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LI. On the Si11mll aneow; 8ound-ing of two J.Votes. 
By Dr. n DOJ.Pll KoNLG, Pm· is* . 

iF two notes arc produc('d upon tltc same instrument, or 
hy the vil ration.' of two hodi 'S which arc closely con-

lil•tlc•d together through a third, there en ·u Rom very 
int ricate phenomena , which :ne partly produced by the re-

of the two source.' of sound upon each other, :mu Lhe 
of both upon the connecting hody, and p:ntly al . o baYe 

their origin in the con t inuan ce of tl10 two ,;ound-wavcs in tho 
<ir. Jt iR my prm;en t intrnt.ion in the following pages to 
•nhmit to a. clo. er c:xnmina.tion only tho. o phenom na which 

from the coexistence of two sound-waves in the n.ir ; and 
I have tl teroforo u,.cd for the d mon stration of tlt cse w:wes 
1mly su h sources of sound as were absolutely isohted 
ft.l) lll 1':\Cb other, a nu con Id I lOt po,;sibly act upon each other 
1\m•clly, or cmnhined upon a tltircl body. A , furth er , 
!hP waves prodnceu by clnngst must a 1ways 1 c considorrd as n. 
l:lnHIJinaLion of wave.' of simple not('s, ancl as th r<•fore it may 

· n· main donhtfnl wl1 en clano·s arc empl oy d whether the phe-
lii!I!II 'JUl oh. erved arc produ ·d by the funclam e11tal note or 
l;y thr OV<' I'-notes, I ha.v • lJOen careful in tLc. e oxperimeni. · so 
10 s1·kct the sonrc s of sound tha t they should only produce 
iltl' posHiblo note.'. ] or the iow notes I used very 
'lout tuni ng-forks, m ounted on isol:tted iron fram es, and 
placed in front of largo soum1ina-boxes; for the upper nott',: 

• :rranslo.ted from ro.ggendol'fl''s Ann a/en, vol. P· 177. And com-
tn umi·:tt cl by W. Spott1 swo do, M.A., LL.D., V .l .h. t:) . . 
t By 11 clnng" i nwrt11t iho entire sound L'mitlcd by o.u 1u. trumont 

whm; sounding ft mu icn 1 note. 
Phil.May. S. 5. Vol.l. No. 6. June l b7G. 2 F 
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simply powerful tuning-forks, whose intensity of tone n •q uir!'J 
no further reinforcement. 

The whole series of tun ing-forks and so unding-boxes \\' hi cb 
I made use of fo r these experiments wn s as fo llow. :-

1. F ii'O tuning-forks whi ch withonL o·ave the 
double G, C, E, G, c (soL ,, do1, m i1, so lt, do2) .

0 
E :wh ol' thr 

four hig her forks eau, by means of its sliding l,c 
tuned down to tbc note of tlw next deeper fork. '.rho !lonhle· 
G fork can he lowered by a conp le of sliding W<' ight" tn 
double E , and by :lllother coup le as far as Lo tlou hl" (1 

(do_ , = () .t v. s.); and tbi ;:; latter limi t may still be <'X<'<'<'liPtlln 
in creasing Lhe we ig ld:s IIJ.lOil the slid es. Tlie pos itions of' n;l' 
sliding wc·ights upon these forks nro marked at in tm:y:Jls ol' a 
s ing le vi bration for the ocb!Ye from double() to U, ancl hi' a 
double Yihration for the next higl1 er ocf :t YC . · 

The prongs of the lowest J(n·k arc 05 m ill imH. in tJ,icln H•,;s, 
5!) mill ims. in brc•adth, and nbout; 75 cc•nLim ;.;. in lengt h. Tlw 
prongs of tbc oLhor four forks a rc 3!) mi!Jims. thick, 55millim •. 
brond, :1ml their leng th vnr ies f1·om ahont 70 c<'nl im' . lo 
4. 9 cr ntillls. These fi ve fo rks, witl1 out thei r stands an I 
weight·:, weigh 130 kil ogramm es. " 

2. E ig ht tu ning-forks, wl1ich withou t wcighf;< :m ' tuned I l tlu• 
notes c, e,,IJ, c', r! , e', ,r;', c" (do2, mi2, so l2, <l oa, do3, mi3, ·ol;,doJ), 
and by moans of tl1 eir sliding weig ht-s aro cnpn hlo of prod11cin;; 
all the in tcrm cJ iato notes a lso. Tll C' ir prongs nro 2!1 
thick, 26 milJims. broad, and from about 59 to U) 
long. 

Tbo tuning-forks for the octavo from c to c' J1:wc a 
for placin g the sliding weight-s at l'rom hvo Lo h1·o douhl 11 
vibra:tions, and fo r rho next .hig her octave from four to tillll', 

3. N ine forks tu ned to the scnle of 1./' to c"', and to lhl' 
seven th harm onic of iJ10 small c, of which rl1e nn• 
25 millims. broad, 25 millim s. thi ck below, an<l to 
about 12 milli ms. less at the encl . . Tl10ir lcn o·tl1 varies l'rom 
abou t 20 ro 13 ccntims. o 

4. Twelve tunin g-forks fo r the notes of rJ1e from I"" 
to c'", the nleventh, tl1ir tcenth, :mcl fonrt t'o nth hnrmoni cs of' r, 
and tlw note of 238D·3 v. s., which forms wi ll 1 c' (.'> 1:2 Y. 
the rntio of 3 : J 4, wit·b prongs 15 mi llims. in hrNH ith, 10 mil lin '"· 
in thickness below, nml :tbout 7 millims. a t; the and fm111 
about f) ccn tims. to G eentims. in l<'ngrh. 

5. E leven fo rks for the norc'S of tl iO RCalo from c"' to c". :lnd 
the eleventh, thirt cntl1 , and fourteenth harm onics of' c'. 'l'h1· 
breadth of tho prongs is 23 millims., the thicknc. s l)(' llllr 
18 m illi m ·., and at the end s about 9 mi ll ims. Thei r lcngf11 
varies from abou t 8 i·o 5 cen tims. 
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G. A seri es of eleven tuning-forks fo r notes betwo<'n b'" and 
I', and a seri es of nine t uning-forks for notes between 7936 v.,. 
llld cv (8192 v. s.), with prongs 14 millims. in breadth, and 
b'iow aboo t miUims. in thickness. 
7. Three pairs of r c:on:ttor.· to str ngthcn the notes from 

C to c" provided with clamping-screws, so that they mny 
lith greater he tun ed to each note which rc-
IIUircs r.inforcemcnt. They arc m:tdc of brass, and moun ted 
niron frames. At tl1 e open in g of each of tbe:e rc,onators 

'wo I latcs can b? applied,. in case th tuning-forks ca n-
m consCfluence oi: thou· wmghts, be brought near enough 

lll tho opening, and it is desirable to lose a · li ttle as possible of 
action on the body of' air. Bt>sidcs th is, cnch clmn p, 

dose to the screw whi ch goes t hrough and moves it, is bored 
and l?rovidedwitb a sma.ll p ipe, whi ch is gcncrnlly 

but which ca n be opened, m onlcr that, by it s means, 
with the help of an india-rul)bcr tube, tbc car may he put in 
ttir••ct communication with the body of :tir within the rcson:tLor. 

The two resonators which reinforce the notes from C 
w g are 30 cntims. in diameter, 1 metre 15 centims. in 
il'f!gtb, and the opening in front i: 27 ccntimH. long and 
lt ccntims. broad. 'rho two resonators which ca n be t uned 
lrow ' to g' a re 25 con tims. in diameter, 50 con tims. in 

and their opening is 23 con tim s. in length an<l 7 
ll'lllims. in breadth . The third I air of rcscnators rein force 
Ill<· notes from g to c'' . Their length is 3G ccntims., their dia-
ttl•·tor 25 ccntim ., aml their opening is 15 centims. in length 
and 7 ccntims. in broadlh . 

I. .P1·ima?',lj B eat· ancl B eat-lYole/3 . 

A. fnte?·vals with the fundamental note C ( = 128 v. ·'·) · 
y at the same time with the tlccp , simple, and strong note 
( (J28 v. s.), produced by means of a large tuning-fork plnced 
m front of a rcsonn to r, a second note is produced in the 
'!JllC manner , whi ch, star ting from uni son, is crrndual ly raised 
higher and higher , the hc•ats which ensu e cli -turbance 
M' the uni son h come g rad ua lly qui cker. When the higher 
note hns reached to 152 or 156 v. ( tbnt is, between D and E), 

beats, which till t·ben wore heard separately to the 
of Lwclvc to fourteen, change to a roll , which increases m 
ra)1idi ty till the interval of the fourth i : nca rly reached, about 
17 1 v. s. (twenty- two b ats ), without losing its simple character , 
Wll<'n the fom th is pn:scd, there occurs a but alwnys 

lond mttle, which lasts ti 11 ahove Lhe fi ftl1 , un when elo.sc 
lljlon tl1c sixth, at about 212 to 216 v. s., it bogms to lo.·c Jts 

2F2 
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co nf11 ·cd_ cbaractor, and ch:mges in to a still rapid hn L siniJil' 
roll , wlncL becom es much s lower between lho 
the seven th that :tt 233 and 236 v. s. twel ve :md ten ,iurrlr 
bea ts can be coun ted , wl1ich a_t the seven th, B=2'1 r . . 1 

to 01ght, _at 244 v . s. to and gradually 
fr wr r 111 nmnLor, t ill at tLe octavo of c=2Du v. s. they nt ln$ 
con>'e altogether . 

As t l1 c number of vibrations of tl1 r p rim n1·,y note en n l"' 
direct ly rend off from tl1c tuning -fo rks, it wi ll he found thal 
tlw n11mber of s ing le di s ting ni sl1 ahlo lJeats n ear the i1 
oqmd to the clifle r<·n cc of th e doublt' v ib rations of the iii'O 
primary notes, and that of tl10 bents n ear the odaYe qunl 
to t-110 cliffe r onco oC t he double of Ll 10 h igher of' t!ll' 
two primary and of th o oc tavo of the lowe r n oLo. 

Tl 10 a bove resul t can be shor t ly ex pressed in !.ho 
mann er. JTI:1ch in ter v:tl n : n' (b;s 1·h:m (·] w oetav<•) cxhihil• 
two so rts of bea ts, wh ose Jmm hor is equal to I he ami 

I 
Jwo·ativo remainder of tl10 di vision ?_1_, that is lo say, <·q ual 111 

b 

the l;wo numbers m •n/ = n-m, wl1ich wo obtai n hy shlli ng 
rl = n + m = 2n - ?J/ . I sha ll in fu tu rc, for thosakco l' hn'1i t.r. 
ca ll t l1 e boa ts 111. lower beats, nnd the bents 11/ upper hral'. 
If we incrense the in ter val hetw 'en h vo n otes from llw 
to tho octave, tl1 o n umhcr of lowe r lwats fron1 11 to u, 
:mcl that of the uppe r boats diminisll c'.' from n to v. At dll' 
fifl·h the number of boLl1 kind t; of boats is = 11

• If 111. is nutch 
2 

less than the lower bents nre :md ible; i f m is 111 11 ('1 

n J I tl l I .,. . greate r t.han 
2

, " ·e 1ear 0 11 y 1e uppe r JOats ; :n H 1 111 

nearly eliual to hotJJ kinds of hea l,; , m and n-111, may [,1' 

di s l ing ni :;IJCd a t tlw f' :1111 e t ime. 
1'110 Jowor boa ts :1re m ore powe rful than the uppN hl·at , ; 

and the ir andibleno:H extends consequ en tly fnr tht•r h<•yond 1ill' 
fifth ihan (·hat of tl1 o upper heats be low t il e :;am ' nolt'. 

In 1·110 od nvo from U to c, wl1i ·!t we have now lJl•on Coil · 
s idcring, it is very difii e ul t tu di ,; ling uisl1 , Lh rough Uw loud 
and confused rn ltlo o f' til e uppe r nnd lower lwats ahO\P m11l 
below tl10 fiftl1 , t.l1 rl1ytlnn w hich h 'long s to h oth tiwR

1
·c 

of beats, as tLe nu1nl w r both of lowe r and upper 1 
a lways so g reat l·lwt h cnrd :don e t·!1oy p1:odu <·o n 
rarid roll. I only snccoeded, t hon :lore, I lm ng mg sprrl:l! 
and absolutely clenr proof bod1 kmds of beats dnrmg d ll•ll 
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Pxistcnce by choosin g as th e fundamenta l n ote of the interval 
u much Jcoper note t han C, nn mely double E (RO v. R.). 

The groat fork haJ on ono of its p rongs a wooden board 
H ccntims. broad and 4-0 c< ntimR. long, and , hy m eans of a 
powerful electromagne t placoJ between its prongs, wns made 
to vibrato strongly in a space of fr om 12 to 15 millims. I 
holtl my ear to thi s h oard, while I hrou gh t m ore or loss close 
!()it a tuning-fork with . liclin g wo ig h! s :mu divisions, whi ch I 

loose in my hand. ] f we experimen t in tlti fl manne r, anJ 
raise the noto on the lat.lor tuning-fork from 80 v. s. g ratlnnlly 
higher and highe r, the fi rst s in !!le :tudihlo heats arc acrain lost 
' . . " b m a roll and mWo wlti ch cont.inuc beyond the fifth (20 boats). 
At 144 v. s., when 32 lower bents and l:\ upper boats arc 

the latkr begin to he di s tinguishable. At 148 v . . . 
(m::::34, m'=G) nml at 150 v . s. (m=35, m' = 5), beside lhc 
raUI• of the 34 or 35 lowe r boats, t.bo G and 5 upper boa.ts cnu 
he clearly heard. A good iuea mny he obtained of the sonnd 
produced if W<' curve t.lte tongue as in forming the letter H, 
while wo force t lto air out of the m onth in slwrt s t·.rong puffS, 
insteall of in one continuous st ream. 

While on the subject of thi s ex periment wit.h the deep 
douhle-E fork, 1 mny remark by the \vay that it i:; extremely 
diflicult to produce very deep 's imple J{ot •s of :my inten.· i!.y. 
As 1 was anxious to make m y experiment. upon beats by 
tneans of notes which shon kl lt:;vc ilw widci:t po. sib le int<.'rvals 
wi!h the ,· mallcst possible diffe ren ce in U1 • absolut·e numbe r of 

I construdod for tlt • notes o.f the double o tavo 
(lil-·1 8 v. s.) two largo wooden reson ators, ono 40 and 
llt!l other fiO ontim s. hig h and wid<.', :md b oth 2 metr •s long. 
Like ilto bcfore-ment·ioncd bra ss reRonators, they wore fitted 
wi!h clampin g-screws, so tlt at th ey could be tuned w ith 

t lho greatest precision, and tltc oponin o·s could be or 
!limin isbed at pl 'asure; hnt the effect which 1 obtainml from 
them in connexion w ith t.ho power ful forks wns so small that 
l loKt moro in inl·on ;-; ity by t.nk in g ono of tbeso deep notes for. 
lltP fundamcnlal noto Lhan I o-ained bv the les:er number of 
vilmtl ions. "" " 

11' we incrcasn Llt o int erval of the octavo 12 : 256 v. s., a.t 
whi ·h we have now nrriv(•<l b y rotainincr Hw fundam ental noto 
U, wh ile we nga in r :1 if'o the f1·om .the 
OC(al'(l higher and ltigh or, we produc0 again the au(ltblo 
beats, which, when lhcy lta.vc attained the numh?r o l 10 Lo 12 
al i?(i to 280 v . s., clt:mgo in to a >:impl roll, wbt ch nt v. s. 

heats) i.· b:nmJormed in to a confused ratt le. Th1 s rattle 
<oon hocomes wenker ; nnd botw0en e antl.f, abont 332 to 336 
u ., tlm eln ng of t.lw loiY O notes onl y nll ows a mere roughness 
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to be perceived, out of which, however, a<Yain nt 3H r.s. n 
cle:n·. quick . roll appen rs, wh ich g radually ·lower, till 
at %0 to 304 v. s. 12 to lO beats become smrrl y andi b!o · tbc.'C 
at 368, 372, 376, :u:ll v. s. doer •aso to ·G, 4, and '2., nnJ 
at ,q = 384 v. s. (1 : 3) 

TLo number of the boal's audible close to the odavc i: 0 11al 
to the difference of tbe double vibmtions of the h ir,.hcr not., 
and Of (;he OdaVO Of the fumJam ' 11 tal no te; and tl1 • Jl iUlliJCr or 
boats close to tl1 e twelfll1 is oqun l to the J iflorenco of tho don hie 
vibrations of the higher notes :mu the twelf'(ll from tbl' 
fundamental note. 

Tbo order of the intervals hero obson-ed of th is 
period, .from n : 2 n to u : 3 n, is the re fore proci. cly il10 
as that whicl1 we observed of the inLorvalH of Ll1 c fir:; t jl('l'ioJ 
from n: n ton: 2 n. Each interva l, n: 2 n +m or 3 n - ni, 
again exhibits two kind · of beats, w]Jich are equal to m an1l 

m': if m is much less t]Jnn we bear only the lowC'l' bP:l >: 

if m is much g reater only i.ho upper bent. an be rl if· 

tinguishecl; and if m is about the samo as the two kinds (>f 

beats exi: t together. In tl1 is period in tl1 e in tr rl'nl 

2 : 5 (e= 320 v. s.). 
';:'!10 be:d"s in the interval n : 2 n +m are therefore cq unl to 

those in tl te intervul n : n +m. 
In tLis period tdsb tl10 upper bents are wcnkcr than Ill!' 

lower; and both upper and lower be:JI·s are weaker tlwu lhc 
corresponding beats in the fi rst period. 

'I'bo next higl iCr period reaches from C : g to C : c', n: 3 11 

to n : 4 n ; and it · centre, in which is in the ra l·io of 2 : 7 

(128 : 448 v. s.). 
W e find in thi: the same order as in lho two fi 

periods, only we follow the two kind. o!' b('nls. qnitc 
so ti S tltoy lmvo ngam becom e weaker titan 111 tl1o Jomw1' 
poriocls. beginnin g at g v. s.), we :tgain ra isi' ihl' 
second note l1i o·ber and higher, tLe first single auu iblo l r:ll · lit I! 
into a roll at 

0404 v. s. (10 beats), wl1ich at 420 v. ·. be 'O illl'' 
a weak confu. ed rattle. This clmngcs a t abouL 45() Y. o a 
mere rourrbness, from which nnothcr clear raLtle is onl · 
tinrruisbod at 480 to 4-84 v. s. (10 to 14 heats), whi it become, 

till at 492 v. s. we have 10 sino·lo aud ible gr:l-
dually climinislJ i.ng in !lumber till at o' (51 2 v. s. ), ihc douhk• 
octave, they entire ly dJ sappoar. 



ounding of two 423 

1'hc beats of an inte rval n: 3 n+m or 4 n-m' arc again 
equal to m and m' . 

ln the period of () : c' to 0 : e1, of n : 4 n to 11 : 5 n, tl10 
an b followed to only a lcs: di stance. The lower 

numhcr o l' H to 10 clmngo in1·o a roll; hut tbj s at 
55tv.s. (:W Lcats) is already so wcak!bnt it is hardly more 
than" nwrc roughness. At 560 (2-1- lw nts) even thi s is no 
longl' l'dist·inauishablc, and Ll1e two notes from thi i:l poi nt form 
a puro clang . Only :1t GlG v. s. do e's tho roll ol' 12 Lcats 
:1gain ap]H'ar f'rom tlw pure clang, wl1ich then pa. ses into the 
iuglc audible wl1i ch di sappear at 1:5 (1215: ()40 v. s.). 

In th period 0 : e' to () : g', n: 5 n to n: 6 n, the lower 
IJI':t! s arc only to about 10, and di : nppenr at; uG4 v. s. 

u•at s) . The upper heats arc ft'ouly audible at 741) v. s., 
uml only at 752 v . s. (8 heats) become sino·ly quite clear. 
I ' () ,., . 
n tbo period 0 : g' to ' : 15\JG v . ·., of n : 6 n to n: 7 n, tbc 

lowf'I' beats arc only quite distin ct up to 780 v . . . (6 
und n.t 784 v. s. The upper bents feebly audible 
!o llir' number of() at 1515'i v. s., and only Lccomc (lu itc di stinct 

v. s. 1o the number of 4-. 
ln the ]Jflriod of() : 886 v. R. to 0 : c", n: 7 n to n: 8 n, tbc 

lower heats can Le l10ard clearly to the numher of 4 904 v. s. 
They dis:1ppcar at U08 v. f! ., G in number. Four upp 'r beat s 
urc pPrcC'ptihlc at 1004 Y. s. The two heats at 10015 v. s. arc 
qu ite di st in et. 

J succl•e<.lcd occa.·ionally in perceiving a. few heat. in the 
ratio of U : d" and oven of U : e" (1 : H and 1: 10); but tl1cse 
II'I'I'P very weak , and could not h:tvo been per civPtl at all hy 
any ordinarily coJTect <'at' not specially trained for the pur-
pose, :ts all l110se alJovc described can he. 

JL bus ulways hithert-o been :1 s:um cd that; beat s can only be 
' tJilwlly produced from two note: whiclJ clo:c to tl1e 

unixm1, :md lhat tl10 hoats of a ll wider intenals must be pro-
tlucpJ with the aid of result-ant note . A ccording to thi s, in 
lhf'i nh•rvul () : c" -2 v.Ll., wl1i cL as we have .con allow two 
hrals to he di st·in ctl y these bt'nts must lmvo hc0n pro-
duc<•d in the foll owing manner :-

with 0 n -2 with 11.) Ill11sLhaveproduccd 892v. s.(7 n- 2) 
y H 0 7 n- :4 o'-2v.d .(fin-2) 

• • • " " " " tJ r: 2) t/-2v.d. , U(Gn-2 , n , , e' -2v.d.(:.>n-
f -2 y d () (5 n-2 c' -2v.d.(4n-2l 

. . " " ' " " 1 2 t1- 2vd U(4n-2 n g-2v.t . n-

. . " " " " ' ] 2 2 g-2v<.l 0(3n-:l n) c-2v.t . n -

. ' " " " " 0 2 d ( 2) r -2v.d. , 0(2n-2 , n) , , - v . .. n-
U-2Y.d. , C (n-2 , ?J) , , two beats 
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Of all these intermctliate notes I have been ab le to di ·corer 
no t race ; and the note c11

- 2 v. d. (1.020 v. s.) has colll· 
paratively so li ttle in tons il;y, oven when i ts beats are 
di stir_lCtly audible with C, tktt it scorns absolutely impossible 
that 1t should prod nee any (oven t bo very smallest) pmctic:tl 
combination-note in oonnexion with other and it would 
be still more incrcdilllo that i t : hould be the ori o· in o!' n whoh• 
series of combination-n otes. It is therefore fat' nwre na Luml 
to dori ve the boats of t he barmoni c in ter v:d, as well n · tit 't' 
of tlto unison, direct ly ii:om the formation of tlto 
and to consider that they arise from the periodica lly in lt'r-
chang ing co inciclcnc<•s of the similar max ima of" the noles n 
and n', and of the nmxima which have oppos ite s io·ns. 

In the beats of th '.'e ltm:monic in ter vals, as well as in 
of the uniso n, the similar maxima will either come exactlr 
togotlt cr, or else wi th two successive Yibrations of the J'un c.J ,;. 
meni-al note; nwxima of compress ion of tbc higher notrs wi ll 
sliglttly precede tlto mnx imum of compression of the fi rtit vibra-
tion and fo llow the second, so t hat tho cen t re of boaling 1rill 
lie botwoen tltcsc two; in both cases, however, the cff ,cl 11 pou 
the oar wi ll be exactly th e sarn o, as a beating is no nJ OII H'Il-
tary phenomenon, but ari ses from the constant ebb :mtl How 
of the intensity of the note. 'l'o give a clearer idea of tlw 
order of vibrations in the boats of t hese harmonic 
I ha ve reduced to wri t ing the v ibrations of tbo inkrrn l 
n : lw and n : IL n+:IJ (IL= l , 2, ... 8) by m oans of lilY well-
known apparatus, with which, accordin o· to the md hod firo> 
applied by and Dosains, of the t uning-forks 
whose vib rat ions arc to be calculated has attached to it a piccp 
of smoked g lass which vibratos wi th i t, and the otl1er canics 
the pencil which marks the fi g ures upon tlti s plate. li' 
we look at the common cl1:tract.ors of tho:c fi g ures, we fi nd 
that tho boats of the imperfect intervals 1 : 3, l : 5, 1 : 7, as 
well as tlw beats of the unison, arc shown by pcriotlicnl 
maxima and minima of the amplitude of the vibrations which 
very clearly declare their <.lircct aud ibleness. In the perfect 
in ter vals, 1 : 2, 1 : 4, 1 : G, a nd 1 : 8, a maximum of compres-
sion is constantly chang ing with a maximum of <.lilal,aLion, a. iH 
the case in onlinary sound-waves, and every entire period m:1y 
therefore be cq ually considered as a sing le uni ted wave of 
and thoro can be nothing remarkable in such air-w:wes hot ng 
considered singly as boats, as the notes . of the g roat ot:g:tu-
pipo of the 32-foot ma,y very be hcn_rd as stll gle 
air-beats and we recotvo tlto 11nprosswn of a son os of bouls 
al so if 1\:C apply the oar to the prongs of a large tuning-J(n·k 
w hi oh gives l •ss than :32 "" d. 
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.A.nother peculiarity of the beats of harmonic intct•vals is 

that tho two primary note:> :tppe:Lr n.lto rnatoly. lf at the same 
lime wiLh tho powerful 0 we sound c on ly a s1nall fmction of 
a vibration out of tune, so th:Lt very slow beats are formed, we 

the fLmdamcntal note and the octavo alternately so clearly 
that, when c is ve ry powerfnl , wo should sometime:> bo inclinml 
to count each vibrati on (loublo; if, on the other kmd, c is 
weak, we only boar the fumlamcntal n ote becoming alternately 
stronger and l. t1

1
1a't'JO ;; u ·ceou

1
od in making procisc.ly 

the same ob:>e rvat1ons w1 1 10 Yery . ow boab; o[' the twelfth 
and the double oct:w e, U : g and U : c' ; but when tho vibra-
tions arc at all t bo periodical appearance of tbc higher 

is no longer perceptibl e. 
These pbenom.?na also are m oro C'asily explained by means 

of beats of those Jll tcrv:tl s than by the supposition of resultant; 
intern10diato notes whi ch cannot bo hoard. In the beat of' 
tbc octavo and the tw '1 ftlt the fu ndamental note alone appears 
at a, and at u the higher note is di sting ui shab le. 

B. Inte1•vals with tlwfundamental note c (=25G v. s.). 
lf we form tho cl ifJc ront interval · from the uni son to tlto 

third octavo with c (=25G v . s .) for the fundamenta l note, the 
beats of tbo dift'cront pr riods being twice as numorou ·, can no 
lungPl' be observed with such wide intervals a: wore possib le 
with the fumlam ontnl note C. 

'l'ho firsL sing le amliulo change to a simpl e roll at tbo 
.cconJ, and to a confused rattle at the third, whi ch, after the 
fo urth, becomes feoul o. Between the fift·h and sixth the notes 
form a rough cbng, through wl1icb, between t.b e . ixtb and 

a more d istinct roll begin s to appcn r, which at the 
sovcnlh changes to sin gle pcrecptiblo beats, and a.t 4!l6 v . s. 
(8 hr<d.s) to single computable heats, which Ji sappear at tho 
o tavc c : c' . 

ln the econd period, c : c' to c : y', oven at 584 v. s. only a 
roughnc:s can be I orcc ivod ; and at 608 v. s. tl1 o two notes 
already form a complete ly undi ·turbcd clang, which onl y at 
704 v. s. again becomes rough, and at 720 v. s. change: to :t 
roll, that then melts into the Ringle boats, which disapponr at 
tho twcl fth, c : g' ( 1 : 3) . 

In the third period, of c : g' to c : c11 the last tra ces of thr 
rough ness produced by the incron: in <T numbers of the lower 
I . 0 ,, 1! Jcats JL ·uppoar :o soon ns at 820 v . s. Ilio two notes 10rm, 
from this point to 97() v . s., an umli sturbccl simultaneous sound, 
which at U84 v. s. (20 ucats , m') become rough, and then ag::tin 
allows t he single beats to br hoard, wlJich di sappear at the 
doub le octave, c : r:11 (1 : 4-). 
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Above tlto <.loublo octave we o:m distinU"ui ;;lJ below nnd 
above the in terval c : e11 (1 : 5) tl1 o u p]Jur of' Lil o fourl h 
and tLe lower beats of tlw fifl;b periuJ to about rLt' numb('r of 
twelve. Above anJ holow c : !J11 (1 : o) abou t 8 C:l ll bt· 
disti ng uisheJ, and about G in the disturbed clang () : l 7!Ji v. >. 
(1: 7). Tl10 t riple octavo o : c111 (l : 8), wLon di st.uruod 
4 beats to be di .. tincLiy hoard; but t-he Lwo or three bo:tts prr-
coptib lo at c : {£111 (l: U) nro very wo:d.:: . 

A lt.lwugh buLh t-he lower :md li] lpc r lJo:tf s nrf:ti n !o thP 
number of in the int-erva l with tlw fnntl:mwnhtl nolo c, wh i!'h 
form s t-Jw middle of tbat period, () is only very fi1inU y 
guislJabJe oven in Lho period in t.ho iiJ't li, c : [! · If' " P 
suddenly produce a!} lJO::; ide the original s ingly ,., 
the resul t g ives the same impression as if the fundumenfalnof(' 
bad acquired a deeper character. 

C. i ntervals witlt tlw .fundamental note c1 (=51 2 ['. s. ). 
If intervals are forn1 etl witL the fundamental note !/( 

v. s.),graJ ual ly rising from the unison, t-he fo ll owing pbenonJ t'Ji:t 
will bo noticed. 

The first; single auJ ible lower change to a r:d- ll e hnton· 
the second is roac;l Jcd, and at the t-hird (G-1 beats) !Jcconll' a 
mere rou o·hnoss; at t-he same Lime a weak ]Jt'anl. 1\ r 
the fift-h tL is note rises to c (128 beat .. ), while at 720 to 7;3ti Y. :;. 

tile rouo-hn CSS of the clang is ll O !onere!" ]JearJ. Ji'r0111 7(it\ tu 
896 v. (128 to 192 bcai·s) the o rises to fJ, nml i,.; re-
markably stTong in proporLi.on to il-s intonsit.Y uc>twct'll () :111d 
c (G4 to 128 beat::; ). lt appears, th •nJfore, tl1 nL whnt Ow 
sing le impulses m l1ave lost in in tensity in grca!N 
in tervals, is fu !Jy made up by tLci r grentor mrmiH'l' "J dl 
regard to t-ho intensity of the note which tl1ey fo rm . 'l'l1c nult• 
produced by the upper beat s m 1 can be Jisting uishcd h.\' lhe 
boats of the auxiliary fork from the t-]Jir l ( 1 Ui ]J('al>4) to tlJ(' 
fifth (1 28 beats), while it sinks from .<J to c, though i(, ol lwr-
w ise is sea rccly audilJJe. F rom S08 to 8% v. s. ( I 08 I o (j I 
bea l·s m/), i t l>cconJcs so feeble tl1n L evc:n wiLh the nid of' lht• 
nuxiliary fi11·k it can sca r· ly he list-in g uisbod. 11 
therefo re t]J:Lt the in crease in in t nsity of ilw 
m 1 w]Jich is atta ined by the diminniion of their rnnn uer, j, 
not; g reat enough to form tlJc J cclJClled noLo wiil1 tiJ <' 
inten.'ity which it possessed wlt n it _was l1iglwr. 
944 v. s. ( 4-0 beats rn1) a rouglmess anscs, wluch at 9 rG v. 
chan(J"es to a roll that alters i·o single beat .. , which at tl1 o ·law 
c1 : /l disappear. 

'l'he lower beal:s of the secoml period, fi·om c1 
: u11 to c1 :,I/' 

(1 : 2 to 1: 3), become at 20 only a ronglmoss; and in I lie 
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13lll0 way the upper heats at a Lout 18 begin to be distinguish-
able by the roughness of the c lang. 

In tbo th ird period , from c' : v" to c' : c'", aLout 16 boats 
mean be heard, :mu about 10 be:.tt: m'. 

(I mnJe those two observatious upon my tonometer with 
hming-fo rks which arc not ment ionoLl in the list g iven in my 
inti'Orlnetion.) 

Below and a.lJove the inter val c' : e'" (1 : 5) abou t 5 bents 
are casily bcard , and in the i n terruptcu inter val c1 :y111 (l : G) 
fr 111 2 to 3 can be L1istin gui shocl. 

The boat-notes, which in tl10 fi rs t poriou wore already ex-
tremely feeble, in the higher one arc n o long r Jirectly per-
r.cptible. 

D. Intervals with the fundamental note c"( = 1024 v. s.) . .ce- t-"' 
In intervals w ith tho fundam 'n tal note c", the lower am! ' 

upper beat · a rc only to be d isting uished as such near the unison ,_. 
anti the harmonic inter val. In con sequence of their g reat Z. t-' 
Jmmbers tboy change to notes which in i.ho difl:'cren t inter vals Ill • 
will he ho:n·d in the following manner:- , ..... ';l. 

In the second , c11 cl", the note m ( 64- beats) 0 is distinctly 
heard; in tlto third, c11 e", i t k1 s ri sen to c (128 boats), :md 
is distinct ; in ihe fourth the note m (170·6 Loats) f iR 
join •tl by the note m 11 (34-1·3 boatr; ) f' . Thof;O two n ote:; 
blend, when lho fourth is quit-e pure, i11to n. clan g ihatis bonrd 
sometim es ns .f, awl sometimes m; f' . The n ote· m anJ m1 

l1ecome equal at the fifth e11 g", when c' vc:>ry tl istinct.Jy 
h1•ard. At the sixth , the lower note m r i;;es t-o f', anti t he 
nul' m' sinks to .f. TL1cse two notes arc m ore powerful , anJ do 
not blend into ono anoth er so clos ly as nt the fourth. If, 
with exactly the same intensity of the fundamental note the 
fork a" is l1eld a li ttle fu r the r from the oar, the f is heard m ore 
strongly ; if it is brough t nearer , f' becomes more distinct In 
tl1e interval c11

: 1792 v . s. (4 : 7) the two not-os m=v' and 
rn= rl are beard alm ost equally loud. At tl1e so ,' eutlt no more 
is distingui shed of the lower note, ami ?11 1 = 64 Lcats fo rms a 
mcro rattle, a r ougbnef;S througl1 whi c·h 0 ea m10t be hea rd. 
Above tbe octave, in the interval c" : d111 (4: 9), the note 
rn= l 28 beats, 0, can Le fain tly h oard , and in the int-erval 
d' :2889·3 v. s. (3 :7) , t he n ote f. At c11 :e111 (2: 5), where 
?tl=m' = 256 boats, c' is very distinct; beyond those limits no 
more boats can he di ·tin gui shed; only below and above the 
Lwclth e11 : g"' some di stin ct, and at the double octave a few 
very weak beat-,R may he Leard. 
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E. I ntm·vals with tlte.fnndamental note fP '( =204 8 't', s.). 
If W O now tn.kc C

111 for tbo fundamental nolo of i he in[er\':d, 
wo arrive n. t that par t of the scale wl1ieh is especia ll y ndapt<'d 
for the observation of tlJ o boat-notes, HS tbo UOCJ>OSf oel:tYO \\':1' 
for the examination of the sing le beat: whi ·h hnw not wl 
blomlcd in to one not e. ' 

The boat-notes of tltc first period may be hoard in Llw fo l-
lowing manner. The note G

111 form: wi t;h 
.fn ter val m m1, 

d'" 8: 9 c 
2389·3 v. s. 6: 7 f 

m is heard alone :nHl 
m is heard al one and clnarl r . · 

g" m is clear, m' 11·ca ker than 
f " m and m/ m ·lt in to ono sound . 
e" m and m' arc cqua ll:r' Jond. 

e"' 4 : 5 
.!"' 3: 4 
2816 v. s. 8:11 
l" 2: 3 
3328 Y. S. 8 :13 

a'" 3 : 5 

3584 v. s. 4 : 7 

ll" 8:15 

(./ 
.!' 
g' 
c" 
e" 

/" 
g" 

e" m= m', the note is \'Cry loud . 
y' m :mLl m' cqHa lly lond :nul di-

stinct. 
/' m and m' louder tl1 nn :1t Li lo f'o 11ri h, 

:md ah;o to be l1 c:ml ;: ingly . 
c' m nnl m' about ('qually lo1HI :IIlo! 

dist in ct. 
r m quite inaudible, m' nud ibk and 

disti nct. 

[n the second peri od, c"' : c1
" to c"' : .r/v, the 

are heard in tlw fo llowing manncr:- c"' wiH1 

e'" 
f•v 
[>()32 V . S . 

GG5li v. s. 
a 'v 
7168 v. s. 
b•v 
7936 v. s. 

Inter val m m', 
4 : 9 c' g" m distin ctly :mdiblc, m' 

2: 5 c11 c' 
3: 8 .!" f' 
4: 11 g" c1 

perceptible. 
m= m' distin ut·ly audible. 
m aml m' about L'flually lond. 
1n very fa i 11 t, m' more d iHt inel 1.'' 

audi ble than 111. 

'l'l1ircl period, from c"' : ,r;'v to c111 : r" . 
4: 13 c' - m onl,y audible. 
3:10 f' f" m melts in to m' . 
2 : 7 c" c11 m= m', distin ctly . 
4 : 15 c' m' only audible. 
8: 31 c m' only audible. 

F. Intervals with tlw f undamental note C1v ( = 4006 v. s.) . 
Lastly, intervals wi th the funJamcnbd-no to c"' :tl low ill (' f'ol -

lowing notes to he hoa rrl :-



1\' c ' 

r/ 11' 
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with interval ·m m', 
8 : 9 c' - m is distinctly perceptible. 
4: <.> c" - m is loud. 

f"' 3: 4 /" - m i:; equally loud . 
jfi32 1' . : . 8: 11 .<;" e"' m and m' loud. 
'1". 2 : 3 c"' c"' m=m' quil·o loud. 
iififJfi v. s. 8 : 13 e"' .<;"m and m' hot.lt amlihlo. 

3: 5 ./"' /" 1n and m' :mdiblo. 
7168 v. s. 4: 7 g'" c" m audible, m' louder than m. 

42:) 

8:15 c' m qnito inaudible, distinct.l y 
porcoptihle. 

7g3G v. H. ] 6: 31 c' ?n' on ly di stinctly nudihle. 
80G4 v. s. 32: 63 c m' perceptible. 

lf the entire seri es of observations here set forth with tlloir 
results be rev iewed, it will b • found that, taken as a whole, 
they show as follows :-

( I) The lower beats m, as well as the uppor beats m' =n-m 
of an interval n: hn + m (A=], 2, 3 ... ), when tllC number of 
b •als ancl tbe inten ;;ity of the primary notes arc sufficion.t, 
change in to bent-notes ; for exa mple the notes of the ratio 

15, U : b, allow m'= 8 heats to he heard , :md tbe notes of 
tbo same ratio c'" : (/"the brat-nolo m' = c, the notes c'v : b"' 
lho beat-note c'. Fmther, wi tlt the notes of the ratio 4: 15 
(n: 3n +m), 0 : b, a distinct roll of Hi upper boats is hom·d, 
and with the notes of the same ratio, c"' : d'v, the upper hen t-
nolo m' =c'. 

(2) Th hc:tt-notcs in the hig h oehwos, and the singly au-
dihlo b 'ats in the low ones, arc always equal to the t.wo dif-
f,t·onc s of the double vibrationH of the higher primary note., 
and of Lho two upper :mcl lo\\'or notes of the han nonic scri e. · 
lying next above and b 'low the tlreper primnry nolo, and noL, 
a. has been bit] terLo assumed, simply eq unl to the ditiorence of 
the double vibrations of the two prima ry For oxamplr, 
lho notes of the ratio 4: 9, c"' : cl"' allow t lto boa.t-noto 
m=l = c', :md no trace of the 11ote 9-4=5=e"', to be hoard; 
r'" : e•v (2 : 5) g ives m=1=c", and no trace of g"'· Tbo 
m1io n: in+ m, 4 : l 1 , formed by the notes 2048 ( c"' ) :m d 
5G32 v. s., a llows further the boat-note. m=3= g" and 
m1 = l = c' to be percoi ved, :md no trace of the note 
7=3584 v. s. 

(3) Of the bent-notes of t.ho higher octavos m and m' , ns 
ll'ell as of the singly aud ible beats m nnd m' of tho lower ono!', 

m alone i · andlblo when m is m uch less than m' when 
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m is much greater than and the coexistence of m and rn' is 

observable when m approaches For example, c'v : d'v (8 : 
only allows m= 1 = c' to be hcanl ; c1v : IJ'V (8 : 15) only 
m' =l= c' ; andat C'v : G656v. s. (8:13) both m=5=e"'anil 
m' =3=:/' are to be heard. 

II. Secondary B eats and B eat-notes. 
In the foregoing section I have endeavoured to do:oriho 

conncctcdly the ope rations of the uppe r and lower boal·s, ns 
tbey appear in the different in tcrv:tls when these arc formed, 
first from the deepest note:, then from hig her and higher up 
to highe.o l;, and so as not to disturb their conncxio n. There 
yet re Ili a ins a clnf<s of pllcnomcn:t which I wil I now describe. 

vVo have SOC II above that in the clang of tJ1e l;wo nolo.· 80 
and ] 48 v. s., the r:o ll of the 34 lower beats lit, nnd rho :iuglo 
audib le G upper boats m 1 can be scpamtc ly hea rd, that in the 
ncio·bbourl10od of the fifth C : G a r<tron o· confused ratl;lo 

by . tbo coexistence of these .two of bents, nnd 
that fina lly in the high octavos, ns also in tbe intonr:tls 

n: lm + m, if m approaches to both the hcnt-notos m nnd 

m' can be obscn ·ccl together. These two beat-notcH, which 
appear side by s itl e, nro in the same relation to each other ns 
would be the cnse wi tl1 two equal primary notes of tl1e 
in tensity : 'i. e. if they arc near the unison they all ow slru11g 
beats l.o be heanl; if they form a lmost the inte rva l or :111 0('-
tave they n.lso produce beats, wl1ich, l10wevcr, :tre wen kor ; nncl 
in the same their broken twelfth will also a ll ow heal,; 
to be l10ard . 

In t he intervals n: lrn +m the two m :md 111.
1 aro 

in unison if therefore in tl1e in terva l,; 2 : 3, 2: 5; 7. 

however, m= then and we obb1in 

two beats. 
The upper beat-note rn' is the hig her octave of the lower 

beat-note m if m= i' and therefore in Lho in te rvals 3: LI, .3: 7 .... 

n 2n · If, however, m = 3 +I, then n-m = 3 - 1, and we obla in 

( 2;1 + 2) _ ( I), i.e. three bents. 
The lower beat-no to is the hi o·],or octave of the upper 
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not<J if and tberefor' in the inte rvals 3 : 3, 3 : 8. If, 

I 2n l l n tow vcr, m = 3 + , t wn n-m = 
3
-1, and we ngmn ob-

. ('2n 1 ) (2n 2) . l tam 3-+ - - , t 1roe beat. 

'l'ho beat-notes m and m' t-ogether form the twelfth if 
111 = 4

1
\in tbe in tervals2 : 5, 4 : 8; andifm= 3 in the interval s 4' 

If n 1 l 3n 4:7,4 :11. m = +.,tJenm'= -1, we obtain 
"'- 4 

(3n ) (3n ) . I' 

4 t 3 -- "b - l , e. 10ur heats. 

ln general, then, when tlto hi ghor n ote deviates by a. double 
vibration from tl1e 1wrf'ect in t<>rva I, t hero on Rue two hen ts in 
tlw intervals 2 : a, 2: !), 2 : 7 J three heat·s in the in terval s 3 : 4, 

7, and 3 : 5, 3 : H, and iinally fom boats in the interva ls 
·1:5,4 :9,and4 :7 ,4-:11. 

lly the nse of the loucl notes at my di sposal J wn s able t·o 
111ako the foll owing obser vation. o n the ·e secondary beats 
arising from bea.t-notes . 

Nr·a r· tbe fifth double E nncl double B, where the primary 
notes lllake a di -tin e!'. mtlle, onl y one or two secoll(lary beats 
are andiblo; at t·he fifth double G : l) (!JG : 144-v. R.), whore 
al .-o the primary boats make n di stin ct. ratt le, lmt whore, in 
r•onscqncncc of tbo g roat·cr intemity of the primnry noteR, they 
aro lllnClt louder, the S('Comlary beats to tbo number of 8, :md 
above lh fifth t-.o the number of 10, can be followed; in fn ct-, 
aho,•e the :fifth tlHly :ne m ore di stin ct, as is al so t·ho case in t·ho 
l1ighcr positions,- which may lm ex plained by the fnct that in 
lhis nnighbourhood the intcn;; iLy o (' t he lower and upper heat s 

bo more nearl y oqnnl, hecan Re the upper beatR, which 
are weaker oven when the ir numhcr is Lho Ram e, arc not hero 

nnmerous ns th e lower heat·s m, whilst be low the :fi('t,h t.ho 
contra1')' is the case. 'Wi th equal in tensity of the fundmnontal 
note, t.hc socomla ry beats n re most distinct when t·ho higher note 
is somewhat wea ker, while the ratL!o of the pri mnry boat is 
loud st when the hi g her notes :no tho stronger. 

In the int rval wiU1 the fumlamental not·o U, I wns only 
able to ohRon o tho seconllary beats in the inte rrupt-eel unison 
m nnrl m', but there :u; fnr as the third period. They may h 
perceived nt C : G (2 : 3) to the number of (-) or 8, and at, 
' : e (2 : 5) to the nnm l>or of 5 or f-i. At 2 : 7 two or tbr e 

may be board. 
ln Lh e inlcrval.-· doulJl e E: double B, double G: D , and U : G-, 
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tbo secondary beats sound in conjunction with the lond t·altl 
of the primary bents somewhat in the mann er tltn.t I lw v' d · 
soribed above in the simultaneous sounding of 1::0 : 1-1-1 v. • 
At C: e, however, whore the rattle of tlt c primar y bonis is 
already much weaker, it disappears before the seconda ry bont. : 
and the same thing occurs nt the fifth c : g. 

In the intervals with the fundam ental note c, the who] "YRk lll 
of scoo_ndary .beats can be very fu lly obser ved. The hcai, · of 
the muson of the boat-notes can not only be y :111d 
clearly heard in the intervals 2 : 3, whore they can be fo i'lo\I'NI 
till they change to a rn.ttle of from 12 to Hi, nt 2 : 5, 2 : 7, and 
oven at 2 : 9 to the number of about 4-, but al so in the octnrc 
form ed by m and m' at 3 : 4, 3 : 5 to about G or 8, at 3 : 7 :Jlld 
3 : 8 (the form er weaker than the la tter ) to 4, autl at 
3 : 11 in the third period to 3 or 4. The bc:1ts of the hroli'l h 
of m and m' arc only perceptible in the first period at rho in-
terva ls 4: 5 and 4 :7, and can only 1c followed to abonl. iJ 
or 4. 

In the intervals with the fumhm en tal note c' tho vihrntioos 
of my tuning-forks arc somewhat less Javourablc than in t-hose 
just mentioned ' vith the fundam enbllnote c. Conscqu C' nily lho 
'secondary boats at the unison of the beat-notes m nnd 1111 in rho 
first three periods were really qui te di, tin cLly :wdihlo in ilw 
inte rvals 2 : 3, 2 : 5, and 2 : 7; and when they lormcd i·ogclhor 
the octave, in the first period only, at 3 : 4 nnd 3 : 5. 

In the £ rst period of tl10 interval wi th the fnnclnm oni·al nolo c11
, 

the secondary boats c:1n be perce ived in all iu terva ls in whi lt 
the heat-notes stand in the ratio of 1 : 1, 1 : 2, :mcl I : il to OIH' 
another; in tbc second period, ]Jowovcr, only a few di Linct 
1eats at 2:5 and some very weak on o.· :d; 3:7 can be di:;-
t ing ui sbcd. 

Interva ls with the fund:nn ent:tl note c111 arc forme<l in lhn 
first per iod l>y a powerful tmting-fork for tlJe fund:nnen lnl noit', 
and weaker forks for the upper no tes. H ero the srcondnry hcnl·s 
are only hoa rd clear ly at 2 : 3, and furth er nt 3: 4 and 3:5. 
Above tho octave, however, witlt the powerful forks of' lhc 
octavo c1" to c", tbc lJOats of t lw 1eat-no tl's are hem·d not only 
at 2 : 5 :mtl 2 : 7 and at 3 : 8, lmt e1·en at 4 : 9. 

Experim ents on all it:ttcrmls form e l from 
notes arc alrPndy ycry :f:Lt1gumg to tlte ear; and i·]w; JS 
more the case in the intervals of t.hc oct.avo of c"' 1-o c". .1. 
sucoocclecl, however, in distinguisl1ing _beside.- Ut ' 
heats of the fifth and the fourth and sJx i·h , :1lRo lboso o( lh(' 
thi rd and of tbc

1 
ratio 4 :7. The extraordinary in tensity ol' 

the notes of my forks for l;hi s octavo proved itself espet: i:tlly 
va luable in the intervals 8 : 11 nnd 8 : 13. 
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I have alreaclv staled, the simultaneous sound of 4096 

(,'v)ancl5G32 v. s: (8 : U ) all ows m=7 ()8 heats (g") and 
1n'=U80 heats (e"') to be di stin etly bearcl, besides which a 
quito dist inct cl', wl1i eb is = 5 l 2 v. cl. , that iK, =1280- 7GR 
r, d., may be perceived ; and tb same result is ob tain ed by a 
in,ultaucou,; sountl of 4-0DG allll GG5 G v. s. (R : 13) when 
m=l280 and m/ =7G8 The 11 otc c11 may :tl .-o be clea rl y 

hero ; so that the secondary beats, if their number 
and strength are suffi cient, melt in to one note like the primary 
l.:a!s. 

I only observed Lhe scconcbry beat-n o!cs in lhcsc t.wo 'ases; 
!,ut !here lhey w •ro clear and distinct. lu t l1e deeper 

where the same mtc rvab produ c the dis!-inctly audi-
h!P beat-notes g' and e", Lho la tter, in conscqncncc of' the 
greater w •almc.-s of the primary notes, does not allow the r', 
which onght to be thoro, to be hl'arc1. 

Wi th regard to the g •ncral obscrYati on of the secondary 
ht•a!R, it may be remarked !hat tlw weaker they :ue, the less 
must tl1cy exceed a ccrb1in number if they arc to he clearly 
1listinguishcu ; it mnst not, ther efore, be forgotten wll l' l1 the 
higher primary not-e is put. ou t or (·uno in order to hring them 
OUt, that if thi s note is put OUt of tunc hy 0 110 double YiUnt-
lion, 2, a, or 4- scconcl::try beats fii' C proclncecl. In 1lle intn-
ral c : e for instance, thcrcl'orc, the lat!:cr note mm;t only he p11 t 
out of ttmo by one douhle vibra tion at the outside if !l1e se-
r·ondary beats are to be clearly p rccp!ible; otherwise nothin g 
more i · beard of them ; at least when 1 hnvo struck t-hese 
note iogelbcr 1 have neYor clisting ui ;,bed more il1nn four. At 
tho simultaneous sound of c'v and e"' t-ho .-econdary heats are 
al'o most distin ctly beard when !hey ar about fon r in num-
ln My e"' fork weighs about 5GO g rammes; :md eYcn a li tt le 
lump of wax weighing abon t a decigr:nnmo attached t-o the 
end of ono of its prongs pnh< i!-. ont of tun to tl 10 ex!.cnt of 
a double vibration, and thereby nll ows the fom seconda ry 
bPats to bo heard. From thi s example we may cc how 
t'lllily iL may often happen Llmt !-l1e secondary b n! ;, cann ot be 
]'Prc iY cl n1erely because the in tcrvnl of the two primn.ry 

is too much ou t of t une. 
J have al ready remarked, while on !he of p_ure lJar-

lllonic intervah, tha t unt-il now all heats of wider 
bav been t raced back to t-he l Jca! s of hvo noLes near i.he nm- _ 
1011. lt wa · ;mpposccl !·.ha !- the fir,.;t <l iffcrcnce. note of 
primary notes agnin prodncod di-fference notes w1 th these pn-
mary notes, tbat these produced others with th? primary. notes 
and the fi rst difference nof·c, :md so it wns conhnned nn t1l two 
of the notes near the unison were reached, whi b woulcl then 

Ph il. Mag . S. 5. Vol. 1. No. 6. June 1876. 2 G 
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l>o soHtulccl together . Suppo;;e, for example, tha t in lhe dis-
tu rbed major thi rd 4-n : 5n+ .v thoro appcarccl, 

5n+.v-Jn= n+.v 
4-n-(n+ .v) =3n-.v 

5n+<'v - (3n-.v)=2a+2.t: 
4n -(2n+2.v)=:2n-2.v. 

ntHl then 2n + 2.v, wiilt 2n- 2.v, allow 4:v beat. to he heard. lly 
thi ;; prOCCCUing WC nJway;; :ll"l·ive at t·bo trno JlUillbcr or bent;: 
Lm_t we arc obligee! :_Lt the same t ime a lways I llw 
cx: tstcnco of nol-o:-J wh tch a re not on! y lhcmseh·cs mdtt'a rd hul 
:II'C also of'tcn both the effect of sot;lo :tnd I he ol' 
notes, which :no all oqna lly in and ihlc. In the <'xnmplc hl'l'e 
g i,·cn, 5n+:r 4n HLo\1· the be:tt-notc n+.v at ne .rfnin iu-
1-ew:;ity; but. i{' we now sound a prituary note n+.1· of ahonl 
cqu:d intensi ty anrl, :d; lltc same tilll c, :done with the prinwr,\' 
note 4-n, we shall only hcnr 4.?' hcntl", hu t nndor 11 0 c·in'ill ll· 
sb tll ccs a nolo of snch in to nsil-y thnt i t conltl ho in 11 

position to produce ol·hor notes i11 l'reHh OOIIthinnlion>. 
'l'his note, 3n- .v, to judge hy the in otl1or 
would not he strong enoug h for this, C\'011 if i I; wore n bea t-
note; bnt it l1 :1 s boon produced from n+.v and 4-n, and j, 
UIC'roJ'orc only :1 difference note; all( I ]tow f:u· below iltr lll':t 1• 

notes in in tcn,; ily nro tl1 o dif!c rcll ro notes :md 
notes \\ 'O shall sec la ter, in the f:icct ion tha t tn':tb of 
nol·c,:. 

\ Vith l10w nmch cnn tion we mnnt regard an oxpl:tl!:ti iont,f 
the wiucr in tona ls of Uw hcnls hy the comhinat io11 !loft'; 
hccomos f't iJ J ntOI'C ohvious if, insil'ad of' :Ill iniOIT:li o{' IJt r iir<l 
pcriou, we examine a s imul hmcons so nnd of ilw srrond ot· 
third . 'i1Vc have seen abo,·e tlt:1t di>dilt ct bc·nl ,; t': tn 
be heard in the mtio 2 : 7. If' !·hi s is fo r111 cd wi th. lh r fn nd a-
mont::t l note c111 , both the heal·-notcs m and m' =c11

1 and lhi1 
c11 we can hear londly and distinctly. If tlto intcrv:1l i : 7 
less out of tu no, :md and m' conscCJnCntly no longer in clrnr 
1111 iSOll, IJtey fl0 111l f] in rreci:o;c)y LJ I(' RntllC' W<l,Y :IS fwn 
p rimary notes c11 ol' t11e same in tensity wonld do if' J"ti nni 
of tunc to the >:a mc extent, and we need no f'urlllrr 
note for Hte cxplanntion of' this phenomenon ; bnt 
to the okl view, 

(c111 ) =5n+.v (c"' +.v) 
5u+ .v - 2n=on+.?'(!/11 +.v) 

7n + .v -(3n+.v)= -tn(c") 
5n + .1: - 'lll = 11 + .1· (c11 + .1') 

4n-(11, +.c:)=iln- .r(l'-
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nnd conseq uontly 3 n + .v and ;) n- :v would g ive the beats 
J J'. Nothing . however, can he cl i.-covered of all those inter-
lile iate not s ; anu we may well therefore tlmt, if with 
<uch extr:wrdinm·ily strong notes ns I lmvo use l thoro is hardly 
:m · probabili ty of secondary be ing protluced by combi-
nation noles, then with t·hc nse of weake r simple notes (such 
a;1 fo1· example, t.hoso p roduced by organ-pi I os) the Ruppos i1-i on 
•cems to be deprived of a ll proba.hil it.y whatever. Bu t if, on 
the otlJor hand, we snccoedetl in producing suelt powerf'ul 
oimplc primary note: that t he combination not·cs necessary for 
the formation of the srcondary beats accorclin <Y to the old view 
c ul1l bo formed with suffic ient intens ity, in th i. ca:e the 
tll'o beat-notes (m and m') and the ir h r nh; mig ht baYc atta ined 
!Qoll h strength that the combi na t ion n ote. of the hi o·lwr orLl or , 
fall ing togotl1 'r with the httr r might still only an 
ext remely small part of the intr nsity of the boats lward. 

ln order to al low an easy re vi ew of al l my obsc rv:Lti ons on 
primary and secondary notes and boat-notrs, I have drawn up 
the fol lowing 'rablc. The co lumn A the primary 
notes with their vi brat.ions, l3 the ratio of these two notes, 
U the numl1cr of lower beats m, r t h ra tio they form wi th tb 
fundamental note of the int·on ·al, D the numb r of tho upper 
IJl'ats ?tt', and rl tl1 r ratio they form wi t:b the fundam ental not·o. 
l'nrlor JD is state l how t-.110 lower heats m, and under l!' l1 ow 
lite upper beats m' arc to b h anl. F in ally, the column G 
contai ns t.l10 sceond:11·y beats nnd secomlary bent-n otes ariRing 
from tho combined ad.ion of ?tt and m' . ln tl1i s Table I haYe 
only given Huch res ults as may he pcr coi ,·ed by nn y ordinar il y 
goorl ear from the n Rc of t hn note. · whi ch I lmYe rmploycd 
in th experiments ; and I lJ:tYc noti ed rspeciall y tl 1o enf'rs 
in whi ·h not es cannot be dirrctly di stinctly hcarcl , wl10se 
undoubted oxist·encc is pro1·cd not only by secondary 
lmL also b,v the he lp of auxiliary forks, a l'or example, the 

in the bcat-n ot·cs ol' t.he int·crva l,; 1./ : e' and c' :f ' . An 
"ordinarily good car," and "not os s11cl1 as I have employed," 
ar certainly, in Rpitc of the dimcm;ions of the t uning-forks 
and sounding-hoxr.· .' tate l above, promises rnurh wanting in 
prrcision; hut, it. stand:; to rca:on tlJ:d; m·en tlw [ ]JOnomona. 
resulting from the simullan ous sonnd of t.wo : implc 
ran only he stated wit-h porJc'ct arcma cy in r r lnt-ion to .t.h 1r 
inlensily when it becomes possible t-o express the inton. 1ty of 
nolos of differen t pitches hy a common ra t io, w.i th t.he 
precision with which we ean now state the p1tch of then· 
l'ibrations. 

A f'cw apparent anomali c::; whi ch are sh own hy thiR 'rable, 
e. g., that the system of secondary boats can be less perfectly 

2G2 
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obser ved in the inter vals with the fundamental note c' thnn 
in those with the fundamental notes c and c", and the ab. or 
beat-notes in the in tervals with the fnndn.mental not-o c" whirh 
lie above 2 : 5, may bo explained, as I stated above, hy lbe 
lesser intensity of the notes which formed the in torrol. in 
ques tion. 

TABLE of the P rimary and Secomlary Beats and oh-NI'I 
directly. 

In tervals with the fundamental note Double E( = 80 v. R. ). 

B . E . 0 . 

I 
A. 

v. s. n: n.+ m 1n 
Db. E : Db. E = 80 1 : 1 Unison. 0 

G. D. d. c. 
--- - - - --- - --1-----1--

:Db. G = 100 4 : 5 Singly 11ud ible. . . . 10 
:Db. A = lOG·G 3 :4 Loud mttle. 13·3 
: D b.B = l 20 2 : 3 1 20 I 

144 32 
148 34 1 

_ _ _ " _ _ __ 1_ -
0-2 

X 
0 - 2 

:lo·6 
20 1 I 
8 .. .. 

:::1 
1::.1 

Intervals with the fundamental note Double G( =!-'lfi v .. 

Db. G Db. G = !JG 1 : 1 Unison. 0 
1 .. . 1 Lo111lr: 116 Singly l1ncl iblo. .. . 10 0 - 8 

136 Loull rattle. 20 28 
140 22 X :l(i 

Db:D = l44 2:3 :M :.l-1 
148 2G :!2 

152 !l8 0 - 8 20 
156 30 I [ m:: E = lGO 3:5 32 HI 
172 38 10 I" 192 0 Ortm 

Intenrals with the fundamental note C( = 128 v. s.). 
F irst period of a : a (1 : 1) to a : c (1 : 2). 

' ' · s. n : n+ m 111. 111' 

c: 0 = 128 1 : 1 Unison. 0 
132 Singly 11ncliblo. 2 
JoG -l 
140 (i 

O : D = l 44 8 : 0 8 
148 10 
152 " 12 
15G Simple ro!J . 14 

C : E = l 60 4:5 JG 
164 18 
168 20 

O:F= 170·6 3 : 4 21'3 
172 1 22 I 

·- - -, ____ 
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....._ 'l'a bl o (continued) . 

I JJ. E. c. c. G. D. d. F. - -------- ___ I_ -----Y. B. 11: n+nt 'In m' 17(i Confused rattl e. ... 24 40 Confused 18(J 2G 0- 8 38 rnttle. I l 28 3G 181) 30 X 3-l U:G:: i !J:! 2:a 32 32 I 34 30 20() 3(i 0-1;; 28 
21).] 3 2<i 
2()1; 40 2-1 

42 22 C:A::2J:q ;j : fj 42·G 20·3 . . . 2i(j ·H 20 Simple roll . 22() 18 
224 It; 

14 
" 12 ., I 2:s(i 10 Singly Midi-O: ll ::2 JO R: JfJ 8 bl c. I 

2-14 (i 
" 4 

2f>3 2 
C: 1 :2 0 

,'cco 11 <l from 0 : c (1 : 2) to 0 : g (1 : 3). 
I 
I 

In m. I 0 , .. s. :2n+?n 0 : C::::2!) () L· 'I Ol"LIIVO. . , 'ingly audible. 2 2<i() 4 2(i-l 6 2<iK 8 
JO 

r oll. 12 2HO 1-1 . . .q l(i O:d::2fl!) .. J : !! .. 18 2!12 
001 , mt llo. ... 20 44 Con fu sed 

22 -12 r11ttle. 3(JI) .. . 2-1 40 0() L " ml,llc, 2G 38 \\"e"k ... 0- 6 
which di sttp- ... 28 3G 312 J>CICI"S bofOI"O 30 X 3-1 

1, :J iG ·· ···· Lilo sccond"'"Y 32 32 
bents. 30 

3(i 28 
:J:!K 38 0- 6 26 
:l:J:! More 40 24 rough-
3:m 22 JI CBS . 

I :l•J() nc::;s. 21•3 ... 
O:f::: :J.Ji ·3 :J:B 20 

Simi' lc roll. J l i 18 
:J.JS Hi 

14 
12 " :l(j() 10 , 'ingly aud i-

:](j.J ····· · 8 blo. 
:i(; G 
:)72 ·· ···· 4 ····· · 2 37<; 

l ·· ···· 0 1'1 ·· ··· · 
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Table (continued). 
1- --- -.. 
I A. n. E. a I c. G. D. Id. r. 
------------------- -------------

1 v. s n: n+1n I m m' 
I 300 .. .. .. The rn.ttlo gct.s .. . 152 .. .. .. 7Ci I 

3G8 gra.dua ll y iiG 0 - 8 72 
37U i'a.inlor , and ... 

1

(;0 liS 1 

c : 2: 3 tlisn.ppea.r B X li I .. 

!66 ::: O- .IO ;;;,li 1 

,___ __ 

408 7Cl C:J 
41G d J o- n -18 .. 

1 84 I .. 
c: a = 4:lG·G 3: !j 2 RG·3 X l l 

432 18 0-8 40 ... 
440 ()2 0 - 4 :m I 1I,,r,:; 
448 4: 7 3 OCi > < :l:! 1.1 .. 1 roll. 
45G 0- 4 
4M 
472 

c : u=·IRO 8 : Hi Jli 
1

: .. 

488 . ' 
11 4!)0 

5fH 
c: c'=5 1. 2 1 : 2 0 ... lll'ln ,: 

Second period, f'rotn r : c' (1 : 2) j o I' : fl' (J : :>). 
}}b r v. s. In : 211 + 11t[ 

r:c =512 I 1 :2 Oclnve. 
, ' ingly n.ur1jbil' . ... 

0!52 
5GO 
fi(j8 

c: d' =57f\ 
584 
502 
5!JG·3 
GOO 
G08 
(ilG 
024 
(i32 

c : e' = (>40 
(i4 8 
(i51i 
6M 
G72 
GRO 

c :/' = 082·6 
(i88 
6!)6 
70-1 
7 12 
720 
728 
73G 
744 
752 
7GO 

c: g' = 7G8 

4 : !) 

2:5 

3:8 

1: ::\ 

" I Simple,:·oll. 

I 

Fainl ,::JII. 
Roughuc"s. 

simultaneOIIS ... 
souud. 

... 1 

0 
4 
8 

12 
Hi 
:!0 
2-1 
28 

!11\ 
40·G 
42 
44 
48 
!)2 
fiG 
GO 
().l 
GB 
72 
7U 
80 
84·3 
8G 
88 

0-3 

X 
0- 3 

0-8 

X 
0 - 10 

>< 
0-'J 

m' 

0:3 
K 

8G·3 2 
8·1 1 

I 80 
71l 
72 
liS 
li-! I J 
(lil 
iili 
fi:! 
-18 
<1-1 ' 
-12·() 

I ... '· 
:!S t 
:N .. . Roll . . 

I 20 ... 1 
Hi 

I'; ... , ,,..t 

:::l•rwollih. 
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Table (continued). 
Third period, from c : g' (.1 : 3) to c : c11 (1 : 4). 

E. __ v.s. n:3n+ ll! m m' 
c·,q' = 7G8 J : 3 TwelfU1 . ... 0 I 

776 .. ... 'mg ly audible. ... 4 I 
7R l ..... . , ,... 8 
702 llo ll. ... 12 
800 ... 1(\ 
8011 ,.. . 20 
816 R ough;;css. 2-l. 
82-! . . . 32 

888 
\)(i 

I) (}I 
912 
IJ20 
9:28 
9:l(i 
944 

fJ84 
!J\)2 

1000 
1008 
IOHi 

c:c"= l024 

2: 7 

.I : 11 

1 :4 

simnll rtll COus I ... 
sound . 

I'" l 
I 

1 

... ... 

2 

1 ... 
I 

GO 
G4 
G8 
72 
76 
80 
8-1 
88 

0-8 G8 X G-l. 
GO 0- 10 /j(i 
52 
·18 

>< 4-+ 
0--! 40 

2il 
JG 

12 
8 
4 
0 

Fourth period, fi·o n1 c : c" (1 : 4) to c : e'' ( I : 5 ). 
-------I n: '11t+ m 

... 1 
?n' V. 8 , 

fl! c:c''= lOU 

I 
J :4 D ouble octave. 0 1032 Sing ly a udibl e. ... , 4 0- 4 ll118 U nili st urbcil 

" · GO X fi8 e:d"= IJ 52 simulln.li ('O us 1 (i-1- (i4 Jl(jO sonml. . .. , G8 0- 4 GO 
4 c: e"= 1280 1 :5 0 

I 
Fifth period, from c : e" (1: 5) to c : g11 (1: G). 

-· -----
-::1 

V, B. n:5n+ m\ ?n m' c: c"= 1280 1 . fJ of' t he 0 130-J doublo oct"vc. 

1520 Singly audible. 12 
(j c:g"= !53(i l:G 

.. . 1 u 
I 

R ouglmess. 
... Orettle.r 

r onglmess. 
... Roll. 

Sing ly nud . 

oct. 

I 
I 
it 
... Singly ttud. 
"' of' Lh e 

doubl e oct. 
- -- -

... Audible. 
Fifth of' tbe · 

double ocL. j 
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T:tble ( cont·inued). 
Sixth period, from c : .r/' (1 : G) to c : 17!.J2 v. s. (1 : 7). 
-- I -- -- --- -- -

A. I B. E. c. o. ' Cr. ] . I tl R 
n : nn + 1n --- ---- - 1,-, --· 

l :G or lhc u 
doub le oeL: tYe. 

!5ri2 Auclibl o. i3 
Ji80 
J7!l2 1:7 

I . . . I fi ... :lwlihlo•. 
0 .. . l'u n· l ;. 

1--- Seventh pcrioJ , .from c : 17!:li v. s. ( l 7) I o c : c'" ( I : X) . 

V s . Ill . ?I! c : 17!!:3 I 1 . 7 Pu 1·e 1 : 7. 0 
l R01 .. .. .. "\u<li l.J ie. [... (i 

. .. .. I ... . 
c : c"' ::20-Hl l · 8 .. . .. r::: 

m' 

-- -------
Intcrvn.ls with tlto funJamenhLl note c'( =57 2 v. s.). 

F irst pcrioJ, f'rom c': o' (1: 1) to c': c11 ( 1 : 2). 
;s. n:-:;:, 1 ---

1 
-

1 
m' I j' 

c': c'::iil:.l J:l Unison. 80 
528 J)cut". 
ii-14 R oll. l(i 
IJGO Ha lllc. 24 

c' : d' =: 57() 8: 9 J2 
5()2 40 
(i08 
(;24 

c': e'=: (i40 
()I)G 

(i72 
c' :f' = fi82·G 

li88 
70-! 
720 
7:36 
752 

c' : ,c;' =:7G8 
784 
800 
8 L(i 
8.'32 
8-!8 

c': a' = 853·3 
8G4 
880 
89G 
!ll2 
928 
044 

c': b'=fJGO 
!)7() 
\.)()2 

lOOS 
c': c"=l02'1 

'1: [) 

3:4 

2:3 

3:G 

s: l G 

1 :2 

R ougu;;css n.ml 
so i'L note 0 . 

1 
Nolo 

ro ughness. 

1

::: ... 
, r:: 

Note mtber ... 
louder. 1. .. 

2 
Note agai n 

fain ter, buL .. . 
s till perceptib le . . . 
wi th aux iliary .. . 
f'orks. 

48 
f)(j 
G4 
72 
80 
sG·3 
88 
(}(i 

10-! 
112 
120 
128 
.t:l(i 
1-14 
lfi2 
WO 
11i8 
170•fi 
J7G 
184 
l\J2 

>< 
U--1 
0- 8 

X 
0-8 

O- !G 

X 
0- Hi 

0- G 

X 
0- li 

181 
J7(i 
117()-(j 
JC\H 

;J 
p; 

I lwal > "'l 

2 
n\1 \ 1\ian 
furk,, . 

l!iO ... 

t+l 
J3(i 
1:!8 ... 
1:10 

:::1 
!J(i 

I 88 I 
r;;;·;l J I Stl ... .t-ot,• '''i11\'" 
7'1. jll' l'l'l'}'tihl,: 

('\ •'ll \1111 

l

l)t) UU\i}i:ll'l , 4R r,,. ,,_ · 
40 
32 .. . H oughm. '· 

.. . 

1

lloll. 
l(\ o .. . Singl) n111l. 
0 ... Octnrc. 
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Table (continued) . 

Second peri od, from c': c11 (1: 2) to c': g11 (1: 3). 
, -A.- I B. I E. • \c.\ u. D. -d-.-

s-. - 111 : 2n +n,.-------1 1
-:.- -----;;;:- ------

e':c"= 11 124 l : 2 1
.. . 0 

10!\2 Singly n.udible. .. . ·I 
1010 8 

c':d"= ll52 4 :9 Faintrougbncss ... (\·l 

c':e''= 1280 2: 5 11 0- 4 128 ' 1 1 > < 
t' :f" = I !j(iii·3 3: 8 JiO·G I H !IG '"\ ... I 20 .. . }{ oughncss. 

.. . 12 Singly aucl. 
l fl20 8 I 
11>28 4 ... I c':r('= l,j!li\ 1: 3 . \ ... 0 .. . Tweli'th . 

I Third pe riod, from c' : g11 (1 : 3) to c1 : c111 (1 : 4 ) . 

V. S. 
c':g"= lfl3fi 

l f,fd 
l fl78 

11 : 3n+ m 1 .. . \ ?11(). 1:3 '.l'w lflh. 
Singly nuclible. 8 
R oughncss . , l(i 

2:7 J:Z8 
o- :l 
> o- :l io .. . RntU o. 

170 2 

2(128 
20:.12 

l : 4 

8 . .. Si ugly mul. 

0 ... t r': c'"= 20-l8 

Fourth peri od, from c' : c111 (1 : 4) lo c' : 1"11 
( t: 5). 

V. 8. 
c' :c"'=2().J8 

c':d"'=-304 

5[;!)0 
c': c111 ::::: :j5()0 

11: 
1 : 4· Doubl.c oclnYc 

bc:tts lo about .. . 
2: 9 Unb1·okcn 

clang. 

1:5 

m. 

8 

?it' . 

5 ... Singly ond. 
0 .. . 'l 'l1ird of lbo 

doubleoclavc 

Fifth period, f'rom c' : e111 ( l : 5) to c' : g11' (1 : G). 

V. B. 
c': e"'=G560 

fJfJ70 
:JO(ifi 

c':,q"' = 3072 

n:5n+?l! 
1 : [) Third of tl1 c .. . 

do uble octa.vc. 
Singly a udi ble. 

1 :6 

?Jl . 
0 

5 

·m'. I 

3 
0 

Singly nucl. 
F ifth of th11 
tl oublcoct.nve 
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TaLic (continued) . 

In te rvals with the fundam ental note elf(= 10;U v. s.). 
First ]JCriod, from c11 : elf (1: 1) to,./' : c111 (1: 2). 

------
m' J I 

I _n_._ ___ a_. _ 

1

,- v. s. ?b:n+m m. 
c": c"= 1024 1 : 1 U nison bents . 0 
c" : d"= JH\2 8 :9 NolcC weak. 64 

c" : e"= l 280 4:5 Note c sL1·oug. 128 

c": /" = 1305·3 3 : 4 f stroug, 170·6 

c" :,q" = 1530 2:3 No Le c' qui le 250 
s t rong. 

c": a'' = J 70(i·6 3:5 Nolo f' loud. 2 341'3 
1702 4 :7 Note g' distin- 3 38-f 

guishablc. 

c": o" = l\l20 8 : ll'i 

c": c"'= :!0-18 1 : :3 

. I 
CICIII'Iy I X 38-l l3illoit• 

di sLi ugu isl1 1• X 3-u ·s 21t· bl,.,., 
Very wilh /. x 2fiG 111 u' quit,• I· 
cl cu r . 

Cle!" ·ly 
X 1170·G J i/l()ltt\. 

disLinguish- 128 1 I, nblo•. 

(j.j. 
( ' h 't'\ 11 , 

.. 
0 ... Oo• l:olo-. 

Second period, from e11 : IJ'If (1 : 2) to elf : g'" ( I : il). 
---------

V. R. n ::ln+111 91!. m.' . 

c" : c'" = 20·18 J :2 OcLn ve bents. 
c" : 4 : 0 c audible. 128 

H nrdly 

2389·3 3 :7 / audible. 1 170·0 IIUdib!e. 3-IJ ·;J 2 f lll<'ll<l••l 

I \1 ilh,/ 

cu: e'" = 2560 2:!) c quiLo loud. 1 2!1(i I 2!i0 (.'
1 

Olenr. 
c" :/"' = 27;!0·6 3:8 

28 W 4: 1l il t'lllf. 

c": .1J"' = 3072 1: 3 'J npl flh 

Third period, from e" : g'lf ( 1 : 3) to e11 
: · " · ( J : 

m'. I I 
1 
•• 1·1Jcnl •. 0 j ... 

v. s. n: 3n+ m 111. 
c": g"' = 3072 1 : 3 Twolfth bents. .. . 0 

c" : c" = 40\JG 1: 4 - ---- ----'-------------
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Table (continued). 

Intervals wit.b the fundament.:ll note c'11 ( = 2048 Y. s.). 

First period, from c111
: c111 (1 : 1) to c111 : c"' ( l : 2 ). 

A. --
'· s. t"'· 

r"· 
c"'= 2().1 
d"'=230·! 

2389·3 

:e'"::25GO 
c'" :f'"=2i30·6 

2816 
c'" :g'"=3072 

, .. , 3328 
:a"'::341.3·3 

3584 
:6"',31340 c"' 

c" ' :c"=4096 

B. 
---
n :n+ m 

1 : 1 
8:0 
G:7 

4:5 
3 :4 
8: 11 
2:3 
R: 13 
3:5 

4 : 7 
8: 15 
1 :2 

.tC. c. -------
Unison bcltls . ... 
c qu i Le aud ible . .. . f quit e aurliblo. ... 
c' lourl. 1 
f' loud. 1 
. 9' loud . ... 
c" ' 'Cry loud. 1 
c" loud . .. f" distinct. 2 

g" porcepti bl e. 3 
·· ···· ... ... ... .. . 

C. 
---

1Jl, , 

0 
128 
170·(} 

:!5(\ 

3,11 ·3 
384 
i\12 

(i82·{\ 

7(i8 
.. . ... 

G. ----

Audible. 

Distinct. 
> 

Loud. 
>< 

Distinct. 
>< 

Audible. ...... 

D. d . F. 
--- · 

1/t'. 

7(i8 
(\82·(} 
(} tJO 
512 
3 .j 
3.J L·3 

21\(\ 
128 

0 

3 
2 
... 
I 
... 
1 

q" !'ninl. {!" blonrled 
with/'. g'l 

I 
c" loud with . 
c" v ry loud 
.(/' loud with e" 
f' cl isti net. 

1 c' peroeptibl 
... c distinct ben 

e. 
t·s 

.. . OcLttvo. - - --
Second period, from c111

: c1v (1: 2) to c' 11 :g"' ( I: ;)) . 
v. 8. •:2n+m 

C"= 40\J() L: 2 clavc. ... 
t/"::4608 4:0 c' loud . ] 

c"' :e""'5120 2:5 c" loud. 1 
/"=5461·3 3:8 f" powerful. 2 51532 4:11 ,q" fttint . ... 

e''. 

:,q" =Gl44 J: 3 ······ 
,,ru 

.. . -

m. 
0 

2"() 
P rceptiblo. 

>< 
512 Loud. 

>< 68:2·(} >< 
7H8 P rceptibl 

.. . . ..... 
-

7 
5 
3 

(i8 3 !7" feeble. 
12 

1 
l c" loud. 

1·3 J f' wenkor . 
fiG .. . c' quite ttud. 2 

I 
Beats, 

0 ... 

Third porio l, from c111 
: g"' (1 : 3) to c"' : c'' (1 : 4 ) . 

' '· s. n: :.ln+m 
e"': g"=(il44 I :3 

4: 13 
r": a"= G82G·6 3:10 

Twelfth. 
c' aud ible. 
f' audibl e. 

7 HiR 2 : 7 c" di stinct. 
r"' : b"= 7G80 4: I G 

70:1(} 8: 31 
r'": c•= 8l\J2 1 : 4 

?11 . 
0 

2W 
341·3 

1 fi l 2 

(if<2·G ... f" blonded 
with/'. 

Audible . !i l 2 c" di stinct. >< 
2!i6 ... c' faint bnt 

di stinct. 
128 . . . c perceptible. 

... Double octave 
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LXI. On the Simultaneous Sounding of /,wo 
By Dr. RunoLrli KoNIG, P cwis. 

[Continued from p. 4.46.] 

lll. and 
is well known that H elmholtz has proved theoretically-
lhat "whcnc,·er Lbc Yihratiou of the air, or of any other 

body set in lllOtion by both the j)rimary notes at 
thv same moment, becomes so strong that tbe vibrations can 
no longer be conoi<lcrcd a:o infinitesimal, vibrations of the air 
m1tst arise whose pi t ·hes arc equal to the diftorcncc and to 
thi! sum of Lhe numLcr of vi lmLtions of tllo 1n·imary notes." 
rrveso combination-notes, bo!h those of tho dif-ference and 
thDS of tbo sum, arc quite distinct from the beats, and are 
much weaker than ihc original note. 

If we turn our attention first to the difference-notes, we find 
tval, in all in terntb n : n +m, when m is not much greater 
t!Jan they coincide wi th the orig inal note, and therefore can-

nOt be proved by it. W c have seen, however, that , in all in-
torvals n : n +m, when m is much greater than the beat-
notes are rn' = n-m. In the intervals n : hn + m, when m is les:; 

jjlan =m; and when m is much greater m'= n- m, 
and therefore not tbe same a::; the difference of the vibrations of 
1he prima ry notes. W e must tl10refore try io observe t.hc dif-
fere nce-notes in thl'se intervals. 

As I lmvc already stated, thc:;o intervals, compo;.:ed of high 
jlolcs, allow the beat-notes !·o be board quite loud , while no 
trace of the difference-notes is to be perceived. c"' : b"' 
(8 : 15) allows on ly c (1) and no I race of 7 to be heard ; 
r!" : cl'v (4 : D) only c' (1) and nothin g of e"' (5); c"' :f'v 
(3 : 8) only .f' a nu .f", and absolu tely no ( 5) ; and it fol-
lows, therefore, that the di!Iorencc-notes in any case nlUst 
be immeasurably weaker !·ban tbo beat-notes. I was able, 
however, to prove their existence beyond a doubt .uy 
the above quoted intorntls from deeper notes, wln h, by t?en· 
longer duration, enabled me to make use of tum_ng-
fork · whi ch gave a cm·tain number of bca!s w1lh the rcqmred 
notes. 

lf I all owed tbe groat fork. c' and 1/ 8 : 15) to sound 
in front of the soundino--boxes the :first thmg that fc1l on the 
earwas thc londratt1c

0
of ihe'32 hcnts m' =n-m; if,how-

cver I held a tunino·-fork of 440 v. s. at a arc: t! cr disbnco 
' b 
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from the ear, the four beats with the note 7 = 448 v. s. wor 
audible. In the same way I wns able, by the clan rr of lh 
notes d and d" ( 4 : 9), to prove through the beats 0 th ex-
istence of the very soft note e' (5) with the help of a tuni no--
fork of 648 v. s., and bJ: the clang of the notes c' and /"11 

(3 : 8) that of a soft a' (5), with :t fork of 8GO v. s. · 
As regnrds the observation of the summation-notes, Holin-

holtz has remarked th:tt " t.he!P are on ly to be heard undCI' 
pecnliarly f:tvourable circumstances-for instance on l·ho bnr. 
monium and on (Tonem/.find. vol. iii . 
p. 244). But even If Jt IS really somctnn cs pos ibJe on . ouncl-
ing simultaneou."ly two clangs on a siren or on a 1:eed instru-
ment, to notes of which the pitch is equal to lh 
sum of the pn mary fundamental not s of both sounus, sWilh is 
is not suff-icient to prove the existence of the 
as neither nor 1:ccd. instruments prodncc simple note< 
but sonnds wh1ch are n ch m overtones; and a sliah t examina-
tion shows tbat in consequence of this the 
which must be produced by the overtones are suff-icient to 
prove the existence of notes whose vibrations arc equal to !·he 
sum of the vibrations of the fundamcnt:tlnotcs of these somHl H. 

Two sounds m the interval of a fifth contain these L\\'o 
series of notes, 

2, 
3, 

4, 
6, 

6, 8, 10, 
9, 12, 15; 

and the fifth notes of both sound." (10 nnd 15) produce a bra!-
not.e m=m' = 5, which is equal to the sum 2 + 3 of the roots. 

In the fourth, 3 : 4, we have the two series of notes, 
3, 6, 9, 12, ] 5, 18, 21, 
4, 8, 12, 16, 20, 24, 28; 

and it is here the seventh notes of these sounds which produro 
a beat-note that is equal to t.hc sum 3 + 4. In the thir l, 4: 5, 
we have t.he overtones 36 and 45, from which a beat-no! 
must ensue which will equal the snm 4 + 5 ; and tbus in CYc ry 
ratio of the form n : n + 1 !·.he beat-note of the 2n +1st note.-; 
of both clangs is equal i;o the sum of the fundamental notes. 

In intervals of the form n : n + 2 there arc also two notes of' 
the same order, namely the n +1st of both clangs, whose bent-
note is equal to the sum of the fundamental notes. Thu. lho 
sixth, 3 : 5, gives the notes 

3, G, 9, 12, 
5, 10, ]5, 20, 

where the beat-note m is prod uccd by 12 and 20 = 8 = 5 + 3. 
Lnstly, in intervals of the form n : n + 3 i·here are notes of 
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1tL,ftimilar order, namol_z the n + 2nd note of the clang, 
·nJ then+ bt of the ht ghor ono, whose beat-note 1s to 
tLo smn. of the fn,ndnmenta.l no te.·. f_? r example, _lu the. 
miJ!Or s1xtb, 5: !), the s •vcnth note ot 5 (ib) and iho s1xth of 
&(48) gave the heat-note m, wh ich is equal to the sum 5 + 8. 

might perhaps appear st,r:mgo tlwt \YC f'houlu have re-
nwrkc<l especially the heat-n otes of overtones of t.wo sounll s 

viurat.ion :> were ettnal to ihc fi um.· of both fundamental 
botcs, while t-110 ucat-notcs of many other overtone:; must also be 
1111)ihlo; but it mu :> t he remarked that the nnmhor of these 
not"S wh ich a rc :muible is by no means so g reat m; we 

be di sposed to assume wii'.houL a closer inspection. Thus 
1\1(1 overl:on •s ol' a fift.h interval , up to the fifth, allow no boat-
note, excepting the note 5, to he hoard high •r than !·he funua-
tnl'ntal note, which does not coin cide wiLh ono of the over tones 
0rthe two cl:mgs. In the fom tb , except the note 7, only the 
lx!:tt-note 5 of the firsts •ven OYCrtones arising from 15 and 20 
1]11os not co iuciJo wi th the note:.; which arc alroa ly contained 
inlho clangs; and the ratio is the , :uno in t.ho other intorv:tl s. 

boat-notes in all the ahovo-montionod cases a rc equal to 
l\to differonCO of tho JlOti)S bywhieh tboy wcr' form od,aml t}Jcre-
foJ'C coincid e with the di-ff'orcncc-notos of tltesc sanw notes ; if, 
however, we take into consideration tho g roat intcnsit.y that two 
]ll'illla ry no tos must have in order to produce only a very weak 

we may assum • with tolerable certainty that 
the in t nsity of the uilforcnco-notrs produced. by the over-
tones mu.·L be very much loss tlum that of the boat-notes with 
wbich they coincide. 

lt is J'urtl10r to he ob:orv d that; on t·bo sir n and the har-
mon ium not only arc lho singly produced. notes accompanied 
by overtones, but also, if two soun(ls a rc prOtluccJ at the same 
time, n •ither of them can be percoived except ns produ ('(l by 
aocri s of simila.r impulses succrcdincr ono anot·lter; fo r if the 
openings of two concentric circles of the ::; iron arc open cl at the 
umo time, the intensity of the impnlse is not double as groat 
as iL woul1l be if only ono circle of hole: were opened; :mu 
this diminution of in tensity of the illlpulsos at t.he moment of 
thei r oooxistcnce, whicl1 is only prod ne 'cl by Hte tlisr osition of 
the inslmments employed, i:; suHicicnt alone to prodnco phe-
nomena wl1ich l1avo notltin cr to Jo with thos of the simul ta-
neous soundin g of simpl e produccu by isohtod :o:md-
wavcs ( Tonemnfincl. vol. ii i. p. G27; Torfju<'m, A nnales del' )!;cole 
Nol'lnale, vii. 1870) . lf, therefore we wish to bo sure that 
we r ally have to do with of simple pri-
mary notes, we must so t asille both the many-voiced siren 
and the roou-pipos, and only Jnako use of simple tuning-forks. 

fJhi l. JJfag. f'. 5. No. 7. 8np11L. Vol. 1. 2 l\1: 
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Tuning-forks for the notes c1, e', g', c11
, with prongs 6 miJ. 

1ims. thick, upon sounding-boxes, as they nre Ll od 
in phys ical experi ments, no twitLsta nd ing their somewhat con-
siderable in tensity, form only such wcnk summa tion-note· that 
auxiliary forks which g ive beats with them nrc nrcc, sary to 
prove their ex istence beyond donbt. H wo possess a series of' 
tuning-forks for t.he harmonic notes of t-he fundamcnfalnote t , 
the interval s c' : g' and g' : c11 arc specially adapf-eLl for f·lw proof 
of the summation-notes by m ans of ihe beats, as the aux-
iliary forks !'or these can be easily arranged by un!-tming, b.v 
means of a 1tttlo wax, the forks uf tbo seric,; mentioned f'or / ' 
aml fo r tl10 soYonth upper note of c. But with such strong 
no tes as I have made use the summaf:ion-notos nro in them-
selves sufficiently loud to bo pcrcoiYcd witl10ut auxiliary 
At c1 :g' (2: 3) we can d istinc!Jy bear e" (5), which witll t1 

and g' aga in form ,; the of the second orcb 
7 8 make,; i tself hy. bents wi th the 
smtable auxdwry fork r-:; and other ;mxJl wry fork,; allow CYC n 
the summnt ion-notcs of t he th ird. order :t + 7 = 9 (d'" ),:! + ,' 
and 3+7 (e'"), aJ1(l 3+8=11 to he not iced, thong h mdy h.v 
ve ry faint beats. I n tlw same way we hea r al so at c1

: e1 (·I : [) ) 
the note 9=d", and hy means of the aux ilinry forks can p rO\t' 
the notes 9 + 4 = 13, 9 + 5 = 14, nn d the of th" 
th ird order 17, 18, and 19. I n tervaL · with the fundamental 
note c' =512 v. s. arc generally tl1o best suited f'or fb c obserrn -
tion of the difference- and summation-notes, as in iheso , on 
the on e b:mtl , the ratt le of the di scontinuou s beats cnuscs litllo 
if any di st-u rbtmco, and, on the othor band, Hw bcat-notPs, on 
account of their o-rcat depth, ba,-e on ly rt very slig h t 

From t-he l1cro given it f'o llom;, tl1 0rd'o rr , th;lf 
difference-notes and summation-notes can ho dcmonstmf •d hy 
the simultaneous sound ing of simp le notes prod uced fro 1;1 
separate sou1·ccs of sound i_f tb:se have a very g rcnt 
but that they are extraordmanly weaker than the bcat-nott>,;; 
so that at the simultaneous sounding of two clangs with tokr-
ably powerful overtones, in most en. os the noirs, 
vibrations arc cqnal to the sum of the pnmary notrs, w1ll 111 
all probabi lity be of tlJc upper notes, and not sum-
mation-notes of the p l'l mn ry notes. 

These comb ination-notes arc as little reinfo rced by sound ing-
boxes as the above-described boat-notes . 

IV. Upon the natu?'e of -'!eats, tltei?· operation COI11J1al'et! 
with the ope?Yttwn of Pnma?'Y Impulses. 

As the number of the vibrations of the summation-notrs 
does not agree with the numhPr of the bents of the Lwo p1· i-
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J af}'notes, and cannot, therefore, base been produced by them, 

circumstance is amongst the grounus which H elmholtz 
fonv::u·J in support of tl1c Yiew that bents annot form 

'nfnote whatever ( T onempjinclung, PI. 2-15, 2G3) . But if, on 
lhe one hand, summation-notes do not coin cide with the beats, 
]el• on the other lmml, as we have seen above, neither the beat-
no!ll of the in terYals n: n + m, if m is much greater than 
no( tbe beat-notes of all intervals n : hn + m coincide 
wiVl tbe difference or the sum of t.he primary notes; and 
the beat-notes are thcrdorc as little demonstrated by the 

which produces the combination-notes a: the latter can 
he demonstrated f1·om the ex.i.·tence of the beats; and we must 

ntly suppo e that each of these species of notes ha · its 
[ieOllliar origin. 

P,.s to the question whether the nature of the beats wi1l 
it elf admit of their form:n g themselves together into a note, 
the circumstance that, when the vibrations of the primary 
notes are not infinitesimally sm::lll, combination-notes of the 
iff rence anu the sum cnsno, eau of course prove nothing 
eitber for or aga inst this view. H elmboltz, however, gives 
!OlllC other reasons ngainst the older opinion of Tb. Young, 
wbicb require a c loser inquiry in order to refute them. 

The way in which tbo beats in tbo ordinary (and parti ularly 
therefore in the lower) -parts of the . cale mostly produce very 
weak notes is that which has principally induced H olm-
bollz to declare that vibration of simpler notes, without any 

of upper note. or combination-notes, "only ari o when 
he two given notes are diviued from one another by a tolerably 
wall interval," and that-," when the interval i increased by 
only the amount of a minor third, their vibrations become in-
Qistinct" (Tonempfindung, -p. 284). But i f we nse deep and 
sufficiently powerful notes, the primary heats, as l have men-
tioned aro in. g reater intervals_. In 
the oct:we 0 .. . c thoro I. ' no m terval wh1 ·h does not allow them 
to ho clearly l1eard; and oven if w s t aside the beats m', we 
r:an follow the beat: m alone to aboYe the fiftb; nud in inter-
vals with the funuamental note double E tbcy may be noticed 
even close to tho seventh. 

In the above Table I b:wo sta,ted that the thir<l c : e allows 
a rattle of 32 beats to be hoard, and that this ever lcs cning 
rattle may bo fo llowed as far as the fifth. These results only 
rcf<lr to tho clang of primary notes of such strength as 
my tuning-forks, p laced in front of resonators, produced. 
When, however, l made uso of the louder notes c, e, and g 
which I produced by RotmdinO' the forks in question without 

21\rJ: 2 
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slid ing weig h ts in front o.f large op n 
a t lJo t lt end s, J·he raHlc of tl1c tlnrtl was shll more powerful 
and llmt of J·he fi fth a I so much louder. The G4 beats of 
third c' : e', which with t uning-forks anrl r 'Sonators only 
allow a m?rc r o11 ghness J·o . be hen rei, changed hy mcnns 
of the tumn g-for ks on sonndin o·-hoxcs to a pos itive rattle · 

1 l f'f' l r . n . ' :lll ( CYCn l 10 1 t 1 c : .r/ a llowed :t tra('C of the · pro-
d uced lJ.r l :!fl lH•als lo ho hc:ml. 

\ Vhcn a note is prod ucctl in :t clo,.c<l space, i t is \Yell lmown 
th:d·., h:y t.bo combinat ion of the di rod soun rl-wn vos and those 
l11at ro,·orlwraJ·o fmm 0 1c wall s, node" :uul n•nt.ra l scgm01 d m·o 
formed. Jn Ycry lone! simple notes, of which 1"1 10 sound-waves 

long, i.hc cliffo rcncc of intcnsil;y at Ll1ese JiftorcnL 
pom ts 1s so remarkable that in t.he a bove-men tioned experi-
mcnl·s, in wl1icb it is :1bovo al l necessary tha t tJ1 e ca r shonld 
receive ho1-h notes very strongly, we m{,st be ca refu l to place 
it for hoth notes at t bc same node. The ear t.bcre-
forc be pln ced in the hest position for one noi·e, :mu 1-.hen 1"110 
ol;her fork m oYcd away t ill i ts note also is l10ard with the 
g reatest intensity. 'l'llc hig her we go in the scale, the n icr 
it is to p roduce very powerfnl picrcin cr notes ; and while the 
inter val of the fi fth c' : g', w1Jich wi tl1 ord inari ly po,rerful 
notes allows no t rn cc of roughness t o be perceived, must be 
produced h.v nol·es more po\\'crl'ul than cnn be fo1md in any 
musical in strum en t in order JL:i t i ts ] 28 hc:.Jts mny bo per-
ceived, fo r the notes c''' the reeds of a hnrmoni um suHicc 
to make the same numhcr of hea ts a udible. 

who stat·es th is last fact, lays, in order to 
explain it, part iculn r weig h t upon the smal lness of the in-
ter val ( T onemp(ind. p. 2G3) ; hn t, as will be seen from lho 
above-mentioned experimenl·s wil·.h J eep antl vt>ry powrrf'ul 
notes, i t is only neccs:a ry to make 11sc o f p rima ry notes ol' 
suf-Ficien t inl·ensil;y in order to ohta in the same pl1enomonon 
wi tlt much g reater in ter v:1 ls, wl1ilo on the other lwnd, again , 
wil·h snffi c iently f:1int l1 ig h nol·es ve ry sma ll inter vals mny bt• 
formed wl1i clt do not; all ow il; l.o be porcc ivr·d. 

As tl 10 sma ll in ten ·nl s of hig her not<•s, wilh rrg:ll'll to llw 
aud ibi lity of' J.ho sing le heal s, e:umot he d isting ui"hed f,·?m 
wid er in tern ls of sufli cien l;ly p owerful deepe r notes \rlllt·h 
nrc sepnrnl ed f rom one an otl1 er hy :m oqn al ahsoln t<• numher 
of vibrnLions so also they show 110 cl iffr rence in il1 o mmncr 
. . . b ' 'I, J 1' I • l' I [ lfl .J \' 111 whi ch ent--n ot<•s nrc oJ·me . wo .-unmg-•or .;:s, ' , r 

(15: l G) w ith a l;o/e rahl v in trnso rattle of J2R lJen ts, all\\' 
' " .I t bc note c to he l1card, just as with the very po\\'crfn l nol·cs 1; 

nnd g' ; bes ides J.be rong bnoss a faint c i , pcrcoiyoJ; Lu t it 
mu -t be ol •srn·ed that, ns these h igh pr imary n otes a 
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p(oportionally fa r g reate r than tbe deeper ones, 
wen· beat-note. are also mueh more powerful thun the beat-
notes of il1e same pitelt wlJieh arc produced by wider intervals 
0f deeper notes, and tlmt it is t.Lerefore much easier to produce 
very deep clearly audible boat-notes l"rom them than from 
deeper primary notes. 

I httve .·ta ted abovu that Hte elaug of c : y, oven when very 
powerful tun ing-fork:; and resonators :tre used, on ly allows a 
8carcely audib le U (1:<l8 v. s.) to be pcret·ived, and deeper beat-
0otcs in the lower par ts of the scale 1 eould not dircet ly observe 
at all; but ·with l tigh fork ::; it is po,.::ib le to produee eYen tlte 
double U of 32 complete vibrationo, which lies on the l'urthest 
litnits of au<.l ibilit;y . 

'.rho first !'eriefJ of tuninrr-forks whielt 1 made use of for tltis 
csperiment were tuned to hetwecn {/11 and v' ; as, how-
ever, these fork :; only al lowed llte beat-notes of 40 and 3G com-
plete vib rations (double E and doulJlo D) to be heard us faintly 
0s possible, I coust.ructed a second series fo r notes between 1r au<.l e", which gave a proportionally far gnJ:LLer intensity. 
Such powcd'ul beat-notes arc produced by tlte latter, that not 
only are, for example, c and 0 to be heard at :t con-
Fiderable distance, bu t also all the notes of Lhe deep octavo to 
Jonble 0 can be clearly L1 isti twuisl ted. 'rLis l:ttt •r is produced 
!Jy the notes 4064 and 4086°v. s., which stand in the ratio of 
127 : 128, and form thus an interval far smaller than n, comma 
( 0: 1H). 

The following 'rable contains all t·he tuning-fork::; wltich 
form the Lwo mentioned :erio::;, with their ratios, and the 
b ·at-notes formed fro nt theut. 

V. S. v. s. JkaLti. IoLo. 
3840 : 40!)G 15 : 16 128 =U. 
3!)0<1 " 61 : 64 !.)() =U. 
3D3G " 123: 128 80 =E. 
;.)%8 ,; i:\l : 3::l li-1 = 0. 
39"/ (i " 4!)7 : 512 GO =Doubl' B. 
3Dti!J·3 : " U\7 : 1!)2 5H·3= " A. 
LbQOO : " 125: 128 48 = " G. 
40 l0·7 : " <J7 : 48 42·7= " F. 
40Hi " 25 l: 256 ·10 " K 
4024 " !)()3 : 5 12 ;)() = " L). 
7936 : 81!.12 31: 32 128 = U. 
80fj 4 " fi3 : G4 (j .J =0. 
8096 " 253 : 256 4.8 =Double G. 
8106·7: " 85: !:lG 42·7= " F. 
811 2 507 : 5n 4.0 = " E. 

" 8120 1015: 1024 36 = " D. " 8128 127: 128 32 = ,, u. " 
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n makmg these ex .· fork with a bow . we can, aR usual, strike the 

is no longer of their bii'Tb pitc? 

1
· oft?n more convcni t t tb? formntwn of' pm·tial notes, 

1
t 

as tlns m oYes llloro en. 
1 

stn ko them with a s teel clapper, 
toucll cd has n ot tl qulw < y, and the n otP of t.Le fork fjrJ 

d 
lC'n ost ml h {' . th seco11 .n ote iR prod I 10 o 1t inte nsity wb n 

6 

All th l· . n.cct. c .mgs g iven . th' as it is b tter termed in .H; Table allow the ratL!e (or, 
to be heard simulb:mc 

1 
;;e noter-;, tlt<'' hir) of the beats 

a rc more powerful wJth tlle b.cnt-nolC's which latter 
h a· ·d If' accOJ c 111 a as tl t · ' t ck I cr. wo wish to 11 o ' Jo. umn rr-forkR arc s ru 
have only to rcmo , iJ ear the wl11r of {i'w heats alone, Wil 

ea r;. the w two fork.· a JiltiP further _froro 
qmte alone eveJl J·t· c '1 llowover, cannot bo distincrmshed 

1 . W O ·r) ac t} f' b cannot even quiln 
8

,.
10 1

•. e lC orks close to the car· we 

d 8 
' ' CCeC ln d . "31! an 192 v s ·tHho 

1 
. h o mg ihis with the n ote v 

powerful. . . , ' ng 1 wit thC'sC' the heat-note c is extreJ1lel)' 

·w e see b tb ful e . .'e extprriments that with mffi ciently 
f es, no m ore th '>2 to a note, thnt. fnrtl . an •J boats arc ne e sa.r)'. 
gmsbed in interv·ll s ;c l beats to a bout 121) can be 
that between 32 \hany e:xten t that may bo wish d, nnd 
and beat-notes b < ou t 128 h eats in tli second tbe 
whether this is th c lward togcthrr. Tile nurstion no"" JS 

P 
· ' 0 :::amc r esult h' h ., 'tb 

impul ses. w 1 we obtain al o "'
1 

]t JS known in the fi. t I form a note; we mil sl, p acr, that 32 primary impnl es call 
should be. 

0
:,p bl expect, on the other b·1nd tbnt the 

m the second e< a f? o perceiving morr th·m l 00 ' impul e 
wh' b 't ' ven rom tile oll I ' cl' to 

10 1 can pore ive tl d ' . < o nccor 1ng 
p endu lnm which l 10 of between t"•o 

th hundred the; /JYerge from iRochroni m by Jllore 
mdecd, that if the o a , econd. It wa. to be su[lpo ed, 
onl L . C'ai could r C' · · 

1
s Y roo of a seco·11 d . . ceJVe two di stinct imprcssJ

01 

se · f' .1 part t 1 1 ]e Ites o such effrctr; · 11 ? 1 . cou cl alr;o percl'ivc a "'
10

. 
ment can al so ho Slm.Jlnr di sta nces; bnt t]lis ex:perJ-

which 1 u sed i:-; e ll dlrC'c tly. with a 
m clmmrl e r and wit] 1 2;voocl, 35 mlihm .. thick 3() 
board of wood tPC'th. If we press n 'small 
tLrough the constant] · Y upon thPso teeth we heal 
hf'dly P' " 'cpt;blc b;a:"'T""g mp;d;ty of lhc Pr.1j 
c early perceived when tb 0 Mngc to a rattl e) which is stl 
aBnd. consequently tl ' e wheel revolves once in the second, 

esJde th' te number of ·t. l L . d 128· s IS rattle we 8 ·1 o <es as aLhunc to 
strokes are not too pow al so hea r, howpv r, if the single 

CJ u ' t], note c (256 v. s. ). If we re-
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Place Lh 1' . of card e wo?dPn board RO lwrd by a pi •ce 
e stand lbe I 1s hardly to be d1 ccrn rd at all, and tl1c note 
on.Jy 8 'nth g reater clearn RR. If we turn the wh Pel 
the once m two seconds, so LhaL we only prodnc' G4 strok s in 
disap we ca n . Ht ill m ore easil y oh crYe Lbc almost entire 
the 

6
P
1 

1<m ce or wJlhdrawal of tbo note 0 from the rattle of 
stroke Tl · t agre s. 1crc ex1R · consecpw nt ly LuP most perfect 

tlie b;ctnt between the ratio of primary impnl :-;cs and that of 

l 
.t . . 

t i 1 . 1 trok 0 )VIOUS t mt the Himultaneon s audillkness of inglc 
the of t he n otes ari se fr.om tlll'ir st'quenco, a also 
surp t10n of tb }tmbbloueRs of s in g le slrokos wl1cn thee 

a cerhrin numbe r , arc fn1ly c:x plainPd by tb<' theory of 
i n1c;nt by l.leln.Jboltz . Accordi1.1g to theOt:,r, 

gre tl own, thCJ e ex1st m the ear certa 1n p}a b e hou10s 
for th Y muffl ?d " ( ToHem]ifwdung, p. which serYe 
al 

0 
P '_rccpbon of :,; 11:irtty p_ass!:1g i1:r g ular sh o ks-nnd 

Powe f 0 · clastic hodiPR, wh JCh arc much m ore 
Pit hr tflly aflcd?cl by a mu sical n ote of co rrespondingly high 
rluce t:m by slllg le. h ats .. En h of tb o Ringl? h eal. pro-
art ' therpfore, :m lmprc:fnon upon a bod, oi t.ho form er 
hort !ong as these Rtrokcs do not snccPP<l ea h oth<'l' in a 

lhe 01 mte.rvnl of time tit an is nP<'es. ary for the muAling of 
llloycon u ·'lOll produercl in i t . Bnt, furlliPr, th <' pPriodical 
of. cmPntproclucC'cl by th C' eqne n co f theFtr kcs i compo ed Sa/ of liko H10 e of ihe pemlulnm-tlmt i. to 
the' .0 11nple notes, which can each aH'<'d a n boJy of 

e ond nabtr<'. Tb m ore, tbe rPfore, nto m venwnt of the 
lllovC:lll SC'd Hing le stro);: s ditl:'t' r :> from the !'i mple pond ulum 
strotment, tl1 c• grc·ater will bt' the pprceptihilil y of the sinO'le 
n.,. < and Lh o weakPr ilto intpn;; iLy of the note ari sin O' frgm 

8 
, o latt. .. quen c ; whil , on the oth er hand, the intensity of the 

beccr lncreasC's, and the audiblenPSR ot' llH' Rin <YIC impulses 
omc 1 tl . . . I' .I b nea wea w r, a. 11s pcnot 1 a mo,·emcnt a}lllroachcs 
t or t 11 · 1 aim t 0 ·.IOsJJnp e p clldnlnm mov menL; . o that ailnst, with 

b nhre i.Y simple pendulum vibrnt.ions as they are pro-
Per .Y tunmg-forks, at above 32 nnd 3G n othing more is 

pltbl of th single impulses, nnd tb not only i heard. 
llla lws r emarked furtl1 r tlta t an clang 
te/j o compared to a. of pet:iodica1!.Y. chang mg in-
each ty, and that " undulabons 1ntennu; wn · resemble 

and al so thaL at a prtatn numb r i.boy produce 
md ?f :wise whi ch we all a ratLl " ( T onempfind. p. 2G6). 

re e tonmsswn , then , always produced only a rattle, the great 
''ibrm?lanc which the show whPn n ot too numerous to the 
ea might make u s . uppose that theRe latter are onlv 

Pa le of producing a, rattle; hnt intermi ssion s l·ust like ' . 
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primary impubes, at a sufficient numLor· and intensity cLange 
into a note. 

'J'his may Le eas ily demonsb·:rtccl Ly means of a in 
which is a circle of largo holes, and wlrich is made to roYoiYe 
beCoro a tuning-fork. l lt:rvo nsod difle rent disks with 11l 
24-, and 32 lrolos, 20 millims. in diameter, at vnriow; distance;<: 
ea ch di f' k much lar:gor Oran tlrc circle oC l1oles, f'O tlrnt tho 
troto, as far as hie, only penetrate strongly to tho 
car wlren an oponmg was m front uf Hro tuni11 "-fork. Or 
con.r:>o note will not, in any pnrtierJar numlJc l' 
of rn te rrnr.s;'llOns, yr?cluco a n.otc .wlrielr oorro><pond:; to thi 
JlllllliJcr of mtorn nsi' rons; but 1t wJ![ Le necessary the 
Jr cod f'ul Rtrongth and Jho .· uffi eicn t nunrbor of 
tlw.t Jhc air-shocks whieh pondrato tbrongh the of 
LLo disk shall be equal to each otlror ; anc.l ihis c:mnot be, f'or 
instance, wlwn tlr o number of intcnni ;.:sions is g roat r than il te 
number of double of tlro note. In tlr is case eithe r 
several Jrolo: p:tss hy lire same soun<l-wavo, so that a f'rcsh 
part of tltis wnvc alw:rys passes througlr endr, or, at :lll.Y rate, 
the.r are not equal purts of different sound-wayes which t·b ' 
openings mnl.;:e a w:ty for t-o the crtr. \ Vhcn, too, the numL r 
of iho is only a li tt le greater than the number 
of double Yihrations of tlro note, Rirnibr cond itions onBur, 
am] it Lccomes n ccssar:y that at least one cnti re souml-
wavo should ponetnrto th rough the open ing in order Htrt t thr 

may be clear·ly porccplib!C'. 'l.'lrc moRL 
f:rvourable circmnstanco for its auuiLlcness scorns to be that in 
which tm entire srJ r:ies of souml-waves c:m prnctratc througlr 
each oponing-tb::rt is, wlwn the vibrations of the nolo arc 
considerably more in number tlrnn tlto intermiss ion . . 

If a disk in which the distance of tlte holes fro m one 
anotl1or i · three times as g roat ns their Jianrct-er (2 ccntirnR. ) 
is allow ·Ll to move with such r:1piJit.r tha t 128 lto[(•s pass the 
tuning-fork in a second, the intel'llritting llote c h ard with 
tlte fork c" =512 v. cl.; hut it is f:rin t, and is prominent 
than tlto two va riation-notes, wlriclt e<1nal the differenoo and 
tl1c sum of the interntitting notes and of the doubl e vibration.· of 
the fork, and wlrich are tltCreforohcr·o g'=38,i v. d. and e"= 
6,10 v. d. ( Tonempfind. p. G28). If, while the disk m oYes 
nlways witL the sa me rapidity, forks e11

, fl', h.nr-
monic of c allll c111 are used one :rftor· anotl10r, tlre wtonlll ttJllg 
note constantly in streng th and cleamcss. lf; lastly, 
the notes of the very powerful forks c'" :md c" nrc allowed to 
penetrate oftho thc ratio.b t":ec n 
·the number of mtormlSS Jons and tlrat. of the double v1bratdons 
of the note is 1: 16 and l : 32, the in ternritting note is cx!Ta-
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powerful; whi.l tl10 Jifferencc- and summation-notes 
la 1nd 17 arc but faintly perceptible at 1: 1G, and the notes 
ul 33 l:t 1 : 32 c:m scarcely be percciYcll. at . 
p oxpenments w1lh tbe last-JJamoJ hllun g- IOtl :F< , wlu ch 
\horeforc tbe most favom:able for the observation of the 

notes, I move the disk Jireetly front of the 
,rJvl· When, however, I use deeper forl·s, I m crt between 

anJ U1e disk suitable ro:;onaton:> of the same diameter 
,1)10 l1 olcs in th Ji sk, so thaL the note always sound. loULli,Y 
wholl ono of' these holes i.s in front of th opening in. tho 
•m:ttor. ] t may Le rem:u:kcJ, by lh • way, that wlih tl11 S 
.11'iJngnmont the variation-notes sound wonderfully 

lllld when the disk is moved alternately ttuiekcr and 
may be di::; tinctly hC:tl'U le l'Oti'O::ttfl'Oil1 ll11U approaeh 

,,110 another. 
rn lhc above, only a note of constantly equal in tensity wa. 

alloWed to approach the Oa r in t ' l'lll ittingly uy mechanical 
the transition of peri odical Yibmtion maxinm to a note, 

!,01veyer, can also be observed in note.· w1Jich themselves pos-
a periodically chan ging intensity. li'or thi ::; pnrposc l 

J,a\0 constructed siren-di··k s w ith cirelcs i.n which tLe holes 
re at equal distances, but get periodically larD'Cr and smaller, 
thaL a series of i. ochronous inipulscs of changing 

intnnsiLy i produced if they are , oundod through reeds of tb 
a1fle diameter as the largest holes. One of diBks con-
Jaill'd three circles, each of 96 cquiui tant holes, " ·hose rlia-
nwtor varied on the first cire1 16 t imes from 1 to G mi.\lims., 
on Lho second 12 t i mcs, and on the H1ird 8 t im s. If the:e 
ti(Cles were soumleJ with a tube of 6 milli.ms. di.amelcr, 
wlJ i.l tho di sk at fi rst turneu slowly , tlre single-hol.e 

wore lrcard m each circle like s pamtc beats ; when 1t 
Lurnod fH ster , fir:; t the 16 periocls of the fi.r :; t,, tbon tl1c 12 

of the second, and lastly the 8 of tho thinl circle chan ged to 
boO note ; when, lastly, the hi <rh note of 96 holes ll'ith 8 turns 
of lhe disk hacl reached the g'', the drop notes C, G, 
and double C, correspoudin()' to tbe number of periods, were 
clearly and powerfully heard' with thi s gl' . . 

On another larger di sk, 70 centim F< . in .I 
an·angod seven CJrcles of 192 equiLli.· tant bole., wblClJ peno<h-
cnlly i.ncreaseJ and decreased in size !)6, 64., 4-8, 32, 2tl, 16, 
nnr\12 times. In the fir ·t, therefore, a whole pm·ioLl was con-
[;, inccl in t wo different lar trc op ' nings, and tbe note of the 
vcrious in it was thcrel'oro0 only an 0 >lave .deeper t.han 
note of the 192 holes, while in the seventh cn·cle each TJOn ocl 
was fanned of 16 opcnin gA and tl1c note of the period:; was 
conseqnontly fo nr octave.· 'deeper th:m t.he note of the 192 

--
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holes . . in the number of 
the pnn;mry wh1 ch the smgle pen ods produced upon 
these d1fferent Circles, they all equally , when their number 
had become sufficionU.y g reat, cltan aecl into a note· and if 
the circles, following the series from"' the seYenth to tl1e first 
were blown upon, they always allowed the deep note in 
interchanging se ries of t·he fourth anJ fift·h to be clearly and 
loud ly heard beside the constantly un chang ing high not . 

Although, therefore, such series of isolated impul es of 
periouically chan? ing intensity show a g reat likeness to 
producing beats \ \\'i th regard to t.hc po sibili ty of the sin rrlll 
maxima of intensity chang ing to a note), they arc still 
different from the lat ter . If, for example, a of 96 iso-
chronous impulses increasing and clccrcnsing sixt.con t.imos in 
in ten si ty irui tat os vcryclose ly the clang of two .notes which all ow 
16 beats to bo hen rei, the two primary notes should be percep-
tible which form this simultaneous sound- in this case S8 nnd 
10±, two notes in the interval 11 : 13 ; but in fact we cannot 
hear them. The r ason of this may certainly be looked for in 
the fact that two note· near unison, whose nu m bor of vibra-
tions are a and b, periodicuJ ly exhibit ,,·hen sounded together nn 

increase aml decrease of vibration s of about a; b' but that :lt 

the change from one period to another a hange of sign ,; 
takes pla ce, so that; the max ima of compression of the middle 
vibmLion s nre only isochronous in the imperfect 
whi le at the perfect periods the maxima of dilatation take their 
place. 

I have endeavoured in two different way;;, by moan. of 
primn ry impnlses, npproximately to obtain this result, and 
first by producing the resulbnt compressions of a ll the fol-
lowing vibrations of the clang on the same circle of the di8k 
of a siren through holes of appropriate size. Th clnng of 
two notes of 80 and 96 double vibrntions produ os a not of 
80 + 96 88 "b t· . . . . . . t . -

2
-- = VI ra Ions, mcrcasmg and decreasmg m 111 ens1t.Y 

Hi times ; :mu at each cbange from one bea t to :mother tho 
change of sig ns causes the maximum of compression of tho fi rst 
vibration of the followin g nndu la tion to vary fi·om the maximu ll\ 
of compression of the last vibration of the preceding undulation 
by half a vibrat ion. I therefore diYi led the circle into 176 
parts, and in 1, 5, 7, and 9 lJored five ]wl s of 
·sizes, the same thmg m parts 12, 14, 16, 18, and 20, agam m 
parts 23, 25, 27, 29, :md 31, and so on. If now a circl of 
'holes wa s blown upon through a tube of the diameter of th 
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' est opening we could certainly perceive, beside the note 88 
very powerful note of the period 16, the two notes 80 
but they were very fai nt, and on account of the great 

roudhness of the deep note somewhat difficult. to ob erv.e . . lv the second arrangement I endeavoured. cbrectly to umt:ate 
the r-hange of J bases in the vibrations in the change from one 
nudllln ti n to another. For this purpose I divided two co.n-
0011tric circles working close together into 88 parts, and dls-
posed the openings which were to. prouucc ·u . essive 
alternately upon the two. As w1th 88 ponmg. and 16 penods 
5t jJOies wo nlcl have come upon each of the latter, I always 

b1io periods together, and bored therefore on the first 
rirclc the divisions 1, 2, 3, 4, 5, G, and on the s cond 6, 7, 8, 
9 j.O, 11; then, again, on the first circle the divisions 12, 13, 
14 15, 1 G, 17, :md on the second 17, 18, 19, 20, 2 l , 22, and 
l() 'on. lf these two circles of holes were now blown upon, 
one from above and the other from b low, through two tubes 
tach of the diameter of tbe largest opening of its own circle, 
tb6J'e ensued at each r vo lution of t-he disk a series of 88 i. o-
ehfonous impulses, varying periodically 16 times in intensity, 
which at every chan ge from ono intensive period to another 
chr,ngcd their sig ns. In thi .· experiment ihe two 88 
and 9.6 appe.ared mu .h more distinctly than in t-bat 

with the. cuclc of holes blown upon from one side, 
w]Jlch had upon It 1-ho periods of hole. divided from one 
another by the length of a half vibrati on. 

Lt only remains further for m to mention that Tyndall has 
r.;ted th sli ght int ensity of the resultant· notes as a proof t-hat 
tin cannot have b on produced hy t-bo beats of t-he primary 
notes (On Sound., p. 1350). After settin g fort·h clearly 
thal, when two eqn:.ll lJ: powerful notes 1 roduce beats, the note 
ahvars changes from ccssntion to a doub ly greater 
au1pl1tude e1t-her of the primary notes singly had .bad, 
Tyndall says hterally :-" If, therefore, the resultant-, notes were 
doe to the beats th.cir primaries, tll<'y ought to be heard 
even when tb.c pmnane are feeble ; but they are not heard 
nJlder tbcsc Circumstances." Now of course beat-notes must 

b ' ' 'f' always ave :1 greater intensity thnn their primary note::; , 1 
of equal amplitude produced the same inten-

ity m all notes ; but t-his is not the case, as may be proved 
by a very simple experim ent. If a c tuning-fork, vibrating 
in the amplitude of 1 mil1im . is held so far from the ear 
that the note is barely audible and if at the same time 
!he experiment is mad e a. second, c' fork, whose 
prongs are of the same thickness and breadth, while it also 
vibrates in an amplitude of 1 millim. , it will be found that 
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it must be held about double as far from the ear in order 
to produce the same result; and i t follows therefore that the 
note c', wi th the same di ' tance of vibration, is about four times 
as powerful as the note c. If we try, then, to make both forks vi-
brate in such an amplitude that at the same distance from the 
oar about the same result is produced, it will be found that the 
amplitude of the c fork must be about four times as great 
that of the c' fork. According to this the amplitude of two 
equally powerful notes in the in ter val of the fifth , e.g., must ue 
D and 4, and the sum of these amplitud es would then be 13 ; 
but the resultant note, which is an octave deeper thnu the 
fundamental note of the fifth in terval, would req uire an 
am1 litude of vibration of 36, in order to acquire the ame 
intensity .as the primary notes singly pos.'ess. 

If the mterval of the primary notes is still smaller, tho beat-
note fall s still lower, and must therefore be weaker in propor-
tion the intensity of the primary notes. It stands to reason 
that I do. not give the above-mentioned experiments, the 
numbers m the example as quite exact; but they nre suffiCiently 
so to show what convinced me that deep notes must have a far 
greater amplitude of vibration than l1igh ones, in order to 
equal the latter in intensity. I hope to be alJle to . retum 
before long to a closer examination of the in tensity of drffercnt 
high notes. 

1'he most important results of the above-mentioned experi-
ments are shortly summed up as follows :-

(1) The number of beats of two notes n, n' is always equal to 
I 

the positive and negative remainder of the division is, n 
equal to the numbers m, m', which arc produced by staJ 
n'=hn+m=(h+l) n-m', where n, n' is the number of 
the double vibration , and /, the quotient of the division which 
gives the remainder m. It is as if the boats proceeded from 
the two over tones hand h+ 1 of the lower note n, between 
which the higher note n' lies. The c:mso of the beat-IJotcs 
is simply the perioclieal coincidence of the common maxima of 
the two sound-waves. 

(2) The beats of the pure harmonic intervals can bo hoard 
in the relations 1 : 8 and oven 1 : 10, and may, as well as the 
beats of the unison, be regarded as resulting directly. from 
the eompo::; ition of the vibrations of the primary notes, without 
the help of resultant in tcrmediate notes, whose existence cannot 
be proved. 

(3) Botl1 the bcal·s m and the beats rn', not only of lhe 
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int.e(val n : n +m, but also of the interval n : h n +m (h = 2, 3, 4 ), 
whefl. the intensity_ of the primary notes and their number are 
suffi Cient, change mto beat-notes. 

(4) ·when the two boat-notes m and m' are near the 
the octave, and twelfth, the same beats may be beard as 

woJJld be proJuced by two oq ua1 I rimary note· . l have 
tho_se_ bcat:'l arising from beat-notes secondary beats, in 

ordlll' to utstmgmsh them from the boats arising from primary 
notP3• 

(5) When the of the b at-notes by which they 
are formed and th01r nnmber ar c sufli cient, t.hese secondary 
be!!'ts to a secondary beat-note, as l)]"imnry heats change 
lo n pnmary boat-note. 

JIL ( 6) The d iffcronco-notos and summation-notes, which 
are proJuced by the clang of two loud note.· (the vibrations of 
lhil latter not being infini tesimal), produce a phenomenon 
wiJich is independent of the beats nnd beat-notes : they arc 
very much weaker than the beat-notes. 

IV. (7) The beat-notes cannot be explain d by reason of 
tbO difference-notes and summation-notes, because tbo number 
of their vibrations is in many ca.·cs different from what this 

might producn. 
(8) The audibility of the beats depends solely UI on their 

ntHnbcr anJ upon the intensity of l.bo primary notes, and is 
iodopendont of the distance of the intervaL 

(!:1) The number of the beats and of the primary impulses 
jJ). which both may bo perceived as separate impulses is the 

(10) With the beat·s perceived as separate impulses, ns 
the primary impulses pcrceivcu in tl1 e same manner, the 

ootc which approaches them in number is audible. 
(11) 'l11e number at which beats and primary impulses can 

change into ono note is tl1o same. 
(U) As with beats nnd primary impulses, the int-ormi f-lsions 

of a. note can al:<o change into one note. . 
(13) When t.he vibra tions of a note vary period ically m 

in tensity, tl1o periodical mnxima of vibration clwnge into one 
note, iJ their number is suffi cient. 

(14-) The beat-noto which is formed by two primary notes 
must always hu wcak('r than the latter, although sin gle heats 
arc stronger than the notes which form tltom. 

Paris, D,•ce mber 1875. 
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