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LI On the Stmultancous Sounding of two Notes.
By Dr. Ruporrn KoNia, Paris*.

[l" two notes are produced upon the same instrament, or
by the vibrations of two bodies which are closely con-
eded together through a third, there ensue some very
nficate phenomena, which are partly produced by the re-
wtion of the two sources of sound upon each other, and the
wfion of hoth upon the connecting body, and partly also have
lleir origin in the continuance of the two sound-waves in the
i It is my present intention in the following pages to
ubmit to a closer examination only those phenomena which
tise from the coexistence of two sound-waves in the air ; and
[ave therefore uged for the demonstration of these waves
aly such sources of sound as were absolutely isolated
om each other, and could not possibly act upon each other
'|i|'v~(:ily, or combined together upon a third body. As, further,
liowaves produced by elangst must always be considered as a
wmbination of waves of simple notes, and as therefore it may

< tmain doubtful when clangs are employed whether the phe-
mena observed are produced by the fundamental notes or
Iy the over-notes, I have been careful in these experiments so
0 select the sources of sound that they should only produce
lie simplest possible notes.  For the low notes I used very
dout tuming-forks, mounted on isolated iron frames, and
flaced in front of large sounding-hoxes; for the upper notes

# Translated from Poggendorfl’s Annalen, vol. elvii. P 177. And com-
nmicated by W. Spottiswoode, M.A., LL.D., V.P.IR.S.

t By “clang ” is meant the entire sound emitted by an instrument
shen sounding a musical note.

Phil. Mag. S. 5. Vol. 1. No. 6. June 1876. 2 F



418 Dr. R. Konig on the Simultaneous

simply powerful tuning-forks, whose intensity of tone requirel
no further reinforcement.

The whole series ol tuning-forks and sounding-hoxes which
I made use of for these experiments was as follows :—

1. Ifive tuning-forks which without weights gave the nofes
double G, C, K, G, ¢ (sol_,, doy, miy, soly, doy).  Each of the
four higher forks can, by means of its sliding weighis, le
tuned down to the note of the next deeper fork.  The double-
G fork can be lowered by a couple of sliding weights to
double E, and by another couple as far as to double (
(do—y =064 v.s.); and this latter limit may still be exceeded by
increasing the weights upon the slides.  The positions of the
sliding weights upon these forks are marked at intervals of 4
single vibration for the octave from double C to C; and by
double vibration for the next higher octave. '

The prongs of the lowest fork are 35 millims. in thickness,
55 millims. in breadth, and about 75 centims. in length. Tl
prongs of the other four forks are 39 millims. thick, 55 millims,
broad, and their length varies from about 70 centims. {o
49 centims.  These five forks, without their stands and sliding
weights, weigh 130 kilogrammes.

2. Bight tuning-forks, which without weights are tuned to the
notes ¢, e,q, ¢, ¢, ¢, g’y ¢ (dog, miy, soly, doy, dog, mi, soly, do,),
and by means of their sliding weights are capable of producing
all the intermediate notes also.  Their prongs are 26 millims,
thick, 26 millims. broad, and from about 59 to 19 centims.
long.

The tuning-forks for the octave from ¢ to ¢ have a division
for placing the sliding weights at from two to two double
vibrations, and for the next higher octave from four to four.

3. Nine forks tuned to the scale of ¢/ to ¢/, and to the
seventh harmonic of the small ¢, of which the prongs are
25 millims. broad, 25 millims. thick below, and diminish fo
about 12 millims. less at the ends.  Their length varies from
about 20 to 13 centims.

4. Twelve tuning-forks for the notes of the scale from ¢
to ¢V, the cleventh, thirteenth, and fourteenth harmonies of ¢,
and the note of 23893 v.s., which forms with ¢ (512 v.«)
the ratio of 3 : 14, with prongs 15 millims.in breadth, 10 millins,
in thickness below, and about 7 millims. at the ends, and from
about 9 centims. to 6 centims. in length.

5. Rleven forks for the notes of the scale from ¢ to ¢¥, and
the eleventh, thirteenth, and fourteenth harmonies of ¢, The
breadth of the prongs is 23 millims., the thickness below
18 millims., and at the ends about 9 millims. Their lengfl

raries from about 8 to 5 centims.

'
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6, A geries of eleven tuning-forks for notes between 4/ and
/' and a geries of nine tuning-forks for notes between 7936 v. s.
ud ¢ (8192 v.s.), with prongs 14 millims. in breadth, and
Wlow ahout 8 millims. in thickness.

T. Three pairs of resonators to strengthen the notes from
Ut ¢, provided with clamping-screws, so that they may
iith the greater 1)recisi()n be tuned to each note which re-
nires reinforcement.  They are made of brass, and mounted
nion frames. At the opening of each of these resonators
o side plates can be applied, in case the tuning-forks can-
ity in consequence of their weights, e brought near enough
bthe opening, and it is desirable to lose as little as possible of
leir action on the body of air. Besides this, each clamp,
lise to the serew which goes through and moves it, is bored
"‘nrrmrh, and provided with a small pipe, which is generally
dsed, hut which can be opened, in order that by its means,
tith the help of an india-rubber tube, the ear may be put in
linet communication with the body of air within the resonator.

The two resonators which reinforce the notes from C
bgare 30 centims. in diameter, 1 metre 15 centims. in
fgth, and the opening in front is 27 centims. long and
I2 centims. broad. The two resonators which can be tuned
m € to ¢/ are 25 centims. in diameter, H0 centims. in
imgth, and their opening is 23 centims. in length and 7
enfims, in breadth. The third pair of resonators reinforce
e notes from ¢ to ¢/. Their length is 36 centims., their dia-
neter 25 centims., and their opening is 15 centims. in length
ud 7 centims. in breadth.

1. Primary Beats and Beat-Notes.

A, Intervals with the fundamental note C (=128 v.s.).

If at the same time with the deep, simple, and strong note
U128 v.8.), produced by means of a large tuning-fork placed
i front of a resonator, a second note is produced in the
“me manner, which, starting from unison, is gradually raised
ligher and higher, the beats which ensue after the disturbance
o fhe unison become gradually quicker. When the higher
Iote hag reached to 152 or 156 v. s. (that is, between D and 1),
e beats, which till then were heard separately to the number
of twelve to fourteen, chungu to a rvoll, which increases 1m
mpidity till the interval of the fourth is nearly reached, about
[Mv.8. (twenty-two beats), without losing its simple character
When the fourth is passed, there oceurs a confused but always
iery loud rattle, which lasts till above the fifth, until when clo_ﬂa
ipon the gixth, at about 212 to 216 v. s., it begins to lose its

2F 2



420 Dr. R. Konig on the Simultaneous

confused character, and changes into a still rapid bhut simph
roll, which becomes so mnch slower between the sixth 'x[wl
the seventh that at 233 and 236 v.s. twelve and ten \”;wh
beats can already be counted, which at the seventh, B=240v.s,
decrease to vlnll(’, at 244 v.s. to six, and }w('om(- gradually
fewer in number, till at the octave of ¢=256 v. s, thu ' at las
cease altogether. ‘

As the numbm' of vibrations of the primary notes can v
directly read oft' from the tuning-forks, it will be found r]mt
the number of single distinguishable beats near the unison |
(‘(]lld] to the difference of the double vibrations of the bwo
primary notes, and that of the beats near the octave is "‘I‘“
to the difference of the double vibrations of the higher of
two primary and of the octave of the lower note.

The above result can be .s]lmﬂy expressed in the following
manner. [ach interval » : »/ (l(‘\s than the octave) exhibit
two sorts of beats, whose number is equal to the positive an

/
x 5 " o e n '
negative remainder of the division = that is to say, equal

the two numbers 2 and 1/ =n—m, which we obtain by stating
W =n+m=2n—m'. 1 shall in future, for the .~.1ku ”‘:bm“:
call the beats e lower beats, and the beats m/ upper heats.
If we inerease the interval between two notes from the wnison
to the octave, the number of lower beats inereases from o ton,
and that of the upper beats diminishes from » to o. At il

fifth the number of both kinds of beats is =;’. If m is much

" A op .
less than 5 only the lower beats are audible; if m is el

n op 3

greater than g» e hear only the upper beats; and if n is
n g 3

nearly equal to 2 both kinds of beats, m and n—im, may e

distinguished at the same time.

The lower beats are moro powerful than the upper beats:
and their audibleness extends consequently further beyond the
fifth than that of the upper beats helow the same note.

In the octave from O to ¢, which we have now been con-
sidering, it is very diflicult to distinguish, through the loul
and confused rattle of the upper and lower beats above and
below the fifth, the rhythm which belongs to both these kinds
of beats, as the number both of ](mcr and upper beats is
always so great that heard alone they would produce a vers
rapid roll. I only succeeded, therefore, in hringing to specil
and absolutely clear proof both kinds of beats dlnmn their
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aistence by choosing as the fundamental note of the interval
amuch deeper note than C, namely double B (80 v.s.).

The great fork had on one of its prongs a wooden board
% centims. broad and 40 centims. long, and, by means of a
pwerful electromagnet placed between its prongs, was made
Wvibrate strongly in a space of from 12 to 15 millims. 1
leld my ear to this board, while I brought more or less close
it a tuning-fork with sliding weights and divisions, which I
kil loose in my hand. It we experiment in this manner, and
uise the note on the latter tuning-fork from 80 v. s. gradually
ligher and higher, the first single audible beats are again lost
iaroll and rattle which continue beyond the fifth (20 beats).
it 144 v.s., when 32 lower beats and 8 upper beats are
produced, the latter begin to be distinguishable. At 148 v. s.
(=34, m'=06) and at 150 v.s. (m=35, m/=5), beside the
uttle of the 34 or 35 lower beats, the 6 and 5 upper beats can
ke clearly heard. A good idea may be obtained of the sound
produced if we curve the tongue as in forming the letter R,
ihile wo force the air out of the mouth in short strong puffs,
istead of in one continuous stream.

While on the subject of this experiment with the deep
loble- fork, I may remark by the way that it is oxtremely
flificnlt to produce very deep simple notes of any intensity.
4 T was anxious to make my experiments upon beats by
means of notes which should have the widest possible intervals
vith the smallest possible difference in the absolute number of
vibrations, 1 constructed for the notes of the double octave
(l~188 v. 8.) two large wooden resonators, one 40 and
the other 60 centims. high and wide, and both 2 metres long.
like the before-mentioned brass resonators, they were fitted
iith clamping-serews, so that they could be tuned with
e greatest precision, and the openings could be increased or
liminished at pleasure ;3 but the effect which 1 obtained from

fhem in connexion with the powerful forks was so small that
- Llost more in intensity by taking one of these deep notes for

lie fundamental note than I gained by the lesser number of
ibrations. '

If we inerease the interval of the octave 128 : 256 v.s., at
which we have now arrived by retaining the fundamental note
(, while we again raise the second note proceeding from the
wtave higher and higher, we produce again the single :m(hblg
beats, which, when they have attained the num])(‘ar of ]O l;() 12
it 276 to 280 v. 8., change into o simple roll, which at '%9() V. S.
(2 heats) is transformed into a confused rattle.  This rattle
won becomes weaker 3 and between e and f, about 332 to 336
w5, the clang of the #wo notes only allows a mere roughness
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to be perceived, out of which, however, again at 344 v.s.,
clear quick roll appears, which gradually hecomes slower., til
at 360 to 364 v.s. 12 to 10 beats l)o(,-onm'singlv audible ; (iw.-r
at 368, 372, 376, and 380 v. s. decrease to 8, .f,;, 4, and 9 and
at =384 v.s. (1 :3) disappear. o i

The number of the beats audible close to the octave is equil
to the difference of the double vibrations of the hicher 11(1»11‘:‘
and of the octave of the fundamental note ; and the Tunﬁ]bm' of
beats close to the twelfth is equal to the difference of the doule
vibrations of the higher notes and the twelfth from th
fundamental note.

The order of the intervals here observed of this second
period, from n : 2 n to n : 3 n, is therefore precisely the same
as that which we observed of the intervals of the first periol
from n:n ton:2 n. Iach interval, n:2 n+m or 8 n—l,
again exhibits two kinds of beats, which are equal to m and

P n
o/ ¢ if m is much less than g We hear only the lower beafs:

o+

op . n .
if m is much greater than 3 only the upper beats can be dis

. " op . 7 . o
tinguished ; and if e is about the samoe as » the two kinds of

. % N n ., E
beats exist together. In this period m=g in the interval

2:5 (¢=320 v. s.).

Mhe beats in the interval 2 : 2 n+m are therefore equal to
those in the interval n : 7 +m.

In this period also the upper beats are weaker than the
lower; and both upper and lower beats are weaker than the
corresponding beats in the first period.

The next higher period reaches from C:g to C:¢/yn:dn

. . . 7 . . 3 ”
to n : 4 n ; and its centre, in which m=g is in the ratio of 2:7

(128 : 448 v. 5.).

We find in this the same order as
periods, only we cannot follow the two kinds of beats quite
so far, as they have again become weaker than in the former
periods. If, beginning at g (384 v.s.), wo again raise the
second note higher and higher, the first single audible beats fall
into a roll at 404 v.s. (10 beats), which at 420 v. s. becomes
a weak confused rattle. This changes at about 456 v.s. tou
mere roughness, from which another clear rattle is only dis-
tinguished at 480 to 484 v.s. (16 to 14 beats), which becomes
slower till at 492 v.s. we have 10 single audible beats, gra-
dually diminishing in number till at ¢ ?
octave, they entirely disappear.

in the two first

512 v. 8.), the double



Sounding of two Notes. 423

The heats of an interval 2 :3 n4-1m or 4 n—m/ are again
wpal to . and »/.

In the period of C:¢ to C:¢/, of n:dn to n:dn, the
leats can be followed to only a less distance. The lower
beats at the number of 8 to 10 change into a roll ; but this at
92 v.5. (20 beats) is already so weak that it is hardly more
thin o mere roughness. At 560 (24 beats) even this is no
Imger distinguishable, and the two notes from this point form
tpue clang.  Only at 616 v.s. does the roll of 12 beats
again appear from the pure clang, which then passes into the
single audible beats, which disappear at 1:5 (128 : 640 v. 8.).

In the period C:¢ to C:¢/y n:dn to n:6 n,the lower
beats are only clear to about 10, and disappear at 664 v.s.
(12 beats). The upper beats are feebly audible at 748 v.s.,
ad only at 752 v. s. (8 beats) become singly quite clear.

In the period C: ¢/ to C:896 v.s., of n:6 n ton:7 u, the
lower beats are only quite distinet up to 780 v.s. (6 beats),
ad disappear at 784 v.s. The upper beats are feebly audible
fothe number of 6 at 884 v.s., and only become quite distinet
it 888 v, 8. to the number of 4.

In the period of C: 896 v.s. to C:¢’, n:7 nton:8 n, the
lower heats can be heard clearly to the number of 4 at 904 v. s.
They disappear at 908 v. s, 6 in number. Four upper beats
are perceptible at 1004 v.s. The two beats at 1008 v.s. are
quite distinct.,

[ succeeded occasionally in perceiving a few bheats in the
rtio of ¢ :d” and even of C:¢/ (1:9 and 1:10); but these
were very weak, and could not have been ]wrcui\'v(l at all by
any ordinarily correct ear not specially trained for the pur-
pose, as all those above deseribed can be.

It has always hitherto been assumed that beats can only be
airectly produced from two mnotes which are close to the
mison, and that the beats of all wider intervals must be pro-
duced with the aid of resultant notes. According to this, in
the interval C : ¢/ —2 v.d., which as we have seen allows two
heats to be distinetly heard, these beats must have been pro-
(uced in the following manner :—

"~2v.d.with O (8 n—2withn) must have produced 892 v. s.(Tn—2)

89 v, s,

C(Tn—2

)

g—2 v.d(6n—2)

=9v.d. ’,: C(6n—2 ,, n) :: :, ¢ —2v.d.(bn—2)
{<9vd, ,, C(hn—2 ,, n) o o =2 v.d.(:‘l n—il)
l=2vd. ,, C(4n—2 ,, 2) 5 e g \'.(].(.’311,—?)
1=2v.d. ” C Bn—2 ,, n) i % ¢ —2 V.(].(Z’II.—?)
t=2vd, ,, C(2n—2 ,, n% o o j—2v.d. (n—2)
(-2vd, ,, C (n—2 ,, = 2 5 two beats
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Of all these intermediate notes I have been able to diseover
no trace ; and the note ¢/ —2 v. d. (1020 v. s.) has besides com-
paratively so little intensity, even when its beats are mos
distinctly audible with C, that it scoms absolutely impossible
that it should produce any (even the very smallest) practical
combination-note in connexion with other notes; and it woull
be still more incredible that it should be the origin of a whole
series of combination-notes. It is therefore far more natural
to derive the beats of the harmonic interval, as well as those
of the unison, directly from the formation of the sound-waves,
and to consider that they arise from the periodically inter-
changing coincidences of the similar maxima of the notes s
and #/, and of the maxima which have opposite signs.

In the beats of these harmonic intervals, as well as in those
of the unison, the similar maxima will either come exactly
together, or else with two successive vibrations of the funda-
mental note ; maxima of compression of the higher notes will
slightly precede the maximum of compression of the first vibra-
tion and follow the second, so that the centre of beating will
lie between these two 3 in both cases, however, the effect upon
the ear will be exactly the same, as a beating is no momen-
tary phenomenon, but arises from the constant ebb and How
of the intensity of the note. To give a clearer idea of the
order of vibrations in the beats of these harmonie infervals,
I have reduced to writing the vibrations of the interval
nihn and n:hnty (h=1,2,...8) by means of my well-
known apparatus, with which, according to the method first
applied by Lissajous and Desains, one of the tuning-forks
whose vibrations are to be calculated has attached to it a piece
of smoked glass which vibrates with it, and the other carrics
the pencil which marks the figures upon this plate. If
we look at the common characters of these figures, we find
that the beats of the imperfect intervals 1:3, 1:5, 1:7,as
well as the beats of the unison, are shown by periodical
maxima and minima of the amplitude of the vibrations which
very clearly declare their direct audibleness. In the perfect
intervals, 1:2, 1:4, 1:6, and 1 :8, a maximum of compres-
sion is constantly changing with a maximum of dilatation, as is
the case in ordinary sound-waves, and every entire period may
therefore be equally considered as a single united wave of air;
and there can be nothing remarkable in such air-waves being
considered singly as beats, as the notes of the great organ-
pipe of the 32-foot octave may very easily be h(‘u.wl us_sm;_:lu
air-beats, and we receive the impression of a series of beats
also if we apply the ear to the prongs of a large tuning-fork
which gives less than 32 v. d.
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Another peculiarity of the beats of harmonic intervals is
flat the two primary notes appear alternately. If at the same
fime with the powerful C we sound ¢ only a small fraction of
avibration out of tune, so that very slow heats are for med, we
lear the fundamental note and the octave alternately so cle: u'ly

flat, when ¢ is very powerful, we should sometimes be inclined

fy count each vibration (loul)lu; if, on the other hand, ¢ is

weak, we only hear the fundamental note becoming a.ltt'l'nat(‘l_y
tromru and weaker. 1 have succeeded in m: |L1nn precisely
fhe same observations with the very ~low beats of tln- twelfth
md the double octave, C: g and C:¢ ; but when the vibra-
tions are at all quick th(- l)L‘llU(ll(‘ u .lppu;u.mco of the higher
wofes is no longer perceptible.

These plwnomvn v also are more casily explained by means
of beats of these intervals than by the supposition of resultant
intermediate notes which cannot he ]1(*;11'(1 In the beat of
the octave and the twelfth the fundamental note alone appears
at a,and at & the higher note is distinguishable.

B. Intervals with the fundamental note ¢ (=256 v. s.).

If we form the different intervals from the unison to the
third oetave with ¢ (=256 v. s.) for the fundamental note, the
heats of the different periods being twice as numerous, can no
longer be observed with such w ide intervals as were pomiblo
with the fundamental note C.

The first single audible beats change to a simple roll at the
second, and to a confused rattle at the third, which, after the
fourth, becomes feeble.  Between the fifth and sixth the notes
form a rough clang, through which, between the sixth and
seventh, a more distinet roll l)onms to appear, which at the
soventh changes to single p(u(‘phl)l(' beats, and at 496 v. s.
(8 beats) to smg]e (:omputahlu beats, which disappear at the
octave ¢ : ¢/,

In the second period, ¢ : ¢ to ¢:¢/, even at 584 v.s. only a
roughness can be perceived ; and at 608 v.s. the two notes
alve: ulv form a completely undisturbed clang, which only at
704 v. 8. again becomes rough, and at 720 v. s. changes to a
roll, that then m('lh into the single beats, which dlsappcar at
the twul{th ez g’ (1 +38).

In the third period, of ¢ 19 toc : ¢/’ the last traces of the
roughness produced by the increasing numbers of the lower
beats disappear so soon as at 820 v.s. The two notes form,
from this point to 976 v. s., an undisturbed simultaneous souml
which at 984 v. s. (20 beats, m/) become rough, and then again

allows the single beats to "be het wd, which disappear at "the
double octave, ¢ : e/ (1 :4).
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Above the double octave we can distinguish below and
above the interval ¢ : ¢/ (1:5) the upper beats of the fowth
and the lower beats of the fifth period to about the number of
twelve.  Above and below ¢: ¢/ (1:6) about 8 beats can be
distinguished, and about 6 in the disturbed clang € : 1792 v.s.
(1:7). The triple octave ¢ : ¢’ (1 : 8), when disturbed, allows
4 beats to be distinctly heard ; but the two or three beats per-
ceptible at ¢ :d”’ (1:9) are very weak.

Although both the lower and upper beats attain to the
number of 64 in the interval with the fundamental note ¢, whicl
forms the middle of that period, C is only very faintly distin-
guishable even in the first period in the fifth, ¢:g. 1If we
suddenly produce a ¢ beside the original singlv s(‘)umling ’,
the result gives the same impression as if the fundamental note
had acquired a deeper character.

C. Intervals with the fundamental note ¢/ (=512 v. s.).
If intervals are formed with the fundamental note ¢/(=512

v.s.), gradually rising from the unison, the following phenomena

will be noticed.

The first single audible lower beats change to a rattle hefore
the second is reached, and at the third (64 beats) become o
mere roughness ; at the same time a weak O is heard. Al
the fifth this note rises to ¢ (128 beats), while at 720 to 736 v.s.
the rouglmess of the clang is no longer heard.  Irom 7068 to
896 v.s. (128 to 192 beats) the note ¢ rises to g, and s re-
markably strong in proportion to its intensity between Cand
¢ (64 to 128 beats). It appears, therefore, that what the
single impulses 7 have lost in intensity in these greater
intervals, is fully made up by their greater number with
regard to the intensity of the note which they form. —The note
produced by the upper beats 2/ can be distinguished by the
beats of the auxiliary fork from the third (192 beats) to the
fifth (128 beats), while it sinks from ¢ to ¢, though it other-
wise is scarcely audible. From 808 to 896 v. s. (108 fo 61
beats m’), it becomes so feeble that even with the aid of the
auxiliary fork it can scarcely be distinguished. It appears
therefore that the increase in intensity of the single impulse
w/, which is attained by the diminution of their number, is
not great enough to form the deepened note with the same
intensity which it possessed when it was higher. Towards
944 v. s. (40 beats m”) a roughness arises, which at 976 v.s.
changes to a roll that alters to single beats, which at the octave
¢ ¢ disappear.

The lower beats of the second period, from ¢ : ¢ to ¢ : "
(1:2 to 1:3), become at 20 only a roughness and in the
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sme way the upper beats at about 18 begin to be distinguish-
ible by the roughness of the ¢l anv

In the third ponod from ¢ :¢” to ¢ : ¢/, about 16 beats
mean be heard, and about 10 beats n?/.

(I made these two observations upon my tonometer with
fuming-forks which are not mentioned in the list given in my
introduction. ) )

Below and above the interval ¢ :¢/”” (1:5) about 5 beats
are easgily heard, and in the interrupted interval ¢ : g (1 :6)
from 2 to 3 can be distinguished.

The beat-notes, which in the first period were alre: uly ex-
tremely feeble, in the higher one are no longer duocﬂy per-

ceptible. /‘\\
G

D. Intervals with the fundamental note ¢'(=1024 v. s.). /‘2 =

; .‘,, D
In intervals with the fundamental note ¢”, the lower and |+

upper beats are only to be distinguished as smh near the unigon o

ad the harmonic interval. In consequence of their great |

[47]

-

nimbers they change to notes which in the difterent mtelv s o

will be heard in the following manner :—

In the second, ¢ (l” th(' notv m (64 beats) Cis distinetly
heard 5 in the 11111‘(1 /,it has risen to ¢ (128 beats), and
is still distinet 3 in 1110 iourth the note m (170°6 beats) f is
joimed by the note 2/ (341-3 beats) /. These two notes
blend, when the fourth is quite pure, into a clang that is ll(‘ll'(l
wnwmn(*\ as f, and sometimes as f/. The 11()t(ls m and !
become equal at the fifth ¢/ ¢/, when ¢ is very distinctly
heard. At the sixth, the lower note m rises to “f7, and the
note mn/ sinks to /. These two notes are more powerful, and do
not blend into one another so closely as at the fourth. 1f,
with exactly the same intensity of the fundamental note ﬂlo
fork o/ is hield a little further from the e ar, the f'is heard more
strongly 5 if 1t15 brought nearer, f” becomes more distinct. In
the interval ¢ : 1792 v. . (4: 7) the two notes m=g¢' and
m=¢ are heard almost vqual]y loud. At the seventh no more
is distinguished of the lower note, and /=064 beats forms a
mere rattle, a roughness through which ¢ cannot be heard.
Above the octave, in the interval ¢ : " (4:9), the note
m=128 beats, C, can be faintly heard, and in the interval
¢':2889°3 v.s. (3: 7), the note f. At 'z (2:5), where
m=m'=256 beats, ¢ is very distinet ; beyond these limits no
more heats can l)e (llstmgm&h(*(l ()nl) helow and above the
bwelth ¢/: ¢/ some distinet, and at the double octave a few
very weak beats may be heard.

els

\\\/
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E. Intervals with the fundamental note ¢"'( =2048 v, s.).

If we now take ¢’ for the fundamental note of the interval.
we arrive at that part of the scale which is especially adapted
for the observation of the beat-notes, as the deepest octave was
for the examination of the single beats which have not yel
blended into one note.

The beat-notes of the first period may be heard in the fol-
lowing manner. The note ¢ forms with

Interval m w/,

d" 8: 9 ¢ — mis heard alone and distinetly.
23893 v.s. 6: 7 f — mis heard alone and clearly.
il 4: 5 ¢ g’ mis clear, m’ weaker than m.
i 3: 4 /77 moand m! melt into one sound.
2816 v.s. 8:11 ¢ ¢ mand w/ are equally loud.

Al 2: 3 ¢ ¢ m=w, the note is very loud.
3328 v.s. 8:13 ¢ ¢ m and w’ equally loud and di-

stinet.

o 3: 5 /7 /7 mandw/ louder than at the fourth,

and also to be heard singly.
and 2/ about equally loud and

3584 v.s. 4: 7 g7 ¢ m
distinet.

v 8:15 — e m quite inaudible, / audible and
distinet.

In the second period, ¢ : ¢ to ¢ : gV, the beat-notes
are heard in the following manner:—¢” with
Interval m w/,
9 ¢ ¢” m distinetly audible, m/ scarcely

v 4:
perceptible.

e 2: 5 ¢ ¢ m=w distinctly andible.

1v 3: 8 f” f" mand w/ about equally loud.

5632 v.s. 4:11 ¢” ¢ m very faint, m/ more distinetly

audible than .

Third period, from ¢/ : g™ to ¢” : ¢
6656 v.s. 4:13 ¢ — m only audible.
v 3:10 /7 " m melts into w'.

¢ ¢ m=w/, distinctly.

7168 w8 2¢ T «

[/ 4:15 — ¢ m/ only audible.
7936 v.s. 8:31 — ¢ w/ only audible.

F. Intervals withthe fundamental note ¢V (=4096 v. s.).
Lastly, intervals with the fundamental-note ¢! allow the fol-
lowing notes to be heard:—
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¢
! with interval m w/,
qw 8: 9 ¢ — mis distinetly perceptible.
v 4: 5 ¢’ — m is loud.
o 3: 4 f7 — mis equally loud.
632 v.s. 8:11 ¢ € m and w/ loud.
A 2: 3 7 " m=w quite loud.
(656 vo 8. 8:13 ¢ ¢” m and w’ both audible.
(4 3: 5 f' f m and m' audible.
68 v.s. 4: 7 ¢ ¢ m audible, m/ louder than m.
h 8:15 — ¢ m quite inaudible, »/ distinctly
1)01‘(‘(}[)ﬁ])1('.
1936 v. s. 16:31 — ¢/ only distinetly audible.
8064 v. 8, 82:63 — ¢/ perceptible.

If the entire series of observations here set forth with their
esults be reviewed, it will be found that, taken as a whole,
they show as follows :—

(1) The lower beats m, as well as the upper beats m/=n—m
of an interval n :n+m (h=1, 2, 3...), when the number of
beats and the intensity of thv primary notes are suflicient,
change into be: 1t-n()to,s, for example the notes of the mo
§: 1') C 20, allow m/ =8 beats to be ]10.11'(1, and the notes of
the same ratio ¢’/ : I/’ the beat-note w/=¢, the notes ¢'v : b'v
the beat-note ¢/.  Further, with the notes of the ratio 4:15
(n:3n+m), C:b,a distinct roll of 16 upper beats is heard,
and with ﬂm notes of the same ratio, ¢/’ : d'v, the upper beat-
note m/ =¢'.

(2) The beat-notes in the high octaves, and the singly au-
dible beats in the low ones, are always equal to the two dif-
ferences of the double vibrations of the higher primary notes,
and of the two upper and lower notes of the harmonic series
lying next above and below the deeper primary note, and not,
as has been hitherto assumed, s 1m|)ly equal to the ditference of
the double vibrations of the two primary notes. For example,
the notes of the ratio 4:9, ¢/ : @V allow the beat-note
m=1=¢,and no trace of the n()t(\ 9—4=5=¢", to be heard;
eV (2:5) gives m=1=¢", and no trace of g%, The
ratio n : 2n 4 m, 4 11, formed l)\ the notes 2048 (("”) and
5632 v. 8., allows further the be: at-notes m=3=¢"” and
m'=1=¢ to be perccived, and no trace of the note
1=3H84 v.s.

(3) Of the beat-notes of the higher 0(‘&1\'0% m and »/, as
well as of the singly audible heats m and o/ of the lower ones,

& n
m alone is audible when m is much less than =, »/ when

27
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n
m is much greater than 5 and the coexistence of m and »/ i

n >
observable when 2 approaches 3" For example, ¢ : d™ (8 :9)

only allows m=1=¢ to be heard; ¢V:iv (8: 15) only
m/=1=¢; and at ¢"V : 6656 v.s. (8 : 13) both m=>5 =¢" and
m/=3=g" are to be heard.

I1. Secondary Beats and Beat-notes.

In the foregoing section I have endeavoured to describo
connectedly the ope orations of the upper and lower beats, as
they appear in the different intervals when these are formed,
first from the deepest notes, then from higher and higher up
to highest, and so as not to disturb their connexion. There
yet remains a class of ph(-nommm which I will now describe.

We have seen above that in the clang of the two notes 80
and 148 v. s., the roll of the 34 lower beats m, and the single
audible 6 upper beats 2/ can be separ: ately heard, that in thu
neighbourhood of the fifth C: G a strong (onhN ol rattle is
("mso(l by the coexistence of these two kinds of beats, and
that finally in the high o(hw\s as also in the intervals

n : hn+4m, if m approaches to 2 both the beat-notes m and

m/ can be observed together. These two heat-notes, which
appear side by side, are in the same relation to each other as
would be the case with two equal primary notes of the samo
intensity : 4. . if they are near the unison they allow strong
beats to be heard ; if they form almost the inte 1\.11 of an oc-
tave they also produm beats, which, however, are weaker ; and
in the same way their broken twelfth will also allow beats
to be heard.

In the intervals n : in+m the two beat-notes m and

258, 2 +7

m! are
. : e 7 3 . $ SR
in unison if m=z, therefore in the intervals 2 : 3,
3 n n .
If, however, m = 3 +1, then n—m:z— 1, and we obtain

two beats.
The upper beat-note m/ is the higher octave of the lower

. n . . « ‘
beat-note m if m=, and therefore in the intervals 3:4, 3:7....

; 9

g n n .

If, however, m=;;+1, then n—m=""—1, and we obtain
3

(2” L 3) (2n — 1)‘, i. e. three beats.

The lower beat-note is the higher octave of the upper beat-
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note if m=%§, and therefore in the intervals 3 : 3, 3 : 8. If,

n
however, m = +1 then n—m = —

fain 2”+ 1 > (Zn — 2), i. e. three beats.

lhu hcut—not(\. - and m/ together form the twelfth if

%, i . - O s .
n=j,in the intervals 2 : 5, 4 : 95 and if m='t, in the intervals
£

1, and we again ob-

4:7,4:11. Ifm= "’+ 1, then m’=’1n—1, and we obtain

Z

(b: + 3) e ("” 1), . e. four heats.

[n general, then, when the higher note deviates by a double
vibration from the perfect interval, there ensue two beats in
flu- intervals 2:3, 2: 5,2 :7, (hwo beats in the intervals 3 : 4,
gifpentd 3:5, 3:8, and hl\lll) four beats in the intervals

),
4:9,4 ..,.unl 427, 4 :11L.

By the use of the loud notes at my disposal I was able to
make the following observations on these secondary beats
arising from bes at-notes.

Near the fifth double B and double B, where the primary
nofes make a distinet rattle, only one or two secondary beats
are audible 5 at the fifth ([()lll)l(‘ G:D (96 : 144 v. 5. ), where
also the primary beats make a distinet rattle, but where, in
consequence of the greater intensity of the primary notes, ’r]uw
are much louder, the secondary be ats to the number of 8, and
above the fifth tn the number of 10, can be followed ; in fact,
ahove the fifth they are more distinet, as is also the case in the
ligher positions, —\\lncll may be (‘\pLun(‘(l by the fact that in
this neighbourhood the intensity of the lower and upper beats
mugt b more nearly equal, because the upper beats, which
are weaker even when their numl)(\r is the same, are not here
so numerous as the lower beats m, whilst below the fifth the
contrary is the case. With equal mfmmfv of the fundamental
note, the secondary beats are most distinet when the higher note
is somewhat weaker, while the rattle of the primary beat is
loudest when the hl;_,hor notes are the stronger.

In the interval with the fundamental note C, I was only
able to ulN-r\ e the secondary bheats in the interr npt(\d unison
mand m/, but there as far as the third period. They may h(\
perceived at C : Gr (2 :3) to the number of 6 or 8, and «
C:¢(2:5) to the number of 5 or 6. At 2:7 two or threo
may be heard.

Inthe intervals double B : double B, double G: D,and C: G,
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the secondary beats sound in conjunction with the loud rattle
of the primary beats somewhat in the manner that I have de-
seribed above in the simultancous sounding of 80 : 144 y,s
At C:e, however, where the rattle of the primary beats i
already much weaker, it disappears before the secondary beafs:
and the same thing occurs at the fifth ¢ : ¢.

In the intervals with the fundamental note e, the whole systen

of secondary beats can be very fully observed. The heats of
the unison of the beat-notes can not only be numerously and
clearly heard in the intervals 2 : 3, where they can be folloywed
till they change to a rattle of from 12 to 16, at 2 : 5, 2: 7, and
even at 2 : 9 to the number of about 4, but also in the octave
formed by m and m' at 3 :4, 3 : 5 to about 6 or 8, at 3 : 7 and
3 : 8 (the former weaker than the latter) to about 4, and ai
3 :11 in the third period to 3 or 4.  The beats of the twelfth
of m and »/ are only perceptible in the first period at the in-
tervals 4 :5 and 4 :7, and can only be followed to about 3
or 4.
In the intervals with the fundamental note ¢ the vibrations
of my tuning-forks are somewhat less favourable than in those
just mentioned with the fundamental note .~ Consequently the
secondary beats at the unison of the beat-notes 22 and »/ in the
first three periods were really quite distinetly andible in the
intervals 2: 3, 2:5, and 2 : 75 and when they formed together
the octave, in the first poriod only, at 3 :4 and 3 : 5.

In the first period of the interval with the fundamental note ¢
the secondary beats can be perceived in all intervals in which
the beat-notes stand in the ratio of 1:1,1 : 2, and 1 : 3 fo one
another ; in the second period, however, only a few distinet
beats at 2 : 5 and some very weak ones at 3 :7 can be dis-
tinguished. '

Intervals with the fundamental note ¢’ are formed in the
first period by a powerful tuning-fork for the fundamental note,
and weaker forks for the upper notes. Here the secondary heats
are only heard clearly at 2 : 3, and further at 3 :4 and 5'3 s b,
Above the octave, however, with the powerful forks of the
octave ¢ to ¢, the beats of the beat-notes are heard not only
at 2:5 and 2 :7 and at 3 : 8, but even at 4 : 9. ;

Ixperiments on all these intervals formed from very Ingh
notes are already very fatiguing to the ear ; and this 1s still
more the case in the intervals of the octave of ¢V toe'. |1
succeeded, however, in distinguishing besides the svcmu.l;n"\'
beats of the fifth, and the fourth and sixth, also those of the
third and of the ratio 4 :7. The extraordinary int«-nsnlz\' ol
the notes of my forks for this octave proved itself espectally
valuable in the intervals 8 : 11 and 8 : 13.
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As I have already stated, the simultaneous sound of 4096
(™) and 5632 v.s. (8:11) allows m=7T68 heats (¢") and
i'=1280 beats (¢”) to be distinetly heard, besides which a
quite distinet ¢/, which is =512 v. d., that is, =1280—768
v.d, may be perceived ; and the same result is obtained by a
dnulfaneous sound of 4096 and 6656 v. s. (8 :13) when
1=1280 and »/ =768 beats.  The note ¢ may also be clearly
jreeived here 5 so that the secondary beats, if their number
ud strength are sufficient, melt into one note like the primary
beats.

Lonly observed the secondary beat-notes in these two cases ;
hnt there they were quite clear and distinet.  In the deeper
ictave, where the same intervals produce the distinetly andi-
lle beat-notes ¢ and ¢’ the latter, in consequence “of the
meater weakness of the primary notes, does not allow the ¢,
vhich onght to be there, to be heard. :

With regard to the general observation of the secondary
biats, it may be remarked that the weaker they are, the less
must they exceed a certain number if they are to be clearly
litinguished 5 it must not, therefore, be forgotten when the
ligher primary note is put out of tune in order to bring them
ot, that if this note is put out of tune by one double vibra-
fion, 2, 3, or 4 secondary beats are produced. In the inter-
vl ¢ 2 e for instance, therefore, the latter note must only be put
ouf of tune by one double vibration at the outside if the se-
wndary beats are to be clearly perceptible ; otherwise nothing
more 18 heard of them ; at least when 1 have struck these
notes together I have never distinguished more than four. At
he simultaneous sound of ¢ and ¢V the secondary beats are
tlso most distinetly heard when they are about four in num-
ber. My v fork weighs about 560 grammes; and even a little
lmp of wax weighing about a decigramme attached to the
ead of one of its prongs puts it out of tune to the extent of
o double vibration, and thereby allows the four secondary
bats to be heard. From this example we may see how
wsily it may often happen that the secondary beats cannot be
jerceived merely because the interval of the two primary
notes is too much out of tune.

I have already remarked, while on the subject of pure har-
monie intervalg, that until now all beats of wider intcrv:ll's
lave been traced back to the beats of two notes near the uni-
wn. It was supposed that the first difference note of th‘e
primary notes again produced difference notes witl} these pri-
mary notes, that these produced others with the primary notes
and the first difference note, and so it was continued until two
of the notes near the unison were reached, which would then

Phil. Mag. 8.5. Vol. 1. No. 6. June 1876. 2 G
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be sounded together.  Suppose, for example, that in the dis
turbed major third 4n : 5n+ 2 there appeared,

n+ao—Adn=n+u
An—(n+a)=3n—u

dn+a —(Bn—a)=2n+ 2
4n —(2n+2x)=2n—2u.
and then 2n + 22, with 2a— 2z, allow 4. beats to be heard. By

this proceeding we always .ull\e at the true number of heats:
but we are obliged at the same time always to suppose the
existence of nol(ns which are not only themselves unheard, huf
are also often both the effect of some and the ecause of utlw
notes, which are all equally inaudible. In the example here
given, Sn+a and 4n show the beat-note n+ . at a certain in-
tensity ; but if we now sound a primary note n+a of about
equal intensity and, at the same time, alone with the [lllﬂhl\
note 4n, we shall only hear 4# beats, but under no cipenn-
stances a note 3n—a of such mton.slty that it could be in o
position to produce other notes again in fresh combinations,
This note, 3n—wa, to judge by the analogy ‘in other cases,
would not ])(- sh‘(mu enough for this, even if it were a beat-
note ; but it has |)(f(‘ll pmdu('(-d lmm n+a and 4n, and is
therefore only a difference note; and how far below the beat-
notes in intensity are the difference notes and sunmation
notes we shall see later, in the section that treats of thes
notes.

With how much caution we must regard an explanation of
the wider intervals of the heats by h(- combination notes
becomes still more obvious if, instead of an interval of the firsl
eriod, we examine a .snnnltaneom gsound of the second or
third. We have seen above that distinet secondary beats can
be heard in the ratio 2 : 7. If this is formed wi(h ih(' funda-
monh] note ¢”, both the beat-notes m and m/=¢", and this
¢ we can hear ]mld]y and (hxtm( stly.  If the intery JI 2:71s
less out of tune, and 7 and m (‘oanuontly no longer in clear
umson, they uolln(l together in [)1(‘('I~O]Y the same way as two
primary notes ¢ of the same intensity would do if put oul
of tune to the same extent, and we need no further inaudible
note for the exp]annh(m of this phenomenon ; but according

to the old view,

Tn+a—2n (") =dn+z (" +a)
bn+a—2n=: 5/1‘+./-(':/’”+.1')
n+a —(31L+.’1’)=~l// (™)
dn+a —Adn=n+a (" +ux)
dn—(n+a)=3n—a(/"-



Sounding of two Notes. 435

ad consequently 3 n+a and 3 n—a would give the beats
Ju. Nothing, however, can be discovered of all these inter-
nediate notes 3 and we may well suppose therefore that, if with
aich extraordinarily strong notes as I have used there is hardly
any probability of secondary beats being produced by combi-
ution notes, then with the use of weaker simple notes (such
w, for example, those produced by organ-pipes) the supposition
wems to be deprived of all probability whatever. But if, on
he other hand, we succeeded in producing such powerful
simple primary notes that the combination notes necessary for
the formation of the secondary beats according to the old view
wuld be formed with sufficient intensity, even in this case the
two beat-notes (m and m/) and their beats might have attained
fo such strength that the combination notes of the higher order,
falling together with the latter beats, might still form only an
extremely small part of the intensity of the beats heard.

In order to allow an easy review of all my observations on
primary and secondary notes and beat-notes, I have drawn up
fhe following Table.  The column A contains the primary
notes with their vibrations, BB the ratio of these two notes,
( the number of lower beats m, ¢ the ratio they form with the
findamental note of the interval, D the number of the upper
heats m/, and d the ratio they form with the fundamental note.
Under B is stated how the lower beats m, and under If how
the upper beats 22/ are to be heard. Finally, the column G
contains the secondary beats and secondary beat-notes arising
from the combined action of 2 and »/.  In this Table I have
anly given such results as may be perceived by any ordinarily
good ear from the use of the motes which I have employed
in these experiments ; and I have noticed especially the cases
in which notes cannot be directly distinetly heard, whose
mdoubted existence is proved not only hy secondary beats,
but also by the help of auxiliary forks, as ix, for example, the
aso in the beat-notes of the imtervals ¢ :¢/ and ¢/ :/7. An
“ordinarily good ear,” and “notes such as I have employed,”
are certainly, in spite of the dimensions of the tuning-forks
and sounding-boxes stated above, premises much wanting in
precision 5 but it stands to reason that even the phenomena
wsulting from the simultaneous sound of two simple notes
an only be stated with perfect accuracy in relation to their
intensity when it becomes possible to express the intensity of
mofes of different pitches by a common ratio, with the same
precision with which we can now state the pitch of their
vibrations. ]

A few apparent anomalies which are shown by this Table,
as, e. g, that the system of secondary beats can be less perfectly

2G2
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observed in the intervals with the fundamental note ¢ than
in those with the fundamental notes ¢ and ¢/, and the absence of
beat-notes in the intervals with the fundamental note ¢ which
lie above 2:5, may be explained, as I stated above, by fhe
Jesser intensity of the notes which formed the intervals in

question.

TasLe of the Primary and Secondary Beats and Beat-notes obsert
directly.

Intervals with the fundamental note Double E (=80 v.s.).

A. B. B. e ©. ' e D. |d| ¥
VeB. | nin+m m ‘ n ‘\
Db. E: Db. E= 80 7 | Unison. vl 0| :
. iDh.G=100 | 4:5 |Singly audible. |...| 10 = [
”  iDb A=1066 3:4 |Loudrattle. |.... 131 0-—-2 26| |
s :Db.B=120 | 2:8 5 1| 20 b4 20 |1
S 5 o ] e = .| 32 4 N 8 |...| Appo
. o 148 | e . o .| 84 | e 6 |... Distind
5 % 150 . | Weaker rattle. |...| 35 |  ....e B k.
” W 156 vesans | sewees ...| 38 \ ,,,,,, 2 . .
” . 180 ] wesiws | wemees e | e 0 Joee Qctaye
Intorvals with the fundamental note Double G(=96 v.s.).
Db. G :Db. G= 96 | 1:1 | Unison. - o
g 118 [ sosses Singly audible. |...| 10 0—8
e W g 138 | wuese . | Loud rattle. |...| 20 ’ " 98 |...| Tondn
g 140 || essse | 0 seves | 22 N A D
, :Db.D=144 | 2:3 | ... 1] 24 | )< (24 1
gt = 148 | owesas | scuswe o] 26 e . A
B oy 182 | wwones | seenes | 28 0—8 20
Bt g 158 | s | vesss .| 80 18
Y Db E=160 | 3:5 | o o] B8 | e 16 [] o
I 172 | seoms | vemess .| 38 ‘ [ 10 |...| Singly:
5 g 19 3 csaenes | 0 wecdnd aonl|  wmr U ewese ’ 0 |...| Octave

Intervals with the fundamental note C(=128 v.s.).
First period of C:C (1:1) to Cze (1 :2).

v. s, | nintm m m'
0:0=128 1591 Unison, (. )
132 ||| s Singly audible, |...| 2 ‘
186 [ eovses % Ll 4 o
140 ,, e i |
0:D=144 | 8:9 " poddy o B [ |
148 | snons W st O '
B2 ||| oswmoe % T [ ‘
166 | eesess Simple roll. N ‘
C:E=160 4:5 B ... 16 |
164 B i 18 ‘
168 5 wn| 20 [ |
0:F=1706] 3:4 ,, s 218 ‘
172 voveen | % o] 2304 ‘1
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Table (continued).

|

Bk, S : S
\\:E\_._ ; B. ‘ 1. e| O. G,
- okl
V.8 |m:ntm| | m
}76 ...... | Confusedrattle.)...| 24 | .
. ” | 28
184 | \] i3 .| 28 =5
o A » o 80
Ge=192 | 2.3 | 5 1| 82 >(
6 | : - | 84
a0 ‘ = 36 L,
T — ,, 38 U8
208 | .. % -1 S R
0 22 | ... ,, am b s :
‘A=2133 3.5 " 42:6 seviins
26 | . | e 4 |
2'_{“ ........... vew b aghes
224 4:7 | seeses e l ......
228 ves L S R T
ay | | U o -
v 26| L | e :
r’iﬂzzm 8:15 s g Ny .
244 oo | s .
8 | 0 | e son s
259 . Sd) o e
C:c:z::(; I so | anee PR (IR
e(1:2)

il i Ak' y " k“ »
Second ]»(‘l‘IOda hom E’ e

v V.8,
=256

260
234
268
272
276
280 |

284 ‘

=

1(1:2}4;;
299
206 1
300 |
304 |
308 |
312
% 818 |
(“3*':32()
324
328 |
339
336
. 340 |
(’:./t.'ﬂl.:jl
S
S48 I
3H2 |
BT
360 |
364 ‘
368 |
372 |
376 ‘_
380 |

n

1

b ¢

|

DnAm
(32

Qctave.

Singly audible. |...

Simple roll.
”

” o
Clonfusedrattle.)...

»”

\\'enk” rattle, ...
which disap- ...
pears hefore ...
{he secondary

bheats.

o
Mere rough-
ness.

¢ fmd

| Twelfth,

m' i
40 |++| Confused
38 rattle.
36 "
34 .
32 "
30 | b
28 ”»
% .1
24 ”
22 ”
20'3 ”
20 Simple roll.
18 o
16 8
14 ” |
12 ... 5
10 |...| Singly audi-
8 ble. @
(; ” '
4 ”
2 ”
0 Octave
:3)
m'
|
44 |...| Confused
42 rattle.
40 "
38 ”
36 3
34 ”
1 ;
30 o
28 "
267 e "
24 |...| Mere rough-
22 1188,
21'3 W
20 |... 5
18 |...| Simple roll.
16 5
14 ”
12 L A
10 1...| Singly audi-
8 ble.
6 ”
4 ”
2
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B.

‘ablc ((’(mtlnued)

E. ‘c

V.8
360
368
376
c:g=384
392
400
408
416
424

L a=426-6
432
440
448
456

¢

b2
560
Hi3
esd! =576
ht4
592

5963

600
608
616
624
632
¢ =640
(648
656
G664
672
630

n:n4m

ln : 2n +uu |

\l.)

0:f=6826| 3:8

688
696
704
712
720
728
736
744
752
760
.9 =768

1

The rattle gets |...
gradually
fainter, and |[...
disappears
before the se- |...
condary beats. ...

;B¢

| Octave.
'\nm]\ audible,

"

‘ Sixn])lé roll.

”»

| Faint roll.
| Roughness. ‘

[ i

simultaneous
| gound.

s -
‘ Undisturbed — |... 1

< 2

[0.

hi
60
Ht
b2
48
44
426
40
36
32

!A wil Hunghnw

l('vm
avudity

i
el
(1]
‘ "
‘ ““""‘]e;;
[1[ woll
||
‘ Nillgh y
ik
|

e “l":n;
9
|
|
R

. Rouglin
... Powerfu

. Roll,

., Singly 4

; | T\\'eli'i‘h
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Table (continued).
Third period, from ¢: ¢/ (1 : 3 toec:e (1:4).

SR S e . e
A B | E. f( C. G. } D. |a| F
V.8 |n:dn +m‘ l ] m I m' ’ [ ?
c;y'=768 1:8 ‘\ Twelfth, 0 | | | | |
Th{ 18 . | Singly audible. |...| 4 | l ;
78¢ | ..o ; ol 8 | I , ‘
7it 2 Roll, i 12 ’
B0 | oins ” ] 16
808 | ... ‘ g oo 20 !
LG | s | Roughness, > i
(o 1 Undisturbed || 32 |
: simultaneous |, . : |
sound.
.1 S sl ‘ 60 0-8 | g8
806 | 2:7 | .. 1} 8 | X 64 |1
PO s ol e L..| 68 | 0—i0 |60
e | e L..] 72 5 b6
T N lied 0 =tk 52
98 b | s loo] 80 0—4 48
WL e | s l..| 84 - = 44
944 PelX | ceiies 2! 88 0—4 40 (1
L T R bt w0 o T 20 |...| Roughness,
B L s | saees sdl & Tl s 16 |...| Greater
‘ roughness,
1000 | ... S— o LIV vy 12 || Roll.
WL i | s S TSR e 8 |...| Singly aud.
{2 L o R G (O & i o
o:¢"=1024 Tadr | v ‘ 0 [...| Double oect.
Fourth period, from ¢ : ¢/ (1:4)toc: e (1:5). }
| 1 |
V.8, m:dn-m ‘ mn | w' |
c:¢"=1024 1:4 Double octave, ... o 1
1032 | .0 Singly audible, || 4 | 04 '
1148 | e Undisturbed ( 60 68 |1
Cd=T182 | e simultancous | 1| ¢4 | 0 :‘ 64
OO | s sound, [..] 68 | - GO geiisoog
B2l e | e SN TR 4 |...| Singly aud.
ere'=1980 | 1:6 | ... 150 N 0))-1 | Thi%d of the
1 i | double oct.
3 o e il e can ) CEN] Sl
Fifth period, from ¢ : ¢ (1:5)toe:g” (1:6).
.5, n:bn-}-m“ | m | m ||
e:¢"'=1280 1:5 | Third of the ! 0 \ '
1304 | double octave, |...| ‘
e | | Singly audible. ... 12 “ g ‘ Kodihi
1112/ 0 ) NS exe R R R ) |...| Audible.
¢ g"=1b36 1 148 “ ...... \ J‘ ...... ’ U st F(lli(t),{:bloaf ot(l:"e i
1 - |

)
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Table (continued).

Sixth period, from ¢ : g (1:6) toc: 1792 v.s. (il

B L& | = . ol G. . |d *
el e a1 e g [FT
v.s. |n:6n+tm m | [ m | }
c:g"=1536 | 1:6 | Fifth of the|..[ 0 |
: double octave. \ : | '
i 513 [ Audible. 8 | : |
1780 | v | e i [— | 6 || Audith
1792 | 1:7 } ; (R . 0 || Pureli
Seventh pcriod, from ¢: 1792 v.s. (1: T) to¢: &7 (1:8).
- | v. 8. fn:'n'?l+ml m I [ | |
c:1792 | 1:7 |Purel:7. Al D '
1804 | coives | Audible. i ] ’
2040 | ..oon b~ pese 0 AR [ 4 .. Audible
(58 | e 5 DU (e 0 f..}fl‘hn-m.-.,'

¢ c'"'=2048

~

oY

2 v. 8.

g in—izzl'\':lls with the fundamental note ¢'(=
First period, from didd (1:1)tod 1’ (1 2).
E Py e Y ——

B S ‘ S
v.8. | i | I m m | |
¢ =012 1:1 | Unison. I | |
28 | eeees Beats. ey 8 |
B4d | eeeeer Roll. ‘ 16 |
560 | eees | Rattle. .24 ‘
¢ d' =576 8:9 | ”» | 32 ‘
592 | eenees | ” .. 40 |
308 | eeeres 5 |, A8
Goa | { i .| 56 0-4 | Bl N
e =640 4:5 | Roughness and | 1| 64 — 192 | Softnotery
e (;.’)(i ...... [ goft note C. |... 72 t)_-l }E"{ ‘}"]“leﬂllh
1 )—8 176 eats Wi
672 | oo 1 8 .| 80 S R G
o f'=6826] 3:4 | . 1| 853 X 110812 gk
GBS | eesrer Note without |...| 88 0—8 >]|ZH
(17 roughness. e 96 160 =
720 | ceeeee » = }(])j ...... ::ij I!
736 | eore ” Rt i |
762 | oo | 5 | 120 L 136 L
¢ :g':'f(}s 2:3 | ” o l:.‘)ﬁ? };‘)
T84 | eeeees o 9 foss 136 016 2 pil
800 | +oeer | Note  rather ...| 144 (112 |...
BI6 | eeeer | louder. l...| 152 | men 104 |...
832 | e - 160 | o | 08 .
848 | eeeees » foos| 1O ! | 22
o:a'=8533 3:0 b |2] 1108 X R —
864 | eeees Note again ... 176 0—6 | 80 ..l Note
880 | .eeres fainter, but ...| 184 72 percepi
896 | oo | still pcrcql).tiblc...' 102 | e B |} H
012 | eeeee with auxiliary ... - ; Hiy [ zfxl‘\l?.l‘l_\
998 | wour forks. ! ...... ’33 | forks
94'4 Pl - i 32 .| Roughnes
¢+ b'=960 8:156 | e o o
2’(7(? ............ I T T ‘ I(‘, = :
009 || eame || e ol e mmedes b -
| Singly au
1008 | weonse | P | 8 | Smgly
¢ ¢'=1024 1:2 LR it Ll em - e ‘ 0 5 Qctave,
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Table (continued).
Second porlod fwm e’ {12 2) to ds q” (L 3)
ST | m - le.) . |Dla R |
\ : et | - |
V.8 n:2m4m P ut. ; m', | | 1
¢ =1024 1:2 | Octave. _— - i
1082 | ... Singly audible. | )
i | \ \
"d"—-ll:" 4:9 l luuntlouglmesq (»4 ‘\ |
=19 X 5 | | l 5 0—4 o |
1980 | 2:5 | ‘1‘1_8 = 1-8‘1:
Gfr=19658 3:8 | e e 1706 B i
IR o | el o e 20 |.... Roughness.
%] ... o s Lot iy o ¥ 12 \ ‘Slnbh aud.
1620 | ...ee S5 5l mmn ||| o oz 8 %
i R [ E g, i 4 \
L=1036 | 1:3 | ... ( ‘ s | 0 [ Twelfih,
| Third period, from ¢ : ¢ (l 3 .5) t0; ¢ ret (1 ) o
< — i 5
V.8 (m: 371+m\‘ ‘ 1 . m' i
¢ 1g'=1586 1358 Twelfth, bas) = X
1582 | wseess Singly audible, ... 8 LNLILSI
g Roughmess, wil 36 |}
; e i 0—¢ N v pa
g2 | 2:7. | ... 1|12 >< |128 FIME
: } 0—3 :
WS | s | e 9, QS 10 |...| Rattle,
BUBO 1 s | 0 e . v 8 |...| Singly aud.
RUOR ey | e o A R 4 ... ”
die"=2048 | 1:4 | ... ol e | e 0 |...| Double octave,
| Fourth period, from ¢/ : ¢/ (1:4) to ¢/ :¢” (1:5)
V.8, 0 4'n+-mI m. m', ‘
¢1e" =2048 1:4 | Double octave
. beats toabout |...| 8
d"=2304 | 2:9 | Unbroken
: clang,
BOBOMN “seee | weeess Bilre angl{ aud.
¢ e"=5560 16 s 0 ‘ .| Third of the
| doubleoctave

Fifth pcrlod from ¢z ¢ (1 ”)) to ¢ g™ (1:8).

¢ c’"—u )()O
HhT70
3066
19" =8072

73 lm+m‘
1:5

m.
Third of the|... 0
double octave,

Singly audible, |...| 5

.| Singly aud.
..| Fifth of the

doubleoctave
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Table (continued).

Intervals with the fundamental note ¢”(=1024 v. s,).

First pclwd from ¢ : ¢’ (l 1) to ¢ :1¢" (112

T A B. E. " ‘z ) @ |D }dﬂ B
B v.s. |m:intm | m. ‘ /u;. I
('" ¢'=1024 Ted Unison beats. l 0 ‘ T
v d"=1152 8:9 Note C weak. 64 | |
| Clearly ‘ |
o e =1280 4:5 | Note estrong. (1| 128 { 384 | 3| Note y v
distinguish'® | [
o' f'=13603 3:4 | fstrong, 1| 1706 | 3418 2| /" blenit
9.9 : Tery ‘ vith /.
¢! :_(/”:1536 2:3 | Note ¢ quite|1]| 256 | ‘\el<) [256 |1| (,“‘:lui:p[u
strong. ‘ P | ‘
clear. |
Clearly ‘
":a"=1706:6 3:5 | Notef’loud. |2/ 3413 {17061 | floud.
1792 427 Note ¢' distin- | 3| 384 distinguish- | 128 1| ¢ distings
guishable. ' | able,
able. ‘
¢": 4" =1920 Balb |  woes  fomal ame ] wesew ‘ 64 ..., Rouglne
[ ‘ C very
( Teats,
degn=00d8 | 142 | e o] s | mese : 0 |...| Octave,
Second period, from ¢’ ¢ (1 2) to ¢! ,//// (1:3).
V V.8, (@ :2n+ n l m. ’ m'. ‘
e": "' =2048 1% Octave beats. |
o g —2304 | 4:9 | caudible. o 198 | ‘ \
| Hardly | |
9389:3) 3:7 |/ audible. 1 1706 | audible. i:}.“ a9 ‘_f hl’]m
| | with
é | ‘ y i I
oM em=2560 | 2:5 |c¢ quiteloud. |1 256 | (266 |1 |¢Qutel
| Clear. 1
O fr=27306) 3:8 | . ‘
2816 Al | sven {
| | Beats,
c”;‘(/”':g“’?'.)a Ted | e e IE hashide | ..l Twalfth
. I ISR SRS S SRR, (- S I !
Third period, from ¢ : g (1:8) to ¢’ : ¢ (1:4).
V. 8. ’72 Jn+ . J m',
o:g=3072 | 1:8 | Twelfth beats. ...l 0 ‘ ‘
¥ ok s i " Beats
¢ e =4096 ST (M (o I 0 ' {I)uuhll

1:4
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Table (co-ntinued).
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Infervals with the fundamental note (=2048 v.s.).

A B.
e D e —
V.8 nindm
Mie"=9048 | 1.1
Fd"=2304 | 8.9
23893 6:7
I e"e"=9560 | 4.5
- f"=27306) 3:4
2816 | 8:11
ig"=3072 | 2:¢
” 3328 | 8. 1¢
I "d"=34138 315
: 3584 | 4.7
"hH"<8840 | B8:1p
- Miev=4096 1:2

Second period, from ¢ .

R SRS

Vol m: 2n4m
" 01 = 4006 1:2
" dv=4608 4:9
" 6= 5120 2:5
" f"=5461'8| 3:8
5632 4:11
g = 0144 1:3

1.

Unison beats,

¢ loud,
/" loud.
¢' loud.
¢" very loud,

¢" loud.
S distinet.

9" perceptible,

Octave,

¢' loud,

<" loud,

S powerful,
9" faint,

¢ quite audible, |...
f quite audible, ...

C.

fu—

C.

.

0
128
170-6
2506
3413
984
512
640
(826

5 B9 =t =k

768

.

0
256
512
682:6
768

Third period, from ¢’ : g

V.8 |n:
s v =06144

6656
Y = 68266

7168
" =680

7936
o"; ev=8192

Sn+-m
138
4:13
3:10
2:%
4:15
8
1

B2 81
14

Twelfth,
¢’ audible,

/" audible,

¢ distinet,

(L:3) to ev:ie¥ (1: 4).

.
0
256

341°3

512

G.

—

Audible.

Distinet.
=

Loud,
= e,

Distinet,
o>
Audible.

Y (1:2) to ¢ : gt

Perceptible.
-
Loud.
> =
e

Perceptible,

First period, from ¢/ ; ¢/ (1:1) to ¢ :e™ (1:2).

|
D. |d. F. |
== [
', .
i
|
768 [3|g" fuint.d >
ra0.l o | [ blende
6826/ 2| { /" RS
640 || ¢"loud withg'
512 |1 ¢" very loud.
384 [...| ¢'loud withe"
341°3/ 1 | f' distinet.
256 | 1|¢' perceptible,
128 |...|e distinet beats
0 |...| Octave.
(18

768 3| g" feeble,
512 |1|¢" loud.

8413/ 1 | /' weaker.,
266 |...| ¢' quite aud.
Beats,

0 ‘ Twelfth.

= =T

m'.

682:G)...| f" blended
with f'.

512 | 1] ¢" distinet.

256 ... ¢" faint but
distinet.

128 |...| e perceptible.

... |.../Double octave

— !
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LXI1. On the Simultaneous Sounding of two Notes.
By Dr. Ruborru KoNia, Paris.

[Continued from p. 446.)
111, Difference-notes and Swmmnation-notes.

I is well known that Helmholtz has proved theoretically
I_ that “ whenever the vibration of the air, or of any other
dottic body set in motion by both the primary notes at
th¢ same moment, becomes so strong that the vibrations can
10 Jonger be considered as infinitesimal, vibrations of the air
st arise whose pitches are equal to the difference and to
(e sum of the number of vibrations of the primary notes.”
pyese combination-notes, both those of the difference and
fose of the sum, are quite distinet from the beats, and are
pich weaker than the original note.

If we turn our attention first to the difference-notes, we find
fat, in all intervals n :n+4m, when m is not much greater

fljan '; they coineide with the original note, and therefore can-
ot be proved by it.  'We have seen, however, that, in all in-
grvals m :n4m, when m is much greater than IZL the beat-
potes are n/ =n—m. In the intervals n : in+m, when m is less
fhan Z, m/ =m; and when mn is much greater than ;", m/=n—m,

gnd therefore not the same as the difference of the vibrations of
ihe primary notes. 'We must therefore try to observe the dif-
ference-notes in these intervals.

As 1 have already stated, these intervals, composed of high
notes, allow the beat-notes to be heard quite loud, while no
frace of the difference-notes is to be perceived. ¢’ yb!
(8:15) allows only ¢ (1) and no trace of 7 to be heard ;
¢ dv (4:9) only ¢ (1) and nothing of ¢ (5); ¢ +f*
(3:8) only /" and f”, and absolutely no «” (5) ; and it fol-
lows, therefore, that the difference-notes in any case must
be immeasurably weaker than the beat-notes.

1 was able,
however, to prove their existence beyond a doubt by forming
the above quoted intervals from deeper notes, which, by their
longer duration, enabled me to make use of auxiliary tuning-
forks which gave a certain number of beats with the required
notes.

If I allowed the great forks ¢’ and o/ (8 : 15) to gound

in front of the sounding-boxes, the first thing that fell on the
ear was the loud rattle of the 82 beats w/=n—m; if, how-

ever, I held a tuning-fork of 440v.s. at a greater distance
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from the ear, the four beats with the note 7=448v.s, were
audible. In the same way I was able, by the clang of the
notes ¢ and @’ (4 : 9), to prove through the beats the ex-
istence of the very soft note ¢ (5) with the help of a tuning-
fork of 648v.s., and by the clang of the notes ¢ and f?”
(3 : 8) that of a soft a’ (H), with a fork of 860 v. s. i
As regards the observation of the summation-notes, Heln-
holtz has remarked that these are only to be heard under
peculiarly favourable circumstances—for instance, on the har-
monium and on the many-voiced siven (Zonempfind. vol. i,
p. 244). But even if it is really sometimes possible, on sound-
ing simulh'.meous]y two clangs on a siren or on a reed instru-
ment, to distinguish notes of which the pitch is equal to the
sum of the primary fundamental notes of both sounds, still this
is not sufficient to prove the existence of the summation-notes,
as neither sirens nor reed instruments produce simple notes,
but sounds which are rich in overtones; and a slight examina-
tion shows that in consequence of this the mere beat-notes
which must be produced by the overtones are sufficient to
prove the existence of notes whose vibrations are equal to the
sum of the vibrations of the fundamental notes of these sounds.
Two sounds in the interval of a fifth contain these two

series of notes, ’
2, 4, 6, 8, 10,
3, 6, 9,12, 15;

and the fifth notes of both sounds (10 and 15) produce a beat-
note m=m/=>5, which is equal to the sum 2+ 3 of the roots.
In the fourth, 3 : 4, we have the two series of notes,

8 6 9, 12 15, 18, 21,

4, 8, 12, 16, 20, 24, 28;

and it is here the seventh notes of these sounds which produce
a beat-note that is equal to the sum 3+4. In the third, 4:5,
we have the overtones 36 and 45, from which a beat-note
must ensue which will equal the sum 445 ; and thus in every
ratio of the form n :n+1 the beat-note of the 2n + 1st notes
of both clangs is equal to the sum of the fundamental notes.
In intervals of the form n : n+2 there are also two nofes of

the same order, namely the n+ 1st of both clangs, whose beat-
note is equal to the sum of the fundamental notes. Thus the
sixth, 3 : 5, gives the notes

3, 6, 9,12

5, 10, 15, 20,

where the beat-note m is produced by 12 and 20=8=5+3.
Lastly, in intervals of the form n :n+3 there are notes of
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milar order, namely the 2+ 2nd note of the deeper clang,
o) the .+ 1st of the higher one, whose heat-note is equal to
o sum of the fundamental notes.  Thus, for example, in th(\,_
jpor sixth, 5 ¢ 8, the seventh note of 5 (35) and the sixth of
j(18) gave the beat-note m, which is equal to the sum 5+ 8.

ft might perhaps appear strange that we should bave re-
wked especially the beat-notes of overtones of two sounds
gjose vibrations were equal to the sums of both fundamental
wies, while the beat-notes of many other overtones must also be
glible; but it must be remarked that the number of these
s which are audible 1is by no means so great as we
pight be disposed to assume without a closer inspection. Thus
o overtones of a fifth interval, up to the fifth, allow no beat-
ute, excepting the note 5, to be heard higher than the funda-
pental note, which does not coineide with one of the overtones
o the two clangs.  In the fourth, except the note 7, only the
Jtnote b of the first seven overtones arising from 15 and 20
[ not coincide with the notes which are already contained
inthe clangs; and the ratio is the same in the other intervals.

The beat-notes in all the above-mentioned cases are equal to
fi¢ difference of the notes by which they were formed,and there-
(e coincide with the difference-notes of these same notes 3 if,
Jgvever, we take into consideration the great intensity that two
pimary notes must have in order to produce only a very weak
(ifference-note, we may assume with tolerable certainty that
fie intensity of the difference-notes produce(l by the over-
fgnes must be very much less than that of the beat-notes with
which they coincide.

It is further to be observed that on the siren and the har-
monium not only are the singly produced notes accompanied
by overtones, but also, if two sounds are produced at the same
fime, neither of them can be percoived except as produced by
aseries of similar impulses succeeding one another; for if the
gpenings of two concentrie circles of the siven are opened at the
sme time, the intensity of the impulse is not double as great
i1t would be if only one circle of holes were opened 3 and
this diminution of intensity of the impulses at the moment of
fheir coexistence, which is only produced by the disposition of
fhe instruments employed, is sufficient alone to produce phe-
womena which have nothing to do with those of the simulta-
ieous sounding of simple notes produced by isolated sound-
waves ( Tonempfind. vol.iii. p. 627 ; Terquem, Annales de U Feole
Normale, vii. 1870). 1If, therefore, we wish to be sure that
we really have to do with combination-notes of simple pri-
mary notes, we must set aside both the many-voiced siren
and the reed-pipes, and only make use of simple tuning-forks.

Phil. Mag. S. 5. No. 7. Suppl. Vol. 1. 2 M
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Tuning-forks for the notes ¢/, ¢/, ¢/, ¢/, with prongs 6 mil-
lims. thick, upon sounding-hoxes, as they are generally used
in physical experiments, notwithstanding their somewhat con-
siderable intensity, form only such weak summation-notes that
auxiliary forks which give beats with them are necessary to
prove their existence beyond doubt.  If we possess a series of
tuning-forks for the harmonic notes of the fundamental note ¢,
the intervals ¢ : ¢/ and ¢ : ¢/ are specially adapted for the proof
of the summation-notes by means of the beats, as the aux-
iliary forks for these can be ecasily arranged by untuning, by
means of a little wax, the forks of the series mentioned for ¢/
and for the seventh upper note of ¢. But with such strong
notes as I have made use of, the summation-notes are in them-
selves sufficiently loud to be perceived without anxiliary forks,
At ¢/ :g’ (2:3) we can distinetly hear ¢/ (5), which with ¢
and ¢’ again forms the summation-notes of the second order
7 and 8 (¢”), which makes itself known by beats with the
suitable auxiliary forks and other auxiliary forks allow even
the summation-notes of the third order 24+ 7=9 (d'), 2 + &
and 3+ 7 (¢7), and 3+8=11 to be noticed, though only by
very faint beats. In the same way we hear also at ¢/ : ¢/ (1:))
the note 9=d"’, and by means of the auxiliary forks can prove
the notes 9 +4 =13, 9+ 5=14, and the summation-notes of the
third order 17, 18, and 19. Intervals with the fundamental
note ¢ =512 v. s. are generally the best suited for the observa-
tion of the difference- and summation-notes, as in these, on
the one hand, the rattle of the discontinuous beats causes litile
if any disturbance, and, on the other hand, the beat-notes, on
account of their great depth, have only a very slight intensity.

TFrom the observations here given it follows, therefore, that
difference-notes and summation-notes can be demonstrated by
the simultancous sounding of simple notes produced from
separate sources of sound if these have a very great intensity,
but that they are extraordinarily weaker than the beat-notes;
so that at the Simu]tun(‘,m'ls sounding of two clangs with toler-
ably powerful overtones, in most cases the audible notes, whose
vibrations are equal to the sum of the primary notes, will in
all probability be heat-notes of the upper notes, and not sum-
mation-notes of the primary notes.

These combination-notes are as little reinforced by sounding-
boxes as the above-described beat-notes.

IV. Upon the nature of Beats, and their operation compared
with the operation of LPrimary Impulses.

As the number of the viln’zltions' of the sun}mution—m)t(:s
does not agree with the number of the beats of the two pri-
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oy notes, and cannot, therefore, have been prod.uced by them,
j# circumstance is amongst the grounds which Helmholtz
1 forward in support of the view that beats cannot form
1 hote whatever ( Tonempfindung, pp. 245, 263). But if, on
iy one hand, summation-notes do not coincide with the beats,
o 0 the other hand, as we have seen above, neither the beat-

. . . n
wfes of the intervals n : n4m, if m is much greater than »

. the beat-notes of all intervals n : hn 4+ m coincide
g the difference or the sum of the primary notes; and
iy beat-notes are therefore as little demonstrated by the
o8¢ which produces the combination-notes as the latter can
s demonstrated from the existence of the beats ; and we must
wsequently suppose that each of these species of notes has its
woiliar origin.

As to the question whether the nature of the beats will
iself admit of their forming themselves together into a note,
fy circumstance that, when the vibrations of the primary
wies are not infinitesimally small, combination-notes of the
fifference and the sum ensue, can of course prove nothing
giher for or against this view. Helmholtz, however, gives
e other reasons against the older opinion of Th. Young,
sich require a closer inquiry in order to refute them.

The way in which the beats in the ordinary (and particularly
frefore in the lower) parts of the scale mostly produce very
wak notes is that which has principally induced Helm-
Itz to declare that vibrations of simpler notes, without any
gisture of upper notes or combination-notes, *“ only arise when
lie two given notes are divided from one another by a tolerably
all interval,” and that, “ when the interval is mereased by
aly the amount of a minor third, their vibrations become in-
listinet” (Tonempfindung, p. 284), But if we use deep and
afficiently powerful notes, the primary beats, as 1 have men-
tioned above, are audible in considerably greater intervals. In
the octave C...c there is no interval which does not allow them
fohe clearly heard ; and even if we set aside the beats m/, we
an follow the beats m alone to above the fifth; and in inter-
wls with the fundamental note double ¥ they may be noticed
een close to the seventh,

In the above Table I have stated that the third e: e allqws
anttle of 32 beats to be heard, and that this ever lessening
nttle may be followed as far as the fifth. These results only
eler to the clang of primary notes of such strength as
ny tuning-forks, placed in front of resonators, produced.

hen, however, I made use of the louder notes ¢, ¢, and g
which I produced by sounding the forks in question without

2M2
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sliding weights in front of large suitable sounding-hoxes open
at both ends, the rattle of the third was still more powerful,
and that of the fifth also much louder. The 64 beats of the
third ¢/: ¢/, which with the tuning-forks and resonators only
allow a mere ronghness to be heard, changed by means
of the tuning-forks on sounding-hoxes to a positive rattle ;
and even the fifth ¢ : ¢ allowed a trace of the roughness pro-
duced by 128 heats to be heard.

When a note is produced in a closed space, it is well known
that, by the combination of the direct sound-waves and those
that reverberate from the walls, nodes and ventral segments are
formed. In very loud simple notes, of which the sound-waves
are tolerably long, the difference of intensity at these different
points is so remarkable that in the above-mentioned experi-
ments, in which it is above all necessary that the ear should
receive hoth notes very strongly, we must be careful to place
it for both notes at the same node. The ear must there-
fore be placed in the best position for one note, and then the
other fork moved away till its note also is heard with the
greatest intensity. The higher we go in the scale, the easier
it is to produce very powerful piercing notes ; and while the
interval of the fifth ¢ : ¢/, which with ordinarily powerful
notes allows no trace of roughness to be perceived, must he
produced by notes more powerful than can be found in any
musical instrument in order that its 128 heats may be per-
ceived, for the notes &/”7: ¢ the reeds of a harmonium suffice
to make the same number of beats audible.

Helmholtz, who states this last fact, lays, in order fo
explain it, particular weight upon the smallness of the in-
terval (Zonempfind. p. 263); but, as will be seen from the
above-mentioned experiments with deep and very powerful
notes, it is only necessary to make use of primary notes of
suflicient intensity in order to obtain the same phenomenon
with much greater intervals, while on the other hand, again,
with sufficiently faint high notes very small intervals may he
formed which do not allow it to be perceived.

As the small intervals of higher notes, with regard to the
audibility of the single beats, cannot be distinguished from
wider intervals of sufliciently powerful deeper notes which
are separated from one another by an equal absolute number
of vibrations, so also they show no difference in the manner
in which beat-notes are formed. Two tuning-forks, v, ¢
(15 :16), with a tolerably intense rattle of 128 beats, allow
the note ¢ to be heard, just as with the very powerful notes ¢
and ¢'; besides the roughness a faint ¢ is perceived ; but it
must be observed that, as these high primary notes possess a
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I,fol)ox'tionzllly far greater intensity than the deeper ones,
jpeir beat-notes are also much more powerful than the beat-
yotes of the same pitch which are produced by wider intervals
Jf deeper notes, and that it is therefore much easier to produce
ry deep clearly audible beat-notes from them than from
Jeeper primary notes.

Ihave stated above that the clang of ¢: ¢, even when very
l,owuri'ul tuning-forks and resonators are used, only allows a
garcely audible C (128 v. 8.) to he perceived, and deeper beat-
potes in the lower parts of the scale I could not directly observe
grall 5 but with high forks it is possible to produce even the
jouble C of 32 complete vibrations, which lies on the furthest
[imits of audibility.

The first series of tuning-forks which I made use of for this
gsperiment were tuned to notes between /77 and ¢V 3 as, how-
gver, these forks only allowed the beat-notes of 40 and 36 com-
plete vibrations (double 1 and double D) to be heard as faintly
g possible, I constructed a second series for notes between
[ and ¢¥, which gave a proportionally far greater intensity.
Such powerful beat-notes are l)l‘()(lll(’(td by the latter, that not
only are, for example, ¢ and C distinctly fo be heard at a con-
dderable distance, but also all the notes of the deep octave to
double C can be clearly distinguished. This latter is produced
by the notes 4064 and 4096 v. s., which stand in the ratio of
J27 : 128, and form thus an interval far smaller than a comma
(80 : 81).

The following Table contains all the tuning-forks which

form the two just mentioned series, with their ratios, and the
beat-notes formed from them.

V. 8. V.8,

: Beats. Note.
3840 : 4096 15: 16 128 =C.

3904 : 61: 64 96 =G

3936 : 123: 128 80 =K.

3968 : ,, 31: 82 64 =C.

1 497 : 512 60 =zDouble B.
3989:3: 187 : 192 533= , A
4000 125+ 128 48 = 3 G
4010:7: 47: 48 A= 1t A
4016 =, 251: 256 40 = , L
4024 : 503 : 512 36 = , D
7936 : 8192 31: 82 128 =C.

8064 : 63: 64 61 =C.

8096 &, 9253 : 250 48 =Double G.
8106:7: ,, 95: 96 427= , K.
S22 5 507 : 512 =R 1
8120 : 1015 : 1024 ho= . D
8128 : ,, 127: 128 32 = J

D) Je
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In making these experiments we can, as unsual, strike .ge
forks with a bow ; but as in consequenée of their high P! 4
there is no longer any fear of the formation of partial notés g
is often more convenient to strike them with a steel C]“P}.)esé
as this moves more quickly, and the note of the for the
touched has not then lost much of its intensity when
second note is produced. r

All the clangs given in this Table allow the rattle (O;
as it is better termed in these high notes, the whir) of the beaer
to be heard simultancously with the beat-notes, which 12 d
are more powerful a(-conl'ing as the tuning-forks are strllw
harder. If we wish to hear the whir of the beats alone m
have only to remove the two forks a little further ’fro
the ear; the beat-notes, however, cannot be disting™*C
quite alone, even if we place the forks close to the 93"5036
cannot even quite succeed in doing this with the notes 7"1‘,
and 8192 v. s, although with these the beat-note ¢ is extremey
powerful. ' or-

We see by these experiments that with sufficiently pow,( 0
ful primary notes, not more than 32 heats are ne("essﬂ-l?{in-
form a note, that further beats to about 128 can be d“'n
guished in intervals of any extent that may be wished7 " 18
that between 32 and about 128 beats in the second the be-nis
and beat-notes can be heard together. The question no“'th
whether this is the same result which we obtain als
primary impulses. can

It is known, in the first place, that 32 primary imP“lsest he
form anote; and we might expect, on the other hand, tha s
ear should he capable of perceiving more than 100 imp*
in the second, even from the old observations, according
which it can perceive the difference of movement betwee?
pendulums which do not diverge from isochronism by =
than the hundredth part of a second. It was to be suppose 57

ore

indeed, that if the ear could receive two distinet iml’rcsswlle
only 15 of a second apart, it could also perceive @ wh(;_—
series of such effects with similar distances ; but this ex{m‘el.
ment can also be very well directly made with a cog=" }tnq.
That which I used is of wood, 35 millims. thick, 36 conth {g
in diameter, and with 128 teeth. If we press a small spr” T
board of hard wood very strongly upon these teeth, W¢
through the constantly increasing rapidity of rotation the il
hardly perceptible beats change to a rattle, which 1 ¢
clearly perceived when the wheel revolves once in the 5900{2‘83
and_consequently the number of strokes has attained fO-l 1
Besides this rattle we can also hear however, if the &
strokes are not too powerful, the note ¢ (256 v.s.). If we'r

C -
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o . g, - a plece
tace the little wooden board “'hwl.l strikes N)-li‘l"‘f(lln}iythu}note
°fcard, the rattle is hardly to be (hsc(,‘l‘l“".l i dt ,‘n the wheel

tands out with greater clearncss. 1t “‘1" .‘(1r(; 4 strokes in
¥ once in two seconds, so that we “Hl].Y RS ;‘lio -;]11{0*‘* entire
. o aa/ilv serve the d - > .
.® second, we can still more (tml) observ¢ from the rattle of
Ppearance or withdrawal of the note Y l10- most perfect
the 64 strokes. There exists (-onsv(luvnt'ly t l(l 1' , '1'“1 that of
Teement, hetween the ratio of primary impulses &
6 be'lt'i g s
A ls. . . ‘ " sin )'1(8
t is obvious that the simultaneous :ul“_‘hkl.ws? (0: as :ffso
okes and of the notes which arise from their h](\qm\l']h’p‘;\‘ .ﬂ\e%
® cessation of the audibleness of H"‘ll‘_" S“l(i\' the theory of
iurpass a certain number, are fully (‘INI’I“’“"{, ))’t this theory,
taring put forward by Helmboltz. Accm“t“,lg (il%ﬁ; Lodies
. v A . he ear certain elastic
« 18 known, there exist 1n ‘ﬂu 926), which serve
greatly muffled ” ( Tonempfindung, p- ]u, shocks—anc
3 \ P el rrecular B¢
1" the perception of swiftly passing ]n'rfh;’ are much more
P:O £ sesmaiiiad. eles ltUd]m‘x’t ¥ t'u((-orr:-s’lbndinglv high
We r affacte r a musical note ot © A ol Ny
; rfll“) affec t.( d by a1 nooh of the single heats pro
than by single beats. Bach o body of the former
o i $ ‘0881 upon a bou/] ' .
n&es, — lmlml:wml} 1]10t cucceed each other m a
e «» strokes do suce . :
tho 80 long as these strokes ¢ ocsary for the muftling of
Orter interval of time than is necessary her, the perioc ical
® concussion produced in it. But, 11“12;(1':&{@ s i
Movement prmluvml by the seqnoncc‘oi the s luh‘-m;_ﬂmt a2
a sum of vibrations like those of ﬂl“s‘.l.‘(tm.m elastic body of
Yy of simple notes, which can (-:\ch' » <(‘}‘ ) 1110.1\’0-111(‘nt. of the
the second nature. The more, therefore, :i|<\ e ple pe ndulum
s , at . s D 3y 81 S ;
I cang . einole strokes differs from the & 8 iha &
oy wsed by single ,t. i1l be the lu-rm-ptﬂnl|ty of _tl.u, .m.lgle
ement, the greater will b to of the note arising from
Strokes and the weaker the intensity o Le intensity of the
. + e %) NS "
€Ir sequence ; while, on the other 11.111(1; the 1,1-‘ ala ‘implllsc-“
itter increases, and the audibleness of the Nl‘; approaches
Comes \V(‘:lk(‘,l‘ as this l"‘ri()(hm] mu\'('m‘]"t -'tll}xst with
Neg i ndulum movements 80 that at last, WY
rer to the simple pendu o tions as they are pro-
Most entirely simple pendulum v)ﬂnalll".?(? nothing more is
g h at above 82 and 80 ;
ced by tuning-forks, at N %. d the note only is heard.
Perceptible of the single impulses, an ot an undulating clang
olmholtz has remarked farther ol ally changing in-
ay be compared to a note of periodically ch g B
J 06 compare S . intermissions res
nsity, and lt,}mt ¢ yndulations and intermissio

®ach Gother, and also that at a c(‘l'mm,,n“)Pbm, t,h,(;?:] P)l' O‘Zdﬁuﬁt)e
that kind o% ;10iqe which we call a rattle ” (7 one{{)]t'tfl t.}}e; ol
L intermissioné then, always prmluced only a limgl’_ous é‘) dl "
Yesemblance wh’ich they show when not {03 n v am, ion
Vibrations might make us suppose G eSS Y

“pable of producing a rattle; but intermissions, g e
S

-

.
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primary impulses, at a sufficient number and intensity chango
into a note. :

This may be easily demonstrated by means of a disk in
which is a cxg'cle of large holes, and which is made to revolve
before a tuning-fork. I have used different disks with 16,
24, and 32 holes, 20 millims. in diameter, at various distances,
cach disk much larger than the circle of holes, so that the
note, as far as possible, should only penetrate strongly to the
ear when an opening was in front of the tuning-{'di'k. Of
course any particular note will not, in any particalar number
of intermissions, produce a note which corresponds to this
number of intermissions ; but it will be necessary, besides the
needful strength and the sufficient number of intermissions,
that the air-shocks which penetrate through the openings of
the disk shall be equal to each other; and this cannot be, for
instance, when the number of intermissions is greater than the
number of double vibrations of the note. In this case either
several holes pass by the came sound-wave, so that a fresh
part of this wave always passes through each, or, at any rate,
they are not equal parts of different sound-waves which the
openings make a way for to the ear.  When, too, the number
of the intermissions is only a little greater than the number
of double vibrations of the note, similar conditions ensue,
and it becomes necessary that at least one entire sound-
wave should penetrate through the opening in order that the
intermission-note  may be clearly perceptible.  The most
favourable circumstance for its audibleness seems to be that in
which an entire sories of sound-waves can penetrate through
each opening—that is, when the vibrations of the mnote are
considerably more in number than the intermissions.

If a disk in which the distance of the holes from one
another is three times as great as their diameter (2 centims.)
is allowed to move with such rapidity that 128 holes pass the
tuning-fork in a second, the intermitting note ¢ is heard with
the fork ¢’/=512 v. d.; but it is faint, and is less prominent
than the two variation-notes, which equal the difference and
the sum of the intermitting notes and of the double vibrations of
the fork, and which are therefore here ¢/=2384 v.d. and ¢/=
640 v. d. (Tonempfind. p. 628). If, while the disk moves
always with the same rapidity, the forks ¢/, ¢/, seventh har-
monic of ¢, and ¢’ are used one after another, the intermitting
note increases constantly in strength and clearness.  1f] lastly,
the notes of the very powerful forks ¢V and ¢ are allowed to
penetrate through the holes of the disk when the ratio between
the number of intermissions and that of the double vibrations
of the note is 1 :16 and 1 : 32, the intermitting note is extra-
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yparily powerful; while the difference- and summation-notes

17 are but faintly perceptible at 1:16, and the notes
0 33 at 1:32 can scarcely be perceived at all, ]

p experiments with the last-named tuning-forks, which
therefore the most favourable for the observation of the
g/mitting notes, I move the disk directly in front of the
4 When, however, I use deeper forks, I insert between
of and the disk suitable resonators of the same diameter

e holes in the disk, so that the note always sounds loudly
jh ome of these holes is in front of the opening in the re-

gitor. 1t may be remarked, by the way, that with this
pigement the variation-notes especially sound wonderfully
itiful, and when the disk is moved alternately quicker and
Jyser they may be distinetly heard to retreat from and approach
i another.

jn the above, only a note of constantly equal intensity was
Jgved to approach the car intermittingly by mechanical
s the transition of periodical vibration maxima to a note,
Jpfever, can also be observed in notes which themselves pos-
w# @ periodically changing intensity. For this purpose 1
i@ constructed siren-disks with circles in which the holes
1t equal distances, but get periodically larger and smaller,
 that a series of isochronous impulses of periodically changing
peensity is produced if they are sounded through reeds of the
e diameter as the largest holes.  One of these disks con-
uned three cireles, each of 96 equidistant holes, whose dia-
weter varied on the first circle 16 times from 1 to 6 millims.,
o the second 12 times, and on the third 8 times. If these
dreles were sounded with a tube of 6 millims. diameter,
ypile the disk was at first turned slowly, the single-hole
]n,rio(ls were heard in each circle like scpur‘:'\to. beats 3 when it
ws turned faster, first the 16 periods of the first, then the 12
of the second, and lastly the 8 of the third circle changed to
ae note 5 when, lastly, the high note of 96 holes with 8 turns
of the disk had reached the second ¢”, the deep notes C, G,
ad double C, corresponding to the number of periods, were
dearly and powerfully heard with this ¢”/.

On another still larger disk, 70 centims. in diameter, L
amanged seven circles of 192 equidistant holes, which periodi-
ally increased and decreased in size 96, 64, 48, 32, 24, 16,
ad 12 times.  In the first, therefore, a whole period was con-
tined in two different large openings, and the note of the
periods in it was therefore only an octave deeper than the
mote of the 192 holes, while in the seventh cirele each period
was formed of 16 openings, and the note of the pm‘io}ls was
wnsequently four octaves deeper than the note of the 192
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holes. Notwithstanding this great difference in the number of
the primary impulses which the single periods produced upon
these different circles, they all equally, when their number
had become sufliciently great, changed into a mnote; and if
the circles, following the series from the seventh to the first,
were blown upon, they always allowed the deep note in the
interchanging series of the fourth and fifth to be clearly and
Joudly heard beside the constantly unchanging high note.
Although, therefore, such series of isolated impulses of
periodically changing intensity show a great likeness to clangs
producing beats (with regard to the possibility of the singls
maxima of intensity changing to a note), they are still very
different from the latter. If, for example, a series of 96 iso-
chronous impulses increasing and decreasing sixteen times in
intensity imitates veryclosely the clang of two notes which allow
16 beats to be heard, the two primary notes should be percep-
tible which form this simultaneous sound—in this case 88 and
104, two notes in the interval 11 :13 ; but in fact we cannot
hear them. The reason of this may certainly be looked for in
the fact that two notes near unison, whose number of vibra-
tions are @ and b, periodically exhibit when sounded together an

: i ; ; a+b
increase and decrease of vibrations of about . - but that af

the change from one period to another a change of signs
takes place, so that the maxima of compression of the middle
vibrations are only isochronous in the imperfect periods
while at the perfect periods the maxima of dilatation take their
place.

I have endeavoured in two different ways, by means of
primary impulses, approximately to obtain this result, and
first by producing the resultant compressions of all the fol-
lowing vibrations of the elang on the same circle of the disk
of a siren through holes of appropriate size. The clang of
two notes of 80 and 96 double vibrations producos a note of
89+-?6= 88 vibrations, increasing and decreasing in intensity
16 times ; and at each change from one beat to another the
change of signs causes the maximum of compression of the first
vibration of the following undulation to vary from the maximum
of compression of the last vibration of the preceding undulation
by half a vibration. T therefore divided the circle into 176
parts, and in parts 1,3,5,7, and 9 hored five holes of diﬂl?rel.\r‘
sizes, the same thing in parts 12, 14, 16, 18, and 20, again in
arts 23, 25, 27, 29, and 31, and so on. If now a circle of
{wles was blown upon through a tube of the diameter of the
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et Opening we could certainly perceive, beside the note 88
u] the very powerful note of the period 16, the two notes 80
yd 965 but they were very faint, and on account of the great
ygmess of the deep note somewhat difficult to observe.

[y the second arrangement I endeavoured directly to imitate
ihe change of phases in the vibrations in the change from one
ptlation to another.  For this purpose I divided two con-
gpitic circles working close together into 88 parts, and dis-
pos@d the openings which were to produce successive undulations
Jigmately upon the two. Aswith 88 openings and 16 periods
! foles woul(.l have come upon each of the latter, I always
ok two periods together, and bored therefore on the first
iele the divisions 1,2, 3,4, 5, 6, and on the second 6, 7, 8,
10, 11 ; then, again, on the first cirele the divisions 12, 13,
14, 15,16, 17, and on the second 17, 18, 19, 20, 21, 22, and
oo If these two circles of holes were now blown upon,
ge from above and the other from below, through two tubes
yeht of the diameter of the largest opening of its own circle,
fhore (snsu_od at each revolution of the disk a series of 88 iso-
dyonous impulses, varying periodically 16 times in intensity,
yhich at every change from one intensive period to another
dgunged their signs. In this experiment the two notes 88
und 96 appeared much more distinetly than in that previously
jgseribed with the circle of holes blown upon from one side,
which had upon it the periods of holes divided from one
aother by the length of a half vibration.

It only remains further for me to mention that Tyndall has
gted the slight intensity of the resultant notes as a ‘i)l‘OOf that
fhey cannot have been produced by the beats of the primary
wtes (On Sound, p. 1350). Affer setting forth clearly
that, when two equally powerful notes produce beats, the note
always changes periodically from cessation to a doubly greater
aoplitude than either of the primary notes singly had had,
Tyndall says literally :— If, therefore, the resultant notes were
die to the beats of their primaries, they ought to be heard
gen when the primaries are feeble; but they are not heard
mder these circumstances.” Now, of course, heat-notes must,
aways have a greater intensity than their primary notes, if
yibrations of equal amplitude always ln'()(luceé the same inten-
sty in all notes ; but this is not the case, as may be proved
by a very simple experiment. If a ¢ tuning-fori)tl, vibrating
in the amplitude of 1 millim., is held so far from the ear
that the note is barely audible, and if at the same time
the game experiment 1s made with a second, ¢ fork, whose
prongs are of the same thickness and breadth, while it also
vibrates in an amplitude of 1 millim., it will be found that
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it must be held about double as far from the ear in order
to produce the same result ; and it follows therefore that the
note ¢/, with the same distance of vibration, is about four times
as powerful as the note e. If we try, then, to make both forks vi-
brate in such an amplitude that at the same distance from the
ear about the same result is produced, it will be found that the
amplitude of the ¢ fork must be about four times as great as
that of the ¢’ fork. According to this the amplitude of two
equally powerful notes in the interval of the fifth, e. ., must be
9 and 4, and the sum of these amplitudes would then be 13 ;
but the resultant note, which is an octave deeper than the
fundamental note of the fifth interval, would require an
amplitude of vibration of 36, in order to acquire the same
intensity as the primary notes singly possess.

If the interval of the primary notes is still smaller, the beat-
note falls still lower, and must’ therefore be weaker in propor-
tion to the intensity of the primary notes. It stands to reason
that I do not give the above-mentioned experiments, nor the
numbers in the example as quite exact ; but they arve sufficiently
so to show what convinced me that deep notes must have a far
greater amplitude of vibration than high ones, in order fo
equal the latter in intensity. I hope to be able fo return
before long to a closer examination of the intensity of different
high notes.

The most important results of the above-mentioned experi-
ments are shortly summed up as follows :
(1) The number of beats of two notes n, / is always equal to

/
- X ; - b
the positive and negative remainder of the division 3 that is,

equal to the numbers m, w/, which are produced by stating
n'=hn+ m=(h+1) n—mn/, where n, »/ is the number of
the double vibrations, and /4 the quotient of the division which
gives the remainder m. It is as if the beats proccedud from
the two overtones 4 and 2+ 1 of the lower note n, between
which the higher note #/ lies. The cause of the beat-notes
is simply the periodical coincidence of the common maxima of
the two sound-waves.

(2) The beats of the pure harmonic intervals can be heard
in the relations 1:8 and even 1:10, and may, as well as the
beats of the unison, be regarded as resulting directly from
the composition of the vibrations of the primary notes, without
the help of resultant intermediate notes, whose existence cannot
be proved. .

(3) Both the beats s and the beats »/, not only of the
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inm{val nin+m, but also of ’gho interval n:hn+ m (h=2,3,4),
wheﬂ,the 1nt(»n31ty_ of the primary notes and their number are
afeient, change into beat-notes.

- (4) When the two beat-notes 2 and m/ are near the
mifon, the octave, and twelfth, the same beats may be heard as
gold be produced by two equal primary notes. 1 have
uped these beats arising from beat-notes secondary beats, in
order to distinguish them from the beats arising from primary
notPs: .

(5) When the intensity of the beat-notes by which they
are formed and their number are sufficient, these secondary
bests change to a secondary beat-note, as primary beats change
{p A primary beat-note.

HL (6) The difference-notes and summation-notes, which
a0 produced by the clang of two loud notes (the vibrations of
fhe latter not being infinitesimal), produce a phenomenon
wpich is independent of the beats and beat-notes : they are
very much weaker than the beat-notes.

IV. (7) The beat-notes cannot be explained by reason of
ipe difference-notes and summation-notes, because the number
of their vibrations is in many cases different from what this
eguse might produce.

(8) The audibility of the beats depends solely upon their
pamber and upon the intensity of the primary notes, and is
independent of the distance of the interval.

(9) The number of the beats and of the primary impulses
in which both may be perceived as separate impulses is the
game.

(10) With the beats perceived as separate impulses, as
with the primary impulses perceived in the same manner, the
pote which approaches them in number is audible.

(11) The number at which beats and primary impulses can
change into one note is the same.

(12) As with beats and primary impulses, the intermissions
of a note can also change into one note. 4

(13) When the vibrations of a note vary periodically in
intensity, the periodical maxima of vibration change into one
note, if their number is sufficient.

(14) The beat-note which is formed by two primary notes
must always be weaker than the latter, although Single beats
are stronger than the notes which form them.

Paris, December 1875,
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