlR(CT 
lRUNio(. PLAN 

- "** NEW YORK METROPOLITAN AI:~ 

TRU~' GROUPS R(OUIREO 
(HR(CT lRU,o, PLAN TAHDEM TAUNI< PLA~ TANDEM A.'iD OIA[CT 

HWNI'I. PLAN 
HOOO GAOUPS 850 6AOUPS ftc800 6AOUPS 

might ht' t'lll(•loyed. a !arge numlwr of which must l1c eardully t·on­
,..idered in t·onnt-ction with aduitions tu tlw plant. In opcning ne\\ 
n·ntral otliees, trunk circuits llltbl he pn,,·ided bet\\'l'l'll each tll'W offin· 
.md the t·xi,.,ting offtn·,.. and also hci\H'l'l1 tlw m·w officcs themsdn·s. 

Fig. 12 illustr.tles thc ro~ngt' of trunking Iayouts which might bc 
used. \\'ith thc 10 offin·,.. ,.,.,,..unwd ancl dircct trunks hctween cach 
oflin· anti C\Try otlll'r otlin·, !10 group,.. of trnnks would l1e requircd. 
\\"ith tht• ,..o-ealled full tandl'm operation; that is, unclcr an arrange­

ment whnl'hy c·ach office fl'acht•:- ('\'l'ry otllt'r ollict' through a rentral 
point, 20 gnHI(h of trunk,.. would Iw requirecl. lk twcen the:-;c two 
t•xtn·mcs with ,..onw office:-; rl'aching n·rtain otlwr offices through thc 
tandem reniC'r and cert.tin uther,.. hy direet truuks, a great many 

coml>inations wnuld Iw po,.,sible. ln thc rase assUilll'U .iO group,.. 
o.!ppt·ar<·cl to hc the be,-t romhination. Tlw data gi\'cn at thc hotiom 
nf Fig. 12 are of particular intercst in this ('Onneetion. r\s will be 
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noted. if only direct trunks Wt'rl' t•mploy<'d in thc melropolitan a rca. 
somc -t:U>OO groups would bc rcquir<'cl. On thc othcr hand, if wc 
followcd only thc strict ly t;1ndem plan, ~;)0 groups would bc rcquired 
but as prc,·iously indic;,tcd, unwarrantcd switching costs would h c 

Fi~: . t3 
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im·oln-d. By L'stallli;.hing- a plan, hmn·vcr, ilwol,·ing both tandcm 
;IIHI din·ct trnnks, t hc most t•coJwmical plan can hc dctcrminC'd upon 
and in thi;. cast· ;dHJllt !1,000 g-roup,; pf trunk,; an· rcqnircd. Fig-. 1:~ 

~how,; how r.Jpiclly thl' lrunk g-roup,; incrl'a,;c with thc addition of 
;. tation~ and n·ntr.d ollices. You can weil imaginc thc <'llgi nccring-
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prohlem ill\oln·d in working out tlll' 111""' l'llici•·nt trnnking: pl.m for .1 
city ,..udt ,1,.; :\t·w York or ( 'hic.tgll. 

:\,..idt• front the l.tyoul of tlw lrunk pl.tnt iht·H. tht· engittet·ring work 
itn·oln·,.; 1111' de,..ign .uul l'«llblrtwlion "f tlll' lllt<krground "uhway 

"Y"'''III .tnd tlw de,..ign oi the phy,_j,·,tl cahlt· plant. ln ont· year in 

Fig. I.' llowlin~: t;n·•·n ll'lt'plwnl' huildin~:. :\1·w \'ork City 

.\"<.·w York City alone. t•nough ca!Jic has h~:cn in,.;talled and placcd in 
,..,.n·ice to make a cable Cllntaining I.::?oU wire,.; reaching from .\"ew 
York to Chicago. 

Tlw expan::.ion of the nwtropolitan phutl lo care for the incrcasc in 
the numiJer of ,.;tlihcriher::; al,.;" inYoln·,.., of cour,.;e, opcning many ncw 
ollin•,.; and thc pnn·i,..ion of new ,.;witchhoanl,; and additions lo thc 
t•xisting ,..witchl>oank The matter of ,..electing the name for a new 
cenlralllftln· would at lir,..t appt·;tr to he a ,..implt- one. but ;t,.; inclicated 
~~~ Fig. II it i,.. .1 \Try ill\·oln·d prohlt·m in it,..elf. .\,..will hc noted, 
there are many qtte,..ti .. ns to hc t·otbidered. t >ne ieature relatt·,.; to 
tht• m.tlll'r of di.ding. lt j,.. inten·,..ting to rtott· from Fig. 11. hmn•,·cr, 
thal \\ hile th<· nan11· .. John" do(·s not ,..,.,.lll in any way to conllict 
with the namt· "Knickt·rhocker," yl'l the,..t· two nantc,... c"uld not Ire 
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ll~l·d togetht·r in tlw ,.,tnll' city l>l'l';llbl' oi cnnllirt in the dialing prot·e~,... 

l'honctic contiich are "'"'' l'Xl'l'edingly important in ll'lephom· opl·ra­
tion. ln fact, tlw~ form one of the mo~t important Ltctor~ that mu~t 

he ron~idercd in tlll' ~dcction of an oftice name. PronutH.:iation of the 
ll<tllll' mu,..t al,..o l>t' l'a,;ily under,;tood. Thu,; Wt' find that in the ca,..t• 

of thc metropolitan area ,;nnwthing like 12 ~ourres of namcs were 
nm,;ultt·d; for in,.t;\IH'l', hi,;tnrical \n>rk,;, geographiral 11·ork,;, po,;tal 

guidl'~. tl'll-phnnt· dirl'clorit·,.;, .tnd ol her ,.;otiiTc,;, and out of IOO,tl()tl 

nallll'" t'tJtbitlt-n·d not ntore th;111 l.ill could he u,;ed and po:;~i bly :>Ollll' 

of thl'"l' nn furtlwr ,..ttttly 11 ill h<tl t' to hl·eliminated. I han· mcntioncd 
thi,.. dl'lail nf olwration ,..imply to ilhbtrate tla· 1·aril'ty of the prohlems 

for the tell'pht>lll' t·ngim·t·r .111d tht· l'Xll'lll to which Iw must ron,;idcr 

tlw111 in order lt> itbun· tht· gr;ule of "l'rl in· ll'l' <tn· all ,;tri,·ing for. 

Tlw en·t·tion of 111'11 l>uildin~-:,.. .uul additiotb lt> exi,.ting building,; i,; 

,d,..o a brg•· prnl>il'lll, tlwn· ill'ing 1:! IH'W huilding,. and :!1 additioth 

o·n·t·tl'd in :\o·11 York dttrin,.:: 1!1:!:~ and 1!1:!1. lt might he intcresting 

Jo not•· that for tlw-.,· llltildin;..:,.. and t•tptipnwnt,. it j,; lll'l'l';.,..ar~· to 

nm,..idt·r not only tht· propl'r ,,,. ... ,wi.ttion of thl' \';triou>o clt'llll'llb of tlw 
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n·utr.d nlllt ,. uuit lro111 tlw \ il'\\ poi111 ol ~t'I'JJring ,..,,ti-.f.wtory opt·r.etioJl 
.111d IJI,eint.-ll.llh'e• coJJditiolh, l>ul ,.J,.., l11 pro\ ide· for .111 t~rdt'rl\' ).:ftl\\ th 
of the ditlnt•Jll p.trt~ ol t'I)Jliplllt'lll .tnd building. Furtht·r. tlh' t't•ntr,d 
olltn· lo~\ out 11111 ... 1 111' t'tlll~ith·n·d fr.,J11 I ht· poi11t of \'it'\\' of , . .,~.,.. which 

I •.: I; l.nn;.: di,..J.trh·,. ll'kphorw huilding', :\ t>\\ York City 

;nay \ , ,r~ o\·t·r .1 \\ idt· r.Jil).:t' undl'r tlw dillt·rt·nt arrangement:- which 
might ),,. u ... ,.,J. Thi,.. ~·ou will lwtlt•r appn·ci.tte from your vi~it~ 

thr,ntgh tiH' oltin·,... 
I will Jlt·:xt ,..ho\\ \"t>ll a f,.,, .... ,..l',.. \\ hil'h \\ ill illu,..tralt• ~t>Jlll' of the 

proJ,J,·m:- in the \\,1)' of pro\·irling l>uilding ,..pan· to hou~t· ,..witchhoard 
t'I)Uipnll'nl:- in tht· ... t· l.1rp· nwlrt~polit.lll .Jrt•.e,... 

Fig. J.-, i"' a photograph of tlw Hm\ ling ( ;rt•t•n huilding, localed in 
tlw •·:xtn·nw lo\\Tr l'lld oi :\l.lllh.etto~n J,..Jand and whid1 will prt>\·ide 
~p.we ior "'" itchbo.anl requit't'llll'llb forthat p;arl of :\t'\\' York ( 'ity. 

Fig. lli gi\t ·-. ;a ratlwr intere ... ting e:xan1pk of .111otlwr of tlw l.trgc 
:-.;,.,, \'ork tdt·phone l>uildiJJ~o: .... thi,.. c;, ... ,. l>t:'ing tht· ont' locall'd in \\'t·~t 

:~tith Strt·t·l in tlll' IH"ighl>orhwxl o( tht• l't'lllb)'h·ania Station. Th i:< 
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uuildin g and cqui p nwn t inYoln· an l'Xpcnditurl' of S l ;\000,000 allll is 
equipped to :-ern · on ·r ltltl,Otlll stat ion s. ln ot iH"r words , we find 
in th is one huildi ng a nd t lw ;~,..,..oc i ated switch J,oan ls on suhscriher's 

premise,.., prm·isio n for ha ndling mon· station,;, for exa mple, than arc 
in sen ·icc in a c it y t lw :- ize of lbltinwre, with a popula tion uf ncarly 

!'\IJII ,Otlll . giYing you a furlhl'r idca of l lll' proJ,Jem of pnl\·iding st·n ·icl' 

in tlll'st· l.trgl' nwtropolitan n·ntt·rs. 
F ig . 17 illu>-tratt·s tlll' llltilding in :\t·w \'ork d e\ "t ltt·d ln tlw cenlt·ring 

of all long di:-t.tnn · litll'>-. Facilitics arl' a lso prcl\·ided for colllll'r ling 
togt·t la·r t lll' '.trious .,flin·s of I hl' ci I y for swi tching lo suhurJ,an points 
tltrough 11JH' of tho:-t• t;tudt·m lu1arcls oi which I ,;pokl' , a s wl'll a s for 
:-\\ilchiug t11 tht· grt·at nt·l\\nrk oftoll lint•s ru nn in g out to all im­

porl.alll pt•iut:- throu~houl tht· ('(1 \l lllry. \\"hi k t lll'rl' <trt• some local 
swit r hho.trrl f.w ilitit ·>- in this louilding, practiea ll y a ll tlw spacc is 

dt·\ott·d lo h.tndlin ~ t111l tralrw. 
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Fig. IS illn,..lr.tll'" tlw lh'\\ huilclin).! lwing hnill for tiH· :\c·\\ York 
Tcll'phom· Comp.tny on \\"t•,..( Strl'l'l in llll' lcl\\l'r p.trl of :\l.tnh.tll.trl. 
Thi:- buildin~o: j,.. ck,..ignnl lo hou,..t· ,1 l.argc· 111111111\'r olunit... of rll.Whint· 
::-wilchin~o: t•quipnu·nl, .tnd lht• upper p.trl will IJc· utilit.ccl fur lhc 
.ulmiui,..lratin· ollire~ of tlw Company. Thi,; fnrllwr ilhhlr.tlc•,; t!w 
type of lntilding reqnirnl in lhc•,..t• largl' n·nll'r,.., ancl tlw many l'll· 
~o:irwering problem,; in,·nln·d. 

I ntighl go on al lcngth, gi,·ing onc· problem afll'r anolher, l1y way 
of illu:;tralion, hul I lhink t•uough ha,.. ht'l'll ~.tid to giYL· you a gl'lll'ral 
idea of the n.llun· and gre;tl ,·aril'ly uf lhe ldl'phone l'ngiueering 
prohkm iu,·oh·iug, a,; il dot'"• almo,;t t'\Try pha,;e of thl' mechanical, 
eleclrical, aml ollwr ;tri,;. l t i,; oln·iou,..ly nec't'::-,..ary for thl' enginel'r 
not only lo t'Otbider 1lw ll'dmical prohlem,; in,·olved in each of thl',;c 
m.tltl'r,;, bul lo a grt'<Jier l':\lent it "t'l'llb lo me lhau almo:-,l any olher 
silualion I ha\'l' em·ountered, it j,.. nl'n·,..,;ary for him lo Iake into 
.JCcounl all of the rl'i.tted hroad operating and bu,;ine,;s faclors whid1 
art• naturally lohe found in an indu,;try of thc rnagnitudt• of the Bell 
Sy,..lem. 



Engineering Planning for Manufacture ' 
By G. A. PENNOCK 

S\ ~~11"~1"': This ,.nide discusscs tlw complt·tc analysis, front a manu ­
fal'turing point uf ,·iew, to whit-h en·ry itcm of tciC'phonc appara tus is 
suhmined at I hc ll .nvt hornc l'lant of thc \\'cstern Ell'ctric Company. 
Thc~e works employin~. at prescnt, ahout 25,000, pruduct• over 110,000 
diiTcrent kimls uf parts whidt enter into somc 13,1100 separate forms uf 
apparatus. The advalllages of cardul enginct·ring analysis of cach n~'' 
joh coming tu thc fanory, as weil as those which have heen in productiu11, 
arc hrought out. The variou, ~tt'Jb which are worked out in conncction 
with each analysis are as follows: manuf.tcturing drawings; thc proper 
manufacturing O(Wrations and their serJUL·nce; thc machi nes best adapted 
to carrying out tlw,c Operations; detcrminationuf the kind of tools, gaugcs, 
weighing aml other equipmcnt; 1 hc determination of 1 he probable hourly 
outpul for each opcration; the gra1lc and rat•· of pay for the opcra to rs: thc 
kind and amount of raw matL·rial rcquircd; manufacturing Iayouts wh kh 11:11 
thc entin: shup organization: eaeh Stl·p in the production of the parts, and 
finallv the hest rate tu bc paid for l'ach u1wration. ln conclu:iion, the 
authÖr discn'"''" thl' personnel of the l'lanning Organization. 

I :'\Tl{! llli'('Til 1:'\ 

T l I E ('s:-.l'tll'l' of 1he ~lll'l'es,;ful op\'fa1ion uf any ind ustriale~ta l•li~h ­

nwnt i~ nmtained in the maxim " Plan ~·our wurk - tlwn work 
your plan." Tlw tir~1 par1 of thi~ maxim i~ hy far the mo~t import­
an! ,.inn· 1hl' ahility to work any pl;m dl'pemb fundame n1 a lly up1 n 
tlw exn·IIC'nn· uf 11lt' plan ibelf. 

Far~ighiL'd planning. a~ applied 1o ('h·mt·n1ary fac1ury orwra1ions. 
is a rl'la1iYC'Iy :-.impk prol•lem. Fm l'Xampl\', tlw prohl\'111 inYoh-\'d 
in planning tlw work of a foundry is to a gr('at C'X 1C'nt nH'rl'ly thl' 
tlw duplication ()f plan:-. alr\'ady standan li z\'d , hut in a plant manu­
facturing widl·ly din·rsilil·d pruduct", such a~ \H' han· at lbw1hornt·, 
planning l",·conH·~ a1 ()IJ\'l' mon· dinicult and c~"l'ntial. 

Thl' C\'rll'ral :\lanufacturing I kpartml'nt of the \\'estl'rn EIC'ctric 
Company pro\·idt·s tlw Bell Sy:-.tl'lll with telephone cquipnwnt which 
irl\'oln·~ thl' produc1ion of nn·r 1:~.1JOII "\'Jiarate and clistinct forms of 
apparatu~. in the nm:-.tnwtion of \1 hich tiH'n· are uscd o\ ·cr 110,000 
diiTerent kind:-. of part~ madl· front 1~.0110 diiTcrC' n t kind~. sizes, arHt 
,.hapt·,., of r;t\\' ma1l'ri.tl. . \ nurnll('r of tiH'"l' parts ar\' prodtrc\'d in 
\'('ry "'u;dl qu.tnti1i,·,.;. 

Tlw production of the Yaril·d pnHhrct mt·nti11ncd ahon· inYoln·~ 
nnt onl~· all tlll' u:-.ual wood and n1l'lal \\'orking upera1iun~. but a lso 
,.uch lirw,; of lll.lllllfactun· a:-.:· gla:-.s making, lt·xtile dyeing, manu­
fac1ure of pmn·l.tin, l·h·ctroly1ic· ir()n, n tkanizl·d a nd plwnolizl'd lihrl' , 

1 l'.tpt•r n·;od lwfon· tlu· lll'll Sy>ll'tll Edu<".otional <"onfl'rl'tll'C', Chi1·ago, jun•· 
.!2 2i, l'llS. 



/·XI;I\rli</XI, /'l.l.\\1\t."/·U/\ \1.1\l/·.ltll'/N <;.1,1 

soit .11111 h.trd ruhl>l'r in lhl' form of ,.,Ju·t"l, rod, tuht•, and moldc·d 
,.,h,qw-.. thl' in,.,ul.ttion of \\ irl' \\ ith lt·,tilc·,.,, c·n.tlnl'l,;, .llld p;qwr, anti 
tlw t'oll\ n-.i11n of l'oppt•r hillt•l,., i11to win·. 

Tht·,.,t· mall'ri.d,; .m· u,t·d for lll.Jkin!-: p.trh '' hil'h, gt·nt·r.dly ")H'.Ik­
ing .. tn· quitt• ,;nt.dl in ,.,izl' \\ hl'n c·o•np.lrt'd with p.trh 11-.l'd in ,.,(t'Jool 
loconJc>tin·s, g.t,.; l'nginl',.:, dynamo,;, .11111 olhl'r kindrt"cl t·quipnu·nt 
cnrnnwn lo lht• l'll'clrical .11111 llll'l'hanieal lit"ld,.;. 

Thc f.tcl that tht• p.trb arc small in dinwnsion, hm\t·n·r. dot•,., not 
ntc•,tn that tlw lll<tlllliacturillg clilticllll it·,., art' in proportinlt. I >n tlll' 
conlr.try tlw prol•lt"m,., i11Yoh l'd in tlwir manufa•·turl' an· "ftl'll li!lll''­
in an inn·r,.,l' ratio t11 the size of the p.trl. 

Fig. I ,.,Jww,.; ,, crank sh.tft alu111t thrt•t• ft"et long ;111d lhl· shafl u,.,ed 
in tlw l'alling dial for nt.tchinl' ""·itrhing aho11t an indt and a h;tlf 
long. The byo111 of tlw npl'r.ttion,.; n·quirl'd for machining the c-rank 
::-haft i,- shown in tht• uppt'r left h;llld conu·r. Tlwn· an·,, total of 
eighl. 

Bdnw at the ldt i,; sllllwn tlw Iayout of operalions for making thc 
,.,Jtafl for the cli,tl. Tlwn· are a total of eightcen. 

,\,.; you ,,·illnole from thc data at thc right, thc numlwr of maehine,. 
inYoln·d i,.,, roughly. tlw samt· in caeh easc. Thl'"l' dala illu,;trale 
the bct, howt·n·r, th;tl tlw small part may be more romplic;tted and 
inn>ln· more t·nginet"ring prohlem,; thal thc larg«'r parl. 

l'l..\""1::\t; FDR TltE Fl'Tl'RE 

.\,.; thc manufacturing 11ni1 of the lkll System, the \\'estern Elertrie 
Company in planning it,; produetion has hat! to lx·ar in mind, firsl, 
that thc farilities shall hc adequak to turn out the tr('llll'IHiou,; 
\'OIIIme of apparatus and equiprnent required from ycar to year: 
second, that the System\ supply of equipment mu,;t hc plamwd to 
diminate, so far as i,; humanly possihle, any interruptions: and third. 
that the Systl'm must gl'l its equipnwnt at the lowe,.,t po,;,;ihle cosl. 

Brid1y, our program for pr0\·idi11g huilt!ing,.; and eq11ipment for 
thl' futun· i,., ba,.;ed on a hn·-year f"rt·c;bt of hu,.,int•,.,,., madt· by c·;tdt 
.\,.,,..ociatt• Company and >'lllllmarizl·d by thc .\111crican Telephone and 
Tdt"graph Company. 

lt take,; approxim.ttdy two ycar,; to l'rl'Ct .tnd cquip ncw huilcli11gs; 
eon,.,equt"ntly, Capacity ,..tll!lies on tloor ,;p,ICl' arc madc two ycar,., or 
rnorc in a•h·.mc·e and tool and lll<ll'hine l'fltlipnll'nl studies are madc 
onc year or more in adYancc, as thi,., equipnl('nl can usually LJc pro­
\'irkd in om· year. 
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:'\OTI·: l 0:\11' \1{1:-;0:\ OF ~IZE OF ~H.\FTS 

., .. \FT FOil :'\ (), 2 T\ I'E C.\LI.I~I; I )J.\L 

Oprr's. J<,·q'd. • IX• 
Rou~h form thre.td portion, and C) . D. 
('ount<·rbort·, tinish turn, t hn•ad and cutoll 

Limit~ ±,OOIS" for diam. 
± .002" fur l'gt h. 

Rough and tin. form 2 diam~. ~hear I 
diam., thd .. 1nd polish. 

Limits +.oo;J",-.tHlS" l'gth. 
Slwar S. t'. iace to l'~ht. hurr ;liHI polish 
long •·nd. +.OOil" 

l.imib .tHll" for diam. 
Str.1cldle mill llat~-mill four (-II ~Iot~. 

2 op('r's. +.000 ' 
Limit, .002". 

.lf<lrhill<' 1111<1 Tools 
ll,l\'t'llJH>rt .\utn Snew :\hchin<', 5 
chud;~ • .' plain .111d fonn t<u)ls, I t hn·;11l 

di<· and t hn·•· gaugt•s. 

.\'o. I U. l,• .\'. II. S . . II. 
I chuck, 1 form tools, thrl'ad dit•, •·nwn· 

stick .md -1 ~au~''' · 

.\'o. I H. l,• S. II. S . .11. 
I l'hul'k, 2 form t•••ls, o·m•·n· stick and 

5 ~.lllg\'S . 

11<111<1 .\fi/1 

:\lilling lixturl', "i"· and j.1ws and '1'''1'. 
nlttt·r~ 

('ln:'\K,H.\FI' FOil :\o. 2 1 ilLI "" 
1'1 ':'\CII l'lll·;,., 

Optr's. R•·q'd. !8) 
Rou~h and fini,h, n·ntcr, turn facc com­
plete and poli,..h Iimits diam. +.008",­
.000" lt·ngth ±,008". :\lill com·a\'l' ke\'­
wa~·~. a,·., slot and -1 llat s-] opcr's. 
Limits ± .005". I >rill 3.1 " x ~ ~" hole. 

.llaclriiii'S 11111/ Too/s 

ll•·noh· 12" x S'latlw, <'l'ntcr drill, turn­
in;.: .uid polishin~-: tool~. :'\o. 3 B. & S. 
mill machine milling fixt un·"· arhors and 
cutt•·rs. Cir11·innati I "I'· 1> :1'. drill jig 

and drill 

Fi;.: . I I >i.d Sh.tft 's. ( ·r.1nk Shafl 
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ln onll'r to lllt'\'t tlw rl'quin·nH·nb .. r thl' tt·lq•h .. nc hw-.int·-.,-, tlw 
Engilll'l'ring I lrp.trtnh·nh of tlw Sy ... tt·ut .trl' cou .. t.lllth dt·\ l'lopiug 
lll'\\ dl'-.ign,; .ttul rh.tngim.: prl'-.rnt dt· ... igt~o-. "ith tlw ol>jt·ct .,f impro,·-
ing the qu.dit\· of, or rl'duciug tlw co,..t of tdl'phont• ,.,·n in·. Thi-. 
nte.tn,; that tlw pnllhll"t.. that \\t' .tn· nl.tllllfat·turing .m· con-.tanth· 
undl'rgoing dt'\ dopmt·nt. with tht· n· ... nlt that \\l' .tn· continu.dl~· 

nmfrontrd "ith dt.tnging ntanuf.wturing pwhlt·n~-.. 
Tlw dl'ri ... iotJ-. n·.u·ht·d I>\ 1lw '.triou-. org.tnilatiorb of tlll' Bl'll 

"o~,..tem to pnwt·t·d with tlw introdut·tion of tlll' tll'\\ .111d ch.lllgt·d 
tfe,..ign ... ju,..t n·ferred to .tn· ha ... ed l'lltirl'l)' on irnpron·d ,;en·in·. lo\\Tr 
eo,..b, nr l>oth: nm .. t·qut•ntly. l)l'forl' .tn~ work on m·w dt'\Tiopmt·nt.. 
can ht• done tlll' \l. ulllf.tcturing lkp.trtmt·nt mu-.t iurni,..h lirm e:-.ti­
m.ttt•,. oi tlll' co,.t oi one or any nutllhet of pit'l'l'" of .tpparatu-. tktt 
m.ty l11· rl'quirl'd. 

Thi,- j,_ made po-.,..il>lr hy nur .thility to plan a joh in drt.til on papet 
.111d to makl' .111 aceur.ttt• .tpprai,;al of the manuf.wturing co .. t.. l•dore 
pro<luction j,. -.t.trted. Tlw co .. t e,;tal>li .. lwd. -.elling prin·-. can l>c 
determirll'd, .tnd a fin.d deci,-ion m.ule hy tlw S y,;tem a-. to the nwrit-. 
of anY nt·w de,·lopmrnt. 

Furthermore. hy ,;crutinizing the de~ign anti conecntrating on tlw 
,·,triou,; m.muf.teturing opl'ration,; to he u,..ed hdore thl' tool-. are 
built. numerou,; ehangc,; can Iw intrndutul to iarilitate manufanun· 
and in thi,; way a\·oid getting into the factory what han· htTn termcd 
"ho,;pit.tl joh,-" which re,;ult in rctanled production and intlated cn-.b. 

The two dt',..ign .. ilhHratcd in Fig. ~ hring out what i .. po:-.,;ihlc in 
a rn.tnui,Kturing analy .. i .. of an engineering dc:-.ign. Tlw part ,;hown 
i .. tlw rnounting pl.ttt· Lto-.ed in tlw ralling di.d. T hc de,-ign originalh· 
showed ear ... which \\Trt' hlanked out and turned O\Tr toward thr 
in,.idC' of tht' blank anti perfor.tted. a,; .. hown in thl' upper ,·iew. 

The lower Yiew ,;how-. the dr,;ign a,; it wa,; de\t•lopt·tl due to thl' 
:\lanufaeturing- lh·p.trtment\ "ugge,;tiot~,; to bbnk thc ear-. frnm thc 
in,;ide of the blank and turn thcm outwanl. thu-. locating tho.: mounting 
hole,; in e:xactly the ,;.tme po-.ition a,; tlll' engineering de-.ign. hut 
::-. . .n·ing mall'ri.d. I t al"o ,;implilicd tlw bending of thc car,;. l n,;tcad 
of a double l•cnd. thl'rt' j,; an S hend. The hole,; were madc !arger 
al,.o to JWrmit pl'rior.tting in,;tead oi drilling. The Iugs and hole,; 
\H're al"" unl'n·nly :-.paced ~o "" to makt· it irnp.,,;,;ihlc to perforatc 
or ,J,.,..t·mhle the p.trt in thc wrong p.,,..ition. In :-.hop langu;tgc, thc 

p.trt ""·"' m.tde "fool prooi" in thi,; re:-.pect, wherca" the mmld wa,; 
not. 
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lt was fornwrly comnwn pr;tctin· among many manufactnrers tr 
leaYc tlw actual planning of tlw jol' to tlw shop foreman anci to :-;omc 
cxtent this practin· still e:'>i~h. ( >hYionsly . 1111der this plan. only thc 
more commonly known ml'lhod:-; will Iw t·mployed as the shop man 
is not in a po:-;ition to m·ail him,.;clf of the mass of cng-ineering knowl­
edge that has accumulated in cotlJH·ctiolll with such work. \\'c are 
eom·incecl tha t t he ret urns f rom engineering thc act ual mamtfaC't uring 
operations are as gre;tt as tho:-;e realiz<'cl from cng-ineering the clt·,.;ign 
of tlw product. 

~ 

C.\1.1.1'\<; lliJI. '\t ' \1111-:1< 
1'1..\TE ~ '1'1'( )1{'1' 

II -- ---- .. _·- .. ' 
r.~ .. .~ 

. . 

OIW>t:-. \ L Pl!ot'OSEI> l>t,>< tc . x 

()l,jel' lional,lo· fl'alurl's ·IUJ;:S fornwd inw.trd, requin·~ l.trg•· l,l.,nk .lllrl a ,.,llll adion 
111<>1 or !wo opcration~ in iorming. Small hol•·, do uut po·rmit perforatiug 

I,,.:,,{;:-.; FJ:-:.\1.1.\' .\IJOI'TED 

l< •·,ult, ol • lllllltll'lll' lng' fornll'd outw.ml dt'ITf '<l"'' tlll' ~izl' 11f blank jll'l'lllil> 
l'lllllr.iucd l'lllbu,sing ,111d ionninl( in simpl•· tonl. llol.-, illl'rl'a,l'd in ,jz•· 

Fig. 2 .\ \loclili t·d l'art 
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Bdon· dl·,..cril>ill).: onr pl.umin!-: \\ork morl' in det.1il. a ft·w wort),.. 
,..Jwuld ht• ~.tid ,,hout our .lrrall;!l'lllt'lll of m.whiuP t•quipnwnt. Our 
un·t.d working m.whine dl'p.lrllllt'nt,.. .1rP laid out in ,..uch malllwr 
th.1t tlw m.111uf.wturing opl'r.llion,; .lrt' gronpl'd into dl'partllll'llb hy 
d,,,..,.. of work or oper.1tion .111d not hy d,,,..,.. of prodnct. Each tlt-part­
lllent pt•rforllJ,; ,;onlt' dl'linite kind of OJ)('ration, and t•.wh h.llldlt·-. all 
the p;trb th.1t rl'qnin· th.1t po~rtinllar opn.llion. Thns wt· h;•n· 
pnnch pre,.,,.. dl'p.1rt1nent,;, "n'''' m;whine tlt-partmenb, a milling 
department. a drilling dep.trlllll'llt, t'lc. 

The p.trt,; produced in the,;e ,;pecializl'd dep.Htllll'llb pass in proper 
,;equenee through .dl tlll' departml'nt,.; that han· work to clo on them 
and linally n·ach tlll' as,;emhly departments, where they are made 
up into fini,;hed uni~,; of o~pp.tratu,;. 

The ath".uttage,.; of thi,.; method of di,·iding manufacturing wurk 
are that it minimize,.; ill\·e,.;tment hy avoiding duplication, increases 
machine acti,·ity, provide,.; greall'r llexiiJility of equipmenl, and 
permib the training of nnskilled Iabor to the point of full productivity 
in thc shortest time. 

The condusion m.ty h.1ve heen reached that departmental groupings 
hy das,.;es of machines such as han• heen descriiJcd i" all right for a 
hu,.;ines,.; of little ,·ariety. hut that in ,.;uch a !arge endc;n·or handling 
,;o di,·er,;ilied a product, it would Sl'l'lll nearly impos,.;ihlc to maintain 
a propl'r halance of equiprnent in all the departments. 

As a matter of fact, adjuslnwnb are frequcntly made duc to in­
creased nr decrea,;ed demancb, and Wl' frequently han· to step 11p or 
down hoth our rate of production and uur capacity for certain !im·,. 
of producb or certain definite article,;. 

To meet thi,.; situation, we han· capacity data gi,·ing tlll' numher 
of hour,; required hy machine operation,.;, a,..,...·mJ,Jy operatio1b, l'l!'., 

for one thou,..,Jnd pi!'ce,.; of eaeh kind of apparatus. \\'ith thi,.; informa­
tion, we can readily compute the increa,;e or denea,.;e in shnp L·quip­
ment due to change:; in :;chedule,.;. 

Thcrc arL·. of cour"e, some departures irom this general practice of 
functionalizing our machine departnll'nls in the ca,.;c of cL·rtain products 
that ref)uire a !arge .tmount of special machinery. ln the~e cases, 
the fcw ''gL·neral n,;e" type machincs ref)uirL·d are grouped with the 
special machinery into a departnwnt for the complete manufaclure of 
the article. 

This special prarticc is also carried out in coniH.'ction with thc 
manufacture of certain piecc parts. These cascs arc contined to a 
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few part~ manufactured in largc quantitic~ where it i~ found ex­
pcdicnt to group a variety of machine:-; in order to reducc the amount 
of han<lling to a minimum. An cxampll' of thi ~ i~ the manufacture 
of thc top part of the desk stand which supports the transmittl'r, 
which we know a~ the "Iug holder." This part i~ made from l•ra~s 

tul>ing. The operation~ involn·d in making tlw part are, cut to 
length, l>urr. several swaging operation~. and a numher of punch press 
opcrations, such as perforating. emhossing. and trinuning. \\"<.· han· 
in this ca~l' grouped Iogether in thc proper scqul·ncc thc rcquired 
numher and sizes of milling, hurring, swaging and hammering ma­
chincs and punch presses. 

JonBt:o.;<; SnoP 

\\ 'e also have a group of dcpartment~ known collectin·ly as the 
" Johhing Shop" which i~ cquipped to perform a ll the usual machining 
operations. These departments handle the manufacture of special 
apparatus, which is made in such small quantities that it does not 
pay to makc the dahorate manufacturing prcparations ,,·hieb are 
justif1ahle in the casl· of hea\y running apparat us for whirh there is 
an estal1lishcd demand. 

T o gi,·c you some pieture of just what we set out to do when we 
plan a joh, the following different steps or pruhlems which must !Je 
worked out are enumerated !Jrietly: 

bt. I\Ianufacturing I >rawings. 
These drawings teil the shop in detail what is to !Je madc 
and what the reqnirements are. 

2nd. l\ lanufarturing OJwrations. 
The actual opcrations requircd to produce the parts and 
tlll'ir propl'r se<Jlll'lll'l' an· decided upon. 

~rd. TIH' machines on which the opcrations are to L•e perfornll'd are 
dl'termiill'<l. 

·lth . The kind of tools, tixturcs, gauges, con\·eying, and other 
cquipml·nt to lll' used is detennined. 

;ith. ;\n expected homly outpul for eaeh operation is set up. 

tith. The grade and rate of JMY of tlll' opt·rators to hc l'lllployed 
an· dctl'rminl'd. 

ith. The kind and amount of r.1w material requirl'U per thous,Ind 
parts and the form in which it shall i>l' purchased are 
cll'lcrmined. 
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"th. \l.tnul.wturin'"-! l..t\ ottb. 
Th,.,.,,. l,t\ oub ~t-11 tht• t•nlin· ,.,hop orgo~nit.tlion t·.tch ,.,tep 
in 111.1king tlw p.trb ,.,IHm 11 on tlll' tll.lllltf.wturin~o: dr.tw­
ing,.,. 

!lth. Thl' pit·n· r.tll' to bt• p.tid for l'.trh opt·r.ttiou i,.; dl'lt'flllint·d 
.tftcr actu.tl utauuf;wtun· is ,.,tarlt'd. 

:'\J.\'I ·F.\1 TI'RI~(; J>R.\\\'1'\t;s 

Thl' manuf.wturing dr.twing,.; preparcd for <lll)' pil'l'l' of \\\·,.;lern 
Ell·ctric apJXtratu,; compri,.,l· complett• dct;til drawing,; for each part, 
an a,.;,.;t·mbly dr;twing ,.;lwwing how thc ,·ariou,; part,.; are as,.;ociakd, 
a ,.;IOl'k Ji,-t of thc p.trb rt·quired and thc quantitit•,; oi ca<h. and a 
tc,.;t ,;hcet whieh ,.;how,; thc llll'l'hanical and elcctrieal rcquircmcnh 
which the appar,\tus must met·t in onler to insurc satisfactory pcr­
form.tnn' in thc System. 

ln tlw prcp.tration of thc,.;e dr.twiug,;, ,.;tatubnb arc followcd which 
insure that thl' designs <b far a,.; po,.,,.,ihlc will permit of rugged tool 
con:-truction which will in,-ure long tool lifc; that the hole,.; arc of ,.;uch 
ditm·nsion,; as will permit them to be perforated whercn·r possible; 
th.tt thread size,; for the tappcd hole,.; :-ckcted arc ,.;uch as tu in,;urc 
minimum tap hrcakagc; and otht·r similar detaik 

:\J.\~l·F.\CTl'RI::\1, 0PER.\Tto~s 

Hdorc deciding upon tht· manufaclllring operations for any part, 
.t cardul detaikd analy,.;is i,.; madc hy thc l' lanning Eng-inecrs to tleler­
mim· just what opcr.ttion,.; an· requircd and how the operation,; shall 
he performcd in order to ohtain a satisfactory produ<tion in the most 
en •n• 11nical way. 

In the casc of simpll' parb. it is not a diflicult task to determinc 
tlw m.tnuf.tcturing nperatiotb rcquircd and thcir pmpcr scquenn·. :\ 
large proportioll of thc p.trts, howen·r, is in the fairly diftinllt d.tss, 
.md thc ingenuity of thc J>bnning Engincer is callcd upon, Iogether 
with thc a1h·in· and c:uidance of his superiors. in dctcrmining thc 
manufacturing opt·rations to hc used in thc,.;c cascs . 

. \ fair proportion of nur product makcs up what might hc callcd 
thc "difficult class" nf p.trb to manufacturt•, and in :-;ctting ttp thc 
proper prncedurl' in tht•,.;e ca;.cs, we frequently hold confcn·nn·s wherc 
thc lw,-t t.alcnt along tlw p.trticular lines under cun,.;idt•ration is callt'd 
into con,-ultatiun in dctcrmining thc hc,.;t proccdure. In many of 
the,.,e ca,;t•s a<tual expt·rimentation is earried on hdore the linal tool 
line-up i,., de<itkd upon. 
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:\I.\( 111:'\E E<,!l'lt'~IE~T 

The machinc l'(jllipnll'nt on which the opl'rations an· to b<.' pl·r­
fornwd i~ the next thing gin·n consideration, an<! tlw most important 
features ar<.': 

bt. To sell·c·t a machine thar i~ capahle of producing the parts to 
t he ck~ired arruracy. 

2nd. Tn sdect a machine that will result in tlll' maximum produr­
tion, keeping in miml. of cours<.', the accurary requircd. 

:3rd. To gi\'e proper ronsiclt·ration to thc inn~~tnwnt, maintenancc 
and O\'Crlwad charge~ incurred hy tht· machinc scl<.'cted 
so that tlw~(' rharg1·~ do not offst:'t prmluction <.'Conomies 
l'Xpectcd. 

lth. Tu insure that the maehine ~dected i,.; up to date with regard 
to t he Ia lest marlline pract ice de,·elopmcn ts workecl out 
by llawthorne and by commercial machine manu­
faeturers. 

Tlwre arc, of cours<.', many otlwr featur<.'s which nnrst hc Iaken 
into aC'count in selecting tlw nuchines fur thc manufarture of various 
kinds of parb. 

ln tlw ra~l' of hlanking operation on a punch press, the ohjcct is to 
st·rure the small1·~t and tlll'rl'fore tlll' faste~! press which has sufficient 
Ionnage capacity to 1wrform tlw operation requircd. 

\\'here tlw part i~ to Iw manufacturnl on an a utomatic ~crcw 
machitH', the prohlcm i,.; to sl'llTl tlll' fastest machinc that will pro­
dun· thc work to tlw ;l!'curacy rcquired, and at the sallll' time seh·l'l 
a machin<.' that ha~ a suffici1·nt lltlllllll:' r of !-<pincJies and tool position~ 
to permit all the operation~ n·quired lll'ing performed l1dor<.' the 
part!' an· linally nt t f rom t Iw rod . 

.-\ part hadng a !arge numhcr of holes to l1c drilkd will m·n·s,.;itatc 
the ~l'lcction of a multipk: spindie machinc that can he set up to 
produce tlw maximum numhl·r of holl',.; in om· or ,.;en·ral parts at 
each opl'ration of the drill pre""· 

\\'t' han· worked ont llllllll'rou~ impron'llll'llb in commereial 
rnarhitlt'ry that han· tHI\\' hel'n im·orporatc·cl in thc product of many 
marhine t1H1I mannfacturl'rs. Sonll' of tlw mo,.;t important of the,..l' 
arc motor drin·n pnnch prt'""l'~. H'rt·w marhinl'~. milling III<Khilll·,.;, 
lath('s, ('\c. 
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Fi!o: :l "fum,; 1lw old hl'lt-dri\('11 111illin!o: 111.1l'hi1w. II d,.,.,_ not 
.:in• ,,", .1 tnw pictnrl' of tlw \\hole· jnh, ,..iun· thc· "'nlw.td drin· 
\\ hich i~ tlw 11111"1 of,jt·rtion.lhk lc.alllfl' dot•s nol ,..fum in I Iw piclmt·. 

Fi~. 3 lklt llri\c·n \lilling \l.cchinc 

Fig . ,;how,.; 1lw modnn molor-drin·n milling machim· with tlw 
rnolor mounlcd in lhc h,l"l' and a ch.tin drin· cndo,.;l'd in tlw hou:<ing 
at thc h.trk dri,·ing- tlw ;.pindle . 

. \t our "uggt·;.tion, ,..t·n·ral of lhe largt·;.t manufacturcrs nf ;.en·w 
llla<'him·,.; h.tn· incnrporatcd ;.ercw ,;loll ing dt·,·icl';. a;. ,..randanl cquip­
mPnl for multiple ,..pindlc m.whine,.;. 

\\"e haH' ju,..t ri'Cl'ntly wo1 kl'rl oul .1 dt·"ign \\ htn·hy ,, high :<pt·ed 
,;crl'\\ rnachinl', fornwrly adaptt·d to hra,..~ p.u b only, c.111 now han· 

il,.. ;.pindle "Pl't'll redun·d lhrnugh ch.lllgl' gt•ar;. "" "" lo 111akt· i1 ad.tpt­
abll' for iwn and nicke! ,..ihl·r part,.., lhu,.. pnl\·iding grealt'l tlt·xif,ilily . 
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l'unch prc:-;,;v,; Wl'rt' fornwrly lial>k to serious damag-c if two hlanks 
wt:re accidentally plan·d in a forming die. \\ 'e han' workcd out a 
dc,;ign of ram \\·hieb contain,; a '',..!war ring-.'' Thi,; consists of a ,;oft 
mt'lal ring so incorporalt'd in the conm·cting rod of thc press as to 

Fig-. 4 :\lotor l>rin,n :\lill ing :\l achine 

slwar at any prvdetermim·d prt'ssurc, thus a ll nwing thc conm·cting 
rod to lt·IL·scopl' instt·ad of l>reaking the di e or franw of thc prt'ss. 
This impron·mt•nt pt'rmits opnating punch prt'sscs safel~· a t grc<ller 
speeds than are ustl<tl on this typv of t•quipment. 

.:'\umerous otlwr similar impro\·enwnts han' l>l'l'll worked out, 
many of which han· l•t•t•n patenll'd. 

Toot.,.. 

The annual demand for tlll' prodtH'I is thc most impor ta nt factor 
in dl'termining tlw kind of tool, ftxtun·. aml gaugc equipment to lll' 
pro\·i,h-d. 
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Our 11111>'1 inlric.tle l'llginl't'ring proiJit•Jns .Jrist• in I'OIIJH'c ·lion wilh 
pnnch pres,.; loob ·'" lht·n· i,., almn,..l II<> Iimit lo IIH' , .,,ricty of opc·r.t­
tion,.; that can hl' performl'd 011 this type of m;tchine. 

lf tht• delllallcl for a p.trl Jllaclc• 1111 .t punch prl'"" i,., sm.dl, il is nfiL'Il 
foHncl more l'Concmtical to huilcl ,..intple lools which will hl.lllk oul, 
pL·rfora te ancl forlll in ,.;l'p;tralt· opn.tl ions, ra I hl'r I han to l>uild mort· 
l'l,thorale lool,.; al a highcr cost whirh will coml,ine lwo or mon· 
opl'ration:- inlo nne. 

The t'llt•CI of quanlit~· ()II llll' clt•sign of tools mar hcsl he shown l>y 
a Ct lflt'f\.'ll' Ca!'L'. 

T111: Ent:CT m· .-\:s:sl'.\1. Dnt.\:"ill 11:-. (JJOJCF. or ~IA:st·F.\CTt ' Ht:o;c ; }.IETJWI• 

\-.·a rlv 
Rt·q. · 

.IO,liiHl 

500,00() 

.l,OOO,OtHI 

:\l.1lcri.d 

1' " Br.1ss 
Rod 

T\'lll' of T, pt• nf 
:\lachinc Tool 

I l.lllcl Sac\\ ( ;cm·ral ust• 
:\l.•chinc Tools 

15" Shn·It"lllwh l'n·s- ·\·~~d~J~:mc 

l l'erforating 
and lllanking l 

" 3 a1 a time 
Tandem 

l

l'erforating 
l'crforat ing 
and ßlanking 

Tool l'ost 
Cost pcr :\1 

$10.00 

$150.00 2.30 

400.1l0 l.i2 

i at a time 600.00 1.52 
Tandem 
Pcrforat ing 
and ßlanking 

Fig. 5 

T ool S.1vin~ 
( ·o~l pcr 
pn :\1 Ycar 
1'.1r1s 

ss.oo $231.00 

.so 2CJO.OO 

. ]() 600.0(1 

Takc:, for illustralion, lhe ca,.;l' of a ;,imple bra:-,,.; washer ."J / '::1." in 
diamctl'r, 1/ Hi" 1hick and ha\·ing a I 11" hole. As shown in Fig. 5, 
with a rcquin·nll'nt of ,"J,OOO a rear, tht· wa:-;lwr would IJt' madc frnm 
rod stock in a hancl scn·w machirw u,.;ing gl'rll'ra l usc tool:; at a cost 
of S 10.00 a thousancl: for 30,000 a yL·ar it woulcl be made from sheet 
:.lock in a punch pn::-;s using a onL·-at-a-timc tool, at a cost of S2.30 a 
thousand; for .'iUU,OUO a ycar a thrC'c:-at-a-time tool would be 11 sed 
a t a cost of SI. 72 a thou~a nd: for :~.000,000 a year a sen·n-a t-a-time 
tool wou ld he used a t a cost of S 1..')2 a 1 housand. 

ln cach onc of thcsl' sll'ps, as shown in the columns at thc right, 
thc additional tool inn:stment, m·n·s,.;itated hy the more ad\'anced 
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mcthod, would l1c Iiquidated in one year hy the decrea,;ed manu­
fart uring co;.t. 

\\"lll're a high degree of accurar}' i,- required on a pieee of apparatu,;, 
tlw on·ralll'lkrt on thl· toolcquipment i,- to rcquirc a gn'itll'r numl>l·r 
cA indi\·iclual tool,;, a;. weil a,; tu requirc tools of a higher grade of 
workman,;hip. For in~tann·, it may he nece;.;.ary in thc ca~e of a 
puneh pre;.,; part to hold certain dinwn,;ion,; of the blank to extremely 
do,;c limih. and thi,; quill' ofll'll requirc,; an additional operation of 
>-ha\·ing the blank to ,;ize. Thi,. ad((,; an additional tool to the equip 
ment, as weil a,; requiring a tool of grcater accuraey. 

Ymt will appreciate that the matter of interchangeaLility is one of 
great importann· lir,;t, hecau,;e the parts must go togcther in th<: 
;ts,;l•mhly departmcnb without any further fitting- and sccond, 
the parts and piecc,; of apparatu,; ,;hipped on·r thc cntire coun try 
for repair,; and maintenanet· mu,;t he cxact duplicatcs of thc old. 

I t co;.ts more to make interchangeahlc parts than to makc inaccu­
rate ones that an· not always interchangeablc, and tlw Planning 
Engim·er can control the tool and manufacturing cosb n·ry largely 
hy hi,; judgnwnt in the ;.ekction of Iimits. 

I lo t'RL\' Ül'TlTT 

Tlw l'lanning Enginecr, in anal~·zing the work on a gi\'en part for 
thc opcration,;, machines and tool,; to l1c prO\·ided, from his experienn· 
and training in the p;trticular kind of wnrk he is handling. is aLle 
to (',.;tah)i,.h an cxpl'Ctl'd hourly production for eaeh nperation hc 
handlt·;.. He i,., of ('our;.e, guided in thi,; l1y his expcrience on similar 
p;trt;. and hy tlll' ,.;pel'd of tlll' marhinl'" ,;dectcd for the operation. 

Tlw ,;etting up of tlw experted outpul for a,;,;cmhling opcration,; 
is more diflintlt, lnll here .tl,;o tlw ,;pecial training and l'XpcriC'IIC'l' of 
thc enginl'l'r along that line of o~,;,;l'ml>ly work cn;1l>le him to ,;et up 
an expl'cted output which i,; approxim;ttely an·urate. ln :;omc ca~c:;, 
\\'l' go so far a,; to tear down and n·a,;sl'mble model,; of thc apparatus 
in onler to ohtain thl' nece,;~o~ry data. 

The outpul per hour on c;tch operation l'llaLll's the cngincer to 
computl' the nurnlll'r of each kind of tool, including spares which 
mu,;t he huilt, to prodtl!'L' tl1l' rl'quircd quantity of e;tch part. Thc 
numlll'r of tools requirl'd is oll\·iou,;ly dependcnt un tl1l' speed of the 
opnation, and hcn· ag;tin y<lll Sl'l' the effect on tool co,;t:; if the engim·er 
Ltil;-; to st·ll-ct tlw faste;.t m;whim· ,;uitahlc. \\'hl'n it is eonsidcred 
th;tt Wl' ha\·,. rwarly S:{,(IOO,Otltl inn·stcd in tools for the manufacture 
of pand marhint · ;.witching apparatu,; alorw, it can l>e appreciated 
wh.1t pLtnning llll'<l ll» to us. 
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Tlw l'l.lllllin~ Fngint·•·r, in .uldition Iu t·,.,t.d•li,.,hing tlw \ .due" 

.dn·.uly nwntionecl. has .tls11 tlw re:-;pon~ihility 11i :-.dt·l'tin~ tlw grad1• 11f 
l.th11r \\hil'h j,., to l•1· lbl'cl in Jll'riorming tlw \,triou:-; 11pl'r;ttioth. Dif­

ferent gr.ull':-; h.tn• ''l'l'll t·,.,t.thli,.,lll'cl r .. r nu·n ancl \\1111\l'll, ;~ncl l'.tch 
gr.uk CIIH'r:-; .1 ~utllcil'ntl~ hrcud r;lllgl' of r.tll':-; to l'll,thk u:-; to hin· 
tlll' t•mployl'l':-; .tl tlw ~t.trting r.tll' of tlll' gr.tde .mcl to ach·ann· tlll'm 
in tlw gr.ule ,1" tlwy hl'conw mon· prollcil'nt ;1ncl l''qwrienn·d. 

R.\\\' :\hTERL\L 

Tlw l'lanning- En~illl'l'f :-;pecitic:-; thc kind and amount of raw 
matl'ri.d required iur each pMt induding thc :-;crap allowance. lle 
.d,., .. ~Jlt'Cilil'" the form in whic-lt it "hall he purcha:-;l'd that i,.; lo "ay, 
\\h1·thcr in rcHI. tul•illt.:". andin tlw case of :-;hect :-;lock wlll'ther in tlll' 
sh.qw of "hl'l'h, ,.,trip,.;, or rolb. 

Tlw lll'Xt !-oll'p in prcparing a picl'l' of apparatu:-; for manufactun· 

j" tlw working up of cktailed manufacturin~ Iayouts. These Iayout:; 
l'lllhtitutl' the ":-;ailing ordcrs" for tlll' shop. con·ring each operation 
to hc perfornwcl. lww thc work i:-; !11 he donc, thc :-;cqm·nn· of the 
operation:-;. tlw tool:-; and machinl'ry to he u:-;cd, raw material and 
quantity rl'quin:d, ancl the stock rcu•m to which thc parts shall he 
ddin·red upon compll'lion. 

Thc,.,c Iayout:-; arc ~ot out in tl1l' form of duplicatcd "lwet:-; and a 
complctc l.tyout for cach part is ~ent to en·ry clq>artnwnt ha,·ing 
\\ork to periorm. 

PIECE R.\TES 

\\'lwn all thc prcparation ~tcps han· hl'l'll com plctecl and after tlw 
,·,trimb llJWrations ha\L' heen triccl out ancl are running in the operat­
ing clt-partmt·nb on a ,.;ati,.,iactory l'Olllml·rcial l•a~i,.;, thc l'lanning 
( lrganization pron·1·cb to c~tahli,.;h pil'Cl' rall',; on cach opcration. 

Thc pien· rate" are t·"t.tbli,.;hed hy the ~amc organizatiun of engint'l'f" 
who plan thc work, and tht• rc,.,potbihility of !'>L'l'ing that the t•,.,timated 
outputs are rcalizl'd dt·\·oln·,.; upon thi~ organization. Ikfore pro­

t'c•t•ding with the "tudit•s in\'oln'cl in e"tahli!'ohing tlw piPec rate, tht• 
l'lanning- Engint·er rheck,.; h.trk again,.;t tht· original planning data 
.tncl the m.tnnf.tcturing Iayout, and, in this way, ascc·rtains the mcthod 
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a~ originally laid out, Iogether with the expcetcd outpub. His ta:-;k 
then hecon11 ·~ olll' of ~eeing that the expceted outpul or hl'lll'r is 
attai ned. 

Thi,.;, in many ca!'l':-i, im·oln·s a n·rr detailed time and motion 
study of the l'll'llH'lltary opcrations nece~sary to eompletc thc job in 
onkr that it l>e hrought to a high state of l·fficicncy. In ca:-;es wherc 
tlw l'XJ)l'Cted outpul eannot IJl' n·alized l>y thc original method , other 
met hod:-; are workcd out whercn·r po:-;,.;ihle to bring ahout the dcsircd 
rcsult. 

Ju:-;t a word right herc on our picce rate poliey: when pieee work 
was intruducl·d many years ago, tlw poliey was e:;tahli:-;hcd that 
after a rate had Ileen once issued it ~hould not be cut unless a ehange 
had Ileen made in thc method of manufaeture. l n other words, we 
take the :;land that an i,;sued rate is a eontraet whieh cannot bc 
re\·oked ~o long as thc operation is donc in the ,.;ame manncr as co\·ercd 
by thc piccc rate canJ. 

To sati:-;factorily carry out a poliey of this kind, it is ob,·ious that 
our piere rate ,.;etting mu,.;t he ~omething morc than mere stop watch 
oh:-.er\·ation. l n ordcr that pien· rate,.; arc cstabli slwd whieh an~ 
accurat(' and fair to hoth tlw l'lllployee and thc Company, it is ncces­
:-;ary that tlw <'ngineer:-; :-;ctting the rates bc weil ,-erscd in thc dass 
of work heing rall'd, and han· a thorough knnwlcdge of thc a mount 
nf \\·ork which can hl· con:-;istentl)· prouucnl by thc opcrators. 

Our experienn· with the straight piecc work form of inl'L'Illi\·c has 
becn n·ry gratifying, aml in our opinion this i:-; \·ery largcly due to 
thc fullo\\·ing threc rcasons: 

1:-;t. Uur polier of not n1tting ratcs. 

:.!nd. Our practiee of making eardu l time studics in setting u ur 
our rates. 

:{rd. Our guarantn:ing tlw l'lllployec's day rate rcgardless of his 
earning:-; on thl' pil·n· rate. 

Tlw work of tlll' I'Ltnning Engineer i:-; not cumplctcd, huwen·r, 
IIJHIIl tlw l':-ilahli,;hnH·nt of tlll' pil'Cl' rate , sinn· it st ill rcsts with him 
to clt•;tr any diftirultics the :-;hop may experil'nec due to any short­
comings of any of tlll' pl.111ning work. 

I f tlll' raw mall'rial prm·ided ,,·ill not :-;ati:-;farturily prodm:c thc 
parts. Iw is called 11pon l'ith~·r to add operation:-; or tu :-;pccify ut hcr 
mall'ri;d; if thc tuol:-; will not produce the part:-; to thc rcquired accu­
r<w)·, or at thc rl'quired rate, Iw is called upon to han· salisfactory 
rhangl'" mad(' to tlll' tools or to prm·ide new cquipment 



In c.t,.t' lhl' opl'r.tlor:- .trt' tlll.thlc · to proclun· ,.ull"tcit·llt l'·trl:-o lo 
nt.lkl' ,.,tti:-f.tctory pit•t't' \\ork t".truing:-o .tftn .t re.t,.on.thlt· tri.tl. 111!' 

l'l.lllning Enf,!illt't'l' j,.. r.tllt·d upon to t•itlwr clt'IIHllt,.tr.tlt• 1h.1t :-.tti:-f.l('­
torY l',trnillf,!:- l".lll ht• m.ull', or lo int"n·;t:-t' tlw ralt•. 

Tlll' l'l.lllning 1-:nginel'r i:-o al,;,, calll-tl upon to a:-,..ist in o\ t·rcoming 
manuf.wturing clillintltil's for whieh lll' is not dirt·t·tly rl',..pon:-ihll', 
and a :-pt•t·i.tl unit h.1s bt•t•n ,.l'l up to assi,.;t thl' :-hop in ,.,,,_t•s of thi~ 
kind when dillicnltit·s arl' em·nunlt'fed. 

From thi,., it l',lll be ,;t•t·n that tht• Planning Engim·L·r has not only 
the n·,;pon,.ihility of pbnning tlw work, hut lll' is al,.;o chargl'tl with 
,.L·eing to it th.1t thl' pbn work:- out. 

Tlwn· i,.. ,.till one morL' highly important funetion performed hy 
our l'l.uming Organiz.1tion, \·iz .. Co,.t Reduction \\'ork. 

lt might appl\11' that after tlw t•ardul thought already gi\·cn to 
the methods to be employed in producing a piccc of apparatus, tlw 
nen:ssity for further stud~· has hLTn diminatcd. This. howen~r. i,; 
not thc ca,.t•, sinn· in the original planning wc must adlwrc do,;l'ly to 
methods and proccs,.L's that ha\'L' hL'l'll pro\'l.'d in, in order that the 
products ma~· bc pr<xluced on a spccilicd date ancl at a predetcrmim·d 
l'OSt. 

ln other word~. we cannot takt· any shnrt cub at this stage of the 
work that \H' an· not ,.ure will work out succc:-:-fully. ll o\\'l'\'er, 
;1fter the piece of apparatll:-o i,; in production, we are in a po:-ition to 
re\·iew the case .1nd try out 11l'W idcas, irnpron·d nwth()(ls, tools and 
machincry, without jeopanlizing prO<Iuction. :\aturally, ;111y im­
pron·mL·nt,. workt·d out :<twt·es,..Cully hy thL· C'o,;t Reduction l·:nginct·rs 
are btL·r li,.L·d hy the rq~ubr l'lanning Organization whcn applicahlc 
on futurL· work. 

This co",t rcduction work is handled Oll a strictlv uu,;incss ha:-i:-;. 
i.e., thc co,;t of thc case is chargt·d up against thc. saYings clTl'Cled 
and <JUr records :-how that tlw rl'lurns on this work are \·cry high. 

Thcrc i,.; a typical illtblration of a cost reduction ea,;c ,;hown in 
Fig. li. Thi:- b thl' ba,;c for thc ,..ub set hou:-ing on which thc ;1pparatu,; 
i,; moutHl·tl. Tlw old de:-ign i,; ,.hown at the lt·ft. Tlwre Wt·re three 
:-l'par.1te pictT:- which had to be .a:-,.embletl togl'llwr. Part I ~ wa,; 
rin·ted to lhL· l,a,..L' .1· at c, r to form thl· t·ar,; whid1 stand at right 
angles to thL· h;l,.l'. Part J) wa,., a,.,.t·mhlt·d to the ha,;c .·1 with two 
madlilll' st'rL·ws, E. E. Thc dt·:-ign wa,.; changed at the sugge,.tion of 
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tlw manufactnring- departnH·nt to m;tke the part in one piece. I t h.lll 
pn·,·iou,.;ly hl'l'll thou~ht too cotuplicatt·d to comhine all tlw,.;e opvra­
tion~ in o1w part, hut tlw tool,.; were ~ucn·s,.;fully ch·n·lopl'd, and tlw 
s;t\·ing- on this partieular job amounted to something- like lllll' hundn•d 
thousand dollar,.; a ycar, or alJülll ll'll cenb a piece. 

I )Kilol :\'.\L I lE-.J(,;o.; .\UQI'TiiD DE,.Iu:-.· 

( 'on-.ist- ol lhn•c indi\'idu;.l parls, re- t lnl' pi .. •·e construction. Same :\o. ol 
quircs asS<·mhly \\ilh rin·t- and op .. r.ations rl'qnircd to makl' as hmly 

of old dcsign. :\o hral'kl'ts rl'qllired. 

Fig. Sub Set B.1sc 

:--.. f,tr tlw j11h \\'l' han· to do and how w<· do il ha,.; onl\' hl'en dl"alt 
with, attd tlw qualilicatiott,.; ;11111 tr;tining of tht· pl'r:;on;tt·l reqnirl'd 
ha\1' 11111 l•t'l'tt nwnti•llwd. 

I lnr l'l .lllning < lrganiz;ttion j,.. bid out in ;t mannt·r ,.;imilar to our 
,.,Jtop dl·p.trtntl'llh; th.tt j,.., the pl;tlllting of tlll' \'ariou,.; mannfaeturin~ 
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OJII'r.rtions j" oli\ iol<·ol into cb"s of work or opno~tions .rnd not I>~ 

d,,,.,,; of pronluct, each dass l>t·ing hanolled h\· a group of planning 
l'll).!illl'l'r" in ch.rrgt• of oll! l"''lll'l't thoruughl~· f.nnili.rr \\ith tlll' lirll' of 
m.wnf.wtllrl' Iw h.nrdll's. Iu thi,., rn.lnllt'r each gronp twrform-. "'"ll" 
ditT..rl'nt liru· of pl.rnniug .rnd harulll's .rll tlll' \,!rinn..; parh that 
require th.rt p.1rtinrl.rr llJll'r.rtion. 

Tlll' pt·rsornH·I of nur Pl.mning Org.rnization, t•xelu,.,in· of depo~rt­

ment ,.,llpt·n·isors anol derb. consists of ~ti collq.::•· gr;uluatt·s, lliS 
tr.rined !llt'll who h.ln' come to this org;1nization from our shop dep.rrt­
nwn t,;, or who h.rve had •·xperi•·nn· in ot lll'r shops, and :3S men who 
olfl' neither college gr.uluatt'S nor shop !lll'll. The Last ~::ronp of llll'll 

arl' mnstly those of high school cducation who h.rn· L1l'en trained in 
onr lim· of work. 

The rcquin·ments of the l'lanning Enginecr om whom the responsi­
hility rt•,.,t,; for the successful manufacture of our apparatus are 
quite extensin·. He must first han· the ahility to plan the mann­
f.rcture of the apparatus in tlll' most t'Cono,mical manner consistent 
with the quantity and quality desin·d and this, of coursc, cannolt 
successfull~· bt• done without ;1 thormrgh knowledge of thc mcthods 
.md practin·=- nccessary in carrying on manufacturing acti,·ities 
along one nr more definite lincs. ll e must ha\'e a !arge measure of 
foresight. therehy reducing to a minimum the difliculties that are 
hnund to occur when the manufacture of a new or changed piccc of 
app;rratus is started. 

Furthermore, he must make a study of the dcsign of the apparatus 
under consideration to detennine if thcrc arc featurcs nf it whieh 
prescnt manufacturing dillinrltics cither from a tool. asscmbly, nr 
adjustment standpoint. This p.rrt of nur work im·okes a discussion 
of the manufacturing problems on a new olcsign with thc Engineering 
Organization anrl the men who hanolk this work must he ahlc to express 
themsdn·,.; in a dl'ar anol corH'i,.;e manncr to insure that proper con­
,.;ioleration is gin·n to the manufal'luring sugge,.,tions. 

lt ~:;:"Ol'S without saying that the mcn who fit hest into thi,; organi­
zation an: thosc who ha\·e hacl the henefit of an engineering cducation, 
prderahly spccializing on manufacturing nll'thocb. 

\\'e havc. as you will haw noll'd, a !arge number of planning 
l'llgineers who han· had actual shop cxpcril'ncc eithl'r with us or in 
othl'r manufacturing plants, and littll' or rlll technical cducation 
hdore working in the ,;hops. 

lt is noticcablc that the~e men. almo,.;t without exccption, ha,·e 
realizcd thcir hanclicap due to the Iack of a tcchnical edueation and 
ha\'e either takcn advantagc of our school,; or schnol work ouhide. 
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As statl'd pre,·iously , \H' have thrl'C main sources of supply for 
the 111l'll making- up otll Planning Organization: first, the Engineering 
lnstitutions; second, shop men who ha\·e the experience and ha,·e to 
some degree educated themselvcs in engineering; and third, high 
school g-raduales whom we ha\·e trained. 

Such a coml>ination of trained men makes a strong organization in 
which the man of superior edueation and the practical ma n are mu­
tually helpful to each other in the :-uccessful working out of our 
manufacturing problcms. 



Irregu larities in Loaded T elephone Circuits 
By GEORGE CR ISSON 

s, Sol''''. Tlll' olt'Vl'lopnu·nt of Ion~ di,J.Jnn· tt·l,·phorw t r.rn'rn'""'ll 
h.t- rrr.ull' tlw qw·,tion of lint' irrq:ul.tritit•, ,1 nl.llll'r nf ~rl'al irnporl.rnn· 
ht•t',\11><' of lhl'ir h.Jrmful t'lh·t't in proolucin~ l'l'ho •·nrrt·nh anol ,·,llr,ing 
!Iw rl'pt·.rll'rs '" sin~. 

Tht· ,lructnn· ol coil-ln.tolt'ol ··irnrits l'"rnril s tlw ,·,rkul.ition of t Iw 
proh.1hility of ohtainin!: .111 .1ssign•·d atTur.w~· of h.rlann· hl'lwt't'll lirw anol 
II<' I work \\ h .. n n·rtain ol.tl.l an• known or asslllll('ol rq.:aroling t hl' acnrr.u·y 
oi lo;ulin~ coil iruhwt.lllt't' and st'l'lion t'.lp.u·ity. 

Formul.tc an• ~in·n and t hl' rl'snh s of ,.,, 1.-nlat ions •·ornp.trcd wit h mt·,t>urt•-
1\h'l\ls ma<lc on ··ircuits of known accuracy of lo.llling. 

I :s rl{( lllt 'CTIO'\ 

T HE application of repeater;; to telcphone circnits in which the 
~pt·eeh cttrrent~ in the twr• dir('ction~ of tran~mi,;,;ion pass through 

the ,;;um• clectrical path, has caused cnnsiderahlc emphasi,; to hc 
placed on the matter of making thc telephonc circuits as frcc as 
possihle frnm irrcgularitics. This paper aims to prcscnt the thcory 
of the rebtion between thc irrcgularities in coil loaded lincs and the 
ctTccts resttlting therdrom, which ha\·e an important hcaring upon 
the opcration of twu-way telephonc rcpcatt•rs. 

The idca of applying the thcory of probability to thc problern of 
summing up thc ciTccts of many small linc irrcgularities was first 
suggestcd in 1!112 hy ;\ Ir. John ;\ l ills. Thc effcct upon repcater 
opcration of impcdance unbalancc had Ileen mathematically analyzcd 
by Dr. \.. ,-\. Camphell: anti the dfect upon impnlancc of a ~inglc 

irregularity of any type had been inye,;tigated by :-.I r. R . S. Hoyt. 
Usin~ a probahility relationship which was pointcd out hy !\ I r. E. C. 
:\lolina, :\I r. :\l ills dc\·dopcd a fonnula which gi\·cs the a\'eragc or 
probable impcdancc dcparture in tcrms of m·crage or probable irrcg-u­
laritics in inductancc or capacity, which snwd at thc time of the 
enginccring of thc transcon t incntal line ( Hl! :~ 14 ) and for ~omc 

years aftcr. 

\ \ 'ith the rapid growth o f repcatered circuits in cable it heca me 
necessary to calculatc what frartion of a large numhcr of c~:'entially 
similar lines would gi\'e a ddinitc impcdancc unhalancc at a giYcn 
freqnency. The lll'C'l'>'~lry mathcmatical work to indicatc thc con­
ditions fnr a !arge group of similar lincs was rcccntly carricd o ut 
indcpendently by :\ lessrs. H. :-\yqui~t and K. S . lloyt. 

Thc theory which has thth Ileen e\·olwd on·r a period oi years i~ 

now prcsentcd in a manncr which it i,.; hopcd will hc found rclatiYely 
simple and uscful. \ 'arious charh arc gi,·L·n which ,;houltl hc of 
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material aid in the application of thc tlwory. Thcrc an· a lso gi,·cn 
tlw rc~ults of some expcrimcnts maclc on cable ci rcuit s in whid1 
comparisun is rnmle betwccn the impedancc dC'parturcs of thc cireuit,.; 
as ohtai ncd uy direct mcasurenwnt with thc dcparturcs a~ computed 
from data co,·ering thc indi,·idual irregularities. These impedanec 

_!,o .. 1. 
L, 

';~ '· E, 

I 
lA ' B 

L, ·L-

';§ G2 i·+ 
I 

I, ' Eo\ I L, 

';~ :" : 'ctl'· 
,. 
E,·r,z, 

F ig. I 

<kparturcs arc cxprcsscd as "rcturn losscs,'' thc mcaning of whieh 
is cxplained helow. The agrccmcnt is shown to hc rlosc cnough to 
constitutc a go()(.l check as tu thc corrcctncss of thc undcrlying thcory. 

l\IA GXITl'OE (JF REFt.ECTEll Ct•RREXT 

ln Fig. I, an· shown thrcc regtdar 1 telephonC' lincs of t hc samc 
ty(w heginning at a Cl'rtain point ~ 1. Thl· lirst linc !.1 passc·s through 
ano tlwr point B and continues on to inlinity. Thc sccond linl' L2 
terminatl's at B wlwrc it is connl·cted to an impcdancc z, which 
difTl'rs from thc characteristic impl·dance Z., of the thrt'l' lilll'S, thu:­
constituting an irregular termination. The thinl line L 3 also termi­
natl's at B wlwrc it is connl'l't l·d to an impl'dance Z 1 and a gcnerator 
Gof zero impl'dancc whose purpose will l•e dcsrrihc·d btcr. .:\t the 
:--ending l'Hd .·1 each !im· is pnJYided with onc of thn·c• identiral genera­
tors, GI. G~. c~. h;l\·ing an imped.IIH'l' l'qual to Zo t hc charaCtl·rist ic 
impedance of tht· linc. The. intcrnal voltages of these gc·ncrators 
.m· all cqual and rcpresentcd by E. Thc gencrator C, impresses a 

1 In this pap•:r tht· tcrm "n·,::ular" implies thal a lt>lt·phonc lirw is frec from ,.),·c­
trir;tl irrcgularitics. 
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\·olt.r).!C /~o-1 /~ 11pnn tlll' ~l'nding t·nd t>f thl' lim• /., .uul l"<lll~t·s ,, 
currl'lll /" to tlnw into it. Thl' n>lt.l).!l' ;111d ClllTt·nt w.rn·..; o~n• propa­
~.rl\'d rl'~ularly on•r tlll' lin(' to tht• point 8 wht·n· tlwy ~l"l up a pott·n­
ti.d dilkn·JH"t' F. 1 lwtwt·t·n tlll' roruluctors and C.lll~t· .1 n~rn·nt /, to 
tlow. E 1 ;111d J, an· srn.tllt-r in magnitudc and latn in ph.r~t· than 
Ro and lo ht•t·.utse of tht• los~t·s .rnd tinitt• \Tlocity of tr,lllstni~"iou 

of thl' linl' L,. Thesl' qn.rntitil's han' tlw rl'l.rtion 

sinn· tlw line is regnl.tr. 

E,_z 
J, - •o (I) 

l n the !'l'l'ond lim· L: a ditTerent f.l'l of conditions exists. ln this 
ca~c. the \·olt.tge /•: 2 and tllt' currcnt / 2 pnulneed at B hy thl· generator 
han· thc rel.ttinn 

(2) 

\\"hcn thc l'.m.f. of the generatnr Gis zcro, the conditions in the 
thinl linc L 3 are thc samc as in L 2 hut by adjusting the phasc and 
magnitudc of thc c.m.f. of this gl'ncrator thc currcnt in the terminal 
impcdanee Z 1 can hc madc <'qua! to / 1 and thc d rop across thi,; im­
pcdanC'c lwcomes 

I "ndcr thc~c eonditions the current / 1 flows at the end of thc line 
L3 and thc potential ditTcrcnec E 1 exists hetween the conductors at 
this point. Thc line L3 is thcn in the same condit ion as the line L, 
bctwcen the pnints ..tl and B. \\'hen the wa\·cs arri\·e at B over the 
linc L3 the gcncrator hoosts or depresses thc voltage at the tcrminus 
of thc linc by just the amount nccessary to cau,;e the terminal ap­
par.ltus to takc the de,-ired currcnt. Then thc c.m.f. of the gencrator 
Gis 

(4) 

Removing thc e.m.f. of the gl'nerator G makes thc conditions in 
line L 3 idcntieal with the conditions in L 2 , but removing this c.m.f. 
is thc samc thing as introducing anotlwr t•.m.f. -Ec in serie,; with the 
gcnerator which annuls its e.m.f. Ec. T his e.m.f. -Ec eauses a 
rurrcnt /3 to flow hack into thl' lim· 

& (5) ! 3 =- Zn+z,· 

Suh~tituting from <·qu.rtions (1), (3) and (II alu>\·c 

Zn-Zt 
! 3 = Zo+Z, I,. (6) 
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That is, the effect of connecting an impedance z, to the end of a 
line of characteristic impedance Zo is to return toward the source a 

curr<:'nt whosc valuc is fo-Z, time~ tlw I.'Urn·nt that wou ld exist at 
Zo+Z, 

the tcrminus if the line were regularly terminated. The ratio h<:'tween 

foig. 2 

the rctlcctcd anu the incidcnt current is known as thc "reflcction 
coefficient," thc value of which is exprcs~ed as follow!': 

(7) 

This ratio can also IJe expresscd in Iransmission units (TLT). \\'hen 
expressecl in T P this relatiun will bc rcfcrrC'd to in this papcr as the 
"transmission loss of the returned current," or, briefly, as the "return 
loss.'' 

I f a mndit ion occurs in a line whil'h causes the impl'(l ann• a I a ny 
point to diiTer from tlll' charal.'leristic impedann• it has the sanw effect 
as an irrl'I{Ular \(•nnination. 

lü:TUC'\ Lo...;s .\T .\ REI'E.\TER Du,: n> .-\ SJ:-.:(;LE I RREGULARITY 

Fig. 2 shows a :\o. 2 1-type rl·peall'r connccted between a linc and 
a nt'lwork whose impedanl.'c is exactly cqual tu tlw charactcrist ic 
impl'dance Zo of thl· linl'. lf thl· line is perfcctly regtdar the repcater 
will bc )ll.·rfcctly halanccd and thc gain ean be increased indcfinitcly 
without c;ntsing the repeater to sing. 

1\ ssume 110\\' that the line is krminated by sonw apparatus ha\'in g 
an impedanl.'e z, at a distance from the repl·akr sudt that the trans­
mission loss of the inll'rn·ning line is T TLT . 1f a wa\'c of current 
ha,· in~ a l.'ertain magnitude ll'an·s the repcater, it is redul'cd in 
strength by T TU when it reaehl's the tcrminus. Uf this current, a 
certain anwun t is transmit ted hal'k towanl t he repea ter, suiTeri ng a 
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further lo:o;s of 7' TlT on the way; con~l·qm·ntly, thc rebtion expressed 
in Tl ' hetween the ~trength nf the cmreuts leaYing ;1nd returning 
to tltt' repeater, th.1t is, tlw rl'lurn lo,;s at the repeater, is gin·u hy 
the equation 

lf th1· g.lin of the repeater, cxpre~~cd in TU, is equal to or grPatn 
than S the repl';lter will sing prO\·ided thc rl'turning currcnt has tlw 
corrcct pha,;c rclatinn to rcinforcc thc original waYc. For this reason 
thc tcrm "siuging point" has frequcntly bcen applicd to thc quantity 
S, which is calletl rcturned lass in this paper. 

lf the line is shortened until thc impedanrc Z 1 is conuecl!·d directly 
tn tlte repl'atl'r terruinals, thc Iransmission loss 1' hetwtTll tht' n·pl'all'r 
.uul the irregul.trity is redurcd to zero ancl the rcturn loss becoml·s 

(U) 

RETURN Loss oF I RREGt:LAR L INES 

In practicc, lines arc nc,·er pcrfcctly rcgu lar. l\'ot only is it im­
practicablc to build apparatus which would form a pcrfectly rcgular 
tcrmination for a line, hut there are numerous causcs of irregularity 
in thc lines thcm:<el\'Cs, cach one of which is capablc of rcllecting a 
portion of thc wavcs which tran·r~e the linc. These irrcgularitics 
can hc kept smallcr than any spccificd amount if sufticient carc is 
u,;ed in huilding and maintaining thc line but they cannot bc entircly 
l'liminated: consequently, if a length of actual linc is tcrminatcd 
rcgularly by a network of irnpNbnce Z 0 , thc return loss will bc high 
if thc line is carefullr huilt an<l low if it contains !arge irrcgularities. 
Thc rcturn loss of such a linc, when tcrminated regularly by a nctwork 
is a measure of the quality of thc line from thc standpoint of rcpeater 
pl·rformance. ln measuring thl' rl'turn loss of a linc it is nccessary 
that a rather long section of thc line he a\·ailable so as to indudc 
all irrcgularities ncar cnough to han an appreciablc cffcct upon thc 
rcsult. lf thc scction measured is too short, the result will bc too 
high bccausc only a few irrcgularities will bc indudcd. 

CALCt:L.-\TIU.N OF TIIE RETt:R:\ Los,; OF CmL LOADED LI.NEs 

Owing to the facts that thc inductancc of coi l loaded lincs is con­
ccntratcd principally in thc loading- roils and thc caparity is diYided 
into elcments of tinite sizc by thc loading coils and, further, that the 
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dectrical irregularitie" are due principally to the deviations of the 
inductance of the coils and the capacity uf the sections from their 
anrage values for the line, it is possible tu calculate hy a fairly simple 
method the ,·alue of the rcturn loss nf a coil loaded line if the repre­
sentative values of these deviations and the electrical properlies of 
the line are known or assumed. 

Since the return loss depends upon the accidental comhination of 
a )arge numher of unJ,alance currcnts there will not be one definite 
value applying to all circuits, but an application of the theory of 
prohabilitics makcs it possihlc to compute \\"hat return loss will 
prohably be surpassed hy any assigned fraction of a !arge group of 
lirws having t he gin·n ck\'iations. 

The method of cakulating the return loss of coil loaded lines will 
now be described. Thc symbols used in this description and their 
meanings are giYCn in thc fnllowing table: 

T:\BLE I 

:1 = Attenuation Factor pcr Loading Scction =Ratio ol thc Currcnt l.caving a 
Loading Scction to the Currcnt Entering it. 

C = :"ormal Capacity per Loading Scction in Farads. 
F = Fraction ol a Largc Group ol Lincs. 
f =Any Frcquency lor which a Return Loss is tobe Found. 

1 
f, 1r , , LC = Critical or CutofT Frcqucncy ol thc Line. 

lf.. = Rcpresentativc-2 Deviation ol thc Capacity of Loading Scctions. 
hc = lJc,·iation of thc Capacity ol a l'articular l.oading Scction. 
lh = Rcprescntativc• Deviation ol thc lnductance of Loading Coils. 
h1. = lJcviation ol thc lnductancc ol a Particular Loading Coil. 

II = ,· n~+lll= Reprcscntati,·c• Combincd Deviation. 
I. =Currcnt Entering thc Linc. 
I' = Reprcscntativc• Total In-Phase Rcturncd Currcnt at thc Sentling End. 
/" = Rcprcst·ntativc• Total Quadrature Rcturncd Currcnt at thc S<'nding End. 
Ir =\'alu(' ol Rcturncd Currcnt which will bc Exc<"<'d<'d in a Spccificd Fraction F 

of a Largc Croup of Lincs. 
i' =Totalln-l'hasc Currcnt at thc Sending End of the Linc. 
i" =Total Quadrature Currcnt at thc Sending End o{ thc Linc. 

i,, iz, i,,--- i. =<"urrents Returncd lrom thc I, 2, 3,----- and 11th lrrcgu larities. 
s1', i/, i1', · · · · · i,.' =In-Phase Co1nponcnts of i 1, i'!, i~~~ ......... i" 
ia", it'', i3", · - · · · i"" = <Juadrat un.· Coinponl'nts of i~, ·i2, i~.,-- ... 1',. 

= \ ~.- :\uminal Charactl'ristic lmpedancc ol thc Linc. 
(. 

L = :\ormal lncluc-tanct' of a l.oadin~; Coil. 
,. - :"umh('r of lrre!:ulariti•·s. 
P = l'roh,,hilitv Funrtion !ur thc :\l>solute \'aluc of thc Total Hcturnc<l \urrcnt 

at thc Sending Encl. 
p' = f'roloahilit y Funl"lion ol thc Total I n-l'hasc Rcturnctl Currcnt. 



R,. l{q•rt·~•·nt.tli\ , .. R.-11.-rtion l '•wllirll'nt .11 l ·.lp.wil y I rrq.:ul.tril ies. 
R, l{o·pn•,t·nl.lll\ , .. Ro·llt·<·tiou t'udl'u·i,·nl .11 lnohll'l.lnt·e I rrq:ul.tril i.-~. 

r, - Keilt-ritoll l'ol'lliri.-nt ,11 .1 ( ·.q>oll'il y I rrq:nl.arit y. 

r1• Ht•lft-l'lion l'odlirit·nt ,al .111 ltulurt.mrc lrrq.:uhrit~. 
r,, r,, r1,.-- '•"'lü·llc<·tiun Codli.-it·nl ,1t the I,.!, .l,- ··11th lrrq:nl.aritit·s. 
S Rl'lurn l.o~s. lnlinito· Lirw. 
s. -Return Loss, Finitt· Line. 
SA :\tt t·nu.ttion Function. 
S,. ()istribution Function. 
Sn lrrt·~ul,lrity Funrtion. 
s. - Frequent:y Functwn. 
T - fransmi,,inn Lo,, in ,, Finitt· Lim·. 

11 1, o,, ll1, - - - • n. l'h.1w .\nl(l.-s of tlll' t'urn·nts .11 tht· S..·nding En,J Keturne,J by 
tlll' I,!, 3, ••• 11th lrrq~nbritit·s. 

u• ==J.J •. 

Rt-: FI.Et rto~ .\1' .\ Cott. IRREt;n .. \RIT\' 

lf a loadin~ coil h<t~ too much ur too little inductancc, the e!Tcct 
j,.; thc :\,une a.- if a ~m<tll induct;tnn· hLL hau hecn added to or taken 
.tway from thc coil. Thl· rcactance of thi~ increment is 2rrfLhf .. 
Thc additional reactancl' ha~ thl' :-;rille eiTect whereYcr it may occur 
in thc Ioad but it i,.; ,.;onwwhat ~impler to a:;sume that thc incrcmcnt 
is introdured at mid-wil. \\'ithin thc u,;dul range of tclcphonic 
frequcncics, the mid-cnil impcdann· of a loaded line j". gi\·cn closely 
hy the expre,.;,..ion k \ !} --..:·z. 

In cqu;ltion (7) Zo-Zt mrre:-ponds to '2r.fLhL while Zo+Zt is 
appro-..;imately cqual tn '2k \ 11-w2 whcn thc irregubrity is small. 
COII:-l'<jlll'lltfy: 

rrfLhL 
'L = k,/1 -u.Z 

(I 0) 

.tnd, :;uh:;titutin~ for f anti k thl·ir cqui\'all'nts ob taincu from rclatio11s 
:-:ivcn in Tablc I, 

(11) 

REFLECTtll:'\ .\T .\ St'.\l'l~l; I RREt;l'I .. \RITY 

lf a loauing ~cction has too rnuch or too little capacity, thc ciTcct, 
ncglcctin~ conductor n:si:-tance, i~ thc ,.;.tme as if a sma ll hridgcd 
capacity hcC were added to or remo\'cd from the line . The efTect 

'Thc "rt·prt•,..,nl.lli\·c" tle\Ütion or narren! i, .111 intlcx o[ th.: magnitude ol the 
dc\'iation or current 1h.11 may 11<! l'XJ>cl'lcol in an:onbnce with thc laws ol the 
dbtrihution o[ crrors. lt corrcsrontls to the roul-mc·an-squarc error. lt must 
not !Je conlu,;ctl \\ilh tht: "cfft-cti\'c" or r.m.s. \·alue of a particular alternating cur­
rcnt. Thc mcaning of thc tcrm as used hcre is morc complctely cxplained in 
thc paragraph lollowing equation (.?~I. 
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is thc same for any point in the section, hut it is somcwhat simpler 
to assume that thc additional capacity i~ applied at mid-section. 

1 
The reactance of the added capacity is 'l.rrjlzcC and the mid-section 

k 
impedance is, closely, vi -~u2· 

When the bridged reactance is )arge compared with thc line im­
pedance, the reflection coefficient rc is gi,·cn closely by thc equation 

k 
vl-w% 

rc=!-- l--

2rrflzcC 

from which, substituting the values of fand k as before 

rc=hc __ w __ 
Vl-w2 

which is identical in form with equation (11) abO\·e. 

APPROXIMATIONS r-.lADE IN DERI\"1::-<G RL A:-.:0 Re 

(12) 

(13) 

The expressions for thc mid-coil and mid-section impcdances uscd 
aboYc in deriYing equations (10) and (12) aresimple approximations 
which take no account of the effccts of thc resistance of the line 
conductors and loading coils, leakage bctwcen conductors or dis­
tributed inductance. The crrors due to thcse effccts are negligible 
in the important parts of the frequency range im·oh·cd in telephonc 
transrnission when the types of loading and sizes of couductors now 
commonly uscd are considcrcd. The errors duc to thcsc causcs tend 
to increase for frequencics which arc ,·cry luw or which approach the 
cuto fT frequency . For accurate calculations relating to Ycry light 
loading applied to high rcsistancc conductors it would be dcsirablc 
tu take into account thc cffects of resistancc. 13ecause thc use of 
the prccise expressions would greatly complicate this discussion 
and would probably serve no Ycry useful purpose at this time, the 
approx imations giYen abo,·c arc uscd. 

CURRE:>:T RETL' R:-.:ED TO TJIE SE:\UJ:-;'(; END OF TUE LINE 

Consider first a line haYing only one kind of irregularity as, for 
examplc, onc in which only the loading coils are assumed to vary 
from their normal values. lf a currcnt Io cnters such a line, a current 
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i 1 i,; n·tunH·d to tht• :-t.'IHiin~-: l'lld frnn1 tlw tir~t irrq::ul.1rity (,.,..,.lJIIll'd 
tn llt.· n·ry rw.tr tlw :-l'ndin!-:: en1l) 

( 1-1) 
.1 ,..t.•coud nrrrcnt 

(15) 

i:- rt.·turncd from the irrcgularity locatcd at a di~t.111cc of lllll' loading 
"t'cti .. u .1w.ty from the :-t.•nding l'IHI, sinrc the currt·nt i,.; rcduced l•y 
tht· fanor A in going to tht.• irregularity and again in retuming. 

Simil.trly. a currcnt 

(It\) 

i,; returned from tht.• 11th irrcgularity. 
Tht.· tir,.;t current will rcturn to the sending cud with a ct.·rtain 

ph.l:'t.' .111gle ll1 with re:-pcct to the initi.d current, tht.· ,.;ccond with a 
pha,;e angk· II~. etc. Each rt·turned currcnt may hc n::-oln·d into 
two cornp:llH'nt,.;, ont· in pha:-c with thc initial currcnt and Olll' in 
quadraturt.·. 

The in-phast.• compont·nt,.; of thc curn·nt,.; <lrc then: 

i 1' = lor, cos n. frorn thc lirst irregubrity. 
iz'=l,.f2.·1" co,. Oz from thc sccond irrcgul.uity. 
i/ = I .. r:~-·1 ~ cn,. 03 from the third irregularity. 
i.' = l..r • .t! 2 •-•> co,; o. from the nth irregularity. 

and the quadr.t ture componcnt:; arc: 

i 1" =I ·'• sin 11 1 frorn the tirst irregularity. 
iz" = Iorz.tP sin Oz from thc ~ccond irregularity. 
i 3" = lorl--1~ sin 03 from thc third irregularity. 
i.'' = /0 r •• ·l 2'•- 11 sin o. from the 11th irrq~ularity. 

(I i) 
(11:-i) 
(I !l) 
(:20) 

(2 1) 
(22) 
(23) 
(2-!) 

:\'ow the dc,-iatiolb of thc induct,Ull'(' land capacity) resemhlc the 
error:- of nw.1,;urcnwnt di:-cu:-,..cd in nl;(ny te'\t books dealing wit h tlw 
preci:-ion of nlt'.l!"urt•ment, cnn,.;cqut·ntly, thcy can be studicd and 
thcir t'ITcct" comhint·d hy tht.• samc matlwmatical law. 

Examina! ion of nwa,;urt.·ment,.; of tlw inductancc of largc numhcrs 
oi loadin).: coil:- and the C<tp:lcitics of thc pair,. <tnd phantoms in man~­
n·els of c<tblc ha,·e shown that thc mo:-ot rcasonahle a,;sumption is 
that the de,·iatit~ns of inductance .tnd capacity follow the ''normal" 
law of the di:->trilnltion of errors. 

The de,·iatit~n at l'ach irregularity is not known lmt it is po,;siblc 
10 deri,·e from thc mcasurl.'ments of the induct<lncc of !arge numhcrs 
of Joading coils land thc capacity of many lcngths of cable) repre,;enta-
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tivc ,-aluc,; for thcsc dl·,·iations ,;i milar to thc "nll'all crror." lkcausc 
of tlw way in whieh thl· efTcets of irregularities comlJine, this repre­
sental i<•e de<·iatinn is taken as thc squarc root of tlw mcan of the squarc,.. 
of thl' d1•viations (r.m.s. dc,·iation ) of thc indi,·idual coik l f the 
a veragc de,·iation of a !a rge group of l"oils is known, hut tlw imli,·idual 
dc,·iations arc not , it ma y hc multiplied hy 1.2;);~;~ to obtain th1· 
representati \·c dc,·ia tion on thc assumption that the dc,·iations 
folluw thc normal law of errors. 

lf thcn the rcprcsentative deviation Ih is suhst ituted for thc par­
tietilar dcviation lzL in equation (11), wc ohtain the representati\·c 
rctlcction coetlicicn t 

(25) 

i\ow in thc usual easc where no effort is madc to sclect the loading 
coils and so ohtain a spccial distrilmtion of the cle,·ia tions the reprc­
sentati\·e dc,·iation and thc rcprcscntatin· rcllection coeftlcient arc 
the sa llll' for cach coil. .Suhstituting- RL for r 1• r2, ctc., in equation,; 
( II ) to (21 ) cach cquation gin·s thc reprcscntati,·c , ·a luc, at thc 
scnding end of thc linc, for the currcnt refleetcd from thc correspond­
ing irrcgulari ty . 

:\ccording to tlw laws for thc eomhi nation of dL'\·iation,; which are 
dcmonstrated in trcatisc,; dcaling with prcci,;ion of mcasurcmcnt,; 
the representatin· ,-alue of the currcnt due to all thc irrcgularitic,; 
would Iw thc "fJuare root of thc swn of the squares of the rcprcsenta­
ti \·c ,-alues of tlll' ditTcrent currcnts taken separately, conscqucnt ly 
th e rcpre,;cntatin· in-phase current is 

and the rcprcscntative quadraturc currcnt is 

By as,..uming that tlw representatin.• in-phasc and quadraturc 
CliiTL'lll>' are equal tlw following ,;teps can bc grcatly simplilied. l n 
vi1·w of tlw \·arying l'ITects uf frequency, distancc from the semling 
end and nature of the irn:gularity upon thc phasc relatiuns this 
appl'ars to he a ju~tiliaiJle as,;u mption , so comllining I' a nd I" in 
quadraturc, 
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Fnr .1 linitl' nu•nltn .,f irrl'gul.tritil':', th.tt i:-; .1 linitt· liiH· tt·rmin.tted 
lt\ .1 perft·ct lll'twnrk just hl'y1111d tlw 11th eoil: 

, " IR,. / 1-. 11
" 

I=I = ,:.! \ 1-..t' (2!1 ) 

which is oltt.tined h~· ,;umming up the :-;erie,; of term,; under the raJical 
in t·qn.llion (:?" l. 

For .lll inlinitdy long line ..L 1
" hl·comes Zl'W ,.,incc .-1 < I and 

I' =I" = Ipl<r. 
"" oc \ :.! \ 1-.-14 

(30) 

/' corre,;p:liHis to the r.m.s. error in thc ordinary theory of l'rrors. 
cou,..l'quentl~· thc prohahility function f,,r thc distrioution of thc in­
ph.t"L' curn·n ts is: 

(31) 

l'hanging the acn·nt,.;, thi,.; cquation also applies to the quadrature 
l"lllll(lOIIl'llt,.;. 

The prohahility that thc in-pha:-;c currcnt lies hctwcen two ncar 
hy \allll''- i' and i'+di' j,., tlwn equal top' di' and thc prnhahility 
th.tt the quadratun· coulpont·nt al",, lies bl'tWt'l'll two \·alucs i" aml 
i" +di" at tlll' ,.,anw time j,.; p'di'Xp"di". Transfl'rring to polar 
coonlin.ltt·s," tlll' prohahility that the total rctunwd currcnt will Iw 

lwtWl'l'll a \·aluc i = \ 'i'2+i"2 anrl a slightly different \ 'a lue i+di anrl 
;d:-;o ha,·c a pha,.,c angle hetwccn 0 and o+dO is 

1 - •' 
P = '2r.l'2ir 21 '' didH. (3'2) 

lnt cgrating with re:<pcct to thc phasc angle U bctwcen 0 and '2r. 
to lind the prohahility of ohtaining a rurrcnt hl·twL·cn i :md i+di 
of any po,.,sihle pha,.,l' di,.,placcmcnt 

I !"" .~ F= ir- 21" di 
I
,. . 

'"' • lf 
(33) 

lntl'gratiug hl'tWl'l'll I,. aml inliuity gin·s tlw prohal1ility that the 
tot.d returnl'rl currl'nt \\ ille:xceerl the \·alue I F· 

I'J 
F=e-u·•. (:H ) 

3 For a morc rnmpl('t(' d .. scription of this op..r.1tion, ~l'e ",\,Jv,tnced Calc-ulus," 
l>y E. II. \\'il~on, P·•~e 3110 cl »eq. 
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ln a !arge number of lincs, Fis thc fraction of thc \\·hole group 
which will han~ a ret urn currcnt in cxcc~s of I F· 

From thc ddinition of thc tran"mi~~iun unit thc rcturn lo~,; uf thc 

line vxprl'~:--ed in Tl', is gi,·en hy the cxprc~~ion 

Io , I lp 
S=20 log10 lp = -20 og10 J;, (35) 

from which 
s n = nto-w. (36) 

Substitutin~ in (3·1) 

(37) 

Taking logarithms to thc IJasc e and tran~posin:..: 

s ') J'2 
I 0 10 =- -1~ log,F. (:3S) 

Taking logarithms to thc hasc 10 

S = I 0 lc 1g,. [ <> l ,2 1
1

~ 1 J . 
- og, F 

(3\J) 

Suh~tituting thc ,·aluc of I '.,. from cquation (:{0) fur 1' 

S= 10 log1o Ri. XI ) 
[

1-.:14 1 J 
og, ]: 

(-Hl) 

and thc valuc of RL from cquation (2•i) 

[

I l-·w
2 

1 J -~X X 1- 11 X S = I 0 logw 11/ W 2 ( • ) 
1 

1 . 
og, I·' 

(.J I ) 

By a ~imibr procc~~ of rcasoning it i~ c\·idc·nt that if the linc contai ns 
cap;Kity dc,·i;tt ions only, tlw rl'tllrn lo,;~ is gin·n hy this same ex­

prcssion with llc ~til•stitutcd for lh and if both typcs of irregnlarity 
OITll r t he n·prl':--t·n tat i \'C dt•,·ia I ion is 

\\ hl'n llc includ(',; thv l'lh·C'I of ;-;pacing irregularities as weil a~ capacity 
dt·,·i;ttion~ in tht· cal•ll'. Tlw forC"going t•xprt•ssion can, for con­
n·niviHc·, llt' pul in tlw fonll 

(42) 
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in which t'.u·h ll'rm depl'IIU,., uptlll ouly nm• i~~tlt·pcndent vario~hlt· 

.md iu \\ hich llll' ,.,ymhnb ho~n· the followiug meanings: 

Su = lrregulo~rity function =::!0 lngw )
1 

( 1:~) 

.~. = Frl'qucnry funetion = ::!0 lng10 \ / 1 -w
2 

(·11) 
'W 

SI'= I >istribution function = 10 logw
1 

I (-J.-,) 
og, F 

. f . I S..1 = Attcnuat1on unct1on = 10 log10 1 -.·l 4 (·!Ii) 

Tn understand more clearly the mcaning of equation (-12) imaginc 
tl1.1t a l.1rge number nf circuits of the samc type and gauge are tu he 
J,uilt in arcortlanre with the same specilicatiuns so that the n~pre­
~L·ntatin· (r.m.s.) de\·iation including all causes has the same value 
II for cach circuit. Further, imagine that the \'alue of S has hl'en 
cakulatcd hy formub (-!2) using a particular frequency fand a eon­
vcnicnt fraetion F. lt is tu be expectcd that whcn thc circuits ha\'e 
becn built and their return Iosses measured at the gi\'cn frequency f 
the franion F of the wholc group will ha\·e return los,;es lowcr than 
Sand the rest will ha\·e higher return losses. 

In discu,;sing expccted results it is sometimes prcferahle to stalL' 
the fraction 1- F of the circuits whose return Iosses will be greater 
than the as~igned \'alue rather than the fraction F whose return 
Insses will be lowcr. This is done in Figs. \) to H described below. 

i.Ot'ATI0:-1 OF TllE FIRST I RREGULARIT\' 

In equation,. (I-I), (I.)) and (lü) and all the equations which depcmJ 
upon them it was a,.,sumcd that the first irregularity occurs at the 
~ending end of the line. Two other assumptions are equally plausi­
ble and might tllHJer some cirrumstances he prefcrable. These are 
that the lirst irrt•gularity occurs (a) at one-half section from the 
end or (b) at a full Sl'Ction. ln the first case (a) the currcnt returned 
to the ~ending end from each irregularity will be rcduced by the 
factor A and in the sccond (b) by the factor .·12, that is the return 
los,- giwn hy equation (-12) should be incrca::.ed by (a) the anwunt 
of the Iransmission loss in one loading scction or (h) twicc the amount 
of the transmission loss in one loading section respectively. 
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RETLIC\ (.o.._",.:,.; OF Sl!oRT l.t~t·: s 

\\'hen a linc i" short aml rcgularly tcrminated tlw rctmncd currcnt 

will hc solllewhat lcss than if it c:-.tt·tHis to infinity with irregularitics 

and conscquent ly thc rcturn lo"" willl>e highcr. From cquations (29) 

I' 
and (30), thc rcturned currt"nt i,; lowcrt·d in thc ratio !'""= ,/I _-,pn 
U)' limiting thc linc to II Sl'Ction,;; CllllSl'f)UCll\1~· 

(-!7) 

in which 

(·IS) 

i,; thc incn•a,;c in retnrn loss. 

Sinn: thc tran~mi,;,.,ion lo,.,,.. in 11 sections of thc linc is 

T=20 I••Rtu 
1
1 

~· ,. (·Hl) 

it is easily "t'l'll that tlw increa~c of rcturn loss can hc cxprcsscd as a 
function of this lo,..s. Transposing (·lU) a nd subst ituting in (-!8) 

s .. -:>= ]() logto - [ 1 J 4' 

I -tT 
log to2U 

(50) 

CII.\HTS 

Thc procc,..,; of computing rcturn Iosses can h c grcatly shortencd 
hy u,..ing thc gr;tphs of equations ( -!:~). (H), (-!;i), (-lü), and (50) to 

ohtain tlw , ·;tltu·,.. of thc \ ';triol!s functions. Thc accompanying 
Figs. a to s. indu,..in·, ha,.,. lwcn prcparcd to illu,;tratt' thcsc graphs 

.and for ll"l' in rough c;alrubtions . 

. 'iu may l'l' ohtaincd from any tal•le or chart gi,·ing thc relation 
lwt\\l'l'll Tl ' and currcnt ratio hy u,..ing 11 likc a currcnt rati<l. Fig. :3 
i" a chart dr.twn c,.,pccially for this purpo::.c. For \'alucs of 11 lying 
lwt\\t'l'll 0.1 and O.tll Iook up a point on thc cun·c corrcspunding to 

IOII .llld ;~tld :!0 T l ' to tlw cotTl'"JlntHiing \'aluc of Su, for ,·alucs of 
lf lying lol'lwt·t·n O.tll and 0.001 Iook 11p a point corrcsponding to 

IOtllf .uul .uld lll Tl ' to tlw value of ."iu, and ~o forth. 

Fi ).!s. ·1, ;1, Ii, and I arc nn·,·es gi,·ing thc relations hctwccn thc 

fnn c tion~ S .,., SF and S ,t. a ·spt·ctin·ly, anti thc quantities npon whid1 



:I .... 
' X 

11'1 

15 

10 

[QQEGUL.AQtTv FuNCTtON- TU 
SH• 2.0L0<JIO* 

I • 

0 ~~------~~--~.2~------~.~------.4--~~.5~~.6---.7~~.8~.~9~10 15 

26 

24 

22 

20 

18 

~ 16 
l 

(Jl ld 

12 

10 

10 

H 
Fig. 

FRECuENCY FuNCTION ·tu 
Sw '2~ l..09 10 "'=:' 

W• 'c•fn.V"i:C 

.1 .2 5 .tl 



30 
28 
26 
24 

::l 22 
I- 20 
·A" 18 

16 
14 
12 
10 

~I 
8 
6 
4 
2 
0 

~I 
2 
4 
6 

J) 8 
10 

.--
1--
f--

-

[Xll ~·_._9;L___.~ I Trl 

~--__,--:-:: : . :: . . ----+--- l i±c 
I .0001 ~ J__ LL~OOt 

Fig. 5 

:\ T l'EXL'.\ TIOX Ft: SCTIOX-Tl' 

In to:rrns af lass pcr laading sectian 
1 

SA = 10 lag1o 1 - A' ' 

A - Attenuatian factar rer laading scction, 
1 . . ... 

L = 20 lllgJo A = lass per laadmg sectiOn 111 n 

26 

24 

22 

20 

f8 

t6 

1<1 

t2 
::l 
1-

10 

"' 

1\ 

II \ 

1\ ~ 

\ 1'--- --\ t--. r---
r-- 10 L 

f\ 
r-===: 

\ 

"t-.... 1/1 r----.. ........... 

<1 -rJ:- ......_ 

2 

0 
.2 .3 .5 .6 .7 .8 .9 t.O 

TU L 

Fig. 6 



11\1\ll;t'f..IN/110' /.\' /0.1/l/-/l lrl/1'1/0.\/ < 1/,'t I /T\ ;n 

t·.wh dt•pt·nols plott!'d frnnt equatinth ( II\, tl.">) .and ( lto\. Tlw"t' 
.tre .tll positi\l• l'"·ept ,,,., indicatt·d h~· the \\ord "~uhtr,wt" nn tht• 
<li.q.::r.tm,.; . 

.-\ simpll' lllt'thod fnr 1"\tending tlw rlln<' of Fig. ;, is ,ts follcl\\s: 
\•d chno,..t• a point oll tlll' Clln t' \\ ithin ;~ Tl' of tlw lowcr t'IHI. (!,) 

,;uhtr,lC't .thout :~ T l' (.tccuratch·, 10 log,o ~) front tlw Ldllt' of ,o..,·,. 

for this point, .111d (!-) !'quan· tlll' \ .tllll' of F for thi,; point. Tlw 
n·sults oht.tincd for (h) .tnd (!-) an· lhc roordin.tlt·s of anolher point 
nn llll' l''den,;ion of thl· cunT. 

Fig. ti gin·s lhl· relation hl'I\H'l'll S .. t and the transmis:-icm loss pl'r 
lo,tuing "crtion. t )n account of tlll' wide usc of ti ,I JI)Il ft. sp;tcing I Iw 
cunTs of Fig. i arc plottet! to gi,·c lhc rl'lalion lll'lwcen S,, and tlw 
Iransmission loss pcr milc for li. OOO ft. !'pacing which is usu;tlly a 
morc con\·cnicnt arrangcmen t. 

Fig .. "\ giH·s thc anwunt, .S,.- S, hy which t hc return loss of a 
regul.trly tcrminaled linc of linitc kngth (11 scctions) is gn·at<·r than 
lhat of an inlinilc linc a,; a function of thc Iransmission lo,;s of thc 

linitc linc. This was cakulatcd !Jy fonnula (.iO). 

<. 'ALll'L\TtO:-\ OF R E'tTR:-i Loss 

T he pmccss of linding the rl'turn loss hy m cans of thc cu n es is as 
follows: 

{I) Determinc thc \·alue uf lh. thc repre~cntatiYe deYiation of thc 
loading cnib, and llc, thc reprt'Sl'!ltati\·c dl·,·ialion of thc Capacity 
of the loading ::;cctions. T hese dcpend upon the Yarialion:- allmn·d 
in the ~pccitications for loadin~ coils and cablc anu upon thc carc 
wilh which thc linc is l>uilt. Calcublc ll = \ l lfi.+ Il/;, thc n·pre­
:-cntatiYc combincd uc,·iation of thc scction. Look up thc num iJl'r 
of Tlr corrcsponding to I! in any suitahle table or chart, suc h as 
Fig. :3, to lind Su. 

(2) .Assumc thc frcqucncy, J, to bc cunsidcrl'd. 

and Iook up thc corrc:,;ponding \·alue of Sw on Fig. -l. 

Calculatc w= f 
f, 

(:3) .-\ssumc a ,·aluc of F and Iook up the corrcsponcling valuc of 
SF on Fig. 5. 

(-l) Look up thc \·aluc of S,1 on Fig. 7, corrc~pomling to thc Irans­
mission loss pcr milc of 1hc circuit at thc frcquency f if thc coils are 
~paccd 6,000 fcct (I.J:3t1 milcs) apart,or calculatc the loss pcr sccliort 
am.I Iook up SA on Fig. Ii, if some other spacing- is u!'cd. 

(5) Calculatc S = Su+S..,+SF- S..t. 
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(Ii) II tlw n•turn lo:-s uf .1 linilt' ll'ngth of lilll· i,. th·,.irl'd d•·tt·rmint• 
lhl· tr.tn,..nti,.sion lo,.,.; of this lt-ngth and Iook 11p tlw cor-rt·spotHiing 
\,tllll' of ,\·.-.'i on Fig. :-. . . \dd thi~ .llllOIIIlt to tlll' v.tltH' of .'; fonnd 
in p.tragr.tph (:•). 

Ex .\ ~lt'l.E 

.-\-; an t·,.unpll' to illn,.;tratt· tlw ;tpplication uf thcsc mcthods Iet 
u,; c.tlcul.ttl' a rl·turn lo,.,.; .tt 1,000 cyclc,.; for ~~~- l!l-11-l'i I-ti:~~ sidc 
rircnits such that \10 pn n·nt. of thc circuih may hc cxpcctctl to 
h.tn· a highcr Y.t!uc and only 10 pt'r n·nt. to fall !will\\' it. Thc ncn·s­
sary d.lla an· gin·n in T.thll' I I, hl'low. 

(I) li= \ 000ti:2~+0.01:2!l2+ tl.!llllt,2 =0.0(:,o. 

Fig. a gin?s 3ti.:, Tl' as thc corrcsponding ,·alnc of Sh. 

(:2) :\t (.000 n-clcs w = 1000 
= o.:~.ili 

• ~SIO 

Fig. I gin·s ~..l Tl' <JS tlw corn:sponding \·alne uf Sw. 
(3) Sinn· no pn ccnt. of thc linislll'd lines are to han· return Iosses 

greatcr than Sand 10 pcr rcnt. ll'ss F=O.l and Fig. ;, giws -3.7 
Tl' as thc corrcspunding , -,d ue nf SF. 

(.J) The Iransmission luss (ll'r mill' is 0.~7 1. Si111:e thc coils are 
spacC'd li,llllll feN apart. Fig. 7 gin•,; S.7 TLT as thc \'aluc of SA. This 
s.unc ,·alue would Ll' ohtaincd ll'sS din:ctly I.Jy cakuhting thc loss 

per loading scction, 0.2i iX ~~~0° =0.311 and using Fig. ü. The lattC'r 
,, _ ~.,..., 

mcthod is u,_;ed whl'n tlll' ;;pacing is different from G,OOO fcet. 

(;",) l',..ing cqu.1tion (-12) 

S=Su+S,..+SF-S.t =~IL'>+SA-3.7-8.7=32.5 TU. 

Thi,. will hc found to agn:L' with thc tl(l pcr ccnt. point on thc smooth 
eurn· plottl'd in Fig . 111 ''hieb is dcscrihetl bclow. 

(Ii) ln ca,..c it is dl'-.ired lind the rcturn lo,_;s of a length of this linc 
h;n·ing a tran-.mi-.,..ion lo,.,.; of. for cxampiC', Ii Tl r instead of the return 
loss of tlw infinitl' linc. Fig. :-. gi\'CS s,.-S= ll.:3 from which 

DETER\It-.;.\Tto-.; oF ToLER.\tiLE DE\'IATto-.;s 

To dl'tcrmirw t he dc,·iations which currl·spond to an a;;signcd ,·allll' 
nf thl' retum lo,_;s llntl ,·alucs <•f Su .. SF and SA as in paragraphs ( ~J, 

'ln acc-Qrd:mn· with tht· pranices of thc lkll System, this notation in<lic;llcs a 
ph.wtom ~roup of :\o. I'J B. ,\: "· condu!"lors in a cahle with loadin~ coils sparerl 
6,!)01) fn·l aparl, th•· sidc circuit coils ha\in~ li-l millihcnrys induclanrc and thc 
phantom coils 63 millihl'nrys. 
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(3) and (4) abm•e and substitutein formula (-12) to find the value of Su. 
This with a tablc or ch;1rt of TU and curn'nt ratio gives the value of 
!I. Limits can then be irnposcd on the loading coil inductances and 
section capacitics that will insure that the rcpresentati,·e dcviation 
will nnt cxceed thc ,·alue /I so found. 

CmiP.\Riso~ OF DIFFERE~T TYPEs OF CIRcuns 

These formulac arc useful in comparing the return Iosses to be 
expccted in \'arious typcs of circuits which are built with the same 
accuracy in thc mattcrs of coil inductancc and scction capacity. In 
such cases it is mcrcly neccssary to calculate the quantity Sw-SA 
fnr each circuit and takc the diffcr('nce. 

ExA~IPLE 

:\s an cxample comparc the ~o. 1!1-H -1i-t-li:3 side circuits worked 
out above with :\o. lli-H -- 1-1 -S ~ circuits at 1,000 cyclcs. Since thc 
deviations and thc fraction F arc the same only Sw and S-t n('ed bc 
considcrcd. l;or thl" :'\o. lü-gaugc circuit f,=;);ißO aml the loss in 
TU pcr mile is 0.2:W. From thcsc f1gures: 

Gauge of Linc No. 10 

1000 
w= f, 
S.., TU 
S.-~ TU 
S..,-S.sTlT 

0.350 

S.4 
S.i 

-0.3 

No. 16 

0.18 

14 .8 
0.4 
5.4 

Tl1l'se figurt's show that thc return loss of the ?\o. 16-H--1-1-S circuits 
should l•c higher than that of thc :'\o. Hl-H-l'i.J-G3 sidc circuits and the 
difTnenn· to l•e cx pected is fi...! -(- 0.:3)= :J.'i TU. 

\\"h('n thc circuits to be compared havc thc same cutofT frcqucncy 
the proccss of comparison is en·n simpler si ncc the quantity S,. is 
tht·n thc s..1. rnc in cach casc. S-t is dctcrmincd for cach cin·uit as in 
paragra ph (·I) almve. Thc difTercswc betwccn thc two ,·alucs of SA 
is the diff<'rcncc hetwcen thc rNurn lo~ses. 

:\s an l'Xamplc compare thc :\o. l\.I-H-l'i-1.-G3 sidc circuits with 
:"\o. lti-11-111 -li:{ side circuit s. In this ca:;e the cutofT frcquencies 
arc the samc so wand Su. ;src the samc. lt is thcn onlr ncccssary to 
mmpare .1.,',\· The Jo,..s per milc of the :\o. Hi-gauge circuit is O.Hil 

'Thi' not.tliun indicalt·> a sidc circuit of :\o. 16 B. ,'\: S. conductor~ in a C.Jhlc 
ln.ul~d wilh H milliht·nry coils sparcd ü,OOU fl'd apart. 
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Tl' at 1.000 C'ydes from which S,, = 11 Tl'. In cqttation ( I~ ) S,, is 
nq:.ltin· ht'IH"t' the ;\o. 1!1-gau~c will ha\t' a ltigher return los,.; than 
Il~t· ;\o. lti-~ali!-!C rircuits and tht• expt•t'lt·d diiTnt·nn· is 11-S.i = 
:2.:~ TF. 

Co\tP.\Rt:'n:-\ oF C.\LCL'I • .\TED .\:-\1> :\1 E.\st'REI> 

RETl'R:-\ I .OSSES 

In orclcr to test the mcthods of calcul.1tion descrihed abon~ a series 
of mc.tsurcnwnts of return lass at f>OO, 1000 and ~000 cycles were 
made on a 1-!roup of loaded sidc and phantom circuits in a cablc using 
a :-\o. ~-:\ unbalance measuring set. 

The n.·prcst•ntati,·c inductance deviations wen· found hy analyzing 
thc inductanct· measuremcnts on a lar!-!e group of loading coils similar 
to those uscd in the cable. The reprcsentative capacity deviations, 
not including the spacing irrcgularity were found by analyzing thc 
shop nwa,.;uremcnts on a number of rceh; of the cablc. This gave 
rt•prest·ntati,·e ligurcs for rcel lcngths which wcrc di\'ided by 12 (i n 
.weordance with the laws of probability since this cable had 1~ reel 
lt·ngth,.; in a loading section) to obtain thc reprc,.;entative capacity 
de,·iations due to the cable for the loading sections. The spacing 
dt·,·i.ttion,.; were separatelr dctcrmined from the measurcd distances 
bctwt•t·n thc loading points. 

Thc data u,.;cd in thc calcul.ttion wcrc as follows: 

T:\BLE II 

Rcprcsentative inJuctance dcviation. 
Rl·prc~entati\'c Capacity dcviation ... 
Rcprcscntative spacing dcviation. 
l'ombined rcprcscnt.lti\'c dcviation, II. 
CutotT frcquency je (cyclcs sec.\ ..... . 

1 
500 cyclcs .... . 

Transmission loss IUOO 1 Tli pcr mile cyc es. · · · 
2000 cycles. . . . 

Si des 

0.0062. 
0.0129• 
o.oo-t5• 
0.0150• 
2810 
0.2t>5 
0.2i-t 
0.317 

Phantoms 

0.006t• 
O.OIJS• 
o.oo-t5• 
0.0158. 
3727 
0.2il 
0.279 
0.296 

The ~mooth curH·s of Fig,.;. !J to 11, inclusivc, wcrc calculatcd from 
the data in TableI I using thc methods described above. The abscissas 
are the pcrcentagcs uf a l.trge group of circnits which may bc expectcd 
to havc return los:-cs grcatcr than thc values givcn by the ordinates. 
This perccntagc is cqual to 100 (l- F). Thc points plotted on the 

• The fi~ure~ an: "fraclional'' rlcviations. Percenta~c dcviations which are 
somctmcs uscd .1re IUO Iinws as lar~c. C'are shoulrl bc takcn to avoid errors causcd 
by failurc to di\'idc pcrccntagc rlcviations by 100 beforc finding the value of F H· 
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l'llr\t' !->lll'd!-> ).:in· tht· l!ll'.t"llrl'd ,,dut·s of rd1tr11 lo,;s fo11t1d in tlu· 
).!riiiiP~ nr cirntih listnl in the t'\pl.tn.ttory notc·-. Oll tht• dra\\ ings. 

l tt ).!t'llt'r,d. it \\ illl~t• ohst'nl'd th.tt tlwre j" .t f.tir .tgn·c·nH·Ilt lll't\H'l'll 
tht• tht·oretit·.d c11n·cs .111d tht' llll'.t-.un·d rdum lo",..e,.; c•"pt'<'ially at 
1 ooo .tlld ~uoo ~"ydes. 

Pm· tll tlw li111itl'd r.tngc of thc tllc.tsllring app.tratll~, reacli11g~ of 
return los:-'es gn·.tter th,an ·lll .7 TL' wen~ not m.ull' t'Xt't•pt in thc c'a"c 
of tht· Ligonit·r to l' ittslmrgh phantoms shown nn Figs. 1:!, 1:~ .tlld 11, 
whl'n .t speci.d arrangl'lllCt\t was a\·,til.tblc tu extc11d thc r.tnge lo 
17.:J Tl'. For this rcason points n•prc"t'llting ohscr,·cd rcturtl lcb-.cs 
;thon· tlwse Iimits arc not a\'ailablc which cat~:>cs thc obscn·ccl ,·alut·s 
for .iOO cyd1•s in Figs. 0 and 1:! to appcar somcwhat low ,tl first "ight. 

\\'ht·n· thc highcst point in a gh·cn ,;ct of data reprt·,.;ent,., many 
circuit,; a,., in thc ca,;cs rcprcscntcd by thc ,.mall triangll's and cirdt·,.; 
in Fig. H this point prohably gi\'es closely thc return lo"s corrc>-ponding 
to thc pl·rccntagc of circuits it indicates but thc points for higher 
ret11rn lossc,; are not a\'itibble. \\'hcn thc highcst point rcpre,;cnts 
only onc or two eircuits as in thc casc rcpresentcd by thc sCJuarc in 
Fig. H. it i::. likdy that tlw actua l rcturn loss is h ighcr th;m thc point 
indicatcs. 

lt shoukl also bc notcd that ahovc -10 T U the actual impcdancc 
of the line aml it!' charactcristic impcdancc differ by lcss than 'Z per 
ccnt. so that \'Cry small dcp.trturcs of thc nctwork from the truc 
charactcristic impcdance of tlw linc would tcnd to makc thc oiJscrvcd 
rcturn loss low. 

Co:-:cu..:s10:s 

lt is belic,·cd that thc proredurc tlto,.,crihed in thi,. papcr o!Ters a 
rcli.tble mcthod for dctcrmining tht• probahility of ;tttaining a particu­
lar ,·alttc of return loss at any a;;~igncd frcquency whcn .1 circuit i~ 

built with definite Iimitation,; on inductancc and capacit~· dc,·iations 
so that thc rcpresentati,·e dc,·iations arc known. 



The Sounds of Speech 
By IRVING B. CRAN D ALL 

:'I:OTE: .\s professor of \'ocal phy,iology, :\le~andcr ( ;raham Bell did 
pionecr rescarch in "de\'ising mcthods of cxhibiting t hc \'ihrat ions of sounds 
optically." i n 1873, hc lll'canll' familiar with the phonautograph, de· 
\'clopcd by Scot t and Koenig in 11-i.'i'), and with the manometric capsulc, 
dc\'cloped by Kocnig in 1862. I ;reatly impresscd by thc succcss of thcse 
instrumcnts "to reproducc to I hc t')'t' t hose details of sound \'ibration I hat 
procluce in our cars thc scnsation \\'t· term timhrc, or quality of sound" 
Bell uscd an impro\'l'd form of the phonautograph ha\'ing a stylus of wood 
ahout a foot long. llc ohtaincd "!arge and \'Cry bcautiful tracings of tlll' 
vihrations of tht· air of \'Owcl sounds" upon a smoked glass. 

In dcscrihing his carly attcmpts to improyc thc methods and apparatus 
for makinl( spt't'('h wa\'es visihle and to intcrpret \\'a \·c form, Bell \\TOte: 

"I thcn san~o: thc samt· \'0\\·cls, in thc same \\·ay, into thc mouth-piecc 
of thc manometric capsulc, and comparcd the tracings of thc phonauto· 
graph with thc llallli'·Undulatinns \'isible in the mirror. Thc shapes of 
the Yihrations ohtaint·d in thc twn wa\'s were not cxactl\' iclentic·al, and I 
camc to tlll' ronclusinn that tlw phonai.Jto~o:raph would n·;1uire considerahle 
modilical ion lo Iw adapte<l to my purpnse. The mcmbrane was loaded b\' 
heing attaclwd to a long le\'l·r, anti tht· hristlc, too, at the end of thc leYcr, 
sccmed to ha\'c a dc·finitc rate of dhration of its own. These facts k-d 
nw to imagine that the truc form nf \'ihration characteristic of thc sounds 
of spcet:h had ht·t·n di,toned in tlw phonautograph by thc instrumcntalities 
c·mployed. I thcrdon· made many t'XJll'rirmnts to impro\·c tht• construc· 
tion of thc instrunwnt. I construcll'd, at homc, quite a llLPllll('r of ditTercnl 
fnrms of phonautographs, using nwmhrant·s of differPnt diametcrs and 
thicknesst·s, and of dilTercnt lll<~tcrial~. and changing the shar-e of the 
all<~chcd kwr and hri~tlc." 

Struck l>y the likem·~~ of the phonautograph and the mechanism of the 
hnmancar, Bell concci\·cd thc idca of making an instrumcnt modelecl aftcr 
tlw p.1ttcrn of the car, thinking it would 1 rnhahly producc morc acnrratt· 
tral'ings of spl'cch Yihrations. ln !Si·l, hc consultecl a distinguislwd 
aurist, Dr. Clan·tH'(• Blake of Bo"ton, whn suggcsted that instcad of tn·inl! 
to make an instrunwnt modeled aftcr thc human ear, thc human car itself 
he used. Dr. Blake prepan·d a specimen containing the memhranc of 
tympannm with two honcs attachl'd, the malleusanti incus. The other 
hom·, tlw stapes, wa s rcnto\"ctl and a stylus of wheat straw ai)()Ut onc inch 
Ion~-: \\as suhstitntcd .. \ sort of S)ll'aking tuhc was arranged to takc thc 
plan~ nf thc ont(·r car. "\\'lwn a pcrson sangor spoke to this ear, I was 
delightcd lo ol>st·n·e the \"il>rations of all thc parts and the stde of ha\· 
dhratt·d with such amplitudc as to c·nahlc 111(' to obtain tracings of th.c 
vihrat ions on smokt·d glass." • 

In t he accompanyin~o: papcr, I >r. I. B. l 'ra ndall descr ibcs modern methods 
whercl•) with thc mo,;t n·lirwd apparatus, hi~-:hh- accuratc spccch wan· forms 
han· ht·t·n produeed. Thc an .. d)·sis and intcrpr!'tation of hnth \·owcl and 
t·on".-manl sonnds madt• possil•lt· l>y tlw,;e records, arc thc rcalization of an 
ohjc·<'lin· 'oughl J,,. Bc·ll a half cc ·ntury .rgo. 

This articlc· is tht• n·,ult of an t·xtl·nded stndy of !(JO graphieal recnnb 
of \'<~\\'t·l .• liHJ t"Oil,•>nant "lliiHJs, o( which a few an• rcprodnced in tJW prcscnt 
puhltcatron. < ln<' hundred and fonr of tlw~,. n·cords are of \"owcl sounds 
.111<1 furnu·d tlw l•asis of tlw "lh·namical Stndy of the \'owel Sounds," I>)· 
I. II. !'r,urd.tll and 1' . F. o..;,,.·ia which was pnhlislwd in this Journal in :\pril, 
l'ln. Tlw pnrp<N' of the pn·,;t·nt artil'lc• is lo descrilw all nf thc rccord,; 
!n.'uflicic·nt clc-t.,il, i.n<'lnding in one di"-u"ion the nutslanding charactc•r· 
''tu:s of \"11\\d, "'1111·\'owcl .md •·onsotl.lnl sounds; it is hopcd shortlv to 
snpplt·nu·nt this with a n·prudunion of .1 l.trgl'r group of records from. thc 
<11111)JII'lc· <'llllc·ct iun.-Editor. 
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lntn•lucti••n 
I '"''' on I ht· I ·h.lr.l<"lt•ri~t it Frt't(llt'll<"it·,. of :-.pt·c·t h 

II Th·· 1{,-... ,nlin-: \pp.1r.11 "' 
111 t 1.1--•tic.lllon ol 1 ht• l<t·cords 
1\ "'·'!l'llt".d "lud\ olllllll.mnollit" .\n,,Jy,.is ,·,r tht• \'cl\\.-1 """""' 
\' Fo11r -.,..mi · \ ·owt·l Sound~ 

\'I -.,i,t•···n l 'on,.cHJ.llll :-.ouncls 

I :-.:TRODL'C'l'll >X 

T U the byman ~pt'ech j,; a mattt·r of cour,;<:>, but to thl' ,;tudent 
of ,;cit·llet', or of l.tngu.tge "the amazing phennmt·non of articul.tt<:> 

~pt•t·ch cnnw~ hnme ... a:-; a kind nf commnnplace miracll'." 1 

ltt·nn· we h.tn• inquiric~ into the nature of ,;pecch frommany poinb of 
vicw, beginning with fundamentals ba:;cd on physiology and acou,;tic 

Speech rt·cord maue b>· Bell in 18i5 

,..cil'ncc and kauing to important applicat ions in communication 
l'ngineering. phorwtic,; and ,·ocal mu,;ic. 

Thl' ,;cientific study of speech ,..ounds began with Hclmholtz, who 
al,;o madc a fundamental ,;tudy of hcaring. Hclmholtz had thc 
advantagc, in ;tpproaching thc,;e problcm,;, of a knowlcdgc of physiology 
as Wl'll a,; a m;btcry of theoretical physic,;. \\'ith this cquipmcnt 
.llld ,;uch :-imple lahoratory apparattb as hc crcated, hc did hi,; grcat 
work on ,..pccch and hcaring of which we han: thc rccord (i n Engli:;h 
tratbl.ttion) under thc title of "Scn"ations of Tone." 2 Today, with 

f .reenough ."\: Kitlrt·clge, "\\ onls and Tht·ir \\'ays," :\. \'., 1901. 
'"The ~·n~.Ition, oi Tom• as a l'hysiolo~-:ical Basis for the StU<h· of :\lusic'' 

l'r.Jnslatcd frnm thc Fourth t.,.rn,an Edition L>y .\. j. Ellis: Fourth English Edition, 
l.ondon, 1'>12. 
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immca:mrahly superior phy,.ical apparatus, and with morc spccializcd 
thcoretical cquipmcnt, t lw indiYidual ill\·estigator usually approache,; 
onc pro)J)em at a time, thc problem and thc mcthod bcinR selccted 
accordiuR lo thc techniquc with which he is fa milia r. The work of 
I> . C. :\I illcr on :-;ou nd a ncl :-;ouud a nalysis 3 reprcsents the beginning 
of modern phy,;ical re:-;ca rrh on spcech souncls. In medical science 
some atte nlion ha:-; he('n gin·n to thc mechanism of spcech 1 aml thc 
psychologist s a re re:-;ponsihle for an cnormous Iit erature on Yoice 
control a nd the pcrcl'ption of :-;pecch anrl to nes.5 The \\·ork of Scrip­
lu re 6 repn:>-t·rJt:-; the lwginning of a sciencc of experimental phone tics, 
a nd in the closdy rclated field of philology there is a ra pidly g rowing 
inten:st in the phy:-;ical ch<rractt·ristics of specch sounds.7 

In this largc fidd of inn:stigation the physicist finds a real oppor­
tu nit y in prm·iding mcans for thc study and measttrcmcnt of :-;pccch 
:-;ou nds, and a real rcsponsibility in broadening the extenl and im­
prO\·ing thc accuracy of such quantitatiYe clata as a rc oht a ined. 

Thc rcsults ohtaint·d from such physical im·estigations ha\·e prac­
lical a:-; wdl a:-; scientilic \'ahrl', and we obsen·e that in a !arge labora­
tory concerned entirdy with the de\'elopmen t of elcctrical com­
muniration considerahle effort has hecn de\·o ted lo resea rch on spcech 
and acoustic apparatus.' lt has recently been feit thal the \\'aYe 

• "Thc Science o( :\tu~i.-al Soun<b," :\cw \'ork, IQI 6. Thi:>contai ns a bibliography 
o( '10 spt•dal rcferc·ncl·s, sotnc 12 o( which rdatc spccifically to spccch. 

1 •· :\ Contrihution lO t he :\kchanism of .-\rticulatc Speech," by S. \\ ', Ca rrut hcrs. 
Edin. :'IIed. Jour. \'II I (:\cw Scrics) ( 1'100 1 pp. 236, 332, -!16. 

$"Tbc Psychology of Sound," hy llcnry J. \\'att (Ca mhridgc, England, 191 i), 
conlains a hihliography o( 159 rcfcrcnces. Thc work o( C. E. Seashore is notc­
wortll\' in this ficld. 

• "l{cscarclws in Experimental l'honctirs." l'ublication ::\o. H, Carncgic In ­
stitution, \\'ashington, l'Jtl(J. 

'" Thc l'h~·sica l Ch;tractcristirs o( Speech Sound," hy :\lark II . Liddei I. ßnllctin 
:'\o. 1(1, l'urduc l ' ni\'crsity En{.!im·l' ring Experiment Station. 

'S<·c lollowin!o! 1Xtpcrs, from the Rcsc;1rch Laboratorics o( the .-\merican Telephone 
an• I Td,.gr.,ph ( ·o. an< I \\'cstern Elcc tric Co., lnc.: 

(aJ II. ll .. \rnold .111<1 I. 1!. l'randJII : Th~ Thcrmophone ;~s a Precision Source 
of Sound: l'hys. f{,., .. 10, ( 1917 1, p. ll. 

(h 1·:. C. \\'cntl•: Cuudcn~cr Transmitter for :\leasurement o( Sound lntensity: 
l'h~·s . Rcv. 10 ( I'Jii l, p. 3'J. 

(c) I. II . Cra ndall : Thc ,\ir D.tmpcd \ 'ibrating System: Phys. Re"' 11 ( 1918), 
p. ~ l'l. 

(<J , I. B. Crandall: Thc Compnsition of Spcl·ch: l'hys. Re\', 10 (1917), p. i-!. 
(eJ 1~ . '-; \\'~·g•·l: Thc·or>·.o.r Tci<'phonc l_{ ~cei\'ers: J. A. I. E. E .. -!0 (1921 ): 
(I) 1· .. l. \\ enl<': Scnsttl\'lt\' ;~nd l'rccts&on ol thc Electrostatlc Transm tlter : 

l'hys. Rl'\', 1'1 ( I'J.!l l, p. ~·~~. 
rg) I. II . ( ·rand.tll and ll. :\lackl·nzic: :\nalysis o( the Encrgy Distribution in 

SptTch: l'hys. Re\', 1'1 ( 111Z2J, p. 121. 
h1 II. 1.-l .. r.- h .. r: rh .. :\.oturc o! Spl·ecll and its Interpre tation: J. Fra nklin lnst . 

I 'JJ ( I '122), p. i2fJ. 
(i) Jj,:}i.St<·\\,Jrl: .\n El .. ctriral .\nalngm· o( the \ 'oca l Org;u1s: ~aturc, Sept. 2, 
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form:-. of tlll' "Pt't't·h :-<tllllll(,.. n·quin·d nton· pn·ci-.,, dt·ll'rmin.tlion, o~lo<l 

indt't'\1 n·,..l',trch in tht· ,tri of !t-lcphouy h.b t'IIIJ>h.t-.iz('d this llt•t·tl. 
The gr.tphit'.tl rt·t·on(:.; of ,.pt·•·ch :-ollltd,.;, \\ hil'h form .1 ,.;upph·nwnt to 
tlw pn':-.t•nt p.qll'r, .trt· contrilnttiotts to thi,.; :-;tudy. 

:-;ll\'l'l'h i,.., in i l,.;t·lf. a :-<ound \\".1\'<' a !"tWn·,.;,;ion of condt'lh.tl ion:; 
.tnd r.tn·f.tt'lion,; in tlw .tir. For tlw purpose,; of thi,; ,;tudy Wt' arc 
not prim.trily t'Olh't•rned with tht• mechani,.;nt of produrtion, nor with 
tht· prun·,.,-,.,. of pt•rcl'ption of ,;pceeh, though it may l>c nlTc..;,.;ary 
lo dign·,..,.; lt• inquirit'!" of thi,.; kind. in tiH·ir bcaring on n·rtain charal'­
tcri,..tic,; of "JWech. \\ 't• art• inll'n::;ted primarily in what cut bc 
le.trned from the renmb of thc spccl'h ,·ihrations tht·m,.;l'h·c,.;. 

:-;p,·cch !'lllllld,; are compkx. that is, thcy arc compo,;ite" of ,;imph· 
:-.nutHI,;, t'.tch l'nmponent haYing- a partind.tr frequcncy, amplitmll', 
pha'l' .tnd dur.ttion. Con,;id,·ring specch in thc ma:-.:-., wc find its 
em·rgy di,.;trihutt·d among frequcncics from 7.) to ahm·e ;),UOO cyck-,.; 
with thc l.irgt·r part of this l'llcrgy contaillL·cl in thc rcgion below 1,000 
!'ydt•,.;. Thi,.; di,;trihution is shown approximalt·ly in Fig. 1 takt•n 
from rdt·rt·nre (~),!:); tlll' Iimitation on thc:-<c data bcing that tlw mcasur­
ing apparatu,.. was not sufficicntly ,;en::.iti,·e to nwa:-<ure the "pcech 
l'tll'rgy a,.,.ociatl'll with frequencies higher tban .),000 cydcs. l mb­
mucb a,.; the l'llergy of spcech residcs largdy in thc \'0\\'d sounds, the 
curn· in Fig. I !'an al,..o l>c Iaken as applying to thc a\·erage distribu­
tion in tlw nml'l sounds. The cncrgy distribution diagram is oi 
fund,unental importance in thc phy,;ical study of ,..pcceh sound:-<; it 
ren·al,.; at nnt'l' thc frequt·ncies of large l'nergy eonll'nt whieh an· 
charaell'ri,.tie. For each Yowd sound, thcre is a distinctin• t'nNgy 
fr .. quent') di.q::ram. 

The con,.;onant ~ounds presenl a difticult pruLil'm l>ecatbc of the 
~mall amount of energ-)' a~sociatcd with tlll'm. ~lost of our knowkdge 
of thc con,.;onant sountb is qualitatin·: for t•xamplt· Fkteher (reft.r­
cnec ~h ) who studied the nature of "i>l'l'l'h by thc nwthod of lt·"ting 
articulation wlwn different frequcncy r.111ges are diminatcd slww:-. 
that for two frieatin· or sil>ilant cotbnnant" s anJ :::;, there arc c,.,..l'ntial 
frcquency l'Ontponen (,., \\hieb lic aum l' .;,ooo cyclcs. Tbc character­
j,.,tic fn:quencic,.; of the consonant soumb arc ltsu.llly only part of tlw 
wholl' story; thl'::.C sounds are richer in tr<~n,;icnt::;, and clcarly le~s 

periodic in thcir nature than the Yowcl sounds. And in l>ctween 
thc two broad classcs of consonant and ,·owel sounds there is a group 
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of scmi-,·owd sounds (r, /, 111, 11, ug) closcly rclatcd .to thc vowcl 
group, and yielding rcadily a dt·tl·rmination of thcir "characteristic 
f rcqlll'llCics." 

Thcrc arc two physical thcorics of ,·owcl production; a nd thcse 
two theorics sugge~t different mcthods oi analyzi ng- thc vowel snunds 
into componcnts of simpler nature. These two points of view we 

~ 
I\ -

/000 zooo JC:OO .;ooo 

Frc'lumcy 

Fig. I Energy di~trilmtion; , ·ompo~itc cur\'c forma le ;tnd fema le \·oiccs 

~hall hriclly cnnsidcr along- historical lincs. \\'c arc indcbtcd to 
ll dmholtz for thc g-rcatcst singlc contrilnttion t o the s tudy of tlw 
'·"wcl~. in that he gave a complctc diagram of thc charac tcristic frc­
qw·ncic~ of thc vowcls (rd. 2, pp. J();)- IO!J), which was hased on his 
celchrated l'Xpcrimcnts in a nalysis and synt hesis l>y mcans of thc 
llt-lmholtz rc,.,onators. But in conncction with his schcmc of char­
artcri~tic frcquencil',.; h1· Iook up thc thcory of \\'hcat~tonc ( IS3i) that 
tlw~e frciJIIl'llrics an· tnw h;Jnnonic components of thc cord Iones, 
whirh werc rccnforn>tl hy rC~()nanr<' in thc oral ca,·itics. Somc latcr 
physici~t s h;wc followl'd I his so-ealled harmon ic or sleady s/a/c theory 
of thc \·owd soun<ls, notably ;\ ] illcr (rcfcrcnce 3, pp. 239- 2-!3) who 
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m.uk .1 ver~· rardul study of the whole matter. ~\cconling to this 
theory tlw ohvious pnwedure is to apply the d.ts,..ic,tl Fourier an;d~·~is 
to dctermine tlw eh.tr.tcteri,.;tic romptliH'Ill,.; of the \·owel ,.;ounds. 

Turning now to thc otlwr (and earlier) \·il'w, thc so-called " lnhar­
monic Tlwory" nf \\'illis ( l~:!!l) later dewloped hy I krmann and 
rather rceently h~· ~criptme (rd. (II)) wc are i1n-ited to hl'lieve thal 
thc "rharaeteristic frequt'ncies '' of the vowel sou1Hls are thc natural 
vibrations or Jransitnls in the or;JI eavilics, when excited impulsin·ly 
by tlw (more or kss) periodic pu!Ts nf air from the glottis. ..-\cwrding 
to this thenry nn harmonie rcbtions need ohtain hetwcen the charac­
tcristic frequcncies of thc \·owd,.; and thc fundamental or cord tone 
aC'companying them; and the dassical Fourier analysis is not con­
sidered applicable in rcsoh-ing the vowel snund into simpler compo­
nents. ..-\ccording to this "inharmonic" or "transient" theory we 
must treat the natural vihrations of the oral ca\·ities as damped 
vibrations and lind the frcqucncics and damping constants of thcir 
components, as best Wl' can from the record of the complcte sound 
vibration. 

In favor of thc llelmholtz or "} larmonic" theory wc have the careful 
studies by llclmholtz and bis successors of the relations between the 
cord or fundamental tonc, its harmonics as reenforced by thc oral 
C'a\·ities or other resonators, and the obscrn·d characteristic frequen­
cies of the vowel soumls. Thc oral ca\·itics constitute a vibrating 
system of two or three degrees of freedom, the theory of which has 
been fully dcvcloped by Rayleigh and others, and it is to be expcctcd 
that, with the speaking mechanism in normal adjustment the vowel 
qualities can be weil accounted for by postulating harmonic forccd 
vibrations in these cavities. This cxpcctation has been realizcd in 
the numerous successful attempts which havc been maue to producc 
vowcls artificially by using a harmonic scries of toncs, and reenforcing 
certain harmonics by suitablc rcsonators. l\ I iller's cxperimcnts with 
organ pipcs (rd. :3, pp. 2-l()-:,!,jO), in which hc succcssfully reproduccd 
rcrtain vowcl sounds, arc weil known. 

Thc \\'illis-llermann thcory has also suggcstcd much notablc cxperi­
nH:ntal work. Scriplure (rcf. G, p. 11-l) constructC'd a "vowcl-organ" 
in which a rccd pipc was uscd to cxcitc thc natural vii.Jrations in 
resonators dcsigm·d to imitatc tht' conditions in thc oral cavitics, and 
attaincd snme ,..ucccss in rcproducing vowds. :\Iore reccntly J. Q. 
Stcwart (rd. ~i) ha" produccd an ''Eiectrical ~\nalnguc" of the \·ocal 
organs with which rcmarkahll' rcsults in reproducing vowel sounds 
and c\·cn sornc of thc COibonant sound,; havc bl'en ohtained. In this 
electrical arrangenwnt transients l'Xcit<.:d by an interrupter in oscilla-
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tory circuits takc the placc of the transient ,-ibrations of the oral 
cavJtJcs. Finally l'agl't (rdcrenn· (na) hclow) has constructcd a 
whole scries of doul,le resonators which may be excited hy hlowing 
air into them through an "artiticial Iarynx," and from which Iw has 
obtained all of thc \·owd sounds. As the rcsult of this work Iw has 
gh·en a very complell' chart of the characteristic frequencies of the 
,·owels anJ he has Ileen led to the conclusion that there are /7.<'0 char­
actcristic frequencics or regions of resonance for each ,·owel sound. 

From the standpoint of practical acoustics hoth theories ha,·c con­
tributeJ to progress, and it scems that thc experimental physicist 
wouiJ not be justified in partiality to either \·iew. Speechisavariable 
phcnomcnon; the cord Iones arc not always stablc; in speaking and in 
singing thcrc are allowable \·ariations in duration, intensity ancl frc­
quency of thc componcnt toncs without essential change in thc char­
actcristics of thc ,·owd soun<k Ci,·en accurate records of thc specch 
sounds as normally pronounccd hy a numher of spcakers, we should 
expcct to arri,·e at ncarly the same characteristic frequcncies which­
ever mode of analysis we adopt. ..-\s poin teJ out hy J. Q. Stewart 
(Rd. ~i) Rayleigh has stated (Sound, \ 'ol. II , p. ·1/:3) that the dis­
agrecmcnt hctween the lldmholt z-l\ liller , or stcady state theory nf 
,-owcls, and the \\ 'i llis-1 lermann-Scripturc, or transient theory is only 
apparcnt; to quoll' Stcwart, "The disagn'l'11lf'llt concerns ml'lhod~ 
rather than facts. \\'h ich , ·iewpoint should bc adoptcd is thus a 
matter of coln·cniencc in a gin·n case. \\'hcn thc Iransmission of 
speech o\·cr telephone circuits is in question, for example, the stcady 
statc thenry nften JlOf;Sl'f;ses oll\·ious matlwmatical advantages. On 
the otlwr hand, tlw quantitati\e data relating to thc physicalnature of 
\·mn·ls which are gin·n in I>. C. :\I iller's well-known bonk "Tbc Scicnce 
of l\lusiC'al Sou111b" <·xpn·,.,sl·U as tlwy are in terms of the steady statc 
theory are lcs,; wmpact and dc-llnitc th;Jll tlw data of TableI (Stewart's 
paper) which are t•xpn·ssed in lt·rnJS of the tranf'it·nt theory. Thc 
gerwral agreemcnt l1etween tlw two sets of data is, of course, ob,·ious." 

In st udying the IJeha\·ior nf \·ihrating systems from thc thcoretical 
standpoint, there is a tendency to l'lllphasize the intimatc relations 
that l'Xist het\\'l'Cll transient and steady statc plwnomena. Both 
dt'Jll'l1<1 unly un the Jrh·ing forcL's and the constants of thc system, 

0(a) <.,IrR .. \. S. l'.tgel: "Thc l'rocluction of .\rtilirial \'owcl Sounds." l'roc. i{o\·. 
So<'. .\102, :\lar. I, 1'1.!.1, p. i.::.2. • 

·(h) .\ scnmd mcmnir: "Thc \.tlurc and .\rtilil'ial l'roduetion of Consonant 
Sounds." l'roc. l{o~·. Soe .. \ IOo, .\ug. 1, 192-l, p. 150, lo which rcferencc willl:e 
madl' in more <lo-laillaler. 

llllll'r p.tpt·r~ i•y l'.tgl'l includl': :\atun·, J.tn. Ci, 192.1, ".\'aturc and Rcproduction 
of <.,p('(·rh Solltlfb." Elt·•·Jrician, .\pr. II, I'J2~. The Same Title. l'ror. Land. 
l'h)~. "'" .lh 1'1 .l, \pr. 15, 1'11-l, 1'· 2U: t>iseussio11 on Loud Speakers. 
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lwncc ''tht• :'olntion for tr.lll~it·nt n:-;cill.ttions of thl' ,;y"tt·m is rl'dnn·d 
to fnrmul.tt' which are function.dly tlw sanw as lho,.;p for sh'.ul~· st.llt• 
o~dll.ttinns" lrdt-rt•nn· 111; "''l' .d:-;n n·fnt·nn· II). Bnt lwfon·lt-.t\ · in~ 
thi,.; discu,..,_inn of ~(lt'l'l'h ch.trartt·ri,..tics it shonld l•e noll'd that tl11· 
e:-,..l'l!Cl' of the m.tttt·r lil's not so tlliiCh in n·conriling tlll' two tlworit·s 
of the \owd :-;nunds as in <t!'\t'l'rtaining whal motions really l.tkc plan· 
in tlw oral c;l\·ities, and in thc .tir tll'ar tlw \'Ocal conb. Tht~ngh tlll' 
pron·::.,; of h.tnnonie .111.dy:-;is i:-; to Iw applicd to the n·t·onb t~i tht· 
vowd ,..ounds, Wt' mu"t rccognizt• its Iimitation,;, and not m·n·-.:-;arily 
inft·r stcady st.ttc ronditiotb. l ndel'd thc most t\tsu;tl inspection 
nf tlw rccords ~hows .1 rcrt;tin Iack of periodirity in tlH' phcnomcna 
n·conled; anti it is h;mlly to bc t':\(ll'l'll·d th.tl all tlw phl·nonH·na can 
l>t' satisfaclorily ,.;ummcd up on the ba,;is of thc harnwnic thcory. 

IT 

ln proddinj! nw.tns for accurately reeorcling sonnd wan•s, usc h;ts 
been m.tde of 1hrce dc,·ices rccently developcd in this Lahoratory and 
we belicvc I hat hy propcrly connecl ing t hese togctlwr wc haw ohtainC<l 
a rccording instrumcnt which is superior in accuracy ;tnd power tn any 
lwrclofore med. T hese thret• devices were cach nl'arly free from dis­
lortion, and ~nch residual distnrtions as cou ld not hc eliminated wcrc 
so controllcd that they practica lly otTset ont• ann t hC'r o\·er a wick rang-e 
of frequencies. 

T he first element in the rccording- ~l'l is the conden:-;er lransmittcr, 
which has becn thoroughly investiga ted by \ \ ·cn tc (rds. Sb, Sc, Sf); 
its frequency charactcri:-;tics, in both amplitude and pha,;t· arc ~hown 
in Fig. 2. The particular transmitter uscd was of recent fk"ign and 
had been cardully slandardizcd and calibrall'd cspeci;Jlly for this 
work. 

Thc c-ondetbt·r transmitler was connectcd to lhe input tcrminals 
of a sen-n-stagc amplitier as ,..hown in thc !arge diag-ram of Fig. 5 
which gives thc details of the electrical rircuit, induding thc thirJ 

I> J. R. Carson: l'hys. Re\', X, t91i, p. 21i, "On a (;l'tll'ral Expansion The.Jrcm 
for thc Transicnt Oscillatinns of a Connl·etrd Sy,.tcm." 

11 T. C. Fry, Phys. Re\·. XI\', 1'.11'1, p. I Ii. "Thc Solution of Circuit l'roLicms.'' 
I: Thanks arc duc to :\lcs,rs. C. F. S.,ci<l and <". J. ilcck for thc skill ancl care 

with which thcy a"scmLfcd <mtl calihratcd th<" recording apparalus, anti madc the 
complctc sct of rcconls. Thc writcr is a(SC) uncler obligation to :\Ir. Sacia for aid in 
ch()()Sing thc sounrt~ to hc rL'Corrlctl, and systematizing thc collection; :\Ir. Sacia 
also dcvcloped and applicd rhc pholomcclMnic,d mcthcH! of ,1nalyzing rccord,, thc 
rcsults of which arc givcn in Figs. 13 and I I of l his papcr. 
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element, a spccial oscillograph, which was connected to thc output 
tcrminals of thc amplitier. Thc first six tubcs, in rascade, prm·ided a 
,·oltagc amplitication of about -10,000; tlw last eight tuhes, in parallel, 
con~tituted a "current transfonncr" working into thc low impedancc 
of thc oscillograph vihrator, with a small rcsistancc in series. The coup­
ling bctwcen the stages, and betwcen amplificr and terminal apparatus, 

/; 
~ / -- - -
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V / A 

----l-- / - - V 

\ -·- / 
~ ~ 
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Fi;:. ]. -Curvc A: Output of lransrnittcr in vohs pcr dync pl'r sq. cm. CurYe B: 
l'hase lag of vohagc hchincl pressun· in condcnscr lransmitter 

was entircly of rl'sistancc and capacity, with the capacity reactancc 
minimizcd. Jn all tests of thc circuit thc conden~er transmittcr and 
thl.' oscillograph vibrator remained in thcir tixed po~itions, as shown in 
tlw cliagram, so as not to disturh thc ell'ctrical charactcristics of thc 
rircuit. The frequency charactcristirs of thc ampliticr in amplitudc 
and phase an.• shown in Fig. 3. In measuring thc amplitudc charactcr­
istic a small dectromotivc force was introduced in ~erit>s with the 
transmittcr, in thc input mesh; and in measuring the phast> lt>ad of 
tlw output as a function of frcqucncy use was made of the .Alternating 
Current l'otPntiomcter of \\"cntc (Jour. A. I. E. E. Dec. 1921 ) the 
othl'r dt"tail~ of procedurc heing as usual. 

The char;wl!·ristics of the osrillograph vihrator are shown in Fig. -1. 
This vilJrator wa~ :-.pl'cially mn~tructed, with small mas~. high tension 
ancl clamping; wlll'n tlw rcqui~ite dynamical characteristics werc oncc 
ohtailll·cl, it~ calihratinn prescnted no great dil1iculty. 
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In comhinin~ tlw lr.uJ--mitll'r, tht· ~tmplilit·r and tht· o-.cillogr.tph lo 

form tlw cnmpll'lt• n·t·nnling app.tr.ttu,- lht·n· \\t'rt' two prim.try rl'qnirt:·­
lllt'llls; lirst, tht• Sl'l .ts a wholt• ~honld hl' fn·t• from fn·qtll'IIC')' di~lortion 
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h!o:. I lurve .1: .\mplitudc lrcqm·ru·y ,·h.rra<'ll'ristic- of amplilicr l'une B: 
l'ha,...· Iead of outpul, \ s. frequenry of vollagl' in pul to amplifrer 
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Frg . -1 ( 'u rw .1: .\mpliturlc frc'luenry rharaC'lt·ristic of oscillograph . ( unt• B: 
l'hasc l.ag of amplitude l~t·hind current in osrillngraph 

in hoth .tmplilnde and phase, and .;t:•cond, thc outpul of the set a~ 
a wholl' ~hould J,t. a linear function nf the input within thc working 
t:nergy range at each freqnenc~ . Tlte lir,.;t nf thcse conditinns is in 
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general thc hanll'r to fulfil. Fn:qucncy-amplitmle distortion has hcen 
practically eliminated as wc ha,·c >'L'l'n from each of thc thn:c essential 
parts of this apparatu~; and although it was found impracticahlc to 
rnakc cach part of thc apparatus frce from frequcncy distortion in 
pha>'C, it was po~sihlc to give thc complete sct good frcqucncy char­
acteristics in both amplitudc and phase as will bc cxplained. 

In a vibrating systcm of one dcgrec of frccdom whcn wc wish to 
avoid frcqucncy distort ion in a mplit udc, wc usually adjust t hc rcsonan t 

F ig 5-Cl'm·ral diagram of rl'<'Ording appara tus showing cirruit details 

frequency so that it i~ ahm·c the rangc of frcqucncics within which wc 
dcsirc to work; in addition, it i~ desirahlc in most cases to rnakc thc 
damping of thc system brge. \\"ith thesc adjustnwnts nmdc it is 
found that tlwn· is a phasL' bg hetwccn amplitmle and driving forcc 
which riscs with frequency and reachcs a maximum abon' tlw rcsonant 
frcquency, and it is possihle to rnakc this phasc lag nearly proportional 
to the frcqucnc~· on·r tlll' rangc of frcqucncies within which it is 
tksired to work. 

I t is wdl known that if equal driving fnrcc~ producc equal ampli­
tud<"s at all fn·qlll'll<"il's , and if thc phase lag of the amplitudc with 
rl'~pect to tlw driving forcc is proportional to frequcncy, tlwn a driving 
forcc of complt·x w;n L' form is.n·produn·d without distortion of wavc 
form in the \ihrating sn;tem. These conditions lwld \Tr\' weil on·r 
thL· de"irt·d range of fn·<.Jli<'IWies in the oscillograph \·ihrato.r, as shown 
in Fig. I. ln tlll' c.tsc of thc condcnscr transmittcr, howevcr, thcrc 
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wt·n· dep.artures front theo.t• conditiuns in tltt· fn·qut•lu·y inll'n·,tl fmm 
/t'rt> to .iOO cydes for which .tllowance had to he m.tde. 

ln tlw .unplifit·r tlll' l'ITn·t of capacity n·act,tnn· w,1,; nearly dimi­
n.ttnl. Owing to tltt• :-111all remaining Capacity reactann· tlwre was a 
pha~l' h-.ul of .uuplifit·r current with re:-pt·•·t to dri,·ing forn.' whil'h was 
.tpplied to ofT,;t•t tlll' exn·s,;in' pha,.;e l.tg in the cnndeno.er transmittcr 
at the low fn·qm·ncies. Tlw p.trlirular adjustment of ampliticr finally 
,1rrin·d at repn·st•nted the lw,;t compromise, nmsidering the dit1iculty 

Fi~:. 6 tln·rall in·qtwncy ch.~racleri>tics of amplitwk ancl phas.· of tht· n•corrling 
~\"Sll'nt. l"urn: .I: f ),r·illngraphic amplitttdt· pt·r uni I of pn·s-ttrl' on I ran~rnill<"r 
uiaphragm. Curve 8: Phase lag of o,;cillugraphic anq·litttdl' h(·hind pn·,;,;urc on 

diaphragm 

enconntererl with the tran:-mitter characll'ri,-tic,;. \\'ith this com­
prllmi:-e made there wa,; an una,·oidahlc phase Iead in tlw wlwlc appa­
ratu,; for fn·qnencies bt·low J2.i cyrles, hnt this wa,; not scrious a,.; 
mo,;t of the o.peech etwrgy is in highcr freqm·ncies. .:\ft er all final 
adjno.lrm·nt,.; were m:ule tlw on·rall fn·quency characteristic,; of ampli­
tnde and pha,.t· wne as o.hown in Fig. 6. Thus ultimatdy tlwre wa" 
ohtained a system with pr.Jrtically uniform amplitude characteristic 
from .'iOO to ii,OOO cydt·"· without o.erious dcparture from thi,; Ievel for 
frcqm·ncies from 50 tu 500 cyclt-,;; and with phaselag nmrly a linear 
function of frt.·quency from 1~5 to ;),000 cydt·o., after p;t,;!<ing through a 
period of Iead in the narrow interval from 50 to ~1.5 cycles. 
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Consider now the second n:quirement which the recording system 
hacJ to meet: namely, that the outpul of the system should Le a linear 
function of the inpu t within thc working energy range at each fre­
qul'ncy. Thorough im·estigation of the comlenser transmitter had 
sho"·n that this instrument met this second requirement very well; it 
was only neccssary to test thc remainder of the systt'm. Fig. 7 gives 

I I 

,;ouo o}OUO 

Frtqurnry 

Fig". .\rnplituue frequency characteristics of circuit-osci llograph at different 
energy Ievels 

the results of tlll'Sl' ll'sts, thc voltagl'S introduced in serics with thc 
transmittl'r at the input lll'ing maintaincd at different constant len·ls, 
whill' thc frequency was \·aried. 1\n inspcction of the data shows 
that this rl'quiremL"nt was \"ery accurately fulfilbl, hy tlll' whole 
l'll'ctrical sysll'ITI. 

Returning 110\\' to the oYcrall characteristics of the apparatus, it 
was thought a<h·isahlc to tt'sl the calihrations in ampl itudc and phase 
lag hy comparing the compu tcd and the ohserved distortion when a 
squar<"-lopped acoust ic wa \'l' was impressed on tlw appara I us. The 
::-.ll'l'(l sidl's and the llat tops of thesc wa\·es can hc reproduced with­
out distortion only if the app"aratus posscsscs firstclass characteris tics, 
hoth in amplitude and phasc lag, and thc tcst \\·as a se\·ere onc. As 
wotdd I)(' l'XJWCtcd from the calihration cun·es of Fig. ti therc was a 
n·rtain amount of distortion in rl'cording this wave, a nd the square-
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toppl'd wan·, with ib \t'ry l.trg,· fund.tllll'llt . .t t·ompoll('lll, made this 
distortion appt'.tr IIHII'h worse than would .111 nrdin;try "'IH'l'Ch \\';1\e. 

Fig . S illustratl's thc app.tratus u,.;l'd to produn· tlll' a(·oustic square­
toppet! wan'. ,\n ell'ctrodl' rt',..l'lltbling th!' l~<trk platt· of the conden:-l'r 
tr,lflsmittcr was llllllllltl'd in fmnt of tlw tr.111smitll'r diaphrag-111. Be­
lWl'l'll this l'lt•rtrode and the di.tphraglll was .tppli!'d a high potentia l 
which wa,; mad(• alternatdy positi\'!· ant.l negative l>y a commutator. 

Excitl"r..., 

lJiaphragm 

.oo/ z'nch jrom back platc. Condol.J'(r Transmitter 

Fi~. :-; ~Condcnser tran~rniuer rouplt·d with square-topped-wan· t·xritt·r 

Exc!Tt:R 1'.\RTS 

a. Stecl Electrocle 0.006 inrh frorn Diaphragm. h. ;\licarta. ln sulation. 
c. Supporting Ring. d. Elcctroclc Terminal. 

By this arrangement thc dcsired positin· and negati\'e pressurcs Wl're 
produced on thc diaphragm. The distance hetween thc auxiliary 
clectrodc and thc tran,.;mittcr diaphragm was about .OOG inch. This 
dectrostatic coupling was found to he sufficil'ntly closc to gi,·c a 
suital>lc defkct ion nf thc transmit lt'r diaphragm, while t hc st iffncss and 
damping of the air film did not altl'r the dynamical charactcristics of 
the transmit ll'r. 

Fig. !) is an o,;cillngram showing tlw waYc form rl'Corded by thc 
apparatus whl'n al·oustic squ;trc-topped wa\'es of frequencies 8-l, 15:3 
anti :{O!i cycles pcr :<l'Cond arl' impres,;L'd on thc transmittl'r. Timing 
wan:; of fn·quencie,; i5, LiO and :300 an: al,;o shown. r\na lysing thc 
ori!.!:iual wa\"L' h\' the Fouril'r method, and allowing for tlw distortion 
in :unplitud(· a n-d pha~c of l'ach component frcqm:ncy, a computation 
ha,; ht·t·n m.tcle of the wan· form in the outpul in the casl' of the square­
toppl'd waves of SI and 153 frcquency. Thc resnlts arc shown in Fig. 10. 
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The Fourier ~crie~ repre:.enting- thc L 1-cydc wan· contained 30 term~. 
the componcnt frl·quencies heing- odd multiple,; of l:-1 up to a Iimit of 
-t,!l;->Ü cyde,;; fnr tlll' ,;erie:. repre~enting the 1;):~-cyde wa\·e 17 tcrm,.; 

wcre u~ed cm·t·ring the range from lt>:3 to 5,0-t!J cyr l e~. The agreement 
betWL'l'll calcubted and oh~L·n-ed outpul wan~s would ha ,·e !wen more 
exact, particularly at the corn er,; of the wa\'L' ,.;hape,.;, if calil>rations 

Fi): 'l ' ),,· illogr. llll of ' itlan·- top( ll'd .u ou,t ic \\' ,1\·( ·s .ts rl'conkd I>) thC' apparatus 

and cakulation~ had IHTil rarried to freqw·ncies considerahh· a hm·e 
.'i,OIIO . :\s it was, the performancewas cotbidered good; it it;dieall'd 
that tlw lltH'ornTted n·con),; of ,;peech wa\-c~ as taken were ,;ufficientlv 
accurate for mo,..t purpo,;es, while if harmonit· a na ly,;is of t hc n·ctmis 
w;ts pLtnnL·d accurall' results cou ld he ohtained 0\T r tiH: range from 
Sll to .\OIHl cyd.·s, if tiH' correction factor,.; determined bv the cali!Jra-
tinn \\'l'l"l' applil·tl. . 

In tlti,.. dl·"criptiott of tlll' flT.nnling apparatus the emphasis has I>L·en 
pl.tn·d on the dyn;11nical char;tcleristie,.; of the a pparat us and its 
c.t!il>ra tion, hut :--oJllL' of it~ otlwr \\l>rking feat un·s ma\· l>riellv he 
nH'tllionl·d. Tlll' apparatus wa,; ,.;ufliciently.powerful to n:conl ::;o~111ds 
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~poken in ,111 onlin.1ry lt>lll' oi voin•, with tlll' spe<~ker'~ llltllllh ,,lunll 
thn·e indH·~ irom tlw tr.uhmiltl'r. .\ kl'y w.1~ pn·:-;st·d hy tlll' ~pl'akt·r 
ju,.;t l•dnn• tht• sound \\,1~ ,..pokt•n, thi,.; n·lc.J~in:..: .1 ~hutll"r pbn·d lll'­
it>rl' ,, rnt.tlin~ tilm drum oll \\ hich tlw n·ennl from lhc o,.;cillugr;1ph 
,-ihrator wa,.. tr.tcl'd. Thl' tihu drum \\ .1,.; ~llllll' ;,',! inche:-; in cin·untft.r­
l'lll'l', and thcre \\,ts llllllllltt·d 1111 it .1 lt·ngth of E.tslman super-:-;pt·t·tl 

I· i~.: . 111 1 ·.tlnal.tlt·d and oh,..,·n·nl w.n·c forms, as rccurdcd hy tht• apparal us 

film with whirh record~ could h<' madl' at a periphcral ~pccu of about 
20 fcl'l per scronu. Thus each hundrcuth of a secund corrc,..ponus to 
two inchcs nr more in the timl' :-;cale 011 thc film. Bcsidcs opcning thc 
!"<hutll'r, thc kcy rell'a,..l'd a nll'chanism which swung the oscillograph 
,-ibralor through an <Jr(' uuring thc progn·,.,,.; of thc rccord, thus tracing a 
hdica l record on thc film. By this nw;ub reconls up to 200 inchcs 
in ll'ngth, or for ncarly onc ,..t•cond of duration wcrc takcn. Thc 
an·rugl' lcngth of the w.nT trains n:cordnl was Je,..:; than 0 .. } sccond; 
thus it was po,.;siLic to graph the pn:ssurc wan· of thc wholc spt·cch 
,..ound from IJcginning to end. lmmcdiatclr fullowing thc rcccmling 
of tht· ,..pcceh sound a timing wa\'c of 1,000 cydt• alll'rnating current, 
t.1kt-n fwm a standard o:;cill.llOr, was rccordetl on thl' film at one ,.;ide 
of thc spl'ech rccord, without disturLing thc "(Jl'CU adjustmcnt of 
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thc rotating drum. Thus tlw tinw !'calc was accuratelr detcrmined 
for cach rccord. 

Esperial carc was Iaken \\·ith t Iw optical systcm to insurc finc dcfi­
nition and strong- illumination of tlw "'P"l on thc liltn a nd the film,; 
wcrc dcn·lopcd for maxinllllll contrast. .-\,.; a rcsult, thc records wcrc 
surficicntJy cJcar IO (ll'rlllit tJwir n•prodttctiun by thc Jine-cngraYing 

.J4.Sec. J.15.5eC. 

f.35~C. 

~ 

Fi,._. t 1 Sl"tlion of ori~:in;d rL"nml showin~;: 1imin~;: wave 

pron·ss . Each of thc platL'S :-.hown in this paper is madc up of m-er­
l.lpping ~t·ctions from the ori~inal rcconl. cach faithfully rcproduccd, 
and thc: \\hol<· arrangl'd to gin· thl· complvtl' rccord within the Iimits 
of CHI(' p.tg<·. .\ ~~·L·tion of ont• of the original reconb a!' Iaken is shown 
in the ligun• ,dul\'<'. 

!II 

ln ~l'lt-cting and d.l._..,jfying tlw \ '11 \\L'I sounds for rccord, usc has 
111'1'11 111.uh. \\ ith ~light ;dtl'r.ttion, of tlw phonetic <trrangL' llll'lll adoptcd 
II\· Ht'td~t·r (rd. :-.. h). Thi" arr.Jng<·lllL'lll of the \'<)\n·l sounds is 
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illu,.,tr.att·d in thl' di.1~L1111 of Fi).!. 1~. ln this di.q.:ram c'k\t'll st.lllcl.1nl 
"purl'-\0\\d" ,.,.,1111d-. fronl Oll to long , . .lfl' .lrr.lllgc·d .wcording to tlw 
c'Oll\l'lltion.d "tri,wglt·" .ltld 11\o rd.ttl'd \O\\d so111His ar .tncl a .tn· 

inl!'rpol.ttt'd in tlwir prop,·r pl.&n·s. ,\ group oi l'ight rtTonls W.&s 
111.1cle of t',t<'h o( thcst· thirtt'l'll \'0\\d sounds, four in t•arh gr"IIP hy 

oo(fool) /e(tmm) 

y/i(ti;) 

a(tape) 

Fi!:. t.! l'lassifi<·at ion of \·mn-1 sounds 

malt- ,-nice:::, anti t he ot llC'r four hy fcma le \'oices. Each of t hese 
n·ccmJ", Pl.ltcs 1 to 10-1 (<~roups I to XIII ), represents tllC' \'OWl'l 
~ound as ,;poken naturally. and continuously recunled from beginning 
to end. 

Xo altt•mpt was made to rccord the ,·owels u•, y, ou and long ·i. 
These usually han· transitional <"haractcristics which are suniciently 
indicatt:d by thc arrows in the <ii<~gram. The first two of thc;;e, wlwn 
followl'd by \'owds, and thc last two, in nearly all casl's, fall into thc 
d.1s . .- nf diphthong,;. 

Following thc groups of rccords of thc "purc-\'0\\TI '' sound:; of tlll' 
di.tgram it was originally pl.mm:d to makc a group of records of the 
semi-\·owds /, m, n, 11.~. and r. n·conkcl in connection with ccrtain 
\·owds. l t seL·mcd hC'st hmH'\'C'f to prC'st·nt n·cor1b for thc sounds ar 
and t'r in ronncrtion with thc standard \'OWl'l sounds as nott·d ahm·e 
tnr, a, Croups \' II , X ) and only tlw:-e rl'cords of thc ~ound r WL·rc 
l<lkl'n. ThC' iour rcmaining sounds W!'rt' arhitr;trily di\·ickcl into two 
~.:roups her,w:-,• of tllC' nurnlll'r of n·cords maclc, ancl thc lir,.,t of thl'sc 
ICruup XI\") contains rl'conls of I and 11_!!.. Thc~c \n·rc madt· l1y two 
mak ",pcakt·r,.., u~ing thc ,.,yllahlc::. /oo, Ia, Ia .wd n~:oo, ngcc, 11ga. 
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Group X\' i,- de\·oted to the semivowels 11 and 111, cach reconlca 
with the three \·owel sound,.; oo. long e and a, by the two male speakcrs, 
a,.; in thc preccding group. Croups XI\' aml X\' arc intimatcly 
related, and as will appear the four semi-\·uwcl suunds are closely 
rclatcd to thc \·owel diagran1. 

\\'hcn this study was planned, it was thought that thc apparatus 
would hc particularly adaptcd to recordiug \·owcl sounds and no grcat 
hopes wcrc cntertaincd of applying it to definitive in\"Cstigation of thc 
cunsonant sounds. As thc wurk progre,.;"ed howe\·cr, it was found that 
~ume of thc charactcristics of thc consonant sounds could bc rccordcd 
and thc program was cnlarged tu includc thc rccords of Groups XIV 
to X\'11 iudusivc. Each of the records of a consonant and vowcl 
combination can l1c cumpare<l with thc corrcspond ing record, by the 
"amc =-peaker, of the pure HJ\\"d alonc in one of thc carlier groups, and 
certain conclusiuns as to thc nature of thc consonant sound can he 
fornwd. 

Croup X\'1 includcs rcconls of thc six stop (or "hard ") consonants 
b, p; d, I; g, k; followcd by two transitional consunants dtlz (as in tlzen) 

tlz (as in tlzin); each associatL·d with thc vowel a, and rcconled by the 
two male ~pcakers. The natural arrangemcnt is in pairs, the rclatcd 
\·uin·d and um·oiced variations being grouped togcthcr. 

The l;tst Croup (.X\'11) includes rccords of cight fricativc ("soft" 
or ''sibilant") con"onants paired in the same way. These arc t•, j; 
j, dz; :, s; :lz (azurc), slz; cach associatctl with a and recorded I.Jy thc 
two m;de ~pl·akers. 

Tht· following tablc lists in groups all thc rccords madc. As it is 
not practicaLie tu engra\"e and print with this articlc thc wholc sct of 

( ;fCHlp 

I 
II 

III 
1\' ,. 
\") 

\ II 
\ III 

):'\ 
:'\ 

:XI 
:XII 

:\I II 
:'\I\ 
.\\ 

:\\1 
:'\ \ II 

T.\BI.E I 

Complct<' List of Spuch Ruords 

"" as in poo/, J,,· Eight Spl".II.;,·rs. 
11 ·" in fml, I>~· Eight Spc.tkl'rs. 
o .,~in /"'""• ),\ Light Sp,·akl'rs ... 

<1 "' in /1/k, h~· Eight Sp<-.tkt·rs. 
"a~ in /oll, hy 1-:ight -;peakt·rs .. 

<I ·''in /llillf'r, b~· l·.i~-:ht sp .. akt·rs. 
'" "' in p11rt, ),~ l·:i~:ht -;pc.tkl'rs. 

<I ·•~ 111 lllf', J,y Light Sp ... tkcr~. 
, •• 1~ 111 1<"11, ),~ l·.i~-:ht ~Jwak .. rs. 

,., '"in pal, I•\ Eighl ~l"",tkl'rs. 
<I ,,, 111 1<1/'<', hy 1-:ight Spl'ak<·r~. 
1 ,,, in /1{', lt~ Light ~~,.·.tk<·rs 
,. ·''in ln1111, I·~ Eighl Spt·ak<·rs. 

"'·n11 \ o111·l, /, 111: lo, 1 "" nMI<· ~p,·ak<·r~ 
"'·mi \ o\\t·l~ II, "' 1,, I'"' m,,),. ~p•·ak .. rs . 
"" O..,Jop t · .... , •n.utb, tr.lll,.ition.tl t!th, lh; h\· twu mall' spcah·rs .. 
I· 11-:ht I· ri• .11 i, ,. I onsotl.tnl s, hy two lll.tl<' si>e.tkcrs ............ . 

Plall'S 
t R 
9 - lll 

17- H 
25 32 
.u- 4o 
41 4S 
49- 56 
57 - 6-t 
65 i 2 
i.l· l\0 
SI ss 
sCJ- 96 
')i 104 

IO:i 116 
117 llS 
129 - 1~0 
145 IM 



-. ........, 
<:::> 
c::1 

~ 
l:::;j 

I-' I I 
r-,-

.....-
~ ..... 
" ,.... 

.~ 
-....r-....... 

I 
1-l 

I 

J rl 

1 :-,, 
-~ 

L-4--r-ffl~~~- ~ ~ 

- -

I f I ! t 1 ...L 
L ~ t::: 





!lill n·corcl.;, .1 ""'l'l'liou h.1..; l~1'1'n 111.ull· of ,..ollll 1:1 t~ pil',d l''.llll)'l1·s 
"hid1 illu-.tr.lll' cho~r.ICII'ri-.til· c'c>lhl>ll.lllt .1nd '1>\\1'1 "'·'' ,. fc•nn-.. 'I hl·-.e 
.1n· li-.ll·d in 1o~hl1· II .1nd thl'ir propl'rtil·,.. .lrl' <h·,..nilll'd in dl'l.1il in tiH' 
lollo\1 in~ ,..l·l'lion,... I t lll.l)' not hl' ,uui-.,.. lo ,..lllllllt.lriz1· Jt,·rc· th1· J,,,..,is 
oll \\ hidt tlll',..l' p.lrlicul.lr rl'cord,.. Wl'H' cho:-;en for pul>lil'.tlion. 

I' \III.E .II 

Lislc•f R,.,.,,.f, Sht'l<'ll i11 Tl11> !'.1pa 

R•·•ortl :-.,., 1'1.11 \u Tnle ~po·.1ko·r 

1n ., II ,,s in Plll \I \ 
l'l.! 111 0 as in /oll ,,, 
IN II as in fo1/ha \1 \ ,,, ,., 

olS in f><lr/ \1 \ 
II~ s•> I ,,,. ini1P \1 \ 
2'1 lttS /o·e \I II 
.!3S 1111 '" \I II 
.!ltJ 12~ 11100 \II I 
.!.'.() l.lh ltl :\111 
2;<o:') t.IS ga \I II 
li!. ISI c/111 \1.\ 
211.1 I,';S Zll :\111 
2'> ~ löll sa \I II 

Thc 1110,..1 import.mt .... ound (a, ·'"' in f.llher) ,,.. rL·prL·,..L·nted in 7 of 
thL',..L' reconl-., which indudl· ,..j, iu-.tatH'L'" of it:-; coml•ination \\ith other 
,-ounof,.. The n·conl of ar 1 l'late Ul) which w.t:-; cho,..en i:-; thL· mu,..t 
ch.traciL'ri,..lic and iniL'rl'"tin~ onl' of i1,.. gronp. Thl' otlll'r nmd n·('ord,;; 
(1'1,1 tc,.. !l. 10. '-!l) .ue ,..ullicil'n 1 ly ,..ra tterl'd ahott 1 1 hc ,-owL·I triangle 
to giH· ,111 idl'.l nf the ,-arialion in the high fn:quency characll'ri:-;tics 
whidt j" I<> lll' an important :-;uhjl'cl of di:-;cu,..:-;ion latl'r. I )nl' rl'conl of a 
fl'm.tll' n>in· (Piatc 10) i~ prohahly ::.uflicil'nt to show thl' Ji:-;linclin: 
fundameni.JI. allout an oct.t\'C highcr, charactcrislic of :-;uch rl'con..ls. 
l'l,lle 111:-. """' choscn to :,how thl' rL·,..cmhlancc hetween I and L', whirh 
l'-.t,lhli-.lw-. ,, natural tran;;ition hL'lWl'L'Il thc \'owcl and ;;cmi-\'o\n·l 
,.ound". From platc,; !OS, JJI) and 1:?-1 a good idl'a o.f lhc relative am­
pliludl'' of \owd and "emi-\·owel sound,.. can he ohlained: a :>imilar 
ob,.t·n·,ttion hold,; in the l·ompari,..on of thc \'0\Yel and cun~onant 
,;ound"' of Pl.tk:-; J:3G, 1:~:-.. L)l, ).)S and 1110. Plale:> J:{li ;md 1:3~ 

:-;how two cxlendl'd tran,-il'nls of moderate frl'qucnry, thc lattcr in 
connertion wi1h a ,·oicl'd con!'onant (/wrd g); l'lale J.)l is :-imilar to 
1:~1) lmt 1hc HlWel followin~ thc rotbon;ull i~ ll',;,; suddcnly produrcd. 
Thl' (Mir, Plall':-; (;)S and Jlill, ,..110\\ the \·oin·d and um·oiccd hi,.,,.; 
z .1nd :-; n·,..peclin·ly) a :-ound of ,·cry high fn·qul·ncy, which i:> thc 

limi1ing c t,..c of thi~ type of con,;onant. 
Thl· pl.tll'~ n·proclun·d with thi~ p.tpl'r an· rl'dun·d ,..Jightly ( Li or 

:211 pl'r cenl) in scak, <ts cumparl'd wilh thl· origin.d n·(·ord,.., tu 
l>rin~ thl·m within the )Mge hcight uf thl' Journal. 
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In producing this sy~tem of records we bclie,·e that we have coven . .od 
the speech ~ounds as fully as wc are justifieu in Joing with the present 
reconling appara tus . In the case of each \·owel the comiJineu data 
from the eight n·corus constitute a sufficient IJasis for thc most thorough 
hannonic analyses tha t can he madc and they shoulcl yield accuratc 
re~ult s for the characteristic \ ·owel frequcncies. In analysing tlwsc 
reconl s small corrections arc of cour~c necessary on account of the 
slightly imperfect frcquency characteri~tics of the apparatus, but 
thcse corrections can he taken without ditliculty from the caliiJration 
curves. 

The a rnplitude scale in these records is arhitrary in each case. This 
is for the reason that, owing to the wiucly different conditions of \'oice 
control among the difTercnt speakers, the recording apparatus had 
to IJe adjusted to difTerent leYels of sensitiwness for each recoru in 
order to oiJtain the requisitc rnaximum osci llation of from l to 2 
centimeters. :\o attempt has becn maue to compare the absolute 
amplitude~ from one renmi to another on account of these intensity 
variations. The empha~i~ has Leen pbced rather on obtaining in each 
record a good well-ddincd wa\·e \\·hich could IJe enlarged if nccessary. 

:\otwithstanuing the fact that for frcquencies above 5,000 cycles 
the apparatus was not nearly as goou as for frequencies within thc 
calibration ran ge from 75 to 5,000 cydes, the reconJs oiJtaineJ of some 
of t he con~onan t sounds are of consideraiJie pract ical value. It is 
feit howen·r, that the pre,;ent apparatus has !wen used ncarly to thc 
Iimit of its possibilities anu that devices other than the usual oscillo­
graph vibrator o!Ter morc: promi,;c in any further investigation of the 
con,;onant ,;ounds. lt i~ plannl'd lall'r to i,;sue a more complete set of 
t hesc record,; a,; a supplement to the present papcr in order to make 
tlw collection availahle to tho,;t.• especially intcrcsted. 

I\' 

ST.\ T I"TIL\L Sn·nv A:\ 1> 11.\R~Io.:--:w A.:-:ALYsrs oF TUE 

\ 'mYEL Sou:-;ns 

A detai led inspcction of tlw n·conls taken, and particularly of the 
reconl" of tlw \ '0\\TI groups shows th;tt much Iabor wou ld IJc rcquired 
to analyze thesc reconb throughout tlwir kngth, accoruing to the 
usual mcthods of harmonic analysis. ln nearly cvery c;t:-e it would 
J,e imp.,ssil•l t• to ol.t a in the tlll·an l'IWrgy distrihution in a gi,·cn 
n·l'ord, allowing for va riations from cycle to cycle of tlw fundamental, 
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hy choo~ing frotn t'.lt'h record onl~· a fl'w :-;uch cyclt•s .t:< reprt·st·nta­
tin· .111d .m.dyzing t(w,..t·.l lf. for ex.uuplt-. only 111 ··ydt':< Wt'rt' t.tkt'll 
.tt ~elected inten.d:< frnm cach nf the ltll \'OWI'l r!'cords ~hown there 
would l>e required "'er ont• t hou:<.Jild sudt an.dyst's, .1111 I to ht' of \·alttt' 
these an.1ly:<t's should include cnmpont·nts of fn·quenc~· front 1011 to 
.i,lll!ll c~·des. For this reason a mechanical llll'thod of ,tnal~·sis h.ts 
ht•en applied to determine from the rl'cords thc an·ra~--:1' frequt·ncy 
spectra of cach of the \·owcl and st•mi-vowl'i sountb. 

First Iet ns con,..idl'r t he \·owcl records in a sintpkr .nul II IIlre gt·nera I 
way. Cot~Sider.thle infnrmation h.1~ ht·en olttaint·d h~· in,;pection, u,..ing 
,.uch simple apparatu,; as .1 pair of comp;t,;st',; and a rule in contwction 
with tlw timt' ,..cale on the recon),;. The timt' sc;de grcatly f.tcilita!t's 
the procc,;,;; it i,; in mo,..t cascs po,;sihlc to cnunt tlw numltcr of eyclf's 
of .111y one prominent compnnt·nt mTurring in an inten·al of .01 
,;econd, <IIHI hy doing this in \·arimts parts of the record, to arrin' at a 
roughan-rage frequcncy for the component in question. 

In the case of thc low frequency componcnts (the fundanwntal and 
the lower characteristic frequency) thc proccdurc was to make this 
ex.unination at 3 points: one near thc start, one ncar thc micldle, and 
onc ncar the end of cach rcconl. I n this way thc most significant 
changes in pitch anti wan: form during thc course of the reconl can be 
hrought to light, and somc of thc indi,·idual charactt-ristics of thc 
speakcr rc,·caled . ..:\ statistical compilation of these rcsults senTs to 
show certain "normal" charactcristics of pitch \'ariation, ancl permit 
the detcction of a ccrtain amount nf "personal hias" of thc individual 
speakcr in his departurc thcrefrom. In thc cxamination of thc low 
frcqucncy charactcristics a notewas madc as to thc harmnnic rclation 
bctwccn thc fundamental and thc lower chararteri~tic frcqucncy; of 
thc amplituclc of thc lnwer characteri:;tit· frcquency as heing greater 
or lcss than the amplitudc of the fund.unental: and of the hehavior of 
the amplitude of thc lo\\·cr characteristic. during the cyde of thdunda­
mcntal. The amplitude of thc Im\· frequenry charartcristic i~ eilher 
sultstantially ronstant cluring the cycle or falls away as a transient 
\·ihr.ll ion. 

Thc high frequency componL·nts <He dearly shown in thc rcconls, 
but it is more diiticult to determine their exact frt'qttL'llt'il's, and prac­
tically imptbsible to relatc th<'m harmonically to tlw fundamental. 
Tht·se oscillations were rountcd in from four to cight location,; in each 

1 lt i~ pr.Kticable, ho\\1'\"l'r, to nhtain valu.d>ll' d.11a .ts tn thl' formation of the 
vnwel sounrls hy .lnalylim: ~epar.1tely tht· stKn·s,ivc qclt-s at the ht•;dnnin;: of a 
typir.1l \·owel ren>rd. .\ ~tudy of this kind, hase<l on these recortls, is l>ein!o( .-.~rri•·tl 
out hy .\((',.,;rs. :\. K. French ancl \\". 1-:ocni;: uf the .\rm·rican Telephon•· and T.·lt· 
graph Company. 
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rcconl, and a maximum and minimum fig-ure detcrmined for tlw 
frequenc~· whcren·r possible. The lwhaYior of the amplitudc of thc 
high frcquency component during the cycle was noted, and a rough 
estimate made of its magnitude. Practica lly all the ,-owel rccords 
slww frequcnci~.:s aboYe 2.i00 cyclcs and thc amplitudes in some cases 
are !arge. ln only two recorcls out of 101 was the high frcquency 
componcnt too small in amplitude tu gin· a frequency detcrmination. 
Tht·~e hig-h frcqucncy rompont'nts may or may not !Je characteristic 
of the g-in·n sound; this que,;tion is more fully dealt with later. 

To complcte tlw examination of each rccord its duration was notcd, 
and this time was di\'ided into thrce inten·als: (1) a huilding up period 
in whirh thc oscillations rise from zcro to an amplitucle which shows 
all the components clearly; (2J a middle pcriod in which thc g-encral 
amplitude rcmains ncarly constant , but in which somc ,·ariations in 
tlw amplitudcs and plwses of the componcnt frcquencies usually take 
placc; and (:3) a pcriod uf dccay in which thc componcnts di,;appear 
and thc oscillation gradually loses its charactcristic Wa\'C form. 

The proredurc may be illu,.;tratcd by its application to thc first 
rccord for which the following clata were rccorcled: 

l'late Xo. 1, oo as in pool. Speaker l\1.-\ .. (::\Iaie). 

Time to build up, .0.) sec.;:\ liddie period, .20 ,;cc.; Period of dccay, 
.OGsl'c.;Total Duralion .:~1 sec. 

Fundamental: 102 at start, riscs to lOS in middle, rises to 120 at 
end. Pi tch \'ariation nnrmal. (Sec explanation beim,·). 

Low Frcqtwncy Characteristic: -HlO at start, -130 at middlc, -110 
at end. ,\mplitud c grcall'r than that of fundamental. ,\ pproxi­
mately. a fourth harmonic of fumtunental, hut amplitudl' 
Variation during tlw cyclc suggcsts a transient . 

lligh Frcqlll'ncyComponent: l\linimum,3:~UOcyclcs. l\laximum, 
:~liOO rydc,; . .:\otin·able throughout; arnplitudc variation sug­
gcsts a transicnt. 

:\ o ot her frequencics. 

This routine was appliccl to l'ach of the 10 l vowd rccords ancl a 
gc•wr.d "ummary m;1dc of thc rl'sults, giving approximatL' valm·s of the 
\CJ\\t·l characll'ristin; which forl'castl'd thc morc accurate rcsults oh­
I.Jilwcl l.tll'r i'rom the nwchanical harnwnic analysis. 

Tlw simJ•It·,.,t J•h• ·•wnwna t• • summarizc <ll'l' tlw gl'nl' ral charactcr­
i--tic ~ of thl' indi,·idual ~pcakl'rs. These arc hasl'd on the nll'an per-
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fonn.tlll't' 11f t',tl'h in ~pt'.tking llll' thirtn·tt \ owd ""tiiHb, .tttd will ftt· 
u:-dul in tlw di-.nl,..,..ion ltt follow; thl'y an· :-lto\\n in T.tltft· II I. lwlo\\': 

:\l.dt• ~l'<',tk•·r, 

:\1.\ ln\\ pitdwd 
:\111 lowpill'lu·d 

~ll' hi~h pilclt<·tl 

~lll hkh pit•·hed 

Fl'm;~lc ~p<'.tkcr~ 

F.\ low pitdwrl 
FB low pitehl'd 

FC medium 
Fl>-hi~h pitehcd 

T.\III.E 111 

Spr.d~rr s' ( 'lwrolt 1.-ri.,fl< I 

~l•··lll Fund.uu.·nt;JI l'itl'h 
"' Sto~rl, :\lidrllt· .mtl Eoul 

11i 111.'\ III (roorm;ol) 
II.? 115 112 't.i.osl'd • 

1.!-! Ul U·l <norm;d 

IJ·I J-\ ,1\ I i5 (normal) 

~lt·an for mal<- Spt:.tk<'rs 

2.?1 .?-tl 209 (norma l) 
256 251 1'14 (hias<'tl) 

v.~-.?55-2-t~ (normal) 
2i I .?i -t 2i'l (hia•e•l) 

:\ll'.lll for ftomale spcakcrs 

~l<'an du rat inn 

:\I···"' 
l'itdo 

111·1 
ll.l 

t.lll 

I .'\2 

I .?5 

.?24 
2.H 

2H 
.?i5 

2-H 

:\l•·.on (lur.oliou 
111' l{,·,·ords 

27.::. SI'C. 

.122 t.i,ost·d 111\\,lnl 
shurt n:nmls 

. 2.15 lloi,t"'d lnw.wl 
!<horl n·nmls) 

3115 

. 25'> sec. 

. 290 sec . 

.3i3 hiasetl l<marcl 
long rl'I'Ords 

.3.?0 
.H~ (l>ia~l'tl toward 

Ion~ rl'l"Onls) 

.33.1 SC'('. 

296 sec. 

Thc"c rcconls \\'l'rl' made \\'ithout constra int imposed on tllC' speakcr, 
exn·pt that Iw had to start and stop within a n intC'r\'al of abnut onc 
sccond. and was rl'qlll'Stl'd to n·peat thL· sound sc\·eral timcs at what 
hl' judgL·d lo hl' con,..tant loudncss. Thc rcsulting \'ariation in per­
formancc may thndorl' hl' of somc intcrcst. 

()f 52 men's rl'conJ,.; tlw \'O\\'el ::;oumb ~.) rcconls showcd a "normal" 
dT,·ct of progrcs;.in· risc i11 pitclt during thc coursc of thc rcconl. (Thc 
mndl· is l;Jkcn as thc normall'ITl·ct, ancl follows tlll' llll'all \·cry cJo,..dy.) 
In fi records out of I:~. spl·akcr :\I B shoWl'O an indi\'id ual or biasL>tl 
eliL·C'l nf slight fall in pitch toward thc L'nd. The women's rccord,.; show 
grcalcr variatinn, ~I records out of ;)2 sho\\·ing a "normal" eticct of a 
risr iTI pitch, follo7<'Cd by falling pitrh, during thc rour"e of thc n·corcl. 
ThL· ituli\'idual hias nf spt•<tkcr FB towanl progres,;i\'c iall in pitch w.1s 
shown in i rl'cords; that of Fl) towanl progre,..,..in· ri:-1' in I n·con(,.., 

Thc rl'lati\'C const;tncy in iond,lllwntal pitch ,..lwwn by ,.;peakcr :\IB 
i,- hl'sl l'Xl'lllplificd in Plate :\o. ;l~. ">pl·ahr Fl > madc :~ n·cord~ uf 
cnn::;t,mt pitch: :\os. ~I. II) an<l -1.'-o. Utlll'r rl'conb of cnn.;t.llll pitch 
<tfl' :\'os. Hl and !1\l, hoth hy :\IC. 

ln duration, the hias of speak1·r .:\IB towards :-hort reconb wa:­
::.hown in ü rccords which fdl short by .0..., :-C'C. or morc of thc IIH:an 
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for thc particular sound considcrcd; that of :\I(' also in ti records 
acconling to thc samc lest. Spcaker FB produced 5 records, and 
spcakcr Fl l, 2 records too long by thc ;;amc amount. 

ConsidL·r 110\\' tlw geJll'ral propertie~ of the spoken \·owel sound, as 
deduced from the;;c reconk First therc is a pcriod of rapid grO\\"lh in 
amplitudc,la,.;ting ahout 0.01 ;;econd, during which all componcnts are 
quickly produced, and risc ll('arly tu maximum amplitudc; second thc 
middlc periud, the characteristic;; of which ha\"C been noted, Iasting 
ahout 0.1!).') second, followed by the period of gradual decay la~ting 
about 0.0\l >-econd, bringing I hc total lcngth to approximately 0.205 
second. Therc is a tendency to short duration among the "short" 
\"OWels (eg. short o, e, i) and a tendency to Ionger reeonls among thc 
broader sounds, as might bc cxpeckd. 

Thc hehaYior of the fundamental frequency (or "conl tonc") during 
thc cour~c of thc record will follow normal or indi,·idual character­
istics as has hcen de~cribed. 

Thc low frequency characteristic appears early, u~ually bdorc thc 
fourth cydc (formen) or bdorc tlw Sl·n·nth (for women) and normally 
is in hannonic relation with the fundamental. In the clcn·n pure \"Owel 
sOUJHis (omit ting the ar and er groups) this point was examined at 
2ti-l locations in 8S recmds with thc result that the harmonic relation 
ohtained in at least 21 I ca:-L·s. On the othl·r hand the normal be­
ha,·ior of thc amplitudc of the lo\\' frcqucncy charactcristic suggests 
the decay of a transient oscillation during cach fundamental cyrk 
this l'ITec t heing noticcable in at least li-1 of tlw 8S pure \"O\\TI rcconk 
This transi1·nt eiTert wa~ abo noticeablc in 1:~ of thc lli rcconls of ar 
and er, whcrc tlw harmoni\ l'ITect was not so noticeablc. The appear­
a nn· of tlw transient etTect depends to some ex\l'nt on thc relati\·c 
frequenrics of tlw fundanwntal and thc characteristic; where thc 
fundaml'ntal period is short, (as often in the case of the women's 
n·\on.b) there i,- not sufficient time for deeay of the char;lCteri,-tic tone 
!Jdore it recein·s a IH'W impetus in the next cycle of the fundamental. 

:\s noll'd abon•, all the rl'cords eontain high frequem·y Yibrations 
which an· of >-lieh amplitu(h• that they suggest characteristic fn·­
qm·ncil'>-. :\ gennal mean of thesc frequencies would bc in the nl'igh­
borhood of :t!tHl cycl1·s, and in the cast· of \wo records hy speakcr FC' 
rCroup I ;md Croup XI II ) tlll' frequency riscs to ahout t,()()() cycll's. 
R(·calling lhl' usual classilicat ion of the \·owel >-OliJH]s into t\\·o groups ­
II) tho>-(' of "singk" re"onann·, plaeed on tlw ldt lq~ of tlw trianglc, 
1 Fig. 1:.!) and (:.!) tho>-e "doul1ll'" resonann· placed on tlw right leg 
of tlw lri.lllgle lhcre are so1m· di!Tcrences in the beha,·ior of thc high 
fr(·qtwncy cun1pnnents which can he related to thesc hroad dasses. 
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Jn thc somHls of the fir~t dass the high frequc11cy component is u~ually 
small in amplitmle, morc sul>jcct to indiYidual hias in its frcqucncy, 
and may or may 11ot ln1ild up in amplitude as carly as the low frcqucncy 
rhararteri~tic. ln the sounds of the sccond da,;s the high frcqucncy 
chararteristic i~ usuall;· prominent from tlw start and huilds up n·ry 
rapidly; whik there is lcss variation in its freqLJL'IlCY with the individual 
speakcr. In ,.;ounds of the first da,.;s there is no <IL·cidcd suggcstion 
of a transient in the high fre((LH.: rwy (23 oul of ·Hl rerords, Croups 
I to \ ' inclusin·) whilc in souncb of the H'Cond dass tht• tran,;icnt l'ITcct 
is pronounced (~ !l out of -lO rccords, Croups \'II I, IX, XI, X 11, XII 1). 

\\"ith thcsc wnsidcrations in miml thL·re is prest•ntcd in laLle IV 
a summarr of tlw data obtained from this preliminary cxamination of 
th<' , ·owel rcconk Thc mean duration time, and its subdi,·isions, 
arc shmnt in the sL·roiHl column for each pure ,·owel sound, with mean 
duration only for thc sounds ar (Group \ ' II ) and er (Croup X ). Thc 
fundamental and characteristic frequencics of cach sound are show11 in 
thc 3 columns hcadcd ".~dean Fundamcntal," ''l\lean Low Character­
istir" and ":\kan High Chararteristic Frcq ucncy" respecti\'Cly. Each 
mea n is takcn from four reronls. The two columns headcd "Scat tercd 
Low'' and "Scattercd High Frequencies" contain rncan , ·alucs of 
additional components, occurring in one or morc rccords, in certain 
frcqucncy rangcs, thc mnnber of reconls in which such compuncnts 
arc no ted being shown in pan•ntheses following the mean. Thc tablc 
illust rates and emphasizes many points which ha\·c bcen hrought out 
in thc prcredin~ disrw-.sion, particularly thc doseness with which thc 
high frequcncy charactcristirs arc dcfincd in thc vowL·ls of thc serond 
or "douhly-resonant" cla~s. 

Thc tahlc howcn·r ~ivcs 110 quantitati,·c statcmcnt of thc cnergy 
distribution among thc dillereut frcqucnrics and it is ncn·ssary 110w to 
refer lo thc results of a ltarmonic analysis of thcsc rccord:; which has 
lw<.·n 111adc and puhlishcd 1 from which thc diagram of Fig. 1:3 is Iaken . 
Tlw machirw nwthod for a nalysing these Wa\·c-forms has hccn dcsniiJl'd 
hy :\Ir. Sacia in dctail clsewhcrc;~ it sufl]ccs hcre to notc mercly thc 
1·s~·ntiab in thc treatmen t of thc data. 

For tlll' clynamical study, the \\·hole rccord fro111 start tu f1nish was 
takcn as thc unit for analysis, ancl thc data ohtained arc thereforc 
the an·rage characll'ristic:; of thc soUIHb throu~hout their duration. 
l n thc form of an endlcss lx-lt t•ach of thesc reconb was passcd repeated­
ly t hrough thc ana lysing mach im·. r\ si ngk rt·t·onl is of coursc 

1 "I h n.uuic.&l Study of thc \ .. n\'1:1· Sou nd s." lh:ll Sy,tt·m Technical Journal, 
I II. :\.,. !, \pril, !'1.!-1. 

1 t I -.,,..,,,: "l'hotomt·•·hani,·;tl \\"a,·c .\n .&lyzt•r .\ppl icd to I nh;~rmonic .\nalysis;" 
Jour IJpt ~.·. :\m. anti){,., .. ot Sl"i. lnst.,9, (kt., 19.?-!, p. ·ll:!i . 
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.lnon-pt·riodie ftnll'tion, repn•,;cntl'd analytir.dl~· by .1 Fourier lntcgr.d, 
not hy a Fourier Scrit·s. Thc nmtimll'd rqwtition of the renml, 
hmH'\Tr, llllild,; up a JWriodic fnnrtion nmsi:-;ting- of a fund.lllll'lltal 
and .1 ::-crit•,; of h<~rmonic,;. The lll.lg"llitudes of thl·"e nunpnm·nts IJt•ar 
a ,.,impk· n·l.ttion to tlm:-c of the infinill·,;imal nunponcnts of corrcs­
ponding frnJUem·it·s in tlw Fourit·r lntl·gral, ;md it is this :-erit·s of 
relatin· arnplituclcs ;!l dillt-rcnt fn·qlll'IH'ies whid1 is givcn hy thc 
nwd1anical analy::-i,; of the reconb. 

I t would bt• po::-,;ihlt• to pn·::-ent tlw,;t• results as the sound spectra of 
the ,·oweb, showing thcir origin;d aroustic pre,;!'ure amplitudes3 hut 
thi,; trcatmcnt ha,; !Jt•t•n moditied for practical rea,;ons to takc into 
account tht• rdatin· importance of the Yarious pitches in hearing. 
l',-ing tht· a\·ail.1ble data on the rebtiYe scnsiti,·ity of thc car at 
di!Tt•rt·nt fn·qucneit·s~ thc prcssun· amplitlJ(k at each frcqucncy has 
bccn multiplit•d by the cnrrcsponding ear sensitivity factnr and thc 
rcsulting nJrYes are takcn as the e.ffcctir·e amplitude frcqucncy rela­
tions which arc mo,;t gcnerally characteristic of the,;e sounds. 

Tlw d.lla from thc fnur male records and from thc four femalc 
recorcb of each sound arc separatcly a\·eraged and the resultingcunTs 
arc shown in the diagram (Fig. 13). This awraging process was 
somchwat lahorious because the analyscs of theseparate records werc 
madc not with rcfcrcnce to prcdctermined frequcncy settings, but 
r.tthcr for those critical frequencies which best dctennined thc shapes 
of thc ,;pcctrum curws. The individual curYcs werc thereforc plotted 
on thc musical pitch scak and the anrage ordinates were thcn read ofT 
for small intcrYals of pitch. T hese ordinates wcrc then awraged 
for cach group of four analyscs. Thest· averagc ordinatcs (after being 
corrl·ctt·d for thc calihration of the recording apparatus) werc then 
multiplied hy the ear sensitiYity factors for thc corresponding frc­
qucncies. Thus thc final spectrum diagram shows the relative im­
portancc of thc amplitudes of all the components of each vowcl for 
male and fcmalc ~peakers. ' 

Thc amplitudc units arc cntircly arbitrary; it is only thc shapcs, 
1 ln Fig. I, data have hcen given showing the actual distrihution of cnergy in 

averagc spn'<"h. Thc tremcn<lous conc<'nlration of cnergy in 1he lowcr frcqucnrics 
is somcwh.1t mi:;leading unle~s account is abo 101kcn of thc much rcduced scnsitivitr 
of t he car in this rcgion. 

'See flcll Sy~tcm Tech. Journal, \"ol. II. Xo . .J. Octohcr, 1'>23. Thc papcr on 
.-\udition, by II. Flctchcr, shows a graph of t hc "Thresholtl of .\udihility" curvc 
from which thcsc d.1ta wcrc obtaincd. Thc ear sensitivily f.lctors used, of coursc, 
rclatc Jo thc lower inten>ity Ienis; but i1 i~ thought thal no l'~scntial inaccuracr 
is thereby introduced, a~ the position of thc ~·haracteri>tic frt·qucndcs of a givcn 
vowcl is suhjcct to somc variation with different spcakers, and moderate varialions 
in thc hcight of these maxima in the cnergy spectra arenot ~ignific.1nt, exccpt when 
taken from cycle to cycle in the case of an individu.1l sound. 
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not thc !'izes of thes<.· curn•s which are si~nificant. Tbcorder in which 
the~e cu rn·~ arc arran ~cd is bascd upon t hc YOwel tr iangle, and on 
T ahlc 1\'. T o rl't urn to tlw gcnera l discussion , we find tha t the 
fund amental , ·uicc fn:qu ('ncics do not ha\'c !arge cffccti\'C amplitmles; 
it i ~ interc~ting to no tc tha t thcse can he largely climina tccl without 
im pa iring t he dist incti,·c quality of a \'owel sound. Thc "sca ttcrcd 
low frequcncic;; '' of the tah le (Sounds I to \ ' 1 I) cxhihit apprcciable 
amplitudc~ in thc dia~ram. Thc "Sca tt ered High F rcqucncics " of 
sou nd s 1-\ ' Il pre, ·iously no tecl exhibitsmall amplit ud c in t hediag-ram. 
Theseare pcrha ps no t essential to these spcech soumls, b ut we should 
l'xpect to find thcm in we11 tra incd singing \'Oiccs. Thcy a re to a 
ccr tain ex tcnt (pa rticularly for the male , ·oices) , pa ra1lelcd by the 
high-frequcncy rcgions of resonance for t hese sound s gi,·en in I 'agct's 
diagram , to which refcrencc was made in Scction I. Pagct, it must 
hc notcd, is conYinced tha t thesc high frequcncy rcgions of rcsonance 
arc cha racteri stic of the sounds of Croups I-VI. 

Thc ~ound a (i\o. \ ' I) is as it were t he center of gr;n ·ity of thc \'owcl 
diagram and occupics thc kcy position in t he phone tics of mos t la n­
gnages. Thc broad fca turc o f the diagram is of conrsc thc progrcssi\·e 
r i ~e in fr('q m:ncy a nd gradua l narrowing in rangc of thc charactcris tic 
region of rcsona nce, till thc sound a is reached, succceded by a splitting 
up into two rcgions of rcsona nce which recede from onc ano ther as we 
fo1low the d ia~ram downward~ from a to the end. Thc exact locat ion 
of sound X (er) is somewhat indetcrminate, bu t it i ~ eYident that it 
helongs in the scrics of doubly rcsonan t , -owds. I t is interesting to 
note tha t the di stribution of the components of ar (rcfer cither to 
T ahle I\' or F ig. 13) is similar to thc dist rib u tions gi , ·cn by :\liller anJ 
l1y Pagct fo r a form of thc , ·owel a haYing " J nubk " rcsonancc ; it is 
tlll'rdorc as we11 loca ted as any vowl'l in t hc scri es. 

The charac teristics of thc r sou11d (whct lwr con:-;idered as , -owcl 
<>r 1·on~onant) ofTer an inll'res tin g study, and in considering thcm 
we han~ a n illustra t io11 o f tiH' practica l , -a luc of records of thc 
type shown. Th (· p rohlc111 o f pronouncin~ a pure r sound is diflicult ; 
r is probahly <b , ·a riahlc in quality as any sound in the language , and 
it difTns morc t han a ny other suund fro m one la n~uagc to ano thcr. 
Tlw preci~t· loc.J.t ion of its chararteris tic freq uencics is thus a ra ther 
dillwult matter. T hc recon ls uf ar and l'r disdose a noticcabk tendency 
in spt>aking to make t hc~l' sound s int o diphthongs, t hc ea rlicr portioll 
nf the n·n•rd lwing nca rl y a pure a or (short ) t' whik t he la tter portion 
qf the n:cord inrn:asingly d isplays r r harac tcris t ic. Onc spea kcr (1\IA) 
-.wTl·t·<h-d in making rl·rord s fnr thesc two sounds which have nca rl y 
the .... llllt' charact\·r throughout (l'la l<:s ..J.U, i3 ), hut for the other sc, ·en 
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!"pt'.d..;n~. thc "r" eh.tracteri~tic~ .tn• Iw" I di"pl.tyl'd '"" .ml t Iw t•nd 
of tlw n•t·onl, though thcrl' i~ 110 ,..harp tr.tn~itillll point. Iu thl' :-.l.t· 
ti,..til' • .l ~tudy of thl'~t· ;.otuub thc d.tt.l \\t·n· t.tkt·u from tht· l.tlln 

portinns nf thc rccords: lu1t in tlll' Jllech.tuit·.d .tnaly-.i,; it """ thought 
bl·~t to u~c thc whole n•conl. .:'\ow .tlhtr.wting .tnd cnntknsing tlll' 
d.tlil obt,Jirwd in thc,;c two way,; \H' h.l\ t' (ignoring funcl:~nwnt.d 

Iones) thc following t.thll· of frt•queJJCil's: 

low 

~ltddlc 

lli~h 

:\l.de 

5i0 oJV 
\ 'II i (,lf I 

/()88 /0()5 

r (ar and a) 

Ft·m.de 

iOI il! 
IUtl (.tr 

.!/(!.!!ISS 

\Iaie 

-ISJ 5i-l 
,'\td ar 

1.!18 JUS 

1933 .!896 

51.! 'il.! 
Xhl ,'\hl 

1.!18 HIS 

{ ?.l.l.i ~/j~ l'f 

Thc~c may Le comparcd with l'ag-ct's rcsult,.. (from thl' ,..l'tond 
mcmoir, in which r is das,;ilicd as a nm,;onant sound) taking onl' of 

hisgenerat rcsults from a ma"s of experimental data: 

r (l'agct: rekrence ~l.t, n!J p. lZ>l) 

"Throat or back resonancc". 
'' :\I idd lc rcsona ncc '' . 
"Front rcsonance 

-!00-iOO ('ydl·~ 

ll-lfi-1S2-l cyd(',; 
l:S2-l-2lü!1 cydt·,; 

(all \'arying with the a,;~ociated ,·owel) 

The ilalici:ed valucs in thc tirst taLJe auo,·e indicatc corre,;pondcnn·s 
with l'ag-ct's data, and we conclude that thcsc roughly dclinc thc r 

sound, in tcrm,; of the steady-statc th(·ory. 
Before taking leavc of thc VO\\t•l diag-ram. we ,;hould nott• not onl~ 

thc location of the rcsonant range,; ln1t also their cxlt·nt, <lnd thcir 
relative scparation from othcr resonant rangt·,.; in onlt-r to arri' e at 
t·s~cntial charactcristics of thc \·owcl sound. ln othcr words, thc 
indi,·idual vowcl quality dcpcnds not only Oll a n·rtain rhar.trteristic 
rl'gion of rcsollancc but on thc rdatin· pitche,; in ra~c therc j,. morc 
than Olle rl'gion of n:sonancc. This c!Tt·rt j,.; clearly ,;hown to ~omc 
dcgrce in c,·ery group sa\·c onc (\'II :r) in Fig. 1~. lt will hc noll'd 
that for the charartcristic rnaxima of enngy in t hc ,.pectrum of a givcn 
sound, thc pcaks in the curvc for h·male voiccs tend to occur at a 
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higher frequency than tlw corrl'~ponding peaks in the curve for the 
male voices; but thc mu~ical intcrval Letwecn characteristic peaks 
for a given sourH.l isahont thc same in the two cases. I t is only in 
this way that \H' can account for what is a matter of uni\·crsal ex­
pcriencc in using the phonograph, namcly that moderate variations 
from normal specd in recording and reproducing speech lea\'e the 
Yowel soundsstill intelligible. 

FouR SDu-\'owEL Souxos1 

1\ow consider the soumls l, 11g, 11, m, which pronounced with the 
\'Owels oo, ee, a, following them, are arranged in Groups XIV and XV. 
Following the plan previously used, note first the general characteristics 
of these 24 records, made by the two male speakers l\ IA and l\ 1 B. 
,\n outstanding feature of tbe records is the diphthong quality which is 
dcar in all: the transition is quickly made from semi-n1wcl to the 
affixed Yowcl sound and except in two records ( Piates i\os. lOS (lee) 
and 113 (1zgee) adefi nite transition point can be frxcd. l\ l arking this 
point for all rcconls we find an avcrage duration of O.IG second for 
the semi-vowcl sound, of 0.21 second for the ,·owel sound, mean 
total duration being o.:n second. i\oting the fundamental frl'quency 
in two locations, namcly at the start and just bcfore the transition 
1-mint, it i;; found that there is a progressi\·e rise in pitch during the 
rl'cord of thc semi-vowcl sound; this cffect is in agreement with the 
indi,·idual characteristics of thc~e two speakers preYiously noted 
in thl· pure Yowcl record~ . ßut in addition it is noted that thc an~rage 
fundamental for thcse two spcakers (sec Table V below) is somcwhat 
Lelow that pn·,·iously used hy them in the \'Owel records. (R cfcr 
also to Table I I 1). This slig ht lowcring of fundamental pitch may 
possibly he a charactt·ristic of the semi-vowel sound;;; and this effcct 
occurs, as weshall S('t' latcr, to a pronounced degree in the consonant 
sounds. 

Thc a mplitudcs of thcsc scmi-\'U\\TI sounds are on tlw whole smallcr 
than thc a mplitudes of thc aftlxed pure \ ·owcl souncls, bnt some of 
tlwm are surprisingly large. Tlw low frcquency charactcristic of I 
is (for thl·~c voiccs) principally a third hannonic of the fundamental. 
\\'ith 11 and l!.f! (whieh arc nearly indi~tingui~hahle) the sccond harmonic 
IJt·rorm·s increa,.,ingly important, and in the m rccords it is very 
largc. Tlw high frequency characll'ri~tics of all four ~ounds lic he twcen 
2100 and :.!!100, falling somcwhat as we pass through a sequencc from 

I.\ preliminary fl:porl h.tS hecll III<Hic Oll \hc properlies of thcse SOUnds, 311U thcir 
n·l.tltun tu lhc ~ua·ral \·owcl dia~ram. (l'hys. Rcv. B, 192-l, p. 309.) 
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rre to 2ll .\() 101 IIH 

16 l2 .l~ 11S IOi 
I i 20 .li ((I() lOS 

\lt'illl 16 11 .li toa (Oh 

l to m. \\\• han· here, tlwn. a group of douhly rl'~onant ~ounds who~t· 
characteri~tic frequencies, who,.,t• amplitudt·s, and generat hcha\·ior 
are ~urh that they llllbl he ddinitdy rl'lated to the standanl \·owel 
diagram. 

The amplitudc frl'quency relation:-; as ol•tained from a mechanic;.~l 

harrnonic analy~i~. and correeted for tlw \'ariation in sensitivity of the 
ear are shown in Fig. I I. Tllt' procc:-;,; 1 ,f nll'rhaniral harmonie analysi!'i 
has been outlined in conneetion with tht· vmn·l rcconb, aml the pro­
cedurc wa~ thc samc hl're, t'XCt'pl that only the ~emi-\·owel portion 
of the reeord~ wa,; takl'n a,; the unit for analysis. T hc rcconl for 
analy~is wa,; nll at the t·nd of the la,.,t cyde l>l·fore the transition 
point, and two profile copics of the semi-\"0\\TI wan· were joined to­
gethcr in an endle,.;s helt which wa,.; pa,.;,.,t1d t imHigh the analyzing 
machinc . 

. \"ide from the d'N' rc,.,emhlanrl' ht'lwt·t·n the freqm·ncy ,;pe!'lra 
of tlll' four soumb the noteworthy ft.ature of Fig. II is in the ~imilarity 
hetWt't'll the I spectrum and th;1t for ee as prl'viou,.;ly gi,·en in line X III 
of Fig. I:t The e,..,_;ential dilTt-n·nn·,., <Ht' a slight innease in the 
importance of tht· low freqtlt'ncy eharactnistic~. and tht· slight shift 
of alt tlw resonant rq;:ion,; toward lower frequcnry, in pa:-,.,ing from 
e to /, and on through tlw ,.;equt·nn· ng, 11, 111. \\'e may thu,.; reganl 
thc rhart of Fig. 1-t as a logicalcontinuation of thc gencrally ;l!'('l'(lled 
ehart of Fig. 1:3 and pl.tet· the four st·mi-nl\H'I ,_;ounds dcfinitely in an 
l'Xtendl'd \'OWl'i diagram, following in rq~ul.1r onler the :;ound long c. 

Sir Richard l'aget has nudl' the interesting stall'llll'llt that "alt tlll' 
consonant ~ound,; arl' as es,.;entially musical as thc \·owels, i. t'., tlwy 
dl'pend on \'ariation!'i oi resonanec in thl' \'ocal ca\'ity, and ~houltl hc 
capal>le of being imitall'd in thl' :-;amc way, if thcir charactt-ristic 
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rcsonanccs could bc identificd a nd rcpro<luccd in modcls." It is 
intercsting to comparl' ~onw oh::;en·ation!' madc by him on !, 11g, 11, 

m, and rl'ported in his sl'Cond memoir. \\"orking according to thc 
method pre,·iou~ly descrilled C*l) Pag-el has con~tructcd rcsonalors 
which, undcr ccrtain conditions, will pro<luce transient forms of thc 
four sounds \\'C arc discussing-. Thcir tone constituents arc idcntilicd 
by hirn as fo llows : 

II 

II!{ 

REsus As T FREQCE::-:o~::s , SDn-VowEL Sou:-;os 

l'a~c t : Rcfcre ncc CJb I 

'' Throa t " 

221'--tll6 1 

20J 22X 
203 2lX 

271 

.. :\I iddl .. " 1 :\.tsal) 

()S3 l falll ll 
bX3 
:; 11 i 2-l 

1117 Uh6 
111i IHS 
111 i t-t-tsz 

·· t 'ppe r" (Orai J 

ICJ25 193Z' 
IHS 216<1' 
22'JS 15 iQ 
Sol I i nz 

lHt 25iCJ ( faint ) 

1 \ ', trying and tin .tll r .t ppro. l lll.l l i n~ a c h.~ract c-ri sttc rcgwn of re~ mam·c ot t lw 
a"ocia tcd Hmd. 

2 \ "a ryin~ wit h the a ssoc ia fl ·d vowd. 

StiHiying- l'aget's rcsults in conneclion with thosc of Fig. 1-l, wc 
nolc I hat lhc energy ~peclra clcarly show thc ''throat" rcsonanccs 
for all four sounds in thc tH'ighborhood of ~;iG cycles. In tlw casc of 
11 1 hl' nasal rcsonarH·<· a l (i8:3 cydes ( Page I) is onc of I hc prominent 
Iones n•nlt·ring- araund a fr<'qucncy of ;)12 in thc spectrum diagram. 
Thi~ rl'~onancc also appears prominently in thc :.;peclrum for 111 though 
l'agd <Iid not notice it. The higher midule rcsonanccs (121 7-1-1-!S 
cycl(',.) which a ppcar in l'agct'~ labk· for thc last thrcc sounus appcar 
a lso in llw sperlra for lhesc 1hn:c sounds according to Fig. 1-1. Allow­
in g for the Yariation statcd in notcs (1) and (2) abow, it appcars 
th .t t thc uppcr (oral ) rc~onatH'cs for thc four sounds, as notcd hy Pagct, 
a re esscntia ll y tlw same as those that ;tppcar in all four sp<"ctra in thc 
d iagraut in thc rangc of 20 IS-2S!J(i cyclcs. 

\\' ith rq~ard to l'ag(•t'::; ohscn·ations on the transienl characll'r of 
t lws<· sounds (he classiJies IIH·m as consonanls) and on tlw ,·ariability 
of ~cll t H' of tlwir rompom·nls (:\otn; 1 and 2 of table ahon·), dl'penJing 
on tlw a~soc ia l<'d Yowd , thcrc is room for sonw difll'rcnce of opinion 
and thc rc·ac h-r may form his 0\\11 ronclusions aftcr a del;tikd inspe,tion 
of 1lw n·con l:.; ~hown . T .tking tlw ,.ound I for exampk, and studying 
fir:.l thc thn·1· n Tords Ion, Iee, Ia hy :\I ;\ anJ thcn 1lw three corrcspond­
in~ n·c·onls l1y :\I B it sl·cms lo tlw \\Titer that such Yariations as arc 
notnl in characler ist ics a rc duc not so much lo changc in thc associatcd 
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\11\\t•l ·'" to litt· l'h.lllgt· in tlw "Pt',akl'r, .111d .1 ,..ituil.tr '""n' hl"iion will 
prnb.tbly ht· re.tdtl'd for t'.tl'h of thl' uthn thrn· ,..,·nti-Yowt·l Slllllllb. 

From tlw nidenre in th" n·ronl"· it i,; diflicult to ""h,..nil,t.· t•Jllin·l~ 
tn .1 "tr.tn.:.ient" tln·ory nf tht•,..t• .:.ound.:., at lt·a"t wlwn the~· pr...-t•dt· 
tht' ,;t.unl.ml Yowt·l "''liiHk Tlw t'\ idt.·m·t· jn,.;tili•·,; tlw ll,;e which ho~~ 
ht•t·n m.llll' of tlll' ,;ll'.uly-,;l.tlt.• idt•a, .llld tlw h;trmonic .tn.dyses k.ading; 
to .1 dt•h·rmin.ttinn oi ch;H.Il'lt'ristie fr•·qul'tll'il'.:.. But therc is a 
po•"ihility th,tl tht· ktrnwnie an.dy:.;is dne:-< not 11'11 tlw \\hole :-;tory. 
TJ.,.,-,. two g-roups of n·eonb ,lllu the anJII,.;tic ,..pt·ctr;~ h;~sed on them 
furni,..h outst.wding exampJe,.; of the nin·til':-; inYoln·d in :;pccch and 
ht'.trin~ in ordt'r tn ;tchien· the mirade of artinllatl' ,..pt.·t·t·h. \\'ithout 
Jt.lflliOnic an;dy,.;i,;, t)ll.' mo,;t Ca:sua) 110:-<l'f\'l'f will llllll', for CX:llllple, 
tlw ,;irnil.trity bctwccn the corre~ponding reconl,.; of the I anJ n solltHb, 
hut more a,;toni.:.hing :still is thc rc:st•mi>LuH't' hl'l\nTn thc l and cc 
,;ound,.; ,;hown togcther in l'latcs :-\os. 107 and lOS. ln this l.tttcr 
c,,,..e (l and er) practically thc :samc high and low l'har;~cteri,.;tit· fre­
qucncies are ill\·oln·d, and it would scem that thc di,;tinction, which i" 
.:.ut1icit.•ntly pronounced to tlw car, must hc l>ased ID some t•xtent not 
only on tlll' rdati,·c amplitudcs of tlw,.;t.· fn·qut.•ncit·» prl',;cnt , but abo 
on thc hl.'IJavior of thc,;c amplitudes during thc fun<.bmental cyclc. 
I t will hc nott·d in practically all of tht· rt·\·onb of the:-c :;t·mi-\·o\ITI 
:sound:; that thc high frcquency dwractt·ri,.;tic i~ a tran,.;ient of mon· 
r.q»id dl'cay than in thc ca,.;c of tht· pure ,·owel :;ound:s; it is not of 
large dmplitude exccpt at the bq~inning- of thc cyele. On thc face 
of thc rccords this is thc unly explanation ;1\·a il.tblc for whate\'er dis­
tincti\'C quality thc:;c sound,;, as a d;,,..,;, must pos,;e,.,", 

\'( 

Tht· 1.,,.., two group,.;, X\' I and X\'J [ contain, rc~peeti\'dy, n·corcls 
of tht· "hard" aml ·•,..oft" con,.;on.lllt soumb, e;tch with the asound 
aftixt•d, and pnmounced hy thc two malt· ,.;peakers. lkrc the rlassifil'a­
tion j,.. ~omewhat arhitrary; it i,; difticult if not impo,.;sible to arrangc 
the ,.;ound,.; of thl',..e two groups in any ::illl'll satisfactory ,;crics as ha:-< 
been dt·termined for the ,..emi-\·oweb oi the two preccdin~ group,;. 
Thc :-ounds dth (that) anrl lh ~thin) for examplc ha\c tran:;itional 
ch.tractt·ri"tic:- th<1t rdate tlwm to hoth J....'TOUp,;; but thcy arc placcd 
;tt thc end of (~roup X\' 1, to emphasizc their rdation to the pair t• f 
of tht· l,t,;t ~oup. \Vith thc~t· rt•,.;t·n·;atit 111s as to arrangement, con:-ider 
the gt·nt·ral characteristics of the consonant sound:; of thc,;c two 
groups. 
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Examination firs t di::;clo:::es a relatively ca:-;y sepa ra tion of a given 
reC'ord into a consunant and a \ ·owel portion and, as might IJe expected, 
a Ionger duratiun for the " , ·uin·d" consonants. In a ll the voiC"ed 
consonants a suniC"ient portion of thc record is reprodu ced to illustratc 
thc v oicing or fundamental of sm a ll amplitude in t hc early stages of 
the reconl; in the ca:::e of thc unYoiccd C'onsonants of Group X\'1 this is 
not ncccssary. In thc C'asc o f IJoth thc , ·oiced a nd unvoked con­
sonants of C rou p X\'11 , Ionger rccords a rc shown, thc high frequency 
component making th is nccessary, alt hough thc fundamental does not 
appcar in the ca rl y stagcs of thc unYoiccd consona nts o f this group. 
The mcan duration of thc Yoiccd consona nt s (b, d, ~. dth) of Group 
X\'1 is 0.1-! sccond; of the un\'o iccd consona nts (p, t, k, th) 0.05 second. 
r\sidc from traccs of thc fundamental tonc (aml traces of its second 
and thircl harmonics) thcre is nothing of intcrest in the early stages 
of thrcc of these four Yoiccd consonants; in the case of dth there are 
traccs of a high frequency (-!200 a nd 21i00 in thc two records) in the 
t·arly parts of thc fundamental cycle. The Yoic ing for a ll four sounds 
if uniform ly of lowcr pit ch than that uscd latcr in the rccords in speak­
ing thc \'0\n:I sound . Leaving thc carly stages, the rcconl thcn pro­
ceeds to a transition point, Ias ting through from onc to four cyclcs of 
the fundamental, a nd culminat ing in the appcarance of the yowel 
~ound. Before thi s transition point is rcaC'he<l. traccs of high fre­
qul'ncy appcar in most cascs, somet imes suggcst ing a singlc transient 
\'il,ration . .r\ side from thc laC'k of the fundamental \'i!Jration, there is a 
further distinguishing charac tcris ti c of thc "un\'oiC'L'd" sounds: a 
tcndl'ncy of thc first transition cyclc of thc fundam ental to appcar 
from 10 to 20 per cent !'horter in duration tha n the mcan of scYeral 
following q·clcs. \\' ith both Yuiccd a nd unYoiCL'd sounds thcre is a 
tenden<"y for a moderatcly low freq uency (iJOO to 700 cyclcs) to appear 
during the transition; also a high frequcncy (of mean v;due 32:.!5 cyclcs 
for the ll\ reconls oftbis group) which Iattcr may IJe due to the bcgin­
ning of the a sound. Somc of thc indiYidual C'haraC'leristics of thcsc 
rL·C'onls a re given in Tahlc \ ' 1. 

Thc notahle distinC'tion betwcen these souncls and thc sounds of the 
Jl l·:..; t Croup (X\' 1 I) rests on dura tion factors, a nd of c\·cn more im­
porta JH't•, I he pronoun<l'd high-frcquency charac ll'rist ics of the sounds 
of the last group. Thc mean duration of the Yoiced sounds in Gruup 
X\' I I is 0.2 1 sewnd ; t hat of t he un,·oiced :-;ound s, 0 . 18 second. Two 
of tlll' otht" r chara r tt· ri~tics are similar to tbose no tcd in thc preceding 
group; lir~l tlw vok ing, wlwre it occurs, is of a lmorma lly low frequcncy, 
;md !-(·corH I in t lll' C'ase of tlw 1111\·oiced :-onunds, thcre is a marked short­
l lt'"~ of t ht lir" t fundamental eyde at thc transition point. Except 
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in tltt• c.t,;e of tlw ,..ound t• \ I 'l.tlt•,.. I );, anti I ·lti) tlte hi~h f requt·ncies are 
per~i,;tt•ttl .llld in m.ut~· l'.l,..t'S of l.tr~e antplitude, hoth .tl tlll' ,..t.trt and 
durin~ th1· t'ourst' of tlll' \·on,;onant :;ouud. Th\',..\' frl'qlll'tll'ics risl', 
.ts \H' go l hrough l hi,; grnup, to valm·s of 'illlltl and SOliD cydcs in l he 
t\l"t' of tlll' sPlltHb : and s, shown in tlw l.bl four rccord:::. For .t 
full .tppn·l·i.ttion of the,..e prnll{lllllC'l'd high frcqlll'llC)' clt;mtrll'ri:-.tics 
n·ferenn· lllll,.l hc made to tlw a·cords thcm,;\•1\-e,., or tllt' ,.un1111.try of 
dt.tracll·ri,;tic,., in Tahle \ ' 11. I kre again, in di,.tingui,.hing- tht·:-;c 
,..ound,; the remarkthk perform.tncc of thc ear is tnanik,.;t, and thc 
recording app.tratus is used nl•arly to the Iimit of it,; utility. 

\\\• m.ty hl•,;t conclude this discus:-;ion of thc cnu,;onanl record,; hy 
brid enmmenb on ,;omc nf thc indi\'idual sound,;, and a comparison 
whcre pos,;iblc with data givcn for them in Pagct's Sl'Cnnd llll'lllllir. 

H P.-( l'l.ttes 12~1-1~2 ). Bnth l'agct (rd. %, p. ]Ii.)) and :\lillt-r 
(rd. :~) h.l\.t' nntl·d tlw essential impubi\·c quality of tlll',;t' ,;ound,;, and 
han· produced thl·m l>y sudden closing and opcning of tlll' month of a 
n·,;onalor. P.tgl'l con,;iders p to hc thc morc suddcnly refl-a,.l·d, i. e. 
to han· the steeper wan·-front. From thc re<ords this i,; not e\·ident; 
following the \ ·oicing pcriod, thc b would sccm to bc more ,;uddenly 
produced, a,. judgcd hr the growth in autplitudc of the a ,;ound fol­
lowing. 

I> T .-(Platl's 13:~-1:3ti). For hoth of the,;c (~cl' 1·ithcr Taille \'T 
or thc rccon(,. thl'msd\'l':-;) wc notc a high frequcnC'y C'haraC'teristic of 
ahout -1000 cycks. l'agl't (!)b, p. lti~ ) olbern·d "an uppt·r rcsonancc 
;) to ~ ,;emitones higher than that of thc a,;sociated , ·owcl, and a low 
resonanct• of ahout :~G~.'' \\'c notc in thc rl'Cord,; a low frequl·IIC'Y of 
thl' ordcr of 500 in the case of d. Pagl't nolcs a "greater amplitude 
in l duc to higher air prcs,;urc" and thc n·C'ord,.. ~how a grcaler ampli­
tudc for the high frequency in thc C'<bC oft, l'XC'ept right at the tran,;i­
tion point, whl·rc tl shll\\'s thc high frequl'ney of lnrge amplitude. 
:\'o C'anclu,;ion can hc gin·n as to relati,·e ,;ll'l'lllll'Ss of wan~-frollt, d 
\'S. l, bccau,;e in hoth ca,.t•s wc note for ,;peah·r :\TB (lü·cords 1~ I, 
13ti) a ,;ll'l'pcr ,,·an-front than for :\1.\ (RcC'Ord,; 1:3:~. 1:35). Thc 
ditTcrencc bctwl·en d ancll may depcnd Clltirdy Oll the Yoicing aud Oll 
thc complicatcd phl·nomena at thc tran;.ition point. 

\, K .-( l'l,ttcs 1:~1-I-IO ). k ,..hows tht· characteristir transit•nts 
(I;)(){), -1000; Tablc IV, nott·,; ·I and .-> ) lo mudt morc pronoUIIC'C'd degTl'l' 
thau g. From thc rcC'onJ,.. it would st'l'tn that g, in addition to the 
\'oiC'ing, discloscd a stccpcr wa,·c-front, thc Jour transitional cycles 
rl'quired for k (rl·cords 13!.1-1-lO) cmph;t::oizing this point. :\o otlwr 
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gencralization" ~eem warranted, on account of the complicated series 
of c·vents recorded. The~C' ~OUJH)s are trcated at length by Paget (9b, 
p. 171-II:~ ) who oiN·rn·" considerahle variation in their resonant 
rangl's, depending on the associaterl vowel. lt will he note<.l howen·r, 
that in these fum rC'conls particubrly, consonant characteristics are 
pl'rsistent and of large amplitude before the vowel soun<.l begins to 
appear. 

DTH / TII.-(Piatcs 1-l 1-Ht). The high frequcncies (2GOO, 3000, 
3200) culminating at the transition point scem tobe thc key to thcsc 
reconls . Thcy arc more persistent for dtlz, while tlz appcars to show 
thc sll'cper wa,·c-front. Pagct states (9b, p. 158) that "in ö [dtlz] 
the middle rcsonance [1 1-19-19:32, bis figures] is overblown,--- louder 
than the corresponding resonance in 8 [tlz]." He gives also an 
"upper sibilant of 3-l..t..t-i>9;i0," louder for dtlz than tlz, anrl "diflicult 
to identify." lt will he noted that in one recor<.l for dtlz (no. 1-11) 
thcrc is <.luring the voicing pcrio<.l a faint high frequency which has 
been sct do\\·n in Table \"1 as -1000 cycles. This faint "sibilant" 
(which may always hc audible though it fai l tobe recorde<.l) establishcs 
a certain kinship between these two sounds and those following (thc 
fricatin· consonants) which are rich in sibiliant sounds. 

\ ' F. (Plates 1-15-1-IS). v shows a pronouncC'<.I , -oicing, and as 
preYiously noted, a lcss prominent high frequency componen t than 
its partm·r J, or any of the othcr fricatiYe consonants. Comparing 
t• 'j "·ith dtlz 'tlz it sec•ms from thC' records that the formerpair are of 
higher frequency (partieularly f) and that for t•;f as a unit thc high 
frequcncy characteristic is morc pronounced; just the oppositc con­
clusion to that reached by l'aget (Ub, p. 1Gl-1G2). f may imll'ed 
diiTer nwre from v than 1• from dtlz, thus raising difficulties of classifi­
cation bot h physically and phonetically, whid1 cannot bc resoh·c<.l on 
the hasis of I he few records aYailable. TI1C' exceedingly li.ne distinc­
tion J,ctwcen the sounds 7' and dtlz could bc no more strikingly shown 
than it is in the rccor<.ls giYen, for hoth spcakers . 

.I Cl I. ( l'lates 1-l\J-Li2) . Some of the rcconlcd phenomena of 
thi-. p.tir suggest correspondences bet\n·cn thcm and the pair gi k; 
hnt tlw pair j t'/z shows a higher frcquency characteristic dnring the 
inlport.tnt mid-portion of its history. Uf the pair, eh seems to sho\\' the 
:-ll'l'fJl'r \\ .tH·-front, that i~. thc morc rapid transition to thc \'owel sound. 

Zll :o-,)J. ( l'btc·~ ~;-,:{-J.'iti). \\'ith this pair \\'e pass to the lield of 
Jlllrl' "iiJilants, in whirh therc i~ no eYidencc of impulsiYe action or 
:-lt'l'fllll':-s of Wa\·e-front. Thc action sccms tobe that in the Yoiced 
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~ound. there i~. in addition to tlw pr<'"<'IH'C of tlw fnnd.un!'ntal tone, 
.1 hrL·aking up of thc eh.tr.wll'ri,;tic high freqw·m·y wan·-tr<tin into 
di!'>crde nnit~ cnrre,;ponding to tlw fundament.d tolll', where;t~ in tht· 
un,·niced ~onnd tlw high freqtwncy c·har.tl"leri,..tic is continuous, though 
irn·gul.tr. Thu~ noting th.tt the ch;tracteri><tic fn·qut·ncy is of :mnn to 
ltiOil cydt·,; tlw onbLtnding plll'nomena of zh sh arc weil dl'lined. In 
,11ldition to freqm·ncic·~ of :!01~-a:!l!l noted hy l '.tgl'! (\lh, p. Jti:~) Iw 
gin·s a "prnnonnced middle resonancc of Jli:.?.-•-:.?111."." This b t tcr 
oh~L'r\'ation of Paget's lll.ty corn·,..potH I to tlw ISIJ0-:.?01111 fn·qul·ncy in 
the reeonls of :\IB ( l'l atl·~ l.il, J;'")l)) in the tran,;ition region, hnt this 
component does not ,;ecm to lw prominent in the reconl~. 

Z ·s.- (PI .lll's I.ii-IGO). The gcner;d properlies of th<'se sounds 
can hc inferred from the di~cus,.ion of the pren·ding pair (:lz ' slz ) , add­
ing only thc fact that thl·ir principal characteristic is of llllll'h higher 
fn·quency. From T ahle \'II we IHJie a range of 1:.?00-SOOO cyclcs; 
l'aget (!lh, p. I G:.?) gin·s "a characteristic upper re,;onance of .ii90-
fiSSli." Paget al,;o gin·s "a midt!IL· resonance of lOS 1-:.?:!~lS." The 
reconf:.. dn not show "" low a r;lllge of characteri,;tic frcquencic•,; unless it 
Iw the freqnency range :.?:.?00-:.?SOU (><l'L' ~ote I , Tahle \'11), within 
which f.dl n·rtain ,-ihrations occurring in the early p<trls of the funda­
men Iai cydes of t he \'oiced ,..ou nd s :;;/z a nd z. The t rtll' s ,;ou ml is, 
a,; l'aget has stated, "a rdatiH"Iy complex hiss" and thi,.; j,; true of sh 
a,..; weil. And to compll'le tlll' reconl. we must oh~L·n-e that zh and z 
are c\·en more compll'X, if possiblc, and thus not inappropriate ex­
ample,; of thc sounds of ,.peerh with which to condude this ,.;ur\'ey. 

To ~ummarize, wc han' con;.;idC"rl'd somc of tiH' more out,;tanding 
features of the wa\·e form,..; of speech sound,.; which ha\·e hl'l'll re­
corded. ~lany more detaikd propl'rliC"s of the:;e reeonb dC!'>l'r\'l' 
further study. The progrcs~i,·c changl' in wan· form from cyde to 
cydl' of the fundamenta l, particularly at the beginning of a ~ound, 
is undouhtedly an important factor in tll'termining the charaC"tl'r of 
spcech ,;ouml~; it hecoml's most important, as wc han· ~l'L'n, in thc 
stutly of thl' morc impnlsi\·c consonant sounds. Tht:'rL' is material in 
these rceords for extcnded studil's of this kind, which rcquire a bar­
monie analyzer of a !arge nunÜll'r of componl·nts. \\'c ha,·e not dealt 
with the que~tion of the inherent power in spccch sounds, another \'ery 
eharacll'ri,;tic propcrty; thcse important data arc accuratl'ly gin·n 
in a papl'r by C. F. S,1ci;1 in this i,..,;uc of thc Journal. Thc rclati\'e 
powL·r in con!'>onant ancl \·owel soutHis l<lll also hc determined from 
those rcrords in which \'owef,.; and consonants appcar in comhination, 
,\lld it i,.. hopcd to carry this study furthcr. :\lany other in\'estigatinns 
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of speech are now madc possiblc on thc !Jasis of thc accuracy of this 
set of renmls ; in C'onclusion wc may emphasize thc fact that, for the 
prescnt , the record is the important thin~, a nd we bclie\·e that a sct 
of faithful rccord:; opcns a ncw prospect in thc fidel of spcech im·esti­
gation. 
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Speech P ower and E n.ergy 
By C. F. SACIA 

I ;:\ the pa,;t, much rc:-carch ha,; hecn cJc,·oted to the determination 
of the relatin· magnitudc,- of tlw frequcney components of ,;peech, 

and the re,;nlh of thc:,;e cxplorations an: u,;cful and weil known. 
Thu,; thc rommunicatinn cngincl'r is appri:-l'd of thc frcqucnry rangc 
on·r which hi,- appar;llu,; ~hould respond uniformly in onlcr that the 
tran:;mitll'd ,;pcech sullcr no frcquency distortion. But to prodde 
.lgain,;t Ioad distortion, Iw requircs the knowledge of a dilTerent kind 
nf d.1ta: numeril'al ,·alue,.; of thc magnitude of power ill\·okcJ in 
~rccl'h wan•,; as ;1 whole. This invcstigation deals with thc magni­
tudl',- and form~ of :-pecch w;l\·es primarily in tcrms of power, anJ 
is not concerneJ with frequency as thc argument. 

Although the suhjcct matter is not fundanwntally new, this trcat­
ment of it is somcwhat of a venture. The broad classification of power 
is a convenienl'c here, hut its future \'alue will Le Jependcnt upon 
l'nginecring usage. I han· also introduced the use of the pcak factor, 
which, hcing a simple index of the wan· form, may perhaps find 
application in nJwcl study and phonetiC6 as weil as in the tcchnical 
field. r\ condenscd taLle of peak factors was incorporated in l\ l r. 
Flctcher's compilation in the prcceding issuc of this Journal. 

I )ERI\'A TIO:\ 

The nature of power in a syllahle of specch may he most casily 
C"nmprehendcJ by rderence tu an illustration sueh as that shnwn in 
Fig. l. Thc represcntation of thc instantaneous power (P;) is an 
cnlargcd copy of a power osci llogram of thc word "quite." Because 
of its extreme jaggcdness, the cun·e had to bc rcprcscntcd by a profile 
rather than by an outline ... \lthough this is a quickly spoken syllable 
it plainly displays a cyclic rcpctition; thc cyclic inten·a l (for example, 
frorn a tob in thc figure) is ordinarily callcd the Yocal period anJ its 
rel'iprocal, the \·ocal frequcncy 1). 

One fcature of interl·st may ltc noted here: the irrcgularity in the 
growth and Jecay of thc pe;1ks. This is evidencc of a slight \·ocal 

1 Thl· power due to ..1ny pt·riodic forn·, containing onlr odd h.trmonics, tluctuall'S 
\\ith douJ,Jt• th•· frcqu<·ncy of thc fundament.d; IHJt in the c.tse of any perioclk force 
cont.,ining CH'n l1.1rmonic, al,o, thc powl·r tlut'lu.llion' h.t\'t' llw sanw fundamental 
in·quenry as thc forcc. .\ltho111.:h speerh soun•b arc not pcriodic an analogous 
rt'IJtion cxists for thcm. 

627 
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tremolo. Tremolos usualh· occur in singing Yoices a nd \'a rv widely 
in thcir charactcr. ~fhe): constitntc modulations which i;1 actual 
sin~ing sometimcs occm as s lowly as two per second. The slower 
modnla tions affcct the ear as bcats or pulses, while the most rapid 
oncs affcct thc quality by thc rc~mlting sidebands of on~rtones. T hosc 
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1-"i):. I lnstantant·ous an<l mcan power. Enlarg-cd copy o f o riginal osci llogr:un 
of thc word "QlliTE" 

shown in the figurc arc uf thc latt er types, thcir modnlating freq uency 
bcing allout ;jO pcr second. 

From thc instantancous power ,,.c dcri\·e thc mean po\\·cr, P", , whosc 
chid signiticancc lies in': thc fact that it is thc kind of power that 
would J,e rcad hy a qnick ly actin~ watt mctcr; it is likcwisc prnpor­
tion.tl to thc dcllcction shown by thc ordinary a.c. \·oltmctcr or 
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.llllllletcr, or l>y the volulllc intlir.ttor. t\ graph of thc nw.m power 
tll.l)' hc oht.tincd hy drawing- thc ;n eragc power in cach nwal cydl' 
.md thcn drawing a smnoth cnn·c throngh thc rl'sultin~ hroken line. 
This wnuld hc an impracticalllc way of ohtaining curn·s 11f nwan 
power: actuo.lly thcy ha,·c hcetl ol>tained intlcpcndently of thc P, 
cun·cs in this work, in a manncr describctl latcr. 

\'owel sonnds carry ur far thc most of thc power and cncrgy of 
specch, and it was to them that the abovc considerations wcrc tacitly 
applied; but thc ddinition of thc mcan power is similarly applicaulc 
to the scmi-vowcls. Yoiced consonants, and fricative consonants. 

The peak factor is the sqno.rc root of thc ratio of o. peak value of P, 
to thc correspnnding vo.lnc of Pm. 

Still another comnwnly used interprctation of power is madc 
in ll'rms of its awragc owr an entirc syllaulc, ward or speech. Such 
an average, althnngh thc samc for in:;tantaneons and mean power, 
is most easily dctermined by means of thc lattcr: it is the total energy 
di,·idcd by thc time invoh·ed. Graphically it is the area of the P, 
or P". cun·c di,·ided by thc Lase. If thc uase includes thc silent 
intervals bctween syllables the re:;ult will bc called the long a\·erage; 
if thc silent inten·als arc excluded from thc base, the result will hc 
called thc short average. 

Thus it is seen that the word "po\\'er" when applicd to speech has a 
,·ariety of meanings and always needs to be qualified. For examplc, 
the speech of a certain person may have shown a lang a\'cragc power 
of 10 microwatts while the instantaneous power frequently rose to 
2,000 micro\\'atts. 

In obtaining thc power, we obtain indirectly the pressure on the 
condenser transmitter, which is located () cm. from the speaker's 
lips. In thc treatises on acoustics, the power of a simple-ho.rmonic 
wa\'e is derind in terms of the pressure,2 the numerical result being 
at :wo C, 

(l) 

wherc P is the power in microwatts across 1 sq. cm. of wave front, 
and where either mean or peak \·alue is taken for both power and 
pressure. Hcre we arc not concerned with simple harmonic wa,·es, 
bul thc same result holds for instantaneous, mcan, or aYerage values 
in any kind of wave, since 

P 1 d€ . 1 
= 10 P di mtcrowatts across sq. cm., 

'~ct•, for l':x.unplc, Rayleigh: Theory of Sound, \'ol. l, page 16. 
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and thc air particle displacement, 

~= 4L5fpdt ( ·!1.5 is a resistancc factor) 

for a \\'aYe travelling in the positive direction. 
From the power intensity thus founcl at the transmitter \ \'C can 

obtain an estimatc of the power de,·cloped l>y thc spcaker. \ \'ith 
thc transmitter surrounded by a plane reflecting surfacc so as to 
give reflection for speech frequencies, the pressure is doubled and 
the power intensity quadrupled oYer the \'alues they would ha\'e in 
free air, hencc the obsen·ed intensity is divided by 4. The usual 
assumption is made that this same intensity is distributed O\'er a 
hemisphere whose center is at the speaker's lips. Hence thc required 
estimate of the speakcr's power is ol>tained by multiplying the mcas-

7!"92 

urcd power intcnsity at the transmitter by the factor 
2 

=-- 127. For 

the sake of con\'enicnce, these two Yalucs are always gi\'en tagether 
in the accompanying tal>ulated results. 

1:\"sTANTANEOUS Al\"D l\IEAN POWER 

In dealing with the power in a syllable, the matter of greatest 
intercst is the maximum ,·alucs attained by P; and Pm throughout 
the entire syllable. These maxima will be denoted Ly P; and Pm, 
rcspecth·ely. Table I shows their approximate ranges in the case of 
accented syllables. 

TABLE I 

hts/autaueous a11d .Uea11 Power 
Typical l\laximum \ 'a lues for an Acccnted Syllablc 

Spt>ak ... r's Power l'ow!'r Per Cm.2 

l\lic-rowatts at T ra nsmitter 

1000 to 2000 
60 to 120 

8 to 16 
0 . 5 to I 0 

At this point it is worth whilc to consider a n application of thc fore­
going. A sa lient charactcristic of specch wa,·es is the gcnerally high 
ratio of pea k valuc to mean squarc value (peak factor), as can be 
inferred from Fig. 1. Failurc to take this into account frcquently 
causes Ioad distortion in specch transmitting amplifiers. I t sometimes 
ltappens that the ciTecti\'c outpul Yoltage or current has heen meas­
urcd, and thc assumption of an equi\'alent sine wave (i.e., one having 
thc !>amc dTective \'alue) is made; l>ut this Ieads to a )arge crror in 
thc estimatc of thc pcak \'a ltte. Thus with an insufticient allow­
ance madc for thc pcak \'oltage imprcsscJ upon thc griJ of thc tube, 
th<'rc is thc possihility of the grid bccoming momentarily positi\'e due 
to insutlicient negati,·c hias or still worse, thc platc may be o\·er-
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ln.nlctl l•r lhc pcaks. The re~nlting suppres~iou .,f lhc pcaks in lltc 
souml outpul can rc.ulily hc dt·tcl·tcd hy an accu~tumcd ear, pro\·idcd 
th.tt thc wholc systcm i~ f('<ISOIIilhly frcc from frcqnency distortinn. 

An·:I{.\I;J·: l'o\\'ER 

In Tahks II ,111d 111 arc summarized thc oh~t·rvations madc upon 
thc two spccdws which wen· used in this work. There arc lwo rea~on~ 
for showing thcm scpar;ttely: thc two specchcs "l'rc not spokt•n in im­
mcdi.ttc succession; aml thcy ditTcr snmcwhat in charactcr, thc first 
bcin~ declamatory while lhc sccond is of a mure conH·rsatinnal nature. 
This ditTcrencc is not n·ry great, hut shoulcl accmnll nc\·erthelcss, for 
thc slightly highcr values in Tablc I I. By taking the wcigh ted nwan 
of thc tirst numbcr in both tablcs, wc obtain i..t microwalts as tlw 
long a\·crage power in normal spcech.3 

Compositeof lö 
Composite of 8 male 
l'omposite of ~ female 
:\laximum male 
:\laximum femall' 
:\linimum male 
:\linimum femalc 

Cornpositc of 1ö 
Composite of 8 male 
\omposite of 8 female 
:\laximum male ... 
\laximum female 
:\linimum male 
\linimum female 

TAßLE II 
First Spucil, 50 Syllab/,·s 

.-h·era~o:e Power in :\licrowatts 

Lon~o: .\n:rage Short .~\'crage 

~pcaker's Per nn2 Spcaker's l'er cm• 
l'owcr at Trans. Power al Trans. 

8 6 
R 2 
9 () 

10 h 
I i 0 

() 

5. i 

·nnt.E 111 

0.067 
0.06-l 
O.OiO 
0.082 
() 131 
ll 055 
0 Ol-l 

Srcond Speech, i2 Syllab/es 
,-\\'erage Power in :\licrowalts 

l.ong .·\\'erage 

S•·eakl'r\ Per cm• 
l'uwcr at Trans. 

6 0 05-t 
6. 2 0 O.'iO 
i I 0 O.'ii 
s I 0 01>5 
9 8 0 Oi'l 
~ () 0 0.~2 

.t () 0 o.u 

131 
12. i 
13.5 
I i I 
21 8 
10 8 
8.8 

0.102 
0 099 
0 105 
0 133 
0 160 
0 OS-t 
0 069 

~horl .-\\'l•rage 

~peakcr's ll'er cm• 
Power al Trans. 
-------

() () 0 llSO 
R <) 0 Oi l 

10 s 0 OSi 
uo 0 105 
1.'i 1 0 122 
s i 0 0-!6 
(J () 0 0-lS 

:'>.tlTE: The .1vera~e ratio of thc total tmw in thl' ~ilenl ;:aps to thal ronsumed hy 
the syllahles is 0.55: thl' syllahles il\'eragt· 0. H1 sec. 

• Cr.•n•l.lll and :\lacl\:enzie gaw an estimate of 12.5; B. S. T. J ., \'ol. I, :\o. 1; Phys. 
Rev., :\lar. !9l2. 
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STRESS 

Since our ob~ervatiun~ ha,·e shown qualitatively that the lauder 
syllables ha,·e the greater rise of mean power, means are a\·ailable for 
calibrating the stress modulation uf the \·oices under test. To form a 
discriminant for each speaker we proceed in the following way: 

(1) l\Ieasure the Pm of each syllable; 
(2) Find the ratio of each Pm to the greatest Pm occurring in the 

speech; ca ll this ratio ~; 
(~) Find the proportional number, sfJ. , of syllables for which ~ is 

greater than the magnitude 11, where n may ,·ary between 
0 and 1; 

(4) Plot the variables s;i and 11 against each other to gi,·e the re­
quired curve. 
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The analogou~ relation J,etwecn syllabic energy and stress is found 
hy using thc total energy of each syllable instead of P". in the abo,·e. 

A l.trge numJ,cr of these cun·es has been so obtained, but it will 
suffin· to consider here a few of the representative types. Fig. 2a 
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show:-; compo:::.ite curn·s .111d Fig. :!I• gi\ (':-; ,1 :-;l'ril"~ of l'.1d1 kind of cun l'" 

for four spl'akl'rs. :\oll' thc l'hangi11g modl' of slrl'~,., \\hielt j,., -.lt .. \\11 

in the ~l'qlll'IH'C from t11p to hotto111: in tlw tirst c1~1· thl' !'<\·ll.lhll'!-< pf 
Wl'aker stre::-::- grc;ltly prl'domiualL' while in tlll' l.1st l'ol~t· .tlwrl' i-. a 
morc lll'arly uniform distrihution pf thl· sylbhll'~ with rl'~Jll'l'l to thL 
dq:ree of strcss. I t i~ evidl'nt from ;a l'olllpari-.on of tlw two !'l·rie-. 

lhl1Ll lfl I l .l 
·:~illl I 'l'fDJ I 

0 2 4 6 .5 10 0 z. 4 6 ß 10 

'fRfB :EFUJJ 
0 Z 4 6 B ~ o Z 4 6 B ~ 

Fi~. 2h-Types of ~In·~· cun·cs 

that the spcaker's type is much the same whcthcr judgcd hy thc power 
or energy standard. An exccptional ca-.c might arise, howcvcr, if onc 
should put cmphasis on a syllahlc hy proionging the time of uttcrance, 
for here the increased cnergy of the syllahle wouiJ not ncccssarily 
mean a greater stress. But from thc point of ,·icw of phonctics, the 
encrgy method should be u:;eful in calihrating emphasis, which can bc 
taken as a function of time of Juratiora as weil as of mcan power. 
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RELATI\" E PowER OF \ 'oWELS 

One test which was made o n the spea kers was for them to utter dis­
connectedly aml without acccnt eleven monosyllables, each of which 
con ta ined a fund a mental vowel sound. Tbc rcsults of this test gi,·e a 
general indication of the inhercnt power, Pm, in unaccentccl (but un­
slighted) Yowels rela tive to each other. The differencc betwecn the 
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male a nd female voices in this respect warra ntsseparate charting of 
thcse cha racteristics. Fig. 3 shows the chart in which thc vowcls a rc 
a rra nged in the scquence~) the firs t half of which accompa nit·s an 
increase in the a ngle of the spcaker's jaws, and the succceding ha lf 
accom pa nies an increase in thc clevation of the tongue. 

I t might have been a nticipa ted that thc more open vo\\·cls ba,·e 
more power ; but there is apparantly one irregularity in this tendency 
in the case of thc vowl"l o (as in ton). Furth<:rmore, the ,·owcl c (as 
in tccm) Iooks somcwha t different for the two voices, whcn comparcd 
with thc vowcls immcdia tely prcccding it in thc scries. Thcrc is somc 
(lifticult y in u ttcring it so as to make it carry , in the casc of femalc 
voiecs a fact which I ha n · previousl y encountcrcd whcn rccording 
t hcm. Tht· malt· ,·oice, on t lw 11ther ha nd , shows a dccidcd rise in this 
(li rcction. Thc <tlh-antagc in thc case of ü ( tool) is re \·crsed: herc thc 
ma le voin: begins to fall ofT whilc the fcm ale voicc stays allout thc 
s.mtc. T hese rcsults suggcst a di ffcrence in the resonant structurc 

' J'his ar ran~<'Jlll·nt is t..1~ed upon the weil known vowel triangle of \ ' ietor. 



hl'tWt't'll tlw m.de and fl'm.de n>ice:-;, whieh, lwwen·r, dnl's not .dTt•(' l 
tlw hi~-:lwr fn·qllt'IH'it·s t·nough tu illler tht• vmn·l ('har.tclt•ri~tic~. 

The tt-sb ju~l dt·~cribl'd werc also ust·d lo oht.tin the pt·ak f.Jctur,.; of 
the vowcls. Thl'st• Wl'll' tletermint"'.l by nwasun.·nH:nt of the m;1ximum 
P, and P,.. of each syll.tblc ;md are chartcd in Fi~. ·L llcre again there 
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~~ ~I .. ,.,1 ~,.1 'J ~, '] '1 "I 
HtGHE.ST .5er FoR ANY FEMA<.E VotcE 

Fig. +-Peak factors of vowcls 

are differences between the sets for the male and fernale Yoices, the 
forrnt·r heing somewhat higher, espccially fnr the Yowel c. In both 
cases such rasping vowels as {l (tap), e (ten), ä (tape) ha,·e sharp waves 
and hi~h peak factors. HaYing listened attenti,·ely to all these Yoict·s 
under test, I have becomc able to associate peak factors with vocal 
qualities in the following way: the \'Oices with the higher JWak factors 
are those which in the ordinary terminology are said to be "rcsonan t" 
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or " vil>ra nt"; they have the greater carrying power, especially over 
the telephone; they are rich in the musicalsense and a re therefore weil 
su ited to singing, although many such voices, unfortunately, are never 
appl ied to the art. 

To illustrate an applicat ion of the peak factor to engineering, we 
sha ll again take into consideration the speech amplifier whose mean 
effective output \·oltage is indicated l>y a suital>le device such as a 
volume indicator. From this, the peak value of the instantaneous 
valtage is wanted; to find it necessitates a knowledge of the peak 
facto r. N"ow since the latter differs somewhat for different sounds and 
speakers, it is necessary to use one factor which makes allowance for 
the warst cases (highest valtage peaks) which can occur often. For 
most purposes, the factor 5 will suffice, hence the rule is: the mean 
effective valtage should not exceed one-fifth the o\·erload valtage of 
the sy,stem. 

APPARATUS 

In order that the apparat us (see Fig. 5) be a faithful recorder, it 
was made with the following characteristics: 

(1) A nearly distortionless reproduction of wave form by the con­
denser transmitter and amplifier. 

(2) A full-wa\·e parabolic rectification of the amplifier output. 

(3) Load Capacity sufficicnt to transmit the high sharp peaks of 
speech waves without cutoff. 

(4) Un iform response, from 0 to 6000 cycles in the oscillograph 
vibrator recording instantaneous power. 

The calibration of the amplifier and condenser transmitter is shown 
in Fig. G. To make the overall characteri stics so nearly uniform it 
was found necessary to use the resonant circuit in the output of the 
second N tube, this compensating for an irregularity due mostly to the 
·15 fect of cable which Ieads from the transmitter and first stage of 
amplificat ion in the sound-proof room to the main part of the amplifier. 

The oscillograph (sec Fig. 5) was providerl with two series connected 
vibrators one of which was sens itive to low frequencics only, and re­
corded thc mean power. Although it did not completely suppress the 
lluctuations of vocal frequency, it reduced them to the order of small 
superimposed ripplcs through which thc Pm cun·e could be drawn. 
The instan taneous power was- rccorded by the other vibra tor whose 
characteristics are noted in item (·l) al>ove. 
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T:\BLE 1\' 

Calibration Consla nls 

(a l Constants of \ 'i!Jrators I D = 

1 l l Low frcqucncy . . .. . 5 { milliamperes 
(2 1 I nstantanl'olls power ...... . ..... 286 per cm. 

(bl Rcct ificr constan l E' I= / 40 (volts )', milliamp. 
(c) Pressure on tran>mitter vs. ampl ificr outpllt P2/ E 2 = 1/ 2.952 dyncs2/c m' volt 2• 

(d) Power intl'nsity al transmittl'r vs. prcssure_P, P2 = I 415 cm2 microwatts, dynl's2• 

4. 

~ 

I. 

c 

p= PRESSURE IN PYNE.3jCM 2 ON TRANSMITTER DIAPHRAr-

F= vnL 'Ar.F= OUTPUT OF .Mr:>l IF'If:' 

/".. 

I - -~--

IHJO .CI.VU ~UJU 4000 ::xJUU bOX) 
FIZE~VENCY 

Fig. Cr-Cal ibration of condcnser transmittcr with amplifier 

The product ab c d gi,·cs Pm/ Dm = O.Hl'2 microwatts per sq. cm. 
of wa\'e front as indicated by a deftc-c tion of 1 cm . of the oscillograph 
low frequcncy vibrator. Similarly P;j D; = 11.1 for thc instantaneous 
power viJ,rator. 

1\IETIIOD 

Rcrords wcre madc ou scnsit ized papcr s trips G cm. wide mo\'ing at 
a n·lncity of about 20 nu. pcr sccond. Thrce graphs wcrc traced 
simultaneously, thc instanta tH.:ous power, thc mean power, and thc 
timing wan: nf 100 cycles frolll a u osci llator. \\'hcn con ncctcd spccch 
was hcing rcrordcd, thc osci llograph opcrator li s tcued to the spccch as 
reprnclun·d J,y the loud spca ker and punctua ted the rccord at frequent 
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prcdetcrmined point~ hy tapping a key whic-h monwntarily di~plar<>d 
the timing wave. By thl' aid of these punctuatinns we wen· l'n.thlcd 
to iclentify the words aml syllahles on thc rl·conls aflt'r dl·n·lopmcnt. 
The arl·as for computing a\·eragc power werc mcasnred from thl· nw;tn 
power curn·, while tlw instantaneous power curvc was mcasllr('d only 
for its pcak valucs. 

:\lthough cho~en at random, tht• speakers used in thcsc tests repre­
sent alt Sl'Ctions of the LTnitcd Statt·s. Their types range from soprano 
to b.bs-baritone, neitlwr extrt•nw typt~ high soprano and bass- t.cing 
;wail.tble; but thi~ assortmcnt is sufficil·ntly representativc for nur 
purposc. Extraneous disturbanrcs wcre to a larJ.!c extcnt eliminated 
hy thc sound-proofing on the walls and ceiling. Lt•st thc non:lty of 
this situation be a distraction to the speahr, hl' was allowed to prac­
tke and become aC'customcd to the new condition. 

CoNctusio~ 

One advantage in ha,·ing spccch data availablc in terms of its power 
rather than its amplitudc is the fact that in most instruments used for 
making quantitative speech measnremcnts, the force which operates 
the meter is proportional to the square of the waYe amplitude. Com­
mon examples of such instrumcnts are the dynamometer and the 
ordinary a.c. meters. 

To summarize, the power is classified into: 

1. Instantaneous power, P;. 

2. :\lean power, Pm. 

3. Long average power. 

-1. Short average power. 

tress calibrations are here dl·ri,·ed from thc maximum Yalues of P, 
and Pm (J>, and Pm, respectin·ly) in cach syllahk, whilc the u:-;e of the 
total energy of the syllable for calibrating emphasis also shows possi­
bilities. The peak factor is the square root of P;,' Pm und is a useful 
indcx of the wavc form. 

The measuring apparatus-l·xduding thc rectifier and oscillograph­
is cs!'cntially a good quality :::-peech-transmitting systcm. In vicw of 
thc fact that good quality ~ystems arc now u,.;ed commercially as weil 
as in the lahoratory the data naturally fall into two cbsses: 

(1) :\lcasurements which charactcrize thc speech solely from the 
standpoint of the transmitting apparatus; 
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(2) Estimates or approximations concerning the total power from 
the voiceo 

Regarding (1) we note that the divergence of waYes causes some 
frequency distortion which is greater, the nearer the source, a nd be­
comes negligible as the distance increases (see the appendix) o \\'e 
should accord ingly expect the peak factors to be different at the 
speaker's lipso The es timates of total power, however, are as close 
as their im portance necessitateso 

\\'hen the data are applied to a case in which the speaker's distance 
is other than 9 cmo, the required power intensity is found by the law 
of inverse squares and the pressure by the law of inverse dista nceo 

APPENDIX 

Frequency Distortion in Spherical \\'a ,oes 

.r\ spherically diverging sound waYe (see Ho La mb : " D ynamica l 
Theory of Sound," page 206) is represented by 

where 

The prcssure 

1.<:1 j(!'uf- r) 

so that 

rcj>=f c~·ot-r) 

r=radius of the wave front 

cp=velocity potentia l 

t=ti me 

!'o = veloci ty of so und 

Po= mean dcnsi ty of a ir 

P =-Po!'oocf>/or 

= PoX'o [ _!_ J' ("<'vf- r) + .J:. j(!'ol-r)J 
r r-

sin w (t- ' ), 
!'o 

Po!'o ( w ( r ) 1 o ( r ) ) P= cos w t- +-Sill w t-- 0 

r Z.'o ~·o r ''o 

\\"lwn a waYc compo~ed of a ny numher of such components (cach 
h;l\oing a different pair of values for wand a) divergcs from one radius 

to a )arger one, it not on ly cha nges in size, due to the factor Po"<'o 
r 

hut abo in ~hapc, duc to the factor in the second tcrmo \\'hen r 
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is l.trgc comp.tred with r·_, thi :; dl.lll).:<' in ,.,hapl' l'l'Collll'"' nq:li~o:il'l1·. 
w 

ln tiH· ~·a:;l' of :-(wech, :;inn· tlw sourn· i:; of linit,• sizl' th•· l'lkctin· 
r.ulius is :;onwwh.tt grcatl'r that that nwa .. un·d fron1 thl· sfwak!'r's 
lips, and the \\'~1\T front j,.; not e:-;;1ctly h,·misphnical. so tlu· nun­
parisoll is only qualitati\'l'. ~~., Nthdess, .1 diiTl'fl'IH 'I' in quali:y 
of t ransmitted spccch can hc detl'\ll·d wlwn tlw :<fl\',lkl·r's lips arc 
within 2 cm. of thc transmittcr diaphragm. 



Some Contemporary Advances in Physics IX 
The Atom-Model, Second Pare 

By KARL K. DARROW 

G. RECAPITllLATION OF THE FACTS TO DE EXI'LAINED 

E\ "ERY atom-moclcl that is worthy of notice was clcsigned in 
,·iew of a ccrtain limitccl group of facts. That is to say, every 

valuaiJic atom-moclcl is the invcntion of somebody who, bcing ac­
quainted with certain of the ways in which matter bchan.~s, set himself 
to thc devising of atoms of which an assemblage should behave like 
matter in thosc ways. Of coursc, it woulcl be a rnost wonderful 
achicvemcnt to conccivc atoms, of which assemblages should behave 
likc matt er in all ways; but this is too cxalted a n ambition for this 
day and generation, no man of sciencc bothers with it. Each atom­
modcl of the prcscnt is partial ly va lid , not universally; and nobody 
ca n rightly apprcciatc any one of them, unlcss hc knows the facts for 
which it was clesigned. I might add that hc should also know the 
rcla th·e importance, in thc world and in life, of the facts for which it 
was cl csigned. But this also is too cxaltcd an ambition; we clo not 
know much, if anythin g, about the relative importance of facts sub 
specie crtenritatis, ancl can harclly refrain fro m reganling with an 
especial fa,·our thc fact s which happen to have bcen successfully 
expla incd. At all event s it is clear that e\·ery accoun t of an atom­
model shoulcl he preceded by an independent account of the things it is 
mcant to cxplain. For the favorite atom of these days, the atom 
of Rutherforcl and Bohr, I ha,·e proviclccl this preliminary account 
of thc facts in the First Part of thc articlc. Let me giw a brief outline 
of tlw most important among them, hdon· entering upon the task of 
constructing a n atom -modd to reproduce thcm. 

First ancl forcmo~t , the elements a rc , ·cry definite things; each of 
the nine ty of t.lwm is dis tinguishablc from the other eighty-nine, 
not in onl' rcspect only bu t in many, and in many cases t hc con trasts 
are n ·ry st·n ·re. Tlw a tom clcsignl'd for each of them must thereforc 
han· ddini tcness and fixity and a sharply-marked character. 

:\t·xt: a lthough the a tom must be definite, it must not hc abso­
lutdy imm utahle ; it mu st hc capable, under ::; trcss, of assuming 
various dist inct states or fo rms or configura tions or whaten•r you 
choo!'l' to call tlwm. Th i~ is prcscribcd hy that grcat and essentia l 
fact of tlw Stationa ry States, to which so much of thc First l'art of 

1 I h·\'oted to Bohr's atom model for h yd roge n a nd ionizcd helium. The rnodcls for 
ol her at ums, as '' "II as somc gencra l considera tions, arc rcsern·d for thc Third Part. 
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thi.-. artidt· w.t~ clt·,·olt'd. l;or .111 ottom, wht·n initi.tll~· in its normal 
sl.llt• anti prupl'rl~· stinllll.tlt·d, is .thle ln n·n·in· <·nt·r~~· in cl'rl.tin 
dl'linill' lllt\l!"!lr.tblt· otmuunts, and lo rl'l.tin it for .1 '' hil•·: .tnd this is 
t.ull,tlllllltn! lo ,..tying th.t! t'al'h .tlom mo~y l'Xi,.,t for .t \\ hilt· in Olll' or 
,IIH>tlwr of n·rt.tin ,.t.lll's distilll'l from tlll' tllorm;d ,.;t.tll', in l'.wh of 
whidt it po,.;"l',.;,;t·s " n·r!;tin di,..tinctin· amount of t'xtr.t l'llt'rg~·. 
Thu,., ,, hdium .ttom tn.ty ren·ivl' l!l.i;-, l'qlli\ .dt'nl ,-olt,.; of l'ller~y 
fwm <111 impinging- t•lt•<·tron, no ll'ss atHI ~withi11 n·rtai11 Iimits) no 
nwrl'; and this j,_ t.tnl.tmotmt to s.t~·i11g that a lwlium .tlotll may l'Xist, 
not only in its ttorm.d sLt\(' b11t also transit·ntly in ;tn almortn;d :-;\;th: 
in \\hich its t•twrgy is grl'.ttt·r by l!l.i;i t•qui,·alt·nt ,-olts than in tlw 
norm.tl sl.tte. Tlw ;ttom-mndd for t•ach l'll'lllt'llt lllllst thndorl' loe 
dt•,.,ignf'tl to lw dl'linitt• in each of st'\'l'r;tl distinct and intcrchangl'ablc 
,;l,ttt·s, and not in om· only. 

The t•rwrg-y-,·altt('s of somt• fe\\· of th('Sl' stationary statt$ an: ck­
terminahle directly; hut tnost of tlwm (and they arc n~rr tlltnll'rous) 
.tn• deduced from spectra. The spcctrum of an ('lcmcnt is thc family 
of r.tdiations of ,-ariotts frequencit·s which it t·mits when it is in thc 
g,t,.t•nus statc. The:<t· arc commonly ascrib<'d to thc indi,·idual atoms. 
The tir:-;t t,tsk of the spcclroscopist is to mcasurc these frcqHcncit·:.; 
his :-t·cond, to classify th('tn. i n ccrtain spt•ctra his task of classifi­
cation is easy, for therc is a natural arrangcment of the spectrum 
lines which ''leaps to the eye." This is an arrangemcnt of lincs in 
11nt· or sc,·cral conn·rging ~crie,.., likc those of which thcrc \\'l'rt' photo­
graphs of the First l'art of thc artirle. Let me reprcscnt hy 

the frcquencies uf thc con~ecuti\'e lincs of a serics, and hy IJtim thc 
fn·qucncy of the series-limit upon which they con\'crgc. .:\ow thc 
frequencic:-; of the \'arious lines rnay be de:;crihctl by a fonnul.t 

(I) 

in \\ hich IJ, is cxprc,.;~ed as the tliiTcrcncc hetwccn two /('f/1/S. The 
term f; ,·arics from onc linc to tll(' ncxt: anti in somc instanct's this 
function .f; is algehraically of an cxt rcme simplicity, just tht· sort of 
a simple clegancc which is apt to :-;uggcst that thc formula lws an 
inward physical mcaning. :\lso one and thc samc tcrm may ligurc 
in thc fmmulac for lincs helonging to different serics, a fan which 
t•nhances thc fccling that thc terms are physically "real." Thu;; 
the spectrnscopi:.t seeks "tcrms" whcrcl•y to d;b:.ify thc lincs of .t 
:-pt·t·tntm: and the analysis of a spcctrum lc;tds to thc rnca:;urtmcnt 
11f a tnultitude of tcrms. 
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:\m\· multiply hoth sides of equation (1) hy Planrk's ronstant h; 
it l>cromes 

lz v; = II l'lim - hj; · (2) 

On the left-hand side \\'C han• hv;, a quantity of the dimensions of 
cnergy. ~ow thcrc is murh reason to belic\·c that whcn radiant 
encrgy f'trea ms out from a sttlJstance in the form of radiation of fre­
quenry v, it emergt•s often if not ah,·ays in parccls ur packt·ts or unit;; 
or quan/a, cach consisting- of an amount of cncrgy equal to lzv. Sup­
po;;c that thc radiant cncrgy con,;tituting an)· line of a ,;erie,; i;; emittcd 
in quanta such as th<>~e; tlwn \\·henn·er an atom performs the act of 
radiating that linc, it lo,;cs the amount of energy which stand:-; on thc 
left-hand :-;ide of Equatiun (2). Thc right-hand sidc represents 
thc same thing, a nd is itself thc clifference hetwecn two tcrms which 
arc spcc:trum-tcrms multiplicd l>y II; these a re themsch·cs thc \·alues 
(reckoncd from a suitablc zcro ) of the energy of the atom hdore and 
after the radiation occurs, thcy are the energy-valut•s of thc atom 
in the statc hdorc radiating and in the state after radiating. The 
speclrum-/erms, 71.'/zcn mul/iplied by Planck's cons/an/ h, are /ranslatcd 
in/o the euergy-<•alues of the Stationary Stalcs of Jlze atom. \\'hen 
expressed in proper units, tcrms arc energies a nd cnergies arc terms. 
In thc tkcades during which thc spectroscopist,; wcre a nalyzing- line­
spcctra, disent;-tngling line-series- l>y no means a light Iabor, for the 
perspicuity of thc series shmrn in the ph otograph:; of the First Par t 
is anything lnrt common - and disengaging terms, they were unkn ow­
ingly recognizing and locating the Stationary States of the atom. 
Spectrum analysis culminates in the fixat ion of the Stationary States. 
This is the greate:;t of tbe ideas for which the world is indehted to 
13ohr. and en·JJ!ua ll y through him to Plan ck. 

These Stationary States constitutc one of thc great systcms nf 
facts, whirh the atom-mmlcl of Ruthcrfonl and Bohr is dcsigncd to 
interprct. l.et me formulatc t hc demands which t hus are madc upon 
thi s <ttom-model. l t mu;;t ha\'e features to acemuH for these facts: 

First, that there arc such things as Stationary State:-;; 
Sao 111l, that in p<ls;;ing over in a "transition" from one stat ionary 

sta tl· to a11otlwr of which the energy is lcss hy ~ U. thc atom releases 
t lw l·nergy ~['in radiatioJJ of thc one frequency ~U 'h; 

'Fhird, tbat certain transitions do not occur, or orcur under ab­
normal cirnrmst an n ·s only, or on·ur less frequent])· than others; and 

Fourth, that tlw s tationa ry -states of cach particular kind of atom 
han' the particula r ntunerical C'ncrgy-,·alues which they are obsen ·crl 
to han•. 
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Thc lirst three nf the~t· dt•m.tncls an· of .1 gl'neral ancl fnnd.tmenLll 
n.llnrc. lf ~omt•nnc Wl'rt' to dl'.;ign an o~toni·IIHl<h·l for these phe­
IICJIIIl'na of thc St.ttionary St.tlt's <11111 tlw~c· .dune, hc wunld proiMhly 
l1egin hy intagining an atom which wonld !'.ttisfy tiH·,_,. gt'lll'r,il dc·­
lli.IIHb: then Iw wonld pr<wt•t·d so to .;p!'ci.dit.e it that it wonld romply 
al,.;o with thc fourth. lt might han· ht•t•n wc·ll, h.1d this h;qJJ)('l:(·d: 
tlll' cour,.,t· of history w.ts otlll'rwise. Tlw .llont-mocld of Rntlwrford 
Wol:< designed origin.dl~· to intnpret piH'IHlllH'Ila of quitt• anotlwr lic·lcl. 
and tlwn Hohr nwdilied it b~· ,·iolt·nn· to "ati,.,fy the fourth of tlll' fore­
going dt·m.IIHk 

Uf tlll' f.wts which Rntlwrford dt·\·isl·d hi.; ;tlcllll-model to intC'rpret, 
tht• ranlinal ont· i.; that tlw atom t'ontain.; el!'etrons. Thc best l'\·i­
denre for thi:< f.tct i:<, that l'lertrons ran ht· l''\lrartcd from atoms.2 

I >nt' ran t'\·cn mea.;ure the amonnt of C'lll'rgy n·qnirl'd to c:xtrart an 
ekctron from an atom in otlwr wonb, the diiTcrcnrl' !Jetween the 
t'lll'rgy of an atom in i~.; normal :-Haie, and the t•nerg-y of the same atom 
in its "ionizl'd" state. 3 This ha,.; a dirl'rt bearing on the phenomcna 
of the Stationary Swte.;; for the srwrtrurn-terms, "·hcn they arc 
multiplied hy l'bnek's ronstant Ir, yield the cnergy-\·alues of thc 
nun·sponding Stationary Statl's, reckoned from thl' cnerg-y-\'alue of 
tlll' ionized statt' as zero of cnerg-y. 

Granted that the atom nmtains electrons: it mu~t rontain positi,·e 
l'lectricity also, to compL·nsatc their ncgati\'e rhargc. :\'m\· it is 
easy to imaginc thc positi,·e elcrtririty so arranged, that thc elcctrons 
can be littcd into \'arious plares within and around it, and remain in 
equilihrium~: it is possiblc to imaginc that the positin· cll·~tricity arts 
upun thc electrons with a forcc whi<'h is ('ompoundcd of the familiar 
in\'erse-square attraction and a partindar sort nf a rcpulsion, so 
adjusted that the clectrnns will remain in cquilibrium in Yarious 
postttons. I t scerns as though the Statiunary States might be in­
terpretet.l in this fashion, and scn•ral attempts han· in fact Ileen 
madl'; ln1t they arc discouragcd hy thl' c:xperiments of Rutherfurd 
and his followcrs on the detleetions of alpha-partirle:-; and clertrons 
whieh pass through atoms. For these dl'llections occur l'Xactly as if the 
po,.,itin· dt·ctricity wen· ronn·ntrated at a point or "nudeus," and an 
inn·r:-;e-square dcrtric field pre\'ailed in the rl'gion llctWL'l'll this nurleus 

~ This is not quitt· a proof nf the fan. .\s .\ston clen·rly rl'lll,lrkecl, wlwn a pistol 
is fired, smokt· ancl a hull!'! conll' out of it; we ..rc !Jlllle jl~>titit·d in inferring th.11 thc 
bull<'l w,,, ori~:inally wirhin thl' pi,tol. !.ur nnl tht· smoke' 

l This cner~~:y. whic-h I call<'d tht· l'ner~:y of 1lw "stale nf I ht• i"ni7l'cl .11om" in thc 
Fir,r l'art, is truh· thl' o·ncrgy ol the systemcomt c:sl·d ul tlw atom mintb its ('Iee-fron, 
,;nd lh<' fr<'C t·Jpct ron. 

• .-\II hough not in st.thlc equilihrium. 
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and the electrons.5 They may he compatiblc with other atom-mmlcls: 
it is certa inly incumhent upon tlw designer of any utlwr to prove that 
they are compa tible with his. Furthermore these deflectiuns indicate 
that the positin· cha rge on the nucleus uf thc atom is just sufficicnt to 
compensa te the negath·e charges of a numbcr N of clectrons, equal 
to thc "atomic numhcr" Z which is the cardinal number defining 
the position of the clcincnt in thc Perimjic Table uf the Elements. 
This confirmation of the splendid idca of van den Brock aml l\losclcy 
is :-.o clelightful aml so precious, that anyone would hesitate Jung 
hdorc rejecting the a tom-moclel wherehy it is deduccd from Ruth er­
ford's expcrimcnts. 

Yet thi s uuclear atom-model cannot he acceptcd, without being 
insta ntly moclifiecl. A system consisting of a positi,·ely-charged 
nuclcus and clectrons surronnding it, al l acting upon une another with 
inverse-square forces of at traction hetween nudeus and elcctrons and 
rcpulsion between one elcctrnn and another, is not a stable system; 
it is a suicidal system, doomed tu quick and permanent collapse. lf 
tlw elcctrons wcre initially standing stil l, thcy woulcl fall into the 
nuclcus ; if the electrons werc initially swinging in orhits about the 
nucleus like planets around the sun, they would steacli ly radiate their 
energy into space-not in radiation of one single frcquency either, 
hut in a mixturc of all pussiblc frcquencics - and would wincl thcir 
ways spirally into thc nucleus. Therdore, the nudcar atom-model 
mu st bc altered; fur ins ta nce, b)' adding a proyisu, that the clcctrons 
:-.hall sta nd s till, and shall not be suckcd intu the nucleus; or a pro­
Yiso , tha t the electrons shall revulve in closccl orl1its planetwisc, 
without radiating a ny of their energy 6

, and without gliding hy a 
spira l pa th intu thc nuclcus. 

Suppose tlwn that wc dcciclc to make one or the othcr of thcse 
provisos, in order to sa\"c thc interprcta tiun of Rutherford's expcri­
nwnts. Coulcl we then so shape thc prodso, that it would satisfy 
the fuur demands which I dcscribecl as being macle upon thc a tom-

& .-\ part from s uch <le \"i a tio ns in t hc immediate neig hborhood of the nucleus a s 
t he mo~t ddicate experimcnts o f this sort rcYcal; which ca nnot bc s upposed t o 
<·xtend to thc region wherc the electron s a rc. 

• T o indicat c how m uch th is neglect of t hc radia tion from the rc \"olving elec tron 
amounts to , [ c it e thc resull s of a calcula tion g iven hy \Yien in his lcl" turc L'eber 
1·:/,·ktrnnm , a nd douhllt•,.;s elsew here . [mag ine an el cctron di ,.;tant hy t<•n ;\ng~trom 
nnil,.; from a hydro~en nucleus, a nd mo\"ing wit h s nc h a n·locity tha t, hut for t he 
r.tdi.ttion , il would revoln • in a cirl"lc a llou t the nudcus. ln a s inglc eircuil, it 
,ho uld radial <" ahoul on<· t<·n -mi llion th pa rt o f the kinetic cne rgy it initially possessl"s. 
lll"ncc 1lw ~in).: l e (" irc uil will diiTc-r \"c ry little ind <·etl from a perfeet circle; a ndin this 
,,.n"._·, the r.uli.tl ion is truly negligihh·. But the s ing l<· circuil is dcscrihcd in lcss 
I h.111 111 -'" ,,.,.,md ; hencc, in any time- inl<·rva l lo ng eno ugh to he measnrcd hy tlw 
mo~l ddi< al<· of phy~i,·a l appa ratus, t he dissi pat ion o f e ne rgy by radia tio n is fa r 
Ion gn·.1t lo lw IH"glecll"d wilh impunity. 



11t11dcl I·~ tlw f.1ch .. i tlw ~t.ttio11.1ry St.lt•·,..! l'ould "'' for ill..,t.ttw•· 
"" ..,h.IJil' tlll' lir,..t pro\ i,;o, (tllllcl ._.,. t'/wo.H' sw.h lo.-ulionsfM Ihr t•lt•(lmns 

as.wmrd stationtlf.\', th,1t tlw sodium .1111111 ~ for ill,..t,llln· ) wotdd di,..pl.l~ 

o11lv tiHht' t'lll'q,:~··\·,tlllt'" whid1 thc "Jll'l'trllm of s11dium .dl"'' s for it-. 
~t.1ti011.1r~ St.tll'.,, .tlld 110 otht·rs? 

l'lldt~uhtl'lll~ "''' could. Thl' sotlium atom i,.; SIIJll''"'''d to ,.,,ll,_i,..r 
o~· eh·' t'll ,·1.-l'trotb ,..urrou11ding <I nuck1t:- of ch.trgt· + llt•. lf tlw l'll'c­
tron,.. wen• .tll ,..t,ltillll.lry i11 .• ,...,igned positioth .tlmut tlw lllll'lt·u,.;, \H' 

l'llllltl cakul.1k thc l'IIL'rgy of tlw arrangt'lllt'llt. Tlw cncrgy-\·;tlut·,.; of 
tlll' ,.,II ious St.1tion.uy St.!lt'S IJl'ing known, it would not lll' dillintlt to 
lind, for each one of tlw Station;uy States, at least one .!rr.l!lgt·IIH'IIt oi 
tlw den·n l'll'ctron,; identical with it as to encrgy-\·;duc. ll;n·ing donl' 
thi,.;, \\T could l.1y it down a,.; a 1.1\\' that tht• dt·ctrolh ,..hall ,..tand ,..till in 
e.lt"h .md any llllt' of tlw,.;c arr.tngt'lllt'llb; but not in any otlll'r ar­
r.lllgl'llll'llt wh.lhllt'\'t'l. 

But would thi,.; hc an cxplanation oi tlw Stationary Statt·,;~ :\ut. 
I think, in any ,;ig11ihcant sense of that valuahlc wonl. l t could 
ju,.tly Iw dl'signated as an cxplanation, a:< a theory, unly if tlw \·arious 
.trr.mgemcnts so prc,;cribed for thc ,·ariolls Stationary Statt•,.. should 
turn out to be interrelated according to somt· law to ht· gon·rned 
hy ,;omt· unifying principlt· to di,;play somc intrin,;ic quality of 
,..implicity and elegancc anti hcau ty, distinguishing thcm from al l 
the othcr and rejcctcd arrangcmcnb. This has not becn achit·,·cd. 

l.l't mc now t.1kc up thc othcr of thc two suggestions which wen· 
m.11lc ahm·c. Suppo:;e that wc acceptcd thc nuclcar atom-nwdd, 
with the prO\·i:;o that the clcctrons should rc,·oh-c in clo,.;l'd orbits 
pl.metwi~c. without radiating any of their encrgy, anti without gliding 
hy a ,..piral path into the nucleus. Could wc so shapc thi,; ,.;econd 
pro,·iso, could u.·c choosc such orbits for IIre c/ec/rons assumed re<•ohi II.!! 
7<.'1/houlloss of encr.f!.)', that thc s •dium atom or thc hydrog-en atom (for 
in,;tancc) would di,..play only thosc cncrg)·-,·alues which the spectrum 
nf ,.;odium or the "Pt'Ctrum of hydrogen pre,;cribes for thc Stationary 
Statt•,;, and no other,;~ 

. \gain, therc i,.; 110 douht t hat "t' l'llllld; hu t I Iw \·alut· oi t he .1ehie\ c­
nwnt, again, would depcnd on whct her 01 not thc orbits which we thus 
,..cJectl'd wcre intcnclated according to somt• law, or gon·nll'd by somc 
unifying principlc, or di"tinguished from all tlw other orl•it,.; by :;onw­
thing st·t·mingly fundamt"ntal. t ·on:-;ider RutiH'rfonl\ modd for thc 
hydrogl'n atorn, whieh eon,;j,.;t,.; of a nurleu,; and an electmn. I i \\'t' 

adopt thc prO\·i,..o which was ju»t ,.;L'I forth, and ,.;uppo:;e that thc ekc­
tron may rc\·oh-e araund thc nudeu,.. in circular orbir,.. withuut r.uliat­
ing any of ib cnergy, then wt· ran ,..cll'rt partindar circular orbit,.;, ,;uch 
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that wlwn thc eh:ctron is rc,·oh·ing in onc or anothcr of these, thc 
encrg-y of the atum shall ha\·c one ur another of the ,·alucs prcscribed 
l>y t hL• Sta t iunary Sta tcs. I f we arl.Ji trarily say tha t t he elcctron can 
rcvoh-e on ly in unc or another of thcse orbits, then we ha,·e an atom­
modd competent tu intcrprct the Statiunary States of thc hydrogen 
atom. But is therc anything dist incti,·c about th esc selected orbits, 
anything pcculiar, anything which marks thcm out anti set:; them apart 
from thc other, from thc discard ed urbits? Ha,·e they any fcature in 
common, apart frum being nccessary to gi,·e the obsen·cd energy­
, ·alues of the Statiunary States? 

I t i!' hardly pussiblc to lay too strong an emphasis upon this require­
ment; the value uf thc contcmporary atom-model depcn<ls upon satis­
fying it. Let me put thc matter another way. From thc rnoment 
that wc imagine that the clcctrons within the atom arc cruising araund 
the nuclcus in orbits without radiating energy and without dropping 
intu thc nudeus, we are sacrificing the unity and th e cohcrcnce of the 
cla~sical thcury of electricity. So gr;n·e an action is nottobe under­
takcn lightly nor with indiffcrcnce; it were foolish tu make such a 
sacrificc without recompen:;e; and therc is no rccompen:;c tobe found 
in mercly prO\·in g that c:;pecial orhits can be so sclccted as to copy the 
encrgy-valul·~ of tlw Stationary Statcs. If one is going to de,·iatc 
from thc rules of the classical theory of elcctricity, one must de,·iate 
l1y rule. lf one is going to disrupt thc system which pre\'ails in one 
great department of theoretical phy~ics, one must systematize another 
departnwnt in exchange. I f one proposes to viobtc some of thc prin­
ciples of mod<'rn physics, by as,.;erting that dcctrons can travel in 
rertain orhits without radia ting, hc must rcconcilc thc congrcgation 
of physicist ~ to his sacri lege by prO\·ing that thc sclccted motions are 
themseln·s gon·rncd hy a principle, as imposing as those he laccrated. 
lf thc inno\·ator cannot show that hi,.; innO\·ations arc sys tcmatic, he 
is not likely to prosper; lmt if his innO\·ations arc deri,·ed from a 
principll', it may :;uper,.;cde thosc which he contradictcd. 

Tu di~con·r ~uch a prim·iplc is the aml.Jition of, probably, half of 
tlw theoretical physicists who are acti\·c today. 

There arl' otlwr genera t statements which might be maue at thi~ 
point; lmt thcy will Iw more intelligible, and so will thc foregoing- para­
graphs bc, after I ha,·e gi,·en an illustration. For this purpose I will 
<h·,.;nihe two nwdels of tlll' hyJrogcn atom, cach of them consisting 
of .1 ntwll·u-. ;111d a single cl('ctron, cach capable of heing- so constrained 
that it~ elll'rgy-\·<l hll's will copy thosc of tlw Stalionary States of 
hydrogt·n. \\'ith one of tlwse, hmn·n·r, thc description can be carricd 
no f.1rtlll'r. \\"ith thc uthe r, I shall show-followi ng- Bohr- that thc 
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orhih in \\ hich tht· ,·h-clJ"<>n j.., <'OIJ-.Ir.liiH"tl to n·\ oln· h.J\ ,. cert.~in 

ptnJii.Jr k.1tures, di,...tingui ... hing thl'lll .tl"'' t' .tll 11tht·r 11rhih: .md 
tlll' ... t' d• ... tin.-tin· lt'.Jlun· ... lll.IY Iw l'llll:-l''llll'lll'l'" 11f tlw d•· ... ired ,Jild :-till 

hi1hlen JlrinciJ•Il'. 

II Ft \rnu:..; oF rut·: \'t·.< ~-'"'"\!{\' l)rwrr..; <W rttr: ll\'l>tw<;t·'ö .\tn~r 
(._lt \;\Tl/.\ l'tll\;) 

ll~dr11:.:,t·n l•l'ing tlw lirst dcment in tlw 1wriodic t.d.lc, Rutlwrf11rd':; 
.IIOIIl-lli<Hkl for it l'llll:-i._t,..llf ,, lllll'h'lh and 11111' ··h·ctron. Tlll' <'lt·ctron 
h·.trs (or i~) .1 nt·g.ttin· dl<lrge .llli<HIIlting to -e or - 1.77·1 10 -•o 
det trn ... t.llic unit ... , .uul ih 111<1:-,... i,.; appn•:,;imatl'ly !1. 10 ~ 1 grammc,;. 
Tht• nucku,.. ht'.Jr,.; .l pn,..iti\ c chars..;e amounting to +I' .. wd it:; ma,.,; 
i .... 1hout 1.:-.10 timcs a"- grcat a:s th.1t of thc elel'tron. 

Tlw ,...t.ttionary st.lll'S of thc hplrogcn atom Jl"""''"" tlw t•ncrgy­
\alul's -Rh, -Rh l, Rh !1, -Rh Lfi, -Rh ::?.1, and :so on: in gcncral, 
the \alue,; -Rh 11 2 tn=l.::?,:L ... ). Thc t'Olbtant 5 R is cqual to 
:~.::?\1.10 1 ': tlw con"tant Ir j,; l'lanck\ con,..tant li .. ->fi.IOZ7 t:q~. ,..ec. 

Rutherfonl',; <ttnm-1111 del for thc hydrogen atom nHhl now he "o 
nwdit'1l'd. that it will admit thc l'llcrgy-\·<tlues ju,-t ,..pccilicd. and llll 

otlwr:-. 
I "ill h·gin h~ doing ,...onwthin!! which .lllWlllll:; to :-t•t ting up a "traw 

m.tn. 111 he kn11ckcd down imnwdiatt·l~·. IHit not, I hopc, hdore he 
d< l'" us ::'111111' :-cn·in·. Let u:; suppo:-c that, in "Pile 11f alt the laws of 
dynamic:-. tlw elel'tr"n ma~ stand "-till at a di,.;tance r from the nudeu:;, 
witlwut ,-tartin;:: towanb and f.tlling int11 i1. \\'ith the l'lel'tron in 
,;tu h a po,..ition, the cner!!y of the atom is -e~ r. Thi,.; i::. an energy­
,·.tlue referred. like allt·nergy-,,dues. to a partindar zero; in thi,.. case, 
tlw zcro-\·alue < f energ) corre"p<•IHI:; tll thl· CPndition in \\ hich thc 
elt-ctron i,; inlinitl·ly f.tr ,l\\.1~ from the nudctb. \\'e recogni1.c at 
onu the .. "tatc of the ioniznl at11111," to which thc energy-\ .!Iues of 
tht: StatiPn< r~ Stall'::. as gin·n by thl' "-pcctnlm-term"- .tre autllmatically 
rdcrrcd. This quantity - e' r rnu,..t l~t· permittl·d 111 a,..,..umc thc 
,..unc,..,...i, l cncr~y-,·~tlues of the ,.;ut rc,-,...i, c St.ltionary ~tat es, and no 
other.", wc mtbl h,l\e 

-t·'' r= -Riz fur the l'•r,..t (Pr norm.d) station.1ry :;tatc 
-r r= -Rh ·l for thc ,..cCiliHI st.ttion.try ::.tate (3) 

-eZ r= -Riz !I for the thinl ::;t,ttinn.~ry "t.tll': and "'" furth. 

'I dc\ ,,,lc 1- rc Irr, 1 thc nu rc frl·•ruer u:o.lgl' of dclirung I< lrom thc l'l(Ualn n 

1 ( 1 I ) 
111~ 

furtlll'rt irr<>~:.dslllthc''·"'''r~l (lf,· lOIIl'l'rtsulb~drngtn, lltwHrhequa­
tron R lll'>r.ii.f•'l b\ lllt',''"rt n•ull~ ' I lrt' llllndu us .II'UJr,,n, .:r:tl i, to ht 1111:ltiplicd 
h> c to gct wh.lt I h.tn· CJiil•l R 
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:\m,· cach of these equations detines a value of r; we ha\·c 

r= e2, Rh for the nurmal statc 

r=-le2 Rh for the !'ccond stationary state (-l) 

r=\Je2 Rh for the third stationary state; and so on. 

Each uf thesc \'ahtt·s of r represents the distance at \\·hich tlw electron 
must stand from tlw nuclcus, that the atom may ha,·e the energy­
,·aluc of the corresponding stationary state. If \\'C say that the 
elcctron may stand still at and only at the distances gin·n hy 

(5) 

we thus definc an atom-modcl interpreting the Stationary States. Tt 
is scarcely an atom-model to he recommended, and I ccrtainly am 
not taking the rcsponsil>ility of recommending it. xe,·erthclcss 
tlw reader bad hest hcware of picking out thc oh,·ious objections to 
it, and condcmning it hecausL' of then1. For if hc objccts that J ha\'c 
gin·n no reason why thc dectron should stand still at all, nor why 
it slwuld stand still in thesc and only in these positions, nor why it 
should cause radiation of a pcculiar and well-detincd frcqucncy whcn 
it passes from onc of thesc positions to another if hc makcs these 
ohjections, I can retort that the atum-model fa,·orcd hy Bohr him­
sdf suffers from en·ry om· of thesc deficiencics. In fact, thc only 
ddects peculiar to this "atom-modd of the stationary clcctron" appcar 
to)K' two. The first is, that the distanCL'S spccificd by (5) do not ha,·c 
distinctin· fcatures such as I shall presently show for the orhits spccified 
for thc "atom-model of the re,·oldng elcctron"; and t his defect , as I 
ha\T tried to cmphasizc, i,; a gra,·e one. The second is, that an atom 
in "·hich the chargcs arc stationc.n~· is not ipsofacto magnetic, whereas 
an atom with rc\'oh-ing electrons is.7 

Following Bohr, and practically all the other physicists of toda~·. 

we now assunH' that the dectron rc\·oh·es planetwisc around the nu­
deus d<·scrihing a dosed mhit aud radiating; none of its energy as it rc­
voln·s. .:\ planet rc\'oi\'Cs in an elliptical orhit; this clliptical orbit 
may l>c a cirdc, or it may not he; hut for the prcsent paragraph we 
will think nf thc cin·le,; only. Let us supposc, then, that thc elcctron 
may rt'YohT in a cin·lc ahout the nucleus, without radiating its 
t·twrgy and spirall ing into the nucleus. Designale the radius of thc 
('ircll' hy r. \\'ith the ell'ctron rcYoh·ing in a circlc of radius r, thc 
l'llngy of the atom is -c2/ '2r: This \'aluc is ohtained by adding 
togdhn thl' pntl'ntial l'llt'rgy of the atom, which is -e2/ r just as it. 

' I I .. my rl'.o•kr c.u1 .oJ.olish I h<'SL' dd<·cls, ;o muh itude ol chemists will he ~la<llo lll'ar 
lr111n hi111. ( hl'llli~t- w.onl aloon-lllodl'ls with stationary electrons. 
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,,.,,.., \\hl'll \\t' "IIJlJIO"t'd tht· l'll'clron to Iw ,..l,u!Clin!-: ~ti ll, ,IJld thl' 
kinl'tic t'llt•rg\ .,j IIH' l'll'cln>n, \\Iaich i~ ~ mt•2 • ln lhi,.. 1.1 ... 1 l':l:pn·,..,..ion, 
I' ,..l.tnd" ior tlw "l't't·d .,f llll' elt·rtron in it,.; orl•il; now, 1111•2 r is I Iw 
"t·t·nlrifug.!l forn·" acling upon 1lw dtTiron, which i~ eqnal (;utd 
oppo,..ilel lo tlll' .tttr.lclion t''\t'r«·i~l'd hy lhe JIIH.'It•us upon tht• l'll'clroP, 
which is ,-2 r~; so th.tl ~ 1111'~ i~ l'<JU;tl lo +e2 :!.r, and lhc tot.tl t·nergy 
of llll' a tom h.ts 1 hl' \ .tlut· -c2 '!.r. .\s ll('f.,n·, 1 hi~ is t he t'lll'rgy­
\,tlllt' rderred to lhe ~l.tlt' of llll' io11i.1.ed at~>m. 
Thi~ qu.tntily -e2 '!.r musl I)(' Jll'fll1itll'd to a~sume IIH' succe~,;in· 

Clll'rgy-,·ahtl'~ of tlll' ~llt'l'l'~"i' t' Sl.ttionary States, and 110 ollwrs; 
Wt' llllbl han· 

- e:! '!.r = - Rh n2 (11 = I. '!., :~. I. ...... ) (I)) 

l·:.tch of the,;e equations delinl's a \ ·a htl' nf r, a~ follows: 

r=ll2t·2 '!.Rh (n= I ,'!.,:~. -L ..... ) ( i) 

Ii we s.ty t hat tlw ell'cl ron may n·,·oh-e in anti only in ~uch cirdes 
.t~ han· the r.tdii gin·n hy 1he equalions (7), \H' 1hus detint· an atom­
motlt-1 inlerpreling tlw Slalionary Slates. l s this atom-nwdl'l 
superior tu 1he tentali\·e one which was descri!Jed just i>don· it? 
:\ot in any way which ha,; yl't bt'l'll hrought to nolicc. .:\o reason 
i,; gin-n why 1he elel'tron should re\·oln· in a ein·le in,;ll'ad of ,;piralling 
into tlw nucleus, nor why it should rc\·oh·e in the~e and only in the,.,c 
circll'~. nur why it should cau,.,c radial ion of a peculiar frcquency to he 
emitted when it pa~,;l's from one of 1hese circle~ into anolhcr. All 
of the objection~ which I suggcstcd, a fcw paragr;tphs ahovc, that the 
reader might raise ag<tinst the thcn-mcnlioned atom-mmlel wilh 
the stationary electron, may equally weil he rai~ed again,.;l this ;tlom­
nwdl'l with the re,·oh-ing l'leclron. \\'hy 1hen should Wl' ;tttach 
grealer imporlance lo this nne than to thal! l'artly, a,., I said. l•e­
eau,..t· this alom po~se,.,,.,es intrin~ic magnclic properlic~. while lo llll' 
olher one m<tgnetic qualilie~ would ha,·e lo l•t· a"crihl'd hy an addi­
lion.tl a,.;,.,umplion; hul chielly bl'catbe Bohr di,;eo\·cred cl'rtain di~­
tinl'tin· fcatun·s nf thc eircular or!Jits dl'lined hy (i ), which sei tlwm 
apart from alt other~. Thesl' we now examinc. 

To under,.,lanJ lhe tir~t of lhese featurl'~, il i~ nt·n·,..s.try lo con~iJer 
llll' angular moml'nlum of thc atom. Sonm·r or later Wt' "hall ha,·e 
!o makl' a ,.light altcration in thc rea,.;oning indicated in lhe last par.t­
gr.tphs; it may a" wdl bt· malle JIOW l'\TII lhough il i~ not yl'IJHTt'"""ry. 
llerl'lofore I han· tacitly a~sunwd lhat lhe nuclt-u,; ~t.lllds still while 
the eleetron rl'\'Oin·s around it. c\~ a matter of faet, if the alom may 
l•e repn•,.,t·nteJ as a ,.;olar sy,.;tem in miniatun·. llw nudeus and llll' 
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cll'ctron !Joth rc\"oh-c auout their common centrc of mass in ellipses 
\H' will think, as !Jcfore, only of circles (Figure 1). The radii a and..! 

of the circular oruits of the nucleus aml thc electron, ueing the respect­
in· dis tances of the particles from their ccntre of mass, stand in thc 
reciprocal ratio of the masscs Jl of the nucleus anu 111 of the electron: 
and as they dcscri!Jc their or!Jits in the samc periou c~ince the n:ntre 

A a.. 

Fig. t - Diagram to illustrat c how thc clectron and thc nudcus rc\·oh·c around their 
common ccntre of ma~s in s~·nchronous orhits 

of gr;l\·ity is at rest and always IJctwcc-n them) thcir ~pcc-<.1~ v ;md I' 
s tand in tlw ~all1L' ratio: 

a 'A = <•. 1' = Jl, 111. (S) 

introducc thc syml)l)l JJ. to <.lenotc thc cqual quantities 

.1! a v 
M + m a + .-1 v+ J"' 

(U) 

Thc po tential cncrg-y of thc atom, recknncd as always from thc statc 
in which thc nuclcus anu thc clcctron arc infinitcly far apart, is ouvi­
ou ~ly -c2/(a+ A ) = - C2JJ. / a. Thc kinctic encrgy of thc atom is thc 
:-ll111 of the portion ~ 111 '112 hclonging to thc clcctron anu thc portion 
~ .l/ 1'2, hdonging to the nucleus. I point out that the "ccntrifugal 
r .. rce" acting upon the electron is mv2 ·a. and that acting upnn the 
nuclcu~ is .1/ I '2. A , and each of thc,.;e ~cparately must !Je equal to the 
rt"ciprocal <1ttr;1ction c2 (a+.- IF of nucleus anu clcctnm: and I lca\·e 
it to thl' rl'ader to show hy m< ·ans of these equalities that thc kinetic 
l'nngy anl"llllb to ~ t'2JJ., a. The total cnergy of thc atum is therc-
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fort• l'qu.d to - ~ t'~JJ II, ancl thi~ i~ tlw qll.llltity to lol' «·qll.lt('d lo th<· 
nhst•ned l'lll'rgy-\';dltl'~ nt tht• ,..(;~tiono~ry st.lf«·~; l'Cflloltioon (til j,.. 

repl,tn•d loy 
f 101 

TIH" an~ular 111Pilll'llltt111 nf tlw l'l<·(·tron j,. 11/t'll; thl· angul.tr lllo­
llll'tttum of thl' nltcll'lt,; i,; .1/ 1'_.1: thl' angul.tr tlll>llll'llllllll oi thl' ottom, 
fur which I u,.;e tltc symh;oJ p, i,.. thl' ,..um of thl',..c: 

p=mm+.III'.-1 =mm JJ. (II) 

I lc,t\'C it a~ain to tlw rcader to ll:-e tlw fort·guill.l!: ,..tatenwnts to .trrin: 
at thc c:-..pression 

p=c \ nw (1:2) 

and b~· combining ( 1:21 ;utd ( 10), at thc l'Xpression 

p,. = 1u~ \ llliJ. '2Rh (I:~ l 

for thc \·aluc p,. of thc angul.tr lllOilll'lltum of thc atom, or rather of 
our atom-modcl, in its nth ~tatbnary state. 

Thus the \·alucs of the angular momcntum of thc atom-modcl. in 
thc \'arious statcs in which it ha~ thL· prt·scrihed cncrgy-Yalucs - Rh, 
-Rh ·1, and so forth. inrrca:;e irom thc tirst of thc:;c states onwarcl 
in thc ratios I :'2 :~ :-1 . . . They arc thc con:;crutivc integer multiples 
of a fundamental quantity, thc quantity 

( 14 ) 

:\o\\' it happen:; that this iundamcntal quantity i:; cqual. within thc 
Iimits of experimental error. to h ''2~r- to I ' '2 ~r timcs that same con­
stant II which has alrcady tigured in this discussion: 

Pt=h 2r.; p.,=nh 2r.. ( I.'J) 

This occur::o becausc thc \·aluc of R is equal, within experimental 
error, to the combination of 111, e, and h on the right of this cquation: 

(lfl) 

The atom-mmlel which I ha\·c hccn dcscriloing at som(· l<·ngth 
could therdorl' hc descriloccl in a few words loy s;tying th<tt thc clcctron 
is pcrmittcd to rl"i·oh·e o11ly in artain circular orbits, dctermint'rl by tl!c 
conditio11 that thc angular moment11m of !llc atom s/w/1 be cqual to an 
wteger multiple of h ~7r. This conditinn i!-i in fact -.ufticicnt to imp1N' 
tht· \'alues gin·n for tlw radii of the cirnil,rr orloit,.. in equ.ttion:-- (10) 
\\hielt \'alucs in turn entail thc dl'sirnl CIH·rgy-,·alut•,.. for thc station,try 
;;tatl'S. The rcadcr can casily pro\'C thi:> hy working backward 
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through the train of cquation,.;; and indecd thi,.; is thc manner in 
which thc Bohr atom-modcl is usually prcsentcd, so as tu arri\"l' 
finally at the agrcemcnt hetwcen "thcory" and cxperinwnt which is 
expresscd in equation (IG), and is a most striking climax tu thc wlwlc 
exposltlun. By working through thc train of cquations in thc im·cr!'e 
sense, I ha\·c considcrably mitigatcd tlw effcct of the climax; and this 
procedure sccms hardly fair to thc autlwr of thc thcory, hut it is 
not without its merits, for it enahlcs us to sec the exact role uf cquation 
(15) morc rlearly than thc commoner procedure. 

The situation now is this. I t is possible to construct, out of a 
nucleus and an electron, an atom-model possessing stationary statcs 
of the energy-values displaycd hy the hydrogen atom, pro\·ided that 
wc assume that the electron may re\·olve only in circular orbits for 
which thc angular momentwn of the atom is an integer multiple of 
lt ,'2rr. There is no known reason why an electron shoulcl do a thing 
like this, there is good reason to suppose that it cannot do anything 
of thc sort, for if it starteu out to revoke in a circular orhit it would 
radiale its energy and descencl spirally into the nudeus. l f ne\·er­
thcless we assert that the electron does just this sort of thing, \\·c have 
nothing with which to support the assertion, nothing extrillsic hy 
which to render it plausible; it must stand oll its 0\\·n merits as an 
independcllt principlc. 

These merits, bad we 110 clata other thall the Cllergy-\·alucs of 
stationary states catalogued in equatiun (ü), would probahly he 
reganled as scanty. After all, the agreemcnt betwecn thc collstant 
p1 aml the quantity h;'2rr might be fortuitous. ßut there are othcr 
sta tionary statcs of the hydrogen atom, bcyond thosc listed in (ü). 
For in stallcc therc arc the stationary states which are e\·okcd by a 
st rong elcctric field a c ting upon hydrogen, and therc are the stationary 
sta tcs which are callcd into being by a magnctic field applied to 
hydrogen, as I rela ted in carlier sectiolls of this article. There i!< 
a lso the fac t , that at leas t onc of what I have heen calling thc stationary 
!< latcs of hydrogen is no t a singlc stationary state at all; thcre arc 
two ,.,ta tcs of which the cllcrgy-\·alucs lic excccdillgly closc together 
ancl to the valuc - Rh -l, so closc that nearly all cxperimcnts fail to 
cli,.,niminall' t lwm . ,\nd tlwre is the grcat multitude of stationary 
~t;IIL'S exhihi tcd hy other elcmcllts than hydrogen; hut we will not 
think al•out t he~e for thc time heing-. 

:\ow the situ;ttioll is t ransformcd into this. Considcr all thesc 
additional :stationary states, c:xhihited by the hydrogen atom under 
unusual or l'H'll undcr u~ua l c ircumstances. ls it possible to tracc, 
for cach olle of them, an orl•i t for the clcctron, such that whilc the 
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dectron i,; dl'~nihing th.tt orbit, tlll' eJIC•q.:r of the atom po,;~~·,;-.es 

just tlw \ .tlut• .1ppropriatt· to th.1t St.ttion.lr) St;tte! .\nd gr.mting 
that thi~ i~ po,;~ihlt• .uul .Iccompli~lwd; 1".111 it ll\• ~hown th.tl thcse 
.Icldition.tl orhit,; .In' di,;tingui,.;lll'd by ,.;onlt• ft.;Itme re~eml•ling th.tt 
feature of the circular orhit,; \\ hich i,.;. dt·,.,nih·cl by equation ( J."t)! 

t lur condition I.Iid upon tlw cin·ubr orhit~. that in t•adi of tht·m the 
.lllgtti.Ir monwntum of tlw l'iectron i,; an intt•gt·r multiplt• of h :!1r 
thi:; condition ,·alid for tlw limited ca,;t•, can it l>t' generalizcd into a 
condition gnn·rning the Stationary Stall's of tlw hydrogen atum 
under all circumstann·,;? Can orbits he de:;crih('d \\ hich accuunt 
for all of the Stationary State~ of hydrogen under all circumsLinn·s, 
and which are determined hy a generat condition of which the condi­
tion ,.;et forthin equ;Ition (L">) i,.; one p;Irticular a,;pect? lf ,.;o, that 
gener.d rondition might wdl bc such a Prim·ipk a,; the om· toward,.; 
which, a,.; it wa,; ~aid in the l.t,.;t section, so many physici,.;ts aspirc. 
Thu,; tlll' te,.;t to which thi,.; condition bid upon tlw angular monH·ntum 
must be ,.;ubmitt('d i~ thi,;: ca11 it be gmeralized! 

Before trying to generalize it lt•t lb examine ,.;ome othcr di~tincti\·c 
fe .tturcs of the circular orhit,.; defined in (7)-1 will call them lll'nce­
forth the "pt•rmi,.;,;ible" circular orhit,.;, but wc ,.;hould remember that 
perhaps it is only our,.;d\"es who are "perrnitting" them ancl forbidding 
the others, and not :\ature at all. Let us calculate the integral I of 
the douhled kinetic energy '2K of the atom o\·er a complete rc,·ulution 
of thl' t•lectron (and nucleus): 

I= I T2Kdt. (Ii) 

1 t i,; easy in this case, for K is constant in time, so that I= 2/\.T. :\o\\" 
K is equal tu ~nw2 ' J.J., and T is equal to '21ra '<•= '21r2111a2 'J.J.K; which 
t·xprl'~,.;ion the rcader may reduce, by means of lhat equation K = 
~~·2J.J. a which he wa~ ill\·ited to deri\"e, to 

T=rre'!- \ 1mJ.J. / '2K3 (lt>) 

multiplying which hy K, anJ using l'quation (10), wc ha\"c 

I=2rrn • e2 \ ln!;:"Rh. (Hl) 

The reader will recognize the factor which appeared in ( II) and was 
there stated to lll' numericall~· equal, within the error of obscrvation, 
to h 2rr. 

TIH"refon· this atom-model could al~o be dDcrihed hy saying that 
lhc clrc!roll is permilled /n re7.'oh·c n11ly i11 ccrtai11 cirnt!ar orhits dc/cr­
mi1zed by thc comlition tlral I slra/1 bc cqllallo a11 i11teger multiple of h. 
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For futurc u~c l interpulatc the remark that thc factor 11 is called 
thc total or principal quaut11111 III/11/bcr; in Gcrman, Ilauptquautcn:ahl. 

Thc readerwill think that thi,.; i,.; not a new condition, but only a 
futile wa~· of rc-,.;ta ting the condition laid upon the angular monwntum. 
So it might !Je, in thi,.; ca,.;e. Hut ,,-hen wc COlllL' to thl' morl' complex 
ca~cs, wesha ll find t hat the two conditions cliH·rgc from one anothcr. 
Jl'h ich of thc t"<i'O ca 11 bc gcncrali:cd, if either? Only expericnce can sho\\'. 

I will dcscribc onc more distinctin· featurc of thc pcrmissihk orbits; 
it may seem morc impre~sin· than cithcr of thc othcrs. 

\\'c haYe secn that thc frequency of the radiation emitted, when thc 
hydrogen atom passcs frnm one stationary stale to anotlwr-~ay from 
thc s tatc of energy - Rh n'~ tothat of l'nergy - Rh , 11"2- is 

which may he \nit ten 

R R 
v= n"2-n '2 

v= -,.~" .• (n'-n" )(n'+n"). 11 -11-
(20) 

Suppose that u' -n" = 1, that is, that the tran,.;ition occurs hctwccn 
two adjacent stationary state,.; of the atom; and Iet 11' and 11" incrC'ase 
indcfinitely. ln the Iimit \\'C shall han 

. '2R 
L1111 v= 

11
, 3• (21) 

1\ cccpt ing th c atom-modcl \\'ith thc clectron reYoh·ing in a circular 
orhit, we take from ( I~ ) the Yalue for thc period of the n·,·olution. 
!'.U hstitute for 1\ by the aid of ( 10), and arrin at thi,.; exprcssiun for thc 
frt•Cjtte ncy of thC' l'l' \·olution: 

(22) 

Comparing this cxprcssion for w' \\' ith thc cxprcssion for Um v in 
(2 1), wc sec that thc)' arc idl'ntiral, if 

R='27r211/f.ll'4 , ha 

and this will he rccognizcd as l1eing that \'ery \'alue of R which was 
gi\'l'n in equation (1:3), as thc valuc cstahlished by expcrimcnt. Thus 
tlw experimental value of R is such that 

Lim w=Lim 1•. 

l11 this equation tlw symb(JI w s tands for thl· frcqucncy of rc\'olution 
r,f thc ekctron in its orbit, wlwn the l'llcrgy uf thc atom is - Rh 'n2• 

lt tlwrdorc s tanus for thc frcquency of the radiation which the atom 
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w~>uld hl' e'JWt'h'tl to t'tllit; fetr .111 t·lt·rtrit·.tl rh.lr!-!t' pt·rfetnning .1 
JWriodir llll>tion ~ht•uld, .l!'t'ording 111 thc fund.tnl!·nt.tl dtwtrirH·..; of 
the dt·t·trom,tgtll'tir the~>r), Iw tht• origin etf .r ~lrt'.tlll of r.11li.rtion 
with pl'rind equ.d tn it-. ow11. The ~\·ntlutl 1• ~t.111d~ for thl' fn·•JIIt'III'Y 
of tht• r;~di.ltietn \\ hieh tht· .11om d~>l':' l'lllit in p.t.;,.,ing ht·l\\l't'n two 
atlj,ln·nt St.ltiou.try St.llt'"· .\n·nnling Iet ( 1!11, thi,.. ;1rtn.ll fn·­
quenn i~ more lll',trl~· t•qn.tl tn tlw t''lll't'h·d frequt•ncy, tlll' more 
relllt>le the~t· (\\O .1dj.H·ent St.ltion;Hy Statt•,.; an· frnm thl' 11orm.1l 
St.ltt·; .rnd in thc Iimit, .wtu.ll frl'qllency and '''fll'l'tetl frl'quenry 
llll'rgt• into one. Tht• nunll'ric.tl ,·,dm· of the rntl:'(,llll R i,., ju-.t ,..urh 
.1~ !tl bring .1hout thi,.; rl'l.llion. 

lltorl' ag;1in we 11<1\l' .1 cmietus nunwrical <~grt·t·nwnt which, like 
the other n•rrl'l.!ted f.Kt th.lt tlw angular mnl11l'llllllll of tlw elt-rtron 
in the 11th orhit j,- nh :?r., 111;1y hy it,-df l>l' merl'ly a coinridt·nrf'; hut 
this otw )u,.. .t mud1 grl'.ller inhetl'l1t .1ppe;tl. \\'e han: n·linq•ti,;hl'd 
tlw ~''Jll'l'l.ltion th;1t tlll' t•lt·t·tron, rrui ... ing around the nudeus in <I 

cydit· p.1th, will send forth racli.11ion of the freqne11cy of it,; ow11 
re,·nlutinn,.., "" cYery infl'renn· from thc bws nf electririty indiratt·,; 
th.lt it ,..lwuld; out ht·n· is a r;b(' ('\ l'll if it is only a limiting ra,.,l' -
in whirh the frequency emit ted from the atom agree,., with tlw onc 
whil'h wc should t''\lll'CI. Cl'11erally tlwrc is di~ct>r<l; but in the lim­
iting t'.l~l' therc i,- ron,..on.ulC'e. J)oe,.. thi~ not >'ll,::!;ge~t th;1t thc de~ired 
l'rinriple may be one which 111 .1 limiting ra,.e nwrge,.. with the das,;inl 
theory of l'kctricity Jltl,..~il>ly. indeed, nothin,::- Je,.,- th:1n the found.l­
tion of a gl'ner;tl theor~ of electricity, of \\·hich the da",..ical thcory 

exprc"~l':- only a special l'.t>'l'? 

Let n" n·,·iew our ,..itu;\ tion. 
!Ja, ing ~uppo,;ed for hydrogen an atom-modd con,..i,..ting of a nudeus 

aml "n eiert ron; 
llaYing ,..uppn,;ed that tlw-.l' n·,·oln· around tlwir rommon n·ntn· of 

111.1,.;~ .1rcording to tht> 1.1\\·,.. of dyn.unie,;, hut without spl'IHiing .1ny 

t·rwrg~ in r.llli.tlion: 
ILwing ,;uppo,..ed in p.1rtinJI.rr th.tt tlwy n·,·oiH· only in cirnd.1r 

orhib, and only in ,;uch cirntlar orhi~,; a,.; yil'ld for the atom-motlt-1 
the em·rgy-\·.Jim•,..-Rir 11~ 1\H'a,..nred hy t'XJ>erinwnh np••n the Sta-
1 ionary ~Ia I('~; 

H ,n·ing tran·d the,;e "permi,..,..ihle" l'irrubr orbit,;, 
\\"l' han· found that they are di,-tingui,;lwd from all the othn l'ir­

ndar orhit~ by .rt lt>a-.t threc peeuliar fl'.llllres 1 ,·iz .. the k.llurl'S l''\· 

pn·~,;ed h) the t·quatiotb p=nlr 2rr, .tnd l=nh, and /,im w=Lim 1'). 

\\\• dn not know that tlwre j,; any rn·oh·ing elertron .11 .~11. \\"e 
know only th.tt if all onr -;uppo:--ition-. !Je corn·C't, the con,;eqm·ncl's 



638 BEI.!. SVSTEM TECHN!CAL JOURNAL 

expressed by these three equations are correct also. Are thc!"c consc­
qncnccs imprcssi,·e cnough to prm·e the suppositions true? 

The a nswer to this question depends on our degree of sm-ccss. or 
ra!lll'r on the deg-ree of success attained by Sommerfeld and Bohr and 
tlwir follm,·ers, in generalizing these equations to other and more com­
pkx cases. l'sually the process of gencralizing ,,·i ll ill\·oh·c difficult 
Iahours of orbit-tracing. But it is possiblc to make a significant com­
parison bctwvcn thl· spectra of hydrogen and of ionized helium, with­
out additional studil's of orbits. 

I. RELAT!O:'\S BET\YEE:\ TllE SPECTRl'~l OF HYDRQI;E:-.r A:'\D TIIE 

SrECTIW.\t or: lo:'\IZED HEut · ~~ 

To make trial of the validity of the foregoing ideas about thc origin 
of thc hydrogen spectrum, onc naturally applies them to whatcvcr 
otlwr spectra may reasonahly be ascribed to an atom consisting of a 
nndeus and a single elcctron. As according to the Yiew adopted in 
this articlc the atom of the nth element in thc Periodic Table con­
sists of a nucleus and 11 electrons, the only way to produce such a 
spectrum is to produce a sufficient number of atoms of some element 
or other. each atom lacking all but one of its elcct rons; helium atoms 
deprin·d each uf one electron or "once-ionizcd," Iithium atoms de­
pri,·ed each of two or "twice-ionized," beryllium atoms depri,·ed 
each of three electrons, or in gcneral atoms of the 11th element of the 
Periodic Tahle divested each of (n-1) electrons. This wc should 
expcct to require violent electrical or thermal stimulatinn of the 
, ·apor of the element, mure , ·iolent the more electrons ha,·c to be 
rem • n :d . Hence- it is not surprisin~ that the spectrum of once­
ionized helium is tlw easiest of these spectra to produce; hut it is 
more thau a little strangc that this is not mcrcly the easicst but thc 
only spectrum of this kind which has e,·er been ohtained. E,·en thc 
spcct rum of twice-ionized Iithium has not been generated, in spite of 
effort s quite commensuratc with thc , ·alue it would ha\·c. 8 Thc 
spectrum of oncc-ionized helium rcmains the only companion of the 
sp<'c trum of hydrogen; these are the only two known spl•ctra which 
are ascril)('d to atoms consis ting of a nucleus and a single electron. 

\\\· ha , ·e st'l'l1 tha t if we imagine that the electron of the hydrogl'll 
atom can rc\·oiYc, without s pending cnergy hy radiation, in and 
unly in those circular orhits for which the angular lllOllll'll!tllll of thc 
arom is equal to h, ' '2 7r, '21! ,''2 rr, :~1! . '271" , •••• nh,'2rr, .... , thl'll the 
l"llcrgy of tlw atom-nwdd can a,;sunle only the , -alm·~ -Rh, -Rh, 1, 

1 Con~uh frn in"l.lll~t· the .1rt iclc b y :\ngcrer, ZS. f. Physik, IX, pp. tU IT. 
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-Rh \1, .... -Rh 11~. '' hieh .an· !IH' eneq.:.y ,-,du!'-, for tlw .. b ... !'n c·d 
-,t.1tinn;1r~ -,t.atl'S of h:- clrngen . lf thi,.. is 111•t an .wc-iclent.ll c·oilwicll-nn·, 
dwn ll\- illl.l).:.ining th.1t !Iw el!'ctron c>f !111' inni11·d hc·lium atom likc •­
\\i,..t• t'.lll rt'\·oln· only in orhits for whid1 tht> angul.1r lliOIIll'lllllnl 
,.f the ;ltolll i-, ""llll' intcgc·r lllllltiplc· of h :!ll', and l•y c·.dculating tlw 
t·orrl'-.ponding t'lll'rgy-Y,alues for the .atom-moch·l, "'' :-houlcl arriH· 
.11 tht• t'lll'fg~·-,·ahles of thc ohsern·cl -,tation.ary -,(;atc·:- of ionin·d 
lwlium. :\nw tlw charge on the nudeus of the lll'lium atom is :.!t•, 
twice the charge oi the hydrogen nuclc·u,;; tlll' forn· whil'la it t''t·rt,; 
on an ell'ctrnn .11 di:-tance r i-. '2t•2 r~. in,;tead of t•2 ,~. lf tlw re.ull'r 
will work thrnugh tlw equations nf Scctinn H. making thi-, ;llter.ttion 
wlwren·r appropri.1te, he will lind for tlw ellt'r)..'Y·\·ahat·s of the -,ta­
tion,try :-tate-. the St'<JIIl'lln: 

- IRh.-~Rh !1,-H<h lti, ... - IRh ~~~ •... 
in \\ hic·h 

('2.i ) 

.• ,.. lwrt•tofc>re. Tlw quantity JJ will he different from what it was 
for hydrogen; hut the diiTer<'ncc will he wry sli~ht. T lwrdort• if the 
condition that the electron may re\'oln· ahout the nudeus only in 
circular orhits ior which the angular momentum of the atcllll is nh '2ll' 
is .1n t•,.;st·ntial comlition. and l-!"'-erns th<' atom,; of hydrogen and 
ionizt·cl lwlium alike, tlw slationary :-;tal<'s of ionized helium corre­
:-pond on<'-to-one with tho:-;e of hydrogen, hut with energy-,·a lues 
.tlrno:-t l'Xactly four time:-; a:- grcat. So also with the liues of the 
"Pl'Cirtlm; to each line of thc hydrogen spectrum should corre;,.pond 
<I line nf icn1rfolcl frequency in the ionizcd-helium ,;pectrum; thc 
spectrum of ionized helium slwuld IH' tlw spcctrum of hydrogen on a 
quadruplecl f requency-scale. 

This cnndu:-;ion is Yerilied. Tht• hi:-;torical sequencc ,,f oh,.:cn·a­
tion:o. and theorics is rather interesting. Ccrtain lincs c•f ionizec:l 
hl'lium were earlicst ohsern·d in stilrs: their simple numerical rela­
tions with hydrogen lines lwing noticed, tlwy were naturally <bc rihcd 
to hydrogen, and when they were generated in mixture,; of hydrogen 
and helium within a lahoratory thcy wt·re still attrihuted to thc• lirsl­
named of the"e ga,;es. Bohr in his lir,;t puhli-.hcd papt·r rea-.oned 
in th<' manner I h;1n· follmn·d in thi,; l"t'ction, and inferrecl that the,;e 
lines r<'ally lwlonged to helium; which wa,; ,;lwrtly afterw.ml,., n·rilil'd 
hy S<'<'king and linding them in tlw "pectrum of helium madl• ;a-, pure 
as po:-"ihle. ,\ numher of additionallines of thc :-pectrum ha\t' :-inn· 
bccn founrl, although the lines corrc,;ponding to tran,;ition,; into thc 
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normal !'tale 1tlw st<tte of ener~y - 1Rh) arc so far out in the ultra­
Yioll'l region of tlw speetrum th<ll no one ha:< yet ~ltrceeded in tlC'tel'l­

in~ them. 
\\"t· will 110\\' take nccount of the fact tha t the numNical \ ·a luC's 

of the constant R cnkulated for hydrogen (eq u llion lli) anti for ionized 
helium !equation :2.)) arc not quite the same: they are in fact propllr­
tional to JJ., tlw quantity which determines the m ·>tion of the nudeus, 
and ,,·hich , ·arics from onc atorn to another. ln particular 

Ru, Ru =JJ.ne pu=(l+m .1/u) ( l+m Jfuc) (:?!i ) 

in which the symhol,; 111, Jfu , .lfu. denote the mas,-cs rc,.;pcctin:ly 
of the electron, the hydrogen nudeus and thc heli um nuclcus, which 
stand 10 one anothcr as .00001:2; 1.000:~.%~. Con,;cquently the 
right-haml mcmhcr of cquation (2,i) is equal to 1.!Hl04o:1, nnd thc 
ratio of the frequcncics of corresponding linc::; in the spcctra of ionizcd 
hclium anti of hydrogen is 

-!Ru, Ru calculatcd = ~.001(il2 (2il 

Tlw Yalucs of Rur aml Ru dcduced from frequency mca5urcn:ents yicld 
thc ratio 

.J Ru .. Ru ohserwd = 1.001!\21:2 (2:-i) 

The \·cry-cxartly-known ohsen·C'd , ·a lue lies weil within the margin 
of uncertainty of thc calrulated \·alue. Tlw cakulated \ ·ai UL' of the 
ratio depends on otherwi ~e-madc nwasun·nwnts of the mutu;d r;1tios 
of the three masses (t hosc of the clectron. the hydrogl' ll nudeus, th: 
hclium nudcus). The~c otherwisc-madc nwasurcments arc not of 
thc grade of prccision claim<:LI for the measurcments of -! Ru, Ru J,y 
tlw oh:-;cn·;Hions on thc spcctra. llencc if \H' comhine the ohsern·d 
,·aiUL· of thc ratio ·IR", Ru with (for instance) the ratio J/f/, J/u 
deriYL'd from dcnsity-mcasurcmcnts upon the two gases, \\'e can 
cakubte a Yaluc for the ratio J/u 111 ostensihly much more prccise 
than thc amount ascertained by tlln·ct measurcment. Th is , ·a lm· is 

Jfu m= l ~l i. 

LL·t me "'ta te ln·idly what thc nunwrical <lgf('l'I11L'11l het\\Tl'll the 
"c.tkubtt·d" <lll d "oh~l'rn·d" Y<ilues of !R 11, R 11 spccilics. l t is a 
tv,;t nf this "l't of a"'"'lllllption~; the hydrogen atom a nd thc ionized 
hdium .ttom may earh bt' repre:<t·ntcd hy a singlc elcctron and a 
nucku-. of dwrgt· +r in one ct,..e and + :2t• in thc othcr: earh stationary 
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:<t.ltt· t'orrc,..pond,.; to a cert.tin drnd.tr orhit uf tht· l'lt·t ·tron; lht• .·1 fl(!rtlllr 
.\/omt/1/H of tht• l<co aloms an· itit'lllind <•'hl'lr t/11·_,. urc in r(lrrnpmrding 
statitmury s/aks . . \ :< .1 tc,.t. it j,.; f.l\or.ahl!'. l t tJ.,,.,. not ill\oht· tlw 
rdation ht'l\H'l'll angul.tr ntcllltl'llt.t ;and intL·gc·r multiplt•s of h :!1r 
whidt \\ a:; :<tressed in tlw fnn•going "l'«'lion. I t is indepL·ruknt of 
th.tt rl'l.ation, and m.ay Lairl~· he n•n,.;idL·n·d a,.; thL· st·c ·ond numcrical 
a).!rl'l'llll'lll oiTen·d by thi,.; atollt-rnodl'l, if that rebtion he ronsiden·d 
thc tlr:<t. The idea is duc 111 Sottlnll'rfL·Id; thc data whcrcby the te,.;t 
was madl' WNl' ohtained by l'.tsdll'n, as a hy-product of thc work 
cited in footnote 1:?. 

:\lthough the sta temt•rth in the f11regoiug paragraph,; are litc·r;tlly 
tntl', the~· do not prm-e that tlll' condition .lllglllar .1/omflltllm = uh :!1r 
i,; tlw di:-<t inct in· fea t un• par cxallt'llft' of tlw permi,..sii,Jt· eirntlar orhi ts. 
ThL' n·,;tdt would han· hLTll l'Xactly tlw same if I had dl'tim·d tlw :<ta­
tionary state:-< of tlw ionized lwlium atolll a:< tho:<l' for which I= 11h or 
;b those for which Lim w= Lim v. 

j . TR.\U:'\t; OF 0Rnn:-. 

\\\• mu,..t now "l'l'k for opportunities to make aud tt·st gt'llL'raliza­
tiorts of thc rwtion:< abotri tlw h~·drogen atom l'Xplained i11 :-.L·ction H. 

I I•L·gan hy saying that tlw L'IL•ctron ~hould hl' ~upposed to n·Yoln· 
in the inwr:-;e-square electro,.;tatic lidd of thl' nuckus, according to the 
law::; of dynamics, without ,.;pemling energy in radiation; and con­
timred hy :<ayin~ that I ,..lwuld ,;peak of ci rrular orbits only. Xow thc 
l.tws oi dynamics prl'::;crihe elliptiral orl1its, of whirh thc rircular 
orhits arl' hut special cases. ln fact. for each OIH' of thc sCfJuc·nre 
of energy-\·aiUl'S -Rh ,,~ corre,;ponding to the sequencc of Stat ionary 
StatL·s. thl'fl' is an i11tinity of clliptical nrhit» possc:-,;ing that t·m·rgy­
\ alm·. of which tlw circle of radiu,; spL'ciliL·d l•y cquation ( I ) is onl~· one. 
:-,upp1bL' \\T :>hould inquirL· what, if any. arc thc distinctiYc ft•atun·s of 
thl':-l' t•lliptiral orhits which Sl't thL·m apart from all others? 

.\ gain: wlll'n radiating hydrogL·n is exposed to a strong clcctric fit·ld, 
new stationary ,;tatl',; appear, and their enl'rgy-values are known. 
Tlw orhit of an l'h-ctron, in a tield rompounclcd oi an inn·rst·-squarl' 
n·ntral tield and anotlll'r liL·Id uniform in magnitudc and direction, 
i,.. 110 longl'r a circll' nor en·n an ellip,..t• nor cn·n a rlo,;cd orhit (l'xcept 
in :<pt•ci.tl ra,;l•,;). C'ould the orhit,.; h;n·ing energy-,·alucs t·qual to 
tho-.L' of the sl<ttionary state:-. l1t· idL·ntitied and trared. and could dis­
tinrtin· ft'.tlurt•:< bt· found "hich nwrk tht·rn out irom among all the 
ot ht·rs ~ 

.-\gain: when radiating hydrogen is exposcd to a ::otrong magnetic 
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tit·ld, nt·w :-tationary :-tate:- appear, and their cncrgy-,·al ucs arc known . 
Could tlw oriJit of an d\'t·tron in a tield cumpounclcd nf an inH·r~e­
square centrall'll'r tril· fil'ld and an uniiorm magnctic ficld bc tran·d? 
and could the orhit~ ha,·ing energy-,·alul·s cqual to tho"c of thc sta­
tionary :-tatl',.; he identified~ and could pecu liar fc a tures l>c found 
wh ich mark tht·m out from all tlw otlwr~? 

( >r nun·er,;e ly: is it possihlc to make "trial" generalizations of om· or 
anothcr of thc conditions P=nhl '27r and l=nh ancl Lim w=Lim ~~~ 
to im·ent feat ures for thc morP com plex orbits, which sound like rca­
sonable generalizations of tlll'sc f1•atures of the ~imple::>t ones? and, 
h;n·ing done so, to Iran· the orhits t·xhihiting tlw~e "trial" featurcs, 
detcrminc thcir energy-, ·a lucs, a nd compare tlwse with the oh,.;t•rye<f 
encrgy-values of the stationary state,.;? 

\\'hichen·r of thest• two ways is cmploycd to attack the problcm, 
it is m·ces~ary to trace orl>its morc compl cx, and usually in morc l'Oill­
plex fields , than the circular orbits imagined for thc hydrogen atom. 
This prohle m of tracing orhits is thc fundamental prohlcm of Cclcstial 
l\ll'chanics- the oldesl and thc most richl~· clc,·clopcd departmcnt of 
matlll'matica l physics, which in its t\\·o ecnturics a ncl morc of history 
has dt·,·clopt·d a languagc and a systcm of proccdurcs all it,; own. 
I I is chielly on timt accounL that many of thc rcccnt artides on thc 
.1tom-model of Bohr are so ext·e~siYely dit1icult for any physicist, 
unless Iw is of th e fe\\' who pract ieL"d the arl,; of thcorctical astronomy 
diligently and for a long time hdore passing m·cr into the field of 
physics. 

ln this section I :-hall quOll· tlw 1'quations for tlw motion of a partirle 
in an l·llip~c undn thc influcnn· of an inH·rse-squarc ccntral fiehl, and 
gi\T the dl'ri, ·a tion with all JH•n·~sary dctail. For thc otlwr n:lc,·ant 
<·a,..l·,. ·molion of an 1·lectron in a n·ntralt·ll'clric ficld upon which an 
uniform C'lt'ctric lield, or an uniform magnl'lic ficld, or a small ct•ntral 
lield ,·arying according to some ot lwr law of di,.;tancc than thc inn•r,.;e 
:-.quare, i:- >i llfHTJlOSl'd I :-ha ll gin· only soml' of thc rcsults, withoul 
l'\ 't·n <LIIt'lll (lting tlw dl'ri\ ·a tion. I shall makl' 110 a llow;Lnn• for tlw 
motion of tlll' nucleus ; the l'il'ctron \\·illlll' supposed to n·,·ol\'1· around 
thl' Jlltcl<·u:- con,.;idl'l'l'd ;1,.; lixed. Tlw \'t•ry small corn' ction rl'quirl'd 
lo LLk1· <HToun t of tlw molion of tlw nudl·u,.; can ca,.;i ly Iw applied hy 
the rcader. if II!' so dl':-irl'. Tlw princip;d di,.;ath' ;\1\tage ill\·oln·d in 
nq.:ltTiing it is, that one Ion t•as ily thinks of the angular monH·ntlllll of 
tlw 1·h-ctron in it,.; orhit as il<'longing to tlw t·k·ctron alone, whcrcas it is 
r< ·.dl~ · tht · <IIH.:ubr nlolll\'lltu m of thl' ;Jinm-n\()del. I sh;dl abo put F. 
for th< · charg" on tlll' nudeu,..;; F. will he l'C)Ual to c for thc hydrogen 
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.rnd to '2r· ior the i11nitr·d-hdinrn .rlnllHlHJdl'l, rltl other 1',1,,.,.. m.rttr·r 
f"r thl· tillll' hl'ing.'' 

J l. .1/ o/ion t~!' a 11 1~/n lron i11 a 11 I m·r·rst'-, .... :,,,w rr· Cl'lllml Fielt! 

~~~~~• fll'11Jlll· rl'cognitl' Ihr· t'!Jll<rtion .,j tlw dlip,..l' ruo"t l'.t"ih· in tlll' 
form 

111 ,1 n•t~rdinate-,_.y,.tl'lll oi which tlw nrigin j,.. .tt the n·ntrl' of thr· 
t•llip,..l", tlw x-a:o..i,.; and tlw _\'-<l'i" par;tlll·l l"l'"'l'l'Ctin·l~ to the m.rjor 
.rnd thl' minor .tXl'" of tlw l'llip,.,c. 

Tlw ,..ymbol 11 and b dl•twtc tlll' !--l'llli-majnr and "emi-rninor aXl'S 
of tlw elliJbl'; tlwy .tre rel.lted hy 

(30) 

111 whidt t ,..tand,.; fnr thc "eccentricity" uf the dlip,..l'. Thc foci 
of tlw ellip,..e lie on the major a:o..i,.; at di,.; tancc,.; 11t to l'itlwr ;;idc .,f its 
n·ntn·. Tran,.;ft.rring the origin tn onc focu,.;, ,.;a~· the fonr.~ at x= +at, 
.rnd u,..ing cnonlinate-aXl':'> p.trallel to the former tllte,.;, \\l' kl\ c 

(l+at)~ a~+_v2 b2 = 1 

Tran,..forming eonnlinatc;; again, thi,.; time into polar coonlin .ltes r 

.rnd 9 with the origin at thc focu,.; of the ellip,..e and the dirl'ction <P=O 
poitlling along the x-axi,.;, hy llll'<llb of the ,;uh,;titution,., 

y=r ,.;in <P 

wc ,Hri,·c aftcr :-omewhat tedious l!llt not diftieult algchra 4 at thc 
l'!Jll<llion for thc ellip"c in the form in which weshall u"e it 

a(I - t~) 

r= l+t CO!"i </J 

.rnd at tlll' <lcri,·atin: tlwreof 

(:~ I ) 

'Tlw ;JIIowance 111 1..- mad<· l11r rho· motion uf the nndl'IIS llC\l'r diiT,·rs p .. rn·ptiloly 
lrom th,ot .drl'ady madt· loy introohwin~ p. into l'f(ll.Jiion '(hl, and tlw m.o):ll<'tic 
ti .. l•b .1risin~ irom tht· mmions ui thl' clenrun <mol oi thc nuo·l,·us <~rt• without po·r­
n·ptilot.- eiT<·l'l l'. 1;. ll.1rwin, l'hil .. \Ia~ .1'1, 1'1'· .'i .li-.'iSt. 111211. Th<· eurn·o·tion 
which \\lluld l~t· rl'quirl'ol il tlw nuclt·ll~ ur the •·lt·ctrun lll'rt' odolly ~l1.1peol, il th,. 
nu..!o·us wl'rl' a m.ll{lll'l, nr ii tlll'rt' \\Trl' o·nt r.tinnwnt of \ hc poll·tll i.1l t'IIITL:\' ol \ ho· 
~ •tt·m lo~ I h•· nul\·ing dnt ron, h,l\'l' lll't'll •·valu.Hcd loy ,.,,rinn~ pt·ople, · !'on•ult 
\ 1· •. ku.trk, .\~troph. Jl., .5~. pp. -H•-5.'\ 1112.1 . 

1 l'hl' .lmhi~:llity oi ~i~n \\ hi.-1 ,Hj_.., in tlw l'llllr"· nf I hl' oll'n·foplllt'nl may 111' 
rl'' oln·d loy thinkin;.: nl thc limitlll): ,. ,..._, ol thc ein·lt· • 0. 
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All this is geometry. \\"c must now pro\·c that a partiell· moving 
undcr thc intlucncc of an inYL·r~c-~quarc allraction, drawing it towanls 
a tixcd point, will dc:-;cril>c an cllip~c with that lixed point in one of 
its foci - will de,;cribc, othL•rwise cxprc,;,;(.•d, a cun·e delincd by cqua­
tion (:Hj. 

As the particlc is an clcctron , and the fiwd point is orcupicd l>y a 
nueleus of rharge E, thc mutual attraction is cE_'r2 whcn their dis-

A 
p cp =0 

rp = 271 

Q 
Fig. 1- Diagram to illustral\' thc notation used in desc-ribing clliptical orbits 

tance apart is r. Equating this attraction to the product of thc 
mass of thc c lectron into the sum of it,; acrclcrations, linear and 
"ctntrifugal," wc haYe 

1, ,. d
2r + (dt/! )2 

c '- I r-=- 111 - mr -
d/ 2 dt (32) 

lt i~ ncrc~~ary to a~su nw thc law of con:-;crYa tion of angular mo­
Jll(•tJtum; thc angular momL·ntum of the clectron mr2 d<P: dl al)()ttl 

the centre of attrartion r<"mains con,;tant in time: 

in,..t-rlinR \\·hid1 into (:~ :! ) wc havc 

r . cf2r • , 3 c ._, r-= - md12 +p-,mr (3-1) 
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Thi-. j.., to II!' intl'gr.ttl'd iu thl· u,;u.d \\.a~·. hy ruultipl~ ing t·.wlr ll·rm 
\\itlr '.!,dr dl); tla· rc,..ult i,; 

(dr)~--"~ 11/~r~+-·l,·J·: lltr-(', ("'"! dl r - .,,. 

the 1,,,.., ,;~ rnlu•l :<t.111ding lor .1 ("on ... t.tnl of intl'gration. Fiu.dl} 

tdr d;" z = (dr dn~ tdcJ> dl)z (dr dl)~(lll~r 1 p~l 

Cmr 1 p~+'21"l~mr~ p·!-r~. :W) 

\\"e rl<"tl)!llill" .tl oun· tlw idclltll.tl iorm or this \"<(tl.ttion ior the Jl.llh 
in \1 hirlr tlll' .tttracted p.trtirll' 11111\.t'" and the l"quation (:H l ior thc 
elliJhl' drawn .thout the n·ntn• of .tttr.wtion ,,,_ fncu,... 

l t rern.1ins only to identify tiH' constants. Equating thc co­
etncicnts of r3 in thc two l'<JU.ttion,.., wc han: 

(3i) 

This is thc l'quatiou gi,·ing thc .lllgnl.u momenttun of thc elcctron 
iu tcrms of the tnajor a:-o.i::. and the ct-ccntrieity of thc orbit. Eq u.tt ing 
thc cocllicicnt,; of r' in (:H) aml (:Hj) \\C ha1·c 

C=p2 nw~( l -~z)=eE a (3S) 

to dch.:rminc the con:>tant of intcgration in (3.j). lf now thc rea<.lc r 
11 ill t.tke thc cxpression for thc cncrgy of thc systcnr 

ll"=~mt·2 -e2 . r=~m ( vtr dtf+r2 (d4> dtl)Z-e2 r (:3\.l) 

and :-ubstitutc for (dcJ>. dl) accor<.ling tu (:3:3) and for (dr 'dt) accorJin;; 
to t:~:>) anJ 0 '-), hc should arri,·c at 

(-10) 

This is the cquation gn lllg thc em·rgy of tlw systcm in tcrms of thc 
constant,.. d thc cllipsc; wc :.l'l' that thc cm·rgy dcpcnd,; on ly on thc 
major axis, not on thc crccntrwity, of thc cllipsc. 

Thc pcrioJ uf rc\·olution T is .1 little morc difticult to calcu late. 
Thl' most logical prol·cdurc would l>e to takc thc reciprocal of thc 
cxpre,;,-ion (:~.i) fot dr dt, and intq~ratl' 

(·11 ) 

,\round a completc rc\·olution. Tlw dl'ri\·ati,·c dr 1dl pa::.:>CS twicc 
thrflll).:h Zl'W in tlw c11ur"c 11f thc rl'\·olution, oncc at thc point of thc 
orl•it m·.trc,;t to thc nudeu-. 1 pcrilwlinn) and oncc at thc point farthest 
.1Wa~·. -\t thc"c poiuh r=a(l:;:~l, .b l".tll l•c seen from thc gcomctry 
uf thc cllip,;c or by in,;erttni.: thl·..,c \,tllll'" into thc expre::.siun for dr/dt. 
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ßy int~gratin~ (-ll ) from onc of these values to the otlwr and doul>ling 
the r~::<ult , wt· ).!l'l the period of the revolution 

T= '2rr'\1ma3 cE. (-12) 

]'!. . .\Iotion of an Eiretran in a C'cntrc!l Field Diffcring Sliglrtly from an 
I m·erse-squarc Firld 

Su pposc we modify th~ atom-model composed of a nucleus and an 
el{·ctron l>y imagi ning that thc force exerted by the onc upon the 
other ,-aries not exactly, hut very nearly, as the im·erse square of 
their distancc apart. For instancc, one might imagine that the force 
,·aric,; as r2

·
001

; or that thc nucleus acts upon the electron with an 
attraction equal as hcrctofore to cE r2

, plus an additional at traction 
(or rcpulsion) varying im·crscly as the cube of the distance. l n any 
,;uch ca,;e the potential energy of the atom-model woulct not be quite 
cq ual to -eE, r; therc woulcl ue an additional term f(r). ln thc 
ea,;c of an inn~r~c-cuhc liclct superposed upon an im·crse-square field, 
the expre:-;,;ion for tht· potential l'nergy would be 

1" = - c E r - (' r2 (-!3) 

The secund tenn on thc right hand sidc wi ll be much sma ller than 
the first, at a nd o nly at distanccs much greater than 2C/ eE; but 
by imagining (' suflicicntly :-;mall, we can arrange to ha\·e the im·ersc­
cuuc tield very much smallcr than the im·crse-squarc field, o\·er all 
thc rcgion in which the orhit of the electron is likely to lie; and this 
i:-; a ll that matt ers. 

The orl>it of thc cll·ctron may be descrihed, in all thcse cases in 
which t he forcc de,·ia tcs ,·ery s ligh t ly from an ill\·erse-square force, 
as an ellipsr prcccssing in its 07i..'lt plane. That is to say: an cllipse 
of which the major axi:-; swings at a uniform rate araund thc nucleus 
a~ if arou nd an axlc perpendicular to it~ own plane-as though the 
electron wcrc a car, running around a nd around an clliptical traLk, 
quitc unawarc I hat the track itself is cnciowcci with a re\·olving motion 
of it~ own. (Or, in other and mnre sophisticatcd word:-; , the orbit 
qf thc L'iect'ron i:-; an l'llip~e stationary in a coordinate-systcm rcn)lving 
~tround the nuekus a t a uniform rate). Such an orbit is known as 
a "ro~ctte," and apart of a ro~ette is shown in Fig. :3. 

Anothcr way of descrihing the imporlant feature of this orhit is 
to ~ay that the two coon linatc~ r and 1/> of thc electron in its orbit 
(rdcrrl'd to 0 as origin and OP as the direction cp=O, in Fig. :3), 
\\hik thcy arc l>oth pericdic, do not have the same period. \\'hile r 
is running through its entire cyrle from r". ,a. to r".;.,. and back again, 



tht• l'lectron i,.; 1111>\·ing frnm lllll' p11int .,f t.Ln~ency \\ith thl' d.~~hed 
cirde, inw.rnl .troUtHI th(' lltll'ku,.;, h.wk to the lll'\1 poinl of t.lll­
gency; lllt'.LIIWhilt•, </> i~ running through .lll l'lllin· ,·ircuit.tnl nttlling 
111 :.!1r, and in .11lditiun through tlw .lllglt• ,j,rJ>. Thn" th.· period 1'. 
nf r ,.;(,llld~ (0 tlw pcriod r"' of "'.b 

( I II 

in which e\pre,.;~i.>n the ,.;ymhol w stand,.; for tlw frcqucney of thc 
pn·cc,.;,.;inn ~i.1·., tlw reciprocal of thc time the major a\i,.; requirl'" to 

I· ·g. 3-Ro.;ctte orbit, rcsuhing from a rrecession superpose" upon an elliptieal 
orbit 

trace out the entire d,t,.;hed eirdc). One might "·'Y that the two 
frcquencie,.; w, =I T, and wq, = 1 Tq, are slightly out of tune with 
one another. So Ion~ a,.; thc force acting upon thc clectron is ex~tctly 
.lll inn'r,.;L·-,.;qu.tre force, tlw,.;e two freqttl'llcie,.; an: perfectly in tune, 
thc cllip,..e is ,.;t.ttionary; whL·n tlw inn·rse-,.;quarc force is slightly 
altcred. the two frequcncie,.; fall out of tune and the dlip,.;e ren>lve,.;. 
ln gencral, tlw two frequencie,.; will hc incommetburable with one 
another: the ro,..ettc will nen·r return into it,.;df, the electron will go 
Oll windin~ its path Cl\l'r and 0\'l'r and on·r thl' intcrior of thl' Ja-;lwd 
cin·le, ll<ls,..ing e\·cntu.dly within any a,.;,.;ignable di,.;tance, no matter 
how ,.,mall. of any point ,..deeted .tt r.llldom, and "con·ring thc interior 
uf the t·irde en·rywhere den,.;e" a,.; the mathernatician,.; say. Therc­
fure, althuugh the variaule,.; r anu rJ> are individu.dly pcriodic, the 
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motion of the electron nc\·er quitc rcpeats ihelf. Such a system is 
called conditionally periodir. 

\\'hen we come tu considcr the atom-models proposed for atums 
with mure tlwn one electron, \\"C :-hall make use of these idcas; but 
that will not occur llefore the Third Part of this article. Howe\·er, 
one application can I)(' madc to the theury of hydrogen and ionizcd 
lwlium. 

]:3. J/otioll, in an lm·erse-SlJllllre Cen:ral Field, of an Electron of Whiclz 
the .I/ass J'aries as Prescribed by the J'hcory of Relati·rity 

Accurding- to "rclativistic mechanics," as distinguishcd from 
".1'\ewtonian mechanics," the mass m uf an elcctron (or anything 
el,;e) \·arie,; with its spced r• in the manner 

(-!5) 

and the force F acting upon it produces an acceleration dv/ dt gi,·cn 
not hy the familiar equation force=massXacceleration, hut by thc 
cquation 

F=d(nw), dt ( .t(j) 

lf we suppose the electron revolving in a perfect inverse-square 
field about the nucleus, and apply these equutions of relativistic 
nwchanics, we arrive at the same result as thuugh wc hau used the 
(•quatiuns uf :'\ewtonian mechanics, but hau assumed that the ficld 
acting upun the electron is the sum uf an im·erse-square attraction 
and an im·erse-cube at tractiun. Specilically, the result is formally 
equivalent to the result attained IJy continuing to usc .:\ewtonian 
mcchanics, and assuming that the potential energy of the atom­
model is given by (43) with the fullowing- value insertcd for thc con­
stant C: 

The orbit is a roscttc; and all the general rcmarks made in section J:2 
ahout ro~ettc orhits may !Je repeated fur this ca,;c. 

I!. J/otioll of an Electron i11 a Field Compounded of an lm•erse-square 
Centrat Elcctric Field and a!l Uniform Jlagnetic Field 

IIen.· wc ha\·c a famous theorcm of Larnwr's to hclp us. .\ cconling 
to this theorem, a magnctic field 11 <lCting upon a rc\·oh·ing elcctron, 
ur a system of rc\·uh·ing clcctrons, produc\'s no othcr effcct than a 
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prl"n·~~ion of tht• l'lltirl" ,.,y,.,tt'Ill .duHJt tlw din·ction "f tlw lll.lgneti(' 
lil·ld .lt t ht· f rl'qlll'llt'~· 

..,, =eil lr.nl! rl :o-. J 

ln otht•r \\onb. tlw 111 >ti1111 of tlw electr.>n or elt-ctron,., i,-, whl'll rl' 
fl'rrt'd to .1 eoonlinatl' "Y"tl'lll n·\·oh-ing allllllt tlw directinn of llw 
lit'ltl with freqlll'lln· d/ hr mc, tlw ,.;.tnlt' a,.; without tlll' lil'ld it would 
Iw. \\ lwn rl'fl'rn·d to <l ,.;t.ttionary c nnlin.Jtl' ,.;y,;tem. 

I i the lil·ld h.lpJll'lb to he normal to the pbne of an clliptical orbit 
lcing dt•,.,crihl·d by all L'il'l·tron ah~•ut .1 nul'leu,;, the cllip,;e will he 
t r.m,.;foruwd in to a roseltL'. lf t he lil'ld i,.; neit her l':\ill·tly normal nor 
e..;.Ktl~· p.tralll'l to the pl.1nc of thc ellip,.;e, thi,.; plane may '->e im.1gined 
tn :-wing .1round the dirl'l·tion of the licld (around the line through tlw 
nucll'll" parallel to tlll' tield) like a preces,.;ing top, carrying the orbit 
wit h it. 

The:-e ,;tatenwrlt,; are inex.Jct if the rate of prel·c,;,;ion so cakulatcd 
i,.; not quite ,;mall in comp.Jri,;on \\ith tl1l' rate of rc\·ulution of the 
clcctron. 

}.). Jlotioll of a11 Eier/nm i11 a Ficld Compounded of a11 Im•erse-squarc 
Cerlira I Elatrif Fie/J a ruf arr Un rform Eleflric Fie/J 

Thi::. problcm may be rcgarded a,.; thc limiting ca,;e of a moregenerat 
pmhlem phra,.;cd as follow:-: to detcrminc tlw motion of a particle 
.Jttracted by two fi:-;ed poinh <HTonling to thc inn·rse-:-quarc law. 
lmaginc onc nf the tixcd poinh to reccdc to infinity, its attr<H'ting­
powcr mcanwhilc ri,.;ing at thc proper rate to keep thc fielt! in the 
region of the othcr at a tinitc \·alue; and you h;nc thc ca,;e dcscrihed 
in thc ,;uh-titlc ahon·. Jaeobi soh-ed thc gl'ncral problem a Cl'ntury 
or ,;o ago. 

The motion is diffieult tu rcalizc and impo::.,.;iblc to de,.;criue in words, 
and !:'Cl'lllS al,.;n to ue impo,.,,.,i!Jic to rcprc,.;ent hy any adequarc \WO­

dimensional ::.kcteh. The cleetron make~ circuih .1round thc line 
through the nudcu,.; parallel to the uniform ticld, .111d in cach circuit 
it de,-rriues a curYe which is \·ery ncarly an ellipse; hut thc con­
"L'l'llt\·c loop,;, ;~,.;in the easc of Fig. ;{, do not eoincide: i11rthernwre, 
thcy are not alike in ,..hape, and tht.·y .trc not pl.tm·. Thc elcctnm 
wind,.; around and around through the \·olullle of wh.tt I am tempted 
to call a doughnut, :-urrounding the afon·,.aid line a,.; its a:-;i,.;; and in 
the cour,.;e uf time it,.; path till,.; up the doughnut "en·rywherc dense," 
as thc path of thc clcctron in Fig. :~ \\Ould lill up the intcrior of the 
Liasheu circle. 
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I hupe it wi ll he a ppreciated tha t the foregoing statemcnts about thc 
orhits are fa ta ll y incontplete, e xcept in the lir,.;t r ase. :\othing could 
hc dun e un less it wcrc pos,.;ihll' to know, not mcrcly thc general shape 
of cach type uf u rbit , lntt the c:-..art mathematical expressiun for it, 
and fo r the energy- \·a lue of ca ch orhit d each type. i n somc cases 
this knowledgc is a va ila hlc ; in othcrs, it is not. For the cases dcsig­
na tcd hcrc by j:~ . J-1 and J.i, it is ;1\·ailablc; whcrcfore it is pussible 
to gu abuu t thc proccss of seeking tlll' distincti\·e fcaturcs of orbits 
possessing the preassigned cnergy-value,.;, or in,·erscly thc cnergy­
\ ·a lues of orhih distinguishcd hy ccrtain featurcs. 

K. F F RTII E R 1::'\TER!'RET.\TI O :\ nF TIIE SPECTIU oF HYnRo<;E::--; A:>:ll 

lo:\IZEI> HELIDI 

Cuntinuing for the nwmcnt to areept thc cncrgy-\·alucs of thc 
statiunary statcs of the hydrogen atom a s giH·n hy 

a nd r on t inuin g to accept thc atom-mcdel consi,.;ting of a nurleus 
a nd a rc\·oh·ing clectron; Iet us con,.;ider what are the properlies of the 
l'lliptical urhit s , in which if the clertron rL'\ ·ol\'ed, the atum-model 
would possess onc or anothcr of the required encq~y-Yalues . 

1\ccording to equatiun (-10), the ctll'rgy of thc atom-modcl, whcn 
tlw clertron is rc\·oh-ing in a n cllipse of which the major axis is ~a. 
is giwn uy 

Tl' = -cE/'2:z 

ir respec tivc of the eccentririty of the ellipse. ln this, a s in all fol­
lowing equatiuns, E is equal to e for hydrogen and to 2c for iunizcd 
helium . lf wc se t thi s express ion equal to ollL' of the required encrgy­
, ·a lues, for ins ta nce tu 11'1, wc ha\·e 

(;'iO) 

The a tom -nwdel tlll'rl'forc has the proper l'tlt'rgy-\·;tlue H'1 for thc 
normal sta te of the hydrogen atom, if tlw ek·< ·tron is n·\·oh-ing in 
any ellip~e for which the major axi,.; is cE Rlz. Tlw circle of diameter 
cl~ R lz of wh ich \\l' ha \·e heretofore hel'n thinking is only one of these 
l'llip,.;es, it is the onL· for whirh the majnr and thc minor axes art• 
idcntic.tl and ~ = tl ; the re is <lll inlinity of otlwrs. 

~honld \\l' then din•st the c ircular orhits c:f tlll' prominenre which 
h;ts IH"l'll ac< ·onkd to tl wm, and assume for instance that whL·n the 
atont is in ih normal ~tat e thc elec tron is mo\·ing in any one of thc 
infmity of ellip,.L·s of wh ich thc major a xis is cE , Rlz~ This might l>e 
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d,lll-:t'fllll,;, f11r \\l' h.l\1' jtft'lltifted I t•rt,till di-.tilll'(j\t' fe llllfl'" of tllt' 
J~t'rllli,.,,..il•lt• cirnl1.1r 1•rl•it:- "hich 111.1~· Iw ,.,.. ... cnti.tl; ancl tht· ... ,· lt•.tllln·..; 
111.1~· not 111' tr.tu,..ferahJ,. to the t•llip-.,·-.. l.et u..; ,,.,.., tht•fll. 

Tht• "''l'lliJd .111d the thinl of tl11• thrt·t· di,..tiuctin· fl·;llti!T" which I 
cited .lrl' tr.IJI,..fer.thk th.tt j,.. th1·~ 1'.111 Iw ,.,li'IHh·d tn tlll' tot.dit~· 

of ,dl l'llip,_,.,.. h.l\·ing lllll' or .ltlt>ther nf th1· t'lll'rgy-\ .!1111·,.. Rh "~· 

.111d Ll11·~· dilll'rl'llti.tll' tlw,..,· frn111 .dl other ellip,._t',.., For it ,.,,ll Iu· 
slwwn. h~ integrating the kinetir L'lll'rgy 1\ (lht• !'tr ... t l('flll nn tlw right 
IJ.md side of (:~!1)) .trouud .tu elliptit·.d orhit. tl1.1t 

dt'Jll'll<ling oul~ on the majnr a,j,.. 11 of tlll' nrl•it. :\ow \\'l' h;tn· 
,;hown t h.ll I= 11h ior t he 111 h of tlw penni,;,;ihle eire! es: henn· for l'.l('h 
dlip,..e ha\·iug the ::<.tlll t' major a:-;i" ''" the 11th permi,..::;ih.c cin·le, in 
otlwr wonb for l'ach elliJbl' of t'll\'rgy-,·;dllt' -Rh 11~. Wl' han· 

I =11h 

.1110 tlw ,..,·nmd of the di,;tinrtin· f,·.tture::; is tran::.icrahle to thc ellip,;es. 
l t is the :-.tllll' fnr tht' third; forT is by ( 1:2 ) dependent on a only. and ,;o 

Lim w=Lim v. 

But it i::< othen\·j,..,. with the lirst. 
l n thc fir,..t placc it wa::< ,;hown that thc a11gular momt·ntum of thc 

electron in thc cirde of diamett•r cE Rh j,; equal to h :?r.. Oh,·iou,;ly 
thi,; cannot hc true of all thc dlip ... c,; of major a:-;i,; cF. Rlr. For ac­

corcling to (:ri' ), the angular mnnwntum of tlw ekctmn in ::;uch an 
l'llipo;c i,; 

dcpt·ndin~ on the eceentnnty. T hi,.. ;,., t•qu.tl to l' \ ,liä, wbich hy 
(I :1 ) i" (·qual to h ~ ... only if l =0. T he cin·lc thl'rdorc is thc only 
orbit fur which the enl'rgy-\ alue and the alli;!Ubr mmncntum of thc 
.ttnm an· :-imult,tneou,..Jy equal to -Rh and to h ~Jr re,..pccti\'l·ly. 
lf wc admit the l'llip:--e::< to t·qu;tl \·alue with tlte cin·le, we conccdc 
that the t•qu;tlity of the angul.1r IIH>IIH'flllllll with h :2;r i::< of 11, sig­
nitic;lllC'l'. 

Then· j,. a p;1rtial e ... capt· from thi,.. ronclu,..ion for tlw rcmaining­
,;tation.~ry ::<t.ttl',-. Take ior irJ...tanre tlw ,..econd. ui ('ncrg-y-,·ahtc 
-Rh I. The circular orhit of diamt·tt·r lc/~ Rlr, for which the atom 
pos,._l',.."l'" thi,; t·nergy-\alue, i:- tli,;tinguished hy the angul.tr nwmen­
tum '2/z ?1r. For t·ach of the intinity of l'llip,;e,; po:-,.l·,..,;ing the qm~: 
major a\i::< -IeE Rh thcrc is a ditTert·rlt \'<dtll~ of the ang-ular momcntum; 
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but thcrc i!' onc among them for which the angular momentum is 
equal to h 2rr. .\nd in gencral for the nth stationary state of energy­
\·alue -Rh 11 2, there are 11 elliptical (induding one cirrular) orhits 
which would gi\·e the :;ame energy-Yalue and 11 \"alues of angular 

b. c. 

.. 4a, 9a, 16a1 

Fi).!. b Diagram to show the proportional dimensions of cllipses with identical 
total quant um-numlll'r 11 =I Ir ancl different azimuthat quantum-numhers k =I, 
2 .... 11 ! rom lt:ft to right wc ha\"c thc cas :·s 11 = 1, 2, 3, -l, on scalt>s ,·arying a> 
incliratcd hy the suhjoined arrows. 

momcntum equal respectin~ly to nh 2rr, (n-l)h, 2rr, .... h.'2rr. 
The~e. as the reader can show from (52), are distinguished hy the 
(ollowing \"alues of c 

\. I - f~ =k II k= I. 2 ... II. 

Thus if we desire tu regard the equality of angular momentum with 
an integer multiple of h 2rr as heing essential to the permissible orbits, 
Wl' can kecp, along with tlw cirdes, some of the other elliptical orhits 
compatihlc with the prescril1cd energy-Yalues; but exrept for thcse 

h. c. d. 

Fig. -lb-The samc cllips<"s as appear in Fig . .Ja, clrawn confocally as thcy should 
appc·ar, instl"acl of concentrically 

few, the inlinity of elliptical orhits will rcmain unaYailable. There 
i:-; additional reason for liking tu do this; for it amounts to a quite 
natural generalization of the condition imposed on the angular mo­
nwntum, which a:-; we :-;aw it i" highly desirahlc to generalize if possihle. 
The angular nwmentun1 mr2(dcp tlll. which I "hall hereafter call pcp 
in:-.tl'acl uf simply p, "tand~ on an equal footing with the radial 
tJl<lrm·ntum pr= m(r/r t/1) of thC' cll'ctorn; in thC' Hamiltonian equa­
tion:-. for tlw motion of tlll' particle, thc:-.l' two f]Uantitil'" stand "ide 
hy side. :\ow the condition irnpo:-.cd upon the angular nH,metltlllll 
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P<t> of lhl' l'll'l'lron in il,.; \,triutl,.. t·irnd.tr nrhih j..; po 11h :.!rr, which 
llt.ty hl' \\ rit h'll 

lhl' inlq,:r.d ),l'ing t.tkl'll .tround ,1 •·umpll"ll' rl'\olution, .1 forlllnbt· 
tinn in \\hielt thl' ~nllll'Wh.tl di,..trl',...;ing i.tctor I :!rr conn·nil'ntly 
,·,llli,.he,... l 'orrl',.;punding to I h i,.; intl'gr.d \\ L' h.n t' anotlwr 

/
. r dr p9 dr=m 

1 
do 

• • I Q 

a),.o tn he t.tkl·n around .1 l'tllllpkll' n·,·ulution, thl'rdorl' fn>m '·••• = 

n(l-tl to r."~ •. =a(l +tl ;md h.wk a~;tin. Tlll· materi.tb for pl'r­
forming thi" intl'grat ion <lrl' furnished in l'qllalion (:l.)); if the rl'.tdcr 
c;w pL'rform it Iw will ;trrin· at thl' \·alll('. 

j'p, dr=:!r.f'<t> [ I :,-1] 
. \ 1-t• 

.tnd if thc cccl'ntricity nf tlw l'llip~e conforms to cquation (.i~). so 
that the intl'gral of th(' angul.tr nHIIlll' n tum of tbc l' lectron i;; kh, 
then Ull' integral of thl' rad ial monwnt um j,.; 

_j' .l!,dr= (lr-!;)/t. (;)j") 

( lur po,..iti"n tnay now hl' de~crihl'd in the following wonk \\"e 
h.l\"l' atTl'Ptt·d the ,·alul',.; -Rh 11~ (11 = 1.:!.:~ ... ) for thc ~urces~ive 
,..tationary ,..t,lle,.; of the hydrogen atom; \H' han· acccpted an atom­
n:o Iei Cfllt,.;i,..ting of a nucleu" anti ;~ rcY••h·ing elenrnn; WL' ha\·c 
traccd thc orhit::. which would l'ntail tlw,.e ,·ariou,. ('lll'rgy-\·alues . 
• md we han• found th.1t for cach of the,.L' ('Jlt•rgy-,·alue,. therc arc 
intinitely many dliptical orhit,.. which would enwil it,-to wit. fnr 
tlw 111h ~l.ttionary ,.;t<lll', all the intinitcly many ellip,.;es of which 
the lll<tjor ;t.xi,.. j,... in:n hy 

( .i:-.) 

Furtherntore we ha,·e ,.;ought for di,.;tinctin· featun·,.; which might 
di,..eriminate the,.;e dlip,..L'" frnm ;tll tlw othns which C'ttail "wrong" 
cncrgy-,·allll'S, i.e., t:nergy-\·ahw,.; whidt <Hl' not included in the Iist 
- Rlr. - Rlr I, -Rh .I . ( lne ,.;uch \\l' found in tlw intl'gral 

( :.!Kdt pf tht· kinl'tic em·rgy "f tlll' electron arPund thc ellip,..e: thi,.; 

integral a:;surnc,.; thc ,-,lllll' nh fnr L'.tch l'llip,..l· which l'nt.til,.. tll(' encrgy­
valuc -Rh 11~, so that wc could dctine tiJ(' p('rmitteu orhit:- as tho:;e 
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for which (~1\dt =a n~ · integer multiple of /z. Anothcr !'uc-h dis­

tincti,·e featme \H' found in \rhat wa~ expre~:--ed hy thc equation 
( ~:~ ) Lim w = Lim v. Fir~t o f a ll . hmn·n ·r, we trie<i to apply a prin­

ciplc of the l'ITect that the angular momenttun of the atom wlll'n 
thc electron i~ n·,·oh·ing in one of the permitte<i orbit s rnust be an 

integer multiplt: of 1z 21r. \\'C' fo uml. in c""t·nce, that this attempt 
an1oun1t'd to picking out for cach of tht• prc!icril ·cd energy-\·alues, 
one or ~t·\·eral out of the infinity of elliptical orbits which wo ulu cntail 
it, and eliminating a ll tlw rest. But is thcre suffirient reason for 
doing a thing like this? 

Apparently t hcrc is; and the rea~un for so belic\'ing lies prcciscly 
in thc dctaib of thc hydrogen spertrum whirh I have hithcrto passed 
m ·cr- in thc douhlene~~ of tlw line~ of the Balmer scries, which shows 
that in::;tcad of a stationary state of energ-y-\'alue -Rlz ,'-1 there are 
t\\·o ::;tationary ::>late~ of which tlw energy-\'alues lie extremely close 
to onc anothcr and to thi~ ya)ue, an d which suggests that the other 
stationary states may likcwise hc rcsoh·ahle into groups of stationary 
statcs (a suggestion conlirmed hy the spcctrum of ionizcd helium). 
At thc !Jeginning, Iet u~ ronsidcr o nly thc state of which the cnergy­
\'aluc is - Rh. -1. \\"e han• st·t·n that this is the energy-,·alue corre­
sponding to a ny and ewry one of the c ll iptica l orbits of which the 
majnr axi:-; is 

(5!)) 

among "hich inlinity of elliptical o rbits, therc is just one (a cirde) 
for which the angular momcntum of the atom i~ ~lz 21r, and just une 
otllC'r for whirh it is lz · ~rr. and no others for \\·hich it i!i any integer 
multiple of /z ,'~1r at all. But thcse two. likc all the rest character­
iz!·d by (;>s) , cntail thc same encrgy-,·alue and so are inclistingui!ih­
al>le among thc rrowd if cn· ry one of our as~umptions is ab~olutely 
true. Hut if one of thcm should de,·iate sl ightly from the truth ­
if for instanc-c thc law of force l>etween thc nudeus and thc electron 
should dt·,·iatt• slight ly front thc in,·crse-squarc law, or if n small 

extrnneous force should l>e imprc~sed upon the atom, or if the mass 
of thc ckctnlll should slight ly \·ary as it rcYoh'es in its orhit - then 
\\l' ha,·e :--cen that all thc orl>its would l>e altcn·d, aml these two orbits 
rnay l>t• :--o a ltcr!'d as to l>e clistinguishal>lc from the rest. :\ncl this 
in fact is wh;lt appears to Iw re~ponsihle for thc tine structure of thc 
hydrogt·n and iouiz<'d-hl'lium. 0\\·ing to the Yariation of the mass 
of the PltTtron, with ih :-=.p~·ed, each Pllipse is transformell into a 

ro~ettc; and though the e nergy- \ ·<tlm·s o f all thc t·llipscs would be 
l'qual, thl' l'lll'rgy-\·a lucs of thc rosettcs are not. 
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l.t·t 11-. now n·n·r-.t· tiH prun·dun· .,f tiH' forq.:oinl.! p.tr;q.:r.•phs. 
ln-.tt·.ul of a,..kinlo! "hat j,.. tlw <lllj.!Uiar lllnlllt'llllllll of tht· .li<HII when 
du· t•lt·t·tr"" i-. n·,·oh inlo! in !'lll'h .111 urhit th.tt tht· t·m·rgy .,f the .ttom 

j,. Rlr I, h·t '"' ~bk what i:-. th•·t•nt'rg~ uf tlw .ttom \\hen tlw t•lt·rtron 
j,.. rl'\'llh·ing in ol r.,,.,.,,,. """h that tht· .lllgul.tr lllelll\t'!lllllll of thc 
atnm j,- '.2/r :!;r. l t i,- J,,.,., to p11t tlw qul':-.tion thu,;: wh.1t i,- tlw t'lll'rgy 

of tl1e .unn1 \dll'n tlw t•lt·ctron i,- n·\·olving in a ro"t'ltt• 1
" !'lldt th.tt thc 

illll'j.!r.IJ t f tiH' ,lnglll.tr lll'lllH'Illlllll armllld ;\ fl'\'OIUticJII i!' :!.h~ 

(GI) 

Tlw e•wq.:y-,·alue in qm·;;tinn, whieh I dt·:-;ignatt· l•y tr~~ for a rcason 
\\ hich will prc,..ently ap(W<lr. i;; fmmd hy cakulation to ht· 

(u2J 

in which a i:-; a symholmeaning 

a=:!.rrt'~ lzr=i.:!C) 10 J 

(This e:xpression incidentally is not the e:xact con,..equenee of the 
cquations of the motion, hut .1n apprn:ximation to it, quite suffi­
cicntly accurate undt'r thc!'C circumstance;;). .\'e:xt Iet us ask what 
j,., thc cncrgy of thc atom whcn thc clectrun j,. n·voh ing in a ro,..ctte10 

such that 

( pq, d1>=h. 

Calling thi:> energy-value ~~"~•· it is cakulated that 

11'21= -Rh 4-Rh0a2 , öl. 

(64) 

(II;>) 

lncidentally it is found, a,. in thc pn·,·ious simplt-r ca,.,c, that whcn 

j"prt>d1> = h, thcn also . ( p,d r = h. 

The encrgy-\·alue" corrt•,.,pnnding to the two orhib dclincd by (ü~) 
and (71) therdurc difTcr hy thc n·ry ,.mall amount 

(Ii()) 

I ~aitl at lirst that the ,·ariou,.. "linc,." of the lblmcr ,.cries in the 
,.pectrum of hydrogen corrc::.pcmd tn tran;.ition" into the stationary 
~tate of cncrgy-\·allll' - Rlz I from otht·r "tationary "tate"; and that 
unusually good ~pcnro:-copt•" "l10w cach of the,.t· lim·,; to hc a pair of 
linc~ \cry clo>'c tngl·thl'r. :\l.1y thi,. l•l' t•xplaim·d hy thc theorr 
culminating in Cf!Uation (liliJ! lf :-;o, tlw freqm·•H·y-diiTcn·nce be­
tween thc t\\o lincs uf c.tl h douhlct llllbt Lw thc ;.anll', and cqual to 

1 This ro,cttc ;, rlq:cn•·ratcd into a l'irclc; the pren·ssion acnounts ciT,·c·ti\l'IY lu 
ein .uhlition.ll tcrm in thc cxprc~sion for thc an~:ular \'Cincily ur thl ck<.trun. 
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(H'22 - Il'21 )h = R a 2 I G = I.O!l"l 0. The waYe-lcng-th difference, which 
is thc quantity directly measured IJy spcctroscopists, Yaries from one 
cloubiet to anothcr; for the first doublet of thc Balmer series, known 
as I!a , tlw mean wawlength of which is 6.5G:ri0- 5 cm., it should 
be <·qua) to J.;)S"I0- 9 cm. 

::\lany independent measuremcnts of these wavclength difTerences 
haYe Ileen madc, most of them upon the first douhlet of the series, 
a fcw upon othcr douhlets as far along- as the fifth. Somc wcre made 
long J,l"fore, otlwrs after Sommerfeld pul>lished thc foregoing theory. 
The various va lues found for the various wavelength-diffcrences 
ha\'c all been within 20~ of thc value required l>y equation (66); 
within this rang<.' they ha\·e ftuctuated, one or two spectroscopists 
of repute havc maintaincd that the actual Yalues are unmistakably 
different from the computed value; llllt the l>alancing of evidence now 
secms to point mure and more closely to the desired value as the 
right one 11

• 

This prediction of the wa\·elength-differences l>etween the com­
oonents of the doublets which make up the Balmer series may bc 
~aken tentatiwly as the third of the numerical agreements which 
fortify Bohr's atom-model. So taking it, Iet us generalize thc theory 
to the full extent already suggested. Returning for a moment (merely 
for ease of explanation) to the O\'er-simplified case of an atom con­
sisting of a nuckus and a revolving elcctron of which the mass does 
not va ry with its speed: we saw that the energy-value -Rh,' 11 2 is 
entailed hy each and ewry onc of the n elliptical orhits for which 
the integral of the angular momcntum and the integral of the radial 
momcntum arc gi\·en l>y assign ing the 11 valucs k = 1, 2, 3 ... 11 to 
the syml>ol k in the following equations: 

_j "pq"tcp = kh.Jp,dr = (n-k)h. (67) 

This I will express in another way hy saying that the encrgy-Yalue 
- R h. 11 2 is entailed l>y cach of the 11 orl>its ha,·ing the azimuthat 

11 Thi s is one of those emharrass ing quest ions as to which thc experimental doctors 
still dis.agree , making it folly indeed for a nyone clsc tu pn:tend to decide. The 
thn:e l.llC'sl mcasu reme nt s, which are those of Shrum, Oldcnberg, and Ccddcs, 
agn·t· pass.thly with thc Yaluc resulting from the theory I haYe prcsented. Yet 
Lchrckc and l.au ddend thcir measurcmenls, macle in 1'120 and 1922, which giYc 
Ltlne~ ahout 20' 1 tuo low; anti ( ;ehrcke a ! least is an authority tu whom Iack of 
expt·rience in this field certainly rannot hc imputcd. I C\·ade this issue hy rderring 
thl' rl'adt"r to tlw artides hy Shrnm (l'roc. Roy. Soc. ,-\105, pp. 251)-2i!l; 1923 ) for 
the hil•liography of L'Mlil'r work an<~ thc aceount of the lat est; of Ruark (f. c. supra ) 
for tlw ronll"nlion that the data sustain the theory; of Lau (Phys. ZS. 25, pp. 
ö!J-hX; fQl 11 for tlw contr.try conlention. 

Th<" i,;sm· is furtlwr complicatcd hy tlw prcdictions quoted in the ncxt paragraph 
aho\·e, ahhough not seriously enough to disqualify the forcgoing remarks. 



lflltllllum-twmlwrs ~·-I. :.? •.. . n; lllt'.lllinf.: l•y azimnth;tl qn.lllllllll­

numlt·r tlw quntil'nl of _(pq,dti> hy Ii. lf now \\\' t.lkt· ;JlTt>lllll of tht· 

,,,riation of tlw 111.1,..;-; of tlw l'kctrnn with it,.; ,.;pt'l'd, anti calnt1.1le 
tlw t'lll'q:y-,.llnl',.; for tht• 11 ro~t·ttt•,.; ol>t.lilll·d l•y a,.;;-;igning tlw \'alnl's 
I,:.?,:~ ... 11 ,.;tu·····,.;,.;in•ly to the syrnhol k in (li71, \\'l' shall lind thal 
tlw,.;e 11 t'llergy-,·.IIues an· all di..;tinct, •kdating slightly from - H.h 11 2 

.111<1 from t'.ll'h otlwr. Tlwrdort•, then' should Iw thrl'l' station.try 
,..tatt·,.; of t'lll'rgy-\'ahlt'" ll'~ a. ll"a2. !rat. all dillt·ring lt~· a littlt• fro111 
- H.h !l .1nd from each ot!H"r; thert• ,.;}wuld l•e four ,.;tationary ,.;tates 
of t'lll'rgy-\·;dnl',.; II"H, 11""· Ir.,~. II'.,, all ncarly hut not quite l"qual to 
-H.h \ti anti cad1 otlwr; and so forth . (The renson fnr such symhols 
.~>o lr2 1 will now appt'ar; tlw lirst ,.;uhsnipt rcprcscnts tlw total, thc 
st•t·oml thc azimuthat quantum-munher of thc orl>it in qUL'stion.) 
ln gctll'ral tlwre are 11 st.1tionary states in thc group corrcsponding 
nearly to tht• nwan t'lll'rgy-,·alue -Rh 112 ; and thc expres,.;ions for 
their scn·ral Yalucs an· obtained hy putting k cqual to thl' ,·arious 
,·alue" I. :.?, :~ .•• 11 in thc formula . 

F_ = - H.IJ w 1 + • - - . • , [ (.'(2 ( ll ;{ ) J 
n- k ·1 

(ti~) 

Owing to tlwsc t•omplcxitie>' thc linl's of thc Balmcr s('ries ~hould 
hl' not dnublt•ts. but groups of many rnore linl's; c.g., thc transitiuns 
from what ! had callcd the ,;tationary state of l'lll'rgy-value -Rh 1!1 
to thc stationary statc of cncrgy-,·aluc - Rh ·l arc transitions of six 
sorls, from caeh of thrce initial state,.. to earh of two final; and tlw 
tirst "lim•" of the Balmcr ~erics 111ight Iw expt·rted to hc scxtuple. 

Thc t ri;ll of t hese idc<.IS is hest made 11pon thC' spC'cl rum of ionized 
;,elium. Thc ::-eparation hl'lween the l't]('rg-y-\'alucs of stationary 
~tates sharing the sanw total quantum-numher and dillering in 
azimuthat quantwn-numhcr i,; innt'a,.;c<l. when we pass from an 
atnm-mmll'l in which thc rhargl' on the nudcus is e to one in which 
it is Zr, in the ratio Z 1 :1; in this in,.tann· lli :I. The systcm of eom­
ponl'nt lincs, or the so-callcd "lint· stnwttm·" to l>e expt·cted for any 
"lirw'' of thc hydrog-L'll spectr u111 :;hould he ~pread out on a se;dc 
sixtccnfuld as grcat for thc l'orn·sponding "linc" of the ionized­
helium spectrurn. Thc trial was made hy l'a,-chcn; thc comparison 
hetwcen thc tinc structure of sen·ral of the "lincs" of ionizcd hdium 
and thc eomponcnt,; to Iw expl'Ct('d fmm tht• foreg-oing theory, yicldcd 
what appc..r to bc 'ery sati,.factory rt·~ults. This mal ter I discusscd 
on·r :;c\'cral page:; of the Fir"t l'a rt of this articlc; and fnr cconomy 
of spacc I rcfl'r thl' n:adn hark to tlwm, and at thi~ pldn' say only 
t hat t hc "ot her n unwrica I agrC'cmcn ts hl't wccn t hc prnd uct inn a nd 
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tlw data" to which I t he re a lluue, a re agreements of thc ~;une char­
acter as thc agreement between the spacing of the component lincs 
of the Balmer scries doublets, and the numerical , -alue of the cx­
prl'ssion in equa tion (73). That is to say: the pattern of thc finc 
struclure . into which l>y a good speclroscope tlw lines of ionized 
hdium are resoh·ed, agrccs more or le,.;s with the pattern to be ex­
JWc ted from the theory, not only in appearance hut in scalc. Com­
hining these agreemcnts with the other one, we are prohahly justificd 
in counting the !alter as the third of the con,;piruou~ numl·riral 
;~greenwnts which make Bohr's atom-model plausiule 12• 

::\ow Iet us exarnine thc situation again. (Considcring the ah,;tru~c­
lless of these matters, I hope that fcw readers will re~ent thc,.;e fre­
quent repetitions of past remarks.) "\ccepting for thc atom of hydrogen 
(and of ionizcd helium) an atom-modcl con:-.isting of a nudcus and 
an clectron, we ha\'e traced orhits for thc clectron such as entail 
(·nergy-\·alues for the atom equal to thosc of thc known stationary 
statcs. At first we ignorcd l>oth thc c:-.:pcrimental fact that the line,.; 
of hydrogen and tho::-t> of ionized helium ha,·c a fine structure, anrl 
the theoretical likelihood that the mass of the electron ,·arics with 
its spl·ed; and we found that thc orbits are ellip,;es. Later on, we 
took ('ognizance of hoth the,;c things; and we found that the orhits 
are roscttes. Yet merdy to t racc l he orbi ts which yield the required 
energy-,·alucs, the so-called "permissible" oruits, amounb to little. 
It i,; essential to find distincti,·c features which set the permis~ihle 
orl>its apart from all the othcrs-on success in achie,·ing this, the 
wlwle \'alue of the theor~· clepend::-.. 

:\ow at the n:·ry hcginning- it \\'as shmYn that, if wc ignore thc 
\"ariation (lf tlw ma:-~ of tlw clectron with its speed , and if wc con:-.itler 
eirntlar orhits only then thc pennissihlc circular orhits which yidd 
tht• r<'quirl·d l'twrg~ -\·alm·s - R!t 11 2 of the stationary statcs (linc­
s tructure heing ignorcd :) art· tho,;e for which 

(ü!l) 

in which l'<Jllation PrfJ ,;tand:- for the angular momcntum of the motion, 
a nd 11 for any po,;itin· integer; and the integral is takl·n around a eom­
pktl' cycll' of cJ>. 

" l·or tlw l')\Jll'ri nu: nl.d n •suh s a nd tht• <'omparison o f d a ta with prl'clirtions see 
l '. ts< h .. n ..:n·.tt paper (. l 1111. d. 1'/tys. 511, pp. lJUt -'J.tll; 11>15 > which howen ·r is any­
thinJ.: l•lll < ''Y to read, ~~~ tha t Som mt·r ft· ld '" p rt·,.,· nta tion will prult,,l>h- he pn·­
fl·m·d. lik,·"i~c llirJ.: .. ·s artil'lt· 1/ ' hyJ, l<('i'. 17, pp. 51''1 IT, llJ211 to \\hic h 'the s.um· 
w .. r.t-. ·'i>fJly. Tht· a~-:n·t·mt·nb ;Ir<' impn·"in•. On t lw o thc r ha nd I n<>ll' th.tl Lau 
tl. '· stt(mll •·mwlutlt·, from th" sa l1 ll' cl.ll.l t ha t th .. n · is a di s, ,g rt·t' l\lt•nt l•dwt·L·Il 
d,,,,, ancl pr ... Jiction~. in tla· ~.lllll' Sl'll"' and oi ahout t hc >a me magnitude a s thc 
dj".,).;rt't·mt·nt 1\hidt ht· cl • .im~ to onur in thc hyd rogen spCl' I !'Ulll , 
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lt \\,1' 111''1 ,..ho\\11 th.tt \\lll'n \\l' llt.lkt• .dlo\\,IJHt' ior tht' \oll'i.lltlll 

11f tht• 111.1'" "f tlu· t•lt•t'lfllll \\ ith it-. "Jit·t·d. tlwu tllt' pt"rmi-. ... il•lt· rt~-.1'1 lt' 
mhit~ \\hil'h ~·il'ld th1• fl'ljllirl'd l'lll'fl:\-\,dllt'~ 11i tht• -.t.1tion,1n -.t.lll'"' 
{lillt' ~lflll'lllrl' lwing l.lkt'll into oll'l'tllllll 1

1 ,lfl' tho~l' for \\ hid1 

in \\ hil'h t'IJII.Ition~ p, .111d P<t> ,..t,lltd for tlw r.uli.1l .111d <lllglllar 11111-

llll'lll.l tlw lllt~llll'llt.t l•1·lt~nging to tlw \'.Jrialtll'" r and c:> n'"'lll'l'tin·ly 
.tnd 11 1 .111d 11~ f11r .tny P""iti\ L' intl'gl'r,;; anti thl' intl'gral,., <trt· t.tken 

.trollllll t'lliiiJlll'tl' 1·ydl',; 11f r .tnd ~ re,.pl'Ctin:ly. 
rlw l'tjll.ltion,; (1111 Iook likL· a \·ery nalur;~l and pll'a..,ing gl'lll'r.tl­

it.ttion of thl' L'tjll.ttion (ti!t). lt i,.; l'"""ihlc t•• go ,.;omL·wh.lt furtlwr. 
l't~n,-ider th.tt, whL'll thl' elet:trou wa,; ::;uppo,..ed lo lllll\'l' in .t cirdt', 
it,. po,ition w,1,.; ddined hy one \·ariahlc 4>; and tlll' permi,..,..ihlt• l'in·le..; 

\\l'rt' dl'tl'rmined ~~~- onl' integral. Furthcr, whcn thc L"il-ctron w,t..; 
'"JlJlll:-1"<1 to 1110\l' in .1 ro,..cttc, ih po,.;itirlf) wa,; defuwd hy two ,·ari­
.thiL"' r .111d ~; ;~nd the permi..;:-ihk ro,..eue;; werc dctermined hy two 
intl'gr.lk :\ow whe11 the elcctrun i::; ::o.uhjectcd. for in,.,t.tnn•, to an 
uniform m;~gnetic tield supcrpo,.;ed upon thc tield of tlll' nudeu..;, 

it,.. moti1111 i,; thn·e-dinwn~ion.tl. Three ,·arial•lc,; arc required to 
tll'lirw it,- po,..ition; for in..;tanre. the \·ariable,; r, 0 .1nd Y, of a polar 

coonlin.lll' "Y"Ielll with ih pol.tr a'\is parallel to thc direction of the 
magnetic tield. Three correspnnding monH:nl.l p,, Po and P.:. ran 
lll' dcfmed. lt ,-ecms nalur.tl to generalizc from (ti!l) throngh (itl) 

to .1 tri<HI of equation,.;, anti ..;ay thal the permi,....;ihle orbit" are thO:'l' 

f"r \\ hich 

(p,dr=n 1h II) 

in which equatilllb 11 1, llz, 11 3 all ..;t,l!ld ior JH'"''"·c intc~::er,.., and thl' 
intl'gr,.J,.. .tn· t<th·n annmd Ct~lllpl!:te cycle,., of r, 0 and 1/- rl'.;pL·cti,·ely. 

\\'hen thi,.; j,.. done for the ..;pl'rihc ca,.;e oi an elcrtron moYin~ undcr 
the comhined intlucnn· of a uniform magrwtic lield and the lield of a 
nudl'll..;, thc rbuh j,.. l'lltirely ,.;ati~factory. Thai i,.. 10 ,.;ay: \\ hen thc 

pl·rmi,.,.ihle orhit,- are dett'rmined hy "'in~ the l'qll<ttion,.; (il) upon 
tlll' general type of t~rlai t dl'..;nihL·d in ,.;L·cti11n J I, and wlwn thl'ir l'lll'rgy­

,.,tltll'" ,lfl' r,deul.!ted. it i.; ft~und th.11 thl'y agree n·r~ \\l'll with the 
nh'l'f\'t•d L'llergy-\ .dUL'" of thl' ,..t,ttit~n.tr) ,;t.IIL'" of hytlro~-:en in a 

lii.Jglll'til' til'ld. Thi,. lll.IY l1e re~.1nlt-d "' tlw iomth of thl' numcrical 
.lgn·l'lllt·nt, "hich fortify Ht~hr',.. att~lll-lll()(lel. .\ ... I ~h;dl l'nd this 

(>.lrt of thc pre"l'lll artidl' l•y a prl',..l'lll<lti"n of tbe l'ITl'ct 11f thc 111.1g-
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nctic fielt! made in a some,,·hat different manncr, I resen·e thc tlctails 
for thc following scnion. 

Yet it c;mnot bc saitl that <'quation (71) is the uttcrancc of the 
much-dcsir<.'d General Principle, of the distincti,·e feature par cxccl­
lcure which sets all pcrmissihle orhits apart from all non-permissible 
orl>its in en~ry case. The Jllost that nm he saicl is this, that equation 
(71 ) , if properly interpreted, is thc wielest partial principle that has 
yet !wen clisco\·eretl. But it suffers limitatiuns. I ein not mcan, as 
might be thought, that cases ha\·e Ileen tliscm·ercd in which the per­
missil>k orLits tleterminetl hy such equations as (71 ) han• energy­
,·alues not agreeing with those of thc obsen·ed stationary states. 
The difficulty is , that cquations such as (71 ) cannut en~n he formu­
lat<.'d in many cases , hecause the necessary mechanical conditions 
tlo not exist. 

This matter is a hartl one to make clear; but the Iimitation can 
IJc at least partially e;o;pressed in the following way. Ren·rt to thc 
cquations (70) which were applied to the rosette orbits. The f1rst 
of the integrals in (70) is to !Je taken m·er an entire cyciL' of thc , ·ari­
ablc r. J\ow it was said in scetion J2 that the periods of thc two 
\'ariahles r and ct> arenot equal, anti in g-eneral they are incomn!E'nsur­
aLle. \\' lwn the \'arial>le r deseribes a complcte cyde, r a nd dr . dt 
both return to their initial ,·alues; but ct> and dct> dt do not han', at 
thc end of the cycle of r, the samc \'alues as they had <1t its l>egin­
ning-. lt follow::; that if p, dcpends on ct> or on dct> ,'dt, thc 11rst of thc 
two integrals in cquation (70) will ha\'e di!Terent ,·alucs for diiTer­
l'!lt cyclcs of r. lf so , the conditions imposed upon the permi:-;sihll' 
orhit s hy (70) would ha,·e 1111 meaning. The comlitio ns haH· a 
meaning-, unly if cadt of the integ-rals in (70) has thc same , ·alm· 
for e\·ery cycle of its variahle- thercforc, only if p, cl<.'pcnds on r 
only, and P<J> dcpL'nds on ct> only. Ami in gcneral, such a set of C"qua­
tions as (71 ) has a mcaning, only if it is possihlc to find <1 sct of \'<lri­
ables such that the momentum corresponding to each uf them dept'lHls 
on a nd o nly on thc Yaria!Jil' to which it corrcsponds; or, in technical 
la ng-uage , only if it is possihle to eilen scparation of mriablcs. 

Separa tion of variables is possi!JIC' in some cases , and in othcrs it 
is not. \\'hcn the pcriod~ of all thc , ·ari<ll>les are cqual, as thc~· arc 
whcn \H ' imag inl' an electron of changelcss mass re\·oh-ing- in an 
in n·r!'-e-sq uarc fll'ld, it is clcarly always possible; the tlifficulty dc­
~ni ! Jl·d in the foregoing paragraph d()cs not occur. In the othcr 
ca!'-l'!'- ''hielt I ha Ye outlincd- whcn thc elcctnin is imagincu to mm·c 
in an in\ 'l' l'!'-l"-~q u are lield accorcling to the laws of r~lati, · istic me­
ch;mil':<, ;tnd wlwn it is imagined to mo\·c in a field compouncled of 
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.m inn•r::-t•-,..qu.tn• tidd .111d an uniform lll.l~lll'lic li1·ld -.cp.1ratin11 of 
\',lrial>k,; i,- pn,..,;iltlto. For thc,..c ca,..l',;, thndon·, thc cnnditiuns (iO) 

.md til) ;m• applirahlc .• tnd lt.t\l' uw.tning. 
Tlwrc j,; ont· othcr important c.1-.c in which it i,; P'""'ji,Jc "" to ,.dt'l'l 

thc \·arial•ll',; th.ll ::-cp.tration (-.111 lll' l'ITcctcd. Thi,; i,; the ea ... t· of an 
ckctron llln\ ing .wcurding tn the law,.. ni :\t·wtnni;m medt.lltic,; in ,1 
tidd c·ompe~UIHied e~f .111 inn·r,-1•-,;qu;trt· li1·ld and .111 uniform t'll'l'trit.: 
lit·hl. ;\ lthnu~h the motion i,. thn·t·-dillll'll,.inn.d. and thrt'l' l'nnnli­
n.lll'" .trc required and ,-ul1ice to dckrmine it, thc,..c thrt·e rourdinatl'" 
may not Iw dto,..t•n at random; and the thrce oll\·iou,.. ont•s would Iw 
worthle,;,; fur nur purpo::-t'. lf \\l' ,;lwuld rhoo,.t• tlw polar coonlin;ttl·,; 
r, 0, and .J, t'lllplnyt•d in formubting thc t•quation,; Ci I), \\e ,..ll<luld 
find that thc momt·nt.l p,, p,1 ;md Po~ dn not dqwnd eadt e:xdu ... in·ly 
upon thc \·ariable to which it corn·,;pond,;. Thc pmcL·durc to l1e 
follcmcd j,.. anything but ohYicJu,;; !tut Jacohi fotllld th.lt if paraholoidal 
coonlinall'" are uscd in,;tead of polar, ,..cparaticm of \·arialtlc,; can he 
eiTected. t >nc must ,.i,..ualize two f;unilics of coa.'\ial and nmfoeal 
par;lholoid,;, thcir comnwn fcwu,; at tlll' nudcu,;, their no,;c,; pninting 
in uppo,..itc dirl'rtion,.. almtg their ce~mnton a:xis which is the linc drawn 
throu)!h the nudcus parallel to thc cltonric fielcl. Thc po,;ition of 
any point through which tlll' ekctron may pa,;,; is gin·n hy thc para­
nwtt•r,.. ~ and 71 of thc two paraholoid,; which intcr,;cct at that point, 
and hy an angle q, dclining it,; azimuthin thc plane normalto tlw a:xi,;, 
quitt· likl' tlll' angll' 1/; of a sy::-tem of polar coonlinatcs. \\"hen thc 
motion nf the clcctron is e:xpn•,;,.l'd in term,; nf thcsc cnnrclinatc,;, the 
corre,..pomling momcnta PE and p'l dcpl'nd only upon ~ and 11 rC,..Jll'C­
ti,cJy and P<t> j,. nmstant; hcnn· thc intt·grals takcn m·cr cycle,; nf 
~. 71, and ttJ n·,..pl'Ctin·ly, on thl' right-hand side,.. of the equaticllls, 

(i:2) 

ha\'C definite mcaning,., and the l'!fll.ttion,; tht·nbl'hes cldine partil'u­
lar orhit,.. EJbtcin clctt·rmilll'cl tlll' orhit,; ddined hy the~e <:qua­
tion .... ;md cakubted thcir cnergy-\'alue,-. Thc,;e agrcl'd \\eil with 
the l'lll'rgy-v.tlm·,; of the ,;tationary ,;tatl',; of hydrogen in an eketric 
ficld, inferred from it:- "I)(.'Ctrum. Thi,; i~ the tifth of the ,;triking 
nunwrical ;tgreemcnt,; upon which the nt·dit of Bnhr's at0111-nwdd 
chictly dt·pt'lllb 13

• 

u ~,.,. Ep~tein's artide (.11111. d. Plrys. i(), pp . .JS'l-5211; 19th I, or lhc mor .. per­
splcuou, arn111nl I.Jy ~l!llflll'rf,•lcl, in 1\hlch il is sl,tic'cllh.tl the p.lll~rn of lht• com­
poncnts inlo which thc tin•l four lim·s uf tlw lblnll'r ~erics are rcsnln•l by thc clt-ctric 
fidel a~o:n·c·s wilh thc predictiotb !>0 f;tr ,\, lhe nrunbcr ancl rdati\'c sp;u·in)>:~ of lhc 
componcnb arc concerrw<l: \\hilc lo at1.1in aJ::rcemcnl in reg.ml lo lhc absolute 
spaciny:s, it is nen:ssary only lo ,,,~nmc lh.al St.1rk's l·,timale uf lhc ficld w;1s 3', 
in crror, which is quitc easy Iu acccpl. 



BF.U. SI'STF.Jl TECJIXICAL .TOL'R.\'.·IL 

lt i~ important to note that if we had made allowance for the ,·aria­
tion of the mas~ of the electron with its speed-if in other wonb \H' 

had u:-ed the equation~ of relati,·istic mechanics, which are prohably 
the right one~ to U~l~~eparation of \ ·;uiables could not ha,·e !wen 
dTected either in this paraholoidal coordinatc-system, or in any 
other. Yet the stationary statcs are found hy cxpcriment to he 
sharply dl'lined, and to ha\'c approcimately the cnergy-\·alues deter­
mined !Jy (72 ). This can mean only that the desired General l' rin­
ciple for determining thc pcrmissihlc orhits is not complctcly exprcssed 
hy such sets of equations as (11) or (12). T hose equations arc \·alid 
only for systems of a certain kind (those for which separation of 
\·ariahles is po~siblc). The \,eneral Principle must be \'alid for 
systems of this kind and the other kind as weil. For systems of this 
kind, it must hecome equi,·alcnt with the conditions formulated in 
(71) and (72)-t he General Quantum Conditions for Separahle 
Systems. Or at least , the results to which it Ieads must he indis­
tinguishahle from the resnlts to which these Iead. The General 
l'rinciple for systems of e\·ery kind has not been disco\'ered; perhaps 
it docs not exist. Bohr is stri\'ing to infer it by generalizing from 
the third of the properties of the permissible circular orhits, which 
I mentioned in Section H aml expressed hy equation (23). He has 
attained somc notable successcs, which I hope that it will he possihle 
to cxpound in the Thinl Part of the article. 

L .:\1.\c;.:-:ETtc I'Rol't·:RTtEs OF THE .-\Tmt 1\lollEL 

.After this rather arduous pilgrimage through a succession of abstract 
rcasonings, the reader may wclcome an accmmt in simpler fashion of 
thc manner in which Bohr's atom-model is adapted to explain the 
l1eha\·ior of thc atom in a magnetic field. This is an alternati\'e 
nwthod of arri,·ing at the same results as are attained hy means of 
l'quations (11 ). 

lt was sta ted in section I ~U of the First Part of the artide, that the 
~I)('Ctrum of a radiating suhstance in a magnetic ficld indicatcs that 
thl' field acts hy replacing each of the stationary states, which the 
substance po~ses:.es whcn therc is no magnetic lield pre\·ailing-, hy 
two or morc lll'W sta tionary sta tcs. The energy of each of the new 
"lationary statcs ditlers from that of the s tationary state which it 
repbres, hy tiH' amount 

j.['=srllh -lrriiiC 

in whidt II stands for the magnctic lield strengt h and s for an integer, 
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whi.-lt 11111-.t !"'""'"'' !\\10 .,r lllttn· \,dll<'" -.p.uTd .tt lllll'r\.11-. of lllll' 

111111 '•. 
Tht· .lllllll·IIIIKll'l \\hirh \\1' h.l\1' lae1'll tli-.,·11-.-.ing .11 -.udt 11·11gth 

I'~>IJ-.i-.t-. of <111 eln·rrun •·irn1bting in .tn 1·lliptiLd orltil .tlu•lll .1 -.t.t· 
ti11n.tn nuclcu-.; tlw lllinnr \.triatinn-. dtll' ltt the \.Jriation of t}ll' 
m.t-.s 111 uf the t·lectron with it,.. '-1~~''''1. .tntl to tlll' motiull of th1· nudelh, 
.trt· llt>\\ of romp.ar.tli\ eh lit tll' illl)lllft.llln·. .\11 ekl"lroll «'ircui.Jttng 
in ,1 d""l'd orl•it \\ ith fn·qut·nc~ " p.1 .... ,..,.,.. " time-. pt·r "''I'OIId through 
.111~ l"•int of its orh1t, "' th.tt tlw f"h.trg1· p.t-.,..ing per "l'l'ond through 
.111~ :-urh pnint i .... equ.tl to th.1t whwh would I'·'""· if o1 continnou .... 
f'Urrent I= 1'11 c (tlH'~bllred 111 dt·l·trom.tgnetil' unit-.) \\t·n· llo\\ in~-: 

.trountl thl' orl•it. :\n\\ a l'llrn·nt /llo\ling l'fllltinuou-.ly .tn•und the 
1 urn· l•ouuding .111 area .-1 j.., t'<Jlli\ .tlt·nt so f.tr ·'" it ... fwld ;1t a tlis­
t.tnn· J.:lll'S to a magnct, of \\ hich tlll' nl.lgnl'lil' lllOI11l'lll .1/ i ... tlirct"ll'd 
nornt.dly 111 thc plane of tlll' t·un I' and i .... •·qua I in rnagnitutlc to /.1. 
The art•,J of an dlip,..e of \\ hich tlw major <txi .... i .... dcnntl'd l•y ll anti tlw 
minor a ,i,.. b = u \ I t~ i.... t•qu.tl to 7Tilb = r.a 2 \ I - t~. I h·nn· tlw 
ma-:nt·ti•· monll'nt 1.i tlw .llom-nlollt-1 j,.. t·qual t" 

l'i l) 

Furtlwr \\t· h;,n· ... ct·ll. l,y l'IJII.ttion:-; (:fl , and (1:!1. th;tt thc .lllgular 
monwntum oi thl' elef'tron in its orl1it is cqu;Jl to 

(j',)J 

( ·.,n,..t·qul'ntly 
.\! P=r '2mr (7ti) 

.1 rather -.urpri .... ingly ;;implc n:lation 1 

\o\\ \\hcn a magnl't of monlt·nt .II i-. pl.tred in a m.tgnetic tield 
11f ftl·ld- ... trcngth JJ, it ;llquins a n·rtain potl·nti<tl energy j,[' in 
additi1111 to the intrin .... ic energy \\hich it pc>:-'-'l'""cs whco orit·ntcd 
n<Jrm.llly to thc ficld \\ l11ch dcpend" on thc angle 0 l•etwcen thc 

"l"nlik!' .omc of rlw prc·c·ctlin~o: cl..rivalions, rhis tla·ory i,; not ,.,,.c·ntt.tlly limitc·cl 
to tht· ra"· ol an atom-IIH>d.-1 t·on~i,rin~o: o( a ncwl .. m; and onc· l'l•·•·tr<HI. II tht·n· 
;cn• '''\Tral t'lt·nrons c),.".·riltinJ,: t'lo,c ·d orltit,, thl' L.trmor prt·n·,,ion .alT•·• ts I h.-m 
id•·nlic.tlly; or, olhc·n"'' pul, rh•· m.IJ.:IIt·tic· fu·ld trt·.cts lhl' at•~m .b a unit h.cvi11;: 
.tn an;:u\;cr monll'ntum and a m.n:nl'ti< mom<·nt c·•tu.tl n·st"'' tl\• ly '" lhc· \"t•cton.tl 
~ums ollhc• .~ngul.cr monwnl;c and tlw m.c;:n .. ti,· mom•·nb of th1· indivitluall'l<'< troth. 
l11 l.u I lht·lw-.1 n·rification of Ii.~ j, ol.t,aim•cl from tht·lim·s f,dcm;:ina.: lo thc· -ina.:lcl 
•Y•lt'flh of n·rt.cin llll't.tl-., 11 hi.-h cli,pl<l)' "normal" l.<·c·m.cn df., 1 I Iw .-llt·< I lo 
whic h thas tht·ory is ;u);q•ll~l. \\ tt h .cnc,rn.tlou-. /.n ·man l'lft·cl, .a;,;.tin~t whwh I hi, 
thc:ol'\ j, p<•WI·rlt.,.,, wt· an· n••l now r•Hu·•·rni"l. ln lhl' c.c"" o[ h\llf"l-!1'11, tlw c-!ll'l • 
JS c·ocnplw.~lc•l J.y thc tim· stfll< turt· of th•· hm·"· \\ith -.m.dl m.ll(llliJ<" ft<·lcl-. 11 J• 
normal, .11 lt•;t•l ,..> l.tr ,., tht• oh"'-·n.ttion• ;:o. Earh of tht· Iw•> ''·1111111.11'\ •l.tlo·-. 
t•f "hir·h lht' t·n•·rJ;!"y-v.l.IIJ'•" itrc Cl\t·n h~ f,! and t,_:, j, rt·pl.•r• d ·,~ 1\\ o ur Hlllrt·, 
t·onfurrnin~o: to 7.~ . 
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direction of its magne tic moment anu the direction of the field, and 
is given by 

j, u = J[/ I ('OS (J (Ii") 

According to equation (13), the obsernu ~tationary ~tatcs of hydro­
gen atoms in a magnetic field hm·e specific ui~cretc cnergy-\·alues. 
These must corrc~pond to specific uiscrete values of the angle 8; 
the oriwtation of thc atom in the magnetic field must be constrained to 
certai11 particzt!ar dircctious, an extraoruinary iuea! \\'c asccrtain 
these "pennissible directiom;" by equating the two ,·alues of ::." U 
figuring in (13) anu (Ii" ) , obtaining 

seh 1 -1 1rmc = J/ cos (J 

into which we then inioiert the expression for J/ in tcrms of p: 
sh 21rc = p cos 8 

(i"S) 

(i"!l) 

\\'e have experimentcd at length with the notion that the angular 
momentum p of the clectron in its orbit i~ constrained to assume 
only such values as are integer multiples of h, 211"; Iet it he intru­
duceu herc also. lf p=kh. 21r, thcn 

s =k co,.; ll (SO) 

Thc angle 8 may assume only such values, as will gi,·e to the quan­
tity s=k ('OS (J two or mure Yalues, uiffering by Olle unit. For 
instance, if k= 1, thc Yalues 8=ü0' and 120" will suffice. 

This, t he most spL·ctacular of all the remarkable con~equences 

of Bohr'~ interprctation of thc stationary states, is also the only 
one which has e\·er heen clirectly Yerifieu. 

Thc verification has not been made upon hydrogen nor upon 
ionized helium, but upon thc atoms of ccrtain metals 15• I shall therc­
forc rcsen·e thc account of it fur the fullowing sections of the artidc, 
whcrc a lso there arc ccrtain other reasons for uesiring to put it. :\'cYcr­
thclc~s. the re:uler should he aware of it at this point. 

1 ~ I ~:ave a n accotull of 1 hc <"arlicst of thcsc cxpcriments in thc firs t artidl· of 1 his 
scrics (This J ourna l, 2, Onobt·r, I'J23 : pp. 112- IJ.! ). Tbc suhsl'C(IIl"lll cxpcrim<-nl s 
ha1·c a dde<l no thing fundam t: nl a lly nc w. 

(To be continued) 



Electric Circuit Theory a nd the 
Operational Calculus 

By J OHN R . CARSON 

:\on. This is llw lirst uf rhrec insl.tllmcnb "'" :\Ir. C.tr-'>11 whid1 will 
emhotl~ m.tlerial ~iven hy him in .1 t'nur,t• of lt'ctitrt's .tl !Iw \lnnrt· '-.-hnol 
of El .. ctric,tl En~int"l'ring, l'niwr~it~· nf l'cnns\"1\,mi.t, \l.ay, 1'125. :\o 
dlurt h.t> ht•t•n span·d hy the .lllthor to makt· his tn·.atnll·nl dl'.tr and ,,, 
,implt• .ts I hc suhjed lll.tl!l'r \\ ill pcrmit. The llld hod of pn·-•·nt,JI ion ;, 
dt,r ineuvdv pl'd,a~o!-:ic. Tu elt•ctric.tl t·nginl•t•rs .anti to t"ll).:lllt·t·rin~ in­
~lruc!ors, thi, t''\l)(bition of tlw fnrul.mwnt.ds of dt"clric cin·uit tlworv .11111 
thl' opt·r.ation.d calt-ulus shoultl bt· of !o:rt'.tl ,·.tlut·.-Et>tTOK. · 

FoREWoRo 

T HE_ following pagc:o._ crnbud~:- !'uhsta~ti;~lly <JS dl'li~·crcd. a COllr>'l' 
pf hftl'l'll lectun·>' gnTn dunng tlw Spnng of I!J~.l at tlw :\loore 

Sdrool of Electricd Enginl'cring of the l'nin·r,.ity of f>l'nnsyh-ania . 
. \ftl'r a hriei introductinn to the >'llhjl'ct of l'let·tric circuit theory, 

thc tir>'t chapll'r>' are dt·\·otcd to a sy:o.tematic and fairly eomplcte 
l'xpo>'ition .l!lu critiquc of thc ll ea\·isidt· Opt·rational Cakulu>'. a 
rem.trkahly uin·l'l and powerful nll'thod ior tlw solution of tlw diffl'r­
enti.rlequ.!lions of electrie circuit tlll'ory. 

The nanw of ( >lin·r lll·a\·iside is known to cnginecr,. thc \\orld on:r: 
his operatinnal calnrht>', howen:r, i>' k nown to, and employed IJy, 
nnly a relatin-ly few :"pecialists, and this notwithstanding its n:rnark­
.rhle properties and \\ ide applical1ility not onl~· to dc-ctric circuit 
theory hut abo to the ditTerl'nti.d equations of mathematical php;ics. 
ln thl' \Hitl'r's opinion this neglect i,; due kss to thc intrin,-ic dilli­
eultie" of the subject th;rn to unfortunate ob,-curitic-s in lh·aYisidc'>' 
o\\ n t·xpo,.rtrnn. l n thl' pn·,.ent work the operatio11al calculus is 
madc to depl'nd on an intl·gral equation from whil'l1 the ll cadside 
Ruft.,., and Fonnulas are ,..imply hut rigorou,..ly deducilllt'. l t is thc 
hopt• of tlw \Hiter that thi,- modt• of approach and l'Xpn,.;ition will be 
of sen·ice in "ecuring a widl'r u,.1. of tlw opt•r;Jiional calculus hy en­
gineers aml phy,.icish, and a fuller and m ure ju,..t appreci.rtion of 
ib uniquc <Hh·antagl·s. 

The ,.ccond part of thc pn·,.cnt work deab with <Hh·anccd prohlems of 
electrit· eircuit thcory, andin particul.rr \\ ith the thcory of the pmpaga­
tion of nrrrent and \·oltagc in electrical tr.ltlsmi,..,..ion ,.;y,.tcnJS. l t i:; 
hopcd th.1t thi,.. p;rrt will hc of intl'n·,.t to dt·ctrical l'ngim·t·rs gener­
ally hl'l'.lll,..l', '' hilt· only a ft'\\. of thl' n·,..ulh an· original with the 
pn·,.cnt work, mo,.t of the tran,.mi,.,.ion theory dealt with is to bc 
founu only in ,..t·o~ttt-n·d mt·moir,.., and therc aeco1npanied by formid­
.rblc mathcmatic.tl dillicultil',.;. 
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\\"hile the nw thod of :-olution employed in the ~econd part is largely 
that of thc operational cakulu:", I han' not he"itateu to cmploy 
uen·lopmc:11 ts a nd extensions not to he found in H<:>avi~idc. Fcr 
exampll', tlll' formulation of the problem a~ a l 'oisson integralequation 
is an original developnwnt which has pro,·ed quill' usdu l in the actua l 
numerira t :;olution of complicated prol>lems. The sanw may bc said 
o f the Chaptcr on \'ariaiJie Electric Circuit Theory. 

Jn vicw of it,; two-folu aspect this work may therefore be rcgardeu 
either as an exposition anu development of tlw operational calculus 
with ;1pplications to clcctric circuit tlll'ory, or as a contriiJution tu 
;\(h·anced electric circuit thcory, depending on whether the 1eader's 
viewpoint is that of thc mathematician or the cngineer. 

I han· not atll'lllpkd in thc text tu gin· adcquatc reference to t lw 
Iiterature of the sul>jl'rt, no\\· fairly cxtensin·. Jn an appl'ndix, 
lwwen·r, there is furnished a Iist of original papers and menwirs, for 
which, howen•r, 110 daim to completeness is madc. 

CH.-\PTER I 

THE Ft:~Jl,\:\IE:\TALS OF ELJo:<'TRIC CIRCUIT THEOR\" 

\\'hile a knowlcdgc, on the reader's part, of thc elements of clet:tric 
circuit theory will !Je a ssunwd, it scems weil to start with a IJrid 
rL·view of thc fundamental physiral principlcs of circuit thcory, the 
mode of formubting the cquations, and somc generat theon:ms which 
will prm·c usdul suhscquently. 

First , the circuit elelllenls a re resistanccs, inductances, and con­
densers. The nl'lwork is a connecled systcm of circuits or branchL·s 
each o f which 111ay indude resistancc, inductance and capacitancc 
ekmcnt s togethl'r with mutual incluctance, and mutual Lranches. 

Tlw equation,; of circuit theory may hc cstaiJlisheu in a numhcr 
of different ways. For cxample, they may be IJascd on l\[axwell's 
dyna mical tlll'o ry . ln acco1 clance with this method, thc nctwork 
forms a d yna mic sy,.,tl'!ll in which the currcnts play the rolc of vdoci­
ties. 1f \\'L' thL·tdorl' "d up thl' expressions for thc kinetic cnergy, 
potentia l energy and dissipation, the network equations arc deducible 
frou1 g<'ll l' ra l cl ynamic eqnatinn,;. 

T lw sim pk•,., t, and for our pu1 po:<l',;, a quite satisfactory !Jasis for 
tlw <·quat ious of circuit tllt'ory arc found in Kirehhoff's Laws. These 
l.m·,., ,;tate that . 

I. Th(' total im p rl'ssed forcc takcn aroUIH.l any dosl'd loop or 
ci11·uit iu tlw Ill'twork is l'<Jllal to thc potential drop dm· to (a) rcsist­
aun·, tl>) inductiYt' rcac tion a nd (c) c;lp:tciti\'e reactance. 
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'' Thl' ~~~~~~ .,f tlll' cu•n·uts l'lltl'riu!-! .111~ hr.tnch point iu thl' lwt­
work is .d\1 .tys /l'ro. 

I.d 11~ ""'' .1pply thcst• l.tw~ to an l'lt·n~t·nt.tr~ t·irl'uit in onh·r lo 
deducc thl· ph~sic.!l l'ignilic;llln: of tlll' t·irl'uilt·h·JIIl'llt,... 

( 'orbidl'r .tn ell'llll'lll.Jry eircuit \Oihisting of ,, n·,..i,.t.tnn· eh·nH·nl 
R, .111 indnct.JIIl'l' l'lt·nwnt L and a 1\tp.wity elernent C in ,..eri,·s, .111rl 

Iet oll! l'll'l"trnrnotin· forl'l' 1·: IH· ;IJ>plicd to thi~ circuit. I f I dt'll<ltl' tlll' 
n1rrent in the eircuit, the re..;ist;lllec drop i:; Rl, tlll' induct.IIH'l' drup 
is Ldl dl aml the drop acn•,..~ tlw l'lllidl'n,..t·r i~ (J C \\la·r!' (J is the 
ch.1rge on the conden,..t·r. lt is e1·idl·nt that () and I ilfl' rl·lall'd h~ thc 

cquation I =d(> dt or (> = Jlt!t. .:-\o\1 .1pply KirdliwiT',.. l.m rel.1ting 

to thc drop o~round the circuit: it gi1Ts the t•qu;ltion 

RI+IAI t!t+(> C=E. 

:\Iu ltipl~ hoth sidl'"' hy I: \Yl' gl'l 

Rl~+ d I LI' t- d (F =l~l. 
dt :! II :!C 

The rkht h tnd ,..idc j" dearly tlw rate at whieh thc imprc,..s!'d foree j,.. 

deliH·rin~ energy to thc circuit, while the ldt hand ,..ide is the rate 
at which erwrgy i::: heing ahsorhed by thc circuit. Tlw lirst terlll 
RP is the rate at which eiectricalerwrgy is heing corn<'rtccl into heat. 
llencc t hc resistarwc eiement may hc dcfincd as a dl'1·ice for cnn-

. I . I . h 'fl ·' d I ll" . I l"l'r!lng e l'l'trwa encrgy mto eat. 1c Sl'l'Ollu tcrm dl 
2 

~ · ,,.. t lC 

rate of increa;;e of thc m;rgnl'lic t·ncrg-y. llen n: thc inductance 
clcment is a de1·ice for storin~ t·nt·rgy in thc magnetic lit·Itl. Tlre 

thinl term 1~1 Q~ 2C i,; thc rate of inc-rease .,f the electric energy. 

Hcnce thc condelber j,.. a dl'\ in· fnr storing l'lll'rg~- in tlll' eleetric tielll. 

I n the foregoing wc ha1·c i,..otttl·d and idealizl'd the circuit ell'nll'nts. 
Actually, of cnurse, en·ry circuit clerncnt di,;sipates :o.ollll' energy in 
thc form of heat and store:-. SOilll' l'lll:rgy in the magnetic lield and 
"omc in thc clcctric lield. Thc analy~i,.; of the actual circuit eienll'nt, 
howen·r, intu thrce ideal components is quite conn·nicnt and u~cful, 
and ~hould Iead to no mi,.concqH ion if proper!~· in terprcted . 

.:\ow con,..ider thl' generalform of net\\·ork po~,..c~~ing 11 indt'Jll'IIOcnl 
me,..he,; or rircuib. Let tl::> rHtmher t lw-.e from I to 11, and il't the 
corrc,..ponding me::oh curren h l1e dl'noted by I,, l2 .... In. l.ct 
eiectromotive forcc,; E 1, E 2 •••• E., be applietl to thc 11 rncshc" or 
circuit::. rc~pecti,·ely. Let L,j, R., C denote thc total indurt.mce, 
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rc i»ta ncc and capaci ty in :-cries in mesh j a nd Ie t Lik, Rik, Ck dcnot c 
thc corrcsponding mutua l c lc mcn ts hetwccn c ircuit j a nd k. X ow 
writ c d own Kirchhotr's equation fo r a ny circuit or mc»h, say mesh 1; 
it is 

(Lu :t +Ru+ C!
11
Jdt) 1,+ (L 12 

1
1t +R1 2+ /,2/ dt) !1+ 

.... + ( L,n :t +R,"+ (.~,,;/ dt) ! " = F. , 

Corrcspondin g- cquatio ns hold for each and cYcry one of thc 11 

mcshes of thc nc two rk. \Yrit ing the m a ll down , wc havc the systcm 
of equat ions 

(!. ,, 1

1
1 +Ru+c1 Jdt)I, + ... +(L ,"!!._! +R,"+ -c1 { dt)l"= F. , 

1 / II l( !n • 

------ -- ----- ---- ------ - - -- -- - - -- -- -- - - -- - - ( t ) 

( L,n :i+R.~~+ ~~~ ~ ~dt)I,+ . . . + (L nn ~+ R"" + (_!"".frit)l"= E" 

Th e systcm of :-imulta nco us differential C'qua tio n:- (1 ) constitut c 
thc canonica l cqua tions of elcc tri c circuit thcory. Thc intcrprcta ­
tion a nd solution of thcsc cqua tion:- constitutc thc suiJjcct of Elcctric 
C ircuit Theory , a nd it is in connectio n ,,·ith their solutio n tha t we 
fi nd t hc lllO»t cl ircc t a nd logica l int roduction to the Üper.t liotu l Ca l­
culus. 

:\s a n cxa mplc of tlw apprnpriat c modc of settin g up thc circuit 
cq uations , consider thc two mesh network shown in skctch 1. \\'rit­
ing down Kirschha ff s La w fo r mcshcs I and 2, respcctin·ly , we ha,·c 

ln this casc t he sdf a nd mutu<d coefficien\ :- a rc g iYe ll hy 

L 11 = L 1 

Cu = C, 
R u = R. , 

L 22 = L2 
c 21=C2 
R zz= R2 

L 12= L21 = +JI 
c,2=C2,= o 
R,2= R21=o 

T lll' con n ·ntions adoptcd for thc positi Ye d ircc tions of currC' nt s a nd 
\·o ltag1·s are indica tcd hy t hC' a r rows. Thc sign uf thc mutual in­
d ucta nn· .1/ will dl'pend on th t• n ·la ti,·c mode of winding of thc two 
coik 
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:'\ow write down KirchhofT's Law, or the circuit.d cqu.ttion for 
thc IH:twork of sketch ~- Thcy are 

{ (L,+L3)~ +(R,+R3)+ (t~+ A).{dt} /, 
- ( /.3~ + R3+ (~3.(dt) !2 = F." 

- (La 11i+R3+(~3Jdt)lt 
+ { (/.z+L3)~+(R2+R3)+(~2 +~) .feit f /2=F.2. 

l'ompari!<oll with L'fJUatinns (I) !<hows that 

Lu=L,+L3 
Ru=R,+R3 

_!_=1+1 
c11 c1 c3 

Lz2=Lz+L3 
Rz2=R2+R3 

_l_=_l +-I_ 
C22 c2 c3 

L12=L21= -L3 
Ru=R21 =-Ra 

1 
C,2 = f;; = -c;· 

lt should bc obscrvcd that thc signs of the mutual coefficients R 12, 
L 12. Ctz arc a matter of convention. For example if the com·entional 
dircctinns of /2 and E2 are reversecl, thc signs of the mutual cocfficicnts 
arc reverscd. 

Sketch l 

Skl"lch 2 

Thc systcm of cquations ( I ) posscsscs two important propcrtics 
which arc largcly rcsponsihlc for thc rclati\·c simplicity of dassical 
clcctric circuit thcory. First, thc cquatinns arelinear in both currents 
and appliecl clcctromotivc forccs. Sccondly, thc cocfficicnts Ljt, 

R1k, Cjk are ~constants. Jmportant clcctrotechnical prohlcms cxist, 
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in whirh the::>e properlies 110 Ionger obtai n. The solution, hmn·,·cr. 
for thc restricted system of linear equations with constant eoefficient,.; 
is fundam ental and its solution can be e:xtended to importanl pmh­
lcms ill\·oh"ing non-linear rela t ions a nd \"ariable coefficients. These 
c:xtcnsions will be taken up hridly in a later chapter. 

:\nother important prop~·rty is the rcciprocal relation among the 
coeftieients; that is LJ~.:=L~.:J: RJ~.:= R~.:J , and CJk =CkJ. It is casi l\' 
shown that these reciprocal relations mean that there are no coJ~­
ecaled sOU ITL'S or si nks of cnergy. :\gain important cases e:xist whcre 
thc rcciprocal rclations do not hold. Such exceptions, howc\·cr, 
whilc of physical intercst do not affect the mathematical mcthods 
of solution, to which the reciprocal relation is not essential. 

Rcturning to cquation (1) \\"l' shall now deri,·e the cqualioll of 
aci!Plly . :l\lultiply the Jirst equation by !1, the second by / 2, etc. and 
adt!: we get 

( 2) 

Thc right hand sidc is the rate at which the applied forces are supplying 
cnergy to the nctwork. Thc tirst tenn on the lcft is the rate of in­
creasc of the magnctic encrgy 

1 ........ "' ........ """" .. -2 - L.....t L1~.: l1 h, 

while the secund term is the rate of increase of thc electric cnergy 

The last tcrm, 2:2: R11.: l j h, is the rate at whieh electromagnetic 

l'llergy is hcing con\-ertet! intll hcat in the nctwork. Conseqnently 
in thc ellTtrical network, thc magnl'lic cncrgy is a homngcneon:; 
quadratic function of tlll' cnrreuts, thc clectric cncrgy is a homogene­
ous quadratic fun ction of the charges, and the rate of dissipation 
is a homogeneaus quadratic function of thc currcnts . In :\l a:xwell's 
dynamical tlwory of electrica l networks, thcse relations were written 
down at the start and the ci rcuit equations then deri,·cd by an ap­
plicatiun of Lagrange's dynamic equations to the homogeneous quad­
ro~tic functions. 

Rl'turning to cquation::; ( I), we oh:.;ern· that, duc to the prc:<encc of 
the intl·gral :-.ign, thcy arc integro-di!Tcrential equation~. They arc, 
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hmn·n·r, .11 onn.' rcducihle to diiTC'r<'ntial l'qu.tti~>ns hy tht· !'>llh,..titu­
tion I =d(> dl, whcnce tht•y llC'Comc 

( 
d: d ) (er- d ·) . l ••• d
1
:+Rildi +S•• ()•+ .. + L •• ,dP+R."dt +.'it• (>,.=/~,. 

- - - - - - - -- - - - - - - --- - - - - - - - -- - - - - - - - . - - - - - ( :') 

( 1.,..11,:~ + R" I (1, + s. I)(>.+ .. + ( !..,,./;~~ + R~ .. 11, +SM) Q. = 1~ •. 
llerc, .ts a matter of Cllii\Tniencc, we havc writtcn l 'C~r=S;4·· lt 
is uftcn morc conn·nicnt, at least at tlw nubct, to dc~tl with cquations 
t:~) r.ttlwr than (l). 

The Exponmtial Solution 

ln wkin~ up thc mathcm.ltical solution of CfJUations (I), wc :.hall 
start with tlw expom:ntial solution. This is of fundanlC'ntal import­
ancc, both theorctically and practically. lt scrn·s as thc mnst 
dircct introductiun to thc l lca\·isidc I lperational Calculus, and in 
<tddition furnishe:-; the hasi:-; of thc s/eady-sla/r solution, or thc thcorr 
of altcrnating currcnts. 

To deri,·c' this solution \\c sct E 1 = F1e>-1 aml put alt thc othcr 
forccs E~ ... E,. cqual to zero. T his latlt'r rcstriction is a mcrc matter 
of con\'cnicncc, and, in drtuc of the linear charactcr of thc equations, 
im·olvcs no lo::-" of RCllcrality. 

:\ow, corrcsponding to E 1 = F 1e>-1, Iet us assumc a solution of thc 
form 

(j=l,::? .. 11) 

whcre 11 i::. a constant. So far this isapure as::.umption, and its cor­
rectncss must bc \'erificd hy substitution in thc differential CfJUations. 

i\ow if 11 = } 1e>-1, it follows at once that 

!!:._!·=XI·= "AJ/'1 
dt } J J 

.llld 

J I l XI 
ljdl= "A Ii= "A-J1e • 

:'\o\\' substitute thcsc relations in CfJUations (l) and cancel tlw com­
mon factor e>-1• \ \ 'l' tht·n get thc systcm of simultancous cquations 

("AL11+R11+ I, "AC11)J•+· .+(XL,,.+R •• + I XCt~)J,. = F., 

(ALzt+Rzt+l "AC~.>lt+· .+("AL~ .. +R~n+I 'A(z")},.=o, 
------------------------------------- (~) 
("AL~ 1 + R~ 1 +I "AC~.)J 1 + .. +('AL •• + R •• +I 'AC.,.)},.= o. 

\\'e note that this is a sy:;tcm of ,.,imultaneous algcbraic cquations 
from which the time factor ha::; di"appcarcd. !t i::. this that makcs 
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the exponcntial solution so :<impk, since we can immediat ely pass 
from diffl·rential equation~ to a lgebra ic equations. In the::;e a lgebraic 
tquations , n in munber, thcre arc 11 unknown quantitics J 1, • • J". 
These can therdore all hc uniquely determincd. \\'c thus ,.,ce that 
the assumed form of solut ion is possible. 

The notation of equatiom; (+) may hc profitahly simplified as fol­
lows: write 

:111cl wc h a \·e 
.:::u Jt +Zt~Jz+ . . +.::lnJn = Fh 

=~J1 +.::zzJ z+ .• +.::2nJ" =o, 

.::"IJ t+.::"zJ2+· .+.::""J" =o. 

fhc solutiun of this systcm of equations is 

I- Jfit(A) F - J/j~ F 
)- D (;\ ) )- D I 

:~.nd 
l j = .lfit }\/'t = F1 i..r 

D Zj1 

~\'here D is thc dcterminant of the cocOi cicnt s, 

:nl Zn~ •••••••••• .=nn 

(5) 

(G) 

(i ) 

and J/J1 is thc cofactor, or minur \\·it h proper sign , of thc jth column 
tnd first row. 

r shall not attcmpt to discuss thc thcory of dcterminants on which 
this sulution is l•ased. 1 \\'e m.:1.y twte, howc\·er, onc important 
r ropcrty . Since : ik =.::kj , Jli~< = Jhj. From thi s tlw Rcciproca l 
l'hcurcm folluw s inuncdiately . This may bc statcd .:1.s fol lows: 

If a force FeX1 is applicd in thc jth mesh , or hranch, of thc nct-
1\·ork , thc currcnt in thc kt h mcsh, or bran ch, is l>y thc forcgoing 

~fki, XI 
D /·(' . 

:\ow a pply the sa nw furre in the kt h mesh, o r brauch, thcn the cur­
re nt in the j th nwsh is 

1 l·.ur ·• n· nark.thh- conci~t· .wd ,. t:n p lt-1< ' di~·· u ~si· 111 ol 1 hc cxputl<'tll ial solul ion 
l•r a11l .,f lht· lheun of tll'll·rn.inanl s, "''' C i,oid .ol ()"· illations, Trans.:\. I. 1 ~. E., 
1(111, h~ ( •.. \. Cunphl·ll. 

•· 
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rnanp.lring tht·,e t'\(lfl'"i"ah .uad n·nH·nal•cring tla.tt .lh = .\1 1•, it 
f.,llll\1" th.at tlw currnlt in the ~·th l>r.mdt l't>rn·~p(lnding to .llll'\po-

11\'llti.d imprt·"cd t•.m.f. in tht· jth hr.m,·h, is t•qu.d to tlw t'IIJTt'lll in 

thc ith l>r.mch l't>fiT,..JIOIHiing to th•· -.,1111\' t•.m.f. in tht· kth hr.anl'h. 
l'hi,.; rcl<~tit>ll j,.. of tlw gre.att·,..t le('hllit·.al impt>ri.I!HT. 

ln 111.111~ import.mt tt·chnir.al prol,h-nh wc .an· intl'fl'~tl'd only in 

"' o .wn·,..,ihll' hrandu·,.., "urh ,,.., t hc ,..,·nding .and rcn·i,·ing. In !'awh 
r.a,_c,.., \\hcn: \H' arc not t'OIH't.'fiH'd \\ith tht.• rurn·nt,.; in tht· othcr 

ntt•,ht.•,.. or hr.lllcht.·~. it i,.. oftt·n t'Pll\'\'llit·nt to climinatt.· thcm fmm 
thc eqn.ttion. Tim,; ,.;uppt>st.' th.tt we h.n·c clectromotin· fon·t·s E 1 
,IIHI E.2 iu mt•:-he,; I a111l :! ;llll l arc cnnrernt.·d only with thc currcnts 
in thc,..c mt•:-hc,.;. l f we soln· l'((ll.ltions :3, I, .. 11, n-'2 in numl,cr, 

for / 3 •. [.,in tt·rms of 11 .tnd 12 and thcn suh~titutc in ( I ) and (2) 
\\l' gt•t 

Znla +Za2/2 = r:, 
Zzala+Zzzlz=Ez. 

Tlu Sleatly Slale Solnlions 

(~) 

Thc :-Iead~· :;tatc :;olution, un whid1 the whole tlwory·of altcrn~lling 

currt.•nt,; depcnds, is immediate!~· dcri,·ablc from thc cxponcntial 

,..olution. l.et us ,.;uppr,.;e that F. 2 = /~ 3 = ... = F.., =o and that E, = 
F cns (wl-0). .:\ow hy \·irtuc of tlw \\l'll known formula in thc 

theory oi thc complc:\ \ <trial•lc, n s x = ~e" + !c -•x. wc ran writc 

Ea=~p1.ilw! 01 +-~Fe 1 w! 01
0 

= 1 ( ro,; 0- i ,..j n 0, FJwt + ~ ( n ,.. (} + i ,;j n 0) Fe- iwl. (!1) 

.:\ow, by \'irtue of this formula, tllt' applit.·d clectromoti,·c forrc E1 
con,;i:-t:- d two l':\ponential forn·,.., one \·arying- as erwt and thc othcr 

.~,. e •w1• tlt-nre it i,.; ea,.;y to ,;ec that the currents art? n:adc up of 

two cornponent,.;, thus 

( 10) 

;11ul wc lwn· men·ly to ll:-c thl' l'Xponential solution gin:n abo\·c, 

suh~titutin~ for X.iw and - iw re,;pl'cti\·ely. Thal is, 

J,-' = I F' a nd J " ' F" 
2 Z,d iw)' ' = ~ z,,(- iw) 

or 



HEU. ST STEJI TJ:CII.YIC.·IL JOU?.YAL 

The sccond term is thc conjugatc imaginary of thc first, so that 

/j = R Fe-iO e iwt 
Zj1(iw) 

=R~/(wl-0) 
zj!(tw) 

F i(w! - 0- q, ) 
=R-IZ c· ) 'e jl 1W I 

F 
= Z(iw) I cos (wt-0-<J>) . 

\\'e thus arri,·e at the rulc for thc steady state solu tion : 
lf the applied e.m.f. is F cos (w/-0), subst itutc iw for d/dt in thc 

differential equations, determine the impcdance function 

Z(iw) = D(iw) j JI(iw) (I!) 

by thc solution of the algebraic cquations, and write it in the form 

Z(iw) = I Z(iw) I/"'. 

Thcn the required solution is 

F 
1= Z(iw ) I cus (wt-0-tj>). 

(12) 

This in compact form contains the whole thcory of the symbolic solu­
tion of alternating currcnt problems. 

The Comp!emcntary Solution 

So far in thc solutions which wc have discusscd the currents are of 
the same type as the imprcssed forces: that is to say in physieal 
language, the currents arc "forccd" currents and ,·ary with time in 
prccisely the same manner as do the electromoti,·e forces. Such 
currents are, howe,·cr, in gcnera l unl y part of thc total currents. In 
addition to the forced cu rrents wc ha,·e also thc characteristi c osci lla­
tion s ; or, in mathematical languagc, thc eomplcte solution must 
includc l•oth partindar and complemcntary solutions. This may lle 
shown a s follows: Let / 1', •••• /"' b<solutions of thc complemcntary 
equatirm s, 

( I •• \:1+RII+( .
1
11

fr1t)I•'+ .. + (!. 1"(:/+R." + ( ~1 ... fd t) l"'=o, 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ( l-1) 

( 1 .•. '1
1
1+ R". +(~ jdt) /1' + .. + (L .. "!_1

1 + R"" + ! jdt) In' =o. 
r 111 (I ( "" 
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Thcn if / 1 • • • I. is .1 solution of (1 ). 11 + 11' , ••• 1. + 1. , is .tlso .1 
~olutitm. 

Tt• dL·riH• thc sulutiun uf thc toiHplcmcnt.lry systL'Ill of cqH.ttiun~ 
tll), a~~11111c th.lt a soltuion exi~t~ of thc form 

1/ =1/ 1')\l (; 1.:? .. 11 ) 

~o th.1t d 1rlt=;>.. and ( dl= l / X. S11bstitute in equ.llions (l·l) and 

l'olllccl out thc comm~n factor e"1• Then wc havc 

Z 11(X)}/+ . . .. +Z1.(X )J.'=o , 
(15) 

This is a sy~tem of 11 homogeneaus equations in thc unknown quan­
titics 1 1', •• 1.'. Thc condition th;tl a tinite solution shall exist is 
that, in accordancc with a weil known principle of thc thcory of 
cquations, thc dctcrminant of thc cocfficicnts sh;11l \·anish. Timt is, 

Z11 (X) .... Z," (Xl 

/J(X} = 

I Z",(X) . . . . z •• (X) 
I =o. (lli ) 

Cuns~qucntly thc possible \'alucs of X must besuchthat this cquation 
is satisficd. ln othcr wonls, X must be" root of thc cquation D(X) =o. 
Let thcsc roots Lc dcnotcd Ly >.,, >. 3 •• Am. Thcn. assigning to X any 
onc of thesc valucs, we can detcrmine the ratio 1//lk' from any (11- l) 
of thc cquations. That is to say, if we take 

(Ii) 

::.ubstitution in any (n-1) of the equations determines / 3', • • 1.'. 
Thc m constants C1o .. C .. arc so far, however, entirely arbitrary, 
and are at our disposal to satisfy imposcd bormdary condiliotzs. 

This introduces us to the idca of boundary conditions which i~ of thc 
grcatest importance in circuit theory. In physical language the 
boundary conditions denote the statc of thc systcm when thc elcctro­
motive forcc is applied or when any changc in thc circuit constants 
occurs. The number of indcpendcnt boundary conditions which 
can, in g('ncral, be sati::.ficd is cqual to the number of roots of the 
equation D(X)=o. Evidently, thcrcfore, it is physically impossible 
to imposc more boundary conditions than this. On the other hand, 
if this numbcr of boundary cmH.Iitions is not spccilied, thc complcte 
solution is indctcrminate: That is to say, the problcm is not corrcctly 
set. As an example of boundary conditions, we may spccify that the 
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clectromuti\·e force i::; applied at time l=o, and that at this time alt 
thc currents in thc itHluctancc,.; and all the charges an the condt·nsers 
are zero. 

So far we ha,·e (Jl·cn following the dassical thcory of linear differ­
ential cquations. \\'e ha\'e seen that thc forced exponcntial solution 
and the deri,·cd steady slatL' soluti·m are cxtremely simple and are 
mere mattcrs of elcment;ll·y algcbra. Tbc practical difficultics in the 
classical mcthod of snlutions l.ll'g-in with the determination of thc 
constants C~o .. C.n of the complcmentary solution as weil as thc 
ruots At. .. Am of the cquatiun D(>-..) =o. lt is at this point that 
I lca\'i sidc !Jruke \\·ith classical mcthods. and by cunsidering spcrial 
Loundary conditions of grcat physical importance, and particular 
typcs of imprcssed forccs, laid tbe foundations of original and po\\Trful 
mcthods of solution. \\'c shall therefurc at this point follow Hca,·i­
side\; c:--:amplc and attack the prohlcm from a different standpoint. 
In doing this wc shallnot at once take up an cxposition of l-ll';.l\·iside's 
own na:thod of attack. \\'c shall ftrst establish somc fund.tmcnt;tl 
theorems which arc cxtrcmely JX>wcrful and will ser\'e us as a guide 
in interprcting and ratiunalizing thc Hca,·isicle Operational Calcnlus. 

C II APTER I I 

TIIE SOLUTIO,:\ \\'111-::-\ :\,:\ ..-\RBITIURY FoRCE IS :\I'PLIED TU TIIE 

.:\ET\YORK I~ _\ ST:\TE OF EQUII.IßRit::\1 

In cnginecring applications of elcetric circuit theory thcn: art' 
three ou tstanding problems: 

(1) Thc stcady statc di;;tributiun of rurrents ancl potcntials whcn 
thc network is cnerg-izcd l1y a sinusoidal dl'ctromoti,-c forcc. This 
problcm is the subjcct of the tlll'ory of altcrnating currcnts which 
forms the basis of our calculations of power lines and thc morc clabor­
atc networks of communication systcms. 

(2) Thc distribution uf ('llrrcnts and potcntials in the network in 
rcsponse to an arbitrary dcctromoti,·c forcc applied to thc nctwork 
in a state of cquilibrium, i.L'., appliL·d when the currents and charges 
in the nctwork arc identically zcro. 

(0) Thc cffect on the distriuution uf currcnt::; and potentials of 
suddcnly changing a circuit constant or connection, such as opening 
or closing a switch, whilc the system is cnl'rgizcd. 

\\'c ::.hall Gase our further analysis of circuit thcory on thc solutions 
of problern (2), for thc follo\\·ing reas:ms: 

(t\1 I t i~ c·::.::.l·ntially a gl'neralizatiun of thc llca\'i:--idc probll'm and 
its solu tion will furni~h us a key to thc corrl'ct undcrstanding and 
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itltt·rprct.ation of otwration.tlnH·thols .111d lc.ad to ,an .111xili.ary formul.a 
imrn which tlll' rulc-< of thc t lpt·r.t t ion,d l ·.tkulu" .arc dinTtly de­
dueihle. 

~B) Tlw ,;olution oi probknr (:!) c.trric,; "ith it tlw ~olution of 
probk-m {:l) .tnd .tl .. o >'l'r\T>' ,1s .1 h.a"j,; for thc tlwory uf altl'rll<tting 
nrrrl'lll>'. 

{Cl Thc ,..ulution of prohlena (:2) k.ub dinTtly to an l'XIcnsion of 
cirl'uit thl'ory to tlw '""l' wlll'rl' thc network t'<tllt,titl.; varialrlc ek­
lllt'llb: i.e., rirntit dt•tJJt'lllS "hich ,·,ary with time .111<1 in which non­
lint•.tr rd.ttion,.. oht;tin. 

l'rohlcrn (:!l j,.. tiH'rdun: tlw fundamental prohlem of cirntit tlwory 
.tnd tht· formul.a whil'h wt· shall now derin· m.ty l>c tnnwd thc fund.t-
1\\l'llt.tl formul.t of circuit thcory. 

Con:-idt·r a tll'l\\ ork in any l>r,Jill'h of which, say l>ranch I, a unit 
t•.m.f. j,.. in:-ol'rted .tt time l=o, thc nctwork ha,·in~ bcen prc\·iou:;ly in 
cquilibrium. Hy unit c.m.f. is mcant an elt:ctroanotin~ forcc which 
ha,; thc Y.tluc unity for ;d] p~:<itin· Yahw" of time (l'?;;.o). Lt·t thc 
rc::.ult.tnt currcnt in any hranch. :-o.ay br.mdr 11, l•c Ol'notcd hr . .-L11(t) . 
...!. 1 (1) will be tcrmcd thc illdicialadmillallcc (lf branch 11 with rcspcct 
to branch l or, morc fully, thc tr<an:-<fer indicial admittancc. 

Thc indicial admittam:c, asidc from it:-o dircct phy~ical sig-niticancc, 
pl.lys .t fundamental roJe in thc mathcmatical thcory of elcctric cir­
cuits. In words, i t m.ty !Je dctined a" follows: The indicial admittance, 
.·l.atll. i,.; equ;d to thc ratio of thc CLHrt·nt in br.tnch 11, cxprco-,;ccJ as a 
time funetiun, to thc mag-nitude of tlw ,.;te;ady e.m.f. suddcnly in.;ertcd 
at time l=o in hr.anc-h I. I t i:-< e\·itlcntly a function whic-h is zcro for 
ncgatiYe ,.,ducs of time and approal'11cs eithl'r zero or a steady \·alue 
lthc d.r. admitt<tm·e) for all actual di,..,..ipati,·c sy:-<tt·nts, <IS I approachc:; 
intinity. l t m.ty be notcd th;lt, ao-ide from its mathcmatic-al dt·termi­
nation, which willt·ngage our attention latcr, it is an cxpcrinwntally 
dctermin<tble function. 

\ \ 'e note, in pa,;,;ing-, an important propt·rty of thc indicial admit­
tancc .-l,k{ll, which j,- ckducible from thc rl'ciproc<:~l thl'nn:m: 2 thi:; 
i-. that .l,k(/)=.·l~,(t). That i:; to ~.ty, the ,·,tluc of the lr.msier 
indici;d admittance is unchan~ed hy ;m interc-han~c oi the dri,·ing 
point and rcn·i,·ing- point. [t is therefore immaterial in the l'Xpre,..,.;ion 
.l,k(IJ whetlwr thc L'.m.f. is inst·rtcd in branch j and thc l'Urn·nt 
mea:-urcd in branch k. or ,·ic-c-\·ersa. In general, unk:-o~ we arc con­
cerncd with particttlar l•r;tnchcs, thc subscripts will l>e omitted and 
wc sh,dl ,.;imply write .·1(1), it bcing- understoud th;tt any two I.Jr,am·ht·s 

'Exn•ptioab ln thi., n·l.tti·m l'Xi,t \\lwre tht· awtwork n>nl.un, ,nurn·, .,f t'lll'f!:Y 
such <b "nplilil'r,. These nt'l'r.l n 11 en;:.,;:c our o.tltt·tHi•m h..rc. 
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or a single branch (for thc ca,.;e of equal subscripts) may bc under 
considcra tion. 

From the linea r charactcr of the network, it is evident that if a 
steady P.m.f. /~ = ET is inserted at time I= r, thc network bcing in 
Cf]Uilibrium, the rcsultant current is 

ET·.·I (t-r) . 

Gencralizing still further, suppose that steady e.m.fs. E o, E1, E 2 , • •• E,. 
are impresscd in the same brand• at the respective times To , r 1, r 2 

. .. r,.; the resultant current is e\'idently 

" 
EoA(I)+E•A(I-rJ)+ .. +E,.A(I-r,.) = L Ep1(1-rj). (lS) 

J=O 

To apply the foregoing to our problem wc suppose that there is 
applied to the network, initially in a state of equilibrium, an e.n1.f. 
E(t) which has the following properties. 

1. 1t is idcntic;JIIy zero for t<o. 
2. lt has the ,·alue E (o) for o '5:.1 ::;, :lt. 
:3. It has the \'alue E(o)+:l.E for :lt ::;,t<2:lt. 
4. lt has the \·alue E (o)+ :l•E+ :l 2E for 2:lt::;,l<:3:lt. 

In otlll'r words it has thc increment :ljE at time t=j:lt. 
E\·idt'ntly thcn the resultant current 1(1) is 

~0\\' evidently if the inten·al :lt is madc shorter and shorter, then 
in the Iimit :lt-.dl a nd j:ll = r and 

:l1R= ld E.(r)dr. 
( T 

Passing; to the Iimit in the usual manner this summation hecmnes a 
ddinite integral and wc gct 

l (I)=E(o).- l (t)+ f'1A(I -r) dd E(r)dr. (IU) 
. ./o T 

Fiually hy oiJ\'ious tran:-formations of thc cxprcssion wc arri,·e at the 
fund;Jmental formula of ci rcuit theory 

d i'' I (I)= d A {t- r)E(r)dr, 
'· 0 

(20) 

dl' =- E(l-r)A(r)t!T. 
dt 0 

(20-a ) 
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For complt·tt·m·~~ Wt' ''rite dcl\\ n 1111' follo\\ in~-: t•qui' . tl<·nh of ( :!0 ) 

.tnd (:!0-.t) 

/ (11 = ..I (o ) /~ (1) + J". l '\1- ri /•: ( rlclr, 

·'·· 
= .Jto ) /~ (1)+ [' .t '(r) /~(1-riclr, 

• 0 

= l~ (o ) .· l (l) + { E'(I-r). J(r)dr, 
• 0 

=E(o).-l(t)+ {l~' ( r ).-1 (1- r )dr . 
• 0 

(:!0-c) 

(:!0-d ) 

(:?11-e) 

whert• the primcs dcnote di!Tt·rentiation with n:spect to tht· argu­
mcnt. Thu~ .·l '(I) =d elf .·1 (I). 

rhe,..c l'<(ll.ttions an· tht' funcl.lrncntal formnlas which mathcmatic­
;dly relatt• the curn·nt to thc ty pe of appl ied ekctrmnoti\·c forcc and 
tht• <'oll,..t.lllh and collnt·ctions of thc ~y,..tem, and con::.titult' thc tirst 
p.trt of tlw :-olution of nur prohlem. Thc rno~t import.lllt immediate 
ch:dtlt' tion:- from the:-c formula:-; .trc exprc~scd in thc following thcorcms. 

I. Thc indicial admittancc of an elcctrical nc1work completl'ly 
dett·rrHinc~. within a ~ingll' in1egra1ion, 1hc hcha,·ior o i thc network 
1o all types of applicd l'lcctromotivc force~ . .-\:; a corollary, a knowlcclgc 
of thc imlicial· aclmittancc is thc ~ok- information ncccssary to com­
plt•tely prcdict thc pcrformancc and characteristics of thc sys1cm, 
indll<ling the sleady slalc. 

:?. T hc applied c.n1.f. and thc inid ical admiltance arc sirnilarly 
and cocquall~- rl'bted to the resultan t curren t in the network. :\s a 
corollary tlw form of the current mar be rnoditied t•ithcr by changing 
the con,;lant:; ancl connection", of thc network or by modifying thc 
form of 1he applied t·. m .f. 

:~. Sincc 1he applicd l'.m.f. may bc discontinuous thc~c formula,; 
dclcrminc not only the buildin~ up nf the current in rcsponsc 10 an 
applicd c.m.f. but al:-;11 its subsidcnce to cquilihrium when the c .m.f. 
j,.. rcmm·cd and thc nctwork ldt to itsclf. I n brief. formulas ( :.!0 ) 
rcducc the wholc prohlcm to a detcrrnination of thc indicial admittancc 
of 1hc nctwork. l n addition, as we :-.hall see, they Iead dircctly to 
an inte~ral equation which dctcrrnines this function . 

I I j,.. of interest to show the rcla 1ion bt·twt'l' ll fo rrnulas (20) and the 
usual steady state equ<ttions. To do t his ll't thc c .m .f., applicd at 
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time l=o, be E sin (wt+O). Substitution in furmula (20-b) anJ 
rearrangemen t gi,·es 

l(t) =.:I (o)E ::;in (wt+O) 

-E cos (wt+O) 11

sin wrA '(r)dr 

wherc 

l'\ow this can l>e rcsoh·ed into two parts 

E sin (wt+O) { A (o)+ 1"" cos wrA'(r)dr: 

-E cos (wt+O) { 1"" sin wrA '(r)dr} 

which is the final steady state, and 

-F. sin (wt+O) J~ "" cos wrA '(r)dr 

+E cos (wt+O) {"' sin wrA '(r)dr 
•I 

(21 ) 

(22) 

which is the transicnt distortion, which ultimately dies away for suf­
ficiently !arge valucs of time. 

To corrclate thc forcgoing exprcssions for the slcady state with 
the usual formulas wc ol>scn·c that if the symbolic impcdance of the 
nctwork at frequency w/27r bc denoted by Z(iw), and if we \~-rite 

Z(~w) =a(w)+iß(w) 

then the stcady statt· currcnt i:-; 

.E[a(w). sin (wt+O) +ß(w) . cos (wt+O) ]. 

Comparison with (22) gi,·cs at oncc 

u(w)=A(o)+ { ""cos wr .· l '(r)dr, 
. • 0 

(2·l) 

ß(w) = - ["" sin wr A '(r)dr. 
• 0 

(25) 
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'1'/u· lnft·r,rul l~t/twlion for t/t,· lndifi(tl .ldmitlttlln' 

"" f.tr \\t' h.l\l' l.tcitl~· .t,..,lllllt'd th.rt tlw indici.d admitta11n· is 
kllll\\ 11. ,\,<I Jll,ll (('I' llf f !1'1 j);, dclt'rtllill,llioll I'OihliJlJ(t•,; tlll' 1'>-~t'lllia( 
p.trl 11f ~>Ur prohlem. lt i,.., in f.wt, tlw lh-.1\i,..ide prohlem, and its 
iun·,.tig.tliou, to \\ hieh wc· 1111\\' pron·c·d, \\ ill lt·.ul u-. dirtTtly to th: 
( lpn.ttion.d l ',dculus. 

111'.1\ j,..idc·'s llll'lhod in in\·t·,.;tig.ttiug thi,.; probkm W.t>- intuiti\'e a11d 
"expl'rinu·nt.d". \\'l'. hmn·n·r, ,.;h,dl t•,..t.thli,.h a 'c·ry gl'rlt'ral inlt'gral 
c·qu.ttion from \\ hich \\l' :-hall din·t·tly dl'dlln.' hi:- llll'thod,.; aud ex­
tc·n:-ion,; I lwreof. 

l.et u,.; :-npptN' th.tl an t•.m.L cN. wlll'n· p i,.; t·ithcr pn~itin· real 
qu.tntity nr conrpll'x with rl';d part po;.itin·, is :-uddenly impn·~,..ed 

on tlw rll'IWt~rk at time /=o. lt follow,; frum thc foregoing- thct•ry 
th.rt tht· n·,..ult.lllt nrrn·nt /(I) will hc madt• up of two part,.;, (I) a 
fonnlt·xpmwnti.d part which ,·aries with time a,.; cP', and (~) a com­
pknll'nt.lry p.rrt which wc ~hall dcn()tc l•y _v(t). The l·xpont·ntial or 
"forced" component i,.; ~imply cN Z(p), wllt're Z(p) i,- function;dly uf 
the ~amc furm as thl' u,.;u;d ~ymholic or complex impedann· Z(iw). 
I t j,.. gotteil from the dilkrenti;Jl cquation,.; of thc prohlem, a,.; t•xplained 
in .1 prcccding scction, by replacing d" dt" hy p", cancclling uut the 
common factor cPI, and ,;oh·ing thc re~ulting algehraic cquation. The 
complcmentary ur ch;tractcristic componcnt, dcnotcd hy y(/), dcpemb 
on thc constant~ and cnnncctions of thc nl'lwork, and on thc ,-aluc of 
p. I t docs not, howcn·r, contain thl· factor eP

1 and it dies away for 
,.ufticiently l.trge \';tluc of I, in al l actual dissipativc systcms. Thus 

CPI 

l(t) = Z(p) +y(t). (2Li) 

;\ow return tn formula (20-a) and rcpl<tcc E(/.) by eP
1

• \\'c gct 

](1)=~/N[/..-J(r)l' fTdT 

which can bc writtcn as 

Carrying out thc indicated diffcrcntiation thi,; l•t·comcs 
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Equ ating the two cxpres~ion s (2tj) and (27) for l (t) a nd di,·idin g 
t hrou gh U)" e p

1 
\\'C get 

1 /""' "' Z~( +y(l )e P1 = p .r l (T )C PTdT-p j .-/ (T)e - PTdT + A (t)e PI , (28) 
PJ • u I 

Th is cquation is va lid fo r a ll \ ·a lues of t. Con sequ enlly if we sct 
I=~, a nd if tbc rea l pa rt o f p is positi,·e , only the first term on thc 
right and t lll' ldt ha nd sidc o f the eq uatiun rema in, the rcst vanishes , 
and wc gct 

1 - [ "'A() -P1d -Z(- le I. 
P PJ • u 

(2\J) 

Tlzis is an integral equation 3 mlid for all posi/Ü•e real mlues of p , 
wlzich completely de/ermines lhc indicial admittance A (t). l t is on this 
equation that \H' sha ll hase ou r di scussion of opera tional m e thods a nd 
from which we sha ll d cri,·e the rul cs of t hc Opcra tional C a lculus . 
Equations (20) a nd (2\l) consti t ut e a complete ma tbcm a tica l formula ­
tion of our prohlcm, a nd from th em the comple te solution is obta inablc 
wit hou t furth er reeourse to th c ditTercntial equations, or further con­
sidcration of uound a ry conditio ns. 

T o summarize the preccding: we have redu ced the determination 
of thc current in a nc twork in respon se to an electromotive force 
1~ (1) . im p ressed on thc nc twork a t refcrence time i = o, to thc mathc­
matica l solution o f two equa tion s: firs t the int egra l cqu a tion 

l [ "' - , - = A (t)e-P1dt 
pZ(p) • o 

(2\l) 

and second, thc dclinite in tegra l 

1(1) =~ [
1

A (1- T)E(T)(h. (20) 

l t wi ll l )e ousen-cd th at in d educin g t hcse equa tions we ha ve merely 
postu!.t tcd ( 1) thc linea r a nd im·aria l>le eha racll'r of t he nctwork a nd 
(2) the cxistcnrc of a n exponenti a l solution o f the type c P

1/ Z (p ) fo1 
positi,·e va lucs of p. Con,;cquently , whil e we ha Ye so far di scus:-.ed 
thc~e form ula s in terms of the det crmination o f thc C'ttrrcnt in a finite 
nc twork, t hcy a re not limit ed in thcir a ppliC'a tion to this spcrific 
prohk-m. In t his conn L'C' Iion i t may hc wcllt o call atll'ntion explicit ly 
to I hc following poi n ts. 

~ .\n intl'gral l'lJIIation is ont· in '' hich the unkno\\ n func tion a ppc.trs urtder the 
si~n ui intc~ ra tiun. ( 29 1 is a n integ ral equat ion of I he Laplacc type. lf Z (p) is 
~pcci fi cd, A (I) is uniqu l' ly dt·tcrmincd. i\ lcthods for solving t hc integral cq uation ~ 
.trc t·on>idc rt•d in dctaillatcr, in connection with thc exposition of l he Opera tior1a l 
Calculus. The phr.1sc " a ll positin• v.dut·s of p" will bc undcrslood as meani ng a ll 
valucs of p in thc right hand half of the cornplcx plane. 
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Th, · r .. rnnJI ..... IIH[IIIl'lhnd,; dedun·d ahO\ (' apply 1111( only to rutilt• 
network ... ill\'Cih ing a linite :-y:-tl'lll or linl'.tr c·qu.ttion~. l•ut tu infutill' 
lll't\\'llrk,.; .111d to trau,;mi,;,.;inn linl':-, in,·nh·iug inlinit .. ,..~ ,.((om,.; 11f l'ljlla­

tion,;, and p.trti.d diiTerl'nti.d equation,.;: in f.wt to all ,.J,.,·tric.tl o~nd 

dyn.utti1;.tl :;y,;tem,; in whidt the Clltllll'l'liolb .uul l'lllt:-t.utt,.; <lll' litw.tr 
.tnd in,·ari.lhk. 

~t·t'orHll~· the ,·ari.tble ueter111i1H'd l•y forlllul.t C.!O) and (2!'1 "''''d 

not, of eour:<e, hc the currl'nt. I t m;ty l'!JII.tlly well l•t• tlw l'harge, 

potcnti.tl drop, or ;lllr of the ,.,,ri.tblt•,. with \\ hich \H' "'·'~' happ1·n 
tobe coHn·rned. Th i:< f.wt llt.ty ht• l'Xplil'itly rl'mgniz<·d hy wtiting 
thc fonnub,; .1,;: 

I 
pll(p) 

[ "' h(lh• P1J/, 
• 0 

d f. '' x(l) =I h(l- r)E(r)tiT. 
t I • o 

llcrc 1~(1) i::. thc applil'd t·.m.f., x(l) j,; tlll' varial•le which WL· dc,.irl' to 
dctl'rmirll' (chaq;:e, currl'nt, potentia l drop, l'll'.), and 

x=E 1/(p) (32) 

ts the oper.ttional equation. ll (p) then·fore corn:sponds to and is 

detcrrnincd in preci".dy thc s.tn te way ;1s thc impcdancc Z(p), hut it 
may not han the physical signilicancc or thc dimcnsions of an im­
pcci.Jnce. Similarly in character and function, h(l) corrcsponds to thc 
indieial admittance, though it may not havc thc same physical sig­
mhcancc. I t is a gcncralizatiun of thc indicial admittance and may l•e 
appropriately termed thc llcm•iside Funrlion. Similarly II (p) ma~· 

he ternwd the generali:;ed impcdancc function. 

CI 1:\PTER I I I 
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Thc physical prohlem which ll ca,·isidc attackcd and which lcd to 
hi:; ()pcrational Cakulus wa,; thc detcrmination of thc rc:-pon:>c uf a 
nctwork or clcctrical :<y~tem to a ''unit c.m.f." (zcro IJcfore, unity aftcr 
time I =o) with, of coursc, thc understanding that thc :-y,.,tcm is in 
cquilibrium when the electronwti,·e forec i,.; applied. llis prol>lcm 
is thcrcfnre, essentially that of the determin.ttiun of the indit·i.d 
.1dmittance. l n our expusition and eritiquc oi lle~n·i,.ide'::. llll'tlwd of 

dcaling with this problem wc slwll accompany an account of his own 
mcthod of solution with a parallel solution from thc t·orrl',;ponding 

integral cquation of thc proulcm. 
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Heavis idc's lir:.t ,;(('p in atl.tckin~ this problemwas to ~tart with thc 
differential cquation,;, and replacc the differential opcrator d 'dt by 

thc symbol p, a nd thl· operat ion J dt by l p, thus reducing the cqua­

tions to an algehraic form. ll c tlll'n \\Tote thc impressed e.m.f. a~ 
I (unity), thus limiting thc , -a lidity of the equations to nilucs.of t?;,o_ 
Th<' formal solution of thc a lgebraic cquations i,; straightforward and 
will be wri t ten as 

h = 1 ll (p) 

wherl' h is the "generalized indicial admittancc, " or Hea,·iside func­
tion (denoting c urrent , charge, po tential or any Yariahlc with which 
wc arc concerned ) and Jl (p) i~ the corre,;pondin~ generalizcd im­
pcdance. Thus, if we are conccrncd with thc current in any part 
of the net work , we write 

..! =I '7.(p) . (3-1) 

The more general notation is dcsirable, howe\·er, as imlicating the 
widl'r applicability o f the cquation. 

The equations 
h = I II(p) 

A = I ?. (p) 

arc thc Jfcm•isidc Opcrational Equations. They are, as yct, purely 
symholic and \H' ha \ L' st ill the prohlem of determining thcir explicit 
nwaning andin partintlar the ,;ign iticance of the operator p. 

Comparison of the lleadside < lperational Equations with the 
integral l'<JIIations (2\J) and (:~U ) of the prcrcding duptcr Ieads to 
the following fundam ental theorem. 

Tftc llcm•isidc Opcrational Equations 

A = I Z (p) 

h = I I !(p) 

arc mcrcly thc symbolic or short-ha ud cquimlcnts of thc correspoudiug 
intcY,ral cquation s 

I [ "" = .t l (t)c·-Pidf 
pZ(p) o 

I [ "" - = h(l)c Pldt. 
pll (p) 0 

Thc integral ccJuatious, thcrcforc, supply us 7t•itlt the mcaning aud sig-
1lljiccwcc of thc opcratioual equations, ancl from tftcm thc ru/es of thc Opcr­
ationat Calcu/us arc dcduciblc. 



t!/>.'1 l"IT TI/H>In ./.\'/1 01'/'IUI/0.\'.1/. t./{.('l'/.l"S ill5 

Hy , ·irtut• of this thenn·m, \H' h.tn· thP .ulvantage, at tlll' ontsl'l, 
uf .1 kl'Y to the meaning of llea\iside's npcr.ttion.tl •·q nations, and a 
me;tns 11f dll•ckiug- and dcdncing his rull•s of ,..olution . Th is will 
snn• us ,,,..; a guide throughout nur furt h('r ,..tluly. 

Rt·turning now to I kavisitle's own point of ,.i,·w and llll'thod of 
attack, hi:> n'.tsonitl~ 111ay hl' descrilll'd sollll'Wh;tt as follows: 
Tlw opt·r.ttional equation 

h=l ll(p) 

is the full t•qui,·alent of the di!Tercnti;tl I'C}Uations of thc prol•lcm and 
must thcreforc cont.Jin thc inform;ttion necessary to thc solution 
prm·idcd \H' can dl'lt·rntinc tlw signifiC"ann• of tlw symbolic opcrator 
p. Thc nnly way nf doin~ this. wlwn starting with the opcrational 
l'C]II.\Iion, is onc of inductinn: that is, \\'1.' must comparC' thc opcrational 
cquation with known solutiorb of specific problcms and thus attcmpt 
to infcr hy indunion gcnl'r;d rules for interprcting thc opcrational 
cquation and conn·rting it into the requircd explicit so lution. 

The Pmur Saies Solution 

Let us :;tart with thc simplcst possihlc problcm : thc currcnt in 
rl':;pon:-c to a "unit e.m.f."' in a circuit consi!;ting of an inductance L 
in :-cric,.. with a re:>istann· R. 

Thc differential equation of thc problcm is 

d 
Ldt.rl +RA= I, t'?;;o, 

whcrc ..1 is the indicial admittancc. Consequently replacing d/ dl by 
p, thc operational cquation is 

1 
A = pL+R 

The cxplicit s·,(ution is casily dcri,·cd: it j,.. 

A = I ( 1-rcr') 
R 

whcrc a= R L. :\ote that this makes the current initially zcro, so 
that thl' cquilihrium bonndary conditilln at l=o is satislied . 

.:\m,· suppo:sc that wc expancl thc opcrational equation in irl\·c r"l' 
powcrs of p: \\'C get, formally, 

A = I__ I a I 
pL I +a p = Rp l +a p 

by thc ßinomial Theorem. 
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:\ow expaml thc cx plicit sol utionasapower scrics in I: it is 

1 1 a/ (a/)2 (at)3 t 
A =-R -1 ll --2! + 3! - . . .. ) . 

Comparing the two cxpansions we see at onre that the operational 
expansion is ron\·crted into thc e:xplicit solution by assigning to the 
symbol 1/ p" thc \ ·a luc t"/ n!. 1t was from this kind of indurti\·c 
infcrcnce that Heavisidc arrin·d at hispower ~eries solut ion. 

:'\ow there arc sewral important features in the foregoing which 
require commcnt. In thc first place the operational equation is 
cunvcrted into thc cxplicit solution only by a partindar kind of ex­
pansion, namt:ly an cxpansion in im·erse puwers of t he opcrator p. 
For cxample, if in the opcrational equation 

A =-~ - ...!!...._/!_ 
R 1+a, p 

we replace I 'p by 1/ I! we get 

1 a! 
A=)~I+al 

which is incorrcct. Furthcrmurc, if we expaml in asccnding instead 
of descending puwcrs of p, namely 

A =-1~ 1I- (p / a)+(P, a )2 - ..... ( 

110 corrclation with the cx plicit sol ution is possihll' and no sig nilicancl' 
ca n 1Jc attached to thc expa nsion. \\'c thus infer the gener;tl principlc. 
and \\'e shall lind this infercn cc to hc correct, that the uperational 
cquat ion is com·crtihlc into thc cxplicit soltnion only by the proper 
clwicc of expansion of thc impedanrc function, o r rather its reciprocal. 

In the sccond placc we noticc that in writing down thc opcrational 
cquatiun and then conn·rting it into the explicit solut ion no con­
sid cration has bcen gi,·cn to the question of boundary conditions . 
This is onc of thc g-rc;ll a<h ·antages uf the operational method; the 
houndary conditions, jJrm•idcd thcy arc llwsc of cquilibrium, are auto­
matically takcn carl' of. This will hc illustratccl in thc ncxt example: 

l.l't a " unit l'.m.f." l,e imprcssed un a circui t consist ing of resistance 
R, inductancc L, and capacit~· C: requircd the resultant chargc on thc 
condeuscr. 

The difTl'rentiall'quation for thc chargc <2 is 

( 
tf2 d ' ) L
1
.+R

1 
+ I. ( (2=1, 

lt- II 
t~o. 
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( 'on ... ~·qul·n!ly the oper.tlional formul.t j.., 

I 
Q=l.p2 +Rp+l C 

I I< I 
/.p~ 1 +a p+h p~ whlT\' 11-/, o~nd b U .. 

l'h i,. l".an Iw \'\p.lltdl'J by the Bitwmi.d Tlll'orl'm "" 

Q = L~ : I - (; + :~) + (; + : 2 ) ~- ( ~~ + ~) 
3 

+ . ( . 

l'erforming thc indicatcd opcrations and colkcting in in\'cr ... c powcrs 
of p, thc lirst fcw tcrms of thc cxpansion arc :-

wlwrc r1 =a 

r2=b-a~ 

r3 ='2ab-a 1 

c~ = b2 - ~~~~b+a ~ 

rs=3ab2 - -ta 3b+a~ 

re = b3 - tia2b2+5a ~b -a6 

\\'e infer therefore that in accordance with thc rule of replacing 
l,'p" by 1"/n! the solution is:-

1 i /2 / 3 I~ I~ 16 I 
Q= L ·, '2!-r 1:3!-r2 ~1+r 33!+r~ti!- ··I· 

Owin~ to thc complicatcd charactcr of the cocfficien t,.. in thc cxpan­
sion, the scrics cannot bc rccognizcd and summcd hy inspcl:liun. Jf, 
ho\\'C\'Cr, wc pul R= o) thcn a =o, and thc serics hecumcs 

c _I _!_(-'-)2_.!.(-' )~+ 1 (-' )~- .. l 1 '2! \ ILC I! \ ILC tj! LC 
whencc 

\\'c h.t\'c still to \·erify this soluuon by comp.trison with thc cxplicit 
solution of thc ditTcrential cquation. This is of thc form 

Q=C+k/''1+k/''1 
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whcre k 1 and k2 are constants which must be chosen to satisfr the 
boundary conditions and >..1, >..2 arc the roots of the equation 

~O\\' since we ha\'e two arbitrary constants we satisfy the equilibrium 
condition by making Q and dQ/dt zero at t = o, whence 

and 

\\'l' have also 

C+k1+k2=o, 
>..1k1+>..2k2=o, 

k1=>..2C/(>..1->..2), 
kz=>..1C/(>..2->..1). 

>..I= - -~- + \1 ( ~-) 
2 

- b, 

\\ 'riting down the power series expansion of 

Q=C+k1/'.t +kz/d, 

thcn 
t 

Q= (C +k~+k2)+(k1>..1+k2>..2)f! 

+(kl>..l2 +k2>..22l~+ .... 

lntroducing the \'a lul's of k1, k2, >.. 1, >.. 2 gi,·en above and comparing 
with the power series derin·d frorn thc operational solution we see 
that ther are iclentical term by term. 

This cxample illustratcs two facts. First the power series expansions 
may be complicatcd, laiJorious to derive and of such form that they 
cannot be recognized and summe<! by inspection. In fact in arbitrary 
networks of a !arge numbcr of meshes or degrees of freedom thc 
cYaluation of the cocfficicnts of thc power series expansion is extrcmcly 
lahorious. 

On t he other hand, in such cascs, the solu tion by the classical 
method prcsents difficultics far morc formidable--in fact insuperablc 
difficultit:s from a practical standpoint. First thcre is thc location 
of the roots of thc function Jf.(X), which in arbitrary networks is a 
practical impossibility without a prohibiti\'C arnount of Iabor. Scc­
ondly there is the dctermination of the intcgration constants to satisfy 
the impO::-.l·d houndary conditions: a proccss, which, while theorctically 
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str.ai~htforward, is actu,dly in practin· extrcmely l . .tmrious .tnd rom­
plicated. \\'e note thesc points in p.t~sing; a ntorc eomplett· c,..timatc 
of thc \'aluc of thc power scrics sulution will bc madt> later. 

Tu sumrnarizc thc prereding: llca\'isidc, gl·ncralizing f rom ::opct:ilic 
L'X,tmpll's othenvisc solvable, arri\'cd al thc followin~ rulc :­

Expand tlu right lwnd side of thc opcrationa/ equation 

h =I Il(p) 
in imwse pmt•ers of p: tlws 

Ir "'ao+at p+a2 1P2+ ... +an 'p•+ 
1 

aml thcn replace p• by t"/n !. The operationa/ equation is thercby con-

t·ertcd into the o:plicit pou•er series so/ution :-

(:35) 

:\s statcd ahü\·c, this rulc was arri\'ed at by pure induction and 
gcneralization from thc known solution of specific problcms. I t can­
nut, therefurc, thcoretlcally be regarded as satisfactorily establishcd. 
The rulc can, ho\\e\·er, be dircctly deduccd from the integral cquation 

I ioo pll(p) = 
0 

h(t)c-P1dt. 

To its clcri\'ation from this equation we shalltlO\\' proceed. 
First suppose we assume that h(t) admits of the power scries ex­

pansion 

Sub::otitute this assumed expansion in the integral, and integrale 
tcrm by term. The right hand sidc of the integral equation becomcs 
formally 

l1y \·irtuc of thc formula 

1"'1" 1 

'
e-P1= +1 furp>o. 

0 II. P" 

:\ow cxpand the left hand side of the integral cquation asymptotically 
in ill\·crse process of p: it hecomes 

wherc 
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is the asymptotic cxpansion of 1/ ll(p). Comparing the two ex­
pansions and making a term by tcrm identification, we sce that 
h.=a. and 

which agrccs with the llca\'isidc formula. 
This procerlure, howc,·cr, while gi,·ing thc correct result has serious 

defects from a mathcmatical point of ,·icw. For cxample, the asym­
totic cxpansion of l ;'II(p) has usuallr only a limited region of con­
,·ergcn.ce, and it is only in this region that tcrm by term integration 
is legitimate. Furthermore we h:n·c assumed the possibility of ex­
panding h(l) in a power series: an assu mption tu which there are 
serious theoretical objections, ancl which, furthermore, is not always 
justified. A more satisfactory dcri,·ation, and one whirh cstablislws 
the condition for the existcnce of a power serics expansion, procceds 
as follows:-

Let l/ll(p) 1Je a fun c tion whirh a<hnits of the formal asymptotic 
expansion 

and Iet it includc no componcnt which is asymptotically rcprescntablc 
by a serics all of whose terms are zero, that is a function .p(p) such 
that the Iimit, as P--+:t:J, of p".p(p) is zero fur e\·ery Yalue of 11. Such 
a function is e-P. \\'ith this rcstriction understood. start with thc 
integral cquation, and integrale by parts: we get 

I [ "" =h(o)+ e-PIJz1 1l(l)dt 
II(p) • o 

whcre h'")(l) dcnotes d" / dt"h(l). Now Iet p approach infinity: in thc 
Iimit the integral , ·a nishcs anu by ,·irtuc of the asymptotic cxpansion 

(~G) 

l , ll(p) approadws thc Iimit Uo. Conscqucntly 

lr(o) =uo. 

:\o\\ inll'gralc again I·~ · p;trts: wc gct 
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.\!-:.lill lt·t p .1pproad1 inlinity: in thc Iimit the ldt h.111d ~idc of thc 
c·qn.ltion hecoiiH'S a 1 ,ulll Wl' h.Jn• 

l'roceedin~ l•y sliiTes,..in· partial integration:; we thus l'staulish 1hc 
gt·ncral rel.lt ion 

h 1"
1 (o) =a.,. 

1\111 hy T.tylor'~ theort'lll, tlll' pnwl'r :-eries l'\fl.lll:-ion of h(l) is simply 

h(l) =h(ol+h0 1(o)t I !+h' 21 (o)f~ :?!+ ..... 

wht·nn·. assuming the ron;·crgcnrc ~~f this cxpansion, Wl' gl'l 
00 

/(/) + I l '+a t• ')'+ - "---.. t" 1 I =llo llt • ~- -· ••• - ~11., II. (3;i) 

\\hirh t·stahlishes thc power :-eries solution. l t should ht• carefully 
nott·d, howevcr, that it does not cstahlish the convergcncc of thc 
power ~crics snlution. :\s a matter of fact, howcvcr, I know of 110 

physical prohlcm in which /l(p) satislics the conditions for an asyntp­
totit· expansion, whcrc the power series solution is not convergent. 
< ln thc other hand many phrsical problcms exist, includi11g thO!'t' 
rdating to Iransmission lincs, where a power :;;cries solution is not 
dcrivablc and does not exist. 

The process of e:xpanding thc operational equation in such a form 
as to permit of its !Jcing convcrte(l into the explicit solution is what 
Hcaviside ralls "algcbrizing" the equation. In the case of the power 
series solution the proccss of algebrizi11g consists in e:xpanding the 
reciprocal of the impedanrc function in an asymptotic series, thus 

Regarded as an cxpan,.;ion in thc variable p, instead of as a purely 
symbolic expansion, this serics has u;;ually only a limited rcgion of 
convergcnce. This fact neC"d not hother us, howen·r, as thc series 
we are rcally conrcrned with is 

ao+a,l 1 !+a2/~ :?!+ .... 

lt is intcrcsting to notc in passing that the latter series is what Borcl, 
the French mathematician, call,.; the assoriatcd function of thc former, 
and is extensi,·cly emplorcd by him in his rcscarches on the summa­
bilitr of din·rgcnt scrics. 

The proccss of "algchri7.ing," as in the examplcs discussed abo\'e, 
may often bc effected by a straigh l f01·ward binomial expansion. 
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ln othcr cases the form of the generalized irnpedan<c function II(p) 
will indicate by inspcction the appropriate procedure. :\ generat 
process, applicahle in all cases where a power series exists, is as follows. 
\\"rite 

11 Il(p ) =I, n( ~-) =C(x). 

~ow c>xpand G(x) as a Taylor's series: thus formally 

wlwre 

[ d" J C<">(o) = -:;;-G(x) • 
d.t x=o 

C("'(o) 
I knote -· --1 - by a", replace x" hy 1/ P", and wc have 

11. 

This pron::ss of "algdH·izing" is formally straightforward and always 
pos~iiJie. t\s implic>rl ahon·, hmYe\·er, in many problems much shortvr 
modes of <·xpansion suggcst thcmsl"ln·s from thc form of the function 
l!(p). 

\\'e note here, in passing, that the necessary and suffirient condi­
tions for the existence of a power series solution is the possihility of 
the formal expansiun of C(x) as a power series in x. 

At this point a brid critical estimate of the scopc and Yalue of thc 
power series solution may be in order. As stated abm·e, in a certain 
important dass of problems relating to Iransmission lines, a power 
scrics docs not exist, though a closely rela ted series in f ractional 
powcrs of t may often be deriYed. Cunsequen tly the power series 
solution is of restricted applicability. \ \"here, howewr, a power 
s<·ri<"s does cxist, in directness and simplicity of deri\·ation it is superior 
tu any other form of solution. lts chief defect, aml a \·ery serious 
dd<·ct incleed, is that cxcept whcre the power serics can be recog­
nizcd and summed, it is usually practically uscless for computation 
and int<·rpretation <"xccpt for relati,·ely small ,·alues of the time /. 
This disa<h·antage is inlwrcnt and attachcs to all power series soltt­
tions. For this rea,.,on I think I h·a,·isidc o\·ercstimated the Yaluc 
of pown ,.,<"ries as practical or working solutions, and that some of 
hi,., strictures against orthodox matlwntaticians and their solutions 
lll;ty IJ(.' justly urged against the power scril's solution. l le was quilL' 
right in in:-isting that a solntion must be capable of either interprc>­
tation or computation and 4uitc right in ridiculing those formal 
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~olutinns which actn.dly conc(',d r.1 thcr than ren·.d thc ~ignilic.mce 
o( th1· ori~-:inal di!Tcrential I'IJII.ttions of tlll' prohil'uL t >n thc other 
h.md, the follnwiug r1'111.1rk of his indicalt•s to nte th.1t I h·.l\·iside 
h.1s .1 quitc ex,tggcr.ltl'd idca nf the \·alue and fund.tmt·ntal char.lcter 
of JHl\\l'r ,-,·ries in gl·neral: "I regrel th.ll tlw n·sult shonld he so 

t·ontplic.llt'd. Hut the only .dtl'rnatin·s are utlll'r t·qni\·alent inlintte 
,,·ri,·s, nr ebe .1 ddinill' inll'gral which is of no Usl' until it is t·\·alu­
,tlt'd, wlwn tlw rl'sult must Le the series ( 1:3."•). or an l'qui\·,tll'nt one." 
.\s .t m.ttlt'r of f,tct the properlies of most of the import;111t fnnrtions 
of m.tthem;Jtical physics h,t\·e heen in\·estig.tted and th1·ir \·alues 
cnmputnl hy metlwds utlwr than series expansiuns. I may add that 
in technic.d work thc power scries s••luti••n h.1s pron·d to Iw of rc­
'tricted ntility, while definite inte~r.ds, which llt'.l\·isidl' ~ p.!rticu­
l.lrly dl'..;pised, han· prmwl quite uscful. 

Thr l·:xpansi01l Theorem Solution~ 

\\·~· p.tss n11w tu the consideration of ;uwtlll'r cxtremdy important 
f,,,lll of ~olutiun. I kaYiside gin:s this solution withuut proof: wc 
sh.dl therdur(' merely state_lhe solution and then deri,·c it from thc 
intl'gral equation. 

Ciwn the operational cquation 

h=l JJ(p) 

which has the signiticancc Jiscussccl aLm·c: i.e., thc responsc of the 
nl'lwurk to a "unit e.m.f.". The cxplicit solution may he written as 

1 "...,. ePk' "_ +" --1/(o) !" Pkll'(pk) 

whl'rl' Pt. P2 . .. Pn an' the 11 nmts of the equation 

ll(p)=o 
and 

ll'(pk) = [d-d Il(P>] · 
P P=P• 

(3~ ) 

(3 !1 ) 

:\s remarked aLove, this solution, refl'rreJ to by him as The Ex­
pa11sio11 Theorem, was statcd by Hea\·i~itle withont proof: how hc 
arri\'cd at it will probahlr alwars remain a matter of conjccturc. 
lts derh·ation from the integrJ.I cquation is, howcYcr, a relati,·ely 
simple matter, though in speci.tl cascs trouLicsomc qucstions arise. 

1 \'ide a rernark of his to thc e!Tect th.Jl some rnathcmatkians tnok refuge in a 
1lcfinite integral and c.JIIcd that a ~olution. 

• This tcrrninology is due to llcaviside. :\ more appropriatc an<l physieall~· 
significant expre~sion would hc "The Sohltion in lerrns of normal or clur.Kieristic 
vibrat ions." 
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The ucri\'ation of thc expansion solution from thc integral equation 

follows immediately from thc partial fraction expan:-;ion 

(40) 

where P•· h ... p. are thc roots of the cquation II(p) =o, and 

(41 ) 

Partial fraction cxpansions of this type are fully di5cusscu in treatiscs 
on algcbra and thc calculus and the conditions for their existence 
establishcd. Bcforc uiscussing thc restrictions imposed on II(p) hy 
this cxpansion, wc shall first, assuming its existencc, ueri,·e the ex­
pansion thcorcm solution. 

By ,-irtuc of (40) the integral equation is 

(4~) 

The expa nsion on thc lcft hanu siuc suggests a corrcspontling cxpan­
sion on tlw right hanu sidc: that is, we suppo:<e that 

(43) 

a nd !--perify that thcsc component functions shall satisfy thc cquations 

I ["" pll [O) = 
0 

lto(/)e P'dt (44) 

j = 1,2 .. , /l, (4f>) 

lt follows at on ce from (·13) and dircct addition of cquations (44) 
anu (4!i) that (42) is satisficu and hcncc is soh·ed providcd lto, .. /t" 
ran he e\'a luat ed fro m (4-t) and (4.i). 

J:'\ow sincc 

[ "" eX1c P'dt = __!_ _ 
• 0 p- ';o.. (·Iü) 
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prm ided the rl.'.d p.trt of >. i~ not po~itiw (.1 condition ~.Lti~ticd in .dl 
lll'twork prohh.••u:-;), wt.• ~ec at once th.1t equ.llions (I:? I iliHI (·1:1) .Lrt.· 
s-1 ti~licd b~· taking 

I 
ho(l)=lro=JJ(~' (Ii) 

.N 
lrj{l) = P;l~'(p;)' j= !,::?, .. "· 

Cnn~t.·quently frnm ( t:n aml (-li ) it fnllows that 

"hich estahli,..hcs thc Exp.m~ion Theorem Solution. 
:\,; implicd ahm·c, the partial fraction expan~ion ( 10), un which 

the t·xpan~ion theorcm solution depends, impo:oe::. certain rc~trinions 
on thc impedance function JI(p). Among the:-e are that ll(p) nHbt 
h•ne no zcro root, no repeated roots, and I;JI(p) must hc a proper 
fraction. ln all tinitc nctwurks these comlitions are sati::.tied, or hy 
a slight modification. the operational equation can be reduced to 
the required form. T he case of repeatcd roots, which may occur 
wherc thc network im·ol\'es a unilateral source uf energy such as an 
ampliticr, can bc dealt with by assurning unequal roots and then 
lctting the roots approach equality as a Iimit. \\'ithout entering 
upon these questions in detail, howe\·er, we can ,·cry :-;imply and 
directly cstablish thc proposition that the expansion theorcm gi\'es 
thc solution whcnevcr a solution in terms of normal or charactC'ristic 
\'ihrations exists. T he proof of this proposition procceds as follows. 

lt is known from the clementary theory of linear ditTerential equa­
tions that the general solution of the set of differential equations, 
of which the operational equation is Ir= 1/II(p), is of the form 

" 
Ir(/)= Co+ '--. Cjep) -l 

wherc p1 is the jth rool of II(p) =o, and C, C1 ••• Cn are con~tant~ of 
integration which must hc :'O chn".en as tn ~.lti:ofy thc sy::.tcm of dif­
ferential equation:; anti thc imposed houndary conditions. The 
summation is extcnded m·cr all thc roots of lltP) which is suppo:-l·d 
not to ha,·e a zcro root ur rcpeated roots. 
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Xow substitute this known form of solution in the integral equation 
of the problem and carry out the integration term by term. \ \'e get 

I _ " ..., Ci 
II (p)- Co+P - P- P/ 

Setting p = o, wc ha ,.e at once 

Co= 1,'/l(o). 

(-HI) 

(50) 

T u determine Ci Iet P= Pi+q where q is a small quantity ultimatcly 
to be set equal to zero, and write the equation as 

Call(p)+ "~pll(p)Ci= l. 
- P-Pi 

lf now P=Pi+q and q approaches zero, this bccomcs in thc Iimit 

Pill'(Pi) Ci= I 
or 

whenre 

which i~ thc Expansion Theorem Solution. 

(51) 

(5 :? ) 

(53) 

(;j-l ) 

\\\· sha ll not attcmpt to discuss here cascs where the expansion 
solution breaks down though such cases exist. In e\·ery such case, 
howcvcr, the Lrcakdown is due to the failure of the impcdancc func­
tion ll(p) to sa tisfy thc conditions necessary for the partial fraction 
cxpansion (-10), a nd correlati,·ely the non-existcnce of a solution in 
normal \'ihrations. Furthermorc, it is usually possible by simple 
modification to deduce a modified expansion solution. lt may bc 
added here, that while the proof gin•n abO\·e is a lso limited implic­
it l~ · to finite networks, the cxpansion solution is \'alid in most Irans­
mission linc problems. 

Let us no\\' illustratc how thc cxpansion solution works by applying 
it to a few simple examplcs. T a ke first the case considered in the 
prcccding chapter in conncction with the power sc ries solution. Rc­
quircd the charge Q on a cnndenscr C in series with a n inductance L 
and rcsistance R in response to a "un it c.m.f." Thc operational 
cquation is 

ur 
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"lwre n R '!.I • • 111d w: = I l.C. 

Tht· rnots of tht• t'tJit.ttion lllPl o ,llt' tlte nu•h .. r tlll' t•qu.ttion 

P~+'2np+w~ o 
"ht'lll'l' 

Pz = -cc- \ " -u.·· -n-rl. 

:\l,..o //'{pl '21. p !-n), so that 

ll'(p,) = '2ßL 

ll'(p~) =- '2Jl. 
and 

I l/(o) =I Lw2 = C'. 

Jn,..erting tht·,.;t• t'\)lrt•ssions in the Expan,..ion Tht·on ·us Solution 
(:~'\), \H' l.!l'l 

lt is now c.tS) to \Trify the fact tltat thi::. sulution satisfics the clilTl·r­
t'lltial equations and thl' ltoUtHLtry conclition Q=o and d() 'dl=o at 
time l=o. 

1f w > cc, ß is a pure imaginary 

ß=iw \ 1 1-(~ 'wf =iw' 
.l!ld 

In connertion with this problern wc notc two ath·antagcs of thc 
e\pan,..ion solution, a;; comparcd with the power seril's solutinn: (ll 
it b much ,..implcr to dl'riYe from thc opcrational equation. and (:.!) 

its numcrical computation is enormou,..Jy easicr. r\ taufe of c\pn­
nential and trignmctric functions cnabll's us to e\·aluate Q for any 
value of I almo;;t at t!llCl' whercas in the ca,;e of the pow('r sl·rics solu­
tion thc Iabor of computation for !arge ,·aluc~ nf I is ,·cry grcat. :\ 
third and vcry important arh·antage of thl· expansion solution in this 
partindar prohll'm is that without detailed computation wc can 
deducC" l>y mere in,.;pcction tlw gl'ncr;Ji charactcr of the funnion 
and thl· ciTcct of thc circuit parametcr" nn its form: an ad,·antage 
which ncYcr attachl's to the power scrics solution. 

This bst propcrty of the particular solution alJo, ·c is extrcmcly 
important. The ideal form of snlutinn, particularly in tcchnical 
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prohlems, is one which permits us to infcr the gencral character and 
prupcrties uf the function and the ciTect of the circuit constants on 
its form, without detailed solutions. A solution which possesses 
these properties, ewn if its exact computation is not possible without 
prohibiti,·e Iabor, is far supcrior to a solution which, while com­
pletely computaule, teils us nothing without detailed computation. 
I t is fur this reason that some of the deri\'ed forms of solution, dis­
cusscd la tcr, a re of such importance. In fact a solution which re­
quircs detailed computati01\ before it yields the information implied 
in it is mcrely equi,·alent to an experimentally detcrmined solution. 

Unfortunately the ad,·antages attaching to the expansion solution 
of the specific problem just discussed, do not, in general, characterize 
the expansion solution. The following disad,·antages should be 
noted. First, the location of the roots of the impedance f unction 
Il(p ) is practically impossible in the case of arbitrary networks of 
more than a fcw dcgrccs of frccdom. In the sccond place, when the 
llllllllH'r of degrces of frccdom is !arge it is not only impossible tn 
dcduce the significancc of t he solution Ly in,;pcction, lmt thc rom­
putation hecomcs cxtrcmely laborious. In such cascs, thc practical 
\'alw· of thc t·xpansion solution d<'pcnds, just as in thc power series 
solution , on thc possihility of rccognizing and summing the expan­
sion. This will bc clcar in the case of transmission lines, wherc thc 
root s of Il (p ) an• infinite in numiH'r and thc dircct computation of 
the cxpansion solution (!'xccpt in the rase of the non-inducti\·c cahle) 
is qui tc impossible. 

CHAPTER I\' 

So~IE CE:SERAL FOJntUt.As A:SD TIIEORE:\ts FOR TIIE Snt.t"rto:>: 

OF ÜI'ER,\TIO:\AI. EQUAT IONS 

\\'e ha n · sct·n that thc opcrational cquation 

h = 1/ Il (p) 

is thc sy mbolic or short-hand cquivalent of thc integral cquation 

and from thc latt cr wc ha\·e deduccd two n ·ry important fnrms of the 
l ka\·isidt• solut ion. Jn rccognizing tlw cqui,·alcncc of tlwse two 
equation,.; wc ha\'c a \·cry grcat ad\·antagc and an· ;JUIP. in fact, to 
hase tlw OperatiOJlal Ca lculus on dcductiYe instead of inducti,·e 
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rt";t,.,oning. ln this ch.tplcr wc shall employ this l'<Jlli\·alence tn t•"t.tlt­
li,;h n·rt.tin gt·ner.tl fonnnbs .tnd theort'llb for tlw solution of "lll'r­
.ttitllt.tlt·qn.ttions. Th.tt is to "·'Y• \\'l' shallm.tkl' u,.;e of the principlc•s 
th.tt (I) any nwtlwd .tpplicahll' to tlll' solution of the intt·gralequ.ttinn 
,.,upplil',.; ,.,., with a corresponding nll'thod for tlw ~olution of tlw 
opt•r.tlitllt.tlequ.ttion, .tnd (~) a ,.;olntion of any ,.;pccilic int.-gr.tl t·qno~· 
tion gi\'l'S at onn• thl' solution of tlw t·orn·,.;IHlllding npl'r.tlional 
t·qu.ttion. \\'t· turn therl'forc lo a hrid di,.;cu,.,sion of tlw apprnpri.ttc 
llll'lhcllb for sol\'ing tlw intt•gr.tll'qllation. 

lt m.ty lll' ,.,,,id ;tt the out,.;l't, that tht· solution of the integralt·qu.t­
tion, likl' tht• t'\·aluation of intl'grals, is a matter of con,.;idcrahlt• art 
.tnd l'Xpt·rit·ncl'; in other words tlll're is not, in gl'tH'ral, a straight­
forw.tnl pron"<lure currl'sponding to the proce,.;s of di lTPrt·ntiation. 

I ln tlw other hand, a,.; a purl'ly matlwmatic;tl qul'stion, it i,.; alway,.; 
po,.,,.;ihlt• lo in\'l'rt the integral t•quation and write down lz(/) as an 
nplicit function in tht• form of an infinitt• integral. For examplc 
it mo~y lll' slwwn from the Fourier I ntegra l that 

/() 
2 ( ""a(w). I 

I I = / n -- stn lw.r w 
'Ii' · 0 w 

where n (w) is ddined by 

II(~'w) =a(w)+i ß(w). 

l..ttt·r on Wt' shall briet1y con:-ider the Fourier Tntegral; for the 
prl'"t·nt the prcccding fonnul.t will not he considcrcd furthl·r. l n 
ccrtain problem-. it is of \'alue; for the explidt dcri\'ation of lt (tl, 
hO\w,·er, it is usually too complicated to be of any use except in the 
hands of professional mathematicians. As a matter of fact, a clir('ct 
.tttack on this formub would !Je equi\'ale~t to ahandoning the uniquc 
,.;implicity and ad,·antages of t)l(' whok Operational Cakulus. 

lt has heen noted aho\'e that any solution of the integral eqnation 
"nppli('s a solution of the corresponding opcrational equation. This 
principle en.thlcs us to take ach·antagc of thc fact that a ,·cry brgc 
numher of infinite integrals of thc type 

h<l\"(' lll'l'll l'\'aluated. The l"'.'aluation of l"'.'ery j,zjinile inle.!!,ral of this 
type supplics us. thcrefore, <cith tlzc solution oj an opemtional eq1ta/ion. 

I >f mur"l', not all the operationalt·quation:-; :;o :;ol\'ahlc ha,·c phy:-.ical 
~ignificanc('. :\Iany, howe,·er, dn. ßelnw is a Iist nf infiniteintegrab 
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with their known solutions, accompanied by the corresponding 
operational equation and its explicit solution. All of these so l ution~ 

are directly applical.Jle to important technical problems. I t may be 
remarked in passing that the infinite integrals have for the most 
part been e\·aluated by advanced mathematical methods which need 
not concern us here. 

Ta ble of Infinite Integrals, tlre Corresponding Operational Equations, 
and Their Explicit Salutions 

100 1 
(a) e-Pte-'A'dt = --

o P+X' 

h = ptx =e-"''· 

(b) 

lz=_!_=t"/n'. P" . 

(c) [

00 l 1 e-PI-- d/=-
• o v~ , l p' 

h = Vp = 1/vf;t. 

(d ) 1"" pt ('21 )" _!!_!___ -~l~ 
o e 1.3 .. 5 ... (2n-l) , 1rrt- P" , IF 

, rp ('21 )" l 
lz =-P" = I '3 " (? 1 I . •• • <> •• • - n - ) '\ rr/ 

(e) 

I" - e-'At, 
II! 

lf) { oo e- N,JF e-'A!tdt = e 2'''AP, 
• 0 'i 7r t t 

- j ~e-'Ait 
h=pe-?.v'Ap = y ;.

1
,

11
. 

(g) 
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~h [
.. P' .· ' I X e ~~~~,,/'I= .+, .. 

•U p· ,,. 

(i) 

(j) 

lz= i_e->..''P'+'=o for t<X 
"\ lp~+I 

=Jo( "\lt2 -X2) for /2!X. 

(111 [ ""'e-P'Jn(Xt)dt=: ('~Pr r2 =P~+x~. 

p ('-P)" lz=-:,- -..,..- =J.(Xt). 

fp) 1"' e-PteX'fo(XI)dL= l , 
0 , lf?+'2'Ap 

h=- I =e-X'fo(XL). 
"\ll+'2Xjp 
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In formulas (1), (m ), (n ), Jn (x) denotes the Bessel function of order 
11 and argumenl x. In formu la (p), Io (x) denotes t he Bessel function 
lo(ix) where i = , !=T 

This Iist might be grea tly extended. As it is, we a re in possession 
of a ~l·l of ~olu1ion" of operalionalequalions which occur in important 
lechniral prohlems and which will be employed later. 

The foregoing empha~ize the p ractical a nd lheorelical imporlance 
of reco~nizing- the l'quiYalence of the integral a nd operational equa­
lion~ . \\'ith 1his cq ui,·alence in mind, the solution o f a n operalional 
l·quatiou is often red uccd to a mcre refercnce to a table of .infinite 
integral,;. Hea,·i.-ide dicl not recognize t his equi,·alence. As a 
con~equence many of his solutions of Iransmission line problems are 
l'Xtrcmely la borious and inYoh ·ed and in the end unsatisfactory 
J,ccausc expres,;ed in im·oh·ed power series. 

:\ot all the infinite in tcgrals corresponding to the operational 
l·quations of physica l problc1ns ha,·e Leen e\'aluatcd or can he recog­
nizcd "·ithout transformation. This sta tement corrcsponds cxactly 
with thc fact that a table o f integrals is not a lways sufficient hut 
musl hc supplcmenll'd by g<' ncral methods of integration. \\'e turn, 
thcrcfore, to stati ng and d iscus~ing some genend Theorems a pplicable 
to lhe solution of Operalional Equations. 

In the dcri,·alion of thc opcrational lheorems, which conslitute the 
gcneral ruil-s of the Upl'rational Calculus, the follmving proposi­
lion, due lo Rord and knO\m as Bord's theorL'm, will be frequently 
crnployed.* 

lf tlz e func/ions J(t), JI(t), and !2(1) are deji ned by lhe inte_~ral equa/ions 

F(p) = [ f(l)e-"1dt 
• 0 

am/ ij lhe f wzctions F, F, and F2 salisfy the relalion 

'Fora prool ol this important thcort•m thc reaclcr is rclcrrcd to nord," l.crons 
'ur I•·~ Siri<·s llin·r~•·ntt·s " ( l'ltll ), p. · t04; to Bromwich, "Thl'ory of Infinite Scril"o," 
1'1'· 2XO ZXI: or to For<l, "St udics on I linr~-:ent S .. rics ancl Snmmahility," pp. 93-94 
ll~·ing \ ol. II ol l hc :\I ichigan Univcrsity Scicnrc Scri<'s, puolislwd hy l\lacmillan). 
Thc prool dqwnds un ja(ohi's tr<~nsformation of a doubl(' intcgra l:scc l·:dward's 
"lnt .. ~ral Cakulns," ]f12l, \'ol. II, pp. 14 - 15. 
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Jhe11 

/
., 

fU)- ft(TlfzU- T)dT 
• n 

The operation.tl tlw Jn.~nH will n•1w hc st.1ted ,u11l hril'fly pro\·ecl 
from tlw intl'g-r.tl l'l(llation identity. 

Theort'm I 

lf in lht' Oprratiorwl Equalian 

lr=l ll~p) 

the f!.t'llt'rtlli:t•d impt•'ltlll(t' fuuclion lflp) Ct/11 Iw cxpandcd in a S/1111 of 
lrrms, tluts 

arui ~f tlu auxiliary opcrational t'quations 

can be soh·ed, tlu11 

l 
Ir,= ll,(p) 

Ir·= ! -
- li2CPJ 

This theorl'm is too oln·ious to require detailed proof: in fact it is 
!'elf evident. Thl' power serie:- and l'Xpansion tlworem solutions arc 
l'Xample!' of its application. l n general, howcwr, the appropriatc 
form of expansion of l I!(p) will depend on thc particular problern 
in hand. Thc thcorl'm, as it stand,; is a form;tl "tatement of the fact 
that solutions can oftl'n be ohtained hy an appropri.tte expan,.;ion 
whl'n'a!' th<' equation cannot hC' ,;o]n·d as it stands. 

Theorem II 

lj h = h(t) and g = g(t) are deji11ed by the opcralioual equatiorrs 

Ir= I 1ll(p) 

g = 1; p!UpJ 
I Iren 
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T o prO\·e this theorem we start with the integral ef!uations 

I - (~ J () - t>td 
pl/(p)- Jo 1 I c I, 

1 [ "' /NJ(p) =. 
0 

g(t)c-f>ldl. 

The second of these is in form for an immediate application of Borel's 
theorem si nce 

1 I 1 
p2JJ(p) = "p . pll(p)" 

The functions f 1 ancl h of Borcl's theorem then sati~:,fy the equations 

lt follows at once that 

ft(l) = 1 

h(l)=h(l) 

whence by Borel's thcorem 

g(t) = J:1

h(T)dT. 

Theorem 111 

If lz = h(l) and g = g(t) are dcji11ed by lhc operalional cquatimn 

h=l'IJ(p) 

g = P/ II(p) 
the11 

d 
g(t) = dl h(l) 

f~rol•idl'd h(o) =o. 

Thl' integral equations of the problem are 

I [ "" pll(p) = . 
0 

h(l)e P
1tft, 

1 [ "' ll (p) = • 0 g(l )e- Pitf/. 
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lntl'gratin~ thl' !'tr-.t .,f thl'-.l'll~ p.trl-. \\l' h.l\l', 

I 
p!l(p) 

wlll'rc h'(l) -d 'dt h(l). 

I I !""' /z(o) t· lz'Ulc P'dt 
p p. 0 

lf h(o)-= o, wc h.\\l' .11 ~>nn· 

I [ "' /J(pl ~ • 
0 

/z'(/ll' P
1d/. 

Compari,.oll "ith thc integral cquatiun for /!.(t) ~hows at oncc that 
g I =h'(l), !'incc thc integral cquation dctcrmincs thc function 
uniqut'l~. 

l'lwnrcm-. II .tnd III l'-.tal•li-.h thc charactcristic IIeavisidc ( lpera­

tion-. l•f rt'placing- I 'P by [ 't!t and p hy d 1tll . 
• 0 

Tluornn 11· 

lf in tlze opera/iona/ t'qualion 

lz = 1. ll(p) 

Ihr gt?ncra/i:;cd impcdancc funclion can be fac/ored ;" tlze jor111 

and if thc auxi/iary operatio11al cqualions 

ht=l'llt(p) 

hz= 1 1ll2(PJ 

drjinc tlzc auxiliary <·ariab/es lz 1 a11d h 2, lht'll 

d [ ' h(t) =d hl(r)hz(l- r)dr 
/ . 0 

=dd { 'hz(r)ht(l- T)dT. 
/ . 0 

This thcnrcm is immcdiatcly deduciblc from Borel's thcmem and 
thcorems II and I II , as follows. 

Thc integral cquations arc 

I I I [ "" 
pll(pj = l>pri.( PJ. Pilz( Pi= • o lz(t)e P'dt 

I 1"" - = 11 1(/)e-P'dt 
plll(pl 0 

I 1oo pll
2
(p) = 

0 
h2(/)e-P1d/. 
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1\ow definc an auxiliary function g(t) by thc opcrational cquatiun 

1 
g= pii(p)" 

Thcn 

and hy Borel's thcorcm 

g(l) = {1z1(r)lt2(/- r)dr 
• 0 

Frum this equation it follows that g(o) =o, and hence comparing the 
operational equations fnr lt and J!, we havc hy aid of Theorem lll 

and hence 

This theorem is extremely important, although not statcd or 
employcd by Heaviside himself. \\'e shall make use of it in estab­
Iishing two important general thcorems and shall haYe frequent 
occasion to employ it in specif1c problems occurring in connection 
with the subsequcnt discussion of transmission theory. 

Theorrm l ' 

lf lt=lt(t) aud g=g(t) are drfiurd by the opcratioual cquatious 

I 
lt= J{(p) 

I 
g=Ti(p+>-) 

wherr >-. is a pnsitit•r rral paramctrr, tltf'll 

g(l) =(I+>-[' dt)e-X'h (I) . 
• Q 
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I 

pl/1 p) 

I 
pll(p+ X) 

.llld tlwn lo prt.:"l'n\' uur origin.d nol;llion rl'plat:l' tht.: ~\'llllu•l q t.~ p, 
wlwnt:t.: 

(a) 

The intl'grall·quation in g(l) c.tll he wrilten <1,. 

(h) 

Cumparing equations (a) and (h) it follows at oncc from theorem,; 
.tnd II that 

Frorn the furegoing, thc following auxiliary theort.:m is immt.:di­
atelr dl'ducible. 

Theorem l"a 

l f h=lz(l) and g=gU) are ddincd by the operational equ.11ion~ 

I 
II = !Up) 

p 
g ,." (p+X lf(p+Xl 

then 

The proof of this theorcm will !Je lcft as an cxcrcise to the rcader. 
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Theorem Vl 

lf h = lz(t) a/Ul g = g(t) are dejined by the operational equations 

h = I,'Il(p) 

g= l Il ('Ap) 

v:here 'Ais a posith•e real parameter, then 

g(t)=h(t.''A). 

\\"e '-'tarl with the integral cquation-; 

I 1 ... ·- = h(l)e P1dt 
pll(p) 0 

I · "" 
pli(>..p) = Jo g(l)e-P1dt 

and in the first of thesc equations we replace p by Xq and t by T/'A, 
whence it !Jecomes 

:\m\· replacing the sym!JO!s q and r by p and t rl',.;pcctin·ly, wc han· 

I 1"" --= /i(/ 'A)e-P1,f/ 
pll('Ap) 0 

whence by comparison with the integral equation in g(l) it follows 
at once that 

g(t) =h(t, 1'A). 

This theorem is often useful in making a conwnient changc in the 
time scale and eliminating superfluous constants. 

Theorem VII 

lf lz =lz(t) and g = g(t) are dejined by the operational equations 

1 
h = il(p) 

e >..p 

g= ll(pj 

·where 'A is a positil·e real quantity, tlzen 

g(l) =o fur t<'A 

=h(t-'A) for !'?:.>... 
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l'hi,., i::- .1 \tT)' imporl,llll thl'orelll in I'OIIII!'I'tion \\itlt tr.tnsmi,.,~ion 

line prohknh wlwre rct.mi.Ltiun, dm• to tinitc \l'lority of prop.tg.tt ion, 
otTttr,... I h prnof prtl!'l'l'd.., .b follow::-. 

lf tht• all\ili.uy function k ktl) is dt'litwd h~· thc opcr.ttional 
t·qu.tlion 

k I' 'Ap 

tlwn h~ Tlll'on·m 1\', 
I ., 

g(l) = 
1 j k TJh(l r dr. . dt . 0 

(.t) 

:\uw, currc::oponding to thc oper.ttion.d l'fJII.ttiun k = c->.p wc ha\'C 
the intl'(~ral cquatiun 

I' ).p [ "' 
p = ' 

0 
k(l)t• P

1cf/. 

Thc soluti011 of this integral equ.nion, which is casily \criticd by 
dircct substitution in thc infinite integral, is 

kV)=o for t<'A 

=I for I~'A. 

lknn: C'quation (a) Ul'Comcs 

g(l) =o for I <'A 

d ~~t 
=II h(l-r)drfort~'A 

( . ). 

=lz(t-'A) for /~'A. 

Theorem l\', cmployed in thc preceding proof, a~ st.ttcd abo,·e, is 
extremcly important and we shall ha,·e frequent occa~ion tu cmploy 
it in specilic problems. \\'e shalltlO\\' apply it to dcducc an important 
theon:m which cxtends the opcrational calculus to arbitrary impre~scd 
forces, whcreas heretofore the opcratinnal equation h =I II(p) applied 
only to the ca:;e of a "unit e.m.f." impressed on the system. 

I t will he recallcd from a prcvious chaptcr that if x(l) denotcs thc 
rc::-ponse of a network to an arbitrary furce J(l), imprcs~cd at time 
l =o, and if li(l) denotes the corrcsponding resprmse tn a "unit e.m.f.," 
thcn 

d[ ' x(l) = dt 
0 

h(r)J(t- r)dr (31) 

and 
I f' ." 

//( 
= /, h(l c-pldl. 

P PJ • o 
(30) 
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:\ow f (t) may be of ~uch form that thc infinite integral 

1"" J(t)e- P1dt 

can !Je e\'aluated and has the \'alue F(p) 1p: thus 

(55) 

This is possiblc, of course, fur many important types of applicd forces, 
inclmling the sinusoidal. 

It fullows at once from Theorem IV that :r(t) satisfies anu is ue­
termined by the integral equation 

1 F(p) 1"" _ P ll (p) = 
0 

x(t)e P
1dl. (5()) 

\\'e haYe thus succeeded, by \'irtue of Theorem I\' in expressing the 
response of a network to an aruitrary e.m.f. imprcssed at time t=o, 
by an integral equation of the same form as that expressing the 
response to a ''tmit e.m.f." That is to say we ha\'e, at least formally, 
extenued the operational calculus explicitly to the case of arbit rary 
impressed forces. 

\\'e now translate the foregoing into the corresponcli ng Operational 
Theorem. 

Theorem l '11 I 

IJ the operational equation 

lz = 11 II(p) 

expresses Jhe response of a nelwork /o a "uni/ e.m.J." and if an arbilrary 
e.m.f. E impressed at time t=o, is expressible by tlze operational equa/ion 

E = l"(p) 
ortheinfinite integral 

[ "" E (t)e -P1tft = !J~ 
•0 p 

then tlz e res ponse x of tlze network to the arbilrary force is gi1Je11 by the 
operational equalion 

l'(p) 
.\· = I I(i) ' 

und x(t) is tfetermined by the integral equation 

l l '( p) [QC 
P ll (p) =. 

0 
x(t)e-Pitft. 



t/1\( (Ir 111/·(11\} ./.\11 U/'1 ·1\.IIIU.\.11. < .//1 l 1.1 \ 7.11 

J'ltroron I X 

lf Ihr oprm/ltnwl t'rJIIIIIion 

is rtdlltiblt• lolht form 

~dlt'rr X is a rral paramrlt•r, cwd if lhe 1111.ri/iury junrl1ons f=fU) anti 
k = k(l) arr drji11t'd by tlte auxiliury opcralional l'rJIWiions 

J=F(p) 

k=K(p) 

thl'll h(l) is dl'lennintd by lht J>vissan lnltgral equulivn 

h(l) =J(I)->. { ll(r)k(l-r)dr. 
• I) 

Thi,. theorl'lll i~ of con,..iderahle pr.tctiral importance in conm·1 tion 
with the apprnximatc and llllllll'rical solution of operatim1al (''Jll<ttion~ 
whcn thc opcrational cquatinn and thc cqui,·aknt Laplacc integral 
cquation pron~ rdractory. l n ~urh ca,..t•,;, a:-; will hc ,.hn\\ n later, 
the numerical :,.o)ution of thl' Poi,.;s111 mtegral equations can oftl'll 
be rapidly and accuratcly l'ITected, and in many ca"cs the quali­
tati,·e pro(Wrtics of h(l) C<trl Iw deducl'd from it \\ itlwut dl'tailed 
nunwrical !'Oilltion. 

Thl· prouf of this thcorl'lll prol·l·cd,; a,.; fcallow,..: 
By \'irtuc of thc relation h =I //(p) the opl'rationalequation 

ca n hl· \vri t! cn as 
1\(p) 

h +>. II(Pl = F(p) 

h = F(p) ->. KCPJ. 
Jf(p)' 

.:\ dircct application of Borel's !hcon·m or Theorem 1\' gin•s at OllCL' 

the cxplicit cqui\'alent 

h(l)=j(l)->. .J:1

h(T)k(/-r)tfr. 
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Thc preceding t bcorcms, togethcr with thc power scries and C:\.­

pau~ion theorem solutions formulatc thc most important rulcs of the 
uperational cakulus, and arc cunstantly employed in thc solution of 
the electrotechnical problcms. On the other hand, thc table of 
infinite integrab furnishes thc solution of a set of opcrational equa­
tions, which are of the greatcst uscfulncss in the systematic study of 
propagation phcnomena in Iransmission systcms ,,·hich \\'ill cngagc 
our attcntion. Bdore taking up this study, howen·r, we shall tirst 
soh'c a fcw specific prublems which will sen·e as an introcluctintl to 
asymptotic ancl di\'ergent soltitions in,·olving- llea,·isicle's so-called 
"fr;lCtional ditTerentiation." 

Problem A: Current Entering the .Yon-Inducth•e Cable 

Tlw non-inclucti\·c cal>le is a smooth line \\'ith distributcd rcsistancc 
R and capacity C per unit length; for the prescnl \\'C neglcct induct­
ance and leakage. A consideration of cable problcms Ieads to some 
uf the most intcresting questions relating to opcrational methods, 
particularly to qucstions regarding divergent cxpansions. 1 t would 
secm best to allow spccific problcms to sen·c as an introduction to 
thcsc generat questions. 

The ditTcrcntial equatiuns of thc cahle are 

RI=- ·9._ 1. 
Q.\: 

Cd 1"= _ _Q_I 
dt ox 

(57) 

wherc x is tlw clistancc, mcasurecl along the cable from any fixed 
point, I is thl' currcnt at point x, and I' thc corrc~ponding potential. 

Replacing d dt hy thc opcrator p, \H' ha\·c 

Rl= _Q.l" ox 
(.'iS) 

Eliminating, succcssi,·ely, 1· a nd I from thesc l'fJltatinns, Wl' !!l't 

aml 

. a~ 
pRU= --1 ox2 

pRC1'= o' 1'. ox2 
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Thc::-t' l'lJll.lti"n" h.aH' tlll' ~l'ncr.ll o.,olution::. 

(tiO) 

wlwre 

"f = \ I pf<.('. (Ii I) 

Thc ll'rlll in t'-'Y• Tl'JITl',..l'llh lht• din·• t \\.1\l' and tlll' tl'rlll in ,.Y• thl' 

rl'llu·tl'd \\,1\l'. 1·, and l'l arl' l'Oibt.lllh \\ hil'h 11111,.1 l•t· so 1 h"'l'll 
.a,.; !11 ,.;.rti,.fy thc impo:-l'd houncl.1ry condi1in11s at tlw lcrlllin.d,.. .,f 
llll' (",Ihle. 

For the prl'o.,ent \H' o.,hall •• ,..,..umc th.1t tlw !im· is inlinitdy lnn~ so 
that tlll' rctlec.:tl'd wa\ e is •• b,..ent. \\\: sh;dl abo a,.;o.,umt• that a y"Jt,,~e 
Eis imprcsscd dircc.:tly on the cahle at x=o: Wl' han· then, 

(ti3) 

wherc a denotes .\·~Re. 
To COII\ ert thc:<e to l•pcrational t•quaticm:; Iet u:; o.,uppoo.,e that E 

is a "unit e.m.f." (zcro bdorc, unity aflcr time I =o). \\'e haYc 
then, in upcratinnal 11111ation 

:\ow uppo~· that x=o s11 that a=o, in otht•r word::. consi<h·r .1 
point at the cabko terminab Then 

(üti) 

Thc tirst of the,.;e equation,.; rm·ans th~rt I' is simply the imprl·,..,.cd 
volt~rgc, zcro Ldorc, unity aftcr time I =o, as nf cour,.t·, it should he 
from physical cnnsideratiun .... 

Corrcsponding to thc opcrational cquation 

rpc 
1= \ 7[· (ü6) 
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we have the integral equation 

lc 1 l"" \ R '/ p = u l(t )t· - Pidf. W'i) 

The solution uf this j,... known ( ~c·e fonnula (l') of the preceding tal•le 
of integrals) : it is 

/C 1 I c 1 = \ R \.ht = \ 1r Rt. 
(tiS) 

He;l\·i,.;ide arrin·d at this solution from considering the known 
,;o]ution of the samc probll'lll in the theory of heat flow. lle tlwre­
fore inh·rred that the operatiunall'C)Uation 

1= vp 
ha~ thl' explicit ,;o]ution 

1= I \ ! 1rt. 

This is correet; we, ho\\'C\·er, have deriYed it din:ctly from the integral 
equation of the problem and thc known integral 

+= 1"' c-PI d;_. 
\. p 0 \ 7rl 

(IiD) 

\\'c then sec from the forcgoing that, if a "unit e.m.f." is impressed 
on thc rable terminab, the currcnt entering the calJle is initially 
infinite and dies away in accordance with the fnnnula \./"'C[;rRT. 
The rase i:-;, of t'our:-;e, idealized and the infinite initial Yalue of thc 
rurrcnt: rcsults from our ignoring the distributcd inductance of thc 
cahle, which, no matter how small, keeps thc initial ntrrent finite, 
a,.; Wl' shall see later. 

:\ow Iet u:-; go a step farthlT; supposl' that in addition tu distributcrl 
resistanre R and caparity C, the cahle also has distrihuted leakagc 
G pl'r unit length. Thl' diffl'rential cquation:-; are now 

RI = - _Q_ 1" ·ox 
(Cp + G) l '= - 0 I. ox 

('iO) 

Consequently it follows that in the operationalcquation for thc currcnt 
l'lltcrin~ thl' ('ahl<· wc nccd only replacc Cp hy Cp+G. Thcrdorc, 
when leakagc is included, equation (IHi) is to he rcplaced hy 

(II) 

whne A=G 'C. 
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C \ P+X ("' 
\ 

= /., /(l)f Pllf/. 
R /' • o 

(7~) 

\\'l· ~h.11l gi,·c two ,;olnti<HIS of thi,; prohlt·m; !"1r~t tlw :-.olution of 
tlw intl'gr.tl equ.1tion, and ,.t·cond tlw l~'Jlil'.d I kavi,.idt· ::.olution 
din·ctly from tlw npl'r.ltion.d l'quation. 

J·:quation (7:!) 111.1~· Iw writtt•n <1" 

I (. (I+>.. p) = [ "" l(/lt' P1dl. 
\ R , p+>.. • o 

:\ow :mppo,;l' that }(ll i,; thc ::;o)ution of thc cqn.llinn 

I 1"" - = }(/)t• Ntff 
\ p+>.. 0 

(71) 

it fullows at oncc from Themem::; ( I) am..l (II ) nf thc preceJing- chapkr 
that 

J(t) = ~ ~( I+x.fdi)J(I). (i.1) 

Also frum formula (c) of thc tablc of integral::; aml Theorem (\'a) thc 
solution of (i·l) i,; 

(ili) 

wlwncc 

/ (~ j~ [t~ I 
1(1) = \ - I I +>.. I dl r • uR \ I • o '\ I 1 

(ii) 

The integral appL"aring in (ii ) can not bc t·\·aluatcd in finite term"; 
it j,; ea,.ily cxpn·,..,.ihll' as a ,..cric:-;, howen·r, hy rl'peatl'd integration 
hy part~. Thu:. 

Procccding in this way hy repcatccl partial integration we gct for the 
integral tcrm of_( ii ) 

j 2>..1 (2>..1 J~ 1 
'2 VT e Xt I l + r.:~ + 1.3 .. ') + . . . f . 
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Thc Straightforward lleavi~iuc !>olution is obtained hy cxpancling 
the opcrational equa tion as follows: 

I(_· 
1= ...j R ,!p+~ 

= \1 ~ ( l+~r1\rp 

= \ / ~[ I+i ~-~~-~ (~f +2~}G(~f- · ·] ,rp. 
ldcntifying \ p with ]/\ r1rl (from known solutions of allied problcms) 
and substittHing for 1/p" multiple integrations of the nth onler we get 

(l!l) 

lt ran bc \'Crilic<l that this solution is conYcrgent and cquivalent 
to (II). 

This· problem, while simple anu of minor tcchnical intercst, will ser\"e 
to introduce us to thc \"cry important and interest ing question of 
asymptotic scries solutions. 

An asymptotic scrics, for our purposcs, may bc defined as a serics 
expansion of a function, which, while diYcrgcnt, may bc used for 
numcrical computation, and which cxhibits thc hehaYior of the func­
tion fnr sufficiently !arge valucs of thc argument. 

Let us rcturn to equation (II). \\'e obscn·c that the scries solu­
tion (iS) of thc definite integral bccomes increasingly laborious to 
computc as thc \·aluc of t increascs. This rcmark applics with e\"cn 
greater forcc to thc HcaYiside sulution (I !J) on account of the alter­
nating charactcr of the series. Right here we ha\·c an cxcellent 
examplc of what I rcgard as ll eaYiside's exaggerated sense of thc 
importancc of series solutions as compared with definite integrals. 
\onsider thc solution in the form of (II ) as comparcd with ll c;l\·i­
si<lc's scrics solution (i!l). Thc former is incom parably casier to 
intcrpret and to computc, cither hy num crical intcgration or by 
mcans of an intq~raph ur planilllcter. ln fact the scrics (i!J) is prac­
tically unmanagcablc cxccpt for small values of t. 

Rcturning to thc qucstion of an asymptotic expansion of thc solu­
tion (ii), wc obscrvc that thc definite integral"appcaring in that 
cquation c..•n hc writtcn as, -

[
te-Xt ["' c-Xt [ 00 e -Xt 
-dl= -dt- -dt 

·o v 't ·o t ., , lt (SO) 
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prm ided X is positi\ l', as it is in this cast·. :\n\\ th1 \ .IItH' of tht· 
infinite intl'gral is known; it is \ ';, X. Conscqtll'nt ly 

(SI I 

f 11 r t hl'rlll•lfl'. 

/

. ,., t.-XI I [ "' I l t' XI I •"' t' ~I 
- tlt=- -tft--;..1= - - /. dt . 

• 0 \ t X. I \ I }" \ t :!:0., u I \ I 

lntt·grating ;tgain hy part~ \H' gl't 

I t' ;.., I r->-.t t.:l /' "' e->-.t 
' -,,_ ;; - -+.)'''" --~- t!t. 
'' \ I -•'. I \ I - .". • o /2 \ I 

Contintting this pron·s~. \H' gct 

(:-..2) 

:-\o\\' this scrie,.. is din~rgent, that is, if wc continuc ottt far ennttgh 
in the ~erics the terms lwgin to incrl'a ~c in Yaltte without Iimit. On 
thc other hand, if wc stop with the 11th tcrm the error is repre~l'llted 
by thc integral tcrm in ( ::-.~ ) and thi~ is lrss than 

(- l J" t.:Li ... (~II- I ) e-Xt 
}" \ II (:!Xt)•- 1 • 

Conscqut•ntly the error committrd in stoppi11g witlz a11y trrm in the 
srries is less tha 11 tlte value of tllllt term. Thcrcforc if wc stop wi th 
the smalll',.,t tt·rm in the scric,.., thc crror is less than thc smallcsl tcrm 
and dccrca!-'l'S with incrcasing ,-alm•:. of /. 

\\'c can thcrcforc writc thc solutinn (ii) as 

Thc first term, sincc X =G C, is simply , 1c; R: thc d.c .• ulmittann· 
nf lhe lcaky cablc. Thc di\'crgcnt ~crics shows how thc currcnl 
approachcs this final ~teady \'aluc. 
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In this particular problern no asymptotic solution is derivable 
directly from the operational equation, at least by the Straight­
forward Heaviside processes. Asymptotic solutions, however, con­
stitute a !arge and important part of Heaviside's transmission line 
solutions. \\'e shall thereforc discuss next a proolem for which 
Hea,·isidc ohtained hoth \011\'Crgent and ui,·ergent series expansions. 

Problem B: Taminal l'oltage 011 Cablt• u•itlz "Uni/ E.JI.F." Impressed 
011 Cable Tlzrouglz Cowlensrr 

\\'e now takc up a proolcm for which lleaviside obtained a uivergent 
sol ution, and which will introduce us to the theory of his di,·ergent 
solution~ a nd so-called "fractional dilTerentiation." \\'c suppose a 
"unit c.111.f." impressed on an infinitely long- cahle of di~tributed 

re~i~tance R and capacity C per unit length through a condcn~cr of 
Capacity Co: rcquircd thc voltagc 1' at the cahlc terminals. The 
operational cquation of the prohlcm is dcri,·cd as follows:-

\\'e know from the problem just discus~cd that thc current entering 
the cable whose terminal \'oltage is V, is, in operational notation 

But the current flowing into the condcnser is 

CoP(l- V) 

sincc the voltagc- across the condenscr is 1- 1'. Equating thesc twu 
<'Xpressions we gc-t 

1.= pCo 
PCo+ , l pCj R 

which i~ thc operational C'quation of thc problem. 

This ma y be \Hitten as 

where 

I '= I 
I fC I 1 

+Co \ R , l p 

1 
- l +Vi/p' 

(85) 

(X5) 
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;\ .. w l'\p.lluling thi-. J,~ tlw hin~>llli.d tht·• •n·n1 

~·-~- ,!; +; -; ~; +Gf-
=1+; +Gr+ 
-(1+; -t (;f /

II .. " p. 
= 1 + al + (all~ + 

I! :!! 

- =-(~+ -11 -+~1. + 
(

·> 1 ('> I)'' ('> 1 )J 

I l.:t J.:Li. 

by thc lbli.JI llt·a\ i~idc ruh-,.; of "algd>rizing." 

r.al 

lt is worth while n·rifying this from thc integral l'<Jllation of thc 
prohlen1. \\'c h;,n· 

I =[ "' ~·(/ )r-Ndl. 
p I + \ a p u 

Tlw ldt h.llul "icJe c.111 Iw writ tl'n a,.; 

and l•y thc fonuulas ancl thcorcm,., gin·n in a prccl'ding !:>crtion thc 
,.oJution can bc rccognized at oncc a,.;: 

/a J: 'e-•T 1"(1) =e"1
- \ 1 l"'1 -- dr. 

7r 0 \ T 

(SS) 

Thi,.; <'illl .Ji",, l>c ,,·ritten a" 

}
""I' nT 

• II I -1 (l) = \ I"' / d •. 
1ö \ T 

(S~I) 

lf the ddinitc integral of (S."i) i,.; l'Yaluatecl hy succe~siw partial 
intl'grations it will he found in agrccmcnt with thc lle;n·iside solu tion 
(st;. 

:\ow thc solution ("ill l is in pnwcrs of I and whilc ahsolutely con­
\·ergl·nt bcct~mc,.; progres::.in·ly morc ditlicult tu interpret and rom­
pule ib thc Yaluc of l incrl'ascs. From (S!I), howcn·r, wc can dcri\'C 
" di\crgl·nt or asymptotir .,,,lution applical•le both for irltt·rprct.t­
tion <Jlld cnmputation, whcn the \ .tluc of I is sufticicntly l.1rgc. .-\,; 
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in the example discussed before, the asymptotic expansion results 
from repeated partial integrations; thus 

! "' e -ar 1 j"' 1 
I Vr dr = - G I ~ e-ar 

= ---- -- dr 
e-al 1 1,., e-ar 

avt 2a 1 rVr 
e-al 1 J"" 1 = ---+ ?2 - - d e-ar aVr -a 1 rVr 

a nd finally ' " 

(üO) 

The ~eries (!JO) is divergent just <l s is (S2) of a preccding problem 
a nri the error cummittcd by stopping with the smallcst term, is of 
the sa me charac ter and suhjcct to the samc discussion. \\'ith thi,., 
umkrstanding we write the solutiou (S~I ) as 

1'() 1 I I 1 + 1.:1 1.:3 . .') + I 1 "'..,j rrat -, - 2at (2atJ2 - (2at ) 3 • • • I (HI) 

For !arge ,·alues of t (at>5) this series is accurately and rapidly 
computable. Furthermore it shows by mere inspection the oe­
havior of V( t ) for )arge , ·alues of /, and that it ultimately approaches 
zcro as 1/....;;ai. 

Let us now ~ee how Hcaviside attacked this prohlem and how hc 
arri\'C'd at a di,·ergent ~olution from the operational formula. Rc­
t urning to the opera tional equation (S.'l) , it can he \Hittcn as 

(92) 

:\ow cxpa nd the denominator hy the binomial theorem: we get 
formally 

=( l +~+ (~ f+ .. ·) \ ~ 
- (~ + (~f+(~f+ .. ). 
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I k,l\ i .. idl•\ prnn·dme at thi:< point w.t-. ,1,; n·u1.1rk.,hle a,; it wa,; !'UC­
n·-."ful. I h• tirst di,;c.mkd tht• "l'Cnnd ,;l'ril',; in intq;::r.d powers of p 
.h mc.tnin~o:lt•ss. llc tlwn idt·ntili,·d \ p \\ ith I \ 11'1 and rcpl.tn•d 
p" hy d" dt" in thc tirst series, gettin~ 

. ( Id ld
1 

) I I= I+ d+. 1.+ ... r. a I Wt t· \ !f'Q/ 
(!H) 

nr, carrying out the indicatcd difTcrcntiation, 

which agrces with (tll). 

This is a typical exarnplc of a Heavi!'idc divergent solution for 
which he ollered no explanation and no proof other than its practical 
,;ucn•s,;. llis proccdure in thi,; rc,.;p(·ct i-. quite un-..tti:-fadory and in 
partindar his di,;carding an cntin• ,;erics without explanation is in­
tt·llt•ctl~<tlly repugnant. \\'e -.halllt·a\·c thc~c qtll':-tion-.; for thc pre,.;ent. 
howcH·r; btt·r wc -.hall makl· a ,;ystematic stmly of hi,., di,·crgcnt 
!'olution,. and T<ttionalizc thcm in a ,.,ati-.factnry manncr. First , 
howcwr, we shall takc up a spl'citic prohlem for which Hca,·i ;;idc 
obtain;; a di,·ergent solution without di:-ocarding any lerms. 

Problem C: Crtrrml Entai11g a Line oj Distributed L, Rand C 

Considcr a Iransmission linc of distributed inductancc L, rc,.i,;tance 
R. and capacity C per unit lt·ngth. The ditTerenti;tl cquations of 
currcnt and ,-oltage are 

(L d +Rll= _Qt• 
dt ax 

crl ~-:=- a I. 
dl ax 

Rl•plaring tl 'tlt J,y p, Wl' C:l'l 

!pL+RJl= -:\_1" 
cp~·=- 0 I. ax 

(9.5) 

(!l(i) 

1-:quation;, l!tlil corrc-.pond cxactly with (:1" ) for the non-inductive 
cahle: c\ccpt that we mu:.t rcplace R hy pL+R. For the infinitely 
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long line, thcrcfore, tlw operational formula {or the current entering 
the line is 

(~J'j l 

whcre I 'o is thc \'Oitagc at thc line terminal,;. 
we ha,·e, as our operational equation, 

l f this is a "unit e.m.f." 

I
. pc 

I= \ . -
pL + R 

which can l>c written as 

whcn· X=R .''2L. 

I{ 
I= \ L "\ 1+2X p 

Tbc corresponding integral cquation is 

I C I ["" 
\

1 
1
- r.---- = c-P'J(t)dl. 
~V p2+'2Xp o 

(!l~) 

(fl\1) 

(100) 

From eithcr equation {!l!l) or (100) and fonnula (p) of the tablc of 
integral~. we sec at once that the solution is 

( I 0 I) 

whcrc l o( XI) is the Bcssel function lu(i'/1.1), where i = ,;-_ I~ (Thc 
function is, however, a pme real. ) 

Ilea\'isidc's proccdurc, in the ab~ence of any correlation l>etween 
the opcrational cquation and thc infinite integral, was quitc diiTerent. 
Remarking, with rcfen:ncc to equation (D!:l), that "thc suggestion to 
employ the binomial theorem is ol)\·ious," hc expands it in the fnrm 

l = ' C j 1 _X +L~(X) 2 _1.3.5fX) 3+ 1 
\ L I p 2! p a! \ p .. f (102) 

and n:plan:s l 1 p" by 1" / u in accordance with thc rulc di~cus~ed in 
pn:n·tling ~ertions. Thc cxplicit solution is thcn 

1- I C 1 1_ + I.a(') 2 _ l.:_u,;( 3+ '· 
- \LI XI (2!)2/\1 (:~!)2 XI) ... , 

a !'1111\l'rgent solution in rising powers of I. 1\s yet, howe\·cr, he docs 
not rt•t·ognize this ~cries as the power sc rics cxpansion of (101), which 
it is. llc dot·::;, howe,·er, rccognizc thc practical impos:-;il>ility of 
using it for t'Ofli)Hlling for !arge \'alucs of /, and rcmarks "But the 
binomial th('on:m furnishes anothcr way of cxpanding the operatur 
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(P(Wr,ltional t•qu.ltion), ,·iz. in rising pow1·rs of p." Tllll"', n·turning 
tn {!l!l), it 1',111 l>t• \\Tilll'll ,IS, 

(' \ p :!;>.. 

I= \ I. \ I + p :!;>.. 

'\11\\ <''\p.llld tlw dt·nomin.ll<>r hy tht· l1inomi.d thcort·m. \\<' gl'l 

c 
l= \ L 

()01) 

I fc no\\' identitic,; \ p :!;>.. with I \ :!~rX/ and repl.~re,.. p" in thl' "t·ries 
l>y d" dr". thus gctting tinally 

(IOtil 

Thi,.. ,..eric,.. ~olutinn is din·rgent : ll ea\·iside recognize:- it. ho\\t'n·r. 
,,,.. thl' a,..ymptotic L'xpansion of thL· function t'->.1 /,,(X/), and thu~ 
.lrrin•,.. at thc ~olution 

(101) 

which \\l' have olttai•wd from our tahles of inlt'grals. 
'\ nw the din•rgent t·xpan;o;ion ( l!Hi) is the weil kno\1 n asymptotic 

cxp;111,;ion oi the funrtion e->.1 fo(M), which is usually deri\ ed l1y difli­
cult and intricate processc,;. T hc directne:-,.. and simplicity with 
whieh I fe;n·iside derin·:-; it i:-; cxtraordinary. 

\\'c notc in this exampk that no integral powcrs of p appear in thc 
din·rgent expansion: con>'l'(]Uently no term,.; arl· di:-c;mkd. Ot hcr­
wi:-c l ll•a,·i,..ide's process is as ::.tartling and rcmarkahle as in the 
ex.1mplc di:-:cussl·d in tht· prt•ct·ding sectinn. 

\ \'e :-hall latt·r encounter many prohlcm" in which asymptotic 
solution,.; are ckri\·able as in thl' pn·n·ding example. \ \'e ha\·e ;;utli­
cicnt d;lta, ho\\L'\'Cr, in thcsc two typical cxampll's to take up a 
systernatic discussion of tlw thcory of I ft.a,·i:-ide'~ din·rgent solution 
nf thc opcrational equation. 

CliAl'TER \' 

TIIE TIIEOR\' OF Ttlt·: .-\~\'~II'TOTIC ~ot.l'Tio~ OF 01'ER.\ rto:-.;.\1. 
E«ll'.\ TW:" ... 

:\ study of llea,·iside's mcth<Kls, .b "'l'mplitied in thc prl'n·ding 
examplc,., and in many prohlems dealt with in his Elcctromagnl'tic 
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Thcory, \'ol. II , show:-; that thcy may he di,·ided into two classes: 
( I) those of which thc operational cquation is of the form 

lz = F(p)\ /p 

anJ (II ) tho:-c of which tlw oper.1tional equation is of thc fnrm 

lz = <J>( pk \ I p ) 
whcrc k is an integer. 

( I ) 

( II ) 

llca,·isidc himself docs not distingui~h bctwecn thc two rbs,..cs, 
but cmploys thc following rulc for ohtaining asymptotic expansion 
solutinns: 

IJ lhe opcralional cqualion 

lz= 1/ Il (p) 

can be expa1ulcd illllzeform 

lz = ao+a1p+a 2p2+ .. +a~~P"+ ... 

(bo+b1P+b2P2+ .. + b.,p" + , , , ) \ /p , ( lO'i ) 

a solution, usually divergent, ü obtained by discarding, thc first cxpansion 
entirely, cxccpt for the leading constantterms a.,, replacing \ I p by I 1 \ 1 1rt 
a/1(1 p" by trjdt" in lhe secoiUl expa11sion, ~t·lm/Ce an cxplidt series 
solution results. 

( 
d d2 1 

h=ao+ bu+bld/+b2Jt2 + .. . ) \/~ (10:':) 

+ 1 (b b I +b I.~ b ! .:Li+ ) 
=Go \ ' 7rt ~- 1'2t 2('2tf- 3(21)3 • • • . (10\l) 

I t slwulcl hc cx prcssly undcrs tooJ that Bca \'isidc nowhcrc himsclf 
states this rulc form.1lly . lfc clocs not distinguish betwccn thc t\\·o 
cascs \\·herc intc·gral scrics in p clo and do nol appcar, although , ·er~· 

impurtant m;lthcmatical distinctions arc im·okcJ. Furthcrmore, 
in onc case hc modifies hi s usual proccdurc by adding an extra tcrm 
( !·:Im. Th. \ 'ol. li , pg. 42 --U ). lt ccrtain ly n ·prcscnts, howc\·cr, 
hi,.. usual procctlurc in a , ·cry largc number of prohlems . 

. \ c<>mpletely sati~factory thcory (lf thc I lea,·isiclc Rule, jus t statcJ, 
ha~ 1111\ yct lll'l'l1 arri \·ccl at although wc can always , ·erify tlll' di,·cr­
gl·nt ~oluti11ns in ~pt•c·itic prohll.'ms. Furthermorl', it is not as y<'t 
knll\1'11 just how gl'ncra l it is, though it ccrtainly works succes"fully 
in ,, larg1· lltllllher (lf phy:-ical problems to which it has h<'cn applicd. 
Fin;illy \\l' kn(l\1' nothing in gcneral as tn thc asymptotic charactcr 
nf thc r1·sttlting l'\p,lll~ion. ln sona· casl':o; it lcaus to an cxpansion 
in whid1 thl' c·rror is IL's:-> than th<' last term indudcd, in others rc-
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m.trk.tuly enough the exp.tnsion j,.; everywherc conn•r~o:cnt, whilc 
in yl't nthcrs its .tpplic.ttion Iead:; tu .1 !'crics which is mc.mingk"s 
ior a ecrt.tin r.tngc of ,·.llucs of /. 

llc.l\·iside him:-;clf givt•s no infonu.llinn which would !'erH' us .ts .1 

1-!Uidc in informing th when thc rule is applicahle and wht·n it is not. 
t 'nn:-cqucutly it hccnmcs .1 m.llter nf pr.tctic.tl import,tnn·, not only 
tn investigate tlw underlying lllilthernaticd philosophy of thc rulc 
and to c,.,t~tblish it nn thc hasi" of orthodox mathematirs, hut al~o to 
dcn•lop if pos,..iulc a critcrion of its applicahilit~·. ln this investig;l­
tion \\C ~hall h.nc rccoursl' to thc intl·gr.tlcquation of tht: proiJll'm. 

\\'c :-.hall takc up tirst the type of prohlem (Ciass I) in which the 
opcration.d cquation is 

lz =-
1
- = F(p) ,rp 

Jf(p) 
(110) 

and <bsume th.tl F(p) adn1its of thc form<~l power scril'~ cxpansiun 

( II I ) 

Thc rorn·:-potH.Iing integr;tlt·qu.ltion is 

~ = h(l)e-P1dt. F(p !'"" 
\ 1 p • u 

( I 1 :!J 

\\'e now a::,"umc thc exisll'nce of an auxili.1ry function k(t), dcfined 
and dcterrninctl uy the auxili;try integr;d equatinu 

F(PJ = la' "" kll)e-P1dt. (113) 

:\ow since 

1 = { "" e-rt dt 
\ /p • u \,

1
rr/ 

( 11-t) 

it follows from (112), (113), and ( 111 ) illltl B"rd's Theorem, or 
Theorem 1\', that 

1 [ l k(r) 
lz(l) = --= ~ dr. 

\ 1 rr o \. 1- T 
(115) 

:\ow if we differentiale (113) repeatedlr with re:-pcct to p and put 
p=o, it follows from thc cxpansion ( II I) that 

["'t~ 
b.=(-J)H 1k(t)d/, 

•0 II. 
(I 16) 

Thi~ cquation prc::,uppo::,cs, il should uc noted, Lhc con\·crgence of 
theinfinite intcgrals for all ,·alues of 11, and therefore imposes sc\·erc 
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re~trictions on k(t) and hencc on F(p). \\'e shall suppose that these 
re~trictions are satisfied, and discuss them later . 

.:\ow (ll!i) can be \\Titten as:-

fl(f) = _ ~ [
1

dT.k(T) (1- T ; /) - l/Z. 
V 7T/•O 

( I Ii) 

lt can he shown that, if k(t) satisfies thc restrictions underlying 
(I IG), thc integral (II i ) has an asymptotic solution ohtained as 
follows :- Expand the factor ( 1- r / l) -I. 2 by the IJinomial theorem, 
replace the upper Iimit of integration by :x:, and integrate term by 
term: thus 

I i;:"" 1 [ ""I h(t)"" ;t -1 o k(t)dt+ 21• o nkCI)dt 

].;~ J: "" t2 
I + (2tf o 2 1k(t)dt + ... I 

( IIS) 

(I HIJ 

which agrccs exactly with thc I lc;n·isidc. rule for this casc. 
The fort'going says nothing rcgarding thc asymptotic character 

of thc solution . lt is easy to sec qualitatin·ly, howe\·cr, that (liS) 
and therdore (ll!l) docs represcnt the lwhavior of the definite in­
tegral (ll i ) for )arge values of /, prm·ided k(t) connrgcs with suffi­
cient rapidity. 

The foregoing ana lysis may no\\' he summarized in thc follnwing 
propo~ition: 

lf the operational equation h = l .'ll(p) is reducible Ia tlze form 

h = F(p) v'p 
all/l zj F(p) admits of power series expansion in p: thus 

F(p) =bo + blp+b2p2 + ... +b,,p"+ .... 

so that, formally, 

h = (bo+ blp+b2P2+ ... +bnP"+ ... h/f;-
Q/1 explicit series solution, usually asymptotic, is obtained by replacing 
\

1P by l f \ l;t and p"(u integral) by d" / dt", "<t•hence 

( 
d tP ) I Mt)"' bo+ bl/ +b2d .+ .. . . --

l I t- \ 1rl 

I ( 1 I.:~ I.:t5 ) 
\<! 1ft bo- bl21 +b2 (2/)2-bJ (:2tl 3 + ... 



CIRCL'IT T/IT-01?)' ..1.\'/J 0/'FR.I/1(1.\',·11. ( .·1/.CC'I.l.''\ 7-li 

pr01.'idfd thf fu 11dio11 k = /:(/), rf,:l;,,,·d hy lht• opat~lit~~wl t'<[llllliv11 k- F( pl. 
a11d /Iu i11ji11ilf irtiCJ!rals 

[ "" l"k(lldl 
• 0 

(II J,:?, .... ) 

t'.\'IS/. 

\\'l' ~h.all nnw .apply the fnrq.:oing thl'ory to 1 phy .... ic·,al prol•ll'm 
cli ... cu,..,..l'cl in thl' l.a,.,l ~l·<·tion: n.unl'ly, tlw curn·nt t•nt<·ring .111 infanitl'ly 
long linl' of inductann· L, rl'si~t;ann· R .tnd c.ap.wity C pl'r unil kngth. 
h will l~t.· rl'l'alll'd (:'ot'C equ;ltiun (100)) tho~l tlw intl'gral t·quatinn oi 
thi,.. pn•hll'm is 

= l' p lilidl C I 1·"" 
\ L \ p~+'2Xp o 

\\ lwrl' X= R '2L. ;tnd thal tht• ,.,.,Juti.,n i ... 

c 
\ !.'' 1\tf.IX/1. 

\\'t· Glll ckrin· tlw ,...,Jutinn in ,IJI.,thc·r form appr.,priat<· f.,r nur pur­
P"""l'"" J,y \\ riting 

ancl 

c 
\ - = { "" (' PI I ( /) dl 

L \ p \ p+'2>. j ., 

\ p 
=I ,.(' 

" 
PI tf/ 

\ "' 
1 j' "' Pie 2~1 dt 

\ P+'!.X - " e \ rr/ 

C 1 [ ' <' 21\r 
I = \ /,- 71'. 0 \ T \ ·,_ T d T. 

:\m\· "ubject this definite inll'gral (omilling thc factor \ C /.) lo 
the ~amc prnce"s applied to (1 1 7): we gd 

"' 2>.1 1 •"-\ r e __ d,+., j _\ ',. 2.,, dt 
;r \ I I Jo \ I -1 o 1 

1..{ 1' ""1 \ l 2~1 + ') -;; - •)I l' . di-r . - . 
(-1 0 -· 
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Thc infinite integrals are known and ha,·e !Jeen e\·aluated. Sub­
stituting their values this scries bccomes:-

which is in fact the weil known asymptntic expan~ion of thc function 
e-)1.1Ia("Xl). 

A sccond example may be worth while. Consider the case of an 
c.m.f. e-)l.l impressed at time I= o on a cahlc of distributcd resistance 
R and capacity C: required the currcnt entering thc cable. The 
required formula is 6 

I= / C .!-__ ('le-11.(1 -=-T) dr 
\ rrRdt J o Vr 

= /C j 1 ('1 e )l.r I 
\ rrR I 0 -"X .Jo Vl-:_--:,. dr f 

Ly uiJ,·ious transformations. 

( 120) 

Asymptotic expansion of the definite integral a,.; in the prcccding 
example gi,·cs the asymptotic formu la 

The operational formula of the proulcm is 

- rc p 1- \ R.-p+-x VP 

IC p/ "X ;-
\' R I+pf"X ' p 

= ~ ~· jP_(p)2+(p)a-
\ R I "X "X "X 

p. 

,\pplying tlw llcaviside Rulc, we gct the asymptutic cxpansion 

I= _ rc J 1 + 1.3 + 1.3.5 + 1 
\ ;. Rt I 2"Xt (2"Xt)2 (2"Xt)3 • . • f 

which agrees with the preeeding formula, deri,·ed from the definite 
integral. 

\\'e shall llOW discuss a specific prublem in which the l leaviside Rulc 
hrcaks down. For example Iet us take the preccding problem, and 

'Tlu: deri\.llion of thl· formulas in this problem is ldt as an exercise for the 
rt·;ul..r. 
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H·pbce thc ilpplit•d c.m.f. 1' x• hy sm wl. Thc formul.1 corrc~pondin~ 
to (l:.?tl) i~ now 

(....- {'coswr 
l=w \ rrR•o \ t-rdr. (1:.?1) 

lf we 110\\ .tttempt to n:pand the Jctinitl' intl'(!r.ll of (1:.?1) in tht· 
'1nw w.1y .1,; that of (1:.?0), we fmd th.tt thc pron·ss l>rc,tksd .. wnl~ec.m".,· 
t'.tch compont·nt of the inlinite integral i:; now ibelf infinite. ln f.11 t 
no asymptotic solntion of this prol•lem cxists. 

l.et us, hmn•,·cr, st.ut with thc operation.d formul.1: since 

it i,; 
C- wp 1 

I= \ R P~+w2 ' p. 

~uw t>Xp.md this in accordancc with thc l lca\'iside R1dc: \\C J.:l'l· 

••pt:r;ttion;~lty, 

I= \ ~ -: (~) - (~) 
3 

+ (~) ~- · · · f ,; P 

anti cxplicitly 

17_~ l 1 I·~~ 1 
I= - \ rrRt ·, ._,-;:;-,- .. ·" + r ~ (2wt)l .. I 

which is quitc incorrect.7 T he incorrectncss of the rcsult wiltl•c l'\'ident 
whcn \H' remcmher th;1t the llnal \'alue of the current is the stmdy-statr 
curren t in responsc to sin wt, or 

wC( . \ 2R cos wt+sm wl). 

Thi:-; result can he deri\·ed Jirectly frorn (121) by writing it as 

(C' J { ' cos wl . j' si n wt 1 
I =w \ ;-R I cos wt. 

0 
0dt+sm wt 

0 
--;_;r dt f. 

lf the time is made indetinitely great thc uppcr Iimits of the integral,; 
may be r('placcd by infinitr. The infinite integrals are known: ".uh­
stitution of thcir known \·;tlne,; gi\·c-, (12:.?). 

This examplc illustratcs the carc which must be tbCd in .tpplying 
Hea\·iside's rules for outaining din:rgcnt solutions and thc import.llln· 

'\\'htlt thi~ st•rics is incorrct·t .os an .os~·mptntic t''l>.ln~i >n of lhc currl'nt 11 h; ~ 
important St;:nifil",lßC(', .1s W(' 'hall •Ct·, in l'Oßlll'l'II<Jil with lhl' huiJdin,: IIJl ul ,lltc:r· 
nal ino:- currcur s. 
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of ha\·ing a method of checking thc corrcctness of his processes and 
rcsults. 

\\'e now take up the discussion of the asyrnptotic expansion solu­
tions of operational equations of the type 

(k integral). (123) 

In thi:; discussion we shall, as a matler of com·enience, asstune that 
k=o, so that the equation reduces to the form 

h = <P( .. ,fj/). (123a) 

This will invoh·c no loss of essential gcnerality, since thc analytical 
theory of the two equatiuns i:; preci,.;ely the same. 

The Heaviside Rule for this type of opcrational equation may Iw 
formulated as follows: 

lj tlze operalional equa/ion lz = 11 II(p) is reducible /o 1/zc form 

lz = cJ> (pkvp) 

cwd if <fJ admils of power scries expansion in tlze argumen/, I/ws 

h =ao+a,l\,fP +a zp2k+'+a 3p3k+' '- fp + ... 
a series solution, usually diz•crgent and asymptotir, is obtained by clis­
umliu~ integral powers oj p, and writing 

h =au+(a,pk+a 3p3k+ l+aop5k+2+ ... )\,fp. 

The explic"il series solution lhCII results from replacing , 1 p by I \ / 1rl, 
and P" by d"1 dl", 1t•lzenrc 

( 
d k tJ3k+ l d5k+2 ) 1 

lz "' au+ a'dtk+a3dflk+ J+a odJ5k+2 + .. \ / 7r/ 

+(- i)k( 1.:3 .. . (2k-l) 1.3 ... (lik+l) + ) 
r..' Uo V7r/ a, (2/)k-- - aa- (2t}=l~<+ • . . . . 

Thc thcory of this series solution will he bascd on the following 

f
• oo C- PI 

propositiun, deducilJle frum thc idl'ntity · 1- rJt= 1,1 \ l p . 
• 0 " 7r/ 

lf /h e fun r/ion F(p) of the integral equatioll 

F(p) = {'oo f(t )e-Pidt 
• u 

approarhes I ·, rp as p approarlzcs :;ero , tltm J(l) ultimately belzm•es as 
I \

1

1r/: tlw/ is, tf F(p)-4 11\ fp as P-+o, /hC/1 f (t) NJ I \ / ;i as L-+'XI, 
prcr.·ided /Iw! f(t) rom.'erges to zero, and contains 110 lemz or farlor 1ubich 
is ultimntc/y osrilüztory. 
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Tu iltu ... tr.tlt wh.tl this cnuditiou lllt'.tll,.. "IIJlJlO"l' th.tt 

((I)= 11 + b l'n..; w/ 

• \ rr/ \ rr/ 

thl'll 

.llld the ""cill.ttury tenn in j(l) l'Oil\ crges to a higlwr ordcr Tlw 
prcst'IH'<' of "uch oscill.ttnry tnms \ itio~tt•, tlwrdore, thc I !t•.a\ 1sidt' 
Rule: in thc fnlllm ing discu,.,,.,ion \\l' ,..hall a,..-.uuw th.al tlwy .trc ah>oenl. 

\\'t• ,trc nm\ pr('p,trcd to di,.,nt-.s thc operatiun,!l cquation 

h=ct>(P~ \ P) 

.md fnr conveniencc shall <bsumc that k =II ,.;o thal thc opcrational 
l'<J 11,\ l inn bt'COillCS 

of which thl' c~>rrl·,..powling nr <·qui\ .den! integr.tl l'fJII.Jtion "' 

I f '"" cP ( \ PJ = lt(l)c "'dt. 
p • II 

(12~h) 

\\\· a'"'sumc th.tt 9( \ p.) .tclmits of form,al power scrit·s expansion in thc 
argumcnl: thlh 

without, howt·n·r. implying anything reganling the convergence of 
thi..; l''-IKlllSIOll. 

\\'c now introJuce the serics of am:ili,try functions, g,ga,gz,gJ, .... 
dcfincd by thc following :;eherne 

g(l) =h(l) -Uo 

g 1(/) =g(l)- a) 
\ rr/ 

I a.1 
~z(l) =tg,(l)+ .) 1 - \ rrt 

(I:!:~ .. ) 
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Successive substitutions in the integral equation (123b) and repeated 
differentiations with respect to p, Iead to the set of formulas, 

[
"' a 

g(t)e-P1dt"' ~ as p-.o 
· o vp 

(123d) 

:-\ow assuming that h(t) satisfies the restrictions stated in the pre­
ceding proposition, it follows from that proposition, that 

From the set equations (123d) and (123e) it follows by successive 
"ul•stitutions that 

which agrccs with the series gotten by applying the Heaviside Rule. 

The ddcct of this derivation, which, however, appears to be in­
hcrent, is that it requires us to know or assume at the outset that h(t) 
satisf1es the required restrictions. Consequently an autornatic ap­
plication of the Heaviside Rule may or may not give correct results. 
On the other hand if we know that an expansion solution in inverse 
fractional powers of t exists, thc Heaviside Rule gi\·cs the series with 
cxtraorclinary directness and simplicity. 

Thc type of cxpansion solution just discus~ed will now be illustratcd 
J,y ~omc specilic problcms. The first problemisthat of the propagated 
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volt.llo:l' in tht non-imluctivt• cahll• in rt•.;pcm,;t• to ,, ''t111it t' m.f". lt 
will II(' ret"otlkd th.tt in .1 prccedin~o: ch,qltcr wc dcrin·d thc opcr.ttioual 
formub 

(12 1) 

wherc er =.rRC, for thc volt.lgc oll ui:-;t.ult.:C X from thc tcrmin.ll of a non­
inductive C<tblc of uistrilmtcd rcsi~t.mce R .11\d c.queity C, in rcspouse 
to a "unit c.m.f." imprcsscd at point x=O. llc.tvi ... idc's solution of 
this opcrational cquation procccds as follows: 

Expansion of thc exponcntial function in the usual power scrics ~o:ives 

l'= I- ,q + ap _ ap \ !;p + (ap)2 _ 
1! 2! 3! 4! 

which may hc rearranged as 

._ -( ap (ap)2 ) ;-;:t, (ap 0_PP (ap)l ) • 
1 -I t+ 3 !+ ;)! + .. \ ap+ 2!+ 4 ! + (j! + .. (12a) 

llcavi:-;idc thcn discanls thc scries in integral powcrs of p cntirely, 
replaces \ p hy I · \ r.t ancl p" by d"/dl" in thc lirst ~cries, aml thcn gets 

1'= 1- (I+~~,+~~~+ .. ) \ ~ 

=1- '~(•- ' (~-)+'l(~)2_J.3.:i (('()3+····1· ( 1~11) 
\ lfl :3 ! ~/ 5 ~ 2/ i ! 21 I 

or 

l'= 1 _ \ ;( 1 _ .' (a) + _1')1(0 )2 _ -~(a )3 + .. ) . 
r.l 3 4/ ·'· - . 41 .. 3. 41 

(12i ) 

This solut ion is correct, as will he shown subsequently. 
:\ rather remarkaLie feature of this solution-a point on which 

llea\·isidc makes no comment-is that it is absolutdy convergent. 
ln other words, a process of cxpansion which in othcr prohlems Iead" 
to a divergent or asymptotic solution, here results in a com·crgent 
scries expansion. 

To \·erify this solutinn wc start with the corresponding integral 
cquation of the prohlem 

1 e-"~= [ ""l.(l)t'- 11dt. 
p •0 

lt fnllows from this formula and thcorem (\') that 

V(t) = ['.p (l Jdl 
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where <P(I) is determined by the integral cquation 

:\ow from formula (f) of thc tablc of integrals 

whcncc 
/a e a ,.Jt 

ct>(t) = 2 \ rr I )I-
and finally 

1 j''' e- 1/r 1"(1)=-= --dr, where 1'=41/a. 
7r • 0 T T 

( 12UJ 

To conycrt this to thc form of (127) wc wri tc 

1 /' "' e-1 / r 1 /' "' e IJT 
1'(1) = -. I (iT- . I ' I liT. 

1r•O T\T V7T'' T\T 
(130) 

Thc valuc of theinfinite integral is known tobe unity so that 

V=l- . dr. I j' "" e 1/ r 

Vrr• t' T \ / T 
( I~ I) 

Now in the integral tcrm of (1:31) expand e- l ,r in thc usual cxpo­
ncntial power serics and thcn integrate tcrm hy terrn: thc scries soht­
tion (127) results. This series, while absolutely comwgent, is difficult 
to computc for small , -alues of I; an asym ptotic cxpansion, which can 
hc cmploycd for computation for small , ·alues of I is gatten as follows :-

\\'rite (l2!J) as 

11'' J'=-- T dC - 1/T 
7T 0 

/
-,, ' 1 [''e-lfr 

= \ e-lJl - dr. 
7T 2 \ /71" • 0 \ / T 

l<cpc·atcd partial intcgra tions ofthistype Iead to thc series 

, I? .) (I') (t') 2 
t I = '\ 7Tc-ltt I 1- :f + 1.3 2- - .. \. ( 132) 

lt is intncstin~ tu note, in passing, that an asymptotic solution of 
this type dot·s not appear to hc dircctly dcducihlc from thc opcrational 
l·quation. \\'c ohscrvc also that, in thi s proulcm, the serics in inverse 
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po\\'l'rs of I is con\l'r!o:t'lll whill' tl11· ~t·ries in .1-.n·nding pm\·t•rs of I is 
diH•rgent: thc COll\l'~l' is tlw l'.bl' in the prnl>ll'lllS discus,.;l'd prc\'iouo;ly . 

. \ sccond ,.pccitic prohll'lll may he ~laled as follow~: 

l.t•t a "unit t•.m.f." l•t• imprl',.;,;ed un .111 intinill'ly long non-inductivc 
Llhle of distrihuted re-.istann· R .111d 1-.1p.1city C pl'r unit length throu,.;h 
.1 termin.tl re,;i,;tann· R .. : required tlw \·oltagl' I" ••n tlw c.1hh· terminab. 
The formul.1tion of the opl'rati•nJ,al t•qu,Jtion of thi,; prohlem is very 
!'implc. lt will be rec;JIIed th.tt tlw "i>l'r.ltional formul;l for the current 
entering the cahle with terminal \'olt;1gc I" is l" \ 'Cp R. But the 
current is clc;uly also cqual to (1- l") Rv: cqu.ating the"c expressions 
we get 

wlwnce 

(133) 

where I \ X=Ro \ 'C R. This is the requircd operatiunal formula. 

To derive the Hea\'iside divergent cxpansion, expand (133) by the 
binomial thcorem: thus 

l" = 1- \ I PI X +(p/X)- (p/X)3.2 + ... 

= 1-(1 +P,'X+(P. X)Z+ .. )\lp/>: 
+(p/X+(p,'Xf+(p, X)l+ ... ). 

(134) 

I >iscard thc secund series in integ-ral powers of p; replace \ / p by 1/ , 1 ~ 
and p" by d"/dt" in the tirst series, thus getting 

• ( I d 1 ä- ) 1 1 = 1- I+ i:Tt+ x~ dz~+ · · , ;>:I (135) 

(13ß) 

which is thc asymptotic solution of thc problem. 

T o \'crify this solution wc shall cnnsider the more generat opera­
tional equation 

1 
h= -

P"\ P+ 1 
(11 integral) (13i) 

a form of equation to which a number of fairly important problems 
is reduciblc. (The parametcr X of cquation ( 133) can be eliminatcd 
from explicit consideration by means of theorem VI.) 
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:\lultiplying numerator aud denominator of equation (137) hy 
p",ip-1, it becomes 

P" p-1 P" 
h= p2n+t-=T=j)2n+l-::l\!p- p2n+l--1 (138) 

and hy dircct partial fraction expansion, this is equi,·alent to 

where 

z",". 

Pm=C 2n+l (m =0,1,2 ... 2n). 

\\"rite, for com·enieuce, 

h = " 'lz", -
and consider the operational equation 

h",=~( p:,+t ,rp- ~). 
-n+I p-p". p-p", 

( I39) 

(I·lO) 

By the rules of the operational calculus, fullr discussed in prcceding 
chapters, the solution of this is 

_ 1 (p:,+t [ 1e""' (I-Tl Pmt) 
11",(1)-.> +I - 1_ -;: dr+1-e · 

.:.11 \ rr• o ' r 
(141) 

Wc haYe now to distinguish two cases: (I) when the real part of p", 
is positive, and (2) when the real part is negati,·e. 

Taking up case (I) first, the preceding can be written 

1 ( f'ml ~ p:,+l 1'1 ef'mT I h",(/)= 2 +I 1+e - 1- . -r=dr-I r 
II \ ~ 0 \ T J 

{142) 

(H3) 

1 ( p:,+t Pml /,' "" e-f'mT ) 
='>- - 1- - e --dr . 
~11+I 7r • I V1~ 

(144) 

Repcatcd integration by parts ·of the definite integral Ieads to an 
asymptotic series, identical ,.,.·ith that obtained br applying the Hea,·i­
side Rule to the opcrational equation (137). 
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Ii. <•n liH' other haml. thc n•a/ parl of f>." i.~ lll').:.llivc, \\1.: "rilt• III) .1~ 

1 ( 1 _,.r ... t ) h..,(t)= 
:.?1r+l p•H j'' ,r ... r + ... 1 tlr · 

\ rr• '' \ l-r 

( II,-•) 

l'he tcrm er·' nltim.1tdy dil's aw.ty, .md tlll' cll'flllitt· intq.:r.d r.111 hc 
cxp.11Hictl a,;ymptot ir.1ll~· in accnn l.1ncc \\ i th t Iw t ht·"r~· di-.cu-. ... t·d 
lllldcr Ruk I, .1~ain leadin~ to .111 ;1-.ymptotic ~l'ric,; idcntic.tl with th.at 
~i\·cn hy din·ct .1pplit·,ltiflll of thc llt·.a\·i,;idl' Rnll' to tlw nper.1tion.tl 
t'quatinn. 

Con,;l'qlll'lltly ... inn~ thc npl'r.llion.aleqn.llion in h,, c.111 ltt' .1 ... ~ mptotic­
.dly e'\p.llldt·d hy nwan,; nf tlw lll'.l\ i-.icll' Rnk, t he opl'rat ion.tl eqn.l­
tion in h = ~ h." i;; ,;imil.lrl~· .asymptotit".tlly l''\p.andihk, .ulll thc 

llcaYi,;idc Rnlc is Yeriticd for equ.1tion (I:::;). 

\\'c h.1\·c now co,·crl'd, mnre or Je,..- compll'tl'ly, thc thl'orl"lir.ll rules 
.lnd principle,; of tlw npt'l"<llional l'.lkllllloi in ,;n r.lr a,; thcy l'.lll l•c 
lormulatcd in gcner~il tcrms. \\'e ,;h,lll now apply tlll':<e principll's 
.md rulcs to thc solntion of import.lllt tcchnical prohlems rdating tn 
the propagation of currl'nl and Yoltagc along lincs. ln doing, ;;n, while 
weshall takc ath·antagt• of our t.1blc of integral,; with the corre:<ponding 
snlutions of the opcrational equation, we shall also !-kctch l le.n·i­
,-idc's own rncthod,; of snlution. 

\\'e shall clo~c this di,;cus,;ion of di,·crgcnt an<.l asymptotic c'\pan­
,;ions with a gerwral expansion solution of con--iderahlc thcoretit·.!l 
.llld practical importance in thc prohlem of thc huilding-up of altcr­
nating currents. lt will he recallcd from T heorem 111 that the re:-pon,;e 
of a network of gcncralized operational impedancc ff(p) to an c.m.f. 
E(t) imprcsscd at time t=o i,- gi,·en by the operational forrnula 

whcre E= t'(p) is the operational equation of thc applicd c.n1.f.: that 
is, analytically 

I ["" l"(p) = EU c ·PI dl. 
p •0 

:\ow suppu,;c thilt the impresseJ e.;11.f. i,; sin wl: then hy formul.! (h) 
nf the ta ble of i ntegrals 

l" ) wp 
(p = P+w~ (llh 
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and denoting X U)' Xs 

wp 1 
.\:s = p2+w2 IJ(p)' (141) 

lf, on the other hancl, the impressed e.m.f. is cos wl, then uy formula (i) 

(1-!8) 

and 

(149) 

:\m\' Iet us consider the operational expansion suggested by the 
Hea\'iside processes: 

p ( p2) 1 1 
xs =~ I+;;z TI(p) 

_ J P (P) 3 (P)" (P) 7 
t 1 - I -~ - ~ + --;;;- - ~ + ... f (I I (p) (150) 

and 

I 1 
.. f II(p)' ( 151) 

;-.;ow Iet us idcntify 1 'JI(p) with lr(t) and replacc P" by d" / dt": we get 

x, = 
) 1 d 1 d3 1 d" I 
I ~dt- ~a(fta + ;r; (jf>- ... f /z(t) (152) 

and 

(153) 

\\'c ha\'C now to inquire into thc significancc of equations (152) and 
(15:3), dcriwd from thc opcrational cquations of thc rcsponse of thc 
syst('m of an c.m.f. sin wt and cos w/ rC'specti,·cly, irnprcssed at time 
/= 0. Frorn thc mode of cleri,·ation of thcsc cxpansions from the 
operat ional cquations it might be inferrcd that they are the divergent 
of a~ympt otic cxpan sions of the opcrational equations (141) and 
(1 1!1 ). T his wou lcl cen a inly not hc an unreasonahlc infercnce in the 
light of the llcaYisidc expansions .we haw just bccn considering. This 
inft'rence is howc\'er, not correct: on 1 he othcr hand, the series (152) 
and ( t :i:3) ha \·c a delinitc physical signiticance, as we shall now show 
from tlw explicit cqua tion s of the prol1lem. 
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B~ l"qll.ltinn (:U), thl" l''plicit l'(lli.Ltion for x, ..:i\1'11 npn.l!ion,tlly 
l•y ( tlj), is 

I 'I 
I I 0 

x, = I /.. "'" wr.h{l 
I (, 0 

f l 
r)dr = /.. :-in w(l 

• 0 
r)h'(r)dr+h(o) ,.in wl 

whnt• h'(l) =d dt h(ll. By .1 \\TII known trigomonll'trit· formula, this i~ 

~ ( I 
x, =:-in ,,•/ / n•" u!l.h'(lldl-en,. wl sin ,...t.h'(l)t/1 +h(o)sin wl . 

• u • 0 

\\'rit ing 

[ I !""" j' "' dt= dt- dt 
.. U • 0 I 

!'"' ["" x,=sin c.d 1·os wt.h'(lldt-cos wl sin wl.h'(ndt 
•0 .. 0 

+h(ohin wl- { "' sin w(l- r)h'(r)dr. ( t.'i;}) 
•I 

Thc tlrst thrl'l' terms arc simply the stcady-statc responsc to thc 
imprt•,;scd c.m.f. sin wl: that is, thcy rcprcsent the ultimatc stcady 
statc value of x, when thc transient oscillations haw died away. Tbc 
last term. which wc shall dcnotc by T,. rcprcscnts thc transicnt oscilla­
tions whirh arl· ~et up whcn thc e.m.f. is applicd. Thus 

T, =- { "' sin w(l-r)h'(r)dr. 
• I 

(15ß) 

:\ow from (!.iti ) 

and integrating hy parts 

(J5 j ) 

Repcating thc proccss of partial intcgration, we get: 

1~= J dd h(t)- \j"" sin w(r-t)dd
3

3 1z(r)dr. 
W I W 1 T 

( l;i~) 

Rcpcating the proce55 again 

I d I d
3 

I 1"" d
5 

T,= -d~ h(l)- 3d3h(t)+--; sin w(r-t)d...~.lz(r)dr. 
w I w t w I • 
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Thi~ proccss can bc repcatcd indefinitcly, and wc get 

(
1 d 1 d3 1 d5 (-l)•-ld2n-1) 

T, = w dt- w3df3 + w5 d/5- .. + w2n-l dt2n-l Ir(!) 

(15\J) 

The series cxpansion (Lj\J), except for thc remainder term, is identical 
with thc series expansion ( !.'i2) deri,·ed directly from the operational 
cquation. This scries may ue citlwr com·ergent or di,·ergent, de­
pending on the frcquency w/'2rr and the character of the indirial ad­
mit tance function IJ(t). In the important proiJiems of the building-up 
of alternating currents in cahlc~ and lines weshall see that, e\·en when 
di,·ergent, the serie~ is of an asymptotic clw.racter and can be employcd 
for computation. 

\\'e thus arrin' at thc following thcorem: 
If an e.m.f. ::;in wl is impressed at time /=0 on a network or system 

of gencralized indicial admittance h(t), and if the transient distortion, 
T,, is defmcd as thc in,.;tantaneous difference between the actual re­
sponse of the system and thc ~teady-state rcsponse, then T, can l1e 
expre~:;nl as the scrics 

( 
1 d I tfJ I d" - -- + -
w dt w 3 tlt~ w"d(' 

( ltiO) 

with a rl'maindcr tl'rm 

lf thc imprcsscd e.m.f. is cos wl, thc corresponding series for thc tran::;­
icnt distortion, 1'.-, is 

(lti1) 

with ;~ rl'mainder tL·rm 

Tlw ~econd part of this theorcm, rclating to thc transient distortion, 
T,, in n.:~polbC tu an c.m.f. cos wt, is dcrin'd from formula (3 1) hy 
pron·~sl·s preci~cly analagous to tho~e employcd abo,·e in dcriYing 
thc ~l'rics cxpL111~ion for './',. Tlw dcri,·ation will be left to the readcr. 

To summ.~rizl' thc prcccding di::.cussion of thc diYcrgent solution of 
opl·rational equat ions, it may bc said that thc thcory i::; as yet rather 
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un .... tti,.f.trtt~ry. To tht• ph,·,.,ci,..t 11 i,- un .... tti..,f.tctory ill'l',llt~· hc 
l'l'lJilirt•:i .111 oltiiOIIl.llil ru(e ).!i\ im: .1 l'lll'rt'l"l ,1..,~ lll!Jllllil' l'Xp.lll!-iou (,y 
purl'ly .d~l'br.1ic npl'r.ttiotb \\ithc•ul inn·stig.tliou,- nf n·m.tindl'r INIIls 
t•r .tu'\ili.try iunctinn:i. l·mlla·rmnlt', lht· pn·c·i.,t· !-l'lbt' iu which litt• 
l'\p,lll ... ion .t ... ymptotit·,t!ly rl'prt·..,c·nh lht• ~olulion l',lllllol l•c sl.lll I in 
).!l'lll'r.d, hut rl'qllirc·" .111 incll'pcndt·nt iuvl'"lig.llion in thc t',t"c of each 
indi, idu.tl prohll'm. 

{ )n lht· otla·r h.md wht·n .111 ""~ mptolic t'\p.tn ... ion is known to e'\i,.l, 
tlll' I lt-.1\ j,.iclt· Ruk fmcls thi., t''\p.m:-inu wilh incornp.tr,thlt· dircctnl':-" 
.md :-implirily, lhc prul•ll'lll of ju ... tif) ing thc t'\p,llt!-ion l>t·ing a pun·l~' 
m.ltlll'm.llical ont>, which u:-ually m·cd not trnuhle thc physiri::;t. 
Furtlwrmorc, nn thl· purdy m.tthcm.tlic.tl ::oidl', tlw I k.l\·isidc Rull' 
is of largt• inll'fl'Sl ancl .,(wulcl lc.uJ tn intcrt•:-ling clc,·clopml·nls in thl' 
I hl·ory oi asymplol ic C'\p,tnsions. 

(Tobe conlilllud) 



Abstracts of Bell System Technical P apers Not 
Appearing in this Journal 

Commercial Loading of Telephone Cables. \\'. Fo::\'DILLER.1 Thc 
application of loading coils to exchange area eable and to toll cahle 
is discusscd and da ta givcn on the loading coils a nd thc transmission 
charactcristics of loaded cable circuits. 

An important section of the paper deals with the requircments for 
loading phantom ci rcu it s. In particular, thc Crossta lk and noisc 
rcquiremcnts for phantom loading a re analyzcd. 

Thc papcr concl udes with a comparati,·e st udy of thrce systcms 
of phantom loading which are in commercial usc, , ·iz ., the Campbcii­
Shaw, thc Ebling a nd thc Olsen-Picijel system. I t is concludcd that 
thc CampLcii-Shaw phantom loading systcm , which has been adopted 
as standard by the Bell System, as weil as by many European Ad­
ministrations (notably the British Post Office) , has markcd ath·antages 
ovcr the othcr two systems which han~ been uscd to a minor extcnt 
in con tincn tal Europe. 

The Sclwttky E.ffect in Low Frequency Circuits,2 Ly J. B. Johnson. 
This cffcct, discovcred by Schottky, which depcnds on thc prohability 
of fluctuations of clcctron emission from a filamcnt , has Lccn measurec:.l 
o\·er a considcrable range uf conditions in rcsonant circuits of which 
thc natural frequcncy was ,·aricd from S tu ncarly liOOO p.p.s. T hc 
cffcct is much !arger in the lowcr range of frequcncics than the theory 
prcdicts. \\'ith a tungsten filamcnt, the ratio of obscrnd to thcoreti­
cal effect e' 1 e is about .7 for frcqucncies abo,·c 200, but increascs 
rapic:.l ly to 50 at 10 cyclcs pcr sec. \ \'ith an oxidc coa tcd filamcnt, thc 
ratio incrcascs from 1 at 5000 cyclcs to 100 at 100 cyclcs. This is 
intcrpretcd tonwanthat thc cmission of clcct rons is not s trict ly chaotir. 
hut is inllm·nccd by irrcgular temporal changcs in thc ca thodc cmis­
si\"Jty . In a high frcqucncy circnit thcsc changcs bccome impcrccpt­
ihlc and thc emission is cffcctivcly random. \\"lwn currcnt is limitcd 
by spacc chargc thc Schottky cffcct dccrcascs bccause of thc int<.-raction 
of thc clcctrons, and other dist urban ces may act upon thc spacc charge 
so as tu completcly mask the rcmanent Schottky effcct. Thc mag­
nitudc of the disturbanccs in amplifying vacu um tubes ca n thcrcforc 
not )Je prcdictcc:.l from mcasurcmcnts on thc true Sehottky cffcct. 

A ,Yote on Sclwttky's Jletlzod of Detcrmining tlze Distribution of 
l'elocit ies ~lmong Thermionic Elcctrl:ms,3 C. Davisson. Limitin g con­

' Elcd r ic.~l Cummunication, july, 1925. 
1 l 'hysical l{cvicw, \·ol. 26 , :'\u. I , pagc i I, july, 1925. 
1 l'h ysica l Review, \ 'ol. 25, i\o. 6, page 808, June, 1925. 
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ditions for ~chottky\ formnl.1 for thc tltcrmionic· rurrcnt fro111 .1 fil.l­
mcnt to .1 co.1xial cylindl'r. Thc· fomnda must f.til wlll'll, dut• to "i'•'t't• 
chargc, the potenti.d at any di ... t,lnn· xlr x R) from tlw .1xi ... j.., ll' ... 
th.1n \'r~ (RZ-xZ) xZ( IF-rZ), \' lll'ing tlu.• potcnti.tl of thc lilamcnt with 
rc,;pt·ct to the cylindcr, anti r .111d R thc· r.1dii of lil.tmt•nt and cylindl'J 
r~·:-(wctin·ly. Thi,; i,; mure r<·,..trictiH• th.111 tlw conclition for f.1ilorc· 
which ha,; Ileen p1 c\·iou,;ly a,;:-;unl~'<l. 

l'uria/i011 of Ihr Photo-dt•f'lrrl' l~ffed <eith l'cmpcm/ure i11 tht• ,l/kah 
.\fr/als.• l lcrbt·rt E. I \~·,; ancl . \ . 1.. Johnsrud. Spc:ci.d cclls h,l\ ing 
.1 hollow n·ntr.tl cathodc werc imnler,..c·d in liquid ;1ir for .tn t'Xlt'IHkcl 
period to cmHkn,.c any gase:- pre ... t•nt on thc outcr alkali mctalcoatt·d 
w.tlk By .1 ,..tream of n.1porating liC)uid air, thc lt·mpcraturc of thc 
c.lthodt• w.1s lwld at lt·mpcraturc" hctwct·n +20 aml -1~0°('. ln 
thc ... t• ccll,. thc \'.lriation of photo-clt'ctric curn:nt with kmpcr.ltllrc 
in "odium, pot.1,;sium and rubidium i::; rontinuous. Thc dTcct i:-> 
rd.1tin·ly ... mall for sodium, showing h;udly at all for bh11: light or 
whitc light, but dmrly for ydlow light. Thc bc·h;n·ior of ruhidium j,; 

... imilar to th.1t pn·,·iou,;ly rcportcd for pota,.,.ium. In a ~econd form 
of ccll, pot.l!',..ium was colkctccl in a dcep pool. 11 y ~lowly cooling thc 
nlt't.tl from thc moltcn conJition~. ,;mooth rrystallinc :,.Urf<~n·:; wen· 
obt,tint·tl. \\' ith tlw~t· anncakd put,l:-sium surfact•s, tht' \·ariation of 
photo-dc•ctric cmrt•nt with ll'lllperaturt• i:,. reprcsente<.l by Cllr\'t.'s \·ary­
ing ... y,.,t~·matically in ,;hapc with thc color of tlw light, anJ the cffc:ct 
i:> f.1r grcatcr than prcYiously reported, amounting, for yclluw light, to 
.1 \'ari.ltion of 10 to 15 timcs )Jt'twecn room and liquid air tempcraturc. 
\ \ 'lwn thc surfan· is rougllt'm·d t·urn•s of thc prc,·iou,.ly repurtcd typt• 
.lrt• ohtaint·d. Small pools ~-:in· erratic t'ITt·cts, showing chan~cs in 
oppo,..itc dirt•ctions for diffC'rent pcirtions of the tempcrature rangc. 
lt i~ condudt·d that the Yari,ltion of photo-elcctric cffect is intim.ttcly 
conncclt•d \\ ith thc strain:> pnxlllt'l'd in thc surfat't' hy t•xpan::.ion and 
contr;tction with tcmpt·rature. 

F.clro Suppressorsfor Long Te!t•plwne Circuits,6 
.·\. B. Clark and R. C. 

~ l .1thc:.... .-\ dc\'ice ha" bcL·n dewloped by thc Ucll System for ::.upprcss­
ing "echo" cffccts which may be em·ountL·rt·d under certain conditions 
in tckphont• circuits which are electric.tlly Hry long . This dc\'icc 
has ht-en gin·n thc namc "ccho ~11ppn·~sor" and con ... i"t" of rclays in 
rombin..1tion with \'at·uum tube ... , whit·h arc opt·ratcd hy thc \'Oicc cur­
rcnts so .1s to blnck thc cchocs without disturbing thc main trans­

mi,..,.ion. 

• l'hn~eal Rene:", \'ol. 25, ;-.. o. u, pagc 893, J une, 1925. 
1 Jo~r. :\.I. E. E., \'ol. XLI\·, ~o. (1, page 618, June, 19!5. 
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This paper gi,·es a brid description of this de,·ice, Iogether with a 
di::-ru~,.;ion of its pos~ihilities and limitations. .-\ number of echo sup­
prcs~ors havc been opera tcd on rommercial telephone circui ts for a 
con:-;iderahle period so that their practicahility has Leen demonstratcd. 

Recent Commercial JJt"'.•elopment in ~')lwrt lrm·e Transmittersand Re­
cci7•ers. 6 S. E . .-\:soEibO:-\, L. l\ '1. CLDtE:ST, and G. C. DECOL'TOl'LY. 
This paper describes thc tran~mit ter anri receiver reccntly deYeloped 
for usc by the l 'nited Statcs Coast Cuanl. This apparatu,.; is for 
operation on wavc lengths bctween 100 aml 200 nwtcrs. In describing 
thc dc,·elopment of thc tran~mitter a short summary of the variou~ 
circuit considerations is im·luded. The actual transmitter linally 
d('\'t'loped is also descril,cd Iogether with its Operating charactcristics. 

In considering the radio recein·r the various problems to bc met in 
the design of a radio recein'r of this character aredealt with at some 
lt·ngth. The frequency characteristics of thc radio rcceiwr, as dc­
velopcd, are shown, and thc nwthod of dctcrmining thcm is dcscribcd 
in dctail. 

Thc transmitter and rereivcr pcrformcd vcry satisfactorily undcr 
conditions morc senTC than will bC' mct in actual scn·ice. 

The Distribution of Initial Velocities .·lmong Tllcrmionic Elcctrons.7 

1 •. II. GER.\IER. The met hod used was to nH~asure thc numbcr of 
elcetrons from a straight tungsten tilament which wcrc able to arri,·e 
a t a co-axial cylindrical electrodc against Yarious rctarding potcntials. 
In ordcr to eliminate certain di~turhin~ factors, particularly photo­
(:}cct ric cffccts, this ell'ctrode was made in the form of ;t \·ery linc grid 
and those eleetrons pas,.;ing bet\n·cn the grid wires were collected upon 
a n outside eier trode and therl' measure(l. A rather cumplicated inter­
mitten! hc;tting currl'nt arrangement allowcd cmission from the fila­
mcnt only wlwn ib surfacc was at uniform potential, and insurcd that 
the reta rding potential had exactly the tlcsired \'alue. :-\ currcnt 
regula tur kt'pt thc hcating currl'nt constant to I 30 pcr cent'. 

I~lcctro nsfrom Tun gsten. l\ lcasurcmcnts of the Yariation of clectron 
c·urrl·n t with voltagc \\·cre madc at cight diHerent ll' li1JlCraturcs ranging 
from I..J ·Itl°K to 2·17;)0 1\:.. Corrcction was madc for the contact potl'n­
tia l d iffnenec hetwccn lllament and grid. .At eaeh tcmperature it was 
f1111 11d tha t , exeept in thc range of ,·oltage whcrc thc currC'nt was 
limitl'd by thc ~pa ce chargc phcnomcnon, the currcnt \·aricu with 
\·olt.tgc· in jus t thc maJllll'r calculatcd upon thc assumption that thc 
c·lc·c·tnms lea\·c thc lilaml·nt with ,·clocity components distributcd 
at'nm ling tu :\Ltxwcl l's law for an electron atmosphcrc in tcmperatnre 

•t'nK. ,,f I. R. E., \ 'ul. U, \ 'o. 4, page 413, August, 1925. 
'l'hysic·,tl Review, \ 'ol. 25, !'\o. (J, pagc 795, Junc, 1925. 
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t•quilil>riulll with the hot lii,II!WIIL .\1 :! 17;",0 1\: tlw ,~;.~unwcl :\l.iX\\C'II 
di-.tril•ution wa,.. q·rilied up to .1 n·t.mling polt-nti.d ~o grt"otl th.tl only 
nlll' e(,·drnn 11111 ol I 010 emitll'd ,.l,·ctrnu,.. ",,,.. .tl>lt· to n·.ll'h t l11· colh-ctor. 
lt j,.. l•elit·\l·d th.tt tlw pn·,..,·nt n·,..ult,.; .tn· nu•n· n·li .• I>I,· .uulexh·ll;.i\·c 
th.lll o~ny hitherto oht.1ined .. 11111 tho~t tlwy .~n· l'lllldu,..i\ ,. fnr ,.l,·ctron 
<'llli,..,..ion ln1111 tu11ghl'll in .1 high ',1\'lllllll. 

1~/a/rons from < Jxidt· ( 'c>alt·d 1'/cr/in rt 111. Snl'"''llll<'lt I nwa.;un·m•·n ts 
h~ I lr. C. I l.\n;...;us h.l\ ,. :-lwwn th.tt tlw ekctrnns t'lllitt•·d from 
\\'eJIIldt C,lthodes ,tJ,.;o h,l\'l' q·locity I'OIIlJlOlll'liiS di,..trillllll'd oi('I'Ofding 
lo :\l.txwcll\ 1.1\\ . 

. I u/omobilt·-.YoiSt' .\!t·crsurt'lllt'lll.i II. ( 't.nm '-;,:-.;ooK. :\ut o111nhil<· 
nui,;e, .tlthough u,.l'ful a~ a dl'l<'l'lor of liHTh.mic,d imtwrft.C"tion,.; of t',tr 
nJwr.tlion, i,.; otlwrwis<' ,.o l'XI renwly unde,.;ir .• bk I h.tl elaJ,.,r,t tc mt'l ho'l" 
for .Ln.dy,;i,. \\ith a ,·icw toward pren·nting or :-uppressi11g ;.twh noi,..,· 
.trl' w.trr;mted. The author pr,-,.,·nts an illu:-trated and dl'laih·d 
dc,;cription of the lll<'l'h;uli,;m ol htun;tn hearing. aeconling to ,;tudics 
m.Ldl' in the inter6ts of tdephnnit· tratbmission of 111.1ximum dlectin·­
lll'""· enunwro~ting and l'Xplaining the de,·in·,. den·loped for ,.,·,tluating 
the ,;ource~ of :-nund and i~,; mndl'" of prop;1gation and amplilication. 

:\n automobile can he I'Oih·idt·rcd to !Je compo,;nl ol a numher of 
.tcou,;tic re,;on.tlors ha,·ing \·aried ckgrecs of coupling lwtween tlwm, 
.1nd comp,tri,;on,.; are made of thc n·lncity of sound prop.tgation through 
the dilkrent m.tleri,tl,; with th.1t of ib tr;Ln,.mi,.;,;ion in air. tlw n·loeit~· 
hein~ gre.Lil'r in thc :-tnwtural mall'rial. Tlw app;tr.ttn" ti,;C'd for tlw 
detl·ction of rwi,-e and ib mc.1,.;urement con,..i,.;ts oi \ .Hil'd type,; of 
equipnwnt, di,·idcd into two da .. -.cs; <•lll' indndcs tlw cnntact type 
and the othcr thc air-impact type, l1uth heing dl·nwn,.;tr.ttcd. 

Following an cmtmeration of the diiTcrent detector,; and anxilian· 
apparatus in u,;c and COI11111l'llb npon thc methods l'lllployed, it i,.; 
statcd among otlll'r condusio1b that it ::;t·cm,.; ;uh·is.Lble to has<·lotldness 
mcasnrcments of automobile noisl' upon the dilhTl'llCl' of l'lll'rgy lw­
twecn thc mca::;urcd sound aml a11 arbitrary standard of :-ound which i:­
thc threshold of normal hcaring; that, to locatc tlll' origin of automobile 
noi,.e, it frcqucntly is sufficient mercly to deteet the noi,_,. without 
nwa,;uring its loudncss; and that, to idl'ntify the origin of ,wtomol1ilc 
noi;.e, it oftcn is of valuc to asccrtain its component frl·qtwncit·~. 

'Jour. Sor. of .-\utornolin· Engint>l·rs, \'ol. '\\'11. \o. I, p.l).:l' 115. Jul .•. IIJ2.'. 
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